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VECTORS AND THE
GEOMETRY OF SPACE

12 1 \ Three-Dimensional Coordinate Systems
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FIGURE 12.1 The Cartesian coordinate F‘ = T O CJ’U\J
system is right-handed.
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xz-plane: v = 0

xy-plane: z = 0O T

x

FIGURE 12.2 The planes x = 0, v = 0, and =z = 0 divide
space into eight octants.
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EXAMPLE 1  We interpret these equations and inequalities geometrically. &
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The circle

J:2 =+ _'r'l

(0, 2,3)
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(0, 2, 0)

(2,0,0)—

FIGURE 12.4 The circle x* + y? = 41in
the plane z = 3 (Example 2).

Distance and Spheres in Space

The formula for the distance between two points in the xy-plane extends to points in space.

The Distance Between Py(x; s V1 z1) and Py(x2, y2, 75) IS

| PP = \-/(Iz —x1)? + (=) + (22 — 2

X, v, 2, X+ 91 ¥+
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The Standard Equation for the Sphere of Radius  and (w Folxo-yo-20)
(x=x) + (y =y + (2 —z) =’
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!
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FIGURE 12.6 The sphere of radius a
centered at the point (xq, vo, zp).
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EXAMPLE 4  Find the center and radius of the sphere
@+f+zﬂ I— 4z +1=0.
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EXAMPLE 5  Here are some geometric interpretations of inequalities and equations
involving spheres.

(@ x> +y2+z2<4 /k)\'\{ ey \Db\'JrS c/% M/—S’\«
SF\'\’WQ Xl—k—al-{— rr=Y
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In Exercises 1-16, give a geometric description of the set of points in
space whose coordinates satisfy the given pairs of equations.

<

13. x* + y? = 4, ' 4 X eyt
N g
C_D\*iwéif

/y/(,\Q &Af&/e @(M{J \7“9_ ¢ | /3
M (ersedkon of fo X
Qj&\’u\éef 7\7’-%31:% o /(’(/\_Q ?ko\v\{ E:\&.

In Exercises 2534, describe the given set with a single equation or
with a pair of equations.

32. The set of points 1n space equidistant from the origin and the
& ——
point (0, 2, 0)

fol=|ral |
* e 31 +;: *X’L’%Q’S ~1>L;z - BICTD Qle, J
= =

D= 3143—%\\ -:>.

34. The set nf[Ec}ints in space that lie 2 units from the point (0, 0, 1)
and, at the same time, 2 units from the point (0, 0, —1)

?(Qla/\> y Q(o/ o/‘\> 7%(9(/7/'&)_

[ FR1=2  [GRl=2
\rxlﬂlf(%f@‘”‘: z WJL‘V(’HUZ =
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Vector Algebra Operations

DEFINITIONS  Let(a = (uy, s, uﬁ)andg = (v}, Vs, @Je vectors with(k A

scalar.

Addition: u+v={u +v,u+ v,u+ 3
_Scalar multiplication: ku = (kuy, kuy, kus)

—>

gé WA —= —-Uzv> N = £ M0
> —

() W BN = 2 o130 + 39,30
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Properties of Vector Operations
Let u, v, w be vectors and a, b be scalars.

Lu+v=v+u 2. (u+v)+w=u+(v+w
. u+0=u 4, u+ (—u) =10

5 Ou=10 6. lu = u

7. a(bu) = (ab)u 8. alu + v) = qu + av

9. (a + b)u = gu + bu

Unid Vecho s

A vechs ‘:’F }Jemjy\/\ 4 s clle
K)\U\\‘f\" \/QC’('D\/- {Z-
SJ’D\V\C‘XG/G\ A { - \/QC,'&W)«—*s e N

X
- = 4\/0/"5 RN :401\/‘35/ k=<°/°/b

S
V= L Xy, 2D
— 4X/°/°> + £0,0,07 4 2o, D

— X< \/0/05 ’1—340/\/@ "f— %4Q/O/D
— X(+ D3+ Tl ., ~

ex. J = <2,5,5% = 21+ 33—\-3\&.

Math2311 10 4sia



10

—> -2 .
e (Rale IR RES Man W ok
\u»\
\lacgrﬂf - Moo c)‘\(QCL\‘-’V‘ 5:"—-
——9 .
— A (B 0\\)\\/\\\" \IQCR—«»/ foe = o HJOS\F&
|| ~

JHQU&—("“\ 5_}% M
g?&' ﬁwc} oA \)\s/\\"\' U C)“’\/- q W~ M\Q A\'{QQSVQQM

- —>
ég,_ M= \IQC}‘)/ ﬁP?_ WAYN¥ F\Q \/u,\)/ j)z<3,7~,&.
PN T

s

~ N= fh  _ Dl~(-95 4+ 6-0k

IR Wﬁ

=) — =

W = \/ — F _
Eamt oS
NI 418
= l\g (V2 - L>
— €Y s
3 12
EXAMPLE 5 [f[v = 3i — 4j is a velocity vu:@ cxprusa@as a product of its speed
times a unit vector 1n lhew. \q \
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12.3 | The Dot Product

9:12 PM

DEFINITION The dot product u-v (“udot v”) of vectors u = (u, 1z, u3)
and v = (v, va, 13) 18

UV = V] + Urvy + Uzvy.

ofR_ KT = \ TN osg /\f
6,

>
\A
THEOREM 1—Angle Between Two Vectors The angle 6 between two nonzero
vectors U = (uy, ta, t3) and v = (vy, va, v3) is given by
, 0 £ 0|

0 _ (mv] + wurvo + 1-:31:3)
= C0s .
Jul|v]
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Ex 70 K = Biayr ke od Nz 2jaxk
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Math2311 14 dsia



14

Sunday,
9:12 PM

luly 04, 2021 Qi(_._ /Ff%)‘ M 0“"3\{ &0;)\}('\»‘ KR B)\/\—k,

—>

Jec fus W = L'-‘L»:X ——\Q o d ?’: 60 —-\——;3,&.1\(‘.

Sb\\'\&'(d\/\ @ = C,oé

\v\ \\1\

_ s [0+ () 9
N0\ 36 +94

— C,e‘j\< :_’_Z‘;ﬁ/\/”/,_
¢ |~

Properties of the Dot Product
If u, v, and w are any vectors and c is a scalar, then

l.u*v=v-u 2. (cu)*v=u(cv) =clu*v)
.u(v+w)=u'v+uw 4. u-u = |u|?
5 0-u = 0.

-
?«[bd{;- @ ?)\\)\ — \)\\\)\\’F \}\1\)\1+ U\B\}\S
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EXAMPLE 5  Find the vector projection of u = 6i + 3j + 2k ontov =i — 2j — 2k
and the scalar component of u in the direction of v.

I
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| The Cross Product
12.4 |

W E (s M u\d\(’?‘ \JQQ.’L’\/ V\wf\MJ ‘—*Q
,]/L-Q P&O‘\«/\.Q C-CJ\/\JF“!“‘"f‘"S' U_\> A~ \—7

o L
o

Properties of the Cross Product
If u, v, and w are any vectors and r, s are scalars, then

1. (ru) X (sv) = (rs)(u X v) 2.uX(v+tw)=uXv+tuXw
J.vXu= —(uXy) 4, (v+w)Xu=vXu+wXu
5.0 Xu=20 6. u X (vX W)= (u-wyv—(urv)w

Math2311 18 4sia
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Determinant Formula foru X v
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|u X v| Is the Area of a Parallelogram

Because n 1s a unit vector, the magnitude of u X vis

lu X v| = |u]||v]| |sin@||n] = |u||v|siné.

Area = base - height
\ =l lisino

V= |l.l A \’|
\

|
Y |
'k = |v||sin 6]
|
I
I
|

e}
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EXAMPLE 2@ Find a vector perpendicular to the plane of P(1, —1,0), 0(2, 1, —1), and
R(—1,1,2) (Figure 12.31).

G Fi-d e een 4 e Fieede NAPQR
& PR AP |
PR = LD+ (te) -k . /

- -2cC «1—13 12l ﬂ
P(1,—1,0) -/
fEP — (2D tU-Di-k /

_ (."'("L_S k Q(lll}
P = :
RATE = \ >
— 2 g —
\ -}

—

2
T
T - -
B L‘L ,\\\"‘\ T }\\3—\—\ Ez(k

= -{C —ey (= 6 ¢ —Cle--

—

@ friea {%{Hi&m\{: H;"TKXI;EQ\
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The product (u X v) - w is called the triple scalar product of u, v, and w (in that order).
As you can see from the formula I -

|(u X v) w| = Ju X v|[w]|cos0] \7\'*3\ =\x) \vg\m@\
A
v

=3B ———

Height = |w] Jcos 4|
//

. . (T S Area of base
: // = 4 |1l x "f'l
- o~
uﬂ'
Volume = area of base @
= |u x v| |w| [cos f
= |(u x v) - w]|

FIGURE 12.34 The number |[(u X v) - w] is the volume of a parallelepiped.

Calculating the Triple Scalar Product as a Determinant

i 25 i3
\/'7_ \(3
(UK?)“W_ V1 V2 V3 :U’\ \/\AL \]\ \JS \
kS

TW Wa W3

+—U\3\ Vi \{ = \
v \ Wy W=
EXAMPLE 6  Find the"volume of the b@ (parallelepiped) determined by u = i + 2j — k.

v =—2i+ 3k,andw = 7j — 4k.
® o ©
\

G?XG>&ﬁ — z —|

- 2. @) 3

o F+ -

1 o o 7

= 1(oont) —2(8-9 Ay
— 2 e\ =2z
LN OvMwe = | 3\ = ez
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L

Lines and Line Segments in Space
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o£ /M/‘Q )L\cvxe L_ M/&(OWD\/\ /FQQX&/‘QO/Q:Q
?mM b = \, t'»r\/v-&—\f\/;(a
Are % X = %, + LV,

Q: jb—\—t\/l— ) — XN < b <
1 = Lo tkV2

—

~ L N ‘) N

EXAMPLE 1 Find parametric equations for_the line through (—2, 0, 4) parallel to
v = 2i + 4j — 2k (Figure 12.36).

Sé‘ X = -2 42L&

Nee &\)\/ Q.;j: (.K/j/%) - <—1}0)\‘(> =5 t?
— \/4’_—’
v (&) (RED)

EXAMPLE 2  Find parametric equations for the line through P(—3,2, —3) and
o(1,—-1,4).

@ = ?’é — (fB'DU’(ZH)j /F/cx\/

3 )l
= —HL 42y AR
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F<’3/1/3> ) (T: L ’33‘+?\L
Ao Pam\»@}\'ﬁ Q%S afj—e

X = -3 +L(ﬁ/ Y= 2-3t T=3et

g~ R oy

EXAMPLE 3 Parametrize the line segment joining the points P(—3,2, —3) and
O(1, —1,4) (Figure 12.37).

U — FQ = L —3\)' /\"’}[/Z— 4-0 =

K VS FQF}/Z/—_SJ

X— -3+%4b, v z2-3F 2= 3+, scke

<;Q\$ (7( ><“/7“/1{:0 / CP S 2 TV
N

X = X "('(X\’Xo) - j‘:\ju)"b‘ ’\5">t/ 2= 9:“""(zl%%

/
of'ﬁé\

Remark.

The vector form (Equation (2)) for a line in space is more revealing if we think of a
line as the path of a particle starting at position Py(xp, Vo, Zo) and moving in the direction
of vector v. Rewriting Equation (2), we have

r{t) = rog + AV Y.UT): \(o’{_ %/\_./)
=)+ @IvI 737

In other words, the position of the particle at time ¢ is its initial position plus its distance
moved (speed X time) in the direction v/|v| of its straight-line motion.

s s
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0:12 PM The Distance from a Point to a Line in Space

—_—

Distance from a Point § to a Line Through P Parallel to v

|PS X v|
M

FIGURE 12.38 The distance from

S to the line through P parallel to v is
|PS| sin @, where 6 is the angle between
PSand v.

EXAMPLE 5  Find the distance from the point S(1, 1, 5) to the line
L x=1+y y=3C4 z2=0)  ~et<=2
© —>

> S( \/\/S) / EQ\I’S/") ;N = (‘«’\‘\‘\"Lk

e
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An Equation for a Plane in Space

\,Q_c_\"v(
W\ 0 Y v

&«
&

Px, v, 2)

@M + B3y + -2 :§c°; wd
- TS
AX%’]ZaJrC’{; @ﬁ’@n +C\ s

@i&tﬁ—(% ’D) TR

S( ¥
e COWPOMNJD ‘3( L MA ?\O\WQ
?0$>1é VARNINVECLS Fc Koy o &) v\ow«o&»

Fo (& = AR~
Equation for a Plang
The plane through @’lﬂ]‘ﬂ‘lﬂ] tc@ Ai + Bj + @\)’has

Vector equation: n-PTP =0
Component equation: Alx — xp) + By — ) + Clz — zg) = 0 _—
Component equation simplified: 4Ax + By + Cz = D, where

D = Axg + Byg + Czg

Math2311 27 4sia
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&S
Xe 76 ©°
EXAMPLE 6  Find an equation for the plane through Po(—3, 0, 7) perpendicular to
ln=5i+2j—k), o

3=l SQX"'})—\—’L(Q»G\ _\(1_’})30

P

S X —+ 1 < ,(-—’Lé _ %——\———]--:_o

%X ’H’;}"%’ = —L%

/

EXAMPLE 7  Find an equation for the plane through A4(0, 0, 1), B(2, 0, 0), and C(0, 3, 0).

/)/C% Q/% ()/N A= ?k&«e S

g(x"’) + 2 (- (=) =

EK ~|-13 #_Q%?(’\
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b s Cedes
. Two })Laﬂ{) Need ore ok ?OJM

]'V\A’QfS/Q—LL NS ﬂ/\'vxa \_
=

NE Vb J
EXAMPLE 8 Find a vector parallel to the line of intersection of the planes

CE::: — 6y — 2z = lSIand[Zx + y —\Zz_=/_§,)

_% , —_— . .
Si V\\ — L — Q\X ’1\L y V., — ’7—\7’('\3—-1‘&
— . C S e
\} — 0N AN
£ S
2 \ —

-

EXAMPLE 9 ind parametric equations for the line in which the planes
@amd%—; +y—2z= Simtersect. ,/7 /ﬂ\

[#
§_¢/l' \/lyj_v—\)\x‘;\i ?\Uﬂiﬂ-i\j —\*\S\/LCSXﬁ Q’“Aﬁ
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R = l4c —l’rL&—\’\SL

K= Bk, g ok 2215t e

: Q’.(ﬁ/.t) .
EXAMPLE 10  Find the point where the line \/
'I:%—FZI, y = —21, EZIE \

intersects the plane/3x + 2y + 6z = 6) / LF/;/\
Soluhion 5(@3 k) —+ 2 (’Lk) +6(j k) = é/\

C +8t —yt +66E=¢
— —~

Bt +¢ =0 —%@

-‘—X_/:X 'L—'\’:q:'
}’&' () 3

g — —1(—\) = _

Lt= | —[= o
.- /fkh& Fm'»\:gt (S ?Q = 1—@5.

