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CHAPTER 1 INTRODUCTORY TOPICS I: ALGEBRA 1

Chapter 1 Introductory Topics I: Algebra

1.3

5. () Qt—D>=2t+1) =2t(t>=2t+1)— (> —2t+1) = 263 4>+ 2t — 1> +2t — 1 = 27 =512 +41 —1
b @+1D>+@—1D>=2@a+D@—1)=a’>+2a+1+a>—2a+1—2a%>+2 = 4. Alternatively,
apply the quadratic identity x> 4+ y> —2xy = (x — y)> withx = a + 1 and y = a — 1 to obtain
a+1D?+@—D*=2@+Da@a—-1)=[a+1) —(@—-1]P?=2*=4
© GC+y+2 =G+ y+2dx+y+2) =x@x+y+2)+yx+y+2)+z(x+y+2) =
x2txy+xz+yx+y*+yztzx+zy+z2 =x2+y P+ 22+ 2xy +2xz+2yz  (d) Witha =x+y+z
andb=x—y—z,(x+y+2°>—-(x—y—2?=a’>—b>=(a+b)(a—b) =2x(2y +2z) = 4x(y +2).

13. (a) a®+4ab+4b> = (a +2b)? by the first quadratic identity. (d) 9z> — 16w? = (3z —4w)(3z +4w),

according to the difference-of-squares formula. (e) —%x2 +2xy — 5y? = —%(x2 — 10xy +25y%) =

—%(x -5y a* — b* = (@ — b*)(a? + b?), using the difference-of-squares formula. Since
a*> — b*> = (a — b)(a + b), the answer in the book follows.

1.4
5. (a) 1 B 1 _ x+2 B x =2 :x+2—x+2: 4
x—2 x4+2 x=-2x+2) x+2x-2) x-2)(x+2) xz2-4
(b) Since 4x +2 = 2(2x + 1) and 4x> — 1 = (2x + 1)(2x — 1), the lowest common denominator (LCD)

is2(2x + 1)(2x — 1). Then

6x+25 6x2+x—2  (6x+25Qx—1)—-206x>+x-2)  42x-21 21
4x +2  4x2—1 22x + DH(2x — 1) T 22x+D@2x—1)  202x+1)
18b? a 18b* — a(a — 3b) + 2(a® — 9b?) a(a + 3b) a
© o Ty 2T (a + 3b)(a — 3b) " (@+3b)a—3b) a-3b
@ L I _@+2—a_ 2 _ 1
8ab  8b(a+2) 8ab(a+2) 8ab(a+2) 4ab(a+2)
© 2t—t2‘( 50 2 >:t(2—t)' 3t :—t(t—2)‘ 3t :—3t2
r+2 \r—2 -2 r+2 -2 r+2 -2 142
1 1 1
(f)a(l_ﬂ):a_i=4a—2,soz—m=2—(4a—2)=4—4a=4(1—a)
0.25 1 0.25
6.(a)g+ 1 _3:2(x+1)+x—3x(x+1):2—3x2
x x+1 x(x+1) x(x+1)
o ! _ Q-1 -1+ 2
2t+1 2t —1 Qtr+DQ2tr—1 412 — 1
3x 4x 2x — 1 _3x(x—2)+4x(x+2)—(2x—1)_7x2+1
O 2 2ox G-etd x—2)(x +2) Y
1 1 11 11 11 S,
<y G+3)™ vas 2y (F-5) 7 i
& == =" =T =ty @ g =77 TR
e ety (arp)

(f) To clear the fractions within both the numerator and denominator, multiply both by xy to get
aly—x) _y—x
a(y +x) y+=x
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CHAPTER 1 INTRODUCTORY TOPICS I: ALGEBRA

) -2
8@ i-d=f-d=ho(i-h) =) =2 =40
n n-n n? nin —1) —n? —n
1 1 n—1 n—1 n—1
- - (1 - —) ‘n
n n
B 1 1 1 1 1 u
(c) Letu = xP~4. Then + = + = + =1
14+xr¢ 14+x2772 14+u 1+1/u 14+u 1+4u
1 n 1 2 - 1)
x —_—
@ x—1 x2-1 e+ D+1 x+2 _ 1
2 5 X —x—2x4+2 x4z —2x+1) (x—1)2
X — T x=—=1)
1 1
1 1 xP—@+m?* —2xh—h*  (x+h? x2 2x—h
) —— — — = - , 50 -
(x +h)? x2 x2(x + h)? x2(x + h)? h x2(x + h)?
o . ) ) 10x? 2x
(f) Multiplying denominator and numerator by x* — 1 = (x + 1)(x — 1) yields = .
Sx(x—1) x-—1
1.5
S. The answers given in the main text for each respective part emerge after multiplying both numerator
and denominator by the following: (a) VT =45 (b) V53— 3 © V3+2 @@ Xy — ya/xX
€ Vx+h+yx ) 1—x+1.

12. (a) (2%)2 = 2% = 2% if and only if 2x = x2, orifand only if x = 0 or x = 2. (b) Correct because
aP=% =aP/a?. (c) Correct because a? = 1/a?. (d) 5'/* =1/5 =5 ifand only if 1/x = —x
or —x2 = 1, so there is no real x that satisfies the equation. (e) Putu = a* and v = a”, which reduces
the equationtouv = u+v,or0 = uv —u —v = (u — 1)(v — 1) — 1. This is true only for special values
of u and v and so for special values of x and y. In particular, the equation is false when x = y = 1.

(f) Putting u = /x and v = ,/y reduces the equation to 2" - 2¥ = 2“¥, which holds if and only if
uv = u + v, as in (e) above.

1.6

3 1 3 1 3 1-22 4 —x =17
4. (a) 2 < xt has the same solutions as xt —2>0,0r xt @x + )>0,0r ol >0
2x +4 2x +4 2x +4 2x +4

A sign diagram reveals that the inequality is satisfied for —7 < x < —2. A serious error is to multiply the
inequality by 2x + 4, without checking the sign of 2x + 4. If 2x 4+ 4 < 0, mulitiplying by this number
will reverse the inequality sign. (It might be a good idea to test the inequality for some values of x. For

example, for x = 0 it is not true. What about x = —57?)
i L i 120 480 — 3n ) ,
(b) The inequality is equivalent to — < 0.75, or P < 0. A sign diagram reveals that the
n n

inequality is satisfied for n < 0 and for n > 160. (Note that for n = 0 the inequality makes no sense. For
n = 160, we have equality.) (c) Easy: g(g —2) <Oetc. (d) Note that p2 —4p+4=(p— 2)2, and

the inequality reduces to % > (. The fraction makes no sense if p = 2. The conclusion follows.
p —
—n—2 —n—2—-2n-38 —3n—10
" —2>0,ie. " " >O,orn—>0,etc.
n+4 n+4

(f) See the text and use a sign diagram. (Don’t cancel x2. If you do, x = 0 appears as a false solution.)
g g y Pp

(e) The inequality is equivalent to
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CHAPTER 1 INTRODUCTORY TOPICS I: ALGEBRA 3

(a) Use asign diagram. (b) The inequality is not satisfied for x = 1. If x # 1, it is obviously satisfied
ifand only x +4 > 0, i.e. x > —4 (because (x — 1)2is positive when x # 1). (c) Use a sign diagram.
(d) The inequality is not satisfied for x = 1/5. If x % 1/5, it is obviously satisfied for x < 1.

(e) Use a sign diagram. (Note that (5x — 1) has the same sign as 5x — 1.)

3x — 1 3x —1 —(1 + x?
€3] o > x + 3 if and only if il —(x+3)>0,i.e.w>0,sox<0.(1—|—x2is
X X x
— -3 -2 2
always positive.) (g) ;ﬁ > 2x — 1 if and only iffc+3 —2x—-1) <0, i.e.%}t) < 0.

Then use a sign diagram. (h) x> — 4x 4+ 4 = (x — 2)?, which is 0 for x = 2, and strictly positive for
x#2. (1) ¥ +2x7+x =x@x?+2x + 1) = x(x + 1)%. Since (x + 1)? is always > 0, we see that
x3 4+ 2x% 4+ x <0ifand only if x < 0.

Review Problems for Chapter 1

S.

12.

16.

17.

25.

@ Qo*=2%*=16x* ()27 —4'=]-—J=1s0Q -4 =4

(c) Cancel the common factor 4x2yz?. (d) —(—ab®) 3 = —(-1)3a3b2 =a3b7, s0
5.3, ,-2 6

[—(—ab3)_3(a6b6)2]3 — [a—3b—9a12b12]3 — [a9b3]3 — a27b9 (C) a a3 a6 — a_3 — a3
a>d-a a

x\3 8 71° 3 8717 X313 5._3 15
® [(5)'?] =[§'F] =[x—z] S

. All are straightforward, except (c), (g), and (h): (c) —\/§ («/§— \/6) = -3+ \/§\/6 = -3+ \/3\/5\/5

=-3+3J2 (2) T+x+x24+xHA -0 =04+x+x24+x)-U+x+x2+xHx=1—-x*
h) A+x)* =1+ 4+x)2 =1 ~+2x + x5 (1 4+ 2x + x?) and so on.

(a) and (b) are easy. (c) ax +ay+2x +2y=a(x+y)+2(x+y)=(@+2)(x+y)

(d) 2x% —5yz+10xz —xy = 2x> + 10xz — (xy +5yz) = 2x(x +52) — y(x +52) = 2x — y)(x 4+ 52)
© P —¢+p—qg=p-DP+D+p—-=@P—-@p+qg+1) O u?+v}—u?v—v>u=
wWu—v)+ 02w —u) =@ =)W —v)= W+ v)u—v)u—v) = u-+v)u—v)?.

@) s s _s(2s+1)—s(25—1)_ 2s

Vo1 T s+ Qs—D)@s+ 1) as2—1
b Cl-x 24 x4+ -(1-nex-3H-24  —Tx+3) T
3—x x+4+3 x2-9 (x —3)(x +3) T (x—=3)(x+3) x-3
y—x y—X 1

(c) Multiplying numerator and denominator by x2y? yields = = .
y2-xr  (-x)0+x) x+y

(a) Cancel the factor 25ab. (b) x2 — y2 = (x +y)(x — y). Cancel x +y. (c) The fraction can be
(2a — 3b)? _ 2a—3b @ 4x—x  xQ-x)2+x)  x(Q2+x)
(2a —3b)(2a +3b)  2a+3b’ 4—4x+x2 (Q2-x?%  2—x

written as

Let each side have length s, and let the area be K. Then K is the sum of the areas of the triangles
ABP, BCP, and CAP in Fig. SM1.R.25, which equals %shl + %shz + %sh3 = K. It follows that
hy + hy + h3 = 2K /s, which is independent of where P is placed.

© Knut Sydsater, Peter Hammond, and Arne Strgm 2012



4 CHAPTER 2 INTRODUCTORY TOPICS II: EQUATIONS

Figure SM1.R.25

Chapter 2 Introductory Topics Il: Equations
2.1

3. (a) We note first that x = —3 and x = —4 both make the equation absurd. Multiplying the equation by
the common denominator (x + 3)(x + 4) yields (x —3)(x +4) = (x + 3)(x — 4), i.e. 24x—-12=
x2 —x — 12, and thus x = 0. (b) Multiplying by the common denominator (x — 3)(x + 3) yields
3(x +3) —2(x — 3) =9, from which we get x = —6. (c) Multiplying by the common denominator
15x (assuming that x # 0) yields 18x% — 75 = 10x? — 15x + 8x?2, from which we get x = 5.

5. (a) Multiplying by the common denominator 12 yields 9y —3 —4 44y +24 = 36y, and so y = 17/23.

(b) Multiplying by 2x(x + 2) yields 8(x + 2) + 6x = 2(2x + 2) + 7x, from which we find x = —4.
2-2z—z

1-2(+2)

6
2—+1' Multiplying each side by (1 — )2z + 1) yields (2 —32)2z+1) =6 — 672, and so z = 4.
b4

(c) Multiplying both numerator and denominator in the first fraction by 1 — z leads to

73 + % = —%. Multiplying by the common

(d) Expanding the parentheses we get £ — 2 — % + % - %
denominator 24 gives the equation 6p —9 — 6 4+ 2p — 8 + 8p = —8, whose solution is p = 15/16.

2.2

2ab ~ 2ab ' 2ab  2\a ' b
(b) Multiply the equation by cx + d to obtain ax + b = cAx + dA, or (a — cA)x = dA — b, and thus

x = (dA—b)/(a—cA). (c) Multiply the equation by x!/? to obtain %p = wx!/?, thus x!/? = p/2w,
s0, by squaring each side, x = p?/4w?. (d) Multiply each side by /1 + x to obtain 1 + x + ax = 0,
sox =—1/(14+a). (e) x> =0b%/a’ sox ==+b/a. (f) We see immediately that x = 0.

: : . b+a b a 1/1 1
2. (a) Multiply both sides by abx to obtain b4+a = 2abx. Hence, x = = + -+

4. (a) ax —a = Bx —bifandonlyif (0 — f)x =a —b,sox = (a — b)/(« — B).
(b) Squaring each side of \/pg = 3q + 5 yields pq = 3q + 5)%,s0 p = 3q +5)*/q.
() Y =944+02(Y —(204+0.5Y)) =944+ 0.2Y —4 — 0.1Y, 50 0.9Y = 90, implying that ¥ = 100.
(d) Raise each side to the 4th power: Kzil( = 0% so K’ =2wQ*/r,and hence K = (2w Q4/r)]/3.
(e) Multiplying numerator and denominator in the left-hand fractionby 4K /2 L3/4 leadsto 2L /K = r/w,
fromwhichweget L = rK /2w. (f) Raiseeachside tothe 4th power: % p*K =1 (r/2w) = r*. Itfollows
that K—' = 32r3w/p* so K = 31—2p4r_3w_1.

© Knut Sydseater, Peter Hammond, and Arne Strgm 2012



CHAPTER 2 INTRODUCTORY TOPICS II: EQUATIONS 5

1 1 T —1 tT

1
5. —-=-— — = ,S0 S = . (0) VKLM = B+ «aL,so KLM = (B + «L)?, and
S t T tT T —t

so M = (B+aL)?/KL. (c) Multiplying each side by x — z yields x — 2y + xz = 4xy — 4yz,
or (x +4y)z =4xy —x +2y,andso z = (4xy —x 4+ 2y)/(x +4y). (d V =C —-CT/N, so
CT/N=C—-VandthusT =N —-V/C).

2.3

5. (a) See the text. (b) If the smaller of the two natural numbers is n, then the larger is n + 1, so the
requirement is that n> + (n + 1)> = 13. This reduces to 2n> +2n — 12 = 0, i.e. n> +n — 6 = 0, with
solutions n = —3 and n = 2, so the two numbers are 2 and 3. (If we had asked for integer solutions, we
would have —3 and —2 in addition.)

(c) Iftheshortestsideis x, the other is x 4+ 14, so according to Pythagoras’s Theorem x4 (x+14)2 = 342,
or x2 + 14x — 480 = 0. The only positive solution is x = 16, and then x + 14 = 30.

(d) If the usual driving speed is x km/h and the usual time spent is ¢ hours, then x¢t = 80. 16 minutes is
16/60 = 4/15 hours, sodriving at the speed x 4+ 10 fort —4 /15 hours gives (x+10) (¢t —4/15) = 80. From
the first equation, + = 80/x. Inserting this into the second equation, we get (x + 10)(80/x —4/15) = 80.
Rearranging, we obtain x> + 10x — 3000 = 0, whose positive solution is x = 50. So his usual driving
speed is 50 km/h.

2.4

4. (a) If the two numbers are x and y, then x + y = 52 and x — y = 26. Adding the two equations gives

2x = 78,s0x = 39, andthen y = 52 —39 = 13. (b) Let the cost of one table be $x and the cost of one
chair $y. Then 5x + 20y = 1800 and 2x + 3y = 420. Solving this system yields x = 120, y = 60.
(c) Let x and y be the number of units produced of A and B, respectively. This gives the equations
X = %y and 300x + 200y = 13 000. If we use the expression for x from the first equation and insert it
in the second, we get 450y 4 200y = 13 000, which yields y = 20, and then x = 30. Thus, 30 units of
quality A and 20 of quality B should be produced. (d) If the person invested $x at 5% and $y at 7.2%,
then x + y = 10000 and 0.05x 4+ 0.072y = 676. The solution is x = 2000 and y = 8000.

2.5

2. (a) The numerator 5+ x2 is never 0, so there are no solutions. (b) The equation is obviously equivalent
x2 41+ 2x (x +1)?
0 ——— =0, 0or ———-—
x2+1 x2+1
equation is equivalent to (x +1)'/* — 1x(x + 1)=%/* = 0. Multiplying this equation by (x 4 1)*/3 yields
x+1- %x = 0, whose solution is x = —3/2. (d) Multiplying by x — 1 yields x +2x(x — 1) =0, or
x(2x —1)=0. Hencex =0orx = 1/2.

=0,s0x = —1. (¢) x = —1 is clearly no solution. The given

3. (a) z = O satisfies the equation. If z # 0,thenz —a = za+zb,or (1 —a —b)z = a. lfa+b =1
we have a contradiction. If a +b # 1, then z = a/(1 —a — b). (b) The equation is equivalent to
A+1Mpux—y)=0,s0r=—-1,u=0,orx =y. (c) u = %1 makes the equation meaningless.
Otherwise, multiplying the equation by 1 — u? yields A(1 — ) = —A, or A(2 — ) = 0,s0 A = 0 or
u =2. (d) The equation is equivalent to b(1 + A)(a —2) =0,s0b =0,A = —1,0ora = 2.

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



6 CHAPTER 3 INTRODUCTORY TOPICS II: MISCELLANEOUS

Review Problems for Chapter 2

2. (a) Assuming x # %4, multiplying by the common denominator (x — 4)(x 4 4) reduces the equation to
x =—x,s0x = 0. (b) The given equation makes sense only if x # +3. If we multiply the equation by
the common denominator (x 4 3)(x — 3) we get 3(x + 3)2—2(x2—9) =9x +270orx>+9x + 18 =0,
with the solutions x = —6 and x = —3. The only solution of the given equation is therefore x = —6.
(c) Subtracting 2x /3 from each side simplifies the equation to 0 = —1 4 5/x, whose only solution is
x =5. (d) Assuming x # 0 and x # £5, multiply by the common denominator x(x — 5)(x + 5) to
get x(x — 52 —x(x2=25) = x2—25—(11x +20)(x + 5). Expanding each side of this equation gives
x3 —10x2 4 25x — x7 4 25x = x? — 25 — 11x? — 75x — 100, which simplifies to 50x = —125 — 75x
with solution x = —1.

5. (a) Multiply the equation by 5K /2 to obtain 15L!/?> = K'!/2. Squaring each side gives K = 225L%/3.
(b) Raise each side to the power 1/¢ to obtain 1 + /100 = 21/t ‘and so r = 100211 —1).

(©) abxg*l = p, so ngl = p/ab. Now raise each side to the power 1/(b — 1).
(d) Raise each side to the power —p to get (1 —A)a P 4+Ab~" =c P, orb™" = A" (c? = (1 =1)a"").
Now raise each side to the power —1/p.

Chapter 3 Introductory Topics Il: Miscellaneous
3.1

3. (a)—(d): In each case, look at the last term in the sum and replace n by k to get an expression for the kth
term. Call it s;. Then the sum is ZZZI sk. (e) The coefficients are the powers 3" forn = 1,2, 3,4, 5,
so the general term is 3"x". (f) and (g) see answers in the text.

(h) This is tricky. One has to see that each term is 198 larger that the previous term. (The problem is
related to the story about Gauss on page 56.)

7.@Y ek =c-1P+c- 224 +c-n?=c(1®?+22 4+ +n?) =c) j_ ¥
(b) Wrong even for n = 2: The left-hand side is (a; + a)* = a% + 2a1a; + a%, but the right-hand side
isa? +a3. (c)Bothsides equal by + by +--- + by. (d) Both sides equal 5! + 5% + 53 + 5% + 5°.
(e) Both sides equal a& jEe Tt arzl_l’ I (f) Wrong even for n = 2. Then left-hand side is a; + a>/2,
but the right-hand side is (1/k)(a; + a2).

3.3

1. (a) See the text.

2 4 2
o YY) =G 6 )]
=0+ (5) () + (5 + () + (5 () =5+ Saeo
(after considerable arithmetic).

() ii(i + j2) = Xn:(il) + i(i j2>. After using formulae (3.2.4) and (3.2.5), we can

i=1 j=1 j=1 i=1 i=1 j=lI

write this as )7 sm(m 4+ 1) + 3/, ¢n(n+1)Q@n + 1) = nzm(m + 1) + mgn(n + 1)2n + 1) =
tmn(2n® + 3n + 3m + 4). (Note that Y y_, a = pa.)

© Knut Sydseater, Peter Hammond, and Arne Strgm 2012



CHAPTER 3 INTRODUCTORY TOPICS II: MISCELLANEOUS 7

m 2 m m m
DY DT =D+ =) i+ iF=gmm+ D+ gmm+DC@m+1) = mm+ 1D (m+2)
i=1 i=1

i=1 j=1 i=1

1

n n m m n
1 1 1
4. a is the mean of the column means a; because — E a; = — E — E ai | = — E E a.i =da.
! n 7 n j_1<m p— ”) mn "

j=1 r=1 j=1
To prove (), note that because a,; — a is independent of the summation index s, it is a common factor
when we sum over s, so Z;"Zl (a,j —a)(as; —a) = (a,j —a) Z;":l (asj — a) for each r. Next, summing
over r gives

Z Z(arj — a)(asj - 6_1) = [Z(arj - C_l)i| [Z(asj - &)i| (**)
r=1 s=1

r=1 s=1

because Y . (ar,j — a) is a common factor when we sum over r. Using the properties of sums and the
definition of a;, we have

S0, -0=3 0, Sa-
r=1 r=1 r=1

Similarly, replacing r with s as the index of summation, one also has Z;":l(as i —a) = m(a; — a).
Substituting these values into () then confirms ().

Ql

ma =m(a; — a)

3.4

6. (a) If (1) vVx —4 = +/x + 5 — 9, then squaring each side gives (ii) x — 4 = (Wx +5—-9)>. Expanding

the square on the right-hand side of (ii) gives x — 4 = x + 5 — 18/x + 5 + 81, which reduces to
18v/x +5 =90 or +/x +5 =5, implying that x +5 = 25 and so x = 20. This shows that if x is a
solution of (i), then x = 20. No other value of x can satisfy (i). But if we check this solution, we find that
with x = 20 the LHS of (i) becomes +/16 = 4, and the RHS becomes v/25 — 9 = 5 — 9 = —4. Thus
the LHS and the RHS are different. This means that equation (i) actually has no solutions at all. (But
note that 4> = (—4)?, i.e. the square of the LHS equals the square of the RHS. That is how the spurious
solution x = 20 managed to sneak in.)
(b) If x is a solution of (iii) v/x — 4 = 9—+/x + 5, then just as in part (a) we find that x must be a solution
of (iv) x —4 = (9 — V/x +5)% Now, (9 — v/x +5)? = (+/x + 5 — 9)2, so equation (iv) is equivalent
to equation (ii) in part (a). This means that (iv) has exactly one solution, namely x = 20. Inserting this
value of x into equation (iii), we find that x = 20 is a solution of (iii).

A geometric explanation of the results can be given with reference to Figure SM3.4.6.

We see that the two solid curves in the figure have no point in common, that is, the expressions v/x — 4
and +/x + 5—9 are not equal for any value of x. (In fact, the difference v/x — 4 — (v/x + 5—9) increases
with x, so there is no point of intersection farther to the right, either.) This explains why the equation
in (a) has no solution. The dashed curve y = 9 — +/x 4 5, on the other hand, intersects y = +/x + 5 for
x = 20 (and only there), and this corresponds to the solution in part (b).

Comment: In part (a) it was necessary to check the result, because the transition from (i) to (ii) is only
an implication, not an equivalence. Similarly, it was necessary to check the result in part (b), since the
transition from (iii) to (iv) also is only an implication — at least, it is not clear that it is an equivalence.
(Afterwards, it turned out to be an equivalence, but we could not know that until we had solved the
equation.)

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



8

3.7

3. For n = 1, both sides are 1/2. As the induction hypothesis, suppose that (x) is true for n = k. Then the

CHAPTER 3 INTRODUCTORY TOPICS II: MISCELLANEOUS

y
-~
5,,
54
y=+x+5-9
/

Figure SM3.4.6

7. (a) Here we have “iff” since v4 = 2. (b) Itis easy to see by means of a sign diagram that x (x +3) < 0

precisely when x lies in the open interval (—3, 0). Therefore we have an implication from left to right
(that is, “only if”), but not in the other direction. (For example, if x = 10, then x(x 4+ 3) = 130.)
©)x2 <9 < -3 <x<3s0x2<9 only if x < 3. If x = —5, for instance, we have x < 3 but
x2 > 9. Hence we cannot have “if” here. (d) x> + 1 is never 0, so we have “iff” here. (e) If x > 0,
then x> > 0, but x> > O alsowhenx < 0. (f)x*+y* =0 <= x =0and y = 0, which implies that
we have “only if”. If x = 0 and, say, y = 1, then X+ y4 = 1, so we cannot have “if” here.

. (a) If x and y are not both nonnegative, at leat one of them must be negative, i.e. x <Qory < 0.

(b) If not all x are greater than or equal to a, at least one x must be less than a. (c) At least one of them
is less than 5. (Would it be easier if the statement to negate were ‘“Neither John nor Diana is less than
5 years old”?) (d)—(f) See the answers in the text.

sum of the first £ + 1 terms is

1 1 1 1 1 k 1

2723 3 a T T ker D Tk 0kt k+l T GEDGE2)

But
k 1 _ kk+2)+1  (k+D> k41

+ — = =
k+1 ((k+Dk+2) G*+D*k+2) *+D*+2) k+2
which is (x) for n = k + 1. Thus, by induction, (x) is true for all n.

. The claim is true for n = 1. As the induction hypothesis, suppose k> + (k + 1)3 + (k + 2)? is divisible

by 9. Note that (k + 1)3 + (k +2)° + (k +3)> = (k + 1)> + (k + 2)° + &> + %> + 27k + 27 =
k3 4+ (k+ 13 + (k+2) +9(k? + 3k + 3). This is divisible by 9 because the induction hypothesis implies
that the sum of the first three terms is divisible by 9, whereas the last term is also obviously divisible by 9.

Review Problems for Chapter 3

6. (b) = false (because x> = 16 also has the solution x = —4), < true, because if x = 4, then x% = 16.

(c) = true because (x —3)? > 0; <= false because with y > —2 and x = 3, one has (x —3)?(y +2) = 0.
(d) = and <« both true, since the equation x3 = 8 has the solution x = 2 and no others. (In the
terminology of Section 6.3, the function f(x) = x> is strictly increasing. See Problem 6.3.3 and see the
graph in Fig. 7, page 88.)
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CHAPTER 4 FUNCTIONS OF ONE VARIABLE 9

Consider Fig. A3.6.8 on page 657 in the book. Let n; denote the number of students in the set marked
Sk, for k = 1,2, ..., 8. Suppose the sets A, B, and C refer to those who study English, French, and
Spanish, respectively. Since 10 students take all three languages, n7 = 10. There are 15 who take French
and Spanish, so 15 = ny + ny, and thus np, = 5. Furthermore, 32 = n3 + ny, so n3 = 22. Also,
110 = ny + n7, so n; = 100. The rest of the information implies that 52 = n, + n3 4+ ng + ny, so
ne =52 —5-—22—10 = 15. Moreover, 220 = n| +ny +ns +ny, sons = 220 — 100 — 5 — 10 = 105.
Finally, 780 = n; 4+ n3 + nq4 4+ n7, song = 780 — 100 — 22 — 10 = 648. The answers are therefore:
(a)n; =100, (b)nz +ng =648 +22 =670, (c) 1000 — Z?:l n; = 1000 — 905 = 95.

10. According to Problem 3.R.3(a) there are 100 terms. Using the trick that led to (3.2.4):

11.

R= 3+ 5+ 7T+---+197+199+ 201
R=201+199+197+---+ 74+ 5+ 3

Summing vertically term by term gives 2R = 204 4204 +204 + - - - 4204 4204 + 204 = 100 x 204 =
20400, and thus R = 10200.

(b) S = 1001 + 2002 + 3003 + - - - + 8008 4+ 9009 + 10010 = 1001(1 +2 43+ ---+84+9+10) =
1001 - 55 = 55055.

For (a) and (b) see text. (c) For n = 1, the inequality is correct by part (a) (and for n = 2, it is correct
by part (b)). As the induction hypothesis, suppose that (1 4+ x)" > 1 4+ nx when n equals the arbitrary
natural number k. Because 1 +x > 0, we have (1 + X)) = (1 + ) (1 +x) > (1 +kx)(1 +x) =
1+ (k+ x 4+ kx> > 1+ (k + 1)x, where the last inequality holds because k > 0. Thus, the induction
hypothesis holds for n = k + 1. Therefore, by induction, Bernoulli’s inequality is true for all natural
numbers 7.

Chapter 4 Functions of One Variable

4.2
L.

13.

@ fO) =0"+1=1f(-1) = D*+1=2 f(1/2) = 1/*+1 = 1/4+1 = 5/4,
and f(V2) = (W22 +1 =241 = 3. (b) (i) Since (—x)® = x2, f(x) = f(—x) for all x.
() f(x+1D) = x+1)>+1 = x2>4+2x+14+1 = x> +2x+2and f(x)+ f(1) = x>+1+42 = x>+3. Thus
equality holds if and only if x> 4+2x +2 = x?>+3,i.e.ifandonly if x = 1/2. (iii) f(2x) = 2x)?>+1 =
4x? +1land 2f(x) =2x2 + 2. Now, 4x> + 1 =2x7 +2 & x> = 1/2 & x = £/1/2 = £1/2.

(a) We require 5 —x > 0, sox < 5. (b) The denominator x2 — x = x(x — 1) must be different

from0,sox #0Oandx # 1. (c) To begin with, the denominator must be nonzero, so we require x #* 2
and x # —3. Moreover, since we can only take the square root of a nonnegative number, the fraction
(x — 1)/(x —2)(x + 3) must be > 0. A sign diagram reveals that Dy = (=3, 1] U (2, c0). Note in
particular that the function is defined with value O at x = 1.

4.4

10.

The points that satisfy the inequality 3x + 4y < 12 are those that lie on or below the straight line
3x + 4y = 12, as explained in Example 6 for a similar inequality. The points that satisfy the inequality
x —y <1, or equivalently, y > x — 1, are those on or above the straight line x — y = 1. Finally, the
points that satisfy the inequality 3x + y > 3, or equivalently, y > 3 — 3x, are those on or above the
straight line 3x + y = 3. The set of points that satisfy all these three inequalities simultaneously is the
shaded set shown in Fig. A4.4.10 of the text.

