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PREFACE

This solutions manual is designed to accompany the seventh edition of Linear
Algebra with Applications by Steven J. Leon. The answers in this manual supple-
ment those given in the answer key of the textbook. In addition this manual contains
the complete solutions to all of the nonroutine exercises in the book.

At the end of each chapter of the textbook there are two chapter tests (A and
B) and a section of computer exercises to be solved using MATLAB. The questions
in each Chapter Test A are to be answered as either true or false. Although the true-
false answers are given in the Answer Section of the textbook, students are required
to explain or prove their answers. This manual includes explanations, proofs, and
counterexamples for all Chapter Test A questions. The chapter tests labelled B
contain workout problems. The answers to these problems are not given in the
Answers to Selected Exercises Section of the textbook, however, they are provided
in this manual. Complete solutions are given for all of the nonroutine Chapter Test
B exercises.

In the MATLAB exercises most of the computations are straightforward. Con-
sequently they have not been included in this solutions manual. On the other hand,
the text also includes questions related to the computations. The purpose of the
questions is to emphasize the significance of the computations. The solutions man-
ual does provide the answers to most of these questions. There are some questions
for which it is not possible to provide a single answer. For example, aome exercises
involve randomly generated matrices. In these cases the answers may depend on
the particular random matrices that were generated.

Steven J. Leon
sleon@umassd.edu
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5.

1 1 1 1 1
0 2 1 —2 1
@/]o o 4 1 -2
0 0 0 1 -3
0 0 0 0 )
(a) 31[,’1 + 2.’,E2 =38
xr1 + 5$2 =7

(b) 5$1—2I2+ $3:3
2x1+3x2—4x320

(C) 2$1+ I2+4$3:—1
4x1—2x2+3x3: 4
5.TE1 + 2.’,E2 + 6.’,E2 =-1

(d) 4x1 —3xo+ x3+2x4 =4
3r1+ X9 —5xr3+ 614 =05
.’)31—|— $2+2$3+4$4:8
51+ xo+3x3— 214 =7

. Given the system

—mix1 +x2 = by
—mox1 + T2 = by

one can eliminate the variable xy by subtracting the first row from the
second. One then obtains the equivalent system

—mix1 +x2 = by

(ml - m2)~’61 = by — by
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10.
11.

(a) If mq # mq, then one can solve the second equation for x;

ba — b1

xr=—"-—
myp —mg

One can then plug this value of x; into the first equation and solve for
2o. Thus, if my # ma, there will be a unique ordered pair (x1, x2) that
satisfies the two equations.

(b) If vy = mg, then the 21 term drops out in the second equation

0=0by—b

This is possible if and only if by = bs.

(¢) If m1 # ma, then the two equations represent lines in the plane with
different slopes. Two nonparallel lines intersect in a point. That point
will be the unique solution to the system. If m; = mg and by = by, then
both equations represent the same line and consequently every point on
that line will satisfy both equations. If m; = mgy and by # bo, then the
equations represent parallel lines. Since parallel lines do not intersect,
there is no point on both lines and hence no solution to the system.

The system must be consistent since (0, 0) is a solution.

A linear equation in 3 unknowns represents a plane in three space. The
solution set to a 3 x 3 linear system would be the set of all points that lie
on all three planes. If the planes are parallel or one plane is parallel to the
line of intersection of the other two, then the solution set will be empty. The
three equations could represent the same plane or the three planes could
all intersect in a line. In either case the solution set will contain infinitely
many points. If the three planes intersect in a point then the solution set
will contain only that point.

SECTION 2

=]

(b) The system is consistent with a unique solution (4, —1).

(b) &1 and x3 are lead variables and z is a free variable.

(d) 21 and x3 are lead variables and x5 and x4 are free variables.
(f) zo and x3 are lead variables and x; is a free variable.

(

1) The solution is (0, —1.5, —3.5).

. (c¢) The solution set consists of all ordered triples of the form (0, —a, a).