37 7
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Sunday, July 04, 2021

b:12 PM The Distance from a Point to a Plane

:Yhe distance from S to the plane is
pg.-

[: n]

where n = 4i + Bj + Ck i1s normal to the plane.

EXAMPLE 11  Find the distance fI'ﬂII"ltD the plane@ + 2y + 6z = ﬂ
e SCMN3) 0 R= 314y +Cle
?Q"/“/Q e

o dishew 2 TS = 12

Angles Between Planes

The angle between two intersecting planes is defined to be the acute angle between their
normal vectors (Figure 12.42).

Math2311 31 4sia
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EXAMPLE 12 Find the angle between the planes 3x — 6y — 2z = 15 and
2x + v — 2z = 5.

S’_i_- ?\\’—:— gl—é\\—-—-l\L p —v—\yz — 'l(l —\-\8-7__\&_
H=cns_'( B )
[ny | |m;

~ ] ((&)(1) —6Q) 2w
Jq436 \| 441+

- |
— Cecx < j""’) M, 3% v adion

2|
Bl

. 'Q/} “—é M- PLO\\/\Z o~ Sznxce_,

—~

— Lnberse fia s })\m\{ +P\ane—a Lvw e —
P\ aNR —f—ﬂ/{/\e .;PU\‘J:‘
- A“ﬁ\’?} Lefrwee th\es o R o e et e
XMae ¢ v\o(W*a)& :
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12.6 | Cylinders and Quadric Surfaces
U

Cylinders Y ,}X«L/ Space

A cylinder is a surface that is generated by moving a straight line along a given planar
curve while holding the line parallel to a given fixed line. The curve 1s called a generating
curve for the cylinder (Figure 12.43). In solid geometry, where cvlinder means circular
cylinder, the generating curves are ) but now we allow generating curves of any

kind. The cylinder in our first example 1s generated by a parabola.

£=

Lines through
generating curve X
parallel to x-axis
\______’__-—-’

FIGURE 12.43 A cylinder and generating
curve.

EXAMPLE 1  Find an equation for the cylinder made by the lines parallel loﬁw z-axi_sx
that pass through the parabola y = x*, z = 0 (Figure 12.44). -
. ( ><A/ Xo? %)

Solution The pﬂintmnla y = x* i@'lhen, for
any value of z, the point O(xg, IQE,C.?'J lies on the cylinder because 1t lies on the
X = xp,v = x¢° through P, parallel to the z-axis. Conversely, any point Q(xg, x¢°, z)
whose y-coordinate 1s the square of its x-coordinate lies on the cylinder because it lies on
the line x = xg, v = x¢° through Py parallel to t @D igure 12.44).

Regardless of the value of z, therefore, the points on the surface are the points whose _
coordinates satisfy the equation y = x?. This makcﬁ = x*? an equation for the c:yﬁl_-:iﬁ:r)_
Because of this, we call the cylinder “the cylinder v = f’ ]

Math2311 33 4séa
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O—=3

; G/

Quadric Surfaces

focus on the special equation

<

|

e

Po(.xo, .x-()z.. )

X gl
— 4 D
= ,r—q'*/

A quadric surface is the graph in space of a second-degree equation in x, y, and z. We

Ax? + By + Cz* + Dz = E,

2 2 2
Y oz
a b C
XZ o9t -
P 2
% +_ Q_ __:\ —
bt i
ran
7_\_.%_..\— ’t’ ‘:l 7z

Math2311 34 4sia

where A, B, C, D, and FE are constants. The basic quadric surfaces are ellipsoids, parabol-
oids, elliptical cones, and hyperboloids. Spheres are special cases of ellipsoids. We
present a few examples illustrating how to sketch a quadric surface, and then give a sum-

mary table of graphs of the basic types.

l
EXAMPLE 2 'Q

'\J\ ')(3__)3&0\\/\3

-7 942 P\we

~ X —plane
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Elliptical cross-section
in the plane z = z;

The elligee - 2 1
eellipse *5 + 75 =

in the xy-plane

72
The ellipse - b_ " —2 =1

in the yz-plane

2 _+_=1
a’ b2 c?

in Example 2 has elliptical cross-sections in each of the three coordinate planes.

If any two of the semiaxes a, b, and ¢ are equal, the surface 1s an ellipsoid of revolu-
tion. If all three are equal, the surface is a sphere. N

r."q

2
2 b*
in the plang z = ¢

—

The ellipse =1

@

\\_\\lrime vz-plane

¥

2
e X j 4 _%:2_ -
PORCE s
=25
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&
X
. . 2 g2
The line z = _EE}I T The ellupac% i % = ] Z
in the vz-plane S in the planc z = ¢
S e
F_,--*”F ' :;"
f o __,lfil-ff
“‘-__.]?l—-ll—-i.ltlu.l:l‘f.
The line z = 5: ' 4
in the xz-plane
O /ﬂ'——_____ ¥
'“"_,_/—"--u/’
ELLIPTICAL CONE
oL
€ <. X 43 -

€x S}Ce-(—d('\ t = { X ey 2

S Xq—kg_: — =

—

Xt e =0
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36 _ 2 g= / 2 2
. e T —f\? N, =<1
g{C.e_ J—CX/\ M/vk C O varmsn «(-Qes\'w\ :

)

H 2 . 2
X
HYPERBOLOID OF ONE SHEET + y _z =1
R
The parabola z = gil‘}lz in the yz-plane . .
f ' Part of the hyperbola 2= — £ = |
bt a?

in the plane z = ¢

Part of the hyperbola =1

2
S
2 Z
- E'l ‘-‘"'. a b

The parabola z = 3 * in the plane z = —¢

in the xz-plane

-

$ —= =1

z The ellipse

e

) a

b
in the planc R cV?2

X
p "~
\ N

-, ¥ b

ELLIPSE

HYPERBOLOID OF TWO SHEETS = == = 1
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AN
>,
( _ )
< TN
[
Y
.}’2 x! z
HYPERBOLIC PARABOLOID F =i iy @ o |
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12,1660 |8. 12, 14(20) 26. 30(36)43. 56. 64,

20 a. x* +y* =1, z=0 b. x> +y* =1, z=3

c. x>+ y? =1, no restriction on z

@ ,HJJL '(vx—\/ﬁxliev aé ,,XM C\'(Q\/Q X/L-\rjlc\
~+ y\"\ \oO\nwgﬂj Vi~ Xt/—’\ 7(5 fF\O\A,Q_
(\D G Cmr o NN }Mf&)\o\“e £=%.

//
&

(c) A solid cylindrical column of radius 1 whose axis is the z-axis

36. The solid cube in the first octant bounded by the coordinate
planes and the planes x = 2,y = 2,andz = 2

§/il. oéxét/oéééz / o L L L

24, H.E'_EI_ZE no restriction on x (x/ j/ \—‘3)

b. z=y%, x=2

s @ AL pords Mk fie o pu L9

?\w\e +=0. ﬁ

(2 (39,9) 2o -

2

Al pad> Jie o y

Y Coulue %’/\3; | ;//l : Y
‘V\W Y\U“’\Q’ xf;’L 2//0 ((y()\/o

X
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122|665 |7.10.15.18.22.25.33.40.42

42. Linear combination Letu =i — 2j,v = 2i + 3j, and w =
i+ j.WriteLu - ulmwhere u; is parallel to v and u; 1s par-
allel to w. (See Exercise 41.) —\}7\‘ // \7 . [| A -

,9
- ﬁl—,\pw

, s : :
. U[":_ 0\\]:*3( ’2,\_\(_;3>

— —>
[\)ol’(({ U\k// \’/_> \J\L // i mwg
L = - (A4, +7FC =
— L—-"—J ':,_? .
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1231674 15.10.17.20.31.33.45

. —
31. Line perpendicular to a vector Show th:i’t—Mm per-
pendicular to the line ax + by = ¢ by establishing that the slope

of the vector v 1s the n::'gatiw: reciprocal of the slope of the given

line. 2 — ol X
' N~
7% . J =0 S e
Y d\y\&\o‘a/
L4 o
Cﬁl AX oy = C \oa —oax & C. -

= (x-xy) C —r< O ——xm

T (X -7 € — (Kl—x\)\&
\( — O\L*\:B&
P6 N = ale-2) - ()W

— O\(X'L"K\) —an(a ) = o

Corer \p=d) @ , Gx=a b

—
P&J U Qi'\'lc*)‘ &"‘”Q ax =t
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41

Sunday, July 04, 2021
9:12 PM

17. Sums and differences In the accompanying figure, it looks as
if vi + v» and v; — v, are orthogonal. Is this mere coincidence,
or are there circumstances under which we may expect the sum of
two vectors to be orthogonal to their difference? Give reasons for
YOUr answer.

¥y T ¥, -

- -~ \'g SR

Vi—¥V2

The sum of two vectors of equal length is alwavs orthogonal to their difference.

FORVARR IRV R U ERNAE

Math2311 42 4séa
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x =0
34. Double cancellation ]f@amd if uxv=uxwand )(’/j
u-v = u-*w, then does :./;b“ Give reasons for your answer. ¢\\?’_/ ?LC, ) o4
/@5- A
?{E& ’6\7{\‘]7 — I —3 x(e?o f.:c))__.Q)
- AT 2T o RA(T D= -G
g \’f—-J
e \T23) . T
- —) > —>
? W= W / o % ©
scd e
ot © @
Lf .<0§ \’):> — ©
0( ( ZKK > — O
0< \CX)z 2',_— © / O<':}: ©

—) X =7 C—OV\)'(O“()\'(’L{(J"\'
N =W =




43

Sunday, July 04, 2021
9:12 PM

VECTOR-VALUED

FUNCTIONS AND MOTION
IN SPACE

13 1 | Curves in Space and Their Tangents
oL |

W= Cf

X v T
P (), g(f), h(t))

Wt A F&/'\'\"Q\Q JD IV VEIEN
))N/ou«a\,\ AV Sfo\ S \'V\}
o Mg £ eT” vderudd ;

PAIIN W Qdé\fc;\\'v\d"“—‘ c,g- Mnis /ﬂ'
PN\-\‘Q\.Q J{’F(v\e& oW I ~=¢

X8

4
s

¥

FIGURE 13.1 The position vector

(x=F9, 9290, 2=, EeTg, Lt
’i’(?\'{ Lfeﬂ‘ C =")C— QM FOWJ—; (></7, )= ( ,SZUV)/%\H/ \,\\9)/

£l s Clhad  a spaca Cogye .

@ &l permmchic @xs of C
A { Y S CJJ&L«D 3 /)6\(0\\,\{_\{/- .

- AC“N’Q \'wsfv\%\ Conwn \.,-QO\\Sb Njﬂu&”ﬁﬁ
PNRVERS S AV \?kuié—i
W = LW+ Wy +\/\\Jc>ﬂ
is M Voo, Tf(ow\b,a,g) h?(frmjw/\nk&))
oy 7@{,\,\{ Eors c MY Mo FGH-IQ\Q‘.;
P-le'r"(o,\ vedhv -

: jﬁ/?/\/\ are CHled Mo Qomyomd\r Pl
J )
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oy Do (TW) = Do) N Dol A Dolly.

e 1) Fus Pie LG ww R
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— B¢+ ke
(&) fwy =6 g =LGH, whaE
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EXAMPLE 1

Graph the vector function

r(t) = (cost)i + (sint)j + tk.

Se '\t (W= Cosk Yl =Siak  Zl=t
—y LD
2 1 5 i
KW xA W) = Cas’e + Siw'e = |
loo:  Ylo) = L
t = 1%: ?(Q) = Cos ™ — Sie ko Tisl(L

FIGURE 13.3 The upper half of the
@ r(7) = (cos?)i + (sin?)j + tk

Sfm& -

r(f) = (cos Hi + (sin7)j + 1k

—
—

Do~

N
¥

() = (cos Ni + (sin n)j + 0.3k

FIGURE 13.4 Helices spiral upward around a cylinder, like coiled springs.
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Limits and Continuity
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DEFINITION  The wvector function r(t) = f(£)i + g(¢)j + h(t)k has a
derivative (is differentiable) at 7 if f, g, and & have derivatives at £. The derivative

18 the vector function
e ‘/ (/

- (e + Ay = (1) ﬂTf dh
"“} Ju/ dt +a’.f Tk

;f)\(//ju :-jC‘D«M'—\— 3‘L¥3i+ NS
b Po= ()i b =

C

Fhi g%t b=
2l _ciit: j’%(;m) C o+ Z%c ‘3;:7/ 3 eyl
- %-(; S (A ey bk ba),

e k=1, Zié— = L vy ke
Pl N
/r(/\-l ,}»aw\j/b\:a p\'w{_ % )M ?@M\\_&

Cua (v O\A‘ 0‘})0\'
PR 9ta), Wd) is defrued h e

M= 9/\“{ Wngovn P ?amih( o V=
Fl,ﬁ S)mfm.\w T Y. ““
s LV\Q /\’dwfyb& b M Coqd =
m,.>/ Ol = Q/V\D Lo (&~ >3 ,\_@ QAQJLL_

L4
ok L, = ’ §
>\l Y(L)’“ Lal L+ Z + dal b f&o/ 3/°)

lw

S
a
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DEFINITIONS  If r is the position vector of a particle moving along a smooth
curve 1n space, then

v(n) =4

1s the particle’s velocity vector, tangent to the curve. At any time ¢, the direction of
v 1s the direction of motion, the magmtude of v 1s the particle’s speed, and the
derivative a = dv/dt, when it exists, is the particle’s acceleration vector. In
summary,

dr
dt’
2. Speed is the magnitude of velocity: Speed = |v|.

1. Velocity 1s the derivative of position: vV =

—— L . , v r
3. Acceleration 1s the derivative of velocity: a = {&Tr = i 5 - S ¢ed
4. The unit vector v/| v|is the direction of motion at time ¢. q —~ Q’J .