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



10 CHAPTER 4 FUNCTIONS OF ONE VARIABLE

4.6

9. (b) We find that f(x) = Ax>+ Bx+C,where A = a?+a3 +---+a2, B = 2(a1bi +axby +- - - +ayby),
and C = b7 + b5 + - - + b2. Now, if B> —4AC > 0, then according to formula (2.3.4), the equation
fx) = Ax? + Bx + C = 0 would have two distinct solutions, which contradicts f(x) > 0 for all x.
Hence B2 — 4AC < 0 and the conclusion follows.

4.7

1. (a) Following Note 2 and (6), all integer roots must divide 6. Thus £1, £2, £3, and 46 are the only
possible integer roots. Of these 8§ different candidates, we find that —2, —1, 1, and 3 all are roots, and
since there can be no more than 4 roots in a polynomial equation of degree 4, we have found them all. In
fact, the equation can be written as (x + 2)(x + 1)(x — 1)(x — 3) = 0.

(b) This has the same possible integer roots as (a). But only —6 and 1 are integer solutions. (The third
rootis —1/2.) (c) Neither 1 nor —1 satisfies the equation, so there are no integer roots.

(d) First multiply the equation by 4 to have integer coefficients. Then £1, -2, and 44 are seen to be the
only possible integer solutions. In fact, 1, 2, —2 are all solutions.

3. (a) The answer is 2x> + 2x + 4 4+ 3/(x — 1), because

2x3 +2x—D=(x—1)=2x2+2x +4
2x3 — 2x?
2x242x —1
2x% —2x
4x — 1
4x — 4

3 remainder
(b) The answer is x> + 1, because

G+ 2+ =2 +x) =x2+1
x4 a3

x2+x
xz—l—x

0 no remainder
(c) The answer is x> — 4x? +3x + 1 — 4x /(x> + x + 1), because

(x5 —3x*4 + D=2 4+x+D)=x3—4x2+3x+1
x5+ x4+ x3
—4x*— X3 +1

—4x* —4x3 — 442
3x3 + 4x? +1
3x3 4+ 3x2 4+ 3x

x2—3x+1
24+ x+1
— 4x remainder
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CHAPTER 4 FUNCTIONS OF ONE VARIABLE 1"

(d) The answer is 3x° + 6x3 — 3x2 + 12x — 12 + (28x? — 36x + 13) /(x> — 2x + 1), because

(3x8 x2 + D@ =2x+ 1D =3x"+6x3=3x2+12x — 12
3x8 — 6x0 4+ 3x°
6x° — 3x° +  x? + 1
6x° —12x* + 6x3
—3x5+12x* — 6x3+ x2 + 1
— 3% + 6x3 — 3x2
12x% — 12x3 + 4x2 + 1
12x* —24x% + 12x
—12x3 4+ 28x2 — 12x + 1
—12x3 +24x — 12

28x2 —36x + 13 remainder

4. (a) Since the graph intersects the x-axis at the two points x = —1 and x = 3, we try the quad-
ratic function f(x) = a(x + 1)(x — 3), for some constant a > (. But the graph passes through
the point (1, —2), so we need f(1) = —2. Since f(1) = —4a for our chosen function, a = %

This leads to the formula y = %(x + 1)(x — 3). (b) Because the equation f(x) = 0 must have
roots x = —3, 1,2, we try the cubic function f(x) = b(x + 3)(x — 1)(x — 2). Then f(0) = 6b.
According to the graph, f(0) = —12. So b = —2, and hence y = —2(x + 3)(x — D)(x — 2).
(c) Here we try a cubic polynomial of the form y = c(x + 3)(x — 2)2, with x = 2 as a double
root. Then f(0) = 12¢. rom the graph we see that f(0) = 6, and so ¢ = % This leads to the formula
y =3 +3)x —-2)7%

8. Polynomial division gives

(x? — X )+ +B)=x—B+y)
x2 + Bx
—(B+y)x

—B+y)x—BB+Yy)
B(B+ y) remainder

BB+ vy)
x+p

af(B+v)

andsoE:a(x—(ﬂ—l—y)—I— py

):ax—oz(ﬂ—i—)/)-i-

4.8

4. (a) C. The graph is a parabola and since the coefficient in front of x? is positive, it has a minimum point.
(b) D. The function is defined for x < 2 and crosses the y-axis at y = 24/2 &~ 2.8.
(c) E. The graph is a parabola and since the coefficient in front of x? is negative, it has a maximum point.
(d) B. When x increases, y decreases, and y becomes close to —2 when x is large.
(e) A. The function is defined for x > 2 and increases as x increases.
) FLety=2— (%)x . Then y increases as x increases. For large values of x, one has y close to 2.
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CHAPTER 4 FUNCTIONS OF ONE VARIABLE

4.10

3.

(a) 3*4**+2 = 8 when 3*4*4% = 8 or (12)*4> = 8,andso 12* = 1/2. ThenxIn12 =1In1—In2 = —In2,
sox =—In2/In12.

(b) Since Inx2 = 2Inx, the equation reduces to 7lnx = 6, so Inx = 6/7, and thus x = e
(c) One possible method is to write the equation as 4* (1 — 4=y =33 — 1), 0r4* - (3/4)=3"-2,50
(4/3)* = 8/3, implying that x = In(8/3)/1In(4/3). Alternatively, start by dividing both sides by 3* to
obtain (4/3)*(1—-1/4) =3—1 = 2,s0(4/3)* = 8/3 asbefore. In (d)—(f) use the definition al%* = x.
(d) log, x = 2 implies that 2!°22¥ =22 or x = 4. (e) log, e? = 2 implies that x'°% ¢ = x2ore? = x2
Hence x = e. () log; x = —3 implies that 3% = 373 or x = 1/27.

6/7

. (a) Directly, the equation Ae’’ = Be*' implies that e’ /e’ = B/A, so e" ™" = B/A. Applying In to

each side gives (r — s)t = In(B/A),sot =

In —. Alternatively, one can apply In to each side of
r—.s

the original equation, leading to In A 4+ r¢# = In B + s¢, and then solve for ¢.

(b) Let ¢ denote the number of years after 1990. Assuming continuous exponential growth, when the

GNP of the two nations is the same, one must have 1.2 - 10'? . ¢%%" = 5.6.10'2 . ¢%02  Applying the

answer found in part (a), we obtain

1 5.6-1012 1 14
- In = In— ~ 22
0.09—-0.02 1.2-102  0.07 3

According to this, the two countries would have the same GNP approximately 22 years after 1990, so in
2012. (For annual GDP, which is not quite the same as GNP, the latest (June 2012) International Monetary
Fund estimates for the year 2012, in current US dollars, are 15.6 - 10'2 for the USA, and 8.0 - 10'? for
China.)

t

Review Problems for Chapter 4

14.

17.

19.

22,

(a) p(x) = x(x24+x —12) = x(x —3)(x +4), because x> +x — 12 =0forx = 3 and x = —4.

(b) £1, 2, £4, 48 are the only possible integer zeros. By trial and error we find that ¢(2) = g(—4) =
0, s0 2(x — 2)(x +4) = 2x? + 4x — 16 is a factor for q(x). By polynomial division we find that
gx) ~ 2x2+4x —16) =x —1/2,50 g(x) = 2(x — 2)(x +4)(x — 1/2).

Check by direct calculation that p(2) = }—‘23 —22— %2—% % =2—4— % + % = 0, so x —2 must be a factor
of p(x). By direct division, we find that p(x) +(x —2) = Alf()c2 —2x—15) = %(x +3)(x—5),s0x = -3
and x = 5 are the two other zeros. (Alternative: g (x) has the same zeros as4p(x) = x3 —4x% —11x +30.
This polynomial can only have +1, £2, 43, £5, £10, £15, and 430 as integer zeros. It is tedious work
to find the zeros in this way.)

b

For the left-hand graph, note that for x # 0, one has y = f(x) = Cll i ;x , so that y tends to a as
c/x

x becomes large positive or negative. The graph shows that @ > 0. There is a break point at x = —c,

and —c > 0,s0¢c < 0. f(0) = b/c > 0,s0b < 0. The right-hand graph of the quadratic function
g is a parabola which is convex, so p > 0. Moreover r = g(0) < 0. Finally, g(x) has its minimum at
x =x*=—q/2p. Since x* > 0 and p > 0, we conclude that g < 0.

(@) In(x/e*) =Inx —Ine> =lnx —2forx > 0. (b)In(xz/y) =In(xz) —Iny =Inx +1Inz —Iny for
x,9,2>0 (c)In(e*x?) =Ine’ +Inx?> =34 2Inx forx > 0. (In general, In x> = 21In|x|.)

(d) When x > 0, note that 5 Inx — 3 In(1/x) —In(x + 1) = }Inx — 3(=Inx) —In(x + 1) = 2Inx —
In(x +1) =Inx?> —In(x + 1) = In[x?/(x + D].
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Chapter 5 Properties of Functions
5.3

4. (a) f does have an inverse since it is one-to-one. This is shown in the table by the fact that all the numbers
in the second row, the domain of f~!, are different. The inverse assigns to each number in the second
row, the corresponding number in the first row. In particular, f~1(2) = —1.

(b) Since f(x) increases by 2 for each unit increase in x, one has f(x) = 2x 4+ a for a suitable constant a.
Butthena = f(0) = 4,s0 f(x) = 2x+4. Solving y = 2x +4 for x yields x = %y —2, so interchanging
xandygivesy = f1(x) = Jx — 2.

9. (a) (-1 = y x—1= y3 = x = (y3 + 1)'/3. If we use x as the independent variable,

Ff'(x) = (x* + D'/3. R is the domain and range for both f a?d L
X+

(b) The domain is all x # 2, and for all such x one has 3 =y <= x+1=yx —-2) <

—2y—1 2 1
1=—yx=-2y—1 << x = Y = y+
11—y y—1

(2x + 1)/(x — 1). The domain of the inverse is all x # 1.

(©Herey =(1—-xHP 42 «—= y—2=(1-) —= (G-20=1-x < x*=
1 —(y—2)Y < x=/[1-(y—2)]"3. With x as the free variable, f~'(x) =[1 — (x —2)°]'3. R
is the domain and range for both f and f~'.

. Using x as the independent variable, f~!(x) =

10. (a) The domain is R and the range is (0, 00), so the inverse is defined on (0, o). From y = et

Iny=x+4+4,s0x =Ilny—4,y > 0. (b)The range is R, which is the domain of the inverse. From
y=1Inx—4,onehaslnx = y+4,andsox = ¢*™*. (c) The domain is R. On this domain the function
is increasing, with y — In2 as x — —oo and y — 00 as x — o0. So the range of the function is
(In2, o0). From y = ln(2 +ex_3) one has e? =24 ¢* 3,50 ¢* 3 = ¢¥ — 2. Hence, x = 3+ In(e? —2)
for y > In2.

54

1. (a) The curve intersects the axes x = 0 and y = 0 at the points (0, £+/3) and (£+/6, 0) respectively. It is
also entirely bounded by the rectangle whose four corners are (+/6, £+/3). Moreover, it is symmetric
about both axes, since all its points take the form (£+/%, +./77), where &, 1 are any pair of positive real
numbers satisfying &2 + 2n? = 6. Putting x = y yields the four points (£+/2, £+/2) on the curve. More
points can be found by fixing any x satisfying —6 < x < 6, then solving for y. (The curve is called
an ellipse. See the next section.) (b) The same argument as in (a) shows that the curve intersects only
the axis x = 0, at (0, ==1). There are no points on the graph where y> < 1. As in (a), it is symmetric
about both axes. It comes in two separate parts: below y = —1; above y = 1. Putting x> = 1 and then
x2 = 9 yields the additional points (£1, £+/2) and (43, ++/10). (The graph is a hyperbola. See the
next section.)

5.5

8. The method of completing the square used in problem 5 shows that x> 4+ y> + Ax + By + C =0 <=
4 A+ 2+ By+C=0 & >+ Ax+ (14 +y2+ By + (1B)’ = LA+ B2 —40) —
(x + %A)2 + (v + %B)2 = 1(A%? + B? — 4C). Provided that A? + B? > 4C, the last equation is that
of a circle centred at (—%A, —%B) with radius % A2 + B2 —4C. If A 4+ B? = 4C, the graph consists
only of the point (—%A, —%B). For A% + B? < 4C, the solution set is empty.
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5.6

1.

CHAPTER 6 DIFFERENTIATION

In each case, except (c), the rule defines a function because it associates with each member of the
original set a unique member in the target set. For instance, in (d), if the volume V of a sphere is
given, the formula V = %nr3 in the appendix implies that the radius is r = (3V/4m)'/3. But then
the formula S = 472 in the appendix gives the surface area. Substituting for 7 in this formula gives
S =4n(3 V/47'r)2/ 3 = (36m)'3V3/2 that expresses the surface area of a sphere as a function of its

volume.

Review Problems for Chapter 5

7.

(a) The function f is defined and strictly increasing for ¢* > 2, i.e. x > In2. Its range is R because
f(x) > —ocasx — In2", and f(x) - ocoasx — oo. From y = 3 +In(e* —2), we getIn(e® —2) =
y—3,andsoe* —2 = e 3, ore* =243, sox = In(2 + 7). Hence f‘l(x) = In2 + e*7),
x eR.

(b) Note that f is strictly increasing. Moreover, e — 0asx — oo.

Therefore, f(x) — 0as x — —oo, and f(x) — 1 as x — oo. So the range of f, and therefore the
a

—Ax —AX

— oo asx — —oo, and e

domain of f~!, is (0, 1). From y = we get e ™ +a = a/y,soe ™ =a(l/y — 1), or
a

e—)»x
—Ax = Ina+In(1/y —1). Thus x = —(1/A)Ina — (1/1)In(1/y — 1), and therefore the inverse is
f'x) ==/ Ina — (A/A) In(1/x — 1), with x € (0, 1).

Chapter 6 Differentiation

6.2

S.

For parts (a)-(c) we set out the explicit steps of the recipe in (6.2.3).

@ @A)): fa+h)=fO+h)=3h+2 B) fa+h)— f(a)=f(h)— fO0)=3h+2-2=73h
O)-D): [f(h) — f(O)]/h =3 (E):[f(h)— f(0)]/h =3 —> 3ash — 0,s0 f'(0) = 3. The slope of
the tangent at (0, 2) is 3.

1) (A): fa+h) = f(A+h) = A1+h)>—1 = 142h+h>—1 =2h+h*> B): fF(1+h)—f(1) = 2h+h>
O-D):[fA+h)—fMD1/h=2+h E):[fA+h)—f(D]/h=24+h — 2ash — 0,s0 /(1) =2.
© A): fG+h) =24+3/3+h) B): fB+h)—f3) =2+3/B3+h)—3 =—-h/3B+h)
O-D)[fG+h —fB)I/h=-1/C+h) E:[fC+h) —f3)]/h=-1/C3+h) — —1/3as
h — 0,s0 f'(3) = —1/3.

For parts (d)—(f) we still follow the recipe in (6.2.3), but express the steps more concisely.

(d) [f(h) — fO)/h=(h>—2h)/h=h*—2— —2ash — 0,s0 f'(0) = —2.

f(=14+h) — f(-1) —=1+h+1/(-1+0)+2 . h?—1+1 h
(e) = , which simplifies to =

h h hh—1)  h—1
ash — 0,s0 f/(0) =0.
SA+m) —fA) A+ =1  r*4+40° +60° +4h+1—1
N h N h

-0

€3] =h>+4h> + 6h + 4 — 4 as

h
h— 0,s0 f'(1) = 4.
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8. (a) Applying the formula (¢ — b)(a + b) = a®> — b*> with a = /x+h and b = ./x gives
(Wx+h—J)Wx+h+/x)=x+h)—x=h.
) fa+n) —f@) _ VxFh— VOV Th+Vx) 1
h h(J/x +h + Jx) VXFh+Jx
fe+h)—fx) 1 1 L i
(c) From part (b), h \/)T+\/_ h_}() NG 2x .
6.5
5. 1/3-2/3h _ _3r(1/3-2/3h)  h—2 N S B
h—2 3h(h—2)  3h(h—2) 3h 6
(b) When x — 0, then (x> — 1)/x*> =1—1/x> - —ocasx — 0.
32t — 96 32(r — 3) 32 [ 32t —96 ;
(c)2 = = — 8,ast — 3,50 ——)«/§=Zast—>3.
2-2t—-3 (=3 +1) t+1 —2t—3
o V3-8 _ (i3 - VO34V _ |
h h(Vh+3+/3) T hT3+ 3 0 2f
-4 (+2)—2) -2 2
(e) — ——ast —> —2.

2106 +16 t+2)t+8) t+8 3

2 — 1 1
(DObservethat4—x=(2+ﬁ)(2—ﬁ),so)}i_r)1}‘ 4_f :)}1_122+ﬁ =7

f(x)—f(l) x> 4+2x -3 (x—l)(x+3)

6. (a) x+3—>4dasx — 1
X — 1) x—l x—1
(b)f(xif{( x+3—>5ax — 2.
© f(2—|—h2 fQ _@2+nm +i(2+h) 8 _h :6h Ch46— 6ash — 0.

f)—fl@) x*+2x—a’>—-2a x*—a*+2x—a) (x—a)(x+a)+2(x—a)

@ = =

X —a X —a X —a X —a

=x+a+2—2a+2asx — a. (e)Same answer as in (d), putting x — a = h.

fla+h)— fa—h) (a+h)?+2a+2h—(a—h)?*—2a+2h

() = =4da+4 — 4a+4dash — 0.

h h

6.7

—6

1
3. )y = P =x" = y= —6x77, using the power rule (6.6.4).

_ —1/,2 _ 1,.2..1/2 —112_ 3/2 —1/2 _3]2 1..-3/2
b))y = x'x* + Dyx = xxx/—i-)_c'_lx/ x/l—é—x 1/) (:>+f))12 /gix/
_ 32 _3,.-52 rT0 ' r- )7 -
= = d =
©y=x" Y =—3x (d)y — y = x 1) a1
x 1 4 s 4 5
(e)y:x—5+sz +x :>y=—x—5—F
3x -5 . 3(2x+8)—23x—5) 34 Y B
Oy=55s 77 (2x + 8)2 Oxtgr ®ry=3 Y *
3x — 1 L3P+ x4+ D) —Cx—DRx+1)  —3x2+2x+4
(h)yy=- y = 2 2 =2 2
x> +x+1 x*+x+1) x*+x+1)
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16 CHAPTER 6 DIFFERENTIATION

6. (a)y =6x —12=6(x —2) >0 <= x > 2,50y is increasing in [2, 00).

() y) = x> —3x = x(x? — 3) = x(x — v/3)(x + +/3), s0 (using a sign diagram) y is increasing in
[—\/5, 0] and in [\/5, 00).

22427 - Qo@y) _ 22-x)  2(W2-0)W2+x)

©y = 3 a2 RN 212 , 50 y is increasing in [—+/2, v/2].
L2 =3+ D) - (2 -2 =203 —2x2 4+ 2x —x(x —x))(x —x2)
(d)y = = = , where x1, =
2(x + 1)2 2(x +1)2 (x +1)2 '
—% F %\/5 Then y is increasing in (—oo, x1] and in [0, x3].
7. (a) y) = —1 — 2x = —3 when x = 1, so the slope of the tangent is —3. Since y = 1 when x = 1, the

point—slope formula gives y — 1 = —3(x — 1),or y = —3x + 4.

b)yy=1- 2x2+ 1)L so y = 4)c/(x2 +12=1 and y = 0 when x = 1. The tangentis y = x — 1.
©y=x>—x"250y =2x+2x3=17/4and y = 15/4 when x = 2, hence y = (17/4)x — 19/4.
43 3+ +3) -+ DB o+ D) 1

d) y = ——and y = - wh = 0,
@ 2+ D +3)1 o MY = 3 WA ¥
y=—(x—=3)/9.
. ' at+b , a(ct+d)— (at +Db)c ad — bc
9. (a) We use the quotient rule: y = o xd = y = (1 1 d)? = o+ d)?
(b)y =t"(avt +b) = at" 2+ bt" = y =+ 1/2)at""1? + nbt"~!
, 0-(at?> +bt+c)—1-(Qat+b) —2at —b
Qy=—7F—7—"=)y= 2 2 = (a2 2
at* + bt + ¢ (at” 4+ bt + ¢) (at” 4+ bt + ¢)
6.8
3. (@A y = m = (x2 + x + 1)_5 = u>, where u = x>+ x + 1. By the chain rule,
y = (=5u"% = —-5Q2x + (x> +x+ 1)7°.

(b) With u = x +V/x+J/x, y = Ju = u'/?, soy = %u_l/Zu/. Now, u = x + v!/2, with
v=2x+xY2 Thenu' =1+ %v_l/zv’, where v/ = 1 + %x‘l/z. Thus, in the end, y’ = %u‘l/zu’ =
W+ 427721+ A+ 61727720+ 1x7172)]0 (0) See the text.

6.10

4. (a) y/ = 3x% + 2¢* is obviously positive everywhere, so y increases in (—00, 00).
(b)Y = 10xe™* +5x%(—4)e™* = 10x(1 —2x)e~**. A sign diagram shows that y increases in [0, 1/2].
©y = 2xe ™ + xz(—2x)e_"2 = 2x(1 —x)(1 + x)e_xz. A sign diagram shows that y increases in
(—o0, —1] and in [0, 1].

6.11
3. For most of these problems we need the chain rule. That is important in itself! But it implies in particular
d 1 !
thatif u = f(x) is a differentiable function of x that satisfies f(x) > 0, then T Inu=-u'= “ .
X u u

/

11 1
(@)y =In(Inx) = Inu withu = Inx implies that y = - = — — = .
Inxx xlnx

© Knut Sydszater, Peter Hammond, and Arne Strgm 2012



CHAPTER 6 DIFFERENTIATION 17

1 1 —2x —X
(b)y =Iny1 —x2 =Inu withu = +/1 — x2 implies that y’ = —u' = = i
u VI=x22/1T—x2 1-x?

(Alternatively: /1 —x2 = (1 —x»)? —= y = %ln(l — x2), and so on.)
1 1

©y=e'lnx = y=e'lnx+e"— = ex(lnx + —)
X X

1 2
dy= e Inx? = y = 3x2e" Inx? + e"3—22x = <Z’3lenx2 + —)
X X
er 2x +3
=In(x*4+3x—-1) = yV=—1 ~
1 Dy=hats . ) MR Py
(g) y = 2(ex _ 1)—1 — y/ — _2eX(ex _ 1)—2 (h) y = er —X SN y/ — (4x _ l)er —X

@y=Ine"+1) = y =

5. (a) One must have x> > 1,ie.x > lorx < —1. (b) In(Inx) is defined when Inx is defined and

positive, that is, for x > 1. (¢) The fraction W is defined when In(In x) is defined and different
n(lnx) —
from 1. From (b), In(In x) is defined when x > 1. Further, In(Inx) =1 <= Inx = ¢ <= x = ¢°.
Conclusion: ——— isdefined <= x > 1 and x # ¢°.
In(lnx) — 1

6. (a) The function is defined for 4 — x> > 0, that is in (=2, 2). f'(x) = —2x/(4 — x?) > 0in (=2, 0],
so this is where y is increasing. (b) The function is defined for x > 0. f’(x) = x*(3Inx + 1) > 0 for
Inx > —1/3,0or x > e 13 s0 y is increasing in [e71/3, 00). (c) The function is defined for x > 0,

2(1 —Inx)(—1/x)2x —2(1 —Inx)? _ (I'—=Inx)(Inx —3)

4x2 N 2x2
increasing in x when 1 < Inx < 3 and so for x in [e, €°].

and y' = . A sign diagram reveals that y is

9. In these problems we can use logarithmic differentiation. Alternatively we can write the functions in the
form f(x) = €4 and then use the fact that f/(x) = e$Wg’(x) = f(x)g’(x).

(a) Let f(x) = (2x)*. Then In f(x) = xIn(2x), so S ) =1 -In(2x) + x - L -2 = In(2x) + 1.
f(x) 2x

Hence, f'(x) = f(x)(In(2x) + 1) = Qx)*(nx +1In2+1). (b) f(x) = xVE = (eh”‘)ﬁ = eV¥inx,

l xInx d X Inx \/)_C —1
50 f/(x) = V¥ -a(\/)_clnx):xf<2ﬁ+7>=x[ 2(JInx + 1),

(©1In f(x) =xIn/x = fxInx,so f'(x)/f (x) = $(Inx + 1), which gives f'(x) = 2(/x)*(Inx + 1).

11. (a) See the answer in the text. (b) Let f(x) = In(1 + x) — %x. Then f(0) = 0 and moreover f'(x) =
1/(x+1)— % = (1 — x)/2(x + 1), which is positive in (0, 1), so f(x) > 01in (0, 1), and the left-hand
inequality is established. To prove the other inequality, put g(x) = x — In(1 + x). Then g(0) = 0 and
gx)y=1—-1/(x+1)=x/(x+ 1) > 0in (0, 1), so the conclusion follows.

(c)Let f(x) =2(y/x — 1) —Inx. Then f(1) =0and f'(x) = (1//x) — 1/x = (/x — 1)/x, which is

positive for x > 1. The conclusion follows.

Review Problems for Chapter 6

2 X —X

15. @y = “Inx>0ifx>1. )y = >0 > e F>1 & x>0
X et +e ¥

3x _ x—-—1Dx-=2)

/
=1 =
©y x2 42 X242

>0 < x <lorx > 2. (Use asign diagram.)
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18 CHAPTER 7 DERIVATIVES IN USE

Chapter 7 Derivatives in Use

7.1

3. (a) Implicit differentiation w.r.t. x yields (x) 1 — y" + 3y + 3xy’ = 0. Solving for y’ yields y’ =
(143y)/(1—3x). The definition of the function implies that y = (x —2)/(1 —3x). Substituting this in the
expression for y’ gives y' = —5/(1 —3x)?. Differentiating (%) w.r.t. x gives —y” +3y’+3y'+3xy” = 0.
Inserting y' = (1 4+ 3y)/(1 — 3x) and solving for y” gives y” = 6y'/(1 — 3x) = —30/(1 — 3x)>.

(b) Implicit differentiation w.r.t. x yields () 5y*y’ = 6x°,s0y’ = 6x°/5y* = (6/5)x'/>. Differentiating
(%) w.r.t. x gives 20y3(y")> 4+ 5y*y” = 30x*. Inserting y’ = 6x°/5y* and solving for y” yields y” =
ox*y™ —4y~1(y")? = 6x*y™* — (144/25)x 10y = (6/25)x /3.

8. (a) y +xy = g'(x) + 3y%y/, and solve for y’. (b) g’(x 4+ y)(1 +y') = 2x + 2yy’, and solve for y’.
©)2(xy + D(y+xy") = g'(x>y)(2xy + x2y"), and solve for y’. (How did we differentiate g(x?y) w.r.t.
x? Well, if z = g(u) and u = x?y, then 7/ = g’(u)u’ where u is a product of two functions that both
depend on x. So u’' = 2xy + x?y’))

10. (a) Differentiating w.r.t. x, keeping in mind that y depends on x, yields 2(x> + y>)(2x + 2yy’) =
a’*(2x — 2yy’). Then solve for y’.
(b) Note that x = 0 would imply that y = 0. Excluding this possibility, we see that y’ = 0 when
x2+y2 =a%/2,0r y> = %az — x2. Inserting this into the given equation yields x = :i:%a«/g and so
y= :I:%aﬁ. This yields the four points on the graph at which the tangent is horizontal.

7.2

4. (a) Using (ii) and (iii) to substitute for C and Y respectively in equation (i), one has ¥ = f(Y) + I +
X — g(Y). Differentiating w.r.t. I yields

dy/dl = f'(Y)@Y/dD) +1— g (Y)(dY/dI) = (f'(Y) — g'(¥))(@dY/dI]) + 1 ()

Thus, dY /dI = 1/[1 — f'(Y)+ g’(Y)]. Imports should increase when income increases, so g’(Y) > 0.
It follows that dY /d1 > 0. (b) Differentiating (x) w.r.t. [ yields, in simplified notation,

d*Y[dI* = (f" ="\ dY /d D)+ (f' =g (d*Y [dI?),s0d*Y [dI* = (f" —g")(dY/dD)/(1 — f'+¢)?
=(f"=g"/a—-f+g).

7.3

5. (a)dy/dx = —e ™, s0dx/dy = 1/(dy/dx) = 1] —e ¥ = —&* 3,
(b)dy/dx = —e™*/(e™* +3),s0dx/dy = —(e " +3)/e ™ = —1 — 3¢*
(c) Implicit differentiation w.r.t. x yields y* + x(3y?)(dy/dx) — 3x?y — x*(dy/dx) = 2. Solve for
dy/dx, and then invert.

7.4

3. (@) f0)=1and f'(x) = —(14+x)"2,50 f/(0) = —1. Then f(x) ~ f(0) + f'(O)x =1 — x.
(b) £(0) = 1 and f'(x) = 5(1 +x)*, so f(0) = 5. Then f(x) ~ f(0) + f'(0)x = 1+ 5x.
(©) £(0) =1and f'(x) = —3(1 —x)73/4 50 f'(0) = —1. Then f(x) ~ f(0) + f'(0O)x = 1 — Ix.
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CHAPTER 7 DERIVATIVES IN USE 19

8. Implicit differentiation yields: 3¢¥” + 3xe®’ (y2 + x2yy’) — 2y’ = 6x + 2yy'. (To differentiate 3xe*”’
use the product rule to get 3¢’ 4 3x (d/dx)e”z. The chain rule gives (d/alx)e"/V2 =’ (2 +x2yy").)
Forx =1,y=0weget3 -2y =6,s0y =-3/2. ®b)yx)~y(H)+yDHx—-1)= —%(x -1

7.5

2 f/)=A+0)7L 1) = =1+0)72 @) =200+ 07, fP@) = —60 +07% [O) =
24(1 +x)7>. Then £(0) =0, f/(0) =1, f"(0) = —1, f7(0) =2, f®©0) = —6, fO(0) = 24, and so
F@) = fO)+ 117/ 0)x + 5 £ (O)x + 5; £ (0)x* + 3 fPO)x* + 3 O O)x° = x — 357 4 3x° —
1.4 1.5
ZX + g.x .

3. With f(x) = 5(In(14x)—/T+ x) = SIn(1+x)—5(1+x) /2 we get f'(x) = 5(1+x) "' =3 (14x) 712,
) = =5(14+x)"24 3(1+x)"¥% and so f(0) = =5, f'(0) = 2, f(0) = — . and the Taylor

polynomial of order 2 about x = 0is £(0) + f'(0)x + 5 f"(0)x* = =5+ 3x — Lx2.

