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B 1.2 Elementary Functions

B 1.2.1 What Is a Function?

\/

Definition A function f is a rule that assigns each element x in the set A
exactly one element y in the set B. The element y is called the image (or value)
of x under f and is denoted by f(x) (read * f of x). The set A is called the
¢—domain of [, the set B is called the codomain of f. and the set f(A) = {y :

y = f(x) forsome x € A} is called th a?ge of f.
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Figure 1.9 A function f(x) with

domain A, codomain B, and range

f(A).
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Exponential Growth Bacteria reproduce asexually by cellular fission, in which the
parent cell splits into two daughter cells after duplication of the genetic material. This
division may happen as often as every 20 minutes; under ideal conditions, a bacterial

colony can double in size in that time.
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Definition A function f(x) i if there is a positive constant a such

that

fx+a)=fx), ~ @c
for all x in the domain of f. If a is the smallest number with this property, we

call it thd periodlof f (x). ConyS To
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B 1.3.1 Graphing and Basic Transformations of Functions
ra IS Of PUNETons

Definition The graph of
y=jxi a]

U'); s
hof y= f(x)\lf a > 0)the graph of y =

is a vertical translation of the rap ;
f(x) 1s shifted up a units; i the graph of y = f(x) is shifted d::mw

units. d_sg/u Q——"-/W
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Definition The graph of : —
s «
. y=fix <o)
is a horizontal translation of the graph of y = f(x). Ifi.-:: > () the graph of
y = f(x) 1s shifted ¢ units to the right; if ¢ < 0/ the graph of y = f(x) 1s
shiftedﬂunits il
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Figure 1.46 The graphs of y = sinx, y = sin(x — %), and U CigWk

y = 2sin(x — 7).
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Figure 1.47 The graphs for Example 2.
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Discrete-Time Models,
Sequences, and
Difference Equations

B 2.1 Exponential Growth and Decay
m 2.1.1

(I?QCA}\/

Imagine that we observe bacteria that divide every 20 minutes and that,
yacteria nutes

—_——

at the start of the experiment, there was [ong @

How will the number of bacteria
C

1ange over time? We call the time when we
started the observation time 0. At time 0, there is E
one bacterium. After 20 minutes, the bacterium
splits it @ so there are two bacteria at time 20.
Twenty minutes later, each of the bacteria splits l = 4n|

ain. resulting infour pacteria at time(¥0yand
dagaln, resuiting l\] our pacicria a l]TlEC)"ll‘l FIgUI'E 2.1

so on (Fieure 2.1
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ﬁg—;Nu)c R VA T

2, 'sCele |ione

g = e
 — - >

L
04 + | |
2 3
[}

Figure 2.2 The graphof N(t) =2 fort =0,1,2,...,6.

Ny = Nz % k=e) e, o -
o \ T
N> NGy = 27 = L SN =L /w«'z =N, - -

E/x_ j/gf NE) = loo ™ N~ i\bo(&&)/

=2 \/1/5/‘ -
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Y NG =102 5 N0 = 200, N = fon
ilc\i\&]}\%"’
‘\(k \ o> \-U,o\ L’,ao \gao \\écb
t P U
N = deo(25) ,E=o/b
N
~ C
Logumerd - Ny = N R b=z,
VA ‘Nt R M'YDK)»&M)‘\'DV\ Syte f«& /Q\"\MQ E .
N, o P o s < o o N¢>/°
R - j\(O\AV\/\ C—d\ﬂSbw\g" R§°
Tk o < R<L | Ny=>0 a5 £ intieozes.
R—’/L 7 N 5‘r6‘35 e Sovwn® ‘@‘D(
41}\&""’0)\/2/
42>/\// Ne =20 Jc (WC(RESRS -

J(x) or N(1)

xori{

Figure 2.4 The graphsof f(x) =a*.0<x <10,and N(t) = R"',t =0,1,2,...,10, -
for three different valuesofa =R:a=R=05a=R=1,anda=R =1.2. ’k- —
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EXAMPLE 1 Suppose a populgti@f cells repreduces every
(o)
5

t 7
Sunday, July 04, 2021 ']\JJC - Q_, / ,’)Q(K) _ 2 Y, X->/ o)

L= ! 1 =

I

every 30 minutes:

minutes and we measure 1ts size

L \ \ S &
+ Time (min) (01 30 150 180
]\J L Population size ﬁ) 4 ( 16] 64 l 256| 1024 4096
Write a formula for timen =0, 1, 2, ... when (a) one unit of time is 30 minutes, (b)

one unit of time is 60 minutes, and (c) one unit of time is(l S)minutes.
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Sunday, July 04, 2021

gl

DR Nl 4 Hwme V3 S wiaw,

Time (min) 90 120 150 180
Population size 256 1024 @96 X

In Problems 5-10, give a formula for N(t),t =0,1,2, ..., on the
basis of the information pmvidfd
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B 2.1.2 Recursions . < o

| | ]\JE = WNoR Qx?\\cA' |

’C\é/f £ XA foown i;oxw\

k S
M = Yoo = 272 - (24)
@eﬂ*"vw

le;v-‘ i Nc QNE Q\’A Wz

Ny = 2\a
N, —= 2N 3 ()
N\ 12N° :“\@\
j‘“‘\('l\\[")
N} 'ZgN° L
expick N = Wa(2)

N ,:'L—:l“o S —
\ ﬁ’L'L'\,\—:'L@\
SRR
XPAS v (@ LoiSe _~
Ne= W(RY) & N, =RIN,
&chf— ol
€>_<__ l\)% ';26 ) —é’;o)\/?/ - = ‘w‘*\ % B
\
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Figure 2.9 The exponential growth
recursion N,.; = RN, when R = ().

Wk
.\ X)W V=t
/ 2 !
C_ﬁz 2 \\ I Vv SR { ARV NS N
—o A2 ‘\I’H\:z\"
2-123

DR PATENE SR 2
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Cundy, iy 04, 2021 B 2.2 Sequences SRS
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\ 1 .2 3 -

B 2.2.1 What Are Sequences?

: — 1 /DOV"\OK,'f) —
n —}E(ﬂ} = nr1 =702 -

72&\"‘9/@ = ﬂz :C’d)/eo)

Produce a table forn =0,1,2...,5 and graph the function.

Plo) = — ; po= Lok ool

fb R ACE L )= L

S/Q} ﬁ" L/ }/ “f/ 1 ¥<“>

A Sﬂf(,v\ew% LS a %(5\' og/ FEVSWAST IV
O\"/ A S
I o GUN~ o del [edn Fo A Ry mme
T@?ctﬁi»}j O A (M’\—Q &_,Q!w\s o? W{ SQTWQA‘Q

/)/«V

</’\ﬁ_ P c\.(\(\wJﬁm S A
s p=3ehyn k).
ﬁ: N = fIx
G = 09 Ao = (o) Presh Joom

W Lo A= Qc Do QC\A_Q s

Math1431 First Semester 2021-2022 50 daéa




J

¢ N ) ! -
A LR - A= ?C\) 'VGw_g b

Math1431 First Semester 2021-2022 51 daéa



48

:?;Zdi\'/\,/ljmyomzozl eé /ﬂj\g 5/2,&\/‘,\&,_,\&;2_ O\\A /( \) SN = /
o= (D =
|
O\\ — C/\) — ’I
Q'L — (/\> - ]

O\o l\/&-f'\ q ké/ ZS - - - - = 3,/9\"
Ss a3 > G, - =
— ! Ay > \ I—
A= V\l —o \ 2 .-~ 2 —f
) AA / A /0/ / "/ 2 /—;ﬂ
( N = - \ 2 | g
g W\ "6(\’\) nw =1 EPPEES n—>MWN
AAY g/(\m)
/\/ — > O 2
5 — \ O)Z A w “6\’7—)/\'\7—7 3, -
23— Y
w

n-| _ -
B S ) S PRV YO
V\')/
OR A, = (2) ALV P A
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W 2.2.2 Limits Lijn e =27

n— X
w a\:\ — \ n — ° l 2 g _
NS ST
\A& o A L
n—>0 L
\ A "= %/‘L/ 3:L/:s,-LT/\;/ —
r —_—
- " — O - NnN— /J—s.——ﬁ o)
— N
0.400°

N =20
3 g
L S/ SR, SN U S
f\u\ﬁ b~ A
W .5
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= s o
Sol o, L 2 3 Y &
— /) 3, Y4/ g/ 6/,
@M an = (in 1 S
N =D n—2s0  In+|
. N . | =]
p— wa - — A -
N A N e )+n ,+O
T~ n —
. 1
—~ N e (IV\?/
2 _|
“n_
Ah's = e n N —}/\rw\ L‘f__,L_
— WS - n >
= -2 \
V\L—
|
. A Wia
E/).( ﬂ/\w\ e ﬂ/\ W Wz
— — WA — S —
" Y\’l/L( 1 —do N —f
V\L n -
l =S
— !M T—t— V\)/Q_ZO—Q—‘O
Ly l ___L \—O
v\l/
— O
Ly : w : W — v
= N R A — iy N A e
N2 AN
2\ e e AT
w v
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— A -0 -

Math1431 First Semester 2021-2022 55 4aia



52

Sunday, July 04, 2021

9:13 PM

Math1431 First Semester 2021-2022 56 4aiw

- o 2 - )
Q 2 3(0\ ) £ 5(@)
Drl (= e (L
OOof—fou/ ()\23 V\>>2\3(’9
»2/7 QS\ J\/ﬂ @€£ o $2.3 (o\“>_;)2j(b)
s o4 .\‘_r'Lé’o C°e¥ £
3
ﬂ/{m L7L /SV\ S ’_S-
h— & 2N+ | &
TLaro
o 2n
- O
N DA ’LoLl
Sn N
\,\3
_ %'W\ V\} .——}I\V\/\ n _
N2> A N > _\:\_—v,\_
- ‘W\ V\L — .———-—'oo — )
N | \ro



53

Sunday, July 04, 2021
9:13 PM

Limit Laws If lim a, and lim_____ b, exist and c is a constant, then

n—= 00

lim (a, + b,) = lim a, + lim b,

n— 00 H— 00 n— ok
man) = lm a,
l— 00 n—00
lim (a,b,) = (lim a,)( lim b,)
n—00 H— 0 H— 00

ao b n : ;
im &2 Tm"*ma , provided/ lim b, # 0
n—s 00 bn llmﬂ;},m bn n—00
\-f AT ) \
ox. [ Lm x| @ =
—_— W\

N3 N -Sed n&
n 2-
— A <Lf+'—;
N
N 2.