Ex If @);

-(:C —(-(2 u;zfﬁ%

E VY ?05\’ e sy F\'V\J\
M \Jc’_\ncfib ST'(-QJ/ wQQQ\«ero\:o""d\A c)\\'fft.‘(‘\’s.q
) /
PY S
D

5j7€2<§ J F=o \—\_)/(“7\: lﬁ_gé:\)’i
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© fo\e edveen J(W o Xy
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Differentiation Rules

= C, Ca\ +G3 \&
Differentiation Rules for Vector Functions 8 - [ SRS
Let u and v be differentiable vector functions of ¢, C a constant vector, ¢ any
e —— e —

scalar, and f any differentiable scalar Tunction. . Y PR \:L
e W = W W LWy 4 o

. . d 4 . ' L

1. Constant Function Rule: EC =0 q () — \/\ M) e + \/‘lu")j 4 \[;L )

2. Scalar Multiple Rules: / E[cu(t)] = cu'(t)

L] = £Ou) + fou )

3. Sum Rule: E [u(t) D)v()] = u'(t) + v'(1) .~

4. Difference Rule: di [u(t) & v(6)] = w' (@) — v'(t)

5. Dot Product Rule: di[u(:) V(O] (0 (1) v(1) f u() V(1)

6. Cross Product Rule: di u(:)@v(: @ + ulf) X v'(i)
7. Chain Rule: LLa(f0)] = 1w (1))

l Y’(‘dl - Cﬁnj}‘av}
& If r is a differentiable vector function of ¢ of constant length, then

B
dr
I"E — 0

S) |¥W) = k

—
e
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Integrals of Vector Functions

DEFINITION  The indefinite integral of r with respect to ¢ is the set of all

antiderivatives of r, denoted by ]’ r(f)dt. If R is any antiderivative of r, then
Ce S ("a*.Q-

[r(r)dr—R(r) CcC— \/Qc}mf'

/ ((cost)i + j — 2tk) dt

:(j Cost Je) : {flc&&)j— fzéo“ﬂlfa

— Cg(»ch +C(>C 1 (E*’C’)J — (JQ?—‘_C)}&
— (S\\AE)L + ’Ej \tllz_—f- é/uﬂl\a(ﬁ

—7 : ,
C = QIL%C?-j —t—Qg(A

T () »
ij\}ft’ﬁl &L \G\STLP v \&
(.S i:> C o4+ (F k)

DEFINITION  If the components of r(¢z) = f(#)i + g(¢)j + A(¢)k are integrable
over |a, b], then so 1s r, and the definite integral of r from a to b 1s

h ‘b ‘b *h
/ r(¢)dt = (/ f(t) dr)i - (/ o(1) df)j - (/ h(t) dt)k.
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12. Differential equation: % = (1800)i + (1807 — 16¢°)j

Initial condition: r(() = I[]{D

oy 7
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”\?UC) — O\“k L +<0\ B \’3_ >
f O 1
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Sunday, uly 04, 2021 1 3 ' 3 Arc Length in Space Ay =N L)

\ . 7( L »\f“)
Arc Length Along a Space Curve -

DEFINITION  The length of a smooth curvatr{t} = x(Oi + y(0)j + = f}k

a=1=b, thatlstracedexactlyﬂnceasImcreasesfrmnf =atot = b,is
\S \J\
L'f (&) + (@) ‘ Speed

\92
Arc Length Formula /
b
L = f |v|dt

> £x. ]wa e ng\)\'\ "%- UGN
r(f) = (tcost)i + (tsinn)j + (2\/5,!3)535214, 0<=t=m

32
= X = € Cosk gy ok Stk W) 2\3_@{
% T Cesk ~tsink i)_‘__ —~ Sink + t Cestk
5 L
L R

Jx \ : z
<C,o>Jc -—%S\’m&} '2‘_‘__< Simlk L Lcos E>1&@ \:\7—)2

~ Gt - m& FESear b st
—

« — —
T—ZE SO U S ¥
= (s LSkt t1< Svatl Cofg 4+t

\\/U)\ - ((_yxk_>z+(% 1_\_6;;_)1 :\F;
- | L+
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Unit Tangent Vector

EXAMPLE 3

Ssl .

—_—

(o

l

T

ﬁ\

)

N
73—

jUr) -

\\J W)

}? :\:o FIGURE 13.15 We find the unit tangent
’g'c vector T by dividing v by | v].

ﬂ?
—

Find the unit tangent vector of the curve

r(t) = (3cost)i + (3sind)j + t°k

YR (f—BSW\QC ‘1’<’5 b=>‘<>$ f\-(l&)\/h'

Q (35\f~b> +<&5L) —i——Q.E)

= Q A (Sl + Gastl) +4 k>
Q A ANEE
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Arc Length Parameter with Base Pmnt
©- [ o [/@ - [1vse
fy ~—~—"

V)= L \an\c}\k

()
Base
point

5(1) Ty
P(1y)

FIGURE 13.14 The directed distance
along the curve from P(t;) to any point

Pl 1s
=/|V(T}|d7'.

&- Connsidor GK&—) — <L( Cask ) C-I-(‘fS\'Am

(a) F,,S M= orc ,0&»5\)%@( SIS
L s, /9(°) (gL k<

IS
(B Use (| o find K orsmn of

X

V) = ?/Uc) = (—«L(S\'v\k)C +(q co_ge)j + 2l
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62 15. Arclength Find the length of the curve
04, 2021 —_—

r(1) = (V2i)i + (V2i)j + (1 "

X o L A A~
from (0, 0, 1) to ( V2, V/2,0).
£ =0 4=

—> .
S}_\- f_)l\: \(ZC__k G\B —-—LE‘Q/
N 7

\J(—H) = ( A oL "r\K]t:L — 1Q\+ti

q\ 3 '
/“\{;”LBW\“""Q\J\C

|
- L — § \\/L@\ b ) gugé\q‘xw@.\/
o /

= leJ [ Dk

/

K~ = 5RO \Y‘:'J"O\w&
| T
leed8do = uw fgﬁéw
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— See® /‘/&w% — S }QQ%
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-

Curvature of a Plane Curve

— _J
T TR

FIGURE 13.17 As P moves along the
curve in the direction of increasing arc
length, the unit tangent vector turns. The
value of|d T/ds|at P is called the
curvature of the curve at P,

DEFINITION  If T is the unit vector of a smooth curve, the curvature function

of the curve is _> >
T=3_
gcar: K N
d.!i' ‘C
S =, W\

‘ : .

EL"__\__K' If|d'T/ds|is large, T turns sharply as the particle passes through P, and the curvature
at P is large. If |dT/ds| is close to zero, T turns more slowly and the curvature at P is
smaller.

Formula for Calculating Curvature
If r(¢) 1s a smooth curve, then the curvature is

1 {dT
Oy

dit
where T = v/|v]|is the unit tangent vector.

4
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DEFINITION At a point where k # 0, the principal unit normal vector for,

a smooth curve in the plane is < - S‘c \N D\
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If r(f) 1s a smooth curve, then the principal unit normal 1s

- dT/dt
( N = |dT/dt| ‘?

where T = v/|v|is the unit tangent vector.

dwb K;

EXAMPLE3 FindT m N/for the circular motion
r(t) = (cos2t)i + (sin 22)j.

\Qﬂ\ = {U( ST (28 Y C“-*Q(ﬂ:)ﬁ = L

i —_ -«»\ \/ = %(-;LS\'Al(:(;_{__lC»_;L&;

—

— .
&T — —St(b) L 4+ Co&(;‘:)s_&

9;‘—_ ( Q_Coyfc)L ,—(’Q_S\u\zt)\s

/

\éj"\ - \K Lt Cosak o Siaae = 2

—7 ) ()’)2 _
- ~)A;‘,>_) ——;-'\—J-C———- J{[-’a CosE 2_5\4\*3}
i Y
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(©) £, T T

EXAMPLE 5  Find the curvature for the helix (Figure 13.22)

/
r(t) = (acost)i + (asint)j + btk, @ -

Sl W= 2 2L o (maset) Cafcst) b
\GB = {0\ sedth F O casTo X LT
— Qd\l—&-\oﬁ'
— =

/T — )\{l]—;(— - /3@—;_:;1 Q,ajrn\rf, _(,acu’cj —-\-\DLLB

—  — OoN Sy \/\t ‘ -
—T - = L o 2= L
\' 0\’23('\9\' \g O\flir\ﬁi X N \[crxl-\-xo"’\k
A)ﬁ — o o CosT

CA Sia

—— e
Ok (’— Wl

1
\ff\i\: ALt atstdt = =
j{; ILL

L
A v a* ¥ N

N

}7_; ”%\‘Fsc:/\ﬁ\ = (— Lo;’c>L' ,@MQS
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Circle of Curvature for Plane Curves

The circle of curvature or osculating circle at a point P on a plane curve where k # 0 is
the circle in the plane of the curve that

1. istangent to the curve at P (has the same tangent line the curve has)
2. has the same curvature the curve has at P
3. lies toward the concave or inner side of the curve (as in Figure 13.20).

The radius of curvature of the curve at P is the radius of the circle of curvature,
which, according to Example 2, is

Radius of curvature = p = %

To find p, we find x and take the reciprocal. The center of curvature of the curve at P is
the center of the circle of curvature.

Circle of
curvature

Center of \ -
urvature
dius of
curvatur

%

FIGURE 13.20 The osculating circle at
P(x, y) lies toward the inner side of the
curve.

EXAMPLE 4  Find and graph the osculating circle of the parabola y = x? at the origin.
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/fl/&\ﬂ‘jy *ﬁ Y\ Cive <

cD,P C‘-’\(\J"'L'\"*& NS

Osculating

uir::le\

FIGURE 13.21 The osculating circle for
the parabola y = x? at the origin
(Example 4).
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T N
1 3 5 Tangential and mo@

—> XT

—7/)\7! _
’Tz\/{/l\’ \ iz

The TNB Frame

The binormal vector of a curve in space is B = T > N, a_unit vector orthogonal to both T
and N (Figure 13.24). Together T, N, and B define a moving right-handed vector frame that
plays a significant role in calculating the paths of particles moving through space. It 1s called
the F,re_llgt (“fre-nay”) frame (after Jean-Frédéric Frenet, 1816-1900), or the TNB frame/

| /=]
B .,-jjﬁffi? /\ 17 |

e
Ead

FIGURE 13.24 The vectors T, N, and B P,
(in that order) make a right-handed frame
of mutually orthogonal unit vectors in

space. FIGURE 13.23 The TNB frame of
mutually orthogonal unit vectors traveling

along a curve in space, lz — -
= T.;\\\]

X

Rok RLF o8 BLF
—=7 . -
2| = | TIN| 1sw8] = N
ONE °
- E " U\u\\l— \}QQ%-L)( -
Tangential and Normal Components of Acceleration

:9\/ 3

\!
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DEFINITION If the acceleration vector is written as

/H=HTT—@
ds \’
(o2 gm) o ool =t

are the tangential and normal scalar components of acceleration.

then

FIGURE 13.25 The tangential and

normal components of acceleration. The C\\a “e  \n Spce '
acceleration a always lies in the plane of T V
and N, orthogonal to B.

& A N WM RaSa(es .y
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- )77‘/ + O(N \/ﬁ/

\ml’!— + Ay "”\-fOn
’[’ N |\) l
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EXAMPLE 1 Without finding T and N, write the acceleration of the motion

r(t) = (cost + tsint)i + (sint — tcost)j,
in the ﬁ::rrrl\a = arl + ﬂwﬂ

. ~ (Cest Asm) [+ ( Sinkp kst
S &\5\ = (C_osjc — ‘ES\-V\‘C> ’L_+ (3{,\%’ 4= —EC»S’:) &

:@,Q_M LS + &in“k
—+ W—oﬁ-ﬂ— st
2
(X == 1+t

B S C :Q é,l‘i'] Ry
oy = \ R = =\(EH)-Q)

. = {}—’:\U‘-‘—’E
N = O\—l—j—_} —t-q‘\)ﬁ — i?—\—{:ﬁ::}ﬁ-u\?
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@5 )

8. r(t) = (cost)i + (sing)j + tk, (=10
Cind
}/lvx Z(cﬁx )
Sl J o i = st (s e
> 0\7’ .
A = TL,I: — <——- C,cb._SE) C —«S\AEA
S .
\( (&) = j+\ﬂ/ @ = —C
© o &
<la£°>>< X (s) = - - %
o \ \
— | (&) Q

|
\ | -
C.
)
.|
__\, >
s
<
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4
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O
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=

Unit tangent vector: T = |—:| —
Principal uni | vect N dT/ds (/
1 : —
rincipal unit normal vector [T/ di|
Binormal vector: B=TXN « RS
C - —EI—JTKM:”JSq\%’\
urvature: K= |7 = v \N \ E
X v =z
X vV =z
v o 5
Torsion: Tz—i—]?'NZ 4 5 :",\3((}3§>
: v X a W1 dE
Tangential and normal scalar
components of acceleration: a = ayT + axyN
ar = £|v|
T ar
an = k|v|* = \/|a|2 — ar’
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. JEE

Osculatin m
Unit tangent &P "

FIGURE 13.28 The names of the three
— planes determined by T, N, and B.
*\'LS
InFxercises 7 and 8, find r, T,"N, and B at the Elvcnw Then
find equations for the t}iLul\atlri;E, normal, and rectifying pl anes at that

—~——

value of t.

r[z) = (cos )i + (sinf)j + sk,@

”f‘ -2/ At t=0 "\?(m)—_— oscd_,\,s\’woi»rb\t—

\ = \TS(V\HC-F Cest | =N«

\
\
1= _ . —SiaEt - -
|- ﬁm—é%j rk

’t - ) ?(9 — @J +J——\ L P&\IQ/Q)

- o (x-1) *7(%(3’) 4—*‘5('{_9;0
g J‘(’},f—o
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PARTIAL DERIVATIVES

14 1 | Functions of Several Variables -

DEFINITIONS Suppose D is a set of n-tuples of real numbers (x, x2, ..., x,).
A real-valued function f on D is a rule that assigns a unique (single) real

number g -l ,ﬁ)\“ (R o&cv’k

w = f(x1, X, ..., %)

to each element in D. The set D 1s the function’s domain. The set of w-values
taken on by f 1s the fum:tiun’ The symbol(1y) is the depe iable
of f, and f 1s said to be a function of the n independent variables x; to x,. We
also call the x;’s the function’s input variables and call w the function’s output \(71

variable. ) _ Krbc)
Remarks.@ ’L(; ag: W5 TS (\/\nwosﬁuw QR, X wo \'V\S—Q?—h\&av&—
NFEPAL N w,w W Y'\c\—w{ Mre_
Jdowsin of £ o5 FARAT~ i Mo X ~Powe .
—_— — ——

/ ’_____._———’

FIGURE 14.1  An arrow diagram for the function z = f(x, »).

) ’Q;B ’ gviir:w\ °C/ Ynite \Jaialle
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,))2 AS A (Qj\'OV\ N~ S‘?QCA\

' 4 %
Lx T ﬁcm/@ =\ X 2. Fried Q(X
’F<3/°/L1) = 3rretetim = ane = e =S
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AL ) & D

DEFINITIONS A point (xg, yo) in a region (set) R in the xy-pldne is an interior
point of R 1f it 1s the center of a disk of positive radius that lies entirely in R
(Figure 14.2). A point (xg, yo) 1s a_ boundary point of R 1if every disk centered at
(x0, Vo) m}nlainsp\crim,g that lie outside of Rmmw that lie in R. (The
boundary point itself need not belong to R.) —
The interior points of a region, as a set, make up the interior of the region.
The region’s boundary points make up its boundary. A region is open if it con-
sists entirely of interior points. A region 1s €losed 1f 1t contains all 1ts,boundary
points (Figure 14.3).