7.6

4. (a) We use Taylor’s formula (3) with g(x) = (1+x)"/*andn = 2. Then g'(x) = 1 (1 +x)"3,¢g"(x) =
—5(1+0) 7 and g () = 375 (1+2) 7,50 (0) = 1,¢'(0) = 7.8"(0) = =5, 8" (c) = p(1+0) ¥,
It follows that g(x) = 1 + 1x — §x? + R3(x), where R3(x) = £30(1 4+ ¢)3/3x3 = 2.(1 + ) 78/343.
(b) c € (0, x) and x > 0, so (I +¢)~%/3 < 1, and the inequality follows.
(c) Note that /1003 = 10(1 +3-1073)!/3. Using the approximation in part (a) gives (1 +3-1073)1/3 &~
1433-1072 = §(3-107%)2 = 1+1073 = 1076) = 1.000999, and so /1003 & 10.00999. By part (b), the
error R3(x) in the approximation (1+3-10%)!/3 ~ 1.000999 satisfies | R3 (x)| < 2 (3-107%)3 = 2107°.
Hence the error in the approximation /1003 ~ 10.00999 is 10|R3(x)| < 3210~% < 2 - 1078, implying
that the answer is correct to 7 decimal places.

7.7
9 (a)ElA—iﬁ—O (b) EL.(f )—i(f )/—i(f’ + f ’)—x—f/+x;gl—Elf+El
. A= T xg—fgg—fgg g—f g—x x8
f x <f>’ xg (gf/—fg/) xf xg
El, = = ) ==|>—)=—— - —==Elf —El
© g (f/9) \g f g? g / ¢
(d) See the answer in the text. (e) Is like (d), but with +g replaced by —g, and +g’ by —g’.
xdz xudzdu
Hz=f(gw),u=gx)=>E,z=-—==——— =El, f(u) El,u
zdx uzdudx
7.8

3. By the results in (7.8.3), all the functions are continuous wherever they are defined. So (a) and (d) are
defined everywhere. In (b) we must exclude x = 1; in (c) the function is defined for x < 2. Next, in
(e) we must exclude values of x that make the denominator 0. These values satisty x242x—2=0,o0r
(x +1)?=3,s0 they are x = +/3 — 1. Finally, in (f), the first fraction requires x > 0, and then the
other fraction is also defined.

7.9
. 5 5 . X+ x|
1. (@) lim,p+(x*+3x —4) =0"4+3-0—4=—4 (b) |x|] = —x for x < 0. Hence, hng =
x—0— X
lim “=% — lim 0=0. (¢)|x| = xforx > 0. Hence, lim *— = fim > _ Jim 2= 2.
x—=0- X x—0" x—0t X x—0t X x—0t
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20 CHAPTER 7 DERIVATIVES IN USE

(d)As x — 07" one has \/x — Oandso —1//x — —o00. (e)Asx — 3" one has x —3 — 0% and so
x/(x —3) >o00. (f)Asx - 3  onehasx —3 — 07,andso x/(x —3) — —o0.

4. (a) Vertical asymptote, x = —1. Moreover, x> ~ (x + 1) =x — 1+ 1/(x +1),s0y = x — l is an
asymptote as x — £o00. (b) No vertical asymptote. Moreover. Qx3=3x24+3x—6) = (x*+1) =
2x =3+ (x—3)/(x*>+1),s0y =2x —3isan asymptote as x — *o00. (c) Vertical asymptote, x = 1.
Moreover, (3x2 +2x) - (x — 1) =3x + 5+ 5/(x —1),s0y = 3x + 5 is an asymptote as x — =£00.
(d) Vertical asymptote, x = 1. Moreover, (5x* —3x2+ 1)+ (x> — 1) = Sx + (=3x2+5x + 1)/ (x> = 1),
so y = 5x is an asymptote as x — =£00.

7. This is rather tricky because the denominator is 0 at x; » = 2 4 +/3. A sign diagram shows that £ (x) > 0
only in (—o00, 0) and in (x1, x2). The text explains where f increases. See also Fig. SM7.9.7.

Figure SM7.9.7

7.10

4. Recall from (4.7.6) that any integer root of the equation f(x) = x* +3x3 —3x? —8x + 3 = 0 must be
a factor of the constant term 3. The way to see this directly is to notice that we must have

3=—x*—3x34+3x2+8x = x(—x> = 3x> +3x +8)

and if x is an integer then the bracketed expression is also an integer. Thus, the only possible integer
solutions are £1 and £3. Trying each of these possibilities, we find that only —3 is an integer solution.

There are three other real roots, with approximate values xo = —1.9, yo = 0.4, and zo = 1.5. If we
use Newton’s method once for each of these roots we get the more accurate approximations
—-1.9 —0.1749
x;=—-19— S =—19— ——~—-1.9+0.021 = —1.879
f'(—1.9) 8.454
f(0.4) —0.4624
yvi= 04 — = 04— ——~ 04-0.053= 0.347
f(0.4) —8.704
f(.5) —0.5625
= 15 -— = 15——~= 15+0034= 1.534
“ /(1.5) 16.75 +
7.12
3@lim 2= =Y im - =2 orusex® — 1 = (x + D — 1)
. (a) lim = — =lim— =< (orusex” — 1 = —1).
S XZ o1 0 aiax 2 lorwes T
3 3 2 4 44057 3 2 6 “O” 6 6
(b) lim X7+ 3x _ 0 x* + 6x _ Yy x+6

- = lim —— & — = lim =
x—>-2x3+5x2+8x +4 0 x>-23x2+4+10x+8 0 x>-26x+10
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Coxt—4xd 4 6x?—8x+8 07 . 4xP—12x*+12x—8 <07
(c) lim = — = lim = — =
x—2 x3 —3X2+4 0 x—2 3x2 — 6x 0
o 12x2 —24x + 12
lim =2
x—2 6x — 6
o o Inx—x+1 “0” . 1/x)—-1 0~ . (—1/x2) 1
@dlim —————= - =lm——"—= - =lim ——- = ——
x—1  (x —1)2 0 x—1 2(x — 1) 0 x—1 2 2
7 4
1 7 1 In(7 1) —In(4 4 “0” N 3
(e) lim 1(x+ )zlimn(x+) n(x+)=_:1im7x+1 4x—|—4=_
x—1x—1 dx + 4 x—1 x—1 0 x—>1 1 8
xt —x “0” . x*(nx4+1) -1 <0 . xx(lnx—i-l)z—i-xx(l/x)
) lim —— = — = lim = — = lim =-2
r—=11—x+1nx 0 x—1 —14+1/x 0 x—1 —1/x2

(using Example 6.11.4 to differentiate x*).

6 [ — i JX) _ Ve 07 —1/@)? ') L (f) )

. L = 1lim = lim = lim 5 = lim 5 =
i—a g(x)  x—al/f(x) 0 a—a—1/(f(x)? fix)  x—a (g(0))? f(x)

Ctim 89 o L

x—a f'(x) x—a f'(x)/g' (x)

“division by 07, when either f’(x) or g’(x) tends to 0 as x tends to a.)

. The conclusion follows. (This argument ignores problems with

Review Problems for Chapter 7

1
10. (a) We must have 1+x
—Xx
f(x) - oo;as x — —17, one has f(x) - —o0. Since f'(x) = 1/(1 —x%) > 0when —1 < x < 1,

> 0, so the domain of f is the interval —1 < x < 1. As x — 17, one has

1 1
f 1s strictly increasing and the range of f is R. (b) From y = 3 In I R one has In 1 A 2y, so
—Xx —X
1
li = ¢*. Then solve for x.
— X

12. @) f/(x) =2/Qx +4) = (x +2) " and f"(x) = —(x +2)72. We get f(0) =1In4, f'(0) = 1/2, and
f70) = —1/4,50 f(x) ~ £(0) + f'(0)x + 3 f"(0)x> = In4 + x/2 — x?/8.
(b) g'(x) = —(1/2)(1 +x)73% and g"(x) = 3/4)(1 + x)7>/2. We get g(0) = 1, g'(0) = —1/2, and
g"(0) =3/4,50 g(x) ~ 1 — x/2 + 3x?/8.
(€) '(x) = e** +2xe® and h"(x) = 4e> + 4xe>. We get h(0) = 0, h'(0) = 1, and h”(0) = 4, so
h(x) ~ x + 2x2.

15. Wi 1 _ . 1 % ( (C NN C M ¢ L € DX

. Withx = 7 andn =5, formula (7.6.6) yieldse? = 1+ 7+ 5+ 5+ + 5+ —e , where ¢

()° ()6

is some number between 0 and % Now, Re(}) = Te < —2 = m ~ (0.00004340, where we used the

fact that c < 5 ! implies e¢ < e < 2 Thus it follows that

2 3 4
M2+ O L O L Ly L 6486979, Because the error is
less than 0.000043, the approximation e : 1.649 is correct to 3 decimal places.

=
e BN
0

23. (a) lirgl (x> =3x+2)=9—-9+2=2 (b) Tends to +oc.
x—3-
3—JVx+17

(©) T tends to +00 as x — —17, but to —oo as x — —17, so there is no limit as x — —1.
X
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24.

CHAPTER 8 SINGLE-VARIABLE OPTIMIZATION

. 2=—x)er—x-2 =0 . e+ Q2—=—x)e -1 “0” .o —et ="+ (2 —x)er
(d) lim = — = lim = — = lim
x—0 x3 0 x—0 3x2 0 x—0 6x
. —xer . —eF 1
= lim = lim =——.
x—0 6x x—0 6 6
(Cancelling x at the penultimate step avoids using I’Hopital’s rule a third time.)
. 1 5 . x> —6x+9 “0” . 2x — 6 “0”
(e) lim — = lim = - =lm ——mm = — =
x—=3\x —3 x2—x—6 x—>3x3—4x2—3x—|—18 0 x—>33x2 —8x =3 0
1 . 4 6‘0”
lim =—- (ML al — = lim — = —. (Can you find another way?)

x36r—8 5 x42x2—32 0 _aoidx 16
X2=3x4+2 (x—-)x—1)

x—2 x—2
4—VXFTT _ G-VAF D@+ F+17) 16— x — 17 B
2x +2 1_ Cx+2)@+Vx+17) QCx+2)@+Jx+17)

(g) If x # 2, then x — 1, which tends to 1 as x — 2.

(h) If x # —1, then

-1
which tends to —— as x — —1.
24 4+ /x +17) 16
. nx? 1 . (Inx\’
(i) lim = — lim { — ) =0, because of (7.12.3).
x—o0o 3x2 3 x—o0 X

When x — 0, the numerator tends to \/— — \/3 and the denominator to 0, so the limit does not exist
when d # b. If d = b, however, then

Jax +b—Jex+b  “0” [%a(ax+b)_l/2— %C(CX-I-Z?)_]/Z] a—c
m =

by x ) 1 2Vb

Chapter 8 Single-Variable Optimization

8.2

2.

10.

h(x) = B3x% +4) — B1)(6x) = 82— «/§x)(2 + «/§x) , S0 h has stationary points at x; = —2«/5/3
(3x2 4 4)2 (3x2 +4)2

and x, = 2\/5/3. A sign diagram shows that 2’ (x) < 0 in (—o0, x1) and in (x;, 00), whereas A'(x) > 0

in (x1, x2). Therefore £ is strictly decreasing in (—o00, x;], strictly increasing in [x, x2], and strictly

decreasing again in [x,, 00). Then, because 2(x) — 0 as x — =00, it follows that the maximum of &

occurs at xp = 2\/3/3 and the minimum at x; = —2«/§/3.

. @)y =e" —2¢ > and v’ = ¢* + 4¢7>*. Hence y/ = 0 when e* = 2¢7 2%, ore3* =2, ie. x = %1n 2.
Since y” > 0 everywhere, the function is convex and this is a minimum point.
(b)y = —2(x —a) —4(x —b) =0 whenx = %(a + 2b). This is a maximum point since y” = —6.
(c)y' =1/x —5=0when x = é This is a maximum point since y” = —1/x?> < 0 for all x > 0.

(@) f'(x) =k — Aae " =0 when x = xo = (1/a) In(Aa/k). Note that xy > 0 if and only if Ae > k.
Moreover f”(x) = Aa?e™®* > 0 for all x > 0, so xg solves the minimization problem.

(b) Substituting for A in the answer to (a) gives the expression for the optimal height x¢. Its value increases
as po (probability of flooding) or V (cost of flooding) increases, but decreases as § (interest rate) or k
(marginal construction cost) increases. The signs of these responses are obviously what an economist
would expect. (Not only an economist, actually.)
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8.3

2. @n(Q)=Q0@—0)—kQ = (a—k)Q—0%son’(Q) = (a—k)—2Q = 0forQ = Q* = %(a—k). This
maximizes 7 because 7”7 (Q) < 0. The monopoly profitis 7 (Q*) = —(%(a — k)2 +(a — k)%(a —k) =
1@ —k?. (b)dn(Q*)/dk = —%(a — k) = —Q*, as in Example 3.

(c) The new profit function is #(Q) = 7(Q) +sQ = (a — k)Q — Q> + sQ. Then #'(Q) =
a—k—20 4+ s = 0 when Q = %(a—k—l—s). Evidently Q = %(a—k—l—s) = a — k provided
s = a — k, which is the subsidy required to induce the monopolist to produce a — k units.

8.4

2. In all cases the maximum and minimum exist by the extreme value theorem. Follow the recipe in (8.4.1).
(a) f'(x) = —2 for all x in [0, 3], so the recipe tells us that both the maximum and minimum points
are at the ends of the interval [0, 3]. Since f(0) = —1 and f(3) = —7, the maximum is at x = 0, the
minimum at x = 3. (Actually the sign of f’(x) alone implies that the maximum is at the lower end of
the interval, and the minimum at the upper end.)

(b) f(—1) = f(2) =10and f'(x) = 3x2 -3 =0atx = £1. The only stationary point in the interval
[—1,2]is x = 1, where f(1) = 6. There are two maxima at the endpoints, and a minimum at x = 1.
(¢) f(x) =x+1/x,s0 f(1/2) = f(2) = 5/2 at the endpoints. Also, f'(x) =1 — l/x2 =0atx = %1.
The only stationary point in the interval [%, 2]is x = 1, where f(1) = 2. There are two maxima at the
endpoints, and a minimum at x = 1.

(d) At the endpoints one has f(—1) = 4 and f(\/g) = 0. Because f'(x) = 5x2(x% — 3), there are two
stationary points in the interval [—1, V/5]atx = 0 and x = +/3. The values at these stationary points are
f(0) =0and f(«/g) = —6+/3. The maximum is at x = —1 and the minimum is at x = /3.

(e) f'(x) = 3x2 —9000x + 6 - 10° = 3(x — 1000)(x — 2000) = 0 when x = 1000 and x = 2000.
At these stationary points f(1000) = 2.5-10° and f(2000) = 2-10°. There is a minimum at the endpoint
x = 0 and a maximum at x = 3000.

6. () (f(2)— f(1))/2—1)=@A—-1)/1 =3and f'(x) =2x,s0 f'(x) =3 whenx = x* =3/2.

() (f(1) — f(0)/1 = (0—1)/1 = —1 and f'(x) = —x//1 —x2 = —1 when x = /1 —x2.
Squaring each side of the last equation gives x> = 1 — x? and so x?> = % This has two solutions
X = j:% 2, of which only the positive solution satisfies x = +/1 — x2. So we require x = x* = %ﬁ
) (f(6) — f(2))/4 = —1/6 and f'(x) = —2/x> = —1/6 when —12/x?> = —1 or x> = 12, and so
X = :I:\/ﬁ. The required solution in [2, 6] is x = x™ = \/ﬁ = 2«/3.

() (f@) — FO)/4 = 1/4 = (V25— V94 = (5-3)/4 = 1/2and f'(x) = L2x/V0+ % =
x/4/9 + x2 = 1/2 when2x = +/9 + x2. Squaring each side of the last equation gives 4x> = 9+x2 and so
3x2 = 9. This has two solutions x = =+/3, of which only the positive solution satisfies x /+/9 + x2 = 1/2.
So we require x = x* = /3.

8.5

4. (i) m(Q) = 18400 — (2Q?% +40Q + 5000) = 1800Q — 20Q? — 5000. Since 7/(Q) = 1800 —4Q =0
for Q = 450, and 7”(Q) = —4 < 0, it follows that Q = 450 maximizes profits.
(i) 7 (Q) = 22000 —20Q? —5000. Since 7'(Q) = 2200 —4Q = 0for Q = 550, and 7" (Q) = —4 < 0,
it follows that O = 550 maximizes profits.
(iii) m(Q) = —20% — 100Q — 5000. Here 7/(Q) = —4Q — 100 < 0 for all Q > 0, so the endpoint
Q = 0 maximizes profits.
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(a) Strictly decreasing, so no extreme points. (Actually the sign of f/(x) alone implies that the maximum
is at the lower end of the interval, and the minimum at the upper end.) (b) f'(x) = 3x> — 3 = 0 for
x = *1. Because f”(x) = 6x, we have f”(—1) = —6 and f”(1) = 6, so x = —1 is a local maximum
point, and x = 1 is alocal minimum point. (c) f'(x) = 1 —1/x% = 0forx = £1. With f"(x) = 2/x3,
we have f”(—1) = —2 and f”(1) = 2, so x = —1 is a local maximum point, and x = 1 is a local
minimum point.

(d) f'(x) = 5x* — 15x% = 5x*(x*> — 3) and f”(x) = 20x> — 30x. There are three stationary points at
x = 0and x = £4/3. Because f”(0) = 0, whereas f”(—+/3) = —20 - 3+/3 + 303 = —304/3 < 0
and f”(\/g) = 30\/3 > 0, there is a local maximum at x = —+/3 and a local minimum at x = \/3

(e) This parabola has a local (and global) minimum at x = 3.

) f'(x) = 3x> + 6x = 3x(x +2) and f”(x) = 6x + 6. There are two stationary points at x = 0
and x = —2. Because f”(0) = 6 and f”(—2) = —6, there is a local maximum at x = —2 and a local
minimum at x = 0.

. See the graph in Fig. SM8.6.3. (a) The function f(x) is defined if and only if x # 0 and x > —6.

f(x) =0atx = —6 and at x = —2. At any other point x in the domain, f(x) has the same sign as
(x +2)/x,s0 f(x) >0ifx € (—6, —2) or x € (0, 00).
(b) We first find the derivative of f:

2 x+2 1 —4x =244 x242x (x+d(x—06)
') =—=~x+6+ = =
& x2 x 2J/x+6 2x2/x + 6 2x2/x +6

By means of a sign diagram we see that f'(x) > 0if -6 < x < —4, f'(x) < 0if -4 < x < 0,
ff(x) < 0if0 < x < 6, f'(x) > 0if 6 < x. Hence f is strictly decreasing in [—4, 0) and in
(0, 6], strictly increasing in [—6, —4] and in [6, 00). It follows from the first-derivative test (Thm. 8.6.1)
that the two points x = —4 and x = 6 are respectively a local maximum and a local minimum, with
f(—=4) = 1v/2and £(6) = /8 = 8+/2/3. Also, according to the definition (8.6.1), the point x = —6
is another local minimum point.

(c) Since lim, g +/x +6 = 6 > 0, while lim,_,o- (1 + 2/x) = —oo and lim,_. o+ (1 + 2/x) = o0, we
see that lim,_,o- f(x) = —oo and lim,_, ¢+ f(x) = co. Furthermore,

lim f'(x) = lim (x —2x =24 1 ) lim I 1 12 1 1 0=0
i x)=li . =1 __Z_2Z). —2.0=
X—00 X—00 2x2 m X—>00 2 x x2 m 2

f t + + + + —» X
—6—4—% 2 4 6 8 10

Figure SM8.6.3
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7. f(x) = x>+ax+b — ooasx — oo, and f(x) - —o0 as x — —o0. By the intermediate value
theorem, the continuous function f has at least one real root. We have f’(x) = 3x2 4+ a. We consider
two cases.

First, in case a > 0, one has f'(x) > 0 for all x # 0, so f is strictly increasing, and there is only
one real root. Note that 4a> + 27b% > 0 in this case.

Second, in case a < 0, one has f'(x) = 0 for x = £{/—a/3 = £+, /p, where p = —a/3. Because
f"(x) = 3x, the function f has a local maximum at x = —./p, where y = b + 2p,/p, and a local
minimum at x = ,/p, where y = b — 2p,/p. If either of these local extreme values is 0, the equation
has a double root, which is the case if and only if 4 p3 = b2, that is, if and only if 4a® + 27b%* = 0.
Otherwise, the equation has three real roots if and only if the local maximum value is positive and the
local minimum value is negative. This occurs <= b > —2p./pand b < 2p./p <= |b| <2p./p
— b’ <4p? — 4a>+27b* <.

8.7

3. The answers given in the text can be found in a straightforward way by considering the signs of the
following derivatives:
@y =—e (142, =xe™ (b)Y =(x—D/a%y =2 -/’
1-21 6lnx —5
(C) y/:xze_x(3—x),y”:xe‘x(x2—6x+6) (d)y/: 3I’I)C’y//: nX4
X X
€y =2e" (" — 1),y =2e5Q2e" = 1) (Oy =e @2 —x),y =e (2 -2 —2)

Review Problems for Chapter 8

e~ (2 _ eZX)
(2 +e¥)?’
(b) In fact, & is strictly increasing in (—oo, 11n2), which includes (—o0, 0]. Also lim h(x) = 0, and
X—>—0Q0
h(0) = 1/3. Thus, i defined on (—oo, 0] has an inverse defined on (0, 1/3] with values in (—oo, 0].
X

8. (a) The answer given in the text is easily found from the derivative A'(x) =

e
To find the inverse, note that i y <= y(e")? —¢* + 2y = 0. This quadratic equation in ¢*
e

has the roots e* = [1 4 +/1 — 8y2]/2y. We require the solution to satisfy x < 0 and so ¢* < 1 when
0 < y < 1/3. Now, taking the positive square root would give ¢* > 1/2y > 6 when 0 < y < 1/3. So

we must have ¢* = [1 —+/1 —8y2]/2y, and so x = In(1 — /1 — 8y2) — In(2y). Using x as the free
variable, 2~! (x) = In(1 —+/1 — 8x2) —In(2x). The function and its inverse are graphed in Fig. SM8.R.8.

y
A
0.5+
P
+ + + + > X
-1.5 —-1.0 —05 0.5
—0.5+
h—l
—-1.0+
=151

Figure SM8.R.8
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CHAPTER 9 INTEGRATION

(a) Because 3/u is defined for all real u, the only points x not in the domain are the ones for which
x?—a = 0,orx = +./a. Sothe domain of f consistsofallx # #./a. Since 3/u > Oifandonlyifu > 0,
the denominator in the expression for f(x), /x2 — a, is positive if and only if x> > a, i.e. if and only if
x < —s/aorx > 4/a. The numerator in the expression for f (x) is x, and a sign diagram then reveals that

f(x) is positive in (—4/a, 0) and in (\/a, 00). Since f(—x) = o - = —f(x),
J(=x)?—a Vx2 —a
the graph of f is symmetric about the origin.

(b) Writing Vx2 —a as (x2 — a)'/? and then differentiating yields

1-(x2—a)1/3—x-%(xz—a)_2/3-2x xz—a—x-%Zx %(x2—3a)
(x2 — a)2/3 T2 —a)B T (2 —a)i

)=

Here the second equality was obtained by multiplying both denominator and numerator by (x> — a)/3.
Of course, f'(x) is not defined at +./a. Except at these points, the denominator is always positive (since
(2 —a)*/? = (x> —a)"/?)*). The numerator, 1 (x? —3a) = L (x ++/3a)(x — v/3a), is O at x = +/3,
nonnegative in (—oo, —v/3a] and in [v/3a, 00). Since f and f’ are not defined at +./a, we find that
£ (x) is increasing in (—oo, —+/3a] and in [+/3a, 00), decreasing in [—~/3a, —/a), in (—/a, /a), and
n (ﬁ , @]. It follows that x = —+/3a is a local maximum point and x = «/@ 1s a local minimum
point.

(c) Differentiating once more, we find that

%x(x2 —a)*3 — %(x2 — 3a) - %(x2 —a)'3 . 2x %x(9a —x?)

[ = =

(xz _ a)8/3 - (xz _ a)7/3

Here the second equality was obtained by dividing each term in the denominator and the numerator by
(x2 — a)'/3, then simplifying the numerator. The resulting expression for f”(x) shows that there are
inflection points where x equals —3./a, 0, and 3 /a. (f”(x) is 0 at these points, and changes sign around
each of them.)

Note first that f(x) — 0 asx — oo (divide denominator and numerator by x3). Differentiation yields

18x2(x* +x% +2) — 6 (4x® +2x)  —6x*(x* —x? —6)  —6x7(x? —3)(x* +2)
(x4 +x2 4+ 2)2 - (x4 +x2 4+ 2)2 - (x4 +x2 4+ 2)2

o) =

so f is stationary when x = 0 and when x = £+/3. Moreover, f’ changes sign from negative to positive
as x increases through —+/3, then it switches back to negative as x increases through +/3. It follows that
x = /3 is a local (and global) maximum point, that x = —+/3 is a local (and global) minimum point,
and x = 0 is neither. (It is an inflection point.) Note moreover that f(—x) = — f(x) for all x, so the
graph is symmetric about the origin. The graph of f is shown in Fig. A8.R.11 in the text.

Chapter 9 Integration

9.1

4.

(a)/(t3+2z—3)dt:/z3dt+/2zdz—/3dz=§z4+z2—3t+c

d
(b)/(x—l)zdx = /(x2—2x+1)dx = 1x? —x?+x+C. Alternative: Since d—(x— )3 =3(x—1)>,
X
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9.2

S.

6.

9.3

4.

. (a) First simplify the integrand:

CHAPTER 9 INTEGRATION 27

we have /(x — 1)2 dx = %(x — 1)3 + C. This agrees with the first answer, with C; = C 4 1/3.
(c)/(x - D(x+2)dx = /(x2+x —2)dx =% + 3x* —2x + C

(d) Either first evaluate (x +2)3 = x3 4+ 6x2 4 12x +8, to get / (x+2)°dx = x*+2x° +6x* +8x+C,
or: f(x +2)} = %(x +2*+C1. (o) /(e3x — e+ eN)dx = %e3x — %ezx +e*+C

I —3x+4 4
(f)/x—x—i- dx:/(x2—3+—>dx=%x3—3x+4ln|x|+c
X X

—2)? 2_4y+4
G- _ vy yreo_ y3/2 — 4y1/2 4 4y=1/2 From this we get

y y
(y —2)? 32 12 \/_—1/2 ;/;/2 8.3/2 12
7 dy= [ (y"" =4y " +4y" F)dy=z5y’" = 3y""+8y "+ C.
(b) Polynomial divisi x 2 g / LN A S x+1]+C
olynomial division: =X —X — , SO X =—-———— X —1In|x .
Y T+ 1 X+ 1 X+ 1 32

d
(c) d—(l +x)% =161 +xH) - 2x =32x(1 + x»)", s0 /x(l +xHPdx = 1 +xH)0 +C.
X

1 1 1 1
fl(x) = /(x_2+x3+2)dx =—x! +Zx4—|—2x+C. With f/(1) = I we have 1= _1+Z+2+C’

1 1
so C = —1. Now integration yields f(x) = /(—x‘1 +Zx4+2x—1)dx = —lnx+ﬁx5+x2—x+D.
1

1
With (1) =0 have 0= —-Inl4+ —+1—-14+D,s0D = ——.
ith £(1) we have n +20+ + SO 0

3
We do only (c) and (f): / (%x2 — %x3) dx =
-2

o1
e t)dt =
o [ (=+1)
(@) f(x) = x> —3x24+2xandso f/(x) =3x2 —6x+2=0forxo =1 —+/3/3and x; = 1 ++/3/3.
We see that f/(x) > 0 <= x < xporx > x;. Also, f'(x) <0 <= x¢9 < x < x1. So f is (strictly)
increasing in (—oo, xo] and in [x, 00), and (strictly) decreasing in [xq, x1].

1 .4 1

! ! X 1
(b) See the graph in the text. f fx)dx = / (x* =3x*+2x)dx = (Z —x+x?) = 170=7
0 0 0

3
[In¢ -1+ 1’ =lm2+3—-3=mIn2+3
2

L yptg+l xptr+l 1 1
+ = +
op+q+1 p+r+1 p+g+1 p+r+1
(b) Equality (i) implies a +b = 6. Also, f”(x) = 2ax + b, so equality (ii) implies 2a +b = 18. It follows
thata = 12 and b = 6, so f'(x) = 12x? — 6x. But then f(x) = /(12x2 —6x)dx = 4x> —3x* + C,

1
(a)/ (xPH9 4 xPTydx =
0

2
and since we Want/ (4x3 —3x%+ C) = 18, we must have 16 — 8 + 2C = 18, hence C = 5.
0
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10.

9.4
2.

9.5
L

. (a) See the text. (b)/ (x +2) dx—/ (x +4x? +4)dx_

CHAPTER 9 INTEGRATION

5

x> +4x) = 83/15

()/x—i-x-l—«/x—i- x(x+1)+(x+1)1/2d

= DYy dx =
; T /O(x—i-(x—i- ) )dx

<x+2(x+1)‘/2 l4ov2-2=2v2-3

x+b —{—g:Aw—l—g:AJFMJF— Now integrate.

xX+c x X +c X X +c X

W(T) = K(1 —e°T)/oT. Here W(T) — 0as T — oo, and by I’Hopital’s rule, W(T) — K as

T — 0F.For T > 0, we find W (T) = Ke 2T (1 + oT — ¢°T)/0T? < 0 because ¢¢” > 1+ oT (see

Problem 6.11.11). We conclude that W (T) is strictly decreasing and that W(T') € (0, K).

@) f(x) = .
N TN

f(x) = ocoasx — oo. It follows that f is strictly increasing on (0, co), with range equal to R. Hence f

has an inverse defined on R. To find the inverse, note that y = 4 In(v/x +4—-2) <= In(/x +4-2) =

/4 = Jr+d=e"" 42 & x+4= (" +2)* < x =e’? +4¢/* It follows that the

inverse is g(x) = e*/?> + 4¢*/*.  (b) See Fig. A9.3.10.

(c) In Fig. A9.3.10 the graphs of f and g are symmetric about the line y = x, so area A = area B. But

area B is the difference between the area of a rectangle with base a and height 10, and the area below the

graph of g over the interval [0, a]. Therefore,

d A

> 0 for all x > 0. Also, f(x) — —oo as x — 0, whereas

a
A=B=10a — / (€ +4e"*Y dx = 10a — 2¢** — 16e/* +2 + 16
0

Because a = f(10) = 41In(v/14 — 2), we have ¢*/? = (/14 —2)? = 14 — 414 +4 = 18 — 414 and
also e%/* = /14 — 2. Hence,

A=B=10a —2(18 —4v14) — 16(v/14 —2) + 18 =40In(v/14 — 2) + 14 — 84/14 =~ 6.26

(a) Let n be the total number of individuals. The number of individuals with income in the interval [b, 2b]

2b 2b
is then N = n/ Br=%dr = n
b

2b
n/ Brldr =n
b b

2b 2b 2b
(b) Total demand is x(p) = / nD(p,r)f(r)dr = / nAp’r®Br=2dr = nABp” / =2 dr =
b b b

nB 2b
o -1 _ b . . . _ _2 _
Br " = e Their total income is M = n/ Br—rdr =
b

b
2b

Blnr = nBIn2. Hence the mean income ism = M/N = 2bIn?2.

