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Products of Powers of Sines and Cosines

We begin with integrals of the form:

] sin” x cos” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the appropriate
substitution into three cases according to m and n being odd or even.

Case 1 Ifmisodd, we write m as 2k + 1 and use the identity sin’x = 1 — cos®x
10 obtain

sin” x = sin”* "' x = (sin”x)*sinx = (1 — cos®x)*sinx. (1)

Then we combine the single sin x with dx in the integral and set sin x dx equal to
—d(cos x).

Case 2 If m is even and n is odd in / sin™xcos” v dx, we write n as 2k + |

and use the identity cos’x = 1 — sin’ x to obtain

k

cos"x = cos™ " x = (cos?x) cosx = (1 — sin®x)*cosx.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 Ifboth m and n are even in [ sin” x cos” x dx, we substitute

;g 1 — cos2x 7 1 + cos2x
sin“x = ————, oS = —— (2)
A i

to reduce the integrand to one in lower powers of cos 2x.
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Products of Sines and Cosines

The integrals

/ Sin mx sin ax dx, ] sinmxcosnvdx,  and f COS MX €o8 1x dx

arise in many applications involving periodic functions. We can evaluate these integrals
through integration by parts, but two such integrations are required in each case. It is sim-
pler to use the identities

SIn mx SINAY = %[ccrs (m = n)x — cos(m + n)x], (3)
SIN mx oS nx = %[sin (m = n)x + sin(m + n)x], (4)
COS /11X COS fix = %[ccrs (m — n)x + cos(m + n)x]. (5)

These identities come from the angle sum formulas for the sine and cosine functions
(Section 1.3). They give functions whose antiderivatives are easily found.
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