SRR =
6‘ \7""‘/&69 ,T : \\@/9// ok arz.,-
L& e AR
/%fﬂj@. ': / \ S~ - ~3
.-*"If IJ ) / ’ /// ,‘ 2n
[ W\ (:D A i °f
kG ) oxleds PO 2 bl
— /Q/‘,Q =

N S
{(x, ] x2+y2< 1) {(x, ) |22 222 1) ((x, ) | 2% 2=
Open unit disk. oundary of unit Closed pnit disk.
Every point an dis nit Contains all
interior point. circle.) boundary points.

FIGURE 14.3 Interior points and boundary points of the unit disk in the plane.
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DEFINITIONS A region in the plane is bounded if it lies inside a disk of fixed
radius. A region is unbounded if it is not bounded.

ﬁb(,)) — {La,x:? “WB ow~5 )ecm‘\,c

D -
/Df :SZ <></y) '. 2’7/7“18

y
Aesed o Lnd.

,L\Are(kow o\»&) = %CY 23>7“ i
/EDV\MQ&& ?o(w.% — ?(x 9 . A= xi S?.(xxl)

7<e|’7.

Graphs, Level Curves, and Contours of Functions of Two Variables

DEFINITIONS  The set of points in the plane where a function f(x, y) has
a Cﬂnbtdﬂt value f(x,y) = c is called a IuLI curve of f. The set of all points

(X, v, f(:a: y)) 1n space, for (x, y) 1n the of f,1s called the graph of f. The
graph of f 1s also called th surfacG f {x, y).

Efi /DQgC,u\aQ DA 3\’2\5& Q\»NE"S'

\y
el 70("{7) e canskend
\OQ—KQ-Z)l‘; C
+\ %
pA L
X —\—9 — Avao - C
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The surface

| 1s the graph of f.

Slx, y) =31
a typical

level curve in
the function’s
domain)

The contour curve gﬂx, vy = 100 — x= 2 =75 1 7 %
is the circle x2 + y2 — 25 in the plané z — 75, AL x99t = (

The level curve fix, ¥) = 100 — x% — yv% = 75

is the circle x2 + ¥2 = 25 in the xy-plane.

FIGURE 14.6 A plane =z = ¢ parallel to
the xyv-plane intersecting a surface
z = f(x, v) produces a contour curve.
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DEFINITION  The set of pomts (x, y, z) in space where a function of three
independent variables has a constant value| f(x, v, z) = c¢is called a level surface
of f. —

EXAMPLE 4 Describe the level surfaces of the function
f,,2) = Va2 +y2 + 22,

ol %Q’((‘@l) - C

- 5 >
\( ><'1+31«r?:2 - C, C7o

2

7{2*314/ 2= C

e foid secfotss e Sphers if ey

o < 7 Mg obigin jLC =0
C_B/o/b)

/ﬂ/\LM 'S weo Ojfaii/\ '1% C Lo

DEFINITIONS A point (xg, vg, zg) in a region R in space is an interior point of
R if 1t 1s the center of a solid ball that lies entirely in R (Figure 14.9a). A point
(xg, Vo, Zo) 1s a boundary point of R if every solid ball centered at (xq, v, zo)
contains points that lie outside of R as well as points that lie inside R (Figure
14.9b). The interior of R 1s the set of interior points of R. The boundary of R 1s
the set of boundary points of R.

A region is open if it consists entirely of interior points. A region 1s closed if
it contains its entire boundary.
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Limits for Functions of Two Variables

If the values of f(x, y) lie arbitrarily close to a fixed real number L for all points (x, y) suf-
ficiently close to a point (xo, yo), we say that f approaches the limit L as (x, y) approaches

{f_m’_,‘r’n}p and write D \,(V_\

. e —_— K‘ 7“)
lim x,v) = L /
(x, ¥)—=(xq, yo) f(x. 7} . } \/7 >
X

THEOREM 1—Properties of Limits of Functions of Two Variables The fol-
lowing rules hold it L, M, and k are real numbers .;:md

lim f{t:y}—L ll glx,y) —M’
y)=>(xg, yo) (x, )= (x0, yo)

1. Sum Rule: lim  (f(x,y) + glx,y)) =L+ M -
(x, ¥)—(x0, yo)
2. Difference Rule: Iim (f(x,y) —glx,y)) =L—M _~

' (x, y)—=(xg, yo) ] ’
3. Constant Multiple Rule: im  \kf(x,y) = kL (any number k)

(x, v)=>(xq, ¥0)

4. Product Rule: lim  (f(x,y) glx,y) =L-M
(x, y)—(xp, yo)

bt (659
5. Quotient Rule: lim = —, W +# ()
¢ (x,7)—=(x0.0) glx,y) M :

6. Power Rule: lim  [f(x, y)]" = L", na positive integer
(x, ¥)—(xg, ¥o) — -

7. Root Rule: lim  V/flxy) = @E = L
(x, ¥)—(x0, o)
n a positive 1 , and 1f n 18 even, we

assume that/L = 0.

EXAMPLE 1 (X,v)
. B . 2
(a) lim ; ;)= © = o) —+ - —— "-3
(x. )= (0,1 x“y + Sxy —y 2 -
OL(\) +§C°)Q) —~ | QK\'_)’}S

(b) (x,y]ir}},—q} Xt oyt = { 3 -(—( L{ \)4’1”[6 \[’Z oS exys
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EXAMPLE 2  Find

IE_I}?

00 Vi —Vy (90—>

x(x=9) x4y

—

. ()(/7)9("/5) \(R’G \R_Jv\@
¥ (}4(\&:&\@4)

— '\/V"
X/j) ——3 (o)\)) }/g,

e

\)
-

OECESICEVERACL)

g e

—+t
~ s (,) X (x5) @4\0

—
—

T
2(2)
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(X/7>’5L°’°) (X 5 C)8)
)ANQM ? STU&f%Q 'MA'M }L\\A/\(azﬁw\ X;) — 90
(X/j%(% )
s ~ 5<AQ><14«31> (2
Q(,D)—)(",*) vy <) L K
U = Xl,\ca (%D = Lo,b) =) U — o
\J \),-Q'?;S(J\
U—>0 - W o R -
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ﬂ\‘/\/} N /)(:) _ /L\M \(3@539 ——‘(ij&\(_zgi&
(X ,*9)—’)(0 2) VA /\»:j?’ {—° <
. : > 1
,}v\/\/) X <C,@) @—S\AQC@;@)
y—>5
Ty
3
— © L@ﬁ O —SIA"D Cos )
Dé/’l' — o Q,Kfﬁl’ﬁ _
R, X 1+j 2
_ < 3 ‘( — “(.\-\ Cay§ @ Sin RS
= - =
= [,w (;/QAwA <2>,-~< sl ® SW'B >é>

NEER

— \/v\ ( L — O> — L3 exihe

J;xg i e

(X/y %LO °) X __\<3 +X
)‘A 2_(Cﬂ>§6
— U —_—
— /> SEREINAS N
S
\f—aﬁ N — LC).S@

frock DNE o es®=o
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/

—_ /OAM L’J‘ (zC,éjl@ - TZSIW\’l&

Y —° (1 eed"s + (Isialy
- v (’( L*O_S 9—31’\ &
¥ -
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T'wo-Path Test for Nonexistence of a Limit
If a function f(x, y) has different limits along two different paths in the domain of

f as (x, y) approaches (xp, Vo), then lim, y)—(x, o) f(x, ») does not exist.

EXAMPLE 6 Show that the function

_ Yy Xt
) = o _j/
(Figure 14.14) has no limit as (x, ) approaches (0, 0). Q< 7) ,9(6, ®) 7« *3
~ A
SCEE N
_ ‘M SIS G
./ \l - \,(
A X—’) P
— ) = - T
- - S X Cac
X266 K \'\’7&1 < 5
= —\ -
&Cx ) 2R K
/ 1= > T a ([~
7) )&0)“‘7 X XL\ '\"(7(
= Jeo s @

% S e 2 PR DaER, W

[ 7)%,.,) x *3

QA\M L) _— . = g/\'m 7—><\\(?/17KL

Q(y)))Lo 2) X/(}J X0 x}—‘—B\Q_;?QZ
\-OV‘- — 7( o ) 'Z,bt
A @ e = e Tk

= X
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pil\oea y= |

L)

N ’L,) ) XB/I o
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Continuity

DEFINITION A function f(x, v) is continuous at the point (xg, yy) if

1. fisdefined at (xg, vo),

(/@ lim f(x, v) exists,
(x, ¥) -

— (x0, o)

3. lim Jf{-l’-, y) = f(xo, yo).

(x, v)—{x0, ¥o

A function is continuous if it is continuous at every point of its domain.

EXAMPLE 5 Show that

is continuou i oint except the origin (Figure 14.13).

@ £L010> — &{?(V\eﬁ
5D Ky X0 X

A»\b.vxz
9=

T .
= XX - M }.é——’:@
Al 9 =x / ))/K\ﬁo //X*{:;: X=>e o [axE

‘X3 ppl \9 GINEE ekt

\
- - /

) A X 1—@ s
—) ?Qb(/ﬁ — YD) — S
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Sunday, July 04, 2021 14.3 | Partial Derivatives ? Cﬁ\) LI w) /T\//

Partial Derivatives of a Function of Two Variables % - S‘*Cx/p

DEFINITION The partial derivative of f(x, y) with respect to x at the point
(xo, yo) is o o T

df
dx

k]

flxo + h(ye) = flxo.(vo)

(xgoy0) A0

provided the limit exists. \
ﬁ r’ g 5\;\\9 " £ ﬁju\a ot
X

We use several notations for the partial derivative: - (9/_
2
of 0z df dz
V4 E{Iﬂ,yﬂ) m‘@ ™ . . and fe Ty 0 O o-
' 0. Vo)
jﬁ S X
DEFINITION The partial derivative of f(x, y) with respect to y at the point
_ AR il A
(x0, yo) is
af F(xo. ») ~ lim f(x0,¥0 + h) — f(x0, yo)
W |y AV 0,) h—0 h ’

provided the limit exists.

The partial derivative with respect to y is denoted the same way as the partial deriva-
tive with respect to x:

ff af

(In, Yo), flxa, o), 3y Iy

Math2311 101 4séa
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The slope of the u:uw at the point P(xq, vo, f(xg, ¥o)) in the plane y = yy
is the value of the partial derivative of f with respect to x at (xg, yo). (In Figure 14.15 this
slope is negative.) The tangent line to the curve at P is the line in the plane{ y = yo\that
passes through P with this slope. The partial derivative df/dx at (xg, vo) gives the rate of
change of f with respect to x when y is held fixed at the value yy .

[

z
Plxg, yo. f(xg, ¥o)) / \2‘7(
z=flx,y)

4 Vertical axis in (9 g
" the plane y = v,

(e 25

The curve z = f(x, yg)
in the plane v = v,

Tangent ling
/

Q

y

9?\

. (xgs ¥p)
(xg + 1, yg)

Horizontal axis in the plane v = v,

FIGURE 14.15 The intersection of the plane y = ywg

with the surface z = f(x, y), viewed from above the first
quadrant of the xy-plane.

The slope of the curve z = f(xg, v) at the point P(xg, vo, f(xg, ¥o)) in the vertical
plane x = xq (Figure 14.16) is the partial derivative of f with respect to y at (xp, vo). The
tangent line to the curve at P 1s the line in the plane x = x; that passes through P with this
slope. The partial derivative gives the rate of change of f with respect to y at (xg, y9) when
x 18 held fixed at the value xy.

ertical axis
in the plane
A = Xp

Tangent line

Plxg, ¥yg. flxg vol)

-
£

S v)

(-1'[]1 _'!r‘n.}

(xg, Yo + k)

N\

Horizontal axis
in the plane x = x

The curve z = flxg. ¥)
in the plane
X = Xp
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bx Tk fO = Caxy  Foad g bk,
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iy (0/0) (HW)

EXAMPLE 1  Find the values of df/dx and o f/dy at the pnin@if
fey) =(x2)+ 3y +y = 1.

Sel. J}x = X 43 MCS_,_ ot o o)
— 3|

ﬁXQW’/Sv: ’Z’C\()‘f'3<’5): < —($= -+

f)@‘fﬂ’-‘- 2 (y4) 1 = 13-
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EXAMPLE 2 Find af/dy as a function if f(x, y) = y sinxy.

2 35 3 o B 20

T é - LO}Q@) * X Sial®y -\
— 7&5 Cos (xy) - Sin(x)-

EXAMPLE 3 Find f, and f, as functions if

2y
fx,p) = y + cosx’

:ﬁ — ("3 ’VLo>,<> —B/K(”Lp) _ (’L:}) %g*ﬁ
. __—

<§’V Lo§x>7-
<(ﬂ ,k. Lo>x> (o) _ LE></§"ML)

Qj ,k—-(_u&ﬂ)L
pY s
<g + Codx

o (w9 (s) — () )
2 Qj~r‘®§z

> X

///
— <j ,{_,COSX)L
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i‘”‘P\\Ll\/ /D\%'Q(‘Q\D:\AQ{W % ;/%/(X/>>

yvz—Inz=x+y

defines z as a function of the two independent variables x and y and the partial derivative
exists.

st 2(2) - 2 () = Z (020
<
S e e

(J-2)2E=

\

z

)X
{

\ 2

/

2t _

— = /J_ - 2|
X - )
ex. ?2 - lwz = )’(/\,2 Q\'hg %_%_
=

e
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EXAMPLE 5 The plan intersects the paraboloid z = x2 + y? in a parabola.
Find the slope of the tangent to the parabola at (1, 2, 5) (Figure 14.18).