2b .5—1 5—1 __ 1

2
= nABp”b®~!

ABV [
nABPT ST 5—1

(a) See the text. (b) / 3xe™ dx =3x - et — f 3. tetdx = 3xe™ — LM+ C

(c)/(l +x2)eFdx = (14 x2)(—e ™) — /2x(—ex)dx =—(1+x>e™™ +2/xex dx.
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Using the answer to (a) to evaluate the last integral, we get
/(1 +x?)edx = —(1+x)e ™ —2xe™ =2+ C=—(x"+2x+3)e " +C
(d) /xlnxdx = %lenx — / %xz)lcdx = %x21nx — / %xdx = %lenx — %xz +C

2. (a) See the text. (b) Recall that %2’5 = 2% In 2, and therefore 2%/ In 2 is the indefinite integral of 2*.

If follows that
2 0x 2 X 8
X - / dx = -— — = 2 2) T 1o 2
o In2 o In2 In2 (In2) (In2) In2 (In2)

2o 8(4 1)8 3

2
2% dx = 2z 3
fox * s (n23? 12

(c) First use integration by parts on the indefinite integral. By (9.5.1) with f(x) = x% and g(x) = e,

(%) | x%¢*dx = x?¢* — | 2xe* dx. To evaluate the last integral we must use integration by parts once

more. With f(x) = 2x and g(x) = ¢*, we get / 2xe* dx = 2xe* — /Zex dx = 2xe* — (2" + C).

1
(X2 X

0
2xe* +2¢*) = (e —2e +2¢) — (0 — 0 + 2) = e — 2. Alternatively, and more compactly, using formula
ex] =e—2.

1 1 1 1 1 1
(9.5.2): / x2e¥dx = | x%ef — 2/ xetdx =e— 2[ xe* —/ e’ dx] =e— 2[6 —

0 0 0 0 0 0
(d) We must write the integrand in the form f(x)g’(x). If we let f(x) = x and ¢g'(x) = V1 +x =

(1 4+ x)1/2, then what is g? A certain amount of reflection should suggest choosing g(x) = %(1 + x)3/2.
Using (9.5.2) then gives

1
Inserted into (x) this gives /xZex dx = x’e* — 2xe* + 2¢* + C, and hence, / x2e* dx =
0

3 3
x- 21402 —/ 1-2(1+x)¥* dx
0

3
/ xv14+xdx =
0 0
3
=3-2. 4822|021 +x)P2=16— 1@ -1 =16—%-31=7H

Alternatively, we could have found the indefinite integral of x+/1 + x first, and then evaluated the definite
integral by using definition (9.2.3) of the definite integral. Figure SM9.5.2(d) shows the area under the
graph of y = x+/1 + x over the interval [0, 3], and you should ask yourself if 7% is areasonable estimate
of the area of A.

i y=x+1+x
6,,
5,,
4,,
3,,
2,,

A

1,,

i 2 3 4 57

Figure SM9.5.2(d)
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T
6. (a) By formula (9.5.2), / te " dt =
0

-T 1
_e_rT + —
r

T T T
—1 —1 -T 1
t_e—rt _/ _e—rt dt = _e—rT + _/ e—rt dt =
0 r 0 r r r Jo
T

1
et = —2(1 — (14 rT)e™"T). Multiply this expression by b.
o I

T T
(b) / (a+bt)ye " dt = a/ e "dt + b/ te”"" dt, and so on using (a).
0 0

T T T
(c)/ (a—bt+ctP)e " dr = af e " dt —b/ te " dt —|—c/ 2" dt. Use the previous results
0 0 0 0
T

T T T
and/ e dr=| rP(=1/r)e" —f 2e(=1/r)e” " dt = —(l/r)Tze_”T—lr(Z/r)f te™" dt.
0 0 0 0

9.6
2. (a)Seethe text. (b) Withu = x*+2 we getdu = 3x2 dx and / K22 dx = f le'du=je'+C =

In 2 In
%ex3+2 +C. (c)Firstone mighttry u = x +2, which gives du = dx and f (x + ) / ne du.

This does not look simpler than the original integral. A better idea is to substltute u = In(x + 2). Then

dx In(x + 2) l L, ] 9
du = x+2 and/mdx:/EMdu: Z(M) +C: Z(ln(x—|—2)) +C
(d)Firstattempt: u = 14x. Then, du = dx,and/xvl +xdx = /(u—l)ﬁdu = /(u3/2—u1/2)du
2 2 2 2
= §u5/2—§u3/2+C = §(1+x)5/2—§(1+x)3/2+c. Second attempt: u = /1 + x. Thenu? = 1 +x

and 2udu = dx. Then the integral is [ x+/1 +xdx = [(u*> — Du2udu = [(2u* —2u®) du, and so on.
Check that you get the same answer. Actually, even integration by parts works in this case. See Problem
9.5.2(d).

(e) With u = 1 + x? one has x> = u — 1, and du = 2x dx, so/(1+x2)3 /(l—l—xz)3
. -3 _ - 1.-2 —
f/u—zdu—i/(” —uT)du= gl 4 quT 4 C = 2(1+x2) 4<1+x2>2
(O Withu = 4 — x3,u? = 4—x3, and2udu=—3x2dX,SO/X Va4 —x dx=fx3v4—x X dx =

/(4 u?)u (= Hudu = /(—3u +iutydu = -3+ ' +C = —§@—x)Y P+ 241+

1 1
6. (a)] = / = xN = DP%dx = / —x*(x3 = 1B dx. Introduce u = x5 — 1. Then du = 5x*dx.
0 0
Now we use (9.6.2) along with the facts that u = —1 when x = 0 and ¥ = 0 when x = 1. The integral
0 0

_ 113 ;3 114 1
becomesl_—[] zu - du = — » U 7
(b) With u = ﬁonehasu = x and 2udu = dx. Then —dx _2/1nu2du =4/1nua’u =

Aulnu —u) +C =4/xIn/x —4/x+C =2 /xInx — 4J_ + C. (Integration by parts also works
in this case, with f(x) = Inx and g’(x) = 1/4/x.)

(c) With u = 1 + /x one has (u — ? = x, 50 2(u — 1)du = dx. Again we use (9.6.2) along
with the facts that u = 1 when x = 0 and u = 3 when x = 4. The specified integral becomes

32(u—1 3 3
f (Li/— Lau = 2/ W'?—u?)du=2| Gu¥?—2u'?) = §. (The substitution u = /1 + /x
1 u 1 |

also works.)
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1
7. (a) With u = 1 + ¢¥* one has du = 2f-eﬁdx. Now x = 1 givesu = 1+ e and x = 4 gives
X

14¢2

) 4 eﬁ 1+622du 5
u=1+e.Thus/ —dx:/ Inu =2In(l +¢e°) —21In(1 + e).
1 /X (14 evY) l4e U I+e ( ) ( )

(b) A natural substitution is u = ¢* 4+ 1 leading to du = e*dx and so dx = du/e* = du/(u — 1).

=2

VER e'F41 1
When x = 0, u = 2, when x = 1/3,u=el/3+l. Thus,/ =/ ——du =
o e +1 2 u(u—1)
e341

LA
2 u—1 u 2

because 1 — In(e'3 + 1) = Infe'3/(¢'? + 1)] = —In(e™'/3 + 1),

—X

(Inju—1]—Inful) = 5 —In('*+1)+In2 =2 —In(e" "/ +1)

Rewriting the integrand as

— , the suggested substitution 7 = e~ (oreven betteru = 1+¢™),
P

dt = —e™" dx works well. Verify that you get the same answer.
(c) With z* = 2x — 1 one has 4z° dz = 2dx. Also x = 8.5 gives z = 2 and x = 41 gives z = 3. The

3.3 3.2
2z°dz d
integral becomes / 5 ) / ¢
2 82 2

3 3
1

=2/ <z+1+—)dz=2 (%zz—i-z—i-ln(z—l))dz:

Z—l 2 Z—l 2

74+ 2In2.

9.7

3. (a) See the text. (b) Using a simplified notation and the result in Example 1(a), we have

o
f (x —1/0)*re ™ dx = —
0

o0 o0
(x —1/0)*e™ + / 2(x —1/A) e dx
0 0

o0

o0
=1/A2+2 / xe M dx — (2/)) f e Mdx = 1/A% +2/2* —2/2% = 1/22, where we have used
0 0

both the result of Example 1(a) and part (a) in order to derive the penultimate equality.

(c) /00 (x —1/2)3 he ™ dx = —
0

o0

o0
(x—1/0)3e™ + / 3(x —1/0)% e M dx
0 0

o0
=—1/2>+ 3/ / (x — 1/M)*re ™™ dx = —1/23 4+ (3/2)(1/2%) = 2/A3, where we have used the

0
result of part (b) in order to derive the penultimate equality.

5. (@) f'(x) = (1 —3Inx)/x* =0atx = e!/3, with f'(x) > 0 forx < e'/3and f'(x) < 0 forx > e!/3.
Hence f has a maximum at (e!/?, 1/3¢). Since f(x) — —oo as x — 0%, there is no minimum. Note
that f(x) — 0 as x — oo. (Use I’Hopital’s rule.)

b1 b1 b, 1
-2 -3 -2 -2 Lo

—x “Inx + / —x dx = (——x Inx — —x ) This diverges when

2 « 2 o\ 2 4

b
(b)/ xPlnxdx = —

b=1landa — 0. Butfloox_3lnxdx =1/4.

a

3

7. Provided that both limits exist, the integral is the sum of I} = lim+ (1 /VX + 2) dx and I, =
e—>0" J_ 24
3—¢ 3
lim (1/+/3 = x)dx. Here I; = lim (2vx+2) = lim (2v/5 — 2/&) = 2v/5, and
e—~>0t J_»o e—=0" | _o4e e—0F
3—¢
h=lim | (-2V3-x)= lim (-2V&+ 2/5) = 2V5.
E—> -2 E—>
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12. The substitution u = (x — u)/ﬁa gives du = dx /o V2, and so dx = 0+/2du. It is used in (a)—(c).

+00 1 +00 2
(a) fx)dx = —f e " du=1,by (9.7.8).
oo INE
+00 1 +00 )
(b) / xf(x)dx = — f (n+ V20u)e™ du = W, using part (a) and Example 3.
oo VT )
+00 5 +00 5 5 1 ) \/_ 5 2 +00 ) )
(c) / (x = fx)dx = / 20°u"———e " o2du = o —/ u“e " du. Now inte-
—00 —00 O A/ 27[ +ﬁ —00
(o¢]
gration by parts yields / wre™ du = —%ue‘”z +/ %e‘“z du, so/ wre ™ du = %\/E Hence the
—0o0

integral equals o2

9.8

10. (a) If f # r, the equation can be rewritten as x = (r — f)x . There are two constant

(=G 7m%)

solutions x = 0 and x = (1 — f/r)K, though the latter is negative, so biologically meaningless, unless
f<r Withi =r— fand K = (I — f/r)K, the equation is x = fx<1 - %) Using (9.8.7), the

solution is o
K 1—f/rK
(1) = ) _ 1 ( JIZ )
1+K—x()e_;t 1+( — f/r) —Xoe,(r,f),
X0 X0
In the special case when f = r, the equation reduces to X = —rx?/K. Separating the variables gives

—dx/x* = (r/K)dt, and integration gives 1/x = rt/K + C. If x(0) = xo, we get C = 1/xq, so the
1

solutionisx = ———— — Oast — oo.
rt / K +1 / X0
(b) When f > r, the solution to the differential equation given in part (a) is still valid even though both

K and r are negative. Because the fish rate f exceeds the replenishment rate r, however, the fish stock
steadily declines. Indeed, as t — oo one has e~ =" 5 0 and in fact the solution of the equation
satisfies x () — 0. That is, the fish stock tends to extinction.

9.9
2. (a)dx/dt = e* /x>. Separate: fx2 dx = /eZ’ dt. Integrate: %x3 = %621 + Cj. Solve for x:

x3 = %ezz +3C, = %eZ’ + C, with C = 3C). Hence, x = |/ %62’ + C. (It is important to put in the

constant at the integration step. Adding it later leads to an error: %x3 =

This is a solution only if C = 0, and is not the general solution.)

o2 3 —

e, x = J3e¥+C.

[\S] o8}

1
¢ X

(b)dx/dt = e 'e", so/ e “dx = /e_tdt. Integrate: —e ™ = —e™'+C;. Solveforx: e™ = e '+C,

with C = —Cj. Hence, —x =In(e™" + C),sox = —In(e™" + C).
(c) Directly from (9.9.3). (d) Similar to (a).

(e) By (9.9.5), x = Ce* + &* / (—t)e ' dt = Ce* — ¥ / te~*" dr. Here f te 2 dt = (e +
%/e” dt = (=1t — He ™ and thus x = Ce¥ — ¥ (=4t — e = Ce* + Lt + 1.

(f) By (9.9.5), x = Ce ¥ + ¢~ / e dr = Ce™ / te” dt = Ce™ 4 L™
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1 L
5. (@) See the text. (b) [ K~ dK = [ yLoe dt, s0 ——K'™ = Y201 4 ).
04
Lo(1 — Lo(1 —
Hence, K1~ = Y20 =0 o (1 _ )¢y, At = 0 one has K™ = w + (1 —a)Cy, 50
1 —a)yL
K- = (i#(eﬂ’ — 1)+ K™, from which we find K .

Review Problems for Chapter 9

1 1 00 0 o)
4. (a) 5/4. (Example 9.7.2)) (b) | —(1+x%°>=31/20 (c)| 5te™' — f S5¢7'dr=5| e'=-5
0 20 0 0 0
(d)/ (Inx)>dx = x(lnx)z—Z/ Inxdx =e—2 —e—2
1 1 1
22 32 _ 2 030 1 3 1 1
@] =x"+1)7""==0©97"—=1) —In(e’* +5) = =(In6 — In5) = = In(6/5)
09 9 0 3 3 3

1
(2 1

e/2 1 e/2 1 1
x*1n2x) — —/ xdx = ~(e/2)* — —[(e/2)* — (1/2)"] = (1/256)(Be* + 1)
1/2 4 1/2 4 16

00 ,—/x 0 o=y
(h) Introduce u = /x. Then u?> = x, so 2udu = dx, and/ ¢ dx = f ¢ cudu
X 1 u
o
2/ e “du=2e"!
1

5. (a) With u = 9 + /x one has x = (u —9)2 and so dx = 2(u — 9)du. Also, u = 9 when x = 0 and

e 14 2(u — 9) 14 18 14
u = 14 when x = 25. Thus - (2——)du= 10— 181n —.

0 +f 9 u 9
(b) With u = +/t + 2 one has r = u? —2andsodt _2udu Also, u =2 whent = 2 and u = 3 when

7 3 3 3
r=17. Hence/ I+ 2dt = / W? = 2)u - 2udu = 2/ W — 2w du = 2 (ébﬁ - §u3) -
2 2

2 2
[ - %) S (F - 1)) = = s,
(c) With u = ¥/19x3 + 8 one has u> = 19x3 + 8 and so 3u’du = 57x%dx. Also, x = 0 gives u = 2 and
1 3 3
x =1givesu = 3. Therefore/ 57x%v/19x% + 8 dx = / 3u’du =| Fu=195/4.
0 2 2
10. (a) As in Example 9.4.3, first we need to find P* and Q*. From the equilibrium condition f(Q%*)
100 — 0.050* = g(Q*) = 0.1Q* + 10, we obtain 0.150* = 90, and so Q* = 600. Then P* =
g(0*) =0.10* + 10 = 70. Moreover,

600 600 600 0.05
CS:/ (f(Q)—P*)dQ:f (30— 0.059)dg = | (300 — == 0%) = 9000
0 0 0

600

600 600 0.1
PS = f (P* —g(0))dQ = / (60-0.10)d0 = (600 — —-0?) = 15000
0 0

0

(b) Equilibrium occurs when 50/(Q* + 5) = 4.5 + 0.1 Q*. Clearing fractions and then simplifying, we
obtain (Q*)? + 50Q* — 275 = 0. The only positive solution is Q* = 5, and then P* = 5.

ST 50
CS:A[@:?‘ﬂdQ:

5
PS=/ (5-45-0.10)d0 =
0

5
[50In(Q +5) — 50] = 50In2 — 25
0

5
050 —0.050%) =25-125=1.25
0
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2Int-(1/t) -t — (nr)?- 1 2—1In?)Int
1. (@) f/(1) = 45— (/)tz (no)”- 1 _ ¢ tnz)n,and

, 2-(1/t) =2Int - (1/0)]1t> — [2Int — (In1)?] 2t Int)> —3Int + 1
f(t):4[ (1/1) =2In (/t)t]1 [2Inz — (n6)"]2t _  (ni) . ni

®b) f't) =0 <= IntQ2—Int) =0 < Int=2o0r Int =0 < t=e¢> ort = 1. But

f"(1) =8 > 0and f"(e?) = —8e7%, sot = 1 is a local minimum point and t = > ~ 7.4 is a local
maximum point. We find f(1) = 0 and f(e?) = 16e™% &~ 2.2.
¢ (Int)2

(c) The function is positive on [1, €?], sotheareais A = 4 / dt. Withu = In ¢ as anew variable,

1

du = %dt. Whens = 1 thenu = 0, and t = ¢2 implies u = 2. Hence, A = 4f02 wrdu =4 \(2) %u3 = %

13. (a) Separable. /x—2 dx = / tdt,and so —1/x = 11> + Cy, orx = 1/(C — $1?) (with C = —C).
(b) and (c): Direct use of (9.9.3). (d) Using (9.9.5), x = Ce™" + 10e™' / e’ dt. Here f te’' dt =

1 1 1 1
tgeSZ —3 / eldt = gteSZ — geS’. Thus x = Ce " + 106*5’(%t65’ - %eSt) =Ce™™ +21 — %
(e)x = Ce /2 4e71/? / ee'dt = Ce /2 4e7'/? / e dr = Cet/z—l—e’/zgew2 = Ce*tﬁ—l—ge’.

3
1 2
f)x =Ce 3 4¢3 / 1?eddt = Ce ™ e <§l‘2€3t ~3 / te dt)

— =3r 4 1,2 2,3t (1.3 _ 1 3t _ =3t 1,2 _ 2 2
=Ce + 3t e <3te 3/6 dt>—Ce + 37 5t + 55

16. (a) and (b), see the text. (c) F"(x) = f'(x) = —A2ae ™ (e™ 4+ a)72 + 2 %2ae (™ +a)3 =
ar’e (e —a)(e ™ +a)73. Note that F”(x) = Ofore ™ =g, i.e. forxo = —(Ina/A). Since F” (x)
changes sign about xo = —In(a/A), this is an inflection point. F(xg) = F(—(lna/A)) = a/(a +a) =

o0 0 b
1/2. See the graph in Fig. A9.R.16. (d) / f(x)dx = lim / f@)dx + lim / fx)dx =
lim [F(0) = F(a)l + lim [F(b) — F(0)] =1, by (a). ‘ "

Chapter 10 Interest Rates and Present Values
10.2

6. Withg(x) = (1 4+ r/x)* forallx > Oonehasln g(x) = x In(1+r/x). Differentiating gives g’(x)/g(x) =
In(1 4+ r/x) + x(=r/x?) /(1 + r/x) =In(1 +r/x) — (r/x)/(1 4+ r/x), as claimed in the problem.
Putting A(u) = In(1 +u) — u/(1 + u), one has h'(u) = u/(1 + u)? > 0 foru > 0, so h(u) > 0 for all
u > 0, implying that g’(x)/g(x) = h(r/x) > 0 forall x > 0. So g(x) is strictly increasing for x > 0.
Because g(x) — € as x — o0, it follows that g(x) < ¢’ for all x > 0. Continuous compounding of
interest is best for the lender.

10.4

6. Let x denote the number of years beyond 1971 that the extractable resources of iron will last. We
need to solve the equation 794 + 794 - 1.05 + --- + 794 - (1.05)* = 249 . 103. Using (10.4.3),
794[1 — (1.05)*T11/(1 — 1.05) = 249 - 10% or (1.05)*T! =249.10%-0.05/794 + 1 = 12450/794 + 1 ~
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CHAPTER 10 INTEREST RATES AND PRESENT VALUES 35

16.68. Using a calculator, we find x ~ (In 16.68/1n 1.05) — 1 ~ 56.68, so the resources will be exhausted
part way through the year 2028.
P(t)e ! P

1l—e 7t~ et —1°

8. (a) The quotient of this infinite series is e"’, so the sum is f(r) =
P @) —1)— P@)re"

(b) f'(t) = , and t* > 0 can only maximize f(¢) if f'(t*) = O, that is, if

(ert _ 1)2
* * . . . P/ t*
P'(t*)(e" — 1) = rP(t*)e"", which implies that @) _ r .
P(t*) 1 —e
. r “O” ) 1
(©)lim —— = — =lim - = —
r—01 —e 71 0 r—0 t*e="t t*

11. SeeFig. SM10.4.11. If p > 1,then ) 2 | (1/nP) = 1+ 72 ,(1/n”) is finite because Y o ,(1/n") is the
sum of the shaded rectangles, and this sum is certainly less than the area under the curve y = 1/x? over
[1, 00), whichisequalto 1/(p —1). If p < 1, the sum Z:ozl (1/n?) is the sum of the larger rectangles in
the figure, and this sum is larger than the area under the curve y = 1/x” over [1, 00), which is unbounded
when p < 1. Hence, Y -2, (1/nP) diverges in this case.

y y=1/xP
11 T

[ —

1 2 3 4 X
Figure SM10.4.11
10.7
5. According to (10.7.1), the internal rate must satisfy
10000 10000 10000

—100 000 + T + 1172 +"‘+m =

After dividing all the terms by 10000, and putting s = 1/(1 4 r), we have to show that the equation
f(s) =04+ sP +... 452 +5—-10=0hasa unique positive solution. Since f(0) = —10 and
f(1) = 10, by the intermediate value theorem (Theorem 7.10.1), there exists a number s* between 0
and 1 such that f(s*) = 0. This s* is the unique positive root because f’(s) > 0 for all s > 0. In fact,
from (10.4.3), f(s) = =10+ (s —s?1)/(1 —s),and f(s*) =0 <= (s*)?! —11s* + 10 = 0. Problem
7.R.26 asks for an approximation to the unique root of this equation in the interval (0, 1). The answer is
s =s5%=0.928,s0r* = 1/s* — 1 = 0.0775, which means that the internal rate of return is about 7%%.

Review Problems for Chapter 10

8. (a) See the text.
(b) We use formula (10.5.3) on the future value of an annuity: (5000/0.04)[(1.04)* — 1] = 21232.32

(c) The last of seven payments will be on 1st January 2006, when the initial balance of 10 000 will have
earned interest for 10 years. So K must solve 10000 - (1.0H)'1° + K[(1.04)% — 1]/0.04 = 70000. We
find that K & 5990.49.
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11.

CHAPTER 11 FUNCTIONS OF MANY VARIABLES

() f(1) = IOOe‘ﬁ/ze_”<4%/; - r>. We see that £/(r) = 0 for = t* = 1/16r2. Since f'(r) > 0 for
t < t*and f'(r) < 0forz > t*, it follows that t* maximizes f (7).

) f'(t) = ZOOe_l/te_”(tlz —r). We see that f/(r) = O fors = t* = 1/./F. Since f'(1) > 0fort < t*
and f'(r) < O for ¢t > r*, it follows that * maximizes f (¢).

Chapter 11 Functions of Many Variables

11

S.

10.

2

(a)—(c) are easy. (d) z = x¥ = (el"¥)Y = ¢?I"¥ = ¢ withu = yInx. Then 7, = e"u/, = x¥(y/x) =
yx¥~!. Similarly z/y = e“u/y = x”Inx. Moreover, 7/ = (3/3x)(yx*~") = y(y — 1)x*~2. (When
differentiating x”~! partially w.r.t. x, one treats y as a constant, so the rule dx*/dx = ax“~! applies.)

Similarly 2§, = (3/9y)(x” Inx) = x¥(Inx)* and 2}/, = (8/3y)(yx* ") = x¥ 1 + yx¥"TInx.

3

. (a) It might help to regard the figure as a contour map of a mountain, whose level curves join points at

the same height above mean sea level. Near P the terrain is rising in the direction of the positive x-axis,
so f{(P) > 0, and it is also sloping down in the direction of the positive y-axis so fy/(P) < 0.

Near Q, the terrain slopes in the opposite directions. Hence f,(Q) < 0 and fy/(Q) > 0.
(b) (1) The line x = 1 has no point in common with any of the given level curves. (ii) The line y = 2
intersects the level curve z = 2 at x = 2 and x = 6 (approximately).
(c) If you start at the point (6, 0) and move up along the line 2x + 3y = 12, the first marked level curve
you meet is z = f(x,y) = 1. Moving further you meet level curves with higher z-values. The level
curve with the highest z-value you meet is z = 3, which is the level curve that just touches the straight
line.

The stated inequalities on the partial derivatives imply that

1 1
F(l,O)—F(0,0):/ F{(x,O)de/ 2dx = 2
0 0

2 1
F(2,0)—F(1,0):/ F{(x,0)dx > 2; F(O,])—F(0,0):/ Fy(0,y)dy <1
1 0

1 1
F(,1) = F(, 1)=f Fi(x, D) dx > 2; F(l,l)—F(l,O):/ Fy(1,y)dy <1
0 0

5
. (a) In the first week it buys 120/50 = 2.4 million shares, followed successively by 120/60 = 2 million

shares, 120/45 =2.667 million, 120/40 = 3 million, 120/75 = 1.6 million, and finally 120/80 = 1.5 million
in the sixth week. The total is 13.167 million shares.

(b) The arithmetic mean price is $350/6 = 58.33. But the total cost at that price of the 13.167 million
shares which the fund has acquired would be $13.167 x 58.33 = 768.031 million. So using the arithmetic
mean price would overstate the fund’s cost by $48.031 million. A more accurate statement of the mean
price is $720/ 13.167 = 54.68 per share. Routine arithmetic shows that this is the harmonic mean of the
six prices defined by formula (c) of Example 2.
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11.6

2. (a)—(d) are routine. (e) f(x,y,z) = (x> 4+ y> +z*)° = u, with u —x2+y +z*. Then f1 = 6uu, =
6(x +y +z4)52x— 12x(x + y° +z4)5 f2—6u —6(x +y +z4)53y = 18y (x +y +z4)5
fi=6u’u —6(x + 3+ 244 =243 +y +z4)5 ) f(x,y,z) = = ¢, withu = xyz,

gives f| = e"u| = ¢***yz. Similarly, f; = e“u), = e"?xz, and f] = e"uy = e*?xy.

10. From f = x*" we get (%) In f = y?Inx. Differentiating (%) w.r.t x yields fi/f = y*/x, and so
fl = fy*/x = x¥"y*/x = y*x¥"~!. Differentiating () w.r.t y yields LIf = zy* !nx, and so Iy =
zy*~!(Inx)x¥°. Differentiating (%) w.r.t z yields fl/f =y*(ny)(Inx), and so f/ = y*(Inx)(In y)x.

11. For (x, y) # (0,0), f{ = y(x* +4x>y* —yH) (x> +y*) 2 and f5(x, y) = x(x* —4x>y* —y*) (x> +y*) 7%
Thus, for y # 0, f{(0, y) = —y. This is also correct for y = 0, because f;(0,0) = lim,_,o[f(h, 0) —
f£(0,0)]/h = 0. Similarly, f;(x,0) = x for all x.

It follows that f5(0, y) = (3/dy) f{(0, y) = —1 for all y. In particular, f{5(0,0) = —1. Similarly,
71(x,0) = (3/9x) f5(x,0) = 1 for all x, and so f,;(0,0) = 1.
Straightforward differentiation shows that, for (x, y) # (0, 0),

6 4.2 2,4 6
Fatro ) = f e, ) = TR
Thus, outside the origin, the two cross partials are equal, in accordance with Young’s theorem. At the
origin, however, we have seen that f{,(0,0) = —1 and f;,(0,0) = 1. Therefore, at least one of f,
and f;} must be discontinuous there. Indeed, it follows from () that f{;(x,0) = 1 for all x # 0 and

50, y) = —1forall y # 0. Thus, as close to (0, 0) as we want, we can find points where f/, equals
1 and also points where f|, equals —1. Therefore f{, cannot be continuous at (0, 0). Exactly the same
argument shows that f}} cannot be continuous at (0, 0).

11.7

2. (@ Yy =aAK "and Yy =aBL" ', s0 KY}; + LY, = aAK® +aBL" = a(AK® + BL%) = aY
(b)KYp+LY, = KaAK“ 'LP + LAK“bL*™' = aAK*LY + bAK“L® = (a+b)AK* LY = (a+b)Y
2aK L35 — bK*L? 2bK°L — aK?L*

()

c) Y = and Y, = . 50

(© Y (al?®+ bK3)? L (aL3? + bK?3)?

KYp + LY, = 2aK2L5 —bKOL? 4+ 20K°L? —aK2LS _ K*L*aL®4+bKY) KL
K L= (aL3+bK3)2 - (aL3 +bK3)2 - al? + bK3 =

(According to Section 12.6 the functions in (a), (b), and (c) are homogeneous of degrees a, a + b, and 1,
respectively, so the results we obtained are immediate consequences of Euler’s Theorem, (12.6.2).)

7. Y, = (—p/o)a(—o)K ¢~ Aet [aK @ + bL=e] MO = pak el AcM[ak ¢ + L] WO,
Y] = (—p/o)b(—o) L~ At [ak ¢ + bL 0] MO = ppL-e-1 AeM [aK 0 4 pL] WO,
Thus, KYy + LY, = u(aK=¢ + bL™?)AeM [aK—Q + bL—Q]_(WQ)_1 = Y. (This function is homo-
geneous of degree i, so the result is an immediate consequence of Euler’s Theorem, (12.6.2).)

11.8

9 /pD D, —D D
_(p_) —pm =2 P up! — D)=L [EL, D—1]> 0ifand only if El,, D > 1,
om\ m m?2 m2 m?2

so pD/m increases with m if El,, D > 1. (Using the formulas in Problem 7.7.9, the result also follows
from the fact that El,,(pD/m) = El,, p + El,, D —El,,m =El,, D — 1.)
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Review Problems for Chapter 11

12. (a) See the text. (b) We want to find all (x, y) that satisfy both equations (i) 4x3 — 8xy = 0 and
(i) 4y — 4x? + 4 = 0. From (i), 4x (x> — 2y) = 0, which implies that x = 0, or x> = 2y. For x = 0,
(i1) yields y = —1, so (x, y) = (0, —1) is one solution. For x% = 2y, (ii) reduces to4y — 8y +4 =0,
or y = 1. But then x2 =2, 50 x = ++/2. Hence, two additional solutions are (x, y) = (42, 1).