W= o
A Xt N0

- - -
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SR k\/ O 0¢}24'L
VAN P
V\—LN oD //Q>\

Ox- }L,j, G‘)] 0 + 5 = o DUNE-

N

B 2.2.3 Recursions

A= 'jQO\V\) w=o,l 2 _ - —-
o b Lo %w L oexists) i

N -

EXAMPLE 13 Compute a, forn =1,2,...,5 when
{

1 3
EHH = gan + 1 withag =2 | « (2.7)

Find a solution of the recursion, and then take a guess at the limiting behavior of the

sequence. ( QAW\O\V\ _ 77 >

N e

D(Jﬁ“‘j U = 2 Qj TSEn) -

—3 _ E—
=2 ()= Lo, + 2 < Jq(pﬂ L
= |65 \=¢5
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| B
L\w\ q — ,\_ Q/\w\g\m . el 2
N ey Ny Ny g
| 2
L = Ty L~
L’%L’: %2)—3;\,:%3)[’3\
nCln =
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9:13 PM = =
m Assume that{lim,____ a, exists/for

Api] = 1;3@ with ag = 2

Find lim,__ __ a,.

> 2 45 >0
| = > (Geck crr

o ean =3
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g
'e_é_ U_Jy Q«\_\—\ — ——;{: ) O\o—;\y?
L\yz,rf\—.\ﬂoj—c Q\MO\V\ — 27
n—> 4
C,Q/Q QJ\“MU\“ = L— — (Z\-W\O\.,\_(_\ - =
e PV N -, v\:_‘;o\"‘
2
— \\,_ =\
L
—2) L — 3
=\ :@o( | -G
_ 2 3 - ~
) O\] - . = "\(‘E— ‘@ \(Sﬁc}r
G
Q—z_ = -”O'\_\‘ — @ @

3
‘%}i Q\V\,\.\ — A 7 N\ o — — &.3
=2

o L= 2 =(L=GJ« -G

S G = 2 Tk

\ = AS "’G

&, = =— 2 = = - —Fa=oN3
N o L\'Moxv\:—-@

=
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2
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D ws = (D)
_ s E _
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b10Pm Limits and Continuity

, iy |3

B 3.1 Limits

B 3.1.1 An Informal Discussion of Limits

Lfm ’F(’O:L <ﬂ4'mil- o f )ch) A s
X—> C
X a\PF\{oo\C\,\E C. ;g

ﬁ(@-———)L as X—> C /,//“Q,grwj o |
&
7 ((9ees)
A N NS

X=> ¢ —

—

U goa A= &A‘M;\— 2 xi{St= Cﬁ(x\ c:{?cig
b L

L?L Q/\’M S;Cx) NE S We Sex {l(x) A/\‘\fr\i):\ei

X— C

As X Aos e <
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1
x?t X x2

GO D G
2.01 4.0401

\ 3.9601

|,3.996001 CZ00L) | 4.004001
3.99960001 V' 2.0001  J/ 4.00040001

> <

M«H’ DU Y WG

X,’pl"' X—>2T
— L'w X =
X—> 2
ex 3(@—:3\@/ X 2o (/g
5/ X = 2_ .
/}\A\ S'_ C
T VVAN )
3(7/) \9"\-9' /0;\’92’ 72 :&/;\::X’L_:\—\'
/>V\ »Q(I«X ’\N\'(;C*) ) -
% X—ac :\:%

ox Ji @ ey

— ‘ 5) XY 9/\ (x+2) =243 = (

X~>3 V} X—> 3 O xichs

bt 4(5) = 2 wndebine ) prns
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1 =
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X—=>0o X
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9:12 PM C’oV‘ \1\3&-
2x. \C\wg lim 'IE—I_]ﬁ_ﬁl < > -
x—0

T - (e )
:QMXE QRS )

X— O

-€)<_;5+5
~€;<. 'M ﬂ’
X=o | 4x [0 ok

B 3.1.2 Limit Laws

Limit Laws Suppose that a is a constant and that

m f{x) and LIm g(x) Q/\—: (x}-y\{x __\>
exist. Then the following rules hold: X2
l/la/fli—m\af{x) — alim f(x) — }/\’w x> ~+\ &,\‘Mx "9’“’“‘\
X—c X—=c - X—j 5 X2 2 X=1
v 2 Iim[f(x) 4+ g(x)] = Iim f(x) 4+ lim g(x)
x.—:-c ..T—I-C . xX—>cC — g ’_\_‘ L.\ (’L) — ﬂ—

/3. lim[f(x): g(x)] = lim f(x) - lim g(x)

X—C X—»LC X—C

e lim f(x) = {-‘f‘g ,.,\
4. lim offid provided that|lim g(x) # 0
= g el i T ( S —Q)‘\.Sk’-‘ ’

X—C
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9:12PK}| T -@X Vad 25___,:_(’——-" - >4 —

X-24
® T
— Y = '
y-y o b
fD If f(x) is a polynomial, then
)/P/'; lim f(x) = f(e)
E/) If f(x) 1s arational function
S p(x)
X =
~ fi(x) 7o)
where p(x) and g(x) are polynomials, and ifthen
lim f(x) = Iim px) P(i‘)_f( )

x—c x—e q(X) q(c)

o SYA R | ‘
@ /{(/‘—)c, ) = S\v\(C> y }Z\W\ Cosx — Ces@) -

67(- ﬂw\ 5“\34’ — ST _ \ _

X—?ﬁ ke
/MA 51%» — Gse A,
X0 ] O’i,\_\ N
, 2
ex- L‘W\ _ﬁj:‘,‘; ﬁ&'\—a"‘q & \Q
X—?v’ X/k/ Jf\vv\ CX"'&{>

X—v)
— xj_-;\f,__ (% ) ()
M }z;(a% x-9 X'?‘*i /d/
= Y+t =9¢
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X— - X 43 K]
— ?/C’D /(’O +5 — 2 & +S
— ///————— - I
C/D L/r—}(’o _\_\ ["3'*‘\
, YY) — .y exiss

M 3.2 Continuity
B 3.2.1 Whatls Continuity?

Definition A function f is said to be continuous at x = ¢ if ;)QC ) ) QKMB
lim f(x) = f(c) (£ 60 exisks
| X—=c

£C67 — Jj(\—;z %Cx\ :

LZ) Q/\w\ 0')(&7 — ﬂa{m }«\ (>§/()§-\—3)
X/S Xa3
— £ Exisks
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9:13 PM R g(x) - -]: - 3
— 7 fx=3

—

if x #£ 3

S2l Q) 6(3)?7’ dekined

(> oo =6 R
X223
foe NG (2) -
(2D P
o 2 { S )(}CaV\S’('V\u\s~> -

7
€x Whee S QC’Q" x-\¢ Cond ?
- X~

//)»\5- "Dommin ()= <"°”/°">\ Ek‘i

— (’00/“0 VICT YW

% 5 Cank o on [—o0,Y4) U(Y,20)

Ex. Let

x2—x—6 " A
Flx) = — if x #£ 3
Ca) fx =3

and find a so that f(x) is continuous at x = 3.

T G
Sol: /Q/\'M ,?/(x) — 5;(33 (3{\10')

- X—=23
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2 4
- }A'W\ (X/X/é/ — O
X—>2 -5

— A= 32 =2

-\, —l&aex<Le

ex go=Lxd=Y o Loxa
1 lex L2

X3+ X533~
— Lim Lx) D

VoA
[I] 4 —+ (e
3 —_ oo A
2 sy
1 + ]
< —t >
—4 -3 =2 L1 2 3 4 x X :
b\ . S '\V\""\
7 4+ . \
—C—2 \)\w\g
— 34 9
Hmm— —4 1
L

Figure 3.12 The floor function f(x) = |x].
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-

Definition A function f is said to be continuous from the right at x = ¢ if

and continuous from the left at x = c if

- v
- hm ji{x)=1(c)
' v
s e
X—=>2"
Nakice / 94'\»« L%A = \/7/3 gy ‘3:\/743 LS
X2t
Cd\sf"v\_wé"j ’Q\(Dw WQ \{\5\'\k bJr o=
7(‘70@1'7((’0
€ X ,p()- \X\ o
AT A s A B R
—XK o
o , X=° T/ K<
o X =2
= Y, x>
-, x<«e
2), X=¢°
=@, e b @, oo <CT
X—-?D* Y1
_— }A\N‘ Q(X) DNE —) /gf 15 };5uv}. o&')(::°~
X—®

ﬁ B &\SQ\X- Lraw Ne (ignk ) ?um

O \ |
Cx frk whien Qum)r i ch ’&‘:}z s cank. 7

>

Can Y2 );6@*&'\\/\\»\}21 = \(Qw\éﬁks
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X |

X2 1

B 3.2.2 Combinations of Continuous Functions

Suppose that @ is a constant and the functions f and g are continuous at x =
Then the following functions are continuous at x = ¢:

I.a-f

2. f+g

3 [f-g

| e
4. i provided that g(c) # 0 /S gJ\ (Y (<) (ﬁ) =) g’(\’)
8 /o\ja)’.&/ 0\\\9 )(,50\
)&ﬂ\”

We say that a function y'is continuous on an interval I if f is continuous for all

x € [.Note thatif I is a clgsed interval, then continuity at the left (and, respectively,
right) endpoint of the interval means continuous from the right (and, respectively,

le:ft).'