4 s\ge = _ 1) L9 [
R S - G R &)

Cy) 22

— (o t1t4
el
— 2(1) — Yy

(V9

Functions of More Than Two Variables

EXAMPLE 6  Ifx, y, and z are independent variables and

) = xsin(y + 32, Prd) Lo %) 10% |

fy& - g)—( X 5\5\& A3 %>> = Sw(yr3Y)-

:ﬁ% — % ( X S"V\(ﬁ’”za = X Ca><jv~}?}-(\)
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S 2 2( xs-(3e9)
0

_ 3x Cos(443)
EXAMPLE 8  Let
T
xy # 0
f(x,_v}= M S

(Figure 14.20). (74/#\
(a) Find the limit of f as (x, v) approaches (0, 0) along the lin @

(b) Prove that f is not continuous at the origin. Y o

(¢) Show that both partial derivalive@ and@ EW

@ L\'V"\ S;QX/% — \/\'M (OB — ©

XN) —-)b/“) QX,\))—-)(%‘)
\ /x\ng”’?@
@ J}Q‘);Q) — \ ’4,: l/l'v“ ’gicx’\j)
X ’)Lc/b)

. £<°’\'\’\/°) /Q'E_/:_)__ K
© ﬁx Coje) = %A — \A - (L%

W—o W
—~ L\'W\ 6 —=»°o
~ W0
:? (Q J = )Z_Am g(ol)zg__ %U{“) L \ Q xists
) oo — =l oo ex

- ' "PERN

}\16(’\{6 M"o& ﬁ?( o) Q) 2 X{ St JVQ“/“) \of\JVT_’
P i isCet ok o)
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» Second-Order Partial Derivatives
unday, July 04, 2021

2= FCx9)
U A
W= f 00y,
PR W OO S SOUNE Tt (0
fy?: y QZ}'

ﬁ' Ef .ﬁ Ef

2 Or fII'r

X

a : '
o] | G
axay (OF| @D o

o°f . . . _
@/\ Differentiate first with respect t@ then with respect 1o x.

( Fox !: (fy)x Means the same thing.

/
5 .
%/ B gm«
DK D)
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EXAMPLE 9 If f(x,v) = xcosy + ye? find the second-order derivatives
-, —, and - .
dyadx ﬂyz dxdy

7C)Lx grﬂg g@ géﬂ

5%\4 ,g,; _ %R( K e *3€X>

qu, = (5 t Je*

Ubﬁé *ZK

Q Q

(f \) < 6659 )€ )
— 26
DY (%) = }j —RS i -r€><)

— —X (.653 -

fﬂ = 7 Q = 9 "

5 = 2 (B =L (ena)
?,;Q :’a@

Tox = (i 1) =—Sgre

11111111111
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THEOREM 2—The Mixed Derivative Theorem  If{ f(x,y)yand its partial

derivatives f, fy, fx, and f,, are defined throughout aropen region containing
a point (a, b) and are all continuous at (a. b), then

fl}‘(a:' b} = fyx(ﬂ:« b)

Wyx  a.) N,Qa '
EXAMPLE 10 Fmd@f

eV
w = Xxy + : o

yi+ 1
2
S—Zl ov — Uoé\yx
OX)
2 3
R s R

J— <31+D7/

ey ‘%( V) = -

e () =36

- A My x G690  Sia

- J —
M»—e C—ovéx')’(h«) 58—/)/(/\"‘/‘1' \/\D\A ’£~w’ > -

Partial Derivatives of Still Higher Order

' 4
3 f 97 — Q X
axdy> - ﬁ(jzjx ox “dy 2 JI*
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EXAMPLE 11 Find fy,, if f(x.y,2) = 1 — 2662% + x%.

< Pre
= —H4Wt +2X
L0
0w = 55 ()
— 2
— —HZ
_ S
;@"3% IESNE < fgjm) Ry —~2)
- —
XD
E)(- \J — — \VJ W,
— é 17,/ 2’5;‘,\13’*{ X
b = My
\A))< — kﬂ ~ /\AjXX/: O
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Differentiability

THEOREM 4—Differentiability Implies Continuity If a function f(x,y) is
differentiable at (xg, yg), then [ is continuous at (xg. vg).

COROLLARY OF THEOREM 3 If the partial d{:ﬂhﬂ:ﬁ:@ @)f a function
f(x, y) are continuous throughout an open region R, then'} is differentiable at

every point of R,
gé Explain Loy V) = x4y -9
sy Fille a)((z/s) ?7

Il

f 1S (_O“\_ cul (2 b) Syt
fx(ig = }/\M g’u

X2 - (’L{S)

! . S
= 5 ry=S

Syt /!QK o N S}é A < ‘J((Z/SQ
= 4 5 A k(29
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o
W
=~
X DAy
O
/f D ~> 22
'b/\?/j 7{-/\\25
Y s
= v
DV 22 Ox
> C ke DY
"R _ DX ?2& —~+
o5 > S SRP N
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X
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A DL dx
7 = 2= c}
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— St s+
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)w
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EXAMPLE 3  Express dw/dr and dw/ds in terms of  and 9 if /
w=x+2y+j, xﬁ@ y =(r? + Ins, z=@

),
(9\&) - %—PA oW _ D /N
T DA g{‘r’a‘(ﬁ'}“«- /><\ 3\ }\
W DT vy S <
TS v
L "

— S
DR - 22 99X S oz
s X T :)—5 % T 3% s
= N (2 (L) + (290
- = e~ 2SS —Y\
T s T TS — =

Implicit Differentiation Revisited

¥ Floop=o  fad 22 F

OF (3| />
X

f}%. < + (B% -%%__O \7(/
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THEOREM 8—A Formula for Implicit Differentiation Suppose that F(x, y) 1s

differentiable and that the equation (F(x, y) = 0\defines y as a differentiable
function of x. Then at any point where F,, # 0,

(1)

EXﬂHPLE 5  Use Theorem 8 to fiﬂc@ify2 — x? — sinxy = 0.

Sel Akt
L2 %?z — K — C,C’)(x\'j) Y/K%_ké-/z‘\:b

’LJ a\ﬁ X — K Ces(w) c\:‘D = A Cog(x) =s

}3 — E —2x =Cos(X9).9
i — - T e
yr ~

- 149 - Cos(X9) X
° ex ) w0
1(:] - X C"‘)CX))
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FUI\?, z)=c, L= LX)

FCX/'?/}’) -
EXAMPLE 6 Fm@aﬂd g—j at (0,0, 0) if@zzﬂ- ye¥ + zc039= 0.

— g z
LI \;/ \_: o X iﬂ%gx B

T
X F% (3 + YX ﬁx_,.u{j
60 %j0)%)
Cop ) L exe
o +0° JY’\
(ch FD K_' _ 'é\%"'t_ ——%ﬁ\'v\\o
2 | B X
(j F?-\ LKJC = \j"/\'e ~ Lgéj
(_a/.;/,,) C"‘l°/°>
_ _ _l=xo

§ 4+ +
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L 7(%’\’\ — © /\JJ\/\Q(-Q_,
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J
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VA q
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Directional Derivatives in the Plane (D&g)

DEFINITION The denvatwe of f at Py(xg, yp) in"the dlrectmn of the unit
vectﬂr u = uji +uzjis s the number

df . Jlxo A+ suy, yo + sua) — flxo, o)
D (@)= tim ; = g
U~ 0 u,n -

provided the limit exists.

e

14 5 | Directional Derivatives and Gradient Vectors'

The directional derivative defined by Equation (1) is also denoted b

(Dllf)Pﬂ'

“The denvative of [ at Py
in the direction of u”

EXAMPLE 1  Using the definition, find the derivative of
flx,y) =x* + xy
X\) =
at Py(1, 2) in the direction of the unit vector u = (1 / \/_) (1 / \/_)

B . ’Y(\\‘\' -\-"7‘ » g-(\l)
,DU{)C ‘ﬁ(lfl) - L\,:\—-—7C> \A

L < B R EW (Y =)
i W \
@ﬁ\A e AT *3\5\“*){\1@#
2o \n
- LCM \’\1* <ﬁ+%\;’>\1\

- Lo -
= g v lar ) - on
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DEFINITION The gradient vector (gradient) of f(x, y) at a point Py(xq, vo)
1s the vector

obtained by evaluating the partial derivatives of f at Py.

The notat11s read “grad 1 as well as “gradient of /™ and “del f " The symbol V by
itself is read “del.” Another notation for the gradient is grad f.

THEOREM 9—The Directional Derivative Is a Dot Product If f(x,y) is
differentiable in an open region containing Py(xg, o), then

_(4ry  _
<T%F)Fb E (E)m—(vfm-u, (4)

the dot product of the gradient Vf at Py and u.

EXAMPLE 2  Find the derivative of é;c v) = xe’ + cos (xj;}} at the point (2, 0) in the

direction of v = 3i — 4j.

Math2311 125 4séa
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Z A
= DY 952 —wsiEles

Evaluating the dot product 1n the formula
Dyf = Vf+u =|Vf||u|cos® = |Vf|cos b,

where 6 is the angle between the vectors u and V/f, reveals the following properties.

Properties of the Directional Derivative D,f = Vf-u = |Vf|cos 6

1. The function f increases most rapidly when cos = 1 orwhen @ = Oand u
1s the direction of V/. That is, at each point P in its domain, f increases most
rapidly in the direction of the gradient vector Vf at P. The derivative in this
direction is

Duf = |Vf|cos (0) =|Vf].

2. Similarly, f decreases most rapidly in the direction of — V. The derivative in

this direction is Dyf = |Vf|cos (7)) = —| Vf]|.

Any direction u orthogonal to a gradient V/ # 0 is a direction of zero change

in f because # then equals 77/2 and

Duf = |Vf|cos(m/2) =|Vf|-0 = 0.

s

EXAMPLE 3 Find the directions in which f(x, v) = (x*/2) + (y*/2)

(a) increases most rapidly at the point (1, 1).
(b) decreases most rapidly at (1, 1).
(¢) What are the directions of zero change in f at (1, 1)?

: — — D\
S>/( iﬁ \ (\,\) b \ V) | /7 (\W

W\ = L~y \B\= &
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Gradients and Tangents to Level Curves

T/X_ Zﬁ(x,77 \/\a) ”\-Covﬂ\’owy’ -

@koé Cu Sz/\/»oar\)\’\ C (=
¥ — 9wl -+ Wiy

~ gémv = Revd Caee

e 3T Sy R T
b e - 28 N\ .
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At every point (xg, vp) in the domain of a differentiable function f(x, y), the gra-
dient of f 1s normal to the level curve through (xg, vo) (Figure 14.30).

The level curve f(x, ¥) = —-C

\(-\) W Ve \()’7 = PH_‘*KS
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EXAMPLE 4 Find an equation for the tangent to the ellipse

GO
— L QQQ&\ Tt &

(Figure 14.31) at the point (=2, 1). fy(x,ﬁ

(= z
Y,C)(,p) - % +7)

ﬁx\ N 2/%%'\$’l

(’7’/\) L"Z/D

F

Functions of Three Vanables
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For a differentiable function f(x, y, z) and a unit vectoru = wu;i + wyj + u3K n space, we
have
of . af . o
Vf = oy 1 + @‘] + —:k
and
. af af af
.Duf — Vfll = EHI + a—yug + EH}
The directional derivative can once again be written in the form
Dyf = Vf+u =|Vf||lu|cosd =|Vf]|cosb,
EXAMPLE 6

(a) Find the derivative of f(x,y,z) = x° — xy® — z at Py(1, 1,0) in the direction of
v = 2i — 3j + 6k

(b) In what directions does f change most rapidly at Py, and what are the rates of change
n these directions?

sl (@ ] = W‘Hﬂ =F
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L~ y\I\Q C>\§YQQ..S\'§M ofV Q‘%: 2\ —‘LS,\z__
/)/(’\’Q ‘(””S‘_e “"“e) C)V\W‘é’\ VS \Wg\’_‘_ﬁ—f_}

{Z deccer v s ok <c\?a§\3 T
Yo M(eadiom oY( ~\% = — U\
Tle vake ob e (s

V5 = A& =73

Algebra Rules for Gradients

1.
2
3.
4

3.

Sum Rule: Vif +g)=Vf+ Vg
. Difference Rule: Vif —g)=Vf— Vg
Constant Multiple Rule:  V(kf) = kVf (any number k)
. Product Rule: V(fg) = fVe + ¢Vf
Vf— fV
Quotient Rule: ?(é) _ / gf g
4
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L\
_—C
Tangent Planes and Normal Lines ,EG‘/?/%) -

If r = g(t)i + A(#)j + k(1)k is a smooth curve on the@fa] surface f(x,y,z) = c|of a
differentiable function f, then f(@@},@) = ¢. Differenfiating both sides of this
equation with respect to ¢ leads to

4 o), ho), K0) - 2 (o)

of dg  of-dn | Of dk _ o
&I_ dt. T dy dt + dz dt 0 Chain Rule

dg. dh. dk,\ _
(EI-I-EJ-'-EI{ = ().

DEFINITIONS The tangent plane at the point Pyl(xg, vo, zp) on the level sur-
face f(x, y,z) = c of a differentiable function f is the plane through Py normal

to vf |P::r'
The normal line of the surface at Py is the line through Py parallel to V| g,

Tangent Plane to f(x, y, z) = c at Py(xy, yo, 20)

I.— x0) H fAPo)(y — yo) + [fAPo)(z — zp) = 0

Normal Line to f(x, y, z) = ¢ at Py(xy, yo, 20)

X = Xq +, y =yt }:}L@I’ z=zg + fAPy)t

Math2311 133 4séa
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— <~
EXAMPLE 1  Find the tangent plane and normal line of the surface
> = 9-X ’3
flx, v, z) =é( + y +z—9=10 A circular paraboloid

at the point Py(1, 2, 4). .
J The surface

4 F©+y¥+z=9=0

Py(1.2,4)
So)- ij] g ’L?(\ ‘:QJ i/

]D ° (Y Y \’O ____—— Normal line
o
ﬁ } - 7 \ — M
a 7> & 3 Q \/ 7/\'0 | i z .\Tﬂﬂgﬂnt plane
Pay -

’f}‘ Fo‘: 4—]?0 = | /K KJ

X

FIGURE 14.33 The tangent plane

T(JL ) [ H\) "l’ R and normal line to this surface at Py
N

(Example 1).

/m J’”\"‘;’VC/J’ })\a\“_e ‘g
7C>( (P“) (X——\) —+ %L% (3—7/) 4—}2(%) (1’?,0)’:0

/> 2(%-\) -—b‘f(ﬁ’)——’«) ~\( ?:-H)’—‘

¢ X 4y 2=

m /Q/\A’\& \/\GJV\/\N\Q \"b ’M’\K Su\r(/uQ_\c\Q—Yab

Xo= Xo—(—&@)tz |+
=S+ L0k = 2 AME LRl
- - A+ﬁ(ﬁ>&~ 4 €
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Plane Tangent to a Suri’ace(: f{x.yjat (x0s Yos F(x0, ¥0))
The plane tangent to the surface z = f(x, v) of a differentiable function f at the

point Py(xg, yo, z0) = (X0, Yo, f(x0, yo)) is

fi(xo, yo)(x = x0) + fylxo, yo)(y — yo)(=)(z = z0) = 0. (4)
f\/"’\"/ AN\ —

EXAMPLE 2  Find the plane tangent to the surface z = xcosy — ye* at (0, 0, 0).

>\, //]KCXO)%) = XC”"SS —— eX £ =o

—

Wff U,w) @/x L —+ ﬁjj t 'ﬁ?; \f (s, 0)
(wg ) L (s =€) e |

J LL (59,9
/ﬂ/\-ﬁ hw })Kow\a VS

| (=) =V (3-9) V(29 =«

o ¢ X,é_{:o.