Chapter 12 Tools for Comparative Statics

12.1

5. (@Ifz=F(x,y) =x+ywithx = f(t) and y = g(¢), then F{ = F; = 1, so the chain rule formula
(12.1.1) gives dz/dt = 1 - f'(t) + 1- g'(t) = f'(t) + £'(t).
(b) is like (a), except that F; = —1 so the chain rule gives dz/dt = f'(t) — g'(1).
() Ifz = F(x,y) =xywithx = f(t) and y = g(¢), then F|(x,y) =y, F)(x,y) = x,dx/dt = f'(1),
and dy/dt = g'(t), so formula (12.1.1) gives
dz/dt = F{(x, y)(dx/dt) + Fy(x, y)(dy/dt) = yf'(t) + xg'(t) = f'()g(t) + f()g'(t).

X . , 1 _, x dx ,
(d)IfZZF(x,Y)Z;Wlthx = f(t) and y = g(7), then Fy(x, y) = —,Fz(x,y)Z—F,E = f(1),
andd—y = g'(1), so formula (12.1.1) ivesﬂ = F/(x )d—x—l—F’(x )d_y = lf/(t)—i "(t) =

ar 8 S BNES gy = e g TR g = 28 =

y y
Y0 —xg' () _ f1(Dg@) = f)g' @)

2 2
y (g(@®))
(e) If z = F(x,y) = G(x), independent of y, with x = f(¢), then F{ = G" and F; = 0, so (12.1.1)

gives dz/dt = G'(x) - f'(t), which is the chain rule for one variable.
6. Let U(x) = u(x, h(x)). Then

X% +z¢ x¢+z* z) 3

Because the term in large parentheses equals —ax®/z(x% 4 z%), simplifying gives

a—1 a—1 4
U'(x) = u} +ubh'(x) = o + ( *< — E) —a)c?’(ax4 + b))/

U'(x) ox® ! ax® dax®  ax® 13z — 4ax?)
X) = — =
XY 4z%  z(x® 4+ z%) 372 3(x + z%)73

But z® = ax*+bs03z° —4ax* = 3b —ax*. It follows that U’(x) = 0 when x = x* = ¢/3b/a, whereas
U'(x) > 0forx < x*and U’'(x) < 0 for x > x*. Hence x* maximizes U.

7. Differentiating (12.1.1) w.rt. ¢ yields, d?z/dt> = (d/dt)[F|(x,y)dx/dt] + (d/dt)[F}(x, y)dy/dt].
Here (d/dt)[F{(x,y)dx/dt] = [F||(x, y)dx/dt + F|y(x, y)dy/dtldx/dt + F|(x, y) d*x/dt?,
(d/dt)[F5(x, y)dy/dt] = [F},(x,y)dx/dt + F}y(x,y)dy/dtldy/dt + Fj(x, y)d*y/dt*. Summing
these two while assuming that F|, = F3), the conclusion follows.

12.2

2. (a)Letz = F(x,y) = xy?> with x = ¢+ s? and y = t?s. Then Fi(x,y) = y2, Fy(x,y) = 2xy,
dx/dt = 1, and dy/dt = 2ts. Then (12.2.1) gives 3z/dtr = F|(x, y)(3x/d1) + F;(x, y)(dy/dt) =
y2 + 2xy2ts = (128) + 2(t + sD)t%s2ts = 257 (5t + 4s7?). dz/0ds is found in the same way.

0z ax ay 2y —2sx
b —:F/ . —_— F/ , _——=— I+s J—
(b) o7 (e, y) ” + Fr(x, y) o7 (x+y)2€ (x+y)2€

s etc.
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8. (a) Let v = x* 4+ y3 + 72> — 3xyz, so that u = Inv. Then du/dx = (1/v)(dv/dx) = (3x> — 3yz)/v.
Similarly, du/dy = (3y? — 3xz)/v, and du/dz = (3z> — 3xy)/v. Hence,

ou  du du 1 _ 1 1, 3
X—+y—+z—=—-0CBx" =3xyz2) + -3y’ —3xyz) + -3z —3xyz) = — =3
ox ay az v v v v

which proves (i). Equation (ii) is then proved by elementary algebra.
(b) Note that f is here a function of one variable. With z = f(u) where u = x%y, we get 9z/dx =
f'wul, = 2xyf'(x%y). Likewise, dz/0y = x> f'(x%y), so xdz/dx = 2x>yf'(x?y) = 2ydz/dy.

12.3

2. (a)Seethetext. (b)Put F(x,y) =x—y+3xy. Then F{ =1+3y, F; = —1+3x, F{, =0, F/, =3,
and F}, = 0. Soy’ = —F{/F, = —(1 + 3y)/(—1 + 3x). Moreover, using equation (12.3.3),

1 6(1 +3y)(—=1+3x) 6(1 + 3y)
"n_ _ F// F/ 2 2F// F/F/ F// F/ 2 — — .
(c) Put F(x,y) = y> — x° Then F| = —6x7, F, = 5y, F| = —30x4, F, =0, F), = 20y3, so
y = —F|/F, = —(—6x°/5y*%) = 6x°/5y*. Moreover, using equation (12.3.3),
1 6x*  144x10
//:_— _304 542 203_652:__ .
y 5y [(=30x*)(5y)* +20y° (—6x°)7] T 250
3. (a) With F(x,y) = 2x> + xy + y?, one has y/ = —F[/F, = —(4x 4+ y)/(x +2y) = —4 at (2,0).

Moreover, using (12.3.3) gives y” = —(28x2 + 14y? + 14xy)/(x 4 2y)>. At (2, 0) this gives y” = —14.
The point—slope formula for the tangent gives y = —4x + 8.

(b) y' = 0 requires y = —4x. Inserting this into the original equation gives a quadratic equation for x.
Along with the corresponding values of y, this gives the two points indicated in the text.

12.4

3. (a) Here equation (%) is P/2+/L* = w. Solve for L*. The rest is routine.
(b) The first-order condition is now

Pf'(L*) — Cy(L*,w) =0 (%)

To find the partial derivatives of L*, we will differentiate () partially w.r.t. P and w.

First, we find the partial derivative of Pf’(L*) w.r.t. P using the product rule. The result is
f/(L*)+Pf"(L*)(dL* /3 P). Then the partial derivative of C; (L*, w) w.r.t. Pis C}; (L*, w)(dL* /3 P).
So differentiating (x) w.r.t. P yields f'(L*)+Pf"(L*)(dL*/dP)—C}, (L*, w)(dL*/dP) = 0. Solving
for 9L*/0 P gives the answer.

Second, differentiating (x) w.r.t. w yields [Pf"(L*) — C}, (L*, w)](dL*/dw) — C},, (L*, w) = 0.
Solving for dL*/dw gives the answer.

6. (a) F{(x,y) = ¢ + y? and F(x,y) = xe’™3 + 2xy — 2. Hence, the slope of the tangent to the
level curve F(x,y) = 4 at the point (1, 3) is y' = —F[(1,3)/F;(1,3) = —10/5 = —2. Then use the
point—slope formula.
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(b) Taking the logarithm of both sides, we get (1 +clny)Iny =In A+ o In K + 8 In L. Differentiating

0 19
partially with respect to K gives e Iny+(1+cln y)——y = g. Solving for dy/dK yields the
0K y 0K K

given answer. Then dy/dL is found in the same way.

12.5

3. With F(K,L) = AK“L?, the partial derivatives are Fy, = aF/K,F] =bF/L, F{  =a(a— 1)F/K2,
F}, = abF/KL, and F;, = b(b — 1)F/L?. But then the numerator of the expression for oy, is
—FyF(KFy+LF;)=—(aF/K)(bF/L)(a+b)F = —ab(a +b)F3/K L, whereas the denominator
is KL[(F})?Fyg —2Fy F] F{, + (F)?*F], ] = KLF3[b*a(a — 1) — 2a*b* + a*b(b — 1)]/K*L* =
—ab(a + b)F3/KL. It follows that og; = 1.

12.6

3. () xf{(x, y) + yf3(x, y) = x(y* 4 3x%) + y(2xy) = 3(x + xy?) =3f(x,y)
(3): Itis easy to see that f{(x, y) = y% + 3x? and f5(x, y) = 2xy are homogeneous of degree 2.
@: fo,y) =27 +xy? = [+ (/01 =X f (1 y/x) = ¥ (/) +x/y] =y f(x/y. D
(5): X7 f{y + 2xf{y + 37 f3y = x2(6x) + 2xy(2y) + 37 (2x) = 637 + 637 =3 2f (x. y)

9. Let C and D denote the the numerator and the denominator in the expression for o, in Problem 12.5.3.
Because F is homogeneous of degree one, Euler’s theorem implies that C = —F|F,F, and (12.6.6)
implies that x F}| = —yF, and yF}, = —xF}; = —xF},. Hence,

D = xy[(F)*F} = 2F{FyFly + (F)? ] = = Fly[y*(F3)* + 2xy F{ Fy + x*(F)?]
= —FlF] + YF)? = —FyF

using Euler’s theorem again. It follows that o, = C/D = (—F] FZ’F)/(—F{’ze) = F|F,/FF/,.

12.7

1. (a) and (f) are easy. For (b), note that xg’, + yg’y +zg. = g(x,y,2) + 2. Because this is not equal to
kg(x,y, z) for any k, Euler’s theorem implies that g is not homogeneous of any degree.

VIR AV VI V)

(c) htx,ty, tz) = t_l/Zh(x, y,z) forall r > 0, so

tx +ty+1z 1(x+y+2)
)2 4 (1v)2 £2(x2 2
hishomogeneousofdegree —1/2. (d) G(tx,ty) = /txty In M =t/xy In M =

txty t2xy
tG(x,y) forallr > 0, so G is homogeneous of degree 1. (e) xH, + yHy’ =x(1/x)+y(1/y) = 2.
Since 2 is notequal to k (In x +1n y) for any constant k, Euler’s theorem implies that H is not homogeneous
of any degree.

2. (a) We find that

ftxy, txa, tx3) = —
1xq txy rx3

6 2
1% (x1x2x3) <l) <l + l + l) =tf(x1, x2, X3)

et +xs ) N\t ) \x1 o x x3

(l‘xll‘X2l‘X3)2 ( 1 L i)
(tx)* 4+ (tx2)* + (1x3)*

so f is homogeneous of degree 1.
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(b) We find that
X(101, 103, .. 10,) = A(81(t01) 7 + 82(tv2) 0 - + 8, (1v,) 7€) M/
= A(I G + 8207 -+ 8,0,0)) 0
= (70 MOS80, + 8205 -+ 8,0,0) M
= t“A((Slvl_Q + 821)2_9 4.+ 8nvn_9)_“/g = t"x(x1, x2, X3)
so x is homogeneous of degree .

5. (a) We use definition (12.7.6). Suppose (x1y1)?>+1 = (x22)?>+1. Then (x;y;)> = (x2y2)%. If# > 0, then
(txity)?+ 1= () +1 &= ay)?+ 1= (0on)?+1 & y)? = fon)? <=
(lel)2 = (xzyz)z, so f is homothetic.

21y 2(xm)?

(b) From = , we get 2(x1y1)?[(x2)2) + 11 = 2(x2y2)%[(x1y1)? + 1] and
@2 +1 a2+l o F : 2 v
2(txit 2(txot 2t
s0 (y)? = (yn)? I ¢ > 0, then —M! y21) _ Aim y22) % -
(tx1ty))? + 1 (txaty2)? + 1 t*(xiy1)c +1
2t* (x2y2)* iyD)? (ap)?

< (x1y1)* = (x2y2) so f is homothetic.

Ao 11 a2+ 1 Bay)? 1
(c) f(1,0) =1 = f(0,1), but f(2,0) = 4 # 8 = f(0,2). This is enough to show that f is not
homothetic. (d) g(x, y) = x2y is homogeneous of degree 3 and u — ¢ is strictly increasing, so f is
homothetic according to (12.7.7).

7. Define A = In C(tw, y)—In C(w, y). Itsufficesto prove that A = In ¢, because then C (tw, y)/C(w, y) =
e® =t. We find that

n 1 n n
A= alIn(tw;) — Inw;] + 3 > aijlin(rw) In(twy) — Inw; Inw;]+Iny Y bi[ln(tw;) — Inw;]
i=1 i,j=1 i=1

Since In(fw;) —Inw; = Int+Inw; —Inw; = Intand In(tw;) In(fw;)—In w; Inw; = (In )2+IntInw; +
In 7 In w;, this reduces to

n n n n n n n
1 ’ 1 1
A= lntZa,- + 5(111[) Z ajj + EIHIZIHU)I' Zaij + ElanIHU)j Zaij +lnylnthi
i=1 i,j=1 j=1 i=1 i=1 j=1 i=1
Hence, A =1Int +0+ 0+ 0+ 0 = Int, because of the restrictions on the parameters a;, a;;, and b;.
12.8

7. We use formula (12.8.3). (a) Here, dz/dx = 2x and 9z/dy = 2y. At (1,2,5), we get dz/dy = 2 and
dz/0x = 4, so the tangent plane has the equationz —5 =2(x — 1) +4(y —2) < z=2x+4y —5.
(b) From z = (y —x%)(y —2x?) = y> —3x2y4+2x* we get z/0x = —6xy+8x3and dz/dy = 2y —3x2.
Thus, at (1, 3,2) we have dz/dx = —10 and dz/dy = 3. The tangent plane is given by the equation
z—2=—-10x —1)+3(y—3) < z=-10x +3y + 3.

8. g(0) = f(xo), g(1) = f(x). Using formula (12.2.3), it follows that
g0 =& +tx—x")Nx —x)) + -+ frx + 1 (x = X)) (x, — xD)

Putting ¢t = 0 gives g’(0) = fl’(xo)(xl — x?) + -+ £1(x%) (x, — x2), and the conclusion follows.
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12.9

4. T(x,y,2) = [x* +y* + 221V = u'/?, where u = x? + y? + z2. Then dT = Ju='?du =
u 2 (xdx + vdy 4+ zdz). Forx = 2,y = 3,and z = 6, we have u = 49, T = 7 and dT =
%(x dx +ydy+zdz) = %(2dx +3dy+6dz). Thus, T(240.01,3—-0.01,6+0.02) ~ T (2, 3,6) +
% [2-0.01 +3(—0.01) +6-0.02] =7+ % -0.11 = 7.015714. (A calculator or computer gives a better
approximation: +/49.2206 ~ 7.015739.)

12.11

3. Since we are asked to find the partials of y; and y, w.r.t. x| only, we might as well differentiate the system
partially w.r.t. x;:

. Ay 202 .. 5 A A
3—— —9y;—=—= =0, 3 6y; — — — =
(1) 8)61 "2 axl (11) o + e 8X1 axl

Solving these two simultaneous equations for the partials gives the answers in the text.
(An alternative method, in particular if one needs all the partials, is to use total differentiation:

(i) 3dx;+2x2dxy —dy; —9y3dy, =0, (i) 3x?dx; —2dxy +6ytdy, —dy, =0

Letting dx, = 0 and solving for dy; and dy, leadstody; = Adx; anddy, = B dx|, where A = dy;/dx,
and B = 0y,/0x1.)

4. Differentiating with respect to M gives (i) I'(r)ry, = S'(Y)Y;,, (i) aY;, + L'(r)ry, = 1.
(Remember that ¥ and r are functions of the independent variables a and M.) Writing this as a linear
equation system in standard form, we get

=S’ Y)Yy, +1'(r)ry, =0
aYy +L'(rry, =1
Using either ordinary elimination or formula (2.4.2) gives

/ 1'(r)

. S'(Y)
M= S(YL(r) +al'(r)

S(Y)L'(r) +al'(r)

/ —
and ry =

Review Problems for Chapter 12
4. X = Ng(u), where u = ¢(N)/N. Then du/dN = [¢'(N)N — (,o(N)]/N2 = (1/N)(¢'(N) — u), and

by the product rule and the chain rule,

dX_ N/ dbt_ / /N _‘P(N)
ﬁ—g(u)Jr g(u)ﬁ—g(qu(u)(cp( )—u), uU=-——-

Differentiating g(u) + ¢’ (1) (¢’ (N) — u) w.r.t. N gives

ED ¢ , .du Lo odu /o, , p du
T =g 48w T (0 — ) + g (W) - 75
1
= 8" (N)/N)(¢'(N) = 9(N)/N) + &' (¢(N)/N)¢" (N)

© Knut Sydszater, Peter Hammond, and Arne Strgm 2012



CHAPTER 13 MULTIVARIABLE OPTIMIZATION 43

11. Taking the elasticity of each side of the equation gives El, (y?e*e'/”) = El, y> + El, e* + El, e!/¥ = 0.
Here El, y> = 2El, y and El, ¢* = x. Moreover, El, ¢!/Y = El, ¢*, where u = 1/y, so El, e* =
uEl.(1/y) = (1/y)(El, 1 — El,y) = —(1/y)El; y. All in all, 2El, y +x — (1/y)El, y = 0, so
El, y = xy/(1 — 2y). (We used the rules for elasticities in Problem 7.7.9. If you are not comfortable
with these rules, you can find y’ by implicit differentiation and then use El, y = (x/y)y’.)

16. (a) Differentiating and then gathering all terms in dp and d L on the left-hand side, one obtains
() F'(Lydp + pF"(L)dL = dw, (i) F(L)dp + (pF'(L) —w)dL = Ldw + dB

Since we know that pF'(L) = w, (ii) implies that dp = (Ldw + dB)/F(L). Substituting this into (i)
and solving for d L, we obtain dL = [(F (L) — LF'(L))dw — F'(L)dB)/pF(L)F"(L). 1t follows that

op L dp 1 9L F(L)-LF@L) dL _ F(L)

dw F(L)' 8B F(L) dw  pF(L)F'(L) ° dB  pF(L)F'(L)

(b) Because all variables including p are positive, whereas F'(L) > 0 and F”(L) < 0, it is clear that
op/dw, dp/dB, and dL/d B are all positive.

The sign of dL/dw is the opposite of the sign of F (L) — L F’(L). From the equations in the model,
we get F'(L) = w/pand F(L) = (wL+B)/p,so F(L)y—LF'(L) = B/p > 0. Therefore 0L /dw < 0.

19. (a) The first-order necessary condition for maximum is P'(z) = V'(t)e™"" — rV(t)e™"" — me " = 0.
Cancelling e ", we see that t* can only maximize the present value provided (x) is satisfied. The equation
says that the marginal increase V'(¢*) in market value per unit of time from keeping the car a little longer
must equal the sum of the interest cost rV (¢*) per unit time from waiting to receive the sales revenue,
plus the maintenance cost m per unit of time.

(b) Differentiating P (¢) again gives P"(t) = V" (t)e™" —rV'(t)e ™" —rV'(t)e " +r2V (t)e " +rme™"".
Gathering terms, we have P (¢t) = [V" (&) —rV'(@®)]e " +[V'(t) —rV (t) —m](—re~""). Atthe stationary
point t* the last square bracket is 0, so the condition P”(t*) < O reducesto D = V"(*) —rV'(t*) < 0.
(c) Taking the differential of (x) yields V" (t*) dt* = dr V (t*) + r V'(¢*) dt* = dm. Hence

or* V(") V() or* 1 1

o _ — a & - —
or VI —rVian . D am Vi) — Vi) | D

Assuming that V(*) > 0 (otherwise it would be better to scrap the car immediately), both partial
derivatives are negative. A small increase in either the interest rate or the maintenance cost makes the
owner want to sell the car a bit sooner.

Chapter 13 Multivariable Optimization
13.2

3. Solving the budget equation to express x as a function of y and z yields x = 108 — 3y — 4z. Then utility
as a function of y and z is U = (108 — 3y — 4z)yz. Necessary first-order conditions for a maximum are
U; = 108z — 6yz — 47> = 0 and U, =108y — 3y2 — 8yz = 0. Because y and z are assumed to be
positive, these two equations reduce to 6y + 4z = 108 and 3y + 8z = 108, with solution y = 12 and
z = 9. (Theorem 13.2.1 cannot be used directly to prove optimality. However, it can be applied to the
equivalent problem of maximizing In U. See Theorem 13.6.3.)
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13.3

3.

(a) The first and second order derivatives of f are f{(x,y) = 2x —ay)e’, f;(x,y) = x(x —ay —a)e’,
11, y) =2e, fl5(x,y) = 2x —ay —a)e”, and f},(x, y) = x(x —ay —2a)e”. The stationary points

are the solutions of the two-equation system (1) 2x —ay =0; 2) x(x —ay —a) = 0. If x = 0, then (1)

gives y = 0 (because a # 0). If x # 0, then (2) gives x = ay + a, whereas (1) gives x = %ay. Hence

x=—aandy = —2.

Conclusion: There are two stationary points, (0, 0) and (—a, —2).

To determine the nature of each stationary point (xg, yg), we use the second-derivative test, with A =
11 (x0, ¥0), B = f{5(x0, y0), and C = £, (xo, yo). The test gives

Point A B C AC — B> | Result
(0,0) 2 —a 0 —a? Saddle point
(—a, —2) 2e72 —ae? a’e™? ale™* Local minimum

(b) (x*, y*) = (—a, —2), and therefore

f*@a) = f(—a,=2) = —a’¢™? and df*(a)/da = —2ae”>
On the other hand, if f(x, y,a) = (x> —axy)e”, then
2

f;/(x, y,a) = —xye’ and fé(x*, y¥,a) = —x*y*e’ = —2ae”

Thus the equation fé (x*, y*,a) = df*(a)/da is true. (This is also what the envelope theorem tells us.
See formula (13.7.2).)

@Vt x) = flt,x)e” —rft,x)e”" =0, V(t,x) = fl(t,x)e”"" —1 = 0, so at the optimum,

Fl@*, x*) = rf(t*, x*) and f/(t*, x*) = ¢"". (b) See the text.

(©) V(t,x) = g®)h(x)e ™" —x,s0 V] = h(x)(g'(t) — rg(t))e™"", V. = g(t)h’(x)e”"" — 1. Moreover,
VI = h(x)(g"(t) —2rg'(t) + r?g))e™", V). = W' (x)(g'(t) — rg())e™"", and V|, = g(t)h" (x)e™"".
Because the first-order condition g'(¢*) = rg(t*) is satisfied at (¢*, x*), there one has V,. = 0, as well
as V" < 0 provided that 2”(x*) < 0, and V;] = h(x™)[g"(t*) — r2g(t*)]e™"" < 0 provided that
g"(t*) < r?g(t*). When both stated conditions are satisfied, one also has V. V// — (V!))?> > 0. These
inequalities are sufficient to ensure that (¢*, x*) is a local maximum point.

(d) The first-order conditions in (b) reduce to eV’ /2/1* = re¥'™, so t* = 1/4r2, and 1/(x* + 1) =
el/4r / e!/?" or x* = e'/4 — 1. We check that the two conditions in (c) are satisfied. Obviously, A" (x*) =

1 -
—(1 +x%)~2 < 0. Moreover, g (t*) = VTV — 1) = 131 — 2r)e! /| whereas r2g(t*) =
N

r2eVt = r2e1/2 Hence g”(t*) < rlg(t*) provided that r2(1 — 2r) < r2, which is true for all r > 0.

. (a) Weneed to have 1 +x2y > 0. Whenx =0, f(0,y) =0. Forx # 0, 14+x%2y > 0 < y > —1/x%.

(The figure in the text shows a part of the graph of f. Note that f = 0 on the x-axis and on the y-axis.)
2y —2x%y* 2x y —x*
(i /R0 = Gy 2000 =
The second-order derivatives at all points of the form (0, b) are f{,(0,b) = 2b, f/5(0,b) = 0, and

2”2 (0,b) = 0. Hence AC — BZ = 0 at all the stationary points, so the second-derivative test tells us
nothing about these points. (d) See the text.

(b) See the text. (c) f{j(x,y) =
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13.4

2. (a) Seethetext. (b)The new profit functionis # = —bp?> —dp*+(a+Bb)p+(c+Bpd)p—a —B(a+c)
a+c+ pBb+d)
2b+d)
(c) In the case f = 0, the answers in part (a) simplify to p* = ;—b and ¢* = %, with maximized
2 2

profit = (p*, q™) = my i—d — «. But when price discrimination is prohibited, the answer in part (b)

2
a—+c’ with maximized profit 7(p) = lator _ «. The firm’s loss of profit is
2(b+d) 4(b+d)
7(p*, q*) — A (p) = M > 0. Note that this loss is 0 if and only if ad = bc, in which case
4bd(b +d) —

p* = g*, so the firm wants to charge the same price in each market anyway.

and the price that maximizes profits is easily seen to be p =

becomes p =

4. (a) The four data points are (xg, yo) = (0, 11.29), (x1, y1) = (1, 11.40), (x2, y2) = (2,11.49), and
(x3, y3) = (3, 11.61), where x corresponds to 1970, etc. (The numbers y; are approximate, as are most
subsequent results.)

Using the method of least squares set out in Example 4, we find that , = }L(O +142+3)=1.5,
py = 3(11.29 + 11.40 + 11.49 + 11.61) = 11.45, and 0, = 1[(0 — 1.5 + (1 — 1.5) + (2 — 1.5)°
+ (3 —-1.5)2]1=1.25.

Moreover, o,, = i[(—l.S)(11.29 — 11.45) + (—0.5)(11.40 — 11.45) + (0.5)(11.49 — 11.45) +
(1.5)(11.61 — 11.45)], which is equal to 0.13125, so formula (xx) implies that & = oy, /0y, = 0.105
and b = py — au, ~ 11.45—-0.105 - 1.5 = 11.29.

(b) With zo = In274, z; = In307, zo = In436, and z3 = In 524, the four data points are (xg, zg) =
(0,5.61), (x1,z1) = (1,5.73), (x2,22) = (2, 6.08), and (x3, z3) = (3, 6.26). As before, u, = 1.5 and
oyxx = 1.25. Moreover, 1, = i(5.61 +5.73+6.08 4+ 6.26) =5.92 and o, , & %[(—1.5)(5.61 —5.92)+
(—0.5)(5.73 —5.92) + (0.5)(6.08 — 5.92) + (1.5)(6.26 — 5.92)] = 0.2875. Hence ¢ = o, /0y, = 0.23,
d=p, —éuy =5.92—0.23-1.5=5.575.

(c) If the time trends In(GDP) = ax + b and In(FA) = cx + d had continued, then FA would have grown
to equal 1% of GNP by the time x that solves In(FA/GNP) = In0.01 or (¢ —a)x +d — b = In0.01.
Hence x = (b —d +1n0.01)/(c — a). Inserting the numerical estimates found in parts (a) and (b) gives
x ~ (11.29 — 5.575 — 4.605)/(0.23 — 0.105) = 1.11/0.125 = 8.88. The goal would be reached in
late 1978.

5. (a) The two firms’ combined profit is px + gy — (5 + x) — (3 + 2y), or substituting for x and y,

(p—1)(29—5p+4q)+(q—2)(16+4p —64q) —8, which simplifies to 26 p +24q — 5 p> —6¢> +8 pg —69.
This is a concave function of p and g. The first-order conditions are the two equations 26 —10p +8g = 0
and 24—12g+8p = 0. The unique solutionis p = 9, g = 8, which gives a maximum. The corresponding
production levels are x = 16 and y = 4. Firm A’s profit is 123, whereas B’s is 21.
(b) Firm A’s profitis now w4 (p) = (p — 1)(29 —5p+4qg) — 5 =34p — 5p% + 4pqg —4q — 34, with g
fixed. This quadratic polynomial is maximized at p = pa(q) = %(Zq + 17). Likewise, firm B’s profit is
now mp(q) = qy — 3 — 2y = 28q — 6g°> + 4pq — 8p — 35, with p fixed. This quadratic polynomial is
maximized at ¢ = gp(p) = %(p + 7).

(c) Equilibrium occurs where the price pair (p, g) satisfies the two equations p = pa(q) = %(2q +17)
and ¢ = gp(p) = %( p + 7) simultaneously. Substituting from the second equation into the first yields
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p= % (2%(17 +7) + 17) or, after clearing fractions, 15p = 2p + 14 + 51. Hence prices are p = 5 and
q = 4, whereas production levels are x = 20, y = 12, and profits are 75 for A and 21 for B, respectively.
(d) Starting at (9, 8), first firm A moves to p4(8) = 33/5 = 6.6, then firm B answers by moving to
ga(6.6) = 13.6/3 =~ 4.53, then firm A responds by moving to near p4(4.53) = 26.06/5 = 5.212,
and so on. After the first horizontal move away from (9, 8), the process keeps switching between moves
vertically down from the curve p = p4(q), and moves horizontally across to the curve ¢ = gg(p), as
shown in Fig. SM13.4.5. These moves never cross either curve, and in the limit the process converges to

the equilibrium (5, 4) found in part (c).
q

A AN
10l P=ra@
4
8,,
6” L]
q =4qp(p) 3.3)
Y 5. 4)
2,,
1 1 1 | 1 1 —» D 4 ;
2 4 6 8 10 12 14
Figure SM13.4.5 Figure SM13.5.2
13.5
2. (a) The continuous function f is defined on a closed, bounded set S (see Fig. SM13.5.2), so the extreme

value theorem ensures that f attains both a maximum and a minimum over S. Stationary points are where
(i) f{(x,y) = 3x? =9y = 0 and (ii) f3(x,y) = 3y> — 9x = 0. From (i), y = 1x?, which inserted
into (ii) yields %x(x3 — 27) = 0. The only solutions are x = 0 and x = 3. Thus the only stationary
point in the interior of S is (x, y) = (3, 3). We proceed by examining the behaviour of f(x, y) along the
boundary of S, i.e. along the four edges of S.

(I y=0,x €]0,4]. Then f(x,0) = x3 4+ 27, which has minimum at x = 0, and maximum at x = 4.

() x =4,y €[0,4]. Then f(4,y) = y* — 36y + 91. The function g(y) = y> — 36y + 91, y € [0, 4]
has g'(y) =3y> —36 =0aty = V/12. Possible extreme points along (II) are (4, 0), (4, V12), and
(4, 4).

(IIl) y =4, x € [0,4]. Then f(x,4) = x> —36x 491, and as in (IT) we see that possible extreme points
are (0,4), (v/12,4), and (4, 4).

IV) x =0,y € [0, 4]. As in case (I) we obtain the possible extreme points (0, 0) and (0, 4).

This results in six candidates, where the function values are f(3,3) =0, f(0,0) =27, f(4,0) =
F£(0,4) =91, f4,V/12) = f(/12,4) = 91 — 24/12 ~ 7.86, f(0, 0) = 27. The conclusion follows.
(b) The constraint set S = { (x,y): X2+ y2 <1 } consists of points that lie on or inside a circle around
the origin with radius 1. This is a closed and bounded set, and f(x, y) = x> 4+ 2y? — x is continuous.
Therefore the extreme value theorem ensures that f attains both a maximum and a minimum over S.