L X . ’gcﬂ) f:\g—;(- ) Cavjf' VN EO/ DC>

The following functions are continuous wherever they are defined:

—~— e ——

-\ . .
}/S\d/j 1. polynomial functions

e —————

2. rational functions

3. power functions

4. 1c functions

S. expﬂnentlal functions of the forma*,a = Oand a # 1

6. logarithmic functions of the form log, x,a = O anda # 1

loga g X X o

m For which values of x € R are the following functions continuous? < T dwrnia).

x? 1
@ fO=20=3x+1 b [ =""" @ fo)=xL

(d) f(x)=3sinx (e) f(x)=tanx ) fx) =3
(g) 2In(x + 1)

(“) ‘ﬁ\§ C,o;\)r-w (/00/04’) SiaG '\X’ AN ?o\a\/\dwﬁu_\.
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= (-0, 2)V (2,00)"

(D R>e
fis Comkeon Cojea) -

Theorem If g(x) is continuous at x = ¢ with g(¢) = L and f(x) is continuous
at x = L, then (f o g)(x) is continuous at x = c. In particular,

lim(f o g)(x) = li@(ﬂr)] = fllim g(x)] = flg(e)] = f(L)

Y
K\)
e A
- \/(_J

sl T W)

C'o\/\\—‘

X—=>>

— Si~ g"\"“ T‘%’QXQ’OB Sanly ‘3':5\'»74
A>3 s Qd,\x-. Y

— 5\.’\( T/:‘ (6\/0> g S\'«(’LT‘) — o -

 g—

€x. J_A‘M &}fiflj — &%\:\,UXLQ —;&7,(0}’\:)

7(.);]
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B 3.3 Limits at Infinity K 5 ed e X e

“x X
W) .———————A = ‘M X ?——&J\\W\ \
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X A
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- xl 7(3

Rl . NG
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p(x) 0 if deg(p) < deg(q)
[im f(x) = lim E =1L F#0 if deg(p) = deg(q)
r e ree does not exist if deg(p) = deg(q)
<00 oc /06)
CExawpLe 2 N
‘ o l—x+2x* _ 4 o 1l=x7
@) .T—lililcac 3x — 5x? -5 ®) ,111}“;9 1+x> — <
. 2—x? o 4+3x7
© lim I DNE @ lim <= DNE
(”\> Q/\rm \/xfrlxz’ - ———’L = o~ =
~ -S> S
)(,_)«OO Sx-S T >
(») @ R Sy
T X X
| ~ X "
() Jim 22X o e
X— o I/\_'LX_ X=523 X U Tx
X—>22 —Zj'_'/ C Tea2” ~
i ONE
. T
()‘> v H*SK — 43X — O+ =
— - X —
e o—F
% — +d DVE
ﬂcex ~ X
\ =<
\
- %
A X A
ﬁ/\\me/ — ™ /ﬂ/\""\e — 0 /D‘A‘“é—KtO

X = ob X— —od

Math1431 First Semester 2021-2022 77 4aia



9:12 PM

74 EARAN
Sunday, July 04, 2021 q‘\_{ wo 6 — /-——O— — 9_ — o
e |
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X— 2 — 0 Ji/b(w\

R U ‘o
T e e e A
14) i 327
X <

= T =
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EXAMPLE 3 Logistic Growth The logistic curve describes the density of a population over time,
where the rate of growth depends on the population size. We will discuss this function

in more detail in coming chapters. It suffices here to say that the per capita rate
of growth decreases with increasing population size. If N (1) denotes the size of the
population at time 7, then the logistic curve is given by

K
N(t) = fort =0 ) {7°
1+ (m — 1) et

N _ }LM gl _E_,.

Ee

Fi) i

L—
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25. InSection 1.2.3, Example 6, we introduced the Monod growth

function — 9
W:\@M , 0\}\/L Cowsks

Find im,,___ r(N).

N
/ﬂ\""‘ — = Q/\‘”" = \ = O
—> \’L* e

)

B 3.4 The Sandwich Theorem and Some Trigonometric Limits

SAnecre Yoo
Sandwich Theorem If'f{.r} = glx) = h(x}&fnr all x in an open interval
that contains ¢ (except possibly at ¢) an
Qﬂ: lim h{@
then
ex T QD £ 9 £ EGY hedhx

F - }LMKQ@.
Sel- L\'\,..\ Q'Xr-\> —f_—@ y \\)\W\ ("C*’SK>1—L956—;E

X—> ©
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—

Trigonometric Limits

~sinx %  1—cosx
>z)§2 im — =1 and lim =0\ .
=0 X x—0 X /\Q}S

XaD )</
' Co
X—=>0» e \/T(»sx-
—'——7 53t = ($e )57
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Find the following limits.
. . 2
(@) lim sin 3x (b) Lim smzx (© lim secx — 1
x—0 x—=0 X x—0 XSECX
(ﬁ) ﬂ"\""‘ %‘,____{E-—E/ — ’——~] o~ ANDX (9
3 " St 3
= T A3 Tme T W
X TR 5'3
(4 = ?
' \ gn
X0 s X= o X — (\) — \
C) D\j\\M %Q)(/\ ' /l_—_""
( — WA S — Ce S 4
X—> o0 X Secx X 50 /L_ C o5
( &O5X
Y 0
— \}L\m/) /&.__ CoSx /
X—> o X
Q() ﬂ/\\vv\ 57 7 ('LX) — ;«
X— e X =
— <
\ —T\‘)( -—
@ QAM 5-\ C gy — = - N kL)
o LK 7. 2 N~
. <
%
(o<t % 2
k O_S>¢ — N S\“L _ ‘w\ S\"\x ’_\Z—\
X X556 XU (xoes o< )T
¥
LM "L"SQ;‘Q L QA = X2
X .1 Z e T xa 7/(03
yu
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CSCX —CcOolXx
20. lim | ) | e .
x—=() X Cs8C X T VA Sywx SinX - Sy
A0 X oo SAanx
ST
— ’ | — CoSe
X2 X
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B 3.5 Properties of Continuous Functions - NP ef)\c;,;jg)

e ———

— B 3.5.1 The Intermediate- Vﬁiue Theorem
TMNT

\
The Intermediate-Value Theorem Suppose thaSDiso____,Q_nti_n\lmm on the
closed interval [a, b]. If L is any real number with (H =L < f(b)or f @
(a, b)

L < f(a). then there exists at least one number ¢ on the open interva
such thit [(c) = L

V)

gccﬂ

K('
QC_

l.> \VQ\(\,J{Q.A
)?/éa\ 3 ?YW)

Figure 3.21 The intermediate-value theorem.

EXAMPLE 1 Let

Sl @ = Desin i S oo
. rnd \newle Comt: o (/‘5/ KN

@ g(ﬁ)’: 4 Si~e = 4o ’;@
?(%E),_ ’34’5{\1\31{_2’3 g*—\’:@

1:{}(&2) 43 2 fe=t

\9) TNT) Ylage exists & Leesk (e, 3m)
SWC)NY\M& %Cd - > |

2
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?foj *Cx} = )(gf ’}X’Lfl-l ( ,{Q hes ovvef v Lot)

® ? (s Conk e (~0,08) fcck?, el v
a,.,.;b \/\Q"‘“ I EO/\’B . L

@ fL) = emers = e
%(\)’; | =42 = -3 Lo
— -3 =L 4@L4 e =3

gji‘v\\(f/ /VLL‘( R <y sts C’C/LBJD =7
*TPCC)’;@L

N
@S. /’QGQ \/\,e»} O~xfbo‘(' \n\'\ (,‘\,E] ig/ ﬁ \F_S
Covk. mCo\,\;} ) C_)/\'s L okwes J</Ca\)

I

2. Let

(b) Use the intermediate-value theorem to conclude that

¥ =2x+3=0

has a solution in (=3, —1).
@' . //?CK) — xz/—z 7<+3 i) C_dv\',(‘ TN E/‘}//\/B .
%,;} (=323 = 1F £ 6 R = ~RRLe
F) = (0% —2th 43 = ez =2
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2

~

J/V\\/F\—/ % Wos cowof vn (73,-1)
=) X —2xX43 = Wy a Soludrg

| A (”3, /D ’

fx)=+/x*+2, 1=x<2

ﬁﬁ Graphy = f(x)for1 < x < 2.

(b) Use the intermediate-value theorem to conclude that
Vat+2 = Zj

has a solution 1n (1, 2). ,f/(;q —
® fus T, (00 [L=2)
fay = e =G L b = { e = T

G
\B :’ﬁ(\) ~ L= £ ?(’?—):(Z
\ZJ LMUT) \g ¥ o+1 = ey mjb(Jt’N e U/"-)

3. Let

5. Use the intermediate-value theorem to show that

has a solution in (0, 1). g(ﬂ) L

— X
Sol. £Ga= €7 ox s CodieCa ) adlnee
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N2 \33043) \
Differentiation

TDerdadive =S
Diffedide 2]
D i%ﬂewh«&&fﬂbffﬂdg\?

B 4.1 Formal Definition of the Derivative

Definition The derivative of a function f at x, denoted by f'(x). is
Lf\f—’

’ Bl f(I-{-h)-f(.I)
[ (x) —}EE}] h g?{\'w\a

a%,x,

provided that the limit exists.

e R IR
Y A ?}\9

ecant line through
p 7 (T ad T )
- 5\0 = fiﬂ;&-
X -

f(x) — f(c) L2

Tangent line
at (¢, f(c))
| | -

I —— R ST

Figure 4.6 The derivative(f’(c) J= lim, _ L2=L s the slope }d\-v\e I A=<
of the tangent line at (c, f(c)).
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o B 4.1.1 Geometric Interpretation and Using the Definition

Definition of the Tangent Line If the derivative of a function f exists at
x = c,then the tangent line at x = cis the line going through the point (¢, f(c))

withGSlop
f'(c) = lim f(c—l_h; ) = 5\°\>{ &JL sl
h—10) /\’O\V\DA 3
X—=C&

Equation of the Tangent Line If the derivative of a function f exists at x = c,
then f’(c) is the slope of the tangent line at the point (¢, f(c)). The equation

of the tangent line is given by S\t’f{ cmcs\/‘CC)
y—f©)=f)kx—0) X =( ¢, $C0)
L/;,]-;’ZY: J&J C /\71) ( ‘ ’F

W . Xy jljl — w(x= %)
L
et):i" ﬂf i)ﬁCX)’:‘)Z rfCanﬁ]/o\ ! Yo ?‘CX)—— o

—= W) = k \Q
Bl i Ao WQO

- pA-M Lion (2 45 - *\%_
- W5 \(\

ﬂﬁ:ﬁ %*V“\\’,\\ +)g,/4<,/c
=S B fi e

— I

tj: )’\-’Lal\x ";)‘j — LaL\-

QX
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;‘.JlnzdﬁK}l JJJJJJ 2021 m Using the Definition Find the derivative of