EXAMPLE 3  The surfaces
flx,y,z) = x> + yz —2=0 A cylinder

and
glx,p,z) =x+z—4=0 A plane

meet in an ellipse £ (Figure 14.34). Find parametric equations for the line tangent to E at
the point Py(1, 1, 3).

e bony b e 58 L NS ay QF P
= Japd Qe || J =GN FP
W«Hﬁ: &Xﬁ—fﬁg\f*‘ﬁz\& ‘Fo

. . - ' 7__'
SRR TVEL
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: x+z—4=0
: '
. #

v I W S

The ellipse E

(1,1,3)

The cylinder
P 4yi=2=0
k_.f—.J
Filx,y, 2)

Estimating Change in a Specific Direction

e

Yote 5 o Pl b (ordieny due

\L\é
T~
2,
=
;

\/\'\& .

O\/\c)M’\W ’}Pof«Q' .
Ig’ :p s & gLA-,\CI;-(nm ff /!’LA)') ~ R \J i —g/,

')

N\

N /
9= QD) 8 (Dt o

0 d{_(\\IM\‘"}

Estimating the Change in f in a Direction u
To estimate the change in the value of a differentiable function f when we move a
small distance ds Trom a point Py in a particular direction w;use The formula

df = (Vflr,-w) ds

Directional Dhstance
derivative increment

Math2311 136 4aia



EXAMPLE 4  Estimate how much the value of

flx,y,z) = ysinx + 2yz

will change if the point P(x, v, z) mmreunit from {P{.({}, 1, {))' straight toward
1(2: 2: _2}*
- __ ? fD . : ’L\L
Sl S = &-] W = Ty - 2=y~
- / 78

V2! \)?b—; ﬁxt‘ + ]Qj'J —J;}\L\PD
:@ u>><>L~\-( Siax 420 | (29 k. \(c\o)

yava

R (W?\Y; G‘) d=
= Crek)- (50 ki -xl) e

How to Linearize a Function of Two Variables

Lbd — ]0/(799 + %Mbﬁo) (X—)ﬁﬂ
(%) ~ ]C(.x)
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DEFINITIONS  The linearization of a function f(x, y) at a point (xg, yg) where
f 1s differentiable is the function

L(x,y) = f(x0.»0) + [ulxo.y0)(x — xp) + fi{x0, vo)(y — »o)- (5)

The approximation
flx,y) = Lix, y)

is the standard linear approximation of f at (xg, o).

EXAMPLE 5  Find the linearization of

1
f.y) = x* =2y + 5y7 + 3

at the point (3, 2).

LCX/ﬂ - ﬁﬁ(S/L) T QXO/@ (-3 « £}J %/q (ﬂ‘%

L0 = 3-¢ +5pr3= §
f 379 <7/)< ’2> l(gl)z L(3) -2 =+

\?ﬁ )2) =(=xuy) | - 3rr=-/

(3/ 1—)

L) = €4 H(xe3) —1(g-v
@7) — HX’Z}—\’L{

Ex frpporimate ﬁ(zﬁ\,\.o\) Vot Lot e

—_—

2 %(’N\,M? v Lz ?—j(\f—-ﬂ) -1

\ é —3-A :—}'—:"
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sunday, July 04, Pe Error in the Standard Linear Approximation

If f has continuous first and second partial derivatives throughout an open set

containing a rectangle R centered at (xq, vp) and 1f M 1s any upper bound for the /R
values of | fu|.| f,y|» and | f.,| on R, then the error E(x, v) incurred in replacing

f(x, v) on R by its linearization

L(x,y) = flxo,y0) + fulxo, yo)(x — x0) + filxo. o)y — yo) k (Zar2o)

satisfies the inequality 4,,\

1
|E(x, )| = 5 M(|x = xo| + |y = yo])"

EXAMPLE 6  Find an upper bound for the error in the approximation f(x, y) = L(x, y)
in Example 5 over the rectangle a

Ve
R: |x=Bl=01, |y=2|=01.~

Express the upper bound as a percentage of f(3, 2), the value of f at the center of the
rectangle. Ko Do

Sol: ﬁuﬁ) — le X ’vl{sl—k}
ﬁ)& = X5 b = XA A

{iﬂk =5 %D:\ / %&:#(

\RX\:L/ \%\:\ /\glxg\:}
A \ogges) o i\im/\ﬁw\,\ﬁm s 2
L \\f\c'L_
\ECKm)\ é %M( \74,740\')(\\:»”‘%\}?_
=L Ix-2 ©\3-21) =
é ,LZ«<7/> O-I/T_O'\ — o .o\
A} A}?Lr(x.\\/&y OF ,&(3,7_7 =%, W e

5w ecker Yoem = 208 odf, = oS
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1. The linearization of f(x, v, z) at a point Py(xq, vo, Zo) 18
L(x,y,z) = f(Po) + fo(Po)(x — x0) + f,(Po)(y — yo) + fAPo)(z — z0).

2. Suppose that R is a closed rectangular solid centered at Py and lying in an open region
on which the second partial derivatives of f are continuous. Suppose also that
| Fecl | fonls | f2 s | Fov]s | £z | and | £,-| are all less than or equal to M throughout R. Then
the error E(x, v, z) = f(x, v,z) — L(x, y, z) in the approximation of f by L is bounded
throughout R by the mnequality

1
|E| = Eﬂff(lx - J;Z[].l + |y — }”U‘ + |: — :.gl}z.

EXAMPLE 10  Find the linearization L(x, y, z) of
flx,y,z) = x? = xy + 3sinz

at the point (xg, vy, z9) = (2, 1, 0). Find an upper bound for the error incurred in replacing
f by L on the rectangle

R: |x =@} =001, [y—=(1] =002, |2 = 00L
X J. )

Sal %(1/\ ) = Y —2(\) 4+ R%ae =\ 2

—— /
ﬁx(v.}\{u) - @,x ~§j> \(1
%’2(’1/\[“\ — —X,\ t@
}P%@/\ﬂ) = S Cs2 \ — § Cs®

CZ/’/“) :@
g = 2049 4L (g (s

X é(z/\/“) QJ") T &;(1/&, N &
— LA 3(x2) —Uy-)+32

= SX—1x AT
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Recdl, 5 =409
y - [/\z\o\wse5 ﬁ,{b\»/\ N R

X

—E=—
\ A a—+Dx
C/O} —y) Bg: ?(ﬂ*bx)/g(q)
)/\&O\IK(L“‘QM s Q VS (ke

A%\“: Q(@x)bk

DEFINITION [f we move ﬁum‘ (xp, _}»‘[})? to a point Exg + dx, yp + dy))nearby,
the resulting change

@_ fi(xo, vo) dx + f(xp,yp) dy

in the linearization of f 1s called the total differential of f.

If the second partial derivatives of f are continuous and 1f x, y, and z change from
Xp, Vo, and zp by small amounts dx, dy, and dz, the total differential

df = fAPo)dx + f,(Py)dy + f.APy)dz

gives a good approximation of the resulting change in f.
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EXAMPLE 7  Suppose that a cylindrical can is designed to have a radius n@n. and a
height of 5 in., but that the radius and height are off by the amounts dr = +0.03 and
dh = —0.1. Estimate the resulting absolute change in thgvolume bf thggg_n\./-\r—l

S N————

\/aK\AMQ = _W‘(l\’\ —

o= N3 =\, S
_ <7;\<(\/\§ de 4 @tfﬁ 3\
= (N 6) (o) + O
— o3y ol T e T,
N = W = w6 =sT
?uuﬂ\‘&}e Qior ~ P C X C N dian

cp£ \J S \%\AUE{\OQ/Z_\MQ%
- o
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EXAMPLE 9  The volume ¥ = w#?h of a right circular cylinder is to be calculated from
measured values of » and A&. Suppose that » is measured with an error of no more than 2%

and 4 with an error of no more than 0.5%. Estimate the resulting possible percentage er-
. N v—’ -
ror 1n the calculation of V.
/_

Giyew. \J = T X ~

™ (W

2w\ 36+ TR cﬁ\x«

_ /,—/5// — O@Lfg_’

/\/{»-K L{ov Vn NJo\lsene CO\Q\Q&A\\&'\M Y
&\_&' O\\N\QSS\- L—f_g‘;/o :
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14 7 | Extreme Values and Saddle Points
ol |

Derivative Tests for Local Extreme Values

DEFINITIONS Let f(x,v) be defined on a region R containing the point
(a, b). Then

1. f(a, b) is a local maximum value of f if f(a, b) = f(x,v) for all domain
points (x, v) in an W at (a, b).

2. f(a, b) is a local minimum value of f if f(a, b) = f(x, y) for all domain
points (x, v) in an open disk centered at (a, b).
———  —— B

S

L.ocal maxima
(no greater value of f nearby)

\

Local minimum — ¢

(no smaller value
of f nearby)

THEOREM 10—First Derivative Test for Local Extreme Values If f(x, y) has a
local maximum or minimum value at an interior point (a, b) of its domain and if
the first partial derivatives exist there, then f.(a, b) = 0 and f,(a, b) = 0.

DEFINITION An interior point of the domain of a function f(x, y) whe:r

fxand f, are zero or where one or both of f, and f, do not exist 1s a critical pm[
of 1. T =

Math2311 145 4séa
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DEFINITION A differentiable function f(x, y) has a saddle point at a critical
point (a, b) if in every open disk centered at (a, b) there are domain points (x, y)
where f(x, v) = f(a, b) and domain points (x, v) where f(x, v) < f(a, b). The
corresponding point (a, b, f(a, b)) on the surface z = f(x, y) is called a saddle
point of the surface (Figure 14.42).

O
ﬁ) =>? _"'_Q)
THEOREM 11—Second Derivative Test for Local Extreme Values Suppose that
f(x, y) and 1ts first and second partial derigt(ives are continuous throughout a sy
/

disk centered at (a, b) and that/f\a, ) = /f\(a, b) = 0. Then P e X
| . S\
i) f has a.lic_a_l/m_axlmum at (a, b) i f . )< O and f. f,, — [~ = O at(a, b):

ii) f has alocal minimum at (a, b) if f,, > Oand f.. f,, — flf > 0 at (a, b).

iii) f has a saddle point at (a, b) if f,. f,, — fﬁ < 0 at (a, b).

iv) the test is inconclusive at (a, b) if f, f,, — frf @at (a, b). In this case,
we must find some other way to determine the behavior of f at (a, b).

The expression f f,, — f I}JE 1s called the discriminant or Hessian of f. It 1s some-

times easier to remember it in determinant form, C
‘?'& O Yy TP e
I
A&y = Db 1= {0 4l -
) —~— xy » )
> o = N o

— e Soddle
<R 2° kﬁxa J?ui\s poia

WAL A~ . e X
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ey v 08, 2028 E X+ Find the local extreme values of the function
fx,y) = xy — x* —y* — 2x — 2y + 4.

52/; £ = -1 - L—o:@-—zx:g,,@
g = X1y -r=e D \K’La ‘=i'”®

\‘ixf}“fi
) —Yx ="
X/j’a/‘—’ - o (4
n ’Bxcé’D7E<:’}) — = =

— 4 b o Gl Ay
e Gl Q 9_«& W;Vou&-\s

Fer) =3 (Onedo)
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Example. Find the local extreme values of f(x, y) = 3% — 2y — 3x* + 6xy.

55__\' @X_C ~éx+é§§-;o @B____Q
£} - =t ’fé}&‘w T«)(jé//{wvfi,@

Q)Q/@_—:) X/Kz%’)(zo_;)z)&,.)(‘z'_:o

O X e = (A
X =0 ) 9—/0 ;LOIQE

294

rmdEr )
ﬁb« — —-é ; £7< - é/ ﬁﬁa = é-—\zé.

A(X,j) = ﬁ;(,\ £§D - g’x\; ’:.L”é)(é’, 7'3) = él

— =12+
b<610> — — F2 o — gj_\/\b_} aSa&ﬁ\Q \?ob&r
@()—Qo)b)-

DG = 2 47220

lﬁu(m — (s
>£ Wy« Q°C/“J e ok <7/1) .
b v s 22 = & (daed)
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? Py f—im: Xy
= L\A(X«)) A =3 -

\ +TLX —o ""QD

)(»\/9,
b o= ¢
C/‘f'@ ’G%® 2X 4\ =o© :)Q(c—-i—z)
Ffuvv\ (/‘?@ — ﬁg‘_,l_i# =1 = =3[

f g — | 2 ;P — ,_3
Xy = e - =
T 7 Sk
A
Ly
} C(&)> =

fxx</]’i/%> = | ) ﬁééklﬁ/;—) = ) ,ﬂxj(/’?/l) |
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sz\o ﬁ(x, D =E ey

f“‘“é”“‘%@
Sy o - -~ @2 (55 )

—) /f\nque VS e u\\-’(cwp '\g\)c,\)(.s
_— r o R b Y
e SINe (70(«}}»
C?§3> F\v\& Moire  oommoir s s \aiaSa
Swen 15 A alY Whese s oL

Si ’g: (x,9,%) = Kz—t—tf'—k}}
C)’\\/‘QV\ ijf%:c\ = Z = ‘(/K/é_

2 (&
hos = $U2) = ) Tagt +(3-x9)
= X+ 2 (Axg) (D
" TX — \g +LX *‘72‘)

(h = Sy~ ol -0

S T L G L GV
= H}/(—'U( |<@"o‘:')<frgj
@7/@ N Q?@ ; Q'X’VQ o\

—2x =%y ==

{
\

-2\ 1)(*} =1
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Absolute Maxima and Minima on Closed Bounded Regions /%w\*{
We organize the search for the absolute extrema of a continuous function f(x, y) on a closed
and bounded region R into three steps.

1. List the inferior points of R where f may have local maxima and minima and evaluate
f at these points. These are the critical points of |, ',ﬁ,( -2, ?—9’- o

2. List the boundary points of R where f has local maxima and minima and evaluate f at
these points. We show how to do this shortly.

3.  Look through the lists for the maximum and minimum values of f. These will be the
absolute maximum and minimum values of f on R. Since absolute maxima and min-
ima are also local maxima and minima, the absolute maximum and minimum values
of f appear somewhere in the lists made in Steps 1 and 2.

EXAMPLE 5 Find the absolute maximum and minimum values of

f(x,y)—2+2x+2y—x2—y‘?'

on theEF;angular reg,iEin the first quadrant bounded by the linesx = 0, y = (}@ .