Stationary points for f occur where f/(x,y) = 2x — 1 = 0 and f;,(x, y) = 4y = 0. So the only
stationary point for f is (x1, y1) = (1/2, 0), which is an interior point of S.

An extreme point that does not lie in the interior of S must lie on the boundary of S, that is, on the
circle x> + y? = 1. Along this circle we have y> = 1 — x?, and therefore

fe,y=x242y—x=x>42(1-x>) —x=2—x — x>

where x runs through the interval [—1, 1]. (Itis a common error to overlook this restriction.) The function
g(x) =2 — x — x? has one stationary point in the interior of [—1, 1], namely x = —1/2, so any extreme
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values of g(x) must occur either for this value of x or at one the endpoints £1 of the interval [—1, 1].
Any extreme points for f(x, y) on the boundary of S must therefore be among the points

(X2, y2) = (=3, 33/3), (x3,¥3) = (=3, —3+/3), (x4, y4) = (1,0), (x5,y5) = (—1,0)

Now, f(3,0) = —1, f(—3.£3+/3) = 2, f(1,0) = 0, and f(—1,0) = 2. The conclusion in the text
follows.

3. The set S is shown in Fig. A13.5.3 in the book. It is clearly closed and bounded, so the continuous
function f has a maximum in S. The stationary points are where df/dx = 9 — 12(x + y) = 0 and
af/dy =8 —12(x +y) = 0. But 12(x + y) =9 and 12(x + y) = 8 give a contradiction. Hence, there
are no stationary points at all. The maximum value of f must therefore occur on the boundary, which
consists of five parts. Either the maximum value occurs at one of the five corners or “extreme points” of
the boundary, or else at an interior point of one of five straight “edges.” The function values at the five
corners are f(0,0) =0, f(5,0) = —105, f(5,3) = =315, f(4,3) = —234,and f(0,1) = 2.

We proceed to examine the behaviour of f at interior points along each of the five edges.
(D y=0,x € (0,5). The behaviour of f is determined by the function g|(x) = f(x,0) = 9x — 6x? for
x € (0,5). If this function of one variable has a maximum in (0, 5), it must occur at a stationary point
where g} (x) =9 — 12x = 0, and so at x = 3/4. We find that g;(3/4) = f(3/4,0) = 27/8.
(I x =5,y € (0,3). Define g2(y) = f(5,y) = 45+ 8y — 6(5 + y)? for y € (0, 3). Here g (y) =
—52 — 12y, which is negative throughout (0, 3), so there are no stationary points on this edge.
(IIl) y = 3, x € (4,5). Define g3(x) = f(x,3) = 9x 4+ 24 — 6(x + 3)* for x € (4,5). Here gi(x) =
—27 — 12x, which is negative throughout (4, 5), so there are no stationary points on this edge either.
V) —x +2y =2, ory = x/2 + 1, with x € (0, 4). Define the function g4(x) = f(x,x/2+ 1) =
—27x2/2 — 5x + 2 for x € (0, 4). Here g4(x) = —27x — 5, which is negative in (0, 4), so there are no
stationary points here.
(V)x =0,y € (0, 1). Define gs(y) = f(0,y) = 8y — 6y2. Then g5(y) =8—12y =0aty =2/3,
with gs5(2/3) = f(0,2/3) = 8/3.

After comparing the values of f at the five corners of the boundary and at the two points found on
the edges labelled (I) and (V) rewspectively, we conclude that the maximum value of f is 27/8, which is
achieved at (3/4, 0).

5. (a) First, f{(x,y) = e (1 —x)(y =4y =0whenx = 1,ory = 0, or y = 4. Second, f;(x,y) =
2xe *(y —2) = 0O when x = 0 or y = 2. It follows that the stationary points are (1, 2), (0,0) and
(0, 4). Moreover, f{](x,y) =e *(x — 2)(y? —4y), fis(x,y) =e (1 —x)(2y —4),and f}, = 2xe™".
Classification of the stationary points:

(x,) A B Cc AC — B*> | Type of point
(1,2) 4e~! 0 2e¢! 8e 2 Local minimum
0,0 0 —4 0 —16 Saddle point
0,4 0 4 0 —16 Saddle point

(b) We show that the range of f is unbounded both above and below. Indeed, there is no global maximum
because f (1, y) = e~ ! (y>—4y) — ooasy — oo. Noris there any global minimum because f(—1, y) =
—e(y> —4y) - —ooas y — o0.
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(c) The set S is obviously bounded. The boundary of S consists of the four edges of the rectangle, and all

points on these line segments belong to S. Hence S is closed. Since f is continuous, the extreme value

theorem tells us that f has global maximum and minimum points in S. These global extreme points must

be either stationary points if f in the interior of S, or points on the boundary of S. The only stationary

point of f in the interior of S is (1, 2). The function value at this pointis f(1,2) = —4e~! ~ —1.4715.
The four edges are most easily investigated separately:

(1) Along (I), y =0and f(x, y) = f(x,0) is identically O.

(i) Along (I), x =5 and f(x,y) = Se*S(y2 —4y) for y € [0, 4]. This has its least value for y = 2 and
its greatest value for y = 0 and for y = 4. The function values are f(5,2) = —20e™> ~ —0.1348
and f(5,0) = f(5,4) =0.

(iii) Along edge (III), y =4 and f(x,y) = f(x,4) = 0.

(iv) Finally, along (IV), x =0 and f(x, y) = f(0,y) = 0.

Collecting all these results, we see that f attains its least value (on S) at the point (1, 2) and its

greatest value (namely 0) at all points of the line segments (I), (III) and (IV).

iy et =0G -4y — x— DG -4y = 0 when x = 1.

frey) 2xe™*(y = 2) 2x(y =2)

)y =

13.6

4. To calculate f| is routine. The derivative of fyz e’ dt wrt. v, keeping z constant, can be found using
(9.3.7): itis —e”. The derivative of fyz e dt wrt. z, keeping y constant, can be found using (9.3.6): itis

¢, Thus fv/ =2—¢" and fl=-3+ ¢, Since each of the three partials depends only on one variable
and is O for two different values of that variable, there are eight stationary points (as indicated in the text).

13.7

2. (a) With profits 7 as given in the text, first-order conditions for a maximum are 7y = 3pK~'/3 —r =0,
m, = spL™V? —w =0, 7p = }pT~?3—¢q = 0. Thus, K~'/3 = 3r/2p, L7'/? = 2w/p, and
T—2/3 = 3q/p. Raising each side of K~'/3 = 3r/2p to the power of —3 yields, K = (3r/2p)~> =
(2p/3r)3 = (8/27)p*r 3. In a similar way we find L and 7. (b) Routine algebra: see the text.

5. (a) Differentiating p F;, (K*, L*) = r using the product rule gives dp Fy (K*, L*)+ pd(Fy (K*, L*)) =
dr. Moreover, d(Fy(K*, L*)) = F{(K* L*)dK* + Fg¢,(K*, L*)dL*. (To see why, note that
dg(K*,L*) = g (K*,L*)dK* + g; (K*, L*)dL*. Then let g = F.) This explains the first dis-
played equation (replacing d K by d K* and d L by d L*). The second is derived in the same way.

(b) Rearrange the equation system by moving the differentials of the exogenous prices p, r, and w to the
right-hand side, while suppressing the notation indicating that the partials are evaluated at (K™, L*):

pF{xdK* + pFg, dL* =dr — Fy dp
pF/xdK* + pF/, dL* =dw — F, dp

Putting A = F{ F), — Fy, F) v = F{ F), — (F§,)?, then using (2.4.2) and cancelling p, we get

_F/ F// + F/ F// F// _F//
dK* — K~ LL L” KL dp 4 LL dr 4 KL dw
pA pA pA
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In the same way

pA pA pA
We can now read off the required partials. (c) See the text. (Recall that F;', < 0 follows from (xx) in
Example 13.3.3.)

6. (a) () R (x], x3) +s = Cj(x{, x}) (marginal revenue plus subsidy equals marginal cost).
(ii) RS (x}, x3) = C4(x], x3) +t = 0 (marginal revenue equals marginal cost plus tax).
(b) See the text, which also introduces the notation D = (R}, — C{))(R}, — C},) — (R}, — Ci’z)z.
(c) Taking the total differentials of (i) and (ii) yields

Solving for dx{ and dxJ yields, after rearranging,

—(RY), — Ch)ds — (RY, — C{,)dt = (RY, — Chds + (R{, — C{)dt
D ’ D

From this we find that the partial derivatives are

*
dx| =

oxi _ —Ry+Cy -0 oxf _ R +CY =0 0x; _ Ry — Gy -0 o _ Riy =€)
as D © ot D T 0s D ©ot D

where the signs follow from the assumptions in the problem and the fact that D > 0 from (b). Note

that these signs accord with economic intuition. For example, if the tax on good 2 increases, then the

production of good 1 increases, while the production of good 2 decreases.

(d) Follows from the expressions in (c) because R{, = R}, and C{, = C},.

<0

Review Problems for Chapter 13

2. (a) The profit function is 7 (Q1, Q2) = 12001 + 900, — O.IQ% - 01010, — O.IQ%. First-order
conditions for maximal profit are: 7{(Q1, Q2) = 120 — 020 — 0.1Q> = 0 and 75(Q1, Q2)

90 — 0.10; — 0.20, = 0. We find (Q;, Q2) = (500,200). Moreover, 7, (Q1, Q2) = —0.2 < 0,
w5(Q1, Q2) = —0.1, and 77,(Q1, Q2) = —0.2 < 0. Since also 7} |7}, — (71{’2)2 = 0.03 > 0,

(500, 200) maximizes profits.

(b) The profit function is now 7 (Q1, Q2) = P1 Q1 + 900> — 0.103 — 0.1, Q> — 0.1Q3. First-order
conditions for maximal profitbecome 7{ = P; —0.2Q;—0.10> = 0and 7}, = 90—-0.1Q; -0.2Q, = 0.
In order to induce the choice Q| = 400, the first-order conditions imply that P — 80 — 0.10»> = 0 and
90 — 40 — 0.2Q, = 0. It follows that O, = 250 and P; = 105.

4. (a) Stationary points: (i) f{(x, y) = 3x2— 2xy =x(3x—2y) =0, (ii) f(x,y) = —x2 +2y = 0. From

(1), x =0or3x =2y. If x = 0, then (ii) gives y = 0. If 3x = 2y, then (ii) gives 3x = x%,andsox =0
or x = 3. If x = 3, then (ii) gives y = x2/2 = 9/2. So the stationary points are (0, 0) and (3, 9/2).
(0) () f{(x. y) = ye 007 8x2 — Sxy + 1) = 0, (i) f(x, y) = 2™ 3007 2y2 — 5xy +1) = 0.
If y = 0, then (i) is satisfied and (ii) holds only when x = 0. If x = 0, then (ii) is satisfied and (i) holds
only if y = 0. Thus, in addition to (0, 0), any other stationary point must satisfy both 8x% —5xy +1 =0
and 2y? — 5xy 4+ 1 = 0. Subtracting the second of these equations from the first yields 8x> = 2y?, or
y = £2x. Inserting y = —2x into 8x> — 5xy + 1 = 0 yields 18x% 4+ 1 = 0, which has no solutions.
Inserting y = 2x into 8x> — 5xy 4+ 1 = 0 yields —2x> 4+ 1 =0, s0 x = :i:%«/i We conclude that the
stationary points are: (0, 0) and (%\/5, \/5), (—%\/5, —\/5).
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(c) Stationary points occur where: (i) f{(x, y) = 24xy — 48x = 24x(y — 2) = 0; and (ii) f;(x,y) =
12y2 + 12x2 — 48y = 12(x®> + y> —4y) = 0. From (i) x = O or y = 2. If x = 0, then (ii) gives
y(y —4) =0,s0y =0ory =4.So (0,0) and (0, 4) are stationary points. If y = 2, then (ii) gives
x? —4 =0,s0x = +2. Hence (2, 2) and (—2, 2) are also stationary points.

6. (a) Withw = p(K+LP+T¢)—rK —wL —qT, the first-order conditions for (K*, L*, T*) to maximize
T are
g =pa(K" ' —r =0, 7, =pb(LN*" ' —w=0, 7 =pc(T*)'-qg=0

Hence, K* = (ap/r)"/1=9, L* = (bp/w)/1=D T* = (cp/q)"/ 1=,
(b) 7* = T + terms that do not depend on r, where I' = p(ap/r)*1=® — r(ap/r)"/1=®. Some
algebraic manipulations yield

r = (a/r)a/(l—a)pl/(l—a) . (ap)l/(l—a)r—a/(l—a) — (aa/(l—a) . a1/(1—a))p1/(1—a)r—a/(l—a)
— (1 o a)aa/(l—a)pl/(l—a)r—a/(l—a)

or* 9T
ar  ar
(c) We apply (13.7.2) to this case, where n(K, L, T, p,r,w,q) = pQ —rK —wL — gT with Q =
K44+ LP+T¢ and*(p,r, w, q) = pQ* —r K*—wL* —gT*. With the partial derivatives of 7 evaluated
at (K*, L*, T*, p,r, w, q) where output is Q*, one should have 97" /dp = 7, = Q*, 9n™*/dr = 7] =
—K*, 97" /0w = m,, = —L*, and d7* /0w = m,, = —T*. From (b), we have the second property. The
other three equations can be verified by rather tedious algebra in a similar way.

8. (@) f{(x,y) = 2x—y—3x% f(x,y) = =2y —x, f{i(x.y) = 2=6x, fly(x.y) = —1, f(x.y) = 2.
Stationary points occur where 2x — y — 3x%2 = 0 and —2y — x = 0. The last equation yields y = —x/2,

which inserted into the first equation gives %x —3x% = 0. It follows that there are two stationary points,

(x1,y1) = (0,0) and (x2, y») = (5/6, —5/12). These points are classified in the following table:

Then _aaa/(l—a)pl/(l—a)r—a/(l—a)—l — _al/(l—a)pl/(l—a)r—l/(l—a) — —(Clp/l")l/(l_a).

(x,y) A B C AC — B* | Type of point
0,0 2 —1 -2 -5 Saddle point
(% , — 15—2) -3 —1 -2 5 Local maximum

(b) f is concave in the domain where f{} <0, f5, <0, and f{] f;5 — (fl”z)2 > (0, i.e. where 2 —6x <0,
—2 < 0,and (2 — 6x)(—2) — (—1)?> > 0. These conditions are equivalent to x > 1/3 and x > 5/12.
Since 5/12 > 1/3, f is concave in the set S consisting of all (x, y) where x > 5/12.
(c) The stationary point (x», y2) = (5/6, —5/12) found in (a) does belong to S. Since f concave in S,
25 25 425 125 _ 125
4

this is a (global) maximum point for fin S, and fmax =5z — 2z + 5 — 755 = 19

9. (a) Stationary points require that x —1 = —ay anda(x —1) = y> —2a?y. Multiplying the first equation by
a gives —a’y = a(x — 1) = y?> —2a’y, by the second equation. Hence a’y = y?, implying that y = 0 or
y= a?. Sincex = 1 — ay, the stationary points are (1, 0) and (1 — a3, a?). (Since we were asked only to
show that (1 —a?, a?) is a stationary point, it would suffice to verify that it makes both partials equal to 0.)
(b) The function value at the stationary point in (a) is %(1 —a*)? —(1—-a’)+a*(—a®) - %a6 +a%-a* =
—% + %a6, whose derivative w.r.t. a is @>. On the other hand, the partial derivative of f w.r.t. a, keeping
x and y constant, is 3f/da = y(x — 1) + 2ay?. Evaluated at x = 1 — a>, y = a?, this partial derivative

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



CHAPTER 14 CONSTRAINED OPTIMIZATION 51

is also a’, thus confirming the envelope theorem. (c) f{} = 1, f3 = —2y + 2a% f/5 = a, and
!y — (f5)* = a® — 2y. Thus f is convex if and only if —2y + 2a* > 0 and —2y + a? > 0, which
is equivalent to a®> > y and a® > 2y. It follows that f(x, y) is convex in that part of the xy-plane where

y < 5a%.

10. Actually, we have nothing to add to the answer that is already in the main text. Sorry!

Chapter 14 Constrained Optimization

14.1

4.

10.

(a) With L(x, y) = X2+ y2 — A(x + 2y — 4), the first-order conditions are L] = 2x — A = 0 and
L), = 2y — 2% = 0. From these equations we get 2x = y, which inserted into the constraint gives
x+4x=4.Sox =4/5and y = 2x = §/5, with A = 2x = §/5.

(b) The same method as in (a) gives 2x — A = 0 and 4y — A = 0, so x = 2y. From the constraint we get
x = 8and y =4, with A = 16.

(c) The first-order conditions imply that 2x + 3y = A = 3x + 2y, which gives x = y. So the solution is
(x, ¥) = (50, 50) with » = 250.

(a) With £ = x* + y — A(px + y — m), the first-order conditions for (x*, y*) to solve the problem are
() £, = a(x*)* ' =ap = 0; (i) L, = 1 =1 = 0. Thus A = 1, and x* = x*(p, m) = kp~ /!~ where
k =a'/U=9 Then y* = y*(p,m) = m — kp~4/(1=),

(b) 9x*/op = —x*/p(1 —a) <0, 0x™/om =0, dy*/dp = ax*/(1 —a) > 0, and dy*/dm = 1.

(¢) The optimal expenditure on good x is px*(p, m) = kp~¢/(1=9 5o El, px*(p,m) = —a/(1—a) < 0.
In particular, the expenditure on good x will decrease as its price increases.

(d) We see that x* = (1/2p)%, y* =m — 1/4p, so U*(p,m) = /x* +y* = (1/2p) + m — 1/4p =
m + 1/4p, and the required identity is obvious.

(a) With L(x,y) = 100 — e™ — e — A(px + gy — m), the first-order conditions L = QC’y =0
imply that e = Ap and ¢7” = Ag. Hence, x = —In(Ap) = —InA —Inp, y = —IlnA — Ing.
Inserting these expressions for x and y into the constraint yields —p(InA 4+ In p) —g(InX +1Ing) = m
and so InA = —(m + plnp + gIng)/(p + q). Therefore x(p,q,m) = [m + qln(q/p)1/(p + q),
y(p,q,m)=[m+ pln(p/q)1/(p + q).

(b) x(tp,tq,tm) = [tm + tqIn(tq/tp)]/(tp + tq) = x(p, g, m), so x is homogeneous of degree 0.
In the same way we see that y(p, g, m) is homogeneous of degree 0.

14.2

4.

(a) With L(x, y) = \/x +y—A(x +4y —100), the first-order conditions for (x*, y*) to solve the problem
are: (i) 9L/dx = 1/24/x* =1 =0 (i) 3L/dy = 1 —4x = 0. From (ii), A = 1/4, which inserted into
(i) yields v/x* = 2, so x* = 4. Then y* = 25 — ;4 = 24, and maximal utility is U* = +/x* + y* = 26.
(b) Denote the new optimal values of x and y by x and y. If 100 is changed to 101, still A = 1/4 and
£ = 4. The constraint now gives 4 + 49 = 101, so that § = 97/4 = 24.25, with U = /X + § = 26.25.
The increase in maximum utility is therefore U-U*=025=x (In general, the increase in utility is
approximately equal to the value of the Lagrange multiplier.)
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(c) The necessary conditions for optimality are now 9.L/dx = 1/2/x* —Ap =0,9L/dy = 1 —Ag = 0.
Proceeding in the same way as in (a), we find A = 1/q, v/x* = q/2p, and so x* = ¢>/4p?, with
y* =m/q — q/4p. (Note that y* > 0 <= m > ¢>/4p.) (If we solve the constraint for y, the utility
function is u(x) = \/x + (m — px)/q. We see that u’(x) = 1/2/x — p/q = 0 for x* = ¢*>/4p? and
u”(x) = —(1/4)x73/? < 0 when x > 0. So we have found the maximum.)

. (a) The first-order conditions given in the main text imply that px* = pa + «/* and gy* = gb + B/A.

Substituting these into the budget constraint givesm = px*+qy* = pa+qb+(a+B)/r = pa+qb+1/x,
so 1/A =m — (pa + gb). The expressions given in (xx) are now easily established. (We can interpret a
and b as minimum subsistence quantities of the two goods, in which case the assumption pa + gb < m
means that the consumer can afford to buy (a, b).)

(b) With U* as given in the answer provided in the text, differentiating partially while remembering that
. aU* o B 1
o+ B =1 gives = + =
dm  m—(pa+qb) m—(pa+qgb) m—(pa+qb)

= A > 0. Moreover,

au* —aa o —Ba —a o o
_ -~ = — — = —alk — —, whereas
ap m—(pa+qb) p m—(patqgb) m—(patgb) p p
oU* au* oU*
— = afat+ L) = —an— ﬁ, ) = — x*. The last equality is shown in the same
om AD p ap om
way.

T
. f(x,T) = x/ (13 + @T?+T — D> + (T — aT?)t]dt
0

T
=x| [+ @I+ T DB +(T—aT) P = —faxT + 5x T4+ 1xT? = LxT3Q+T—2aT?)
0

T
A similar but easier calculation shows that g(x, 7)) = / (xtT — xt2) dt = %x T3. The Lagrangian for
0

the producer’s problem is £ = %x T3Q2+T —2aT?) — A(%x T3 — M). The two first-order conditions are
ST3Q2+T—2aT?)—$2T% = 0and 5xT?(64+4T —10aT?) — 32xT? = 0. These equations imply that
A= %(2—|—T —2uT?) = %(6+4T— 100 T?). It follows that 4« T? = T. One solutionis 7 = 0, but this is
inconsistent with the constraint %x T3 = M. Hence, the solution we are interested is T = 1/4«, implying
that A = 1 + 1/16a. Substituting into the constraint g(x, T) = M determines x = 6MT 3 = 384Ma>.
Because x7? = 6M, the maximum profitis f*(M) = M + M /8« — aM/16a> = M + M /16a, whose
derivative w.r.t. M is indeed A.

We note that the maximum by itself is much easier to find if one substitutes the constraint M = éx T3
into the objective function f(x, T'), which then becomes the function —aM T? + %M T+ Mof T
alone, with o and M as parameters. The first-order condition for 7' to maximize this expression is
—20MT + %M = 0, implying that 7 = 1/4«. However, this method does not find A.

14.3

1.

(a) With £L(x,y) = 3xy — A(x?> 4+ y*> — 8), the first-order conditions are Ly =3y —2xx = 0and
L, = 3x —2ry = 0. These can be rewritten as (i) 3y = 2Ax and (ii) 3x = 2iy. If x = 0, then
(i) gives y = 0; conversely, if y = 0, then (i) gives x = 0. But (x,y) = (0,0) does not satisfy
the constraint. Hence x # 0 and y # 0. Equating the ratio of the left-hand sides of (i) and (ii) to
the ratio of their right-hand sides, one has y/x = x/y or x> = y2. Finally, using the constraint gives
x2 = y? = 4. The four solution candidates are therefore (2, 2) and (—2, —2) with A = 3/2, as well as
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(2, —2) and (-2, 2) with A = —3/2. The corresponding function values are f(2,2) = f(—2,—-2) =12
and f(2,-2) = f(—2,2) = —12.

Because f is continuous and the constraint set is a circle, which is closed and bounded, the extreme
value theorem implies that a maximum and minimum do exist. The function values tell us that (2, 2) and
(—2, —2) solve the maximization problem, whereas (—2, 2) and (2, —2) solve the minimization problem.
(b) With £ = x + y — A(x? 4+ 3xy + 3y?> — 3), the first-order conditions are I — 2Ax — 31y = 0 and
1 —3ix —6Ay = 0. These equations give us 1 = 2Ax 4+ 34y = 3Ax + 6Ay. In particular, A(3y +x) = 0.
Here A = 0 is impossible, so x = —3y. Inserting this into the constraint reduces it to 3y*> = 3, with
solutions y = %1. So the first-order conditions give two solution candidates (x, y, A) = (3, —1, %) and
x,y,A)=(-3,1,— %). Because the objective function is continuous and the constraint curve is closed
and bounded (actually, an ellipse — see (5.5.5)), the extreme value ensures that both a maximum and
minimum exist. The function values f(3, —1) = 2 and f(—3, 1) = —2 tell us that the maximum is at
(3, —1), the minimum at (—3, 1).

2. (a) With £ = x>+ y2 —2x+1—=r(x2+ 4y2 — 16), the first-order conditions are (i) 2x —2 —2Ax =0
and (ii)) 2y—8Ay = 0. Equation (i) implies that x # 0 and then > = 1—1/x, whereas equation (ii) shows
that y = 0or A = 1/4. If y = 0, then x> = 16 — 4y? = 16, so x = &4, which then gives A = 1 F 1/4.
If y # 0, then A = 1/4 and (i) gives 2x — 2 — x/2 = 0, so x = 4/3. The constraint x> + 4y = 16
now yields 4y = 16 — 16/9 = 128/9, so y = +.,/32/9 = +44/2/3. Thus, there are four solution
candidates: (i) (x, y, ) = (4,0, 3/4), (ii) (x, y, ) = (=4, 0, 5/4), (iii) (x, y, ) = (4/3,4~/2/3, 1/4),
and (iv) (x, y, A) = (4/3, —4\/5/ 3, 1/4). Of these four, checking function values shows that (i) and (ii)
both give a maximum, whereas (iii) and (iv) both give a minimum.

(b) The Lagrangianis £ = In (2 4+ x2)+y? —A(x?> 42y —2). Hence, the necessary first-order conditions
for (x, y) to be a minimum point are (i) 0.L/dx = 2x/(2 + x2) — 2xx = 0 (i) oL/dy =2y —2A =0,
(iii) x* + 2y = 2. From (i) we getx(1/(2+x%) —1) =0,s0x =0 or A = 1/(2 + x?).

(D If x = 0, then (iii) gives y = 1, so (x1, y1) = (0, 1) is a candidate.

D) Ifx #0,theny =1 =1/2 + xz), where we used (ii). Inserting y = 1/(2 + x2) into (iii) gives
242/Q4+x) =2 = 2%+t 42 =442 = * =2 = x=+V2.

From (i), y = 1 = 5x? = 1 = §¥/2. Thus, (x2, y2) = (V2,1 = }¥2) and (x3, y3) = (= V2, 1 = 1v/2)
are two other candidates. Comparing function values, we see that f(x;, y;) = f(0,1) =In241 ~ 1.69,
fGo, ) = f(r3,3) =In@Q+v2) + (1 - 1v2)2 =In(2+v2) + 2 — v/2 ~ 1.31. Hence, the
minimum points for f(x, y) subject to the constraint are (x;, y») and (x3, y3).

4. (a) With £ = 24x — x> + 16y — 2y2 — A(x% 4+ 2y2 — 44), the first-order conditions are (i) £} =
24 —2x —2xx = 0and (ii) L5 = 16 —4y —4Aiy = 0. From (i) x(1+1) = 12 and from (ii) y(14+1) = 4.
Eliminating A from (i) and (ii) we get x = 3y = 12/(1 + A), with A # —1. Inserted into the constraint,
11y2 =44, s0 y = £2, and then x = %6. So there are two candidates, (x, y) = (6, 2) and (—6, —2),
with A = 1. Computing the objective function at these two points, the only possible maximum is at
(x, y) = (6, 2). Since the objective function is continuous and the constraint curve is closed and bounded
(an ellipse), the extreme value theorem assures us that there is indeed a maximum at this point.

(b) According to (14.2.3) the approximate change is A - 1 = 1.
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14.4

4. Before trying to find the minimum, consider the graph of the curve y
g(x,y) = 0, as shown in Fig. SM14.4.4. It consists of three pieces:
(i) the continuous curve y = /x(x + 1) in the positive quadrant; (ii)
the continuous curve y = —./x(x + 1), which is the reflection of
curve (i) about the x-axis; (iii) the isolated point (—1, 0). The prob-
lem is to minimize the square of the distance d from the point (—2, 0)
to a point on this graph. The minimum of f obviously occurs at the
isolated point (—1, 0), with f(—1,0) = 1.
With the Lagrangian £ = (x 4+ 2)% 4+ y> — A(y?> — x(x + 1)?),
we have

y2 =x(x + 1)

L] =2(x+2) + A((x + DI+ 2x(x + 1), L5 =2y(1 — 1)

Note that £, = 2y(1 —1) = Oonlyif A =1lory =0. ForA = 1, we
find that £} = 3(x + 1)?> +2 > 0 for all x. For y = 0, the constraint
givesx = 0orx = —1. Atx = 0, we have £} =4+ 1 = 0 and
Li=2atx =—1.

Thus the Lagrange multiplier method produces a unique solution candidate (x, y) = (0, 0) with
A = —4, which does correspond to a local minimum. The global minimum at (—1, 0), however, fails
to satisfy the first-order conditions «£] = £}, = 0 for any value of A, because £} = 2 at this point. So
the Lagrange multiplier method cannot locate this minimum. Note that at (—1, 0) both g{(—1, 0) and
85,(—1,0) are 0.

14.5

Figure SM14.4.4

4. With £ = x% + y% — A(px + qy — m), the first-order conditions are £} = ax‘~! —Ap = 0 and
Ly =ay*! —rg = 0. It follows that A # 0 and then x = (Ap/a)"/ @~V y = (Ag/a)!/@~D. Inserting
these values of x and y into the budget constraint gives (A /a)!/@=D (p@/@=D 4 ga/@=Dy — 1 To reduce
notation, define R = p®/@=D 4 4@/@=D g in the text answer. Then we have (A/a)'/1=% = m/R.
Therefore x = mp'/©@~D /R and y = mq'/“~V/R.

14.6
7. The Lagrangian is £ = x +y — Ax2+ 292+ 22— 1) — u(x + y + z — 1), which is stationary
when (i) £, = 1 —2ix — p = 0; (ii)oC/y = 1—4ry —p = 0; (iii) L, = =24z —p = 0.

From (ii) and (iii) we get | = A(4y — 2z), and in particular A # 0. From (i) and (ii), A(x — 2y) = 0 and
so x = 2y. Substituting this value for x into the constraints gives 6y> + z> = 1 and 3y 4+ z = 1. Thus
z =1 — 3y, implying that 1 = 6y% + (1 — 3y)? = 15y> — 6y + 1. Hence y = 0 or y = 2/5, implying
that x = 0 or 4/5, and that z = 1 or —1/5. The only two solution candidates are (x, y,z) = (0,0, 1)
with A = —1/2, u = 1, and (x, y,z) = (4/5,2/5,—1/5) with A = 1/2, u = 1/5. Because x + y is
O at (0,0, 1) and 6/5 at (4/5,2/5, —1/5), these are respectively the minimum and the maximum. (The
two constraints determine the curve in three dimensions which is the intersection of an ellipsoid (see
Fig. 11.4.2) and a plane. Because an ellipsoid is a closed bounded set, so is this curve. By the extreme
value theorem, the continuous function x 4+ y does attain a maximum and a minimum over this closed
bounded set.)
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8. (a) For the given Cobb-Douglas utility function, one has U J’ (x) = ;U (X)/xj. So (14.6.6) with k =1
implies that p;/p; = UJ{(X)/U{(X) = ajx/a1x;. Thus p;x; = (aj/ai)pixi. Inserting this into the
budget constraint for j = 2, ..., n, gives pix; + (a2/a1) p1x1 + - - - + (an/a1) pix1 = m, which implies
that pyxy =aym/(a; +--- +a,). Similarly, p;x; =ajm/(a; +---+a,) fork =1, ..., n.