1
f(x)=— forx #0
X

Sal 1@ (x) — })AM J}Cx«\«) — &0

W o

k 1
— A X % N\
=R W - -
Ve e SN
— a'm | { X — (X4W) ]
\’\fso \(\ X (X—*‘\l\}

= K 3 S

- O

— }ZA'M ::,‘_/‘/ — ’,J - ,\/_/
-~ Woso X (X—t—\/\) X Q?(—r o) XL‘
e foo={x , fed, by det, ﬁ‘m. -

.5%1- Q((a\) — 9}\’% 7{(("\%:\)\/: (@)
W0

——-}/\'\Mr 0\»\—\1\—'9# m +2
- \/\aok/ e S f:&

T:/A‘m %*M%‘ -
W2 'N ({0\*\; +3>

\ ~ L
T s a4z Na 3 3

b2 (222

Math1431 First Semester 2021-2022 88 4aia



85 [ —

Sunday, July 04, 2021 B 4.1.3 Differentiability and Continuity

/Jt_,i\l"" 1§ 1Q 1S ﬁ{fkemnﬁimm 1
IS contimens ok x_ o Lk Mo Convisc

i.S vxé’(’ }\(U\Q
n i:\xw
B 9=l N
S X
)} C—oVJr on (f'olljoa) Covnar

So ik s cank J%:“'\?”} SRR
5}4 ng\o\"e' OJ% e + Sy~ e -

/ 7<< © \D\" o
() Lo+ -f 2o Lo
— I L (\I\B,fica
£ — ﬂ\ﬁ%b—\— e :J‘\T\:é* N
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\>©

f() _/@M (\0 L }ZA'M —-\\\—\0 |

hs o
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- ’ &\’/\\—90 N
L
: W= ©
= \N:b - W'
\
=X, g e

-‘—-/f((ﬂ) PYE —— @ PRI )\\H;LL’( R
Verhed Toansed
Jine

923

ol ﬂ: ﬁ § Qliﬁ@«}\/vgwwg I K= M
,X— 'S s ¥ é\\g?\’\!{ 6&’ X = C

YA

/}m ;ﬁ Ced AU

/ %Q_ K= C it

. . ;ﬁ 1S AN Cork
c X m}c g -

Figure 4.18 The function y = f(x)
1s not differentiable at x = c.
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30. Find the equation of the tangent lme;g the curve y = x* —
3x + 1 at the point {2 —1)
Sol /{LCx) X3+ | %’?jﬁe
\
%‘ (= 2x-3 ¥
5\6\)-6_ /f((l) 2.<'l> -3 = /1-— y ‘Sk\\FQ "’& M"iﬁ _ i
Jg h" ‘)/,} V\_Q(_tpﬁ)'\/w ;I('L)
g |
+
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°35." The following limit represents the derivative of a function f

at the point (a, f(a)): @\J(\:\\ / g/C )

38. The following limit represents the derivative of a function f

at the point (a, f(a)): @(ﬁ— W)

5111(— + h) ~<>/

Find f and a. — Cos S — \(3

lim
h—s0)

l?ch St _
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B 4.2 The Power Rule, the Basic Rules of Differentiation, and the Derivatives
of Polynomials

/(‘) ’P‘)"Jq (e %(X\A)C V\Kh/\/ n el]2 .

/@ ?CX)*; Conshot =) (\(X)’.:@'

«Z/;%' (=) ,F&)c ><6 q)(l(xr: §x>.

20

o ( =%
Uo) ﬁ()() - x —:_7 ? (x)’; rgcm )(

s
(C> 9(‘0’:{ =) %:3_—; S{\‘l_

pNd
& =SS Az acn
S
) x=Y OSSR
& X ’;5_ - \,(?
(5 feo= 202 (1443 S fleas o
— =
TR
@ %; (0\§(g> — o« %_Q;
O %(qe&\t/ﬁ(’“} = ﬁl(’o tiﬁl(’“
L = O3 gy
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€x.
Cad

€ X,

L2 x.

€ x.

% v
X(—;’xq—(—lx ~|®) = /§<?xc>ﬂ—1<3x)+o
— ’55—)(6 + 6 X7

%»’E( ch/q@vr;k) = 3L ¢k 4a-
%NQLm§+N\/v\?> — o+ bar= L

A - b N 1S
S ) e & w5y

L
— 2\( 5\'\/\% — 3\( Cos S

(%

m Tangent and Normal Lines If f(x) = 2x* —3x+1. find the tangent and normal lines

at (-1, 2).

\
= J% K= 2 (38) -3 = Ex*3 -
S b = F (D= €p*-2 = 6-3=(3]
s o

/rm“j}”} }’\'U\_& -2 — 3 Q X-—*\)
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B 4.3 The Product and Quotient Rules, and the Derivatives of Rational
and Power Functions

B 4.3.1 The Product Rule

Y BS (>

BETTETEN Differentiate f(x) = 3x + 1)(2x2 = 5).
/
o 2= (3 (ax-8) + (3xa) (5-9)7
— (2) ('LKl/S) - (3X+\_> (%)

2 — 2
—  ExE-\S —+ 12X w4

= g —|S

BRI FE Differentiate f(x) = (3x3 — 2x)2.
S/DS ﬁcx)___ (’BK ,17()(3)(,1)()

-

il(x) — (Bx,7x> (3><3,z>4 (37«/1%(37@”)

= 00 (300 (360 [y

— Zﬁxl“ﬂ( ijz‘&@ ‘

Lngposcd, (ﬂfﬁ\\y () (W) +(F9) W
fﬁ\\’ + ($'9+ 3@3)\\
= &3\1\ 4 Jé\ﬁ\/\_\« J?"j\\’\




92

<&€\A 6\0 ~ fl\ng\a L gk fhgl
+ fhakt

m Apply the product rule repeatedly to find the derivative of

y=2x+ 1D+ 1H(B3x —4)

m—

-/

Sol- v( — ( Zx/\r\>/ (XJr\> (3)(—“() —+ (7X+\> (XA«\) /(3;(.-k-{)

+ (”zx»r\) (V) (’gx—\«)/

— 2 0en) (3x) 4 (@xe) (O (x)
+ 3 () Y

= <3XL~“(X+‘$X -‘\> Bl ( ExT—2 R A 3K

— B Q ')__xl,\—l)( —VY—\—\)

— \?XL—\- X~ -
B 4.3.2 The Quotient Rule

/ )C o
2y 3 — T Lo
9) 2\ &
Differentiate y = I;if;r 2 (This function is defined for all x € R, since x> + 1 # 0.)
yl = () () T (Po3x ) xte)”
(XZJr\) -
= <>< ) ( X —3) »(XB—- 342 (2x)

<X1+\> =

Math1431 First Semester 2021-2022 96 dséa



93
Sunday, July 04, 2021 3 X\1 —_ 3%*—\’ %7’ ’L?(\‘( —t 6)( -—K-{ X

. (<)

_ X\* 4—6><L/‘%><’3

()

m Monod Growth Function Differentiate the Monod growth function

| R = r>0
! -~ k+R’ -

where@and@’}lre positive constants.

I
1'0) = (o) (oR) R (rer)
<\¢+R>l

—

Power Rule (Negative Integer Exponents) If f(x) = x™". where n is a positive
integer, then

f.r{x) gt _nx—n—l

“x "’L"——X"Pj"—-ﬁl‘:_’/\s

— - X X*

3 -s -
ex. Y= 7(;~2>< = Y = 2EDX T - ex
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Power Rule (General Form) Let f(x) = x", where r i1s any real number. Then

fle) =rx"
L Ly ~-L
e =R —xt oy o L L L
(%) q=s s - L "+
J X — X —-_;)3 = gX >
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35. Suppose that f(2) = —4,g(2) =3, f'(2) = 1,and g'(2) =
—2. Find
Efg)’(zlj

2 (39 0= fogoflmge.

— (—‘*() (fl) =t (‘)(3)
= ¥ +2 =N
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M

ﬁ?\\/\) 9/5\9 &,o)\_)'(
B 4.4 The Chain Rule and ngher Derlvatlves

B 4.4.1 The Chain Rule

Chain Rule If g is differentiable at x and f is differentiable at y = g(x), then
the composite fUIICtIDIIEG glx] = f[g(:a:@ls differentiable at x, and the
derivative is given by i

(f c8)(x) = flgx)]Ig'(x)
b g= Gy, f) Y
Sof. H
- ( ( 10 }><<37K >

:3;(3%4) - EX, = 30)((37&2/\)\1.
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oo v o 202 B 4.4.2 Implicit Functions and/lmplicit Differentiation
v
S 2
2
j AN ——*J?K—\—'L:) -:\S A
\—

%ﬂ?ﬁm: ER
\_%7_&\)“!‘ 2«3 = o
’La}*x — TR =™ %:—i:,}_
Q)( ‘E ) : S )‘j 2 a o
R T A R R e
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. H-H
E unday, July 04, 2021 B 4.4.3( Related Rates) M-D

9:12 PM

m Find[4 a5 whenL+ y _J*mcl fmtxg@

W= x=x®

Sal —i%(xq)—\— %(\j”)c A.