X=0 2 =9
. Skefle Ve teogen S 2o

—_
—
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ik 14.8 | Lagrange Multipliers
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Constrained Maxima and Minima

EXAMPLE 1  Find the poinf P(x, y, z) on the plane 2x + y —z — 5 = 0 that is closest
to the origin.qy ( 85,8

,5_*5/\, '/)/\/\{ f)\m\y\‘—\m \} [’b jC J MW\V\_
\V‘A'W\ S— JA/*O Jr?f\/\-’\Ql\avx

6?‘ Q_@\—") (39 (9
D = NGEqTo\—

SV\¥3QJV \'\3 M Q"WSK’\QM“'\* %Xt—j-i:g

Frot %f.\} Mt vins o
%(xf,f} - %t —vj e

Mﬁ X ey +<1><ij —Zj

\'\K: 1><+’Z.<L)<+j—-_§')(z)—_o
e

)Q)C’V'\{a _l O
K’-‘('Z—;_ — o ,—--Q)

\’\a - ’2,3 +Z (1K+j/§>(® =°

X 44 =

| ©
a3 =5
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The Method of Lagrange Multipliers v—f /{ Vg—-
Suppose that f(x,y,z) and g(x,y, z) are differentiable and Vg # 0 when
g(x,y,z) = 0. To find the local maximum and minimum values of f subject to
the constraint g(x, y, z) = 0 (if these exist), find the values of x, y, z, and A that
£ / B —
simultaneously safisty the equations

L?’f =',wa and E{x,y,z)ZU (1)

For functions of two independent variables, the condition 1s similar, but without
the variable z.

EXAMPLE 3 Find the greatest and smallest values that the function

flx,y) = xy
takes on the ellipse (Figure 14.52) ‘QE\

Qa\qs S’(U\\'A -

).
2l Ll - 3, Q)= KT

= 23 - ©
X5 gz
==l - --G
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MULTIPLE INTEGRALS

15 1 | Double and Iterated Integrals over.Rectangles
-4

Double Integrals

The double integral of f over R, written as } X
Aty of

]CZ fx, y)O //f(x,yJ dx dy.
R
Qals~ 7
(Z ‘5 7(3,V\0\4\Q

Double Integrals as Volumes

¢ *.(’l > e 2 A
Volume = 11rn S, -/ flx, v)dA, * J 1 —
A 8 | —>
N d
Ve
%xum DX&N o’ pa) = DR e

where@—}@as n—> 00,

£ &)
( s/ J;( X9 = \ FIGURE 15.2  Approximating solids with

rectangular boxes leads us to define the

S S }A - ﬁ— (2a A{D R . .volumcs of more general solids .as double

integrals. The volume of the solid shown
K here is the double integral of f(x, y) over
the base region R.
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Fubini’s Theorem for Calculating Double Integrals

128

THEOREM 1—Fubini’'s Theorem (First Form)  If f(x, v) is continuous throughout 9
the rectangularregion R: @ = x = b,¢c = v = d, then i
< { #’-‘5

[frorsa= [Frei - [ porie 15
\/\Q«\

) S e 339 \/\\x) a\x
EXAMPLE 1 Calculate [/, f(x,y) d4 f{}I‘

flx,y) =100 —6x?y and R 0=x=2, —-1=y=1.

EXAMPLE ind the volume of the region bounded above by the ellipitical pw
z = 10 + x* + 3y”’/and below by the rectangle R: 0 = x = 1,0 =y = 2. (

Z
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I 1T \
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27. Find the volume of the region bounded above by the surface
z = 2sinxcosy and below by the rectangle R: 0 = x = /2,
0=y =m/4
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Double Integrals over Bnunded,Mectangular Regions

THEOREM 2—Fubini’s Theorem (Stronger Form)  Let f(x, y) be continuous on a
region R.

1. IfRisdefinedbya = x = b,fgi(x) = v = g;@with @1 and g, continuous

on [a, b], then T%ﬂ\(ﬂ
' g2(x) ‘ '| )‘—?2(*)

L v)dA = L v)(d ’ LN

/Rf /) gl Sl V) ls) i,

(x)

2. If Risdefinedbyc = v = d, hj(v) = x = hy(y), with h; and h; continuous

on [c, d], then . 5 xﬁ\Nb)
[/f{x,y)dfi =/f flx, y)(dx dy. =
k s c\ " Xzh®
N - 7
e aaal \ 7

EXAMPLE 1 Find the volume of the prism whose base is the triangle in the xy-plane

bounded by the x-axis and the lines y = x and x = 1 and whose top lies in the plane
— S T—

2= fley) =3 —x—y
\/\f—/

Sﬁ/‘_' Skejrck\ M {23 Ton \‘Q\\A—\—'Qa‘/bj'\'lw

R' X,a?ﬁ}/ ’7/7(/ X/_:I

(1,0,2)\‘ |
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EXAMPLE 2  Calculate

sSin x
/f nx
R

where R is the triangle in the xy-plane bounded by the x-axis, the line y = x, and the line X = 2
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EXAMPLE 4  Find the v_cﬂinﬁ_nf the wedgelike solid that lies beneath the surfacé z=)
16 — x> — y2 and above the region R bounded by the curve y = 2\/x, the Iine VT e
v = 4x — 2, and the x-axis. "

Sl ) =[xy
2 2

\ = (\ (=gt I3y
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Cunay, iy 08,2001 15.3 I Area by Double Integration

9:13 PM

DEFINITION The area of a closed, bounded plane region R 1s

i

EXAMPLE 1  Find the area of the region R bounded by y = x and v = x? in the first
quadrant.

A(Qm: X)\/)r
\R X
N
6 Xl

dx
S‘ ol \jc Mx — @//XZJ I x )
J

—
——
o
/

O :)O'

EXAMPLE 2  Find the area of the region R enclosed by the parabola y = x? and the line
y=x+ 2.

A(C"«
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ey v o2 Average Value,~ Tg S % o =V sownl
R 2= 3
Average value of f overR = . ﬂfRf fdA. \/o\um& @ v

A{L o~

EXAMPLE 3 Find the average value of f(x,y) = xcosxy over the rectangle
RO=x=7m, 0=y=1

| ﬂ(eo\; SRSM’;T\S S)\a\éta\x ;g:t 33:\&:,};“%“

Arem = (UJ@W) (\‘“A’W) = (T —Q> (\’

T\ =
\[o\nne = & g ;f/(x/j\»r ’:Sg X o 8 (9 A\a dx
k- TTO b 4=
:S XSM\ dx
s X o «

/—/( S\‘,\x ;K_-—— — CoS %

0O
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X=v9*t
5 J X=7 v X =&
l . \r" d
— XA A \(;—f\~* )(‘:;\3
Aifan = gg 5 s B 3\:
(@) ° \
o 2
T 2 -~ -\NX
_ 2 N - - D=
— j \(’;Z SX — ZX l?- jb—/z,
Q = N »*(L
32 7
= = (‘L> = L3
= S —

S g =
¢ 3 2
— xXo
— gs SKT€ A= x T
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N T x=2 DW=
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Integrals in Polar Coordinates

FIGURE 15.21 Theregion R: g(f) = r = g4(0), @ = # = f3, is contained in the fan-
shaped region 0: 0 = r = a, @ = # = B. The partition of O by circular arcs and rays
induces a partition of R.

0= a, 6 =a+ A8, 0 =a+ 2A0, e 0 =a+mA6=,,

where A = (8 — a)/m’. The arcs and rays partition Q into small patches called “polar
rectangles.”

lim §, =
0

The area of a wedge-shaped sector of a circle having radius » and angle 0 is

A = %@rz,
&
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9:12 PM E"g %J
(F‘g - E)2 A6

2
_ 2
(f“k + %) Ad.
LY

AA; = area of large sector — area of small sector

2
—@ (:i*'gE +%) - (r;i —%) } —/f%@r;{ Ar) = rp ! r&?.
d

b | —

Inner radius:

Owter radius:

b | —

Large sector

A e
As n — 00 and the values of Ar and A approach zero, these sums converge to the double
integral dkPg - dx )‘J d 9 D%

HLHDIO _/[fr rar >< \[bo)&

a — (5t “%
K=y =t
1. Sketch. Sketch the region and label the bounding curves (Figure 15.23a).

2. Find rfz@ of integration. Imagine a ray L from the origin cutting through R in
the direction of increasing . Mark the r-values where L enters and leaves R. These are
the »-limits of integration. They usually depend on the angle @ that L makes with the
positive x-axis (Figure 15.23b).

3. Find theuf integration. Find the smallest and largest f-values that bound R.
These are the B-limits of integration (Figure 15.23¢). The polar iterated integral is

Finding Limits of Integration 3

S

INeE {@i SS)LC"N)
)fﬁ"/’\%cﬁ JJ yf(““”@ (51-2) 40
0 N t\r;}idcg 1‘5 {2 Csce
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EXAMPLE 1  Find the limits of integration for integrating f(r, #) over the region R that
lies inside the cardioid » = 1 + cos 6 and outside the circle r = 1.

4Nj Lcﬁa
- ) {’;\k
1 £ £ |+ LoS f(
| .-
C__°-5.5® - o \ =1
S==+ T
_T = =
T’:; - 841{5\, el LesP
& L
S \ ’gc’ﬁ‘?) W= SS %((b%@/{&m&) \/‘AFA
j T |
Area in Polar Coordinates >
The area of a closed and bounded region R in the polar coordinate plane is S g }P‘

- ffews R

Changing Cartesian Integrals into Polar Integrals

-[/f{:c, y)dxdy = -[/f{r cos @, rsin @) r dr do,
R G
EXAMPLE 3 Evaluate
= [ (e Y= 1-AT 2 R
R

where R is the semicircular region bounded by the x-axis and the curve/y = V1 — .:s:jj
1 1
X

SRR
™ \ " . 3\
Y =z
T - E 7 =\
- ‘_i\g__)z /@
= X
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““TEXAMPLE 4

Evaluate the integral

j{ y (3‘
[al
1 =0
T2 /L
) _
G40 =

Math2311 186 isia
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EXAMPLE 5  Find the volume of the solid region bounded above by the paraboloid

z =9 — x> — y? and below by the unit circle in the xy-plane.
N e
\ - X =%\
—
1A\ -0

6 \/‘-,\
TN |
— f aq ™ _,ﬂ\ 3D -
> & Y 5
Jm Vo = gl
- (»”TI>A - ?8\:(9‘3
° N >
E_é GUm\v\o\Bf( \g\\g *3 &A /w\,\,Q(_Q R JQAQJ - Y
R \(51— ﬂrU\&)(I\J
/ﬂ, "ldb/v\ ﬁ/\ﬂ XDQ&LM—‘QV\ XJr\“jl:‘#
1 ° | 1 ﬁ\v\) ><,L+Jl"‘ LX
\ gy 7 —
x (XD =l
X"fj — 11X _ c,o»_)f“(/“))
(T et [l Oudd Ve
_ Cos 2 g
Y — o) of A b / X —VJ —_;L(
2o . N Bl
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EXAMPLE 6  Using polar integration, find thelarea)of the region R in tHe xy-plane en-
closed by the circle x* + y’## 4, above the line y = 1, and below the lin

Math2311 189 4aia
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=
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15.5 | Triple Integrals in Rectangular Coordinates L
oJ |

Triple Integrals

>

' (xk' ykv:_zk)

FIGURE 15.29 Partitioning a solid with
rectangular cells of volume AV

M
Sﬂ = Ji; }"(Ik, }”'quk) ‘;—\Vk

We are interested in what happens as D 1s partitioned by smaller and smaller cells, so
that Ax;, Ayg, Az; and the norm of the partition ||P], the largest value among Axy, Ay, Az,
all approach zero. When a single limiting value 1s attained, no matter how the partitions
and points (xg, vi, zx) are chosen, we say that F is integrable over D. As before, it can be

shown that when /' is continuous and the bounding surface of D is formed from finitely
many smooth surfaces jommed together along finitely many smooth curves, then /7 1s
integrable. As | P| — 0 and the number of cells n goes to 00, the sums S, approach a limit.
We call this limit the triple integral of F over D and write

Ilim §, = Flx,v,z)dV Im §, = Flx, ',z\dxd dz.
o f/f (%7 2) R f/f (%, 2) div dy

‘ D D
Volume of a Region in Space

DEFINITION  The volume of a closed, bounded region D in space is

o= [|f a»

D

Math2311 192 4séa
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Finding Limits of Integration in the Order dz dy dx

To evaluate

! dady M

1. Sketch. Sketch the region D along with 1ts “shadow™ R (vertical projection) in the
xy-plane. Label the upper and lower bounding surfaces of D and the upper and lower

bounding curves of R. W\

i e |

—

| >y

2. Find the z-limits of integration. Draw a line M passing through a typical point (x, y) in
R parallel to the z-axis. As z increases, M enters D at z = f(x, v) and leaves at

z = f5(x, y). These are the z-limits of integration.
/
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) -x =/ =X =y
© AW
_~ . E\f\ NLQI‘: XJ%(}JJX
| nl-x* -
Sl T = " T2y X
) X T (}“égk
N -3
| =%t .
= S S <x(‘+f>< —3) ——3><> M Ay
|\ O \\I\Aﬂ‘a

July 04, 2021

3. Find the y-limits of integration. Draw a line L through (x, y) parallel to the y-axis. As y
increases, L enters R at y = g1(x) and leaves at y = g»(x). These are the y-limits of
integration.

D

Enters at —
v = g(x) Ty
X7
e — R
b S Spos
/_ as) ,ﬁ‘iﬂi
x i
Leaves at
V= golx)

4. Find the x-limits of integration. Choose x-limits that include all lines through R paral-

lel to the y-axis (x = a and x = b 1n the preceding figure). These are the x-limits of

integration. The integral 15 —
/'J-’ h/)’ galx / v

X, ¥, z)\dz)dy dx,

y=gilx filx,y) / I

Math2311 194 4sia
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Tij

T xS
2
2 SX x
-1 1K 23X ,)/1er 5M%u) rabesse
‘ S‘ [—xv \\Pxx’\s } 3N /‘AM (‘\'(C.U\kff QJK.\"\)Q/:
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Find the volumes of thﬂ_regi.nns in Exercises 23-36.

