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De /: A series in which the terms are alternately positive and negative is an alternating series.

Here are three examples:
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We see from these examples that the nth term of an alternating series is of the form
ay — (_1).’14—]”” or ay — (_])nun
where u, = |a,|is a positive number.
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We prove the convergence of the alternating harmonic series by applying the Alternating
Series Test. The Test 1s for convergence of an alternating series and cannot be used to con-

clude that such a series diverges. @Mﬂ ;)/«/19_(/,\;; w2 (AST) ~ et

THEOREM 14—The Alternating Series Test (Leibniz's Test)  The series
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converges if all three of the following conditions are satisfied:

1. The u,’s are all positive.

2. The positive u,’s are (eventually) nonincreasing: u, = u,,; foralln = N, for
some integer N.

3. u,—0.
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DEFINITION A series X a, converges absolutely (is absolutely convergent)
if the corresponding series of absolute values, >|a,|, converges.
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DEFINITION A series that converges but does not converge absolutely
converges conditionally.
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Rearranging Series

We can always rearrange the terms of a finite sum. The same result is true for an infinite
series that 1s absolutely convergent (see Exercise 68 for an outline of the proof).

THEOREM 17 —The Rearrangement Theorem for Absolutely Convergent Series If
Ziczl a, converges absolutely, and by, b2,..., b,,... 1s any arrangement of the
sequence {a,}, then 2b, converges absolutely and
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1. The nth-Term Test: Unless a, — 0, the series diverges.

2. Geometric series: X ar" converges if |r| < 1; otherwise it diverges.
3. p-series: X 1/n” converges if p > 1; otherwise it diverges.

4. Series with nonnegative terms: Try the Integral Test, Ratio Test, or Root Test.
Try comparing to a known series with the Comparison Test or the Limit Com-
parison Test.

5. Series with some negative terms: Does >|a, | converge? If yes, so does Xa,
since absolute convergence implies convergence.

6. Alternating series: X a, converges if the series satisfies the conditions of the
Alternating Series Test.
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