(1)
B oafy=-) o

e (7/) _‘_B%Y%\%: @) SRR
Jrj:
Y Bg_—:—"%c)ﬂ =

4
3
1

ERCOORN

m Changing Volume A spherical balloon is being filled with air. When the radiu@
cm, the radius is increasing at a rate of 2 cm/s. How fast is the volume changing at

——

this time? &‘(—
‘ =2
| \Cgv@ _ Mo o3 —0\— SY\f\jia/
— e
’1"2‘ A\/ —~ dgc -Zfl J{'
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J

61. Assume that x and y are differentiable functions of t. Find 'r{_/
when\i—|— v =1 i—f =2 fnr&.x — %‘, ancl
>

Gi)l—%\&zx—,\
s ) 7 L
ﬁ<x>‘i’%—e(‘ﬁ>: %;Q) ’\:«_%\31:}

77 N
Zx%%Jr 7,3_: s =5
= &
Q_J;/ 2(N= ) )y
(5)(2) + (__?)_ﬂ/

02’3"63“3@ dy

66. Assume that the radius r and the area A = 77r° of a circle are
differentiable functions of t. Express d A /dt in terms of dr/dt.

|

§&l- /:.TV(L = A{B“ — :cy
= /)r D ;,J::_ 20y }EX

B 4.4.4 Higher Derivatives
B

Y IO} ’/JC\C*) Fiock davdive

)
__%ii = jll — “Qx) = /S:LZX) S Q"\'\S g—Q(\Y
K 2
(I (3)
le
(W)
9“:9 = \D( ) = <X> V\y\'\ J.e(,\/(,sgj\/(
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(xS
- 2 30g) = e
a;ﬂ;) \‘J)

m Acceleration Assume that the p{osition Bf a car moving along a straight line 1s given

by
s(1) = 31" — zﬂ

Find the car’s velocity and acceleration.

Sy = Sl = (3D -2 =k -

e
—

o= S'w=90Gn =19t

Dede = sMw= (g
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B 4.5 Denvatives of Trigonometric Functions

d .« W d “ _
M - SInX = cosx () — cosx = —sinx

X dx
d d
(3 an x = sec’ x (® — cotx = —csc’x
dx dx
d d
— secx = secx tanx — CSCX = — CSC X cot X
g
dx dx

,(' j A, — Sinx (C_QBx(C,oSX) (S\nﬁ)(-—gv\,‘)
i o)

C o3 Cos %

.
Co_gl% —+ Sin %

Costx

— |

— = Secly .
CoeS ¥

$) d een— d (1 ,
O s >:§; onﬁﬁ\

- - ((sSsz- (“S\'«X)

[ S\A X

— —

ToleSt (oux

$ = Secx J'max ‘

m Find the derivative of f(x) = —4sinx —I—@
S_‘?-\' ﬁ‘u)’: —4 CodX + o — M CodSx-

m Find the derivative of y = cos(x* + 1).
M= — st (X)), <X2—\—\>/ — —sin (X)) (%)

— —1X S\“ACXL"‘\) ]
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m Find the derivative of y = x2 sin(3x) — cos(Jx).
W"

sl J’ - <X1>< CoSBx) S) + (5\'v\3><>(1x> 4+ Sia(5%).5
= X" Co3(3x) 4 21X S{a(3) + 5 Sin(59).

m Compare the derivatives of

(a) tanx? (b) tan’ x

2ley Y = Foanx® = fran(x?)

\\j‘ = Se (X)) 2t = 2X sec (=)
() Y= Falx —_OFMQQ‘

= ;Z()»mwx>‘- Sec’x = ’2_«1»awx>< Sech .

EXAMPLE 5 Repeated Application of the Chain Rule Find the derivative of f(x) = sec/x2+ 1.

,f/cﬁ‘)': Seﬁcm_\)'
flm = Sec (i) (i) (my

f

- W Sec( 1) dan (5t ).

X
29. f(x) = /sin(2x2 —1)

ka\ — LO}<ZX1’\>' 4 X — 21X (o $<7>§7 "D .
) *5(«(2)@,\) {S\”V\CZXL’O
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Sunday, July 04, 2021
9:13 PM

7. 5(x) = = sia (1-sx?).

= (5\-“(\/98))3

j\(X)’.: 3( S\'n(/’S—K?)> . Co>({,—§>¢7),<__/{ox).

csc (1 — 5x2)

— —36x Sia (1=5¢) Cos(1-5x%).

7
SCC X~

ST, f(x) = —— = Sec(xr) (Cosx)®

S€C X

- (5 ec (xz))< ?’@“5’01 (/5‘““">>

—+ <Co>>«) E < Secxljl-w\xl). 2

B

[

60. Find the points on the curve y = cos”® x that have a horizontal
tangent. o 3 ﬂ‘/

Ny ) _ wa o, £t
— DAY —_ o \ ~
&( T2 R R L
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o s 20 4.6 Derivatives of Exponential Functions
5:13 PM ’ ~ - -
(%) \
h - Lwe ~= - V= €7 mm—
et —1
lim —(1 -
h—10

h

>
QD) Qoo Qwr oD

el —1

h

(1.0517 ) 1.0050 1.00050 1.000050

 — -

;;_ *—2—1.5—|1—n.5<:r ul.s ; 1.5/2/
. @ 1] _! )
Iim . —/Ina

h—0

ift e EI. diﬂx — QI\E,}HI

dx X
d ) %)

&_x:gh] — gf(x)egm
é}_/) /"q \f'\/))\\,n
@) / N2

0\ X\ " L

T AR Lw A
el = =f oAz

J x

m Find the derivative of f(x) = o112

| e L/
Cx) ‘:@("i) Lne

X
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Sunday, July 04, 2021 "}
9:10 PM L\T}‘\ u‘ L

W 4.7 Derivafives of Inverse Functions, Logarithmic Functions, and the Inverse
Tangent Function

Y3

B 4.7.1 Derivatives of Inverse FunctiunE

Derivative of an Inverse Function If f(x) is one to one and differentiable with
inverse function f‘l (x) and f’[f‘l (x)}] £ 0. then f_] (x) 1s differentiable and

dt . 1 |
— 4.12
) T i

St

\

W)
\Jo_
=
()

ﬁ'm, (M - x|\ o=
= = (5)

\——’—_—_-_.—

(l+><)7— ) (l’“()l
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Ex@.
)
Sal 2E \
> X = |
€x () ‘]ﬁm

o x
B . X=\
L () =27
9—;\1—4 (V) ;
——
_ \ | = oxre)o
IR by fespechs
jC Cj ¢~5(>ec 1|4:
] Ve
- A 2 )(—:o:)f(\)
Y=o
- | — 1
24l 3

q
K X’:—\ _
.50( ﬁ\(x)—: 5@ ﬁ (\)’;?7 J»g\ﬂx — \
——\ ) Tr—- ﬁl(
\ | =g =rv
- T B - 1
S‘J(Eq) Sec (T—S‘\ Z

16. Let T
_ T d -1 -
f(x) =x"+tanx IE( ZJ Find Ef (I)‘ 2
( ~|
5/6/_‘_' ﬁ (74)’: ’LX—\’SCC];L ;]Q -—Y——?—ZL—\-\> ~ ]7
-1 E — )(z+«[’¢»x
I - ,,.L,__. T
)x (E_ =\ 2 L -
e TV (B X e
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uuuuuuuuuuuuu 2021 B 4.7.2 The Derivative of the Logarithmic Function

- |
ﬁC%):ex , p\Cx)a e o 1CC><):Lm<-

Lo
- L c@)
D puacd = 5l
) ﬁ&)}’: o \g:;
[TL 3<0\ SRS L
ex J:Lw(lx) t)jl“ C:j;)/: %:%Z




[ — | o (’sz’g/: § Ex
C:) - L"\\Q 'ZVF’\ Lon\© 2% >3-\
1
CPSS> %CXB = L“(\{ X1+-|) — L (x") = '(E L 2t
Vo= L2~ =
- X =l X e\

[ ]3 /H(Lg# .
= T TR g//ﬂ
= \:\ b .f&
Pho- LT
Lwx S'\:\<7Q?'>




sunday, Jly 04, 2021 B 4.7.3 Logarithmic Differentiation

e—-)_s/ \a — )(x ﬁ\"\/\§ %} .
S N & f\’ﬂ(<e Lujaﬂ:{x)\\wj ‘)"D \/D—OM/\ g,‘§Q5:

)/"\ — Lm()ﬁx): XLV\X,
@ X-LMQJ (’w?qq\ fw»v\-

J C) [KCt% +ln CS~><)j
(0 (X cobxa Jnlsins)
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Sunday, July 04, 2021

v ) | _
9:12 PM ‘e% (\j ;)(/{C’R'SMOVD 3 — \rx

y] \ | |
-~ - Y /;‘(“ =) Zj _ é X K \
J — xf.\f 7&/
— ¢ X
X
€x: - o —_:3:)‘: o Lo
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3 I 8x 9

EIIE,-’E\/-I_I_—I

+2x+z(1+x}_x2+3_3x—2

)= 2. xS

)

(x> +3)*(3x —2)°

Lofeo = Sl = 30X
|
G w2 —BL)0)
x>
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76. Differentiate

]
”2\ — 4" T2 C;”_i’b —['LX- X

C) WX Xl—\’S

—+L%XW9L”]
|
— ] 4+ cobx — Y x* PR

— ~ < -\

() XW:I'S' - CX ‘h) ex 5\"\1’("
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Sunday, July 04, 2021

Appllcat|ons of
Differentiation

B 5.1 Extrema and the Mean-Value Theorem
JJ&) \ OQ,Q//>\/\S‘“°> \ 7Q/\

H\5.1.1) The Extreme-Value Theorem

Definition Let f be a function defined on the set D that contains the number

c. Then /M kab'

f has a global (or absolute) maximum at x = c if

iic) > Tix) @1‘ all x € ED
and ;\;)_\gj C)/i/\f

f has a global (or absolute) minimum at x = ¢ if
f(c) < f(x)) forallx e D

The Extreme-Value Theorem If f is continuous on a closed interval [a, b],

—00 < a < b < 00, then f has a global maximum and a global minimum on
[l

|
|
|
|
|
|
{ b

]

Figure 5.3 Extreme values in
the interior.
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Sunday, July 04, 2021

9:12 PM
EXAMPLE 2 Let
2x fo<x <2

/ f(x):{B—.x if2<x <3

:ﬂ \nas “\930\\,\&(6
AW 0&' @/9

Abso At win: ) St

\/M.S

{2 s o 3k°\°”&

(x)=x for0=x <1

£ s Cord - Q"/ )
(o,1) Vswet Vs

EXAMPLE 3 Let Q
f

e

V4 nN

% \r\u) \r\Q\'y\\‘J/
6\\750\"‘!’( I~ O
Celdiie ot wbss\ude

B 5.1.2 Extrema o
,2\)\5‘*\ s 2))

A function ¥ defined ofi a set D has a local (or relative) maximum at a point
c 1f there exists a § = 0 such that ~eows C

‘f(C)l‘_’f(x)‘ fDl’allI@D T c

A function f defined on a set D has a local (or relative) minimum at a point ¢
if there exists a 8 = 0 such that

™
)
N

f(c) = f(x) forallx e (c—46,c+6)MN D
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Sunday, July 04, 2021
9:12 PM

I

I

I
I I
I I
I I
I I
I I
I I
I I
I I
I I
| |
C £

[ \
SHIE
Figure 5.6 The function v = f(x) has valleysatx = b
and d and peaks at x = a, c, and e.
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Sunday, July 04, 2021
9:12 PM

Qn.,%] '
curic o SR o
f@) =G =D +2) for(-2<x <3|

(a) Use the graph of f(x) to find all local extrema.
(b) Find the global extrema.