(b) From (14.6.6) with k = 1, we get x¢~'/x{~" = p;/pi and so x;/x1 = (p;/p)~"/1=9, or
pixj/pix1 = (pj/p)' V1= = (p;/p1)~4/1=9_ Inserting this into the budget constraint for j =

2,...,n, gives o (1=
prxi [1+ (p2/p0)™ 0D o (p/p) D = m

SO | n .
proy = mp 0 [ 37 prelie
i=1

n
Arguing similarly for each k, we get x; = mpj_l/(l_a)/ Z pr " fork=1,...,n.

i=1
14.7

2. Here £ = x +4y 4+ 37 — A(x% +2y* + %12 — b). So necessary first-order conditions are:
(L) =1=-2xx=0; ()L, =4—4ry =0; (iii) L;=3— %kz = 0. It follows that A # 0, and so
x = 1/21,y = 1/A,z = 9/2A. Inserting these values into the constraint yields [(1/4)4+24(27/4)]x 72 =
b and so A> = 9/b, implying that . = +3/+/b. The value of the objective function is x +4y+3z = 18/4,
SO A = —3/«/5 determines the minimum point. This is (x, y, z) = (a, 2a, 9a), where a = —«/5/6. For
the last verification, see the answer in the book.

4. (a) With £ = x>+ y> 4+ 27— A (x> +2y? +4z> — 1), necessary conditions are: (i) dL£/dx = 2x —2ix = 0,
(i) 0L/dy = 2y —4ry = 0, (iii) dL/dz = 1 — 8Az = 0. From (i), 2x(1 — A) = 0, so there are two
possibilities: x =0 or A = 1.

(A) Suppose x = 0. From (ii), 2y(1 —21) =0,so0y =0or A = 1/2.
(A.1) If y = 0, then the constraint gives 4z> = 1, so z> = 1/4, or z = 41/2. Equation (iii) gives
A = 1/8z, so we have two solution candidates: P; = (0,0, 1/2) with A = 1/4; and P, = (0,0, —1/2)
with A = —1/4.
(A.2) If A = 1/2, then (iii) gives z = 1/8A = 1/4. It follows from the constraint that 2y = 3/4 (recall
that we assumed x = 0), and hence y = +./3/8 = ++/6/4. So new candidates are: P; = (0, v/6/4, 1/4)
with A = 1/2; and Py = (0, —v/6/4, 1/4) with » = 1/2.
(B) Suppose A = 1. Equation (iii) yields z = 1/8, and (ii) gives y = 0. From the constraint, x> = 15/16,
so x = ++/15/4. Candidates: Ps = (v/15/4,0,1/8) with A = 1; and Ps = (—+/15/4,0, 1/8) with
A=1

Fork = 1,2,...,6, let f; denote the value of the criterion function f at the candidate point P.
Routine calculation shows that f1 = 1/2, o, = —1/2, f3 = fas =5/8,and f5s = fs = 17/16. It follows
that both P5 and Pg solve the maximization problem, whereas P, solves the minimization problem.
(b) See the text.

5. The Lagrangian is £ = rK + wL — MK'V2LV4 — 0), so necessary conditions for (K*, L*) to solve
the problem are: (i) L = r — JAK*)"V2(LHV* =0, (i) £} = w — JAKHV2LH) T =0,
(iii) (K*)!72(L*)!/* = Q. Together (i) and (ii) imply that r/w = 2L*/K* and so L* = rK*/2w.
Inserting this into (iii) gives Q = (K*)'/2(r K*/2w)"/* = (K*)3/42=1/41/%y=1/4_ Solving for K* gives
the answer in the text. The answers for L* and C* = r K*+wL* follow if we observe that 21/3 = 2.272/3,
The verification of (x) in Example 14.7.3 is easy.

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



56 CHAPTER 14 CONSTRAINED OPTIMIZATION

14.8

5. (a) With the Lagrangian L(x, y) =2 — (x — 1)? — e — A(x? + y? — a), the Kuhn—-Tucker conditions
are: (i) —2(x — 1) — 22x = 0; (i) —2ye*” — 2xy = 0; (iii) A > 0, with A = 0 if x2 + y? < a.
From (i), x = (1 + A)~!. Moreover, (ii) reduces to y(ey2 4+ ) = 0, and so y = 0 (because e + Ais
always positive).

(): Assume that ). = 0. Then equation (i) gives x = 1. In this case we must have a > x* + y> = 1.
(I): Assume that ). > 0. Then (iii) gives x2+ y2 = a, and so x = +./a (remember that y = 0). Because
x=1/(1+A)and A > 0 we musthave 0 < x < I, sox = /a and a = x?> < 1. It remains to find the
value of A and check that it is > 0. From equation (i) we get A = 1/x — 1 = 1/4/a — 1 > 0.
Conclusion: The only point that satisfies the Kuhn—Tucker conditions is (x,y) = (1,0) if a > 1 and
(y/a,0)if 0 < a < 1. The corresponding value of A is 0 or 1/4/a — 1, respectively. In both cases it
follows from Theorem 14.8.1 that we have found the maximum point, because £ is concave in (x, y), as
) ) Ly, L], -2 —=2x 0

we can see by studying the Hessian = ) .

<°cgl ocgz) ( 0 —e” (2+4y2)—2k>
(b)Ifa € (0, 1) we have f*(a) = f(/a,0) =2 — (Ja—1)> —1=2/a —a,and fora > 1 we get
f*(a) = f(1,0) = 1. The derivative of f* is as given in the book, but note that in order to find the
derivative df*(a)/da when a = 1, we need to show that the right and left derivatives (see page 243 in

the book)
o o JTA R = A1) S+ h)— (1)
(7 = g, h h

exist and are equal. But the left and right derivatives are respectively equal to the derivatives of the
differentiable functions g_(a) = 2/a — a and g, (a) = 1 at a = 1, which are both 0. Hence (f*)'(1)
exists and equals 0.

14.9

2. The Lagrangian is £ = a¢lnx + (1 —a)Iny — A(px + gy — m) — u(x — x), and the Kuhn—Tucker
conditions for (x*, y*) to solve the problem are

and (f"'(17) = hlirg_

/ (04 .
°C1=x—*—)\P—M=0 (1)

l -« ..
Ly = = -2 =0 (ii)
A>0, andA =0 if px*+gy* <m (ii1)
w>0, and £ =0 if x* < x (iv)

We assume that o € (0, 1), in which case (ii) implies that A > 0 and so (iii) entails px™ 4+ gy* = m.

Suppose ;= 0. Then from (i) and (ii) o/ px™* = (1 — @)/qy*, so gy* = (1 — ) px*/a. Then the
budget constraint implies that px™ + (1 — o) px*/a = m, from which it follows that x* = ma/p and
y*= (1 —a)m/q, with A = 1/m. This is valid as long as x* < x, thatis m < px/a.

Suppose i > 0. Then x* = x and y* =m/q — px/q = (im — px)/q, with A = (1 —a)/(m — pXx)
and u = o/x — Ap = (am — px)/x(m — px). Note thatif m > px/a, thenm > px since v < 1. We
conclude that if m > px/a, then A and p are both positive and conditions (i)—(iv) are satisfied.

Since £}, = —a/x? < 0, £y, = —a/y* < 0,and L}, = 0, the Lagrangian £(x, y) is concave, so
we have found the solution in both cases.
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3. (a) See the answer in the text. (b) With the constraints g1 (x, y) = —x — y < —4, go(x,y) = —x < 1,
g3(x,y) = —y < —1,theLagrangianis £ = x+y—e*—e* "V A (—x—y+4)—Ay(—x—1)—A3(—y+1).
The Kuhn-Tucker conditions are that there exist nonnegative numbers A1, A2, and A3 such that (i) £/, =
I —e' —e*™ + A1 + Ay = 0; (ii) £’y =1—e"Y 4+ A+ 23 =0; (i) Ai(—=x —y+4) = 0;
1v) Mo(—x — 1) = 0; (v) A3(—y + 1) = 0. (We formulate the complementary slackness conditions as in
(14.8.5).) From (ii), €™ = 1 + A1 + A3. Inserting this into (i) yields A, = e* + A3 > ¢* > 0. Because
Az > 0, (iv) implies that x = —1. So any solution must lie on the line (II) in the figure, which shows
that the third constraint y > 1 must be slack. (Algebraically, because x + y > 4 and x = —1, we have
y >4 —x =25 > 1) So from (v) we get A3 = 0, and then (ii) gives .| = ¢*t¥ — 1 > et —1>0.
Thus from (iii), the first constraint is active, so y = 4 — x = 5. Hence the only possible solution is
(x*, y*) = (—1,5). Because £L(x, y) is concave, we have found the optimal point.

4. (a) The feasible set is shown in Fig. A14.9.4 in the book. (The function to be maximized is f(x, y) =
x + ay. The level curves of this function are straight lines with slope —1/a if a # 0, and vertical lines if
a = 0. The dashed line in the figure is such a level curve (for a &~ —0.25). The maximum point for f is
that point in the feasible region that we shall find if we make a parallel displacement of this line as far to
the right as possible (why to the right?) without losing contact with the shaded region.)

The Lagrangian is £L(x, y) = x +ay — M @x% + %2 — 1) + A2(x + y) (the second constraint must

be written as —x — y < 0), so the Kuhn-Tucker conditions are:
(i) Ly(x,y) =1=2x1x + Ay = 0; (i) L5(x,y) =a — 211y + rr = 0;
(iii) A1 > 0, with A1 = 0if x% + y2 < 1; (iv) A» > 0, with A, = 0if x + y > 0.

(b) From (i), 2A1x = 1 + A, > 1. But (iii) implies that A; > 0, so in fact A; > 0 and x > 0. Because
X1 > 0, it follows from (iii) that x2 + y?>=1,s0 any maximum point must lie on the circle.

(I) First consider the case x + y = 0. Then y = —x, and since x> + y> = I, we get x = %ﬁ (recall
that we have seen that x must be positive) and y = —%«/ﬁ Adding equations (i) and (ii), we get

l+a—-20Gx+y)+210 =0

and since x + y = 0, we find that A, = —(1 4+ a)/2. Now, A, must be > 0, and therefore a < —1 in this
case. Equation (i) gives A = (1 + 12)/2x = (1 —a)/4x = «/5(1 —a)/4.
(II) Second, consider the other case x + y > 0. Then (iv) implies that A, = 0, so (i) and (ii) reduce to
1—2xx =0anda—2Xx;y =0,andsox = 1/(2;) and y = a/(2X;). Inserting these into x> + y> = 1
1 a
yields (1/411)?(1 4+ a?) = 1, and so 24; = /1 +a?. This gives x = ———and y = ———.
V1+a? Vi+a?

Because x +y = (14+a)/(2X11), and because x + y is now assumed to be positive, we must have a > —1
in this case. Conclusion: The only points satisfying the Kuhn—Tucker conditions are the ones given in
the text. Since the feasible set is closed and bounded and f is continuous, it follows from the extreme
value theorem that extreme points exists.

5. The Lagrangian is £ = y — x> + Ay + u(y — x + 2) — v(y?> — x), which is stationary when
1 2x—pu+v =0, @G)1+ A+ pu—2vy = 0. In addition, complementary slackness requires
(i) A >0,withA =0ify > 0; iv) u > 0, withu =0ify —x > —=2;(v) v > 0, with v =0ify2 < x.

From (ii), 2vy = 1 + A + n > 0, so y > 0. Then (iii) implies A = 0, and 2vy = 1 4+ u. From (i),
X = %(v — ). Butx >y2>0,s0v>pu>0, andfrom(v),y2 = x.

Suppose 4 > 0. Theny —x +2 =y — y> +2 = O withroots y = —l and y = 2. Only y = 2 is
feasible. Then x = y? = 4. Because A = 0, conditions (i) and (ii) become —pu+v = 8 and u —4v = —1,
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so v = —7/3, which contradicts v > 0, so (x, y) = (4, 2) is not a candidate. Therefore © = 0 after
all. Thus x = %v = y? and, by (ii), | = 2vy = 4y3. Hence y = 471/3, x = 472/3, This is the only
remaining candidate. It is the solution with A =0, u = 0, and v = 1/2y = 41/,

(a) See Fig. A14.9.6 in the text. Note that for (x, y) to be admissible, e ™ <y < 2/3, and so ¢* > 3/2,
which implies, in particular, that x > 0.
(b) The Lagrangian is £ = —(x + %)2 — % y2 — A —y)— 2ty — %), and the first-order conditions
are: (i) —Rx + 1)+ Are™ =0; (i) —y+ A —Xry = 0; (i) A; > 0, withA; =0ife™ < y;
@iv) Ap > 0, with Ao =0if y < 2/3. From (i), A; = 2x + 1)e* > 3/2, because of (a), implying that
y = e . From (ii), A, = Ay —y > 3/2—-2/3 > 0, so y = 2/3 because of (iv). This gives the
solution candidate (x*, y*) = (In(3/2), 2/3), with A; = 3[In(3/2) + 1/2] and A, = 31In(3/2) + 5/6.
The Lagrangian is easily seen to be concave as a function of (x, y) when A1 > 0, so this is indeed the
solution.

Alternative argument: Suppose A; = 0. Then from (ii), y = —Ap < 0, contradicting y > e™*.
So A1 > 0, and (iii) gives y = e~ *. Suppose A, = 0. Then from (ii), Ay = y = e * and (i) gives
e > = 2x + 1. Define g(x) = 2x + 1 — ¢>*. Then g(0) = 0 and g’(x) = 2 +2¢~2* > 0. So the
equation e~>* = 2x + 1 has no solution except x = 0. Thus A, > 0, etc.

14.10

2.

The Lagrangian without Lagrange multipliers for the nonnegativity constraints is

L =xe?™ —2ey — A(y — 1 — x/2), so the first-order conditions (14.10.3) and (14.10.4) are

(i) L, =™ —xed™ + %)L <0(=0ifx >0); (i) L, =xe’™* —2e -1 <0 (=0ify > 0); and
(i) A > O with A = 0if y < 1 + Ix.

If x = 0, then (i) implies e¢” + %)» < 0, which is impossible, so x > 0. Then from (i) we get
(v) xe?™ = e’ 4 %)».

Suppose first that A > 0. Then (iii) and y < 1 +x/2 imply (v) y = 1 + %x. Thus y > 0 and from
(i1) we have xe?™™ = 2e¢ + A. Using (iv) and (v), we get A = 2¢7™ — 4e = Ze(e_%x — 2). But then
A > 0 implies that e_%x > 2, which contradicts x > 0.

This leaves A = 0 as the only possibility. Then (iv) gives x = 1. If y > 0, then (ii) yields ¢’ ~! = 2e,
and so y — 1 = In(2e) = In2 + 1. With x = 1 this contradicts the constraint y < 1 + %x. Hence y =0,
so we see that (x, y) = (1, 0) is the only point satisfying all the first-order conditions, with A = 0.

(The extreme value theorem cannot be applied because the feasible set, i.e. the set of all points
satisfying the constraints, is unbounded—it includes points (x, 0) for arbitrarily large x. However, you
were told to assume that the problem has a solution.)

The Lagrangian is £ = x; + 3xp — xl2 — x% — k2 — A(x1 — k) — u(x2 — k). A feasible triple (x], x5, k%)
solves the problem if and only if there exist numbers A and 1 such that (i) 1 —2x{ —A < 0 (= 0if x] > 0);
(i)3—2x; —pu <0(=0if x5 > 0); (i) 2k*+A1+pu <0(=0ifk* > 0); (v)A >0withAi =0
ifx{ <k*; (v)u=>0withu =0 if xJ < k™.

If k* = 0, then feasibility requires x]' = 0 and x; = 0, and so (i) and (ii) imply that A > 1 and
w > 3, which contradicts (iii). Thus, k* > 0. Next, if © = 0, then (ii) and (iii) imply that x5 > 3/2
and A = 2k* > 0. So x| = k* = 1/4, contradicting x; < k*. So u > 0, which implies that x; = k*.
Now, if x]' = 0 < k¥, then A = 0, which contradicts (i). So 0 < x| = %(1 — A). Next, if A > 0, then
xp=k*=x3=50-2) =353—p = 50+ ) by (i), (i), and (iii) respectively. But the last two
equalities are only satisfied when A = —1/3 and u = 5/3, which contradicts A > 0. So A = 0 after all,
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withx; =k* >0, u > 0,x] = %(1 —A) = % Now, from (iii) it follows that u = 2k* and so, from (ii),
that 3 = 2x3 + u = 4k*. The only possible solution is, therefore, (x], x3, k*) = (1/2, 3/4, 3/4), with
A=0and n =3/2.

Finally, with A = O and u = % the Lagrangian x| + 3xp — x12 — x% — k% - %(xz — k) is a quadratic
function of (x1, x2, k), which has a maximum at the stationary point (x}, x5, k*). As stated at the end of
the recipe in Section 14.9, this is sufficient for the same (x}, x5, k*) to solve the problem.

Review Problems for Chapter 14

3. (a) If sales x of the first commodity are increased, the increase in net profit per unit increase in x is the
sum of three terms: (i) p(x*), which is the gain in revenue due to the extra output; (ii) — p’(x*)x*, which
is the loss in revenue from selling x* units due to the reduced price; (iii) —C} (x*, y*), which is minus the
marginal cost of the additional output. In fact p(x*) 4+ p/(x*)x* is the derivative of the revenue function
R(x) = p(x)x at x = x™*, usually called the marginal revenue. The first necessary condition therefore
states that the marginal revenue from increasing x must equal the (partial) marginal cost.

The argument when considering any variation in the sales y of the second commodity is just the same.
(b) With the restriction x + y < m, we have to add the condition A > 0, with A = 0if x + y < m.

Figure SM14.R.5

5. (a) With £ = x2 + y2 —2x+1-— A(%xz + y2 — b), the first-order conditions are:

() L) =2x—2—Iax=0; (i) Ly, =2y —2ry =0; (iii) 2% + y> = b.

From (ii), (1 = A)y =0,and thus A = 1 or y = 0.

(D) Suppose firstthat . = 1. Then (i) gives x = ‘3—‘, and from (iii) we have y2 = b—ix2 = b—g, which gives
y = +,/b — 5. This gives two candidates: (x1, y;) = (4/3,,/b— 3) and (x2, y2) = (4/3, — /b — 3).
D) If y = 0, then from (iii), x2 = 4b,ie. x = £2+/b. This gives two further candidates: (x3, y3) =
(2+/D, 0) and (x4, Vq) = (—2+/b, 0). The objective function evaluated at the candidates are: f(xq, y;) =
f(xa,y2) =b—1/3, f(x3,y3) = @QVb—1)? = 4b—4/b+1, f (x4, ya) = (—2v/b—1)? = 4b+4/b+1
Clearly, (x4, y4) is the maximum point. To decide which of the points (x3, y3), (x1, ¥1), or (x2, y2) give
the minimum, we have to decide which of the two values 4b — 4b + 1 and b — % is smaller. The

difference is 4b — 4v/b+ 1 — (b — 1) = 3(b — %«/E—I— g) =3(Vb — %)2 > O since b > g. Thus the
minimum occurs at (xi, y;) and (x2, y2).
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The constraint x2/4+y? = b describes the ellipse indicated in Fig. SM14.R.5. The objective function
flx,y)=(x-— 12+ y2 is the square of the distance between (x, y) and the point (1, 0). The level curves
for f are therefore circles centred at (1, 0), and in the figure we see those two that pass through the
maximum and minimum points.

. (@) With £ = x> —2x + 1+ y> =2y — A[(x + y)/x + y + b — 2./a], the first-order conditions are:

() LY=2x—2—AJx+y+b+(x+y)/2Jx+y+b]=0,
() L5=2y —2—AVx+y+b+x+y)/2Jx+y+b]=0.

From these equations it follows immediately that 2x — 2 = 2y — 2, so x = y. The constraint gives
2x+/2x + b = 2,/a. Cancelling 2 and then squaring each side. one obtains the second equation in ().
(b) Differentiating yields: (i) dx = dy; (ii) 6x>dx + x> db + 2bx dx = da. From these equations we
easily read off the first-order partials of x and y w.r.t. a and b. Further,

%x 9 (ox) 0 1 12x+2b dx  12x+2b 6x +b
a2 %(%) T 0a6x2+2bx  (6x242bx)2da  (6x2+2bx)3  4x3(3x + b)3
With £ = 10 — (x — 2)% — (y — D — A(x2 + y2 — a), the Kuhn-Tucker conditions are:
(i) L, = —2(x —2) —2xx = 0; (ii) £’y = 2y —1)—=2xy = 0; (iii)) A > 0, with A = 0 if
x? + y? < a. Since the Lagrangian is concave when A > 0, these conditions are sufficient for a max-
imum. One case occurs when A = 0, implying that (x, y) = (2, 1). This is valid when a > x2 + y2 =5.
The other case is when A > 0. Then (i) implies that x = 2/(1 + 1) and (ii) implies that y = 1/(1 + A).
Because (iii) implies that x> 4+ y*> = a, we have 5/(1 +1)?> = a and so A = /5/a — 1, which is positive
when a < 5. The solution then is (x, y) = (24/a/5, /a/5).

. (a) See main text. (b) The numbers (i)—(vi) in the following refer to the answer to (a) in the main text.

From (ii) and (vi) we see that A; = 0 is impossible. Thus A; > 0, and from (iii) and (v), we see that
(vii) (x*)* +r(y*)* = m.

(I): Assume Ay = 0. Then from (i) and (ii), y* = 21 ;x* and x* = 2Ary*, so x* = 4)»%rx*. But (vi)
implies that x* # 0. Hence A3 = 1/4r and thus A; = 1/24/r. Then y* = x*//r, which inserted into
(vii) and solved for x* yields x* = /m/2 and then y* = /m/2r. Note that x* > 1 <= /m/2 >
1 <= m > 2. Thus, for m > 2, a solution candidate is x* = /m/2 and y* = /m/2r, with
)»1 = 1/2\/7 and )\,2 =0.

(I1): Assume A> > 0. Then x* = 1 and from (vii) we have r(y*)> = m — 1. By (ii), one has y* > 0,
so y* = /(m — 1)/r. Inserting these values into (i) and (ii), then solving for A; and A,, one obtains
A1 = 1/24/r(m — 1) and furthermore, A, = (2 —m)/+/r(m — 1). Note that 1, > 0 <= 1 <m < 2.
Thus, for 1 < m < 2, the only solution candidateis x* = 1, y* = /(m — 1)/r,withA; = 1/2/r(m — 1)
and Ay = 2 —m)/s/r(m —1).

The objective function is continuous and the constraint set is obviously closed and bounded, so by the
extreme value theorem there has to be a maximum. The solution candidates we have found are therefore
optimal. (Alternatively, L, = —2A; <0, £}, = —2ri; <0, and A = L, L), — (06’1’2)2 = 4r)»% — 1.
Inthecasem > 2, A =0,andinthecase 1 <m <2, A =1/(m — 1) > 0. Thus in both cases, L(x, y)
1s concave.)

(c) Form > 2, V(r,m) = m/2/r,so V|, = 1/2/r = &1, and V] = —m/4«/r_3, whereas £ =
—M (9 = —(1/2/F)m/2r = —m /473

Forl <m <2,V(r,m) =/ (m —1)/r,soV) = 1/2/r(m — 1) = Aj,and V/ = —(1/2)y/(m — 1)/r3,
whereas £/ = —A1(y*)? = —[1/2/r(m — D](m — 1)/r = —(1/2)/(m — 1)/r3.
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Chapter 15 Matrix and Vector Algebra

15.1
0.712y — ¢c=-95.05
. . 0.158x —s5+0.158c = 34.30
6. The equation system is: .
X — y—s+ c= 0
X = 93.53

Solve the first equation for y as a function of c. Insert this expression for y and x = 93.53 into the third
equation. Solve it to get s as a function of c. Insert the results into the second equation and solve for c,
and then solve for y and s in turn. The answer is given in the main text.

15.3

6. (a) We know that A is an m x n matrix. Let B be a p x ¢ matrix. The matrix product AB is defined if
and only if n = p, and BA is defined if and only if ¢ = m. So for both AB and BA to be defined, it is
necessary and sufficient that B is an n x m matrix.

(b) We know from part (a) that B must be a 2 x 2 matrix. So let B = <x Y ) Then BA =
z w

(x y)(l 2>:(x+2y 2x+3y>.AB:(l 2>(x y):(x+2z y+2w>
7w 2 3 7+2w 2z+3w )’ 2 3 7w 2x +3z 2y+3w)’
Hence, BA = AB if and only if (i) x +2y = x + 2z, (ii)) 2x + 3y = y + 2w, (iii) z + 2w = 2x + 3z, and
(iv) 2z + 3w = 2y + 3w. Equations (i) and (iv) are both true if and only if y = z; then equations (ii)

and (iii) are also both true if and only if, in addition, x = w — y. To summarize, all four equations hold
if and only if y = z and x = w — y. Hence, the matrices B that commute with A are precisely those of

the form
w—y y 10 -1 1
B: =
( y w) w<0 1>+y( 10

where y and w can be any real numbers.

15.4
a d e X ax +dy + ez
2. We start by performing the multiplication | d b f y|=|dx+by+ fz |. Next,
e [ ¢ z ex + fy+cz
ax +dy + ez
(x, v, 2) | dx +by + fz | = (ax® + by> + cz*> + 2dxy + 2exz + 2 fyz), which is a 1 x 1 matrix.
ex + fy+cz

2
8. () Direct verification yields (i) A2 = (¢ + d)A — (ad — be)l, = (“ +be ab+b d)

ac+cd be+d?
(b) For the matrix A in (a), A2 = 0 ifa +d = 0 and ad = bc, so one example with A2 =0 #Ais

=( )

(c) By part (a), A®> = (a + d)A? — (ad — bc)A. So A3 = 0 implies that (a + d)A? = (ad — bc)A and
then, multiplying each side by A once more, that (a + d)A> = (ad — bc)A?. If A3 = 0, therefore, one
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has two cases: (i) A> = 0; (ii) ad — bc = 0. But in the second case, one has (a + d)A? = 0, which gives
rise to two subcases: (a) A% = 0; (b) ad — bc = 0 and (a + d) = 0. Now, even in case (ii)(b), the result
of part (a) implies that A> = 0, which is therefore true in every case.

15.5

6. In general, for any natural number n > 3, one has ((AjAz---A,_1DA,) = A (AjAr---A,_y) .
As the induction hypothesis, suppose the result is true for n — 1. Then the last expression becomes

AJA -+, ASA, so the result is true for n.

8. (a) TS = S is shown in the text. A similar argument shows that T? = %T + %S. To prove the last equality,
we do not have to consider the individual elements. Instead, we premultiply the last equation by T and
then use TS = S to obtain T> = TT? = TGT + 1S) = 3T> + 1TS = (3T + 35) + 35S = ;T + 3S.
(b) We prove by induction that the appropriate formula is () T" = 2! ="T + (1 —2'=")S. This formula is
correct for n = 1 (and, by part (a), also for n = 2, 3). Suppose (x) is true for n = k. Then premultiplying
by T and using the two first equalities in (a), one obtains T = TTK = TR T 4+ (1 — 21758) =
2R (1219 TS = 21K (A T+18)+(1-21"H)S = 27 T+274§+8—-2.27%§ = 27 ¥ T+ (1-275)8,
which is formula (%) forn = k + 1.

15.6

3. By using the following elementary operations successively: (i) subtract the third equation from the first;
(ii) subtract the new first equation from the two others; (iii) interchange the second and the third equation;

(iv) multiply the second equation by —3 and add it to the third equation, we find that
w o ox Yy Z

2 1 4 3 1 1 02 2 1 —c?
1 3 2 —1 3¢|~]0 1 0 —1 2¢% — 1
1 1 2 1 2 0 00 0 —=52+43c+2

We can tell from the last matrix that the system has solutions if and only if —5¢? + 3¢ + 2 = 0, that is,
if and only if ¢ = 1 or ¢ = —2/5. For these particular values of ¢ we get the solutions in the text. (The
final answer can take many equivalent forms depending on how you arrange the elementary operations.)

4. (a) After moving the first row down to row number three, then applying elementary row operations, we
obtain the successive augmented matrices

1 2 1 b 1 2 1 by 1 2 1 by
34 7 by|l~|0 -2 4 b3-3b]|~|0 1 —2 3b,— 1b3
a 1l a+1 b 0O 1—2a 1 by —ab; 0 1—-2a 1 by —ab;

1 2 1 by
~lo0 1 =2 3by — 1bs
0 0 3—4a b1+ Q2a— b+ (3 —a)bs

Obviously, there is a unique solution if and only if a # 3/4.

(b) Puta = 3/4 in part (a). Then the last row in the matrix in (a) becomes (0, 0, 0, by — }‘bg). It follows
thatif by # ;11b3 there is no solution. If b; = %b3 there is an infinite set of solutions. For an arbitrary real
t, there is a unique solution with z = ¢. Then the second equation gives y = %bz — %b3 + 2¢, and finally
the first equation gives x = —2b, + b3 — 5¢.
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15.8
2. (a) See the text. (b) According to the point—point formula, the line L through (3, 1) and (—1, 2) has the
equation x, = —%Xl + % or x1 + 4x, = 7. The line segment S is traced out by having x; run through

[3, —1] as x; runs through [1, 2]. Now, Aa + (1 — A)b = (—1 + 4A,2 — A). Any point (x, x2) on L
satisfies x; +4x, = 7 and equals (—1 +41,2 — A) for A = %(xl + 1) = 2 — x». So there is a one-to-one
correspondence between points: (i) that lie on the line segment joining a = (3,1) and b = (-1, 2);
(i) whose coordinates can be written as (—1 4+ 4A, 2 — A) for some X in [0, 1].

15.9

3. First, note that (5,2,1)—(1,0,2) = 4,2, —1)and (2, —1,4)— (1,0, 2) = (1, —1, 2) are two vectors in
the plane. The normal (p;, p2, p3) to the plane must be orthogonal to both these vectors, so (4, 2, —1) -
(p1. p2, p3) =4p1+2pr — p3 =0and (1, =1, 2) - (p1, p2, p3) = p1 — p2+2p3 = 0. One solution of
these two equations is (p1, p2, p3) = (1, —3, —2). Then using formula (4) with (a;, az, az) = (2, —1, 4)
yields (1, =3, =2) - (x; —2,x0 + 1, x3 —4) =0, 0or x; — 3xp — 2x3 = —3.