23. The region between the cylinder(z = y?/and the xy-plane that is

bounded by the planes x = 0, x = 1,y = -1,y =1
: : T
¥ L
X éx,
) Y293
4 ] \\ ok —\
) =] "'b"':: &l O >
" | Rt
“% T ‘
X \ — ° k K
-\
X,9,% 7

25. The region in the first octant bounded by the coordinate planes,
the plane y +@= 2, and the cylindef{x = 4 — y? /
w

:?;,/2/2 ?I\AF/ ‘A’th
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197 28. The region in_the| first octant/ bounded by the coordinate planes,
Zf‘lnzdmm'yo“' 2021 the plane (y =1 — x,) and the surface =z = cos(mx/2),

0=x=1

\(O\V\M{ — A%)‘j }X

26. The wedge cut from the cylinder x* + y> = 1 by the planes
z=-yandz =0

30. The region in the\first octant bounded by the coordinate planes Y X )
and the surface z =4 —x“ — y 9 T ) }
J X
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198 21. Here is the region of integration of the integral
Sunday, July 04, 2021

9:12 PM 1 1 l—yp
dz dy dx.
-1 Jx* Jo ’

Top: yv+z=1 Y
Side; | - j =|-t /N /z
A T Y — %
> Q o ~1.g 1T )=
| — -
| D (-1,1,0) 7=l— Nz 74
L -r_.r' ¢ Y ‘H

N
x (1,1, 0)

Rewrite the integral as an equivalent iterated integral in the order

a. dvdz dx b. dyv dx dz

¢c. dxdyd= d. dx dz dy

_ | D L X%/f)\mw‘e
)

B O

5 SN I

P X bt ”
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Average Value of a Function in Space

The average value of a function F over a region [ in space is defined by the formula

[
Average value of F over D = volume of D /f/ FdV.
D

EXAMPLE 4  Find the average value of F(x, v, z) = xyz throughout the cubical region
D bounded by the coordinate planes and the planes x = 2,y = 2, and z = 2 in the first

e 10t
octant. S’Lg g A’b}jw"l/ DA‘X é L / aé\ﬁ Z;KL ) d z:?:
Solution a N d

The volume of the region D is (2)(2)(2) = 8. The value of the integral of F over the

cubeis ~
2 x=2 2 r2
x—yz] dydz = / / 2vz dy dz
- x=0 0 Jo
=2 2 2

2 P22 F -
Alldxdydzzﬁl[
:A [}’zf}i_ﬂdz=£4zdz = {232}[:: 3.

Average value of _ 1 B (1) B
B dv = |5 J(8) = 1.
xyz over the cube volume jZ/ xyz g (8)

cube

Math2311 203 4sia
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. . . . . —~ Co¢ ©
Integration in Cylindrical Coordinates / ()(/7/ :2,) N T (siv &
DT Ll
DEFINITION  Cylindrical coordinates represent a point P in space by ordered £ l/
triples (r, 0, z) in which
1. r and @ are polar coordinates for the vertical projection of P on the xy-plane

2. z is the rectangular vertical coordinate.

FIGURE 15.42 The cylindrical
coordinates of a point in space are r, 0,
and z. (X/y)

[

Equations Relating Rectangular (x, y, z) and Cylindrical (r, 6, z) Coordinates
x=_r_'cusl_9, y = rsin#, z =z,

r? = x% + y? tanf = y/x

»

0=00,

rand z vary T escrib-:s not just a circle in the xy-plane

I | i S but an entire cylind abﬂu(rthe z-axis)
' describes the plane that contains the z-axis
and makes an angle@with the positive x-axis

8 4
( z =2z &dﬂscribﬂs @ plane perpendicular to the z-axis.
 and z vary
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9:12 PM Example. |r = 4 Cylinder, radius 4, axis the z-axis
—— — — —

ane containing the z-axis
Pl t g th
Plang perpendicular to the z-axis

How to Integrate in Cylindrical Coordinates

ﬂ f(r,8,z)dV
D

1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur-
faces and curves that bound D and R.

To evaluate

r = hy(0)

2. Find the z-limits of integration. Draw a line M through a typical point (r, #) of A
parallel to the z-axis. As z increases, M enters D at z = g|(r, #) and leaves a
z = g»(r, 6). These are the z-limits of integration.
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3. Find the r-limits of integration. Draw a ray L through (#, #) from the origin. The ray
enters R at r = h(0) and leaves at r = h,(6). These are the r-limits of integration.

.
r = hy(fl)

4. Find the 6-limits of integration. As L sweeps across R, the angle 6 1t makes with the posi-
tive x-axis runs from 6 = atof = . These are the 0-limits of mtegration. The integral 1s
e

/
=8 rr=hit) rz=gilr.d) o
/// f(r,0,z)dV = / / / f(r, 0,z)|dz rdrdf.
l O=a Jr=h(0) \z;gf-w I

¢s for integrating a

EXAMPLE 1  Find the limits of integration in cylindrical coording
: ¢ by the

| (0/” ‘(a}\'w) -\

k Top
Canesiau:@ Jf ,P(Kﬂ/'t) g\/

Cylindrical: z = r*
\ .

s © ° , o
v z
>V 2 \/‘,\ {
L 1 X
- .}
% &
Cartesian: x> + (y — 1)* = 1 ($/ _{,/’LS‘
X Polar:  r=2sind //O/ -
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(x3*) d2 dxda -
IS& xJ)f,_\"F@L

(cma
Sal g g S
i \2 2 =N <y ®
:J J v’© e dode
—’7}: 0 ZF=29
Z
™ |
—:J‘ ° \(chfgiﬁ 3(38
1T >
2 =~ {:\
- S ﬁ CssO \ 3O
~T< S Y=o E
L ’V‘ \L_
— ,L - CasD §% — ES\A%
S e /T:E
2 — L
- =

E/K- Lok T e M= Ve - Louwedad Lelywd

b 7z =\ ;{%—Dj‘ Aed  o\plR L«S’_
2 = L«K‘lu‘j-" . \;r»} Mo Vo\ e
og,_ .
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17. D is the solid right cylinder whose base is the region in the

xy-plane les inside the cardioid » = 1 + cos # and outside
the circlelr = 1/and whose top lies in the plan@
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Spherical Coordinates and Integration

_ z
K%;f Cos ) %{

N = § S >
X =y sO /%SX >

Sunday, July 04, 2021
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?<1—‘rj¢—f' (O )025\”,\1(;) + 5 Cm?gb
— £ ()
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pd
3) E: 'E Q\A—Q\Q/fkmﬂ% /Q\L,Y\Z)M/\Q %—“X{S/
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Equations Relating Spherical Coordinates to Cartesian
Sunday, July 04, 2021

9:12 PM and Cylindrical Coordinates -
/——-\

F = psindg, |x = rcosfl = psind cos 0, ®
Echns@ v = rsinf = psin ¢ sinb, F7°

p=\/x2+y2+zz=\/m. Oé-é'f?é—‘(
z z z £
X9 = f > 27T

How to Integrate in Spherical Coordinates

[/ flp, b, 0)dV
I

1. Sketch. Sketch the region D along with its projection R on the xy-plane. Label the sur-
faces that bound D.

To evaluate

2. Find the p-limits of integration. Draw a ray M from the origin through D making an
angle ¢ with the positive z-axis. Also draw the projection of M on the xy-plane (call
the projection L). The ray L makes an angle 6 with the positive x-axis. As p increases,
M enters D at p = g(d, 0) and leaves at p = ga(d, 0). These are the p-limits of
integration.

p = gs(h, )
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o2ev 3, Find the @-limits of integration. For any given 0, the angle ¢ that M makes with the
z-axis runs from & = ¢yin t0 & = Gyay. These are the ¢ -limits of integration.

4. Find the 0-limits of integration. The ray L sweeps over R as 0 runs from « to 8. These
are the 0-limits of integration. The integral is

= .H .f =galdh, 0
j/ flp, &, 0)dV = / @P “’mfﬁ’dpdd;dg
# b= dhmin il 8)

/Fk'v— MF‘Q \JD\V\W\Q p )/\,\-9\ {1 Ce C{RLon Towne
C X NI %N} 5—0\é S‘f\f\u{_

Q*’j*kzé] \92

C,o\(\_,& :2_’ % Q)( 3

%—" Xzzkjw-%z’é\
2
pr L) <
P

37
—) /}—a«\(f\)t (= ol £TS
\ T~ w3 s C@: _K_tg—
\/bv\mt - S jjfzs\wcpgjg@g%
G é/
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© q>/
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52. Cone and planes Find the volume of the solid enclosed by the
cone z = Vx* + y? between the planes z = 1 and z = 2.
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213 Substitutions in Multiple Integrals
;L:Jlr;dz'\(}lmly 04, 2021 1 5 ° 8

) } X
g J(509). 9
Substitutions in Double Integrals 3u>

/
x=g2u,uv y
G L ]
> R [-’C-J’}

0

QF/
Cartesi u.
Caﬂcsi@

We call R the image of G under the transformation, and G the preimage of R.
r——— - ) = /

v
/[f(x,@) dx dy = //f@,@{u)‘htf(u, v)||du dv. (1)
R )

The factor J(u, v), whose absolute value appears in Equation (1), is the Jacobian of

the coordinate transformation, named after German mathematician Carl Jacobi.

DEFINITION The Jacobian determinant or Jacobian of the coordinate
transformation x = g(u, v),y = h(u, v) is

o ax

du  dv g 0
( \]_ I e A
’XX/ » = U}J_ dy ov| dudv  ouodv’ (2)

'

24V ou v

The Jacobian can also be denoted by

d(x, y)
Mu, v)

Ju, v) =
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EXAMPLE 1  Find the Jacobian for the polar coordinate transformation x = r cos 6,
v = rsin#, and use Equation (1) to write the Cartesian integral IfR f(x,v)dxdy as a
polar integral.

Solution X = ¥ 5—058/ D — (5%(9
9’*(' 9%
29 2
°Xs PA

C*’_S 8 —\ SVWO

—
-

S (Cdﬁ@

— <(,o < 9) ( Y (a5 (9> _ <~(5\'n9> (S"“G)

— \(<C_,o_51—® +_§\,,:L ®>

— <« Q) = - \«j\
J j 7(;C’(’7> M = g/(rcd>c?;fs\'«~®>§é«)©
2

G
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) LX £ 2 )
5

2
I 2
A{yz}ilh_
j/ E —(ydrdyf)
=y/2

by applving the transformation

- 2x —y v
u = 4 v =73

EXAMPLE 2 Evaluate o

and integrating over an appropriate region in the uv-plane.
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}Q oLyl
EXAMPLE 3  Evaluate RS é)
I fl=—x
// Vx + y(y — 2x)¥dy dx.
0 Jo
B\
5// = ey, = Dve
X*J — U-
— N
-l (e = 2 — Las VN
— —_— - 3
3 =V ’
SN
— L)L-—X’:,KA’OJ_\)k
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219 Discussion on Chapter 14

Sunday, July 04, 2021

A

In Exercises 6568, find and sketch the domain of f. Then find an

equation for the level curve or surface of the function passing through
the given point.

o0 n o
65. f(x,y) = E(}) (1,2) wavl*x«—ﬂ"a\—-—'
°

VN _ ._,\__.-—-—-/\)(\4\

n=I)

Y dt dfl
68. olx, v, z) = | C(0.1.V3
0.2 [1+:1 o Vi | )
1 -\ 5\:‘\<”
?QK,7/1)——- 0\\/\)/ On A _+ T
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L,Q_\IA SV/}*”C’Q'
j&&l7/%) = ?(é/\/ﬁ)

~\ x/a'\ N
N — ~ Sv\ — )\ = T( —
/”Z D X+ 5% (\ —z\ = o—rl?__

~ - -|
am\j ,—\/o\m\x + S (X)) = 7{’%

23. flx,y) =

|
Vie=—xt=y? /D}”/ %CXJ?‘- \€/%7—3L7°3

- iy
/%Z'\? EREC PR T a0
)
\\ ,/"l A
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55. Does knowing that

J ¥
| -1~ an_ 'UJ < @ 9$
3 A -
tell vou anvthing about kxz D (o) ,
tan_ ! xy ) ﬁ’
11 — 9 >L/
3 Js“.llHP[D,ﬂ} Xy WA Q
Give reasons for vour answer., L)(Ig) - Ley2)
%7\.« €
X)) s

nd Wy /(("‘”\'
/)v\\\/\.\x//{V\—QM’Ws) 5 duvd

M’} 74‘3 V Q<ly>"7('°)°.) — W —0
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22. flx,y) = 2 ()" (o] <1)

n=Iil

= T} %y
AN Y
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xE
%L” A / °L /
e e SR CAE
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(x,¥) # (0, ﬂ)/
0, (x,y) = (0,0)
and g at (0, 0) “
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84. w = In(2x + 2¢f) );J(;)P,g

xl ¢_7\7’ Z_’Zﬂl’
92. Let flx,y) = {1 otherwise.

Show that f,(0, 0) and f,(0, 0) exist, but f is not dlfferenuab]e at
(0, 0). —

\
27
0, Izﬂiyfiz.xz /\ zZ a}k

—

Woo

Sel. /gﬂ (0)0 — Mo ;?(o—\-\f\ 0) ~ ?»b/%

,_y/J% B

— \

B \/\f>o
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Sunday, July 04, 2021 L\' o %Qx /j) — "M /\’ g— 4——

- -
— //E 5 vk M S/gy
M 4 d\/\mm R\Jz_
14 5 | Directional Derivatives and Gradient Vectors
o |

D= <& Rt
T %
> v
35. The derivative nt Py(1, 2) in the direction ﬂ@iﬂ
22 and in the direction of &2j)is —3 . What is the derivative of
f in the direction of —\1/_—\;»1_])? Gilye reasons for your answer.

5 N

2ROV R LA WG
- N (\/1) (L) v

g

()
S\ - 3 (\/"/) v
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14.6 } Tangent Planes and Differentials
38. f(x,y) = Inx + Inyat Py(l, 1), ?\-Q \_ Gxy)

R |x=1]=02, [y=1]=02_ \Q\ |

-

L Le) = AU R () Ly G0

;‘23(’:’ j;L, / gi) = 55 =) g’*(\/\) :f)(\/\) =

,f(\/\) U O S

p

LLXm) — © X \(X/ﬂ ALY = X.«’j_u_
\Q\ 4_‘ %\\’\Q \K'\\ —\-\‘7’\\}1 \K’\\4°'L

\7/\\ oL /O-Lé K/\Q@c),

G. 4*4\.&.




14 7 | Extreme Values and Saddle Points

38. f(x,y) = 4x — 8xy + 2y + 1 on the triangular plate bounded by ?
the lines x = 0,y = 0,x + y = 1 in the first quadrant \ <
£
“\/QJ \ uf' ?)( S - - O\P’— \\ A
Xy = |
f —U-8y=°=D0=% ”

), = “EX o 2= =L C‘ﬁ/L) L

57
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/7KC></7) = @(x/ [-%) = ¥ pgxﬁ/*)am_((fﬂ s
— Y X Y OAY S 4L -2 Xx\
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Math2311 233 4sia



229

bunday, uly 04, 2021 1 4 8 | Lagra nge M ultipliers
O |
25. Minimizing a sum of squares Find three real numbers whose
sum 15 9 and the sum of whose squares 1s as small as possible. e 58(\;@(»3’)
. - — — X z -
;ﬁ_ Xaxt =9 — ﬂ@wy@ ~J+% —

T B
5= NI

X 4 133*176\&’:?< [y k)

X 9t
L)@ @& b O §
?:Qéf%mﬂ@gﬁ7ﬂ
L Es =6
Xij‘:%"—'-%:g

10G33) = 3«3 = 1F
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