>4 (x—1)(x+2) — ) 0\050\0&6
25 T 5 - ),
Local\™
20 + maximu &\/(3) - 290
(3. 20)
2
15 1 }(3) = (3-0 (342

- \1&5)916

e
v
~YV
]
22)%.
5=~ 5
\
f%
ZE
=
=
)
S
i
]

4

ocal

(—1L. i -
<_/—T—\ MuInimuim
_(Zﬂoo _]3}('\\ - ’ | g(\)ca I
{} (=) e
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Sunday, July 04, 2021
9:12 PM

_EXAMPLE 5 JEEB#Y C J
f(.r):[.r—a fo\ —25<x <3 @

Find all local and global extrema.

9 — \72:\1\\

S

(o /U\)

- ”l/ X =ttt
>
Aoéﬁﬁ VA &% - <".S/- ﬁ, ) (6 k1)
LA /
Lécﬂ\& AT A - (/Z/o> 0&.,\5 (1/0>
6%[0 A Moax . Nont-
?Lobf‘& WATw . ( r—ilo> av_x C.L/é)
Fermat’s Theorem If f has a local extremum at an interior point ¢ and
f(c) exists. thenm oc
¢
1 1 j} ﬁP(Cc)f}r o,
fliey=10 Horizontal /’YV \/\_&) Vo _ex\(tu\e |
i e Vs & xzc¢
|
!
c

Y

I«‘(’ f{CC>—:0 ——_—/5
C A~ no ,(,g\\

Figure 5.13 Fermat’s theorem.
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Sunday, July 04, 2021
9:12 PM

Explain ‘Wh}i y = tan x&does not have a local extremum at x = 0.
S fly = sec?s
£ (o) = seciey = (1) =1%o

Stk ,SZ((“')‘_(:O —) 7ﬁ dozs et \od e

2 X YAwe J e aﬂ’X:O"

Y,
3’:&7’
A/\a) ﬂ/}bbj'e IR

° o\kﬂ.::”'
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12d5, B 5.1.3 The Mean-Value Theorem | qeinesis
N —

9:13 PM

The Mean-Value Theorem @ If f is continuous on the closed interval
|a, b] and differentiable on the open intewa((a, b)) then there exists at least

one number ¢ € (a, b) such that il %‘"9/('&

e

Rolle’s Theorem If f is continuous on the closed interval [a, b] and
differentiable on the open interval (a, b), andif f(a) = f(b), then there exists
a number ¢ € (a, b) such that f'(c) = 0.

€x. #Cx)’: sz—g—x3/ Ea//lo]
5/&0\) S/\N,J' Neore 1S C€<¢/\Q> <o I
M‘”" %lcc)c%’ ornnd 'ﬁ(,\& C .
B T I R
- o (o)1 0) gi~u S IR A Fo‘smow\_v\)\.
LO Myl ek i3 Coelaly) sedn e
ﬁ/(c)—; 2L —fC) (e —o —y

o -
%X)/ /ZII;X = ) — ;;:—X
(Cd':‘# = 3=
75
CZ: gt

Math1431 First Semester 2021-2022 129 4aia



126 C/’* Ao

Sunday, July 04, 2021 - -
9:13 PM \ ! ';L,

qé( o)

EXAMPLE 8 Population Growth Denote the population size at time t by N(¢), and assume that
N (t) is continuous on the interval [0, 10] and differentiable on the interval (0, 10)
with N(0) = 100 and |dN /dt| < 3 forallt € (0, 10). What can you say about(/N (10)
——

N o] <2
Sel EQ MNT ) Mot 15 Cels)\e)
l 0) — Lo | 5) _ \oo
S| N@)= [Nl =R >/-:. NG -\

|o -8

N oo
—

_ No) v
—z < . Z S

/‘3 O 4 {\.[C\§> \Qb é 3:\00

~r\o°

Corollary 2 If f is continuous on the closed interval [a. b] and differentiable
on the open interval (a, b). with f'(x) = 0 for all x € (a, b). then f is constant
on |a, b].

Assu e that f is continuous on [—1, 1] and differentiable on (-1, 1), with f(0) =
and orall x € (—1,1). Find f(x).

fﬁl' ;ﬁ(x) - C/(/V\j(/ﬂwo' — C. ,
— — e ‘ _ . ,(D
2= fe)=C =(E=2 P =2 xeld,
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Sgnday, July 04, 2021 C . 13 a\ .»S )\_\ !(((\9\9\
9:13 PM C/d\\} PRV \“ 1,)

35. Suppﬂse@t} =x%,x € [ﬂ/ﬂaf X\ V)

(a) Find the slope of the secant line connecting the points (0, ()
and (2 -fl}

(b) chl a number ¢ € (0, 2) such that(f’(c)lls equal to the slope
of the secant line you computed in (a). and explain why such a
number must exist in (0, 2).

Sab (a0 Slepe = 2 =° = 2

&”x) 3j MWT, ey celey)
Vo 32(“7’ Fl) ~fC
X(@/) T 20
2 — "L{T:;Z— — 2

@ 6(0/'L> :

40. Let f(x) = 1/(1 + x?). Use the MVT to find ﬂl{ mterval} that

contains a number ¢ such that f'(c) = 0.

1
Sel ) = —2x fcc) ~2C o
ﬁ () )% F (H’C)
SN —2Cc="°

DAV ﬂC:ﬂé( l/\)

46. Assume that f 1s continuous on [a, #] and differentiable on C“;\?l
(a, b). Show that if f(a) = f(b), then f’is positive at some point

between a and b. ?Qs-\k\le
Pl = @Y _tle
T M s @ HOk oSkt

\// \a,ae”P
)4y W T, >0
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Sunday, July 04, 2021
9:10 PM

53. Suppose that f 1s differentiable for all x € R with E{E) :ﬂ

and (f"{x) = anr all x € R. Find f(x).
S flcxy = Covsbed = C
- 5%(1) -5 “—9@
-_JCC.,Q)—, 3 {,N JA e )

/D)'SC\A}S{&V\ 8w 5—]\ omj < .|

w/ m , 28,35
S Sl

L fx)=2x—1.0<x <1

\
V= 2 x-) /
)
A ";)j’-l’l f)/
X —| =) ):\
%(b — ”\ . (O/"‘> 0\\;}, WA
%Q) =] <\/\> ALS . A -

J f(x)=sm(2x),0=x<=m

/}>‘e‘{(b> - AN 1@ | +-
2|

\

w3
’\gk

'_,c);‘

//H?ﬁciwﬁ’q WX (—EL)‘/\>
i (gc—}/'\)

@ P(x)': ’X\ p Y:-\/\]
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:lzjlnzde;lJulyOél,ZOZl ’\/\’3 { - <\/\>
LT (COR
A\a&s\“&fe whox (A, \>
a3 (\ )

%\\9} Wy (gs/b) :

9. Sketch the graph of a function that is continuous on the closed
interval [0, 3] and has a global maximum at the left endpoint and

a global minimum at the right endpoint.

AX=23

X—= ©

[’5\75- VWAG < - %JV =2°
7/ VAN AL ﬂv’l' )(:3 .
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Sunday, July 04, 2021
9:12 PM

31. Graph
fO=1-ll, -l1<x<2

and determine all local and global extrema on [—1, 2].

v';\)(\

N o)

/ AN oy =\~ \/\\/

- | 1

Q

3

)
A
N

)

\ 4 (2= -1

|12\
) ’;) A TP [;&\/ = \l=]

/( \ 2

'ﬁ\r\a) oS vt ,\/Xr (f—\/o> - C\, 2D
24 7 S Vn B oJr L°/\> 0\-»3 ('L/ \3 :

In Problems 19-26, find ¢ such that f'(¢c) = 0 and determine

whether f(x) has a local extremum at x = c.

]
19. f{I}:I: fQX\jzX ‘:JB(CC)CZCCO:D -9

flo=
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9:12 PM

% ot ebs v ok Xzoo

(D fea=| =4 .

-—-7(4—\/
/f(%g) ~ \/ x> |
,(/ ¥ Z |
™E,  X=)
- %l(l) DVE

Sunday, July 04, 2021 F\(UM X\\_Q 3\/“{\/\ M

"

% '\/\US 0\\;*>'w{«. aJ’X/;\
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132 B 5.2 Monotonicity and Concavity

Sunday, July 04, 2021

o AZUN 5 A );:J\

B 5.2.1 Monotonicity

Definition A function f defined on an interval / is called (strictly) increasing

on [ if
f(x1) < f(x2) whenever@n I

and is called (strictly) decreasing on [ if

f(x1) > f(x2) whenever@n I

5}(\@7 7
5\*(7 °

=Y

>
Figure 5.22 An increasing function. Figure 5.23 A decreasing function.

First-Derivative Test for Monotonicity Suppose f is continuous on [a, b] and
differentiable on (a, b).

(a) If f'(x) > Ofor all x € (a, b), then f is increasing on [a, b].
(b) If f'(x) < Oforall x € (a, b), then f is decreasing on [a, b].