A more pedestrian approach is to assume that the equation is ax + by + ¢z = d and require the three
points to satisfy the equation: a +2c¢ = d, 5a +2b +c =d,2a — b + 4c = d. Solve for a, b, and c in
terms of d, insert the results into the equation ax + by + cz = d and cancel d.

Review Problems for Chapter 15

22—12:|1—310 -2 -3 1 -3 10
8. |1 -3 1 0 ~

2 02 -1 2| <d ~lo0 8 =3 2]1/8
4 —1 1 3 4 —1 1 0 13 —4 1

3
1 =3 1 0 1 -3 1 0

~(0 1 —3/8 1/4 -13~(0 1 —-3/8 1/4
0 13 —4 1 ) 0 0 7/8 —9/4) 8/7
1 -3 1 0 1 0 —-1/8 3/4

~(0 1 —3/8 1/4 3~10 1 =3/8 1/4 | «—
0 o0 1 —18/7 0 0 1 —18/7 3/8 1/8
1 0 3/7

~ (0 0 —5/7 |. Thesolutionis x; =3/7,x, = —=5/7,x3 = —18/7.
0 1 —18/7

W =

(C)< 4 O) —SN(I 3 4 0)
1 0) 0 —14 —19 0) —1/14
~<1 3 4 O) “ ~<1 0 —1/14 0)
0 1 19/14 0 -3 0 1 19/14 O
The solution is x| = (1/14)x3, xo = —(19/14)x3, where x3 is arbitrary. (One degree of freedom.)

11. (a) See main text. (b) In (a) we saw that a can be produced even without throwing away outputs. For b
to be possible if we are allowed to throw away output, there must exist a A in [0, 1] such that 61 +2 > 7,
—2A 4+ 6 > 5, and —6A 4 10 > 5. These inequalities reduce to A > 5/6, . < 1/2, . < 5/6, which are
incompatible.

(c) Revenue = R(A) = p1x1 + paxa+ p3x3 = (6p; —2pr —6p3)A+2p1 + 6py + 10ps. If the constant
slope 6p; —2p> — 6p3is > 0, then R(}) is maximized at A = 1;if 6p; — 2pr — 6p3 is < 0, then R())
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is maximized at A = 0. Only in the special case where 6p; — 2p, — 6p3 = 0 can the two plants both
remain in use.

If PQ — QP = P, then PQ = QP + P, and so P’Q = P(PQ) = P(QP +P) = (PQ)P + P? =
(QP+P)P+P? = QP2 +2P2. Thus, P2Q—QP? = 2P2. Moreover, P’Q = P(P2Q) = P(QP?+2P?) =
(PQ)P? 4 2P3 = (QP + P)P? + 2P% = QP? + 3P° Hence, P?Q — QP? = 3P>.

To prove the result for general k, suppose as the induction hypothesis that P"Q — QP" = nP"
for n = k. Then, for n = k + 1, one has P"Q = P(P¥Q) = P(QP* + kP¥) = (PQ)P¥ + kPtt+! =
(QP + P)P* + kP*! = QP! + (k 4+ 1)P¥*!| so the induction hypothesis is also true for n = k + 1.

Chapter 16 Determinants and Inverse Matrices

16.1

9.

(a) See answer in main text. (b) The suggested substitutions produce the two equations
Vi=ali+ A +mYs—miY; Yr=cYr+ Ar+miY1 —m)s

or
(I—ci—m)Y1 —mYo=A;;, —mY1+ (1 —c—my)Yr=A,

which can be rewritten in the matrix form

1—01—H11 —my Y] _ A]
—my 1—cy—my ) \ A

For these to soluble, we need to assume that D = (1 — ¢y — m)(1 — cp — mp) — mymy # 0. When
D # 0, the answers in the text can be derived using Cramer’s rule.
(c) Y> depends linearly on A;. Economists usually assume that D given in part (b) is positive, as it will
be provided that the parameters c1, ¢p, my, my are all sufficiently small. Then increasing A; by one unit
changes Y, by the factor m;/D > 0, so Y, increases when A; increases.

Here is an economic explanation: An increase in A increases nation 1’s income, Y. This in turn
increases nation 1’s imports, M. However, nation 1°s imports are nation 2’s exports, so this causes nation
2’s income, Y>, to increase, and so on.

16.2
1 -1 0
1. (a) Sarrus’s rule yields: | 1 3 2/=0—-240-0—-0-—-0=-2.
1 0 0
1 -1 0
(b) By Sarrus’s rule, | 1 3 2|=3-2-0-0—-4—-(—-1)=-2.
1 2 1

(c) Because ap; = az; = azx = 0, the only non-zero term in the expansion (3) is the product of the
terms on the main diagonal. The determinant is therefore ad f. Alternatively, Sarrus’s rule gives the same
answer.

(d) By Sarrus’s rule, =aed+0+0—bec—0—0=e(ad — bc).

o O Q
S O
QUL O
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1 -1 1
3. (a) The determinant of the coefficient matrix is |A| = 1 1 -1
-1 -1 -1
The numerators in (16.2.4) are (verify!)
2 -1 1 1 2 1 1
0 1 —1|=-4, 1 0 —1|=-8, 1
-6 -1 -1 -1 -6 -1 —1

65

— 4.
1 2
1 0|=-12
1 -6

Hence, (4) yields the solution x; = 1, x = 2, and x3 = 3. Inserting this into the original system of

equations confirms that this is a correct answer.

(b) The determinant of the coefficient matrix is equal to —2, and the numerators in (16.2.4) are all 0, so the

unique solution is x; = x» = x3 = 0.

(c). Follow the pattern in (a) to get the answer in the main text.

8. (a) Substituting T = d + tY into the expression for C gives C = a — bd + b(1 — t)Y. Substituting for
C in the expression for Y then yields Y =a + b(Y —d —tY) 4+ Ag. Then solve for Y, T, and C in turn

to derive the answers given in (b) below.

1
—b

-1 0
1 b|=1+bt—0b,
—t 0 1

a—bd + Aob(1 —1)

1 -1 0 Y Ag
(b) We write the system as | —b 1 b Cl=| a |.WithD =
—t 0 1 T d
Cramer’s rule yields
Ag —1 0 1 Ap O
a 1 b —-b a b
Y — d 0 1] a—-bd+ A -t d 1
D 1—b(1—1)’ D
1 —1 Ap
—b 1 a
T _ —t 0 d | tla+Ay)+(1—->byd
D 1—b(—1)

1—b(1—1)

(This problem is meant to train you in using Cramer’s rule. It is also a warning against its overuse, since

solving the equations by systematic elimination is much more efficient.)

16.3

1. Each of the three determinants is a sum of 4! = 24 terms. In (a) there is only one nonzero term. In fact,

according to (16.3.4), the value of the determinant is 24. (b) Only two

terms in the sum are nonzero:

the product of the elements on the main diagonal, whichis 1 -1 -1 - d, with a plus sign; and the term

> o~ o

o [~leo o
& o o]

1

0

0
[a]
Since there are 5 rising lines between the pairs, the sign of the product 1 -

value of the determinant is d — a. (c) 4 terms are nonzero. See the text.
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16.4
14. The description in the answer in the text amounts to the following steps:
a+b a eoal e e na+b na+b --- na+b
a a + b ceea 1 e a a + b ‘e a
D, = . . ) . = . . . .
a a ceea 1 a a -~ a+b
1 1 1 11 1
a a+b --- a b 0
= (na + b) . . . = (na +b) : .
a a N b 0 O b

According to (16.3.4), the last determinant is b"~!. Thus D, = (na + b)b" .

16.5

1. (a) See the text. (b) One possibility is to expand by the second row or the third column (because they
both have two zero entries). But it is easier first to use elementary operations to get a row or a column
with at most one non-zero element. For example:

1 2 3 4] -2 2 |1 2 3 4
0 -1 0 11 (J 0 -1 0 11
2 -1 0 3 10 =5 -6 -5
-2 0 -1 3| «— 0 4 5 11
-1 0 11] -5 4 |-1 0 11
=|-5 —6 —5|<« = 0 -6 —60 =—1'_§ _§2‘=—(—330+300>=30
4 5 11| «—- 0 5 55

(c) See text for the simple answer.
When computing determinants one can use elementary column as well as row operations, but column

operations become meaningless when solving linear equation systems using Gaussian elimination.

16.6

8. B°4+B = < _?ﬁ _;2) + < _11//5 _15/2> = ((1) (1)> = I. One can either verify by direct matrix
multiplication that B> — 2B + I = 0, or somewhat more easily, use the relation B> + B = I to argue
thatB>=I—BandsoB> —2B+I1=BI-B)—-2B+1=B—-B>-2B+1=-B>-B+1=0.
Furthermore B> + B =1 implies that B(B + I) = I. It follows from (16.6.4) that B'=B+1

16.7

. 5 =3 . .
1. (a) |A| = 10 — 12 = —2, and the adjoint is Ci Co = , so the inverse is
Cp Cx» —4 2

L a5 3\ _ (=512 3
a3 )= )
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(b) The adjoint of B is
Cii Cy Cy 1 4 2
aij = C12 C22 C32 = 2 -1 4
Ciz Cy3 Cs; 4 -2 -1
and [B| = b11C11 + 621Ca21 +b31C31 =1-1+2-440-2 =9 by expansion along the first column.
Hence,
1 4 2
B'={@iB) =42 -1 4
4 -2 -1

(c) Since the second column of C equals —2 times its third column, the determinant of C is zero, so there
1S no inverse.
0.72 0.64 0.40
3. The determinant of I — A is |[I — A| = 0.496, and the adjoint is adj(I — A) = | 0.08 0.76 0.32

0.16 0.28 0.64
1.45161 1.29032 0.80645

1
Hence (I — A)_1 = 0496 adjid — A) ~ | 0.16129 1.53226 0.64516 |, rounded to five decimal
) 0.32258 0.56452 1.29032

0.72 0.64 0.40

1000 125
places. If you want an exact answer, note that 96— @ andadjd—A) =1 0.08 0.76 0.32 | =
0.16 0.28 0.64
| 18 16 10 18 16 10
— | 2 19 8| . Thisgivesd—A)'==1]2 19 8
25 4 7 16 62 4 7 16
4. Let B denote the n x p matrix whose kth column has the elements b1y, bog, . .., byx. The p systems of

n equations in n unknowns can be expressed as AX = B, where A isn x n and X is n x p. Following
the method illustrated in Example 2, exactly the same row operations that transform the n x 2n matrix
(A : D) into I : A~") will also transform the n x (n + p) matrix (A : B) into (I : B*), where
B* is the matrix with elements b,*] (In fact, because these row operations are together equivalent to
premultiplication by A~!, it must be true that B* = A~!'B.) When k = r, the solution to the system is

x|y =bj,,x2=05,,...,x, =b,.
1 2:10\ =3 (1 2: 10 121 0
> @) (3401><—l (0 2 -3 1)—%N<01§—%)<_|—2
N<10—2 1)
o1 3 -1
1 231100 —2 -3 1 2 31 100
(b) 245010)<—l ~1o0 0—1—2102
356001 0 -1 =3 =3 0 1
1 2 3¢ 100 123511 0 0\«
~fo0 -1 -3 3 01} -1 ~|l0 13 :3 0 -1 -2
0 0 -1 ! -2 1 0/) -1 001 :!2 -1 0
10 31 -5 0 2 100! 1 =3 2
~fo1 3 3 0 —1 ] ~lo 10 -3 3 -1
00 1! 2 -1 0) =33 001! 2 -1 0

(c) We see that the third row equals the first row multiplied by —3, so the matrix has no inverse.
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16.8
1 2 -1
1. (a) The determinant |A| of the coefficient matrix is [A| = | 2 —1 1|=19.
1 -1 -3
The determinants in (16.8.2) are
-5 2 -1 1 -5 -1 1 2 =5
6 —1 1|=19, 2 6 1|=-38, 2 -1 6| =38
-3 -1 -3 1 -3 -3 1 -1 -3

According to (16.8.4) the solutionis x = 19/19 =1, y = —38/19 = —2, and z = 38/19 = 2. Inserting
this into the original system of equations confirms that this is the correct answer.

1 1T 0 O
. . .. 10 10 .
(b) The determinant |A| of the coefficient matrix is 01 1 1 . Subtracting the fourth column from
01 0 1
the second leaves only one non-zero element in the second column, and so reduces the determinant to
1 1 0
—10 1 1|=—1.We ask you to check that the other determinants in (16.8.2) are
0 0 1
31 00 1 3 00 1 1 3 0 1 1 0 2
2 01 0 1 2 1 0 1 0 2 0 1 01 3
6 11 1|7 o6 1 117 % Jo1e6 1|7 o1 1677
1 1 0 1 01 0 1 0O 1 1 1 01 0 1

According to (16.8.4) the solutionis x = —3, y = 6,z = 5, and u = —5. Inserting this into the original
system of equations confirms that this is the correct answer. (Of course, there is a much quicker way
to solve these four equations. Subtracting the fourth from the third yields z = 5 immediately. Then the
second equation gives x = —3; the first gives y = 6; and the last gives u = —5.)

3. According to Theorem 16.8.2, the system has nontrivial solutions if and only if the determinant of the
coefficient equal to 0. Expansion along the first row gives

b a
c b

b c

c a

c a

—b
a b

=d

o &
ISR SNIAN

S 0

=a(bc — az) — b(b2 —ac) + c(ab — cz) =3abc —a’ — b* — .
Thus the system has nontrivial solutions if and only if 3abc — a’ — b*> — 3 = 0.

Review Problems for Chapter 16

qg —1 q-—-2
1 - —1
5. Expanding along column 3 gives |A| = |1 —p 2—p|=(q—2) Pl_ 2-p) 7 =
) 1 0 2 -1 2 —1

(g—2)(-1+2p)— 22— p)(—qg+2) = (g —2)(p+ 1), but there are many other ways.
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g+1 0 g-1

a+El=| 2 1-p 3-p|=a-p|?T! T =20- 06 -2
3 0 1
For the rest, see the answer in the text.
8. (a) This becomes easy after noting that
I 1 ... 1 11 ... 1 n n ... n
5 11 ... 1 I 1 ... 1 n n ... n
uv=1. . . . o = . . | =nU
11 ... 1 1 1 1 n n n
(b) The trick is to note that
4 3 3 1 0 0 3 3 3
A=13 4 3|=10 1 0|+{3 3 3]|=1+3U
3 3 4 0 0 1 3 3 3

From (a), Is +3U)(I3 +bU) =13+ 3+ b+ 3 -3bU) =I5 + (3 + 106)U. This can be made equal to
I5 by choosing b = —3/10. It follows that

IO 73 3
—1 —1 3 3 3 1
001 ic i 10 -3 =3

10. (a) Gaussian elimination with the indicated elementary row operations yields

a 1 4 2 1 0 -3 a -2 —a
2 1 a* 2 ]~12 1 a? 2|
1 0 =3 a a 1 4 2
1 0 -3 a
~10 1 a>+6 —2a+2 —1
0 1 3a+4 —a?+2) !
1 0 -3 a
~10 1 a’+6 —2a+2
0 0 —a’+3a—2 —da’>+2a

It follows that the system has a unique solution if and only if —a? 4+ 3a — 2 # 0, i.e. if and only if a # 1
and a # 2.

If a = 2, the last row consists only of 0’s so there are infinitely many solutions, whereas if a = 1,
there are no solutions.
(b) If we perform the same elementary operations on the associated extended matrix as in (a), then the

by b3 b3
fourth column is transformed from | b, | firstto | b, |, thensecondto | b, — 2b3 |, and finally third
b3 b] bl — ab3
b3
to by — 2b3 . Thus, the final extended matrix is
by —by+ 2 —a)bs
1 0 -3 b3
0 1 a’+6 by — 2b3
0 0 —a’+3a—2 bi—by+Q—a)bs
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We see that there are infinitely many solutions if and only if all elements in the last row are 0, which is
true if and only if either (i)a = 1 and by — by + b3 = 0, or (ii) a = 2 and b = b,.

15. (a) See the text. (b) The trick is to note that the cofactor expansions of |A|, |B| and |C| along the rth
row take the respective forms 27: 1 ariCrj, Zj”: , by Cyj and Zj": \(arj + b,j)C,; for exactly the same
collection of cofactors C,; (j = 1,2, ..., n). Then, of course,

n n n
ICl = (@ +b:)Crj = arjCpj+ Y _ byiCrj = |Al + [B]
j=1 j=1 Jj=1

16. Itisabadidea to use “brute force” here. Note instead that rows 1 and 3 and rows 2 and 4 in the determinant
have “much in common”. So begin by subtracting row 3 from row 1, and row 4 from row 2. According
to Theorem 16.4.1(F), this does not change the value of the determinant. This gives, if we thereafter use
Theorem 16.4.1(C),

0 a—>b 0 b—a 01 0 -1 01 0 0
b—a 0 a—>b B > =1 0 1 B =1 0 1 0

X b X =(@—b) b x =(@—b) b x a+b

a X b X a x b X a x b 2x

The last equality is obtained by adding column 2 to column 4 in the middle determinant. If we expand
the last determinant by the row 1, we obtain successively

11 0
—@—b?| x x a+b|l=—(a—-b*-2x>+ba+b) —2x>+aa+b)]
a b 2x

= (a — b)*[4x* — (@ + b)*]1 = (@ — b)*[2x — (a + D)][2x + (a + b)]

The conclusion follows.

Chapter 17 Linear Programming

17.1

3. The set A corresponds to the shaded polygon in Fig. SM17.1. The following arguments explain the
answers given in the text.
(a) The solution is obviously at the uppermost point P in the polygon because it has the largest x;
coordinate among all points in A. Point P is where the two lines —2x; + x» = 2 and x; + 2x, = 8§
intersect, and the solution of these two equations is (x, xp) = (4/5, 18/5).
(b) The point in A with the largest x; coordinate is obviously Q = (8, 0).
(c) The line 3x; + 2x, = c for one typical value of c is the dashed line in Fig. SM17.1.3. As c increases,
the line moves out farther and farther to the north-east. The line that has the largest value of ¢, and still
has a point in common with A, is the one that passes through the point Q in the figure.
(d) The line 2x; — 2x, = ¢ (or xo = x; — ¢/2) makes a 45° angle with the x| axis, and intersects the x;
axis at ¢/2. As c decreases, the line moves up and to the left. The line in this family that has the smallest
value of ¢, and still has a point in common with A, is the one that passes through the point P in the figure.

© Knut Sydseter, Peter Hammond, and Arne Strgm 2012



CHAPTER 17 LINEAR PROGRAMMING 71

(e) The line 2x| 4+ 4x, = c is parallel to the line x; 4+ 2x, = 8 in the figure. As c increases, the line moves
out farther and farther to the north-east. The line with points in common with A that has the largest value
of ¢ is obviously the one that coincides with the line x; + 2x, = 8. So all points on the line segment
between P and Q are solutions.

(f) The line —3x; — 2x, = c is parallel to the dashed line in the figure, and intersects the x; axis at —c/3.
As ¢ decreases, the line moves out farther and farther to the north-east, so the solution is at Q = (8, 0).
(We could also argue like this: Minimizing —3x; — 2x; subject to (x1, x) € A is obviously equivalent
to maximizing 3x; + 2x, subject to (x1, xp) € A, so the solution is the same as the one in part (c).)

> X]

X1 +2x =8

Figure SM17.1.3

17.2

1. (a) See Fig. A17.1.1a in the text. When 3x; 4 2x; < 6 is replaced by 3x; 4+ 2x, < 7 in Problem 17.1.1,
the feasible set expands because the steeper line through P is moved out to the right. The new optimal
point is at the intersection of the lines 3x; + 2x, = 7 and x; 4+ 4x, = 4, and it follows that the solution is
(x1,x2) = (2, 1/2). The old maximum value of the objective function was 36/5. The new optimal value
is3-2+4- % = 8 = 40/5, and the difference in optimal value is u} = 4/5.

(b) When x; +4x; < 4isreplaced by x| +4x, < 5, the feasible set expands because the line x; +4x; = 4
is moved up. The new optimal point is at the intersection of the lines 3x; +2x; = 6 and x; +4x, = 5, and
it follows that the solution is (x1, x2) = (7/5,9/10). The old maximum value of the objective function
was 36/5. The new optimal value is 39/5, and the difference in optimal value is u3 = 3/5.

(c) See answer in the main text.

17.3

1. (a) From Fig. A17.3.1ain the text it is clear as ¢ increases, the dashed line moves out farther and farther to
the north-east. The line that has the largest value of ¢ and still has a point in common with the feasible set,
is the one that passes through the point P, which has coordinates (x, y) = (0, 3), where the associated
maximum valueis 2 -0+ 3 -7 = 21.
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(b) In Fig. A17.3.1b, as ¢ decreases, the dashed line moves farther and farther to the south-west. The
line that has the smallest value of ¢ and still has a point in common with the feasible set, is the one that
passes through the point P, which has coordinates (1, u;) = (0, 1). The associated minimum value is
20uy + 21uy = 21.

(c) Yes, because the maximum of the primal in (a) and the minimum of the dual in (b) both equal 21.

(a) See the text. (b) The problem is illustrated graphically in Fig. SM17.3.3, which makes clear the
answer given in the main text.

(c) Relaxing the first constraint to 2x; 4+ x, < 17 allows the solution to move out to the intersection of
the two lines 2x; + x, = 17 and x; + 2x, = 11. So the new solution is x; = 23/3, x, = 5/3, where the
profit is 3900.

Relaxing the second constraint to x; + 4x, < 17 makes no difference, because some capacity in
division 2 remained unused anyway at (7, 2).

Relaxing the third constraint to x; +2x, < 12, the solution is no longer where the lines 2x; +x, = 16
and x; + 2x, = 12 intersect, namely at (x1, xo) = (20/3, 8/3), because this would violate the second
constraint x; + 4x, < 16. Instead, as a carefully drawn graph shows, the solution occurs where the first
and second constraints both bind, at the intersection of the two lines 2x; + x, = 16 and x| + 4x, = 16,
namely at (x, xp) = (48/7, 16/7). The resulting profit is 27200/7 = 3885% < 3900. So it is division
1 that should have its capacity increased. Indeed, if the capacity of division 3 is increased by 1 hour per
day, some of that increase has to go to waste because of the limited capacities in divisions 1 and 2.

X1 +2x =11
7, x3) =(7.2)

x1 +4x, =16

» X1

Figure SM17.3.3

17.4

2. (a) The problem is similar to Problem 17.3.3. The linear program is set out in the main text. As a care-

fully drawn graph will show, the solution occurs at the intersection of the two lines 6x; + 3x, = 54 and
S5x1 + 5xp = 50, where (x1, x) = (8, 2). Note that the maximum profit is 300 - 8 + 200 - 2 = 2800.

(b) The dual problem is
6u + 4uy + Susz > 300

min (54u; + 48us + 50u3) subject to 3u1 + 6uy + Susz > 200

ui, up, u3 >0
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The optimal solution of the primal is x; = 8, x; = 2. Since the optimal solution of the primal has
both x| and xJ positive, the first two constraints in the dual are satisfied with equality at the optimal
triple (u7, u3, u3). But the second constraint of the primal problem is satisfied with inequality, because
4xy + 6x; = 44 < 48. Hence u; = 0, with 6u} + 5u3 = 300 and 3u} + 5u3 = 200. It follows that
uj = 100/3, u3 = 0, and u} = 20. Moreover, the optimum value 54u7 + 48u; + 50u’; = 2800 of the
dual equals the optimum value of the primal.

(c) See the text.

17.5

3. (a) See the text. (b) The dual is given in the text. It is illustrated graphically in Fig. SM17.5.3, where (1)
labels the first, (2) the second, and (3) the third constraint. The parallel dashed lines are level curves of
the objective 300x; 4+ 500x,. We see from the figure that optimum occurs at the point where the first and
the third constraint are satisfied with equality—i.e., where 10x} 4+ 20x3 = 10000 and 20x} + 20x; =
11000. The solution is x; = 100 and x; = 450. The maximum value of the objective function is
300 - 100 4 500 - 450 = 255 000.

1000

9%
800

7001 _
600 |
5005
400+
3004
200+

100 +

AN

: : : Sy 1 1 S > X
100 200 300 46({ 500~600 700 800 900 1000~_

Figure SM17.5.3

By complementary slackness, those constraints in the dual problem that correspond to variables which are
positive at the optimum of the primal must be satisfied with equality. Since the second constraint in the
primal in the optimum is satisfied with strict inequality, (20-100+10-450 < 8000), we have y; = 0. Hence
10yT + 20y5 = 300, 20y} + 20y3 = 500. It follows that the solution of the primal problem is y" = 20,
y; =0, y; = 5. The maximum value of the objective function is 10000 - 20 +8000 -0+ 11000 - 5 =
255 000.

(c) If the cost per hour in factory 1 increases by 100, this has no effect on the constraints in the primal,
but does increase the right-hand side of the first constraint of the dual by 100. An approximate answer
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of 100 - 20 = 2000 is the increase in cost that would result from choosing the same feasible point
7, ¥3,¥3) = (20,0,5) in the primal. This may over-estimate the increased minimum cost, however,
because it may be better to switch some production away from factory 1, now it has become more
expensive. To find the exact answer, we check whether any production is switched by considering the
dual linear program again. It is unchanged except that constraint (1) becomes 10x; + 20x, < 10100.
Looking again at Fig. SM17.5.3, the solution to the dual still occurs at the intersection of the lines (1) and
(3), even after (1) has been shifted out. In particular, therefore, the solution to the altered primal satisfies
exactly the same constraints (including nonnegativity constraints) with equality, and is therefore the same
point. So the earlier estimate of 2000 for the increased cost is indeed accurate.

Review Problems for Chapter 17

2. (a) Regard the given LP problem as the primal and denote it by (P). Its dual is shown in answer section and
is denoted by (D). If you draw the feasible set for (D) and a line —x; +x, = ¢, you see that as c increases,
the line moves to the northwest. The line with the largest value of ¢ which intersects the feasible set does
so at the point (0, 8), at the intersection of three lines —x; 4+ 2x, = 16, —2x; —x; = —8,and x; =0
that define three of the constraints, but the constraint x; > 0 is redundant.

(b) We see that when x; = 0 and x, = 8, the second and fourth constraints in (D) are satisfied with
strict inequality, so y» = y4 = 0 at the optimum of (P). Also, since x; = 8 > 0, the second constraint
in (P) must be satisfied with equality at the optimum — i.e., 2y; — y3 = 1. But then we see that the
objective function in (P) can be reduced from 16y, 46y, —8y3 — 15y to 16y; —8y3 = 8(2y; —y3) = 8.
We conclude that any (yi, y2, y3, y4) of the form (y1, y2, y3, y4) = (%(1 + b), 0, b, 0) must solve (P)
provided its components are nonnegative and the first constraint in (P) is satisfied. (The second constraint
we already know is satisfied with equality.) The first constraint reduces to —%(1 +b)—2b> —1,0r
b < 1. We conclude that (3(1 + b), 0, b, 0) is optimal provided 0 < b < 1.
(c) The objective function in (D) changes to kx| + x», but the constraints remain the same. The solution
(0, 8) found in part (a) also remains unchanged provided that the slope —k of the level curve x, = 8 —kx;
through the point (0, 8) remains positive and no less than the slope 1/2 of the line —x; +2x, = 16. Hence
1

k<-4

4. (a) If a = 0, it is a linear programming problem, whose answer appears in the main text.
(b) When a > 0 we follow the techniques in Section 14.10 and consider the Lagrangian

L = (500 — axy)x; +250x2 — A1(0.04x1 + 0.03x2 — 100) — 12(0.025x; + 0.05x, — 100)
— )\.3(0.05)61 — 100) — )»4(0.08)62 — 100)

Then the Kuhn—Tucker conditions (with nonnegativity constraints) are: there exist numbers Aq, A2, A3,
and A4, such that

dL/0x; = 500 — 2ax; — 0.04x; — 0.0251, — 0.0543 <0 (=0if x; > 0) 1)
0L/0xy =250 — 0.03%; — 0.054, — 0.0844 <0 (=0ifx2 > 0) (i1)

A1 >0, and A =0 if 0.04x; 4+ 0.03x, < 100 (iii)

A2 >0, and Xy =0 if 0.025x; 4+ 0.05x, < 100 (iv)

A3 >0, and A3 =0 if 0.05x; < 100 (v)

A >0, and A4 =0 if 0.08x, < 100 (vi)
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(c) The Kuhn—Tucker conditions are sufficient for optimality since the Lagrangian is easily seen to be
concave in (x1, xp) for a > 0. To find when (x1, x) = (2000, 2000/3) remains optimal, we must find
Lagrange multipliers such that all the Kuhn—Tucker conditions are still satisfied. Note that (i) and (ii)
must still be satisfied with equality. Moreover, the inequalities in (iv) and (vi) are strict, so A, = A4 = 0.
Then (ii) gives A; = 25000/3. It remains to check for which values of a one can satisfy (i) for a A3 that
also satisfies (v). From (i), 0.05A3 = 500 — 4000a — 0.04(25000/3) = 500/3 — 4000a > O if and only
ifa <1/24.

5. (a) See the answer in the main text. (b) The admissible set is shown as the shaded infinite polygon in
Fig. SM17.R.5. Lines I, I1, and III show where the respective constraints are satisfied with equality. The
dotted lines are level curves for the objective function 100y; + 100y,. We see that the objective function
has its smallest value at P, the intersection of the two lines I and II. The coordinates (yj, y;) for P are
given by the two equations 3y} 4+ 2y; = 6 and yj 4+ 2y; = 3. Thus P = (¥}, y5) = (3/2,3/4). The
optimal value of the objective function is 100(y} + y3) = 225.

(c) Since the dual has a solution, the duality theorem tells us that (a) also has an optimal solution, which
we denote by (x}, x3, x3). Since the third constraint in the dual is satisfied with inequality, we must have
x3 = 0. Moreover, both constraints in the primal must be satisfied with equality at the optimum because
both dual variables are positive in optimum. Hence 3x} 4+ x5 = 100 and 2x} 4 2x; = 100, which gives
x{ = x3 = 25. The maximal profit is 6x] + 3x; + 4x7 = 225, equal to the value of the primal, as
expected.

(d) To a first-order approximation, profit increases by y; Ab; = 1.5, so the new maximal profit is 226.5.
For this approximation to be exact, the optimal point in the dual must not change when b, is increased
from 100 to 101. This is obviously true, as one sees from Fig. SM17.R.5.

(e) The maximum value in the primal is equal to the minimum value in the dual. Given the same approxi-
mation as in part (d), this equals by y] 4 b>y3, which is obviously homogeneous of degree 1 in by and b,.
More generally, let F (b1, by) denote the minimum value of the dual set out in part (b). Given any o > 0,
note that minimizing aby; + abyy, over the constraint set of the dual gives the same solution (y}, y5)
as minimizing by + by y, over the same constraint set. Hence F (ab;, aby) = a F(by, by) forall o > 0,
so F is homogeneous of degree 1.

y2
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Figure SM17.R.5
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