W Determine where the function

3 3 )
f(x)=x —Ex — 6x 4+ 3, xelg

is increasing and where it 1s decreasing.
f‘boff- 27— 3 (2) — 6
2 ra
— 3x* _gx_( = 3 (R —%-2)
— 3 ()\-1) (X+\> — ®
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133
Sunday, July 04, 2021 av
9:12 PM

I —
| A AH—F+F% ———— — —+— +~ = S

__/ ! lz_

' - l ) =3 (2)(5/7°
%// 3 (x1) Geal) \ Fli=s

30,/@,) — 3(—-7)(\) L O

’ﬁ 15 \'wu{o%a om (/OQ;BUDJ&)'
'L |5 )26*“&3 e Ef\,zj-

@ ) ‘3<><~>>3—r3 , xR
9, ;5 C”V\S}'W\ (P_

9= @j’ = [x=2

//> _/)
e vl il i S L Y

2

% ;} l'v_c\(z 0—_5\'\—& 2 v (/oé/ cé) .

& Jetor s on

f— =7, n e
J' ><7J/\/ ;++ >

/N
ﬁ_ 1S \'»\C(QO-N"’S 5 (b) °6> '
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9:12 PM

N
B 5.2.2 Concavity (N s

Definition A differentiable function f(x) is concave up on an interval [ if the
first derivative f'(x) is an increasing function on I. f(x) is concave down on
an interval [ if the first derivative f'(x) is a decreasing function on I. \J

V)

OL;//J’\I

y=f(x Cov (% \I\T

Slope f'(x,)

Increasing slope

Slope f'(x,)

-
7
=Y

F

Figure 5.29 A function is concave up if its derivative is

Increasing.
AN
Slope f'(x,)
— 4o CavV 2
Slope : v = f(x) c

f'ix) |

| Decreasing slope

I

I

|
| |
| |
I I
I I
| |
| |
I I
I I
| l -
X, X, X

Figure 5.30 A function is concave down if its derivative is
decreasing.

P

Second-Derivative Test for Concavity Suppose that f is twice differentiable
on an open interval /.

(a) Ifc:-r all x € I, then f is concave up on 1

(b) pr””(x) -ﬂﬂfﬂl‘ allx € I, then f is concave down on /.
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Sunday, July 04, 2021
9:13 PM

m Determine where the function
3 3 2 :
flx)=x —5X —6x+3, xeR

Is concave up and where it is concave down.

sol P b end ) AgSVe ol TR

—

%] (x) = 3IR"=3%X—=6

I —
WC bX-3j= o = x:%—:—\;_

! 2 \J

%(}0 /—_——_—-——_/i)\—ﬁ* — D %"
)

/ K 1 f(I(Q - é‘_;>o

¥%ﬂ:f3<b
Dot - (ks
< al(n,)v\ &\ L"Oo//\;_) ;

!
13. —— L _1
! (1+x)° e

~
>

(A)\'\/QJ-Q 1@ ) S ]“\/\C{?(I-S\'v- ,e@,\r\a.,sl.,
4 3,

C./GV\C‘M‘Q \A'\) ) Co wCad e A«Q\DV\ -

=L =

—3 5
] -~ - \,\——x) (\) g _
> (

%
D” - '-2_<’3><H—7<>—\{(\) — —Z\éka)q
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ﬁ ) S \'wC(Ef—-SiV% o (”"’Z’/’\>

O\QC(QP_})"’g O~ ("\/°6> :

C;Gowq',l’j j” — C

g
¥
¥
¥
+
>
y
X
!
i

e RSV o o/ X
9 =%, 2 s I
{ N/  + = + + + Y —;)""X
y N o >
VA RN
” \/ P S F Ké/"é)
y /\ LOJ d\m\ CowCnl e
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Sunday, uly 04, 2021 B 5.3 Extrema, [nflection Points, and Graphing

9:12 PM 3 1o
B 5.3.1 Extrema 5:3.3

A continuous function has a local minimum at ¢ if the function is decreasing to
the left of ¢ and increasing to the right of ¢. A continuous function has a local
maximum at ¢ if the function is increasing to the left of ¢ and decreasing to the

right of c. / N
™ /4 G =

STy - —
VA C
Y

|

| f(x)

| >

¢ X
Figure 5.36 The function y = f(x) . _
has a local minimum at x = c. FIgUI'E 5.37 The function y = f{x]

I— — has a local maximum at x = c.

- &
% 1. Find all numbers ¢ wher¢ f'(c) =0 7 (/MB;

2. Find all numbers ¢ where f'(c) does not exist! Q.,P/ RS
3. Find the enclpmnts of the domain of f. ) w(@ '

= . ,Ot/j 0\5’> C e
m Find all local and global extrema of

o3 ST g 22,
.50‘- ‘ﬁ v S Con*/aw(f& M) Sy AL \'\— \S Q_'B)b\\,&.

|
f () = < Yxo - 2(3%°)_ (2% =

— éX} /(fo—ILK — o

‘L;J

2P —6x?+2. xeR

— 5)(( Xlzv(,—?,> — o

m‘” Ex ( X=2) (% 41) = ©
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Sunday, July 04, 2021 % ( ‘) - % (’\> — 2 (’\)

3
'Y/ (2) = %(1\1——2(1) »é(z,)l.xz,
— 2 — |6 -2t =Y

() ) Jeted i gtabad)
%(0) — 9 CO/-L) QoCuﬁ MO~ X -

y ttcersi-a on Lo 0 L2
A/Qc,(e«»j"va N (/ oc/.-—\/&k) Y,o/z:l.

¥ A
) (X)
30 + !
25 +
20 +
15 +
10 + Local maximum
5 4 (0, 2)
-—| I I I I =
—3 -2 _5 4+ 2 3 4 x
— “] .
(—1, —5) el
Local minimum oo (2. —14)
Y Global minimum

Figure 5.40 The graph of f(x) = %.ﬁ —2x7 —6x*+2in
Example 1.
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EXAMPLE 2 Find all local and global extrema of /$35 - (/043/“3).

x) =x(1-x)"°, (xeR

[ -3 T
. fmc(;q = (|- %) >(~t>+(\,><)3m_

— 22X S
- 3(1/# - @
— Eax))OY +(\~><> < 3(1- )
30 ()
=  —2x 4 3(=x a2
Y R Y

y((x} — o =) S A2 =09 —-—«)@Cfbﬁ

f\(%) BV E = 3(5—”()3—,_9_
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o120 J(x) 2+
1.5 +
Local minimum
1 (1,0)
0.5 T _ . \'.
\
-] | | i — i -
-2 -15 -1 -037 | 052 () 15 2z
ot :
_] .
1.5 +
24 oL o
y ..09.095 1 105 LI xi

Figure 5.41 The graph of f(x) = x(1 — x)*".

The Second-Derivative Test for Local Extrema Suppose that [ 1s twice
differentiable on an open interval containing c.

If f'(c) =0and f"“(c) <0, then f has a local maximum at x = c.
If f'(c) =0and f"“(c) > 0, then f has a local minimum at x = c.

f]/g, fl(c),—/D P %”(C)’;°/ J/QB“’ ap/é—(\j-j/k 4K
ChyR O SC 45{’ )\-((\'I/#J'\-\/( Ye ot -

m Find all local and global extrema of

fO)=2x*—22—6x 42, xeR

Uu}fg W e 2‘”j )e/'\t/nﬂ'{da Jes b
Sl %\oq — 6x2 g xF—1r = Ex(X—) (x+ )

@); 2xF—lay 12|’

] —
%D(X)':O —) /L)C: 2/ ‘X’:"‘!
%HCO)/;%Z P (O/ch)) }ouﬂ s
7gll(z = gy ) -le> e (1, £) [RAPN
%\\(—\>t lg—"'\"ll’(?___";(g>o (/\/ Q(,D) 9~°LJ e -
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B 5.3.2 Inflection Points

Inflection points are points where the concavity of a function changes—that is,
where the function changes from concave up to concave down or from concave

—_——

dDWI] {o concave up.

2 a

C

VA pl\ [_\ u

Concave down \
C

knflection point

Concaveup
\

7 =
C X
Figure 5.42 Inflection point.
If f(x) is twice differentiable and has an inflection point at x = ¢, then

f(c)y=0. ’)/\Nz Covits€ T9wor kNwe.

< HCC) ‘$ ﬁ s (Aﬁe&ﬂiaﬂ\u}

_ ] i \-l'-/:—J
Lr ) ' />7 — X Y AT T

C’Ov\Co\deV? |
ow(’od/eé
b‘\(())/:l_?,(o)z — O \Q\AJL /ﬁ )Oe5V\—0#
’\/\M\IQ \\-»Cl/(’cl’(o« Po(‘.,.so'; h&— X — D
g =A7

Z

m Show that the function
Ly 3,
f(_:r:):;x — X +2x+1, xR
has an inflection point at x = 1.

Sol {L\b Cok o 4 Mo fie o TR

—
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— — f '(
Jren A= R Ko g
X

ol \ 5 o\oL(“Y

Y

)

Figure 5.47 The graph of f(x) = 'f__; with oblique
asymptote g(x) = x + 2 (and a vertical asymptote at x = 2).

13-A

Definition A line y = b is a horizontal asymptote if either

im f{x)=0b or lim f(x)=2~b

Xr——0x X—»00

A line x = c 1s a vertical asymptote if

lim f(x) = 400" or lim f(x) ={00)

.'-l'%*l‘.'."+ .I.'ﬁ"-f_"—'_

lilil//_[(x) = 400 or hm 1y — 0

or
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s — o 2 - - - - = A )(f'—;z
X—> — | — =
p L
= —=
T(Mfe s Noo LA
\/‘Aﬂ @ ﬂ/"' XQ—_} ) =23 \
v 7 =
X—o2™ XTF oF o~
T =<
Iuligne A@MM—@ (oB) fu g=Foo

- \mX-—%\D

/@/\ [ (=) — ( V“?"‘”g):{ o
L (x) (Mx*\p)]
,a/ok)

\/}ou) ,L—D L\,\g aan O PFQ

WL v /Q_og A\\/(S(bvv
The simplest case of an oblique ’é’_/\,

asymptote occurs with a rational function in which the degree of the numerator is
one higher than the degree of the denominator.

(’G,o
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,}
fx)==x*-2x+1, xeR
2

5—_—?—]_ D\)\Mm:w — ("00/00> .
‘S\XE—L ASDWP’M*S . WNowe
5“{23 %’QX>:®K1——L: o= X =+ |

I
fl ST e o — A

A\

/ﬁ l'} o e V\F on (_0/ (>4>> 0\‘«‘& C)Q\:DV\ ox(~00/0>
(o, 4) = (o)1) is A Wfleckoon poid.

X— = X— o9
—JL/ )(3<2f~/— =N J—\
IV S X X3
(28] ( 2: o) —k—o)
= =2 = o9
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plodp =~ _r= —

V

0. Sketch the graph of f(x) together with its asymptotes. /U\I\_Q(\_Q
%@W“XJ
c\mﬂ”ov\ (/\> /Boww\.,\ _ <,_°° 1>U(2/°¢)
Thtee 15 No \A-H
O~ % 6 >(+7,  g/bod
| —~ L)’ W\
(3) ; (X) - (X—-Z) (1)0 /(x '3) ay)
=K
. s
— o oaxToax X3 leHK 3
(X’QQ = B 2
‘ (x=2
C\({«\q‘(j I/A/{Mﬂj f (x) =0 = Xl—\ﬂx o
XD (x=3) = ©
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m Chemical Reaction Consider the chemical reaction
\_/___-_

A +B —(ABJ A

The reaction rate is given by the function

| T X (AR
/:5/\% R() =(kld = x)(b—x), 0<x< Hﬂﬂ(ﬂ:@%

where x is the concentration of the product AB and min(a, ) denotgs the minimum
of the two values of a and b. The constants a and b are the concenfrations of the
reactants A and B at the beginning of the reaction. To be concrete, we choose k =

2, ﬂnd{b = 5.)Then

(R(I):Z(Z—x)(ﬁ—x) for0<x <2 L

We are interested in finding the concentration x that maximizes the reaction rate:

ﬁosv&h)w

1
PCX>: 'LO——\\‘IX—-E‘L)Q/ @éK<L

— R B Je,cJQa_s;wj o [e/z.j
’//lu aLSa\\;\gre s X, 0[: ? S R(O)-“-Z—C’-
Heas U0 (Cochion fude 1 n mimdd  winen
W CrnCandVodion aﬁ A TW«NJ AR s

Q?“"J s o .
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EXAMPLE 2 Crop Yield Let Y(N) be the yield of an agricultural crop as a function of nitrogen
level N in the soil. A model that is used for this relationship is

—_—

N
{Y(N)1+N2 fofN=0) "1 dwanin Ne(},m)

(wherd N is measured in appropriate units). Find the nitrogen level that maximizes
yield.

sidie vy < () () = (W) ()
<I—H\)jl
N

(I+le

)é\"m >/(N> B %‘/ ,\i\\w =(=)

N >es M=
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Sunday, July 04, 2021 \/J ¢ Co- C,\u A-—Q M’\{ 53 kc) \4 J Mo X

By s (L)
V(N)
/]/t\“}/ N — | BERANY \/\"\)vw\‘)-h\ JZ_QJQQ
,‘\/\’\(JF VWAL Xyn| 2 €S \&'\%\3-

Maxjmizing Area A field biologist wants to enclose a rectangular study plot. She has

( of fencing. Using this fencing, determine the dimensions of the study plot that

Cs it

ill have the largest area.

X

X

Figure 5.52 The rectangular study
plot in Example 3.
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m Minimizing Material Aluminum soda cans are shaped like a right circular cylinder
and hold about@s Df@ The production of aluminum requires a lot of
energy, so it is desirable to design soda cans that use the least amount of material.

What dimensions would such an optimal soda can have?

—

g ) AN's
| - 355 ~——
- . Figure 5.53 A right circular cylinder
T with height & and radius r.
Sk -
nfr@ Nea = 2 TOY" 4 oToch
2 358
_ 2 O (
AQ(‘) 2Ty — =F ‘\T(7'>/ Y 70

KA(()C ’ZW{L,\_ j_]_?_/\(>o
Y

Alt) = HT0 =2 -,
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minimum A(r)
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|
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Figure 5.54 The surface area A of a right circular cylinder

Math1431 First Semester 2021-2022 161 4sia



158

;l:JlnzdsK;lJulyO4, 2021 . 5.5 LjHOSpitaljS RUIE

L’Hospital’s Rule Suppose that f and g are differentiable functions and that

lim f(x) = lim g(x) =0) <9_>

x—a o

or
: . o
| =3 | — o
lim £ = lim () =00 (2}
If .
. =)
| = L
IEI g'(x)
then
it
I = L
TE;II g(x)

X+ LK X—>2
b, 2
@ o | = Cos X 2
X_,.a\) 5"\,\7( < 0
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013 Py Integration 3
ugier Bk
M 6.1 The Definite Integral f(_r)@—“ 2 ngm\
% /')\)A'\ C) L/%J \)’ \W ‘93{'0\\(\3

’é .\.7_l/é-\-3 0-6‘)':‘/-

@ aterEi B Integration ﬂ/\f’ ,RJJ,(QUM

1. If f isintegrable on [a, b] and f(x) = 0 on [a, b]. then

b anu
(x) dx)= the area of the region betl»f_@_ the
u J(x)dx)= -Jlaph of f and the x-axis froma to b

2. If f 1sintegrable on [a, b]. then

b
f f(x)dx = |area above x-axis| — |area below x-axis|
a

4 J(x) =— YA (X) e

I:z- e it G i i e o~ i~ it
Y
i

V—

b
((eWtj¥Cx)§x A{e”‘: o ;F(X)a\x
Y4 fx) —
| B /"
0| e i -

|
1
(

' fa&xw /R ‘*‘ﬁ})

= (oeer wbove X_M;_x) (ren beleD

Y — o~ Xy
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3
m Find the value of f (2x + 1) dx
—2
‘j — 2 7(4"\ y,
— O

LYy 3] 7(:-7—,32 -3

Y’:3)J ==

Find the value of
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0:10 PM ’ - 2 3 Q 34 -

ey =

'ex'j\x\cyx :‘ ‘:é P
M 6.1.3 Properties of the Riemann Integral =

-2

-7 3
Properties Assume that f and g are integrable over [a, b]. = 72‘_4—,]2 >
5 - .
L/{f T dx — il and — JS(”’)(?-)‘\" 1(3>(3)
e b = Lo o2
2. f f(x)dx :@f f(x) dx e ——
b a

l}. If k 1s a constant, then
gﬂ

b
kf(x)dx :kf firiax

b b b
A, f [£() + g(x)] dx = f Fx)dx + f §(x) dx

A. If f i1sintegrable over an interval containing the three numbers a, b, and

c. then \
-~ v

b C b
ff(x)dx:f f(x)dx+/ £(x) dx “\/

6 IfMﬂn [ B then

. If f(x) = g(x) on [a, b], then f{x}dx *:: g(.r) dx.

Q I < @5 B thor

e X
A -

m{i —a) < / =M®b-—a

QSU k(oo
ex S Wew Mook dZ—J\r—a}‘x < %
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B 6.2 The Fundamental Theorem of Calculus

B 6.2.1 The Fundamental Theorem of Calculus (Part I)

The Fundamental Theorem of Calculus (FTC) (Part I) If f is contin-
uous on [a, b], then the function F defined by

@z{ﬁxf(u)du) a<x<b ;\ x il

i1s continuous on [a, b] and differentiable on (a, b), with

d

EILTEN  compute

d [ —
< | (sinu— e du= _S; .
v [ G an= i

forx = 0.

_EXAMPLE 2[RI

d (& 1
e du— '—s—_
dx J3 14 u?

| + X
for x = 3.

EXAMPLE 3 Compute

g

LT WP =2du, x>0
dx 0

=[09%= ] 4 ()
— /Xé = ‘2«) (2x)

— 22X =1X
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EXAMPLE 4 Compute

EXAMPLE 5 For x € R, compute

(\/v ;_x j e du
J jx ey % 1 -
/sz" = £ =(<¢) — € %;(x“‘) ,

3 !
= &% ax* — X ()

Leibniz’s Rule If g(x) and h(x) are differentiable functions and f(u) is
continuous for u between g(x) and h(x), then

g o
. fu)du = f[h{x)]h (x} — Fle(x}lz (x) '
ﬂ@} =

X*\-x
E_X@ j Svnk J’c} -~ S{A<X,\_X").<\+3x1>

2-R7 S (’arxl) (~2x)

@ %gf ﬁ’“(l«\—k>auc fm(‘,{-xY) 3
X A/Q"\< l+2<'{).3x1-
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B 6.2.2 Antiderivatives and Indefinite Integrals g «g\—@q}x

IJCCK))& — @ A JP(\'\/JNP_S

__:> F‘CX) :«F(x) .

- 1)
AY\%’\QI\.}/ j\xv\)K’: ZS____\_ p V\:j;,-(_

N 4

&x. J(exfi-S\“«x) )x = ~€Xf- Cosx + C -
2 x. J f)lréx’: Qv\\x\f\—C L, X0

QX-JSZC,ZXO\X: ’}’ﬂ‘V\X—l-C,'
€x. jsxéx :,_E___X___(_C

Ln5 /

/\V\?"“"’J/ d\> = ax /0_/\/\& = 7 = (0\%
L w~no-

X
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€ x.

2

[ X

€)<,\j\"\
=

i

—

- dx

|

A X + C -

Yo —

a—

~\
j— S\«){—&—Q :

TABLE 6-1 A Collection of Indefinite Integrals

+C

Iri+‘i
X dx = ~1
ft x n—+1 (n # )

etdx =" +C

cosxdx =sinx + C

secxtanxdx =secx +C

1
f—d}::ln|x|—|—C
X

X

a

a‘dx = + C

Ina

sinxdx = —cosx +C

cscoxdx = —cotx +

cscxcotxdxy = —cscx + C

— e S Y

tanxdx = In|secx| + C

fsecz xdx =tanx + C

fﬂﬂtIdI:—]H|CECI|—|—C

1 1
f_ _dx =tan 'x+C —— dx=sin"'x+C
I + x-

The Fundamental Theorem of Calculus (Part ll) Assume that f is
continuous on [a, b]: then

b
f f(x)dx = F(b) — F(a)

where F(x) is an antiderivative of f(x); thatis, F'(x) = f(x).

P
6}24_ _J\ (X1—3>() olx

- |

L

p—
—

(5_3 _3x*
3 >

=

32
EEREC RIS
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