. A homogeneous linear equation in 3 unknowns corresponds to a plane that

passes through the origin in 3-space. Two such equations would correspond
to two planes through the origin. If one equation is a multiple of the other,
then both represent the same plane through the origin and every point on
that plane will be a solution to the system. If one equation is not a multiple of
the other, then we have two distinct planes that intersect in a line through the
origin. Every point on the line of intersection will be a solution to the linear
system. So in either case the system must have infinitely many solutions.
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In the case of a nonhomogeneous 2 x 3 linear system, the equations cor-
respond to planes that do not both pass through the origin. If one equation
is a multiple of the other, then both represent the same plane and there are
infinitely many solutions. If the equations represent planes that are parallel,
then they do not intersect and hence the system will not have any solutions.
If the equations represent distinct planes that are not parallel, then they
must intersect in a line and hence there will be infinitely many solutions.
So the only possibilities for a nonhomogeneous 2 x 3 linear system are 0 or
infinitely many solutions.

9. (a) Since the system is homogeneous it must be consistent.
14. At each intersection the number of vehicles entering must equal the number

of vehicles leaving in order for the traffic to flow. This condition leads to the
following system of equations

r1+ar = r2+h

To +ay = x3+ by

r3+ a3 = x4+ b3

Ty +ay = 1+ by
If we add all four equations we get
r1+rotrstrgstart+astaztag =x1+x2+x3+24+01 +b2+ b3+ by
and hence

a1+ as +as+ag =by + by + b3 + by

15. If (1, ¢c2) is a solution, then
aiic1 + ajaca = 0
as1€1 + ag2ca = 0
Multiplying both equations through by «, one obtains

ar1(acy) +aja(ace) = a-0=0
a1 (acr) + asa(ace) = a-0=0

Thus (acq, acs) is also a solution.

16. (a) If x4 = 0 then x1, 9, and x3 will all be 0. Thus if no glucose is produced
then there is no reaction. (0,0,0,0) is the trivial solution in the sense that
if there are no molecules of carbon dioxide and water, then there will be no
reaction.

(b) If we choose another value of x4, say 4 = 2, then we end up with
solution xy = 12, 9 = 12, x5 = 12, x4 = 2. Note the ratios are still 6:6:6:1.

SECTION 3

8 —15 11
1. (e) 0 -4 -3
-1 -6 6
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5 —10 15
(2) 5 -1 4
8 -9 6

36 10 56
2 (d)[lo 3 16]

15 20
5. (a) bA = [ 5 5 ]

10 35

6 8 9 12 15 20
2A+3A=| 2 2 1 +1] 3 3 | = ) 5
4 14 6 21 10 35

18 24
(b)GA:[ 6 6]

12 42

6 8 18 24
324)=3]2 2 |=| 6 6
4 14 12 42

(AT)T—[f’L ' i]T:[i’ -
2 7
6 (a)A+B[8 ;‘ ?]:BJrA
SRR R )
wow- (23 B)eld 1)

(15 12 18
Lo

15 3
5 4 6)7
05 1)

S = Ot

7]
: )

4 5
1 4
6 6
5 14 15 42

7. (a) 3(AB)=3| 15 42 | =| 45 126
0

0
)
1
0 48

6 3 9 4 15 42
(3A)B = 18 9 [ 1 6 ] =] 45 126
0 48



A@m_[
(b) (AB)" = [
BT AT = [

. Let

D_mmc_[

It follows that

If we set

E_Awm_[

Section 8

a11b12 + ai2baa
a1b12 + ag2ban

C11
C21

ay1bi1 + ai2b21
az1b11 + az2b21

J

(a11b11 + a12b21)c11 + (a11b12 + ai12baz)cor
aiibiicir + argbaicit + ai1biacor + arabaacan
(a11b11 + a12b21)c12 + (a11b12 + a12b22)ca2
ai1bi1ci2 + argbaicia + ai1biacos + a12baaca
(a21b11 + a22ba1)c11 + (az21b12 + azzbaz)cor
az1biici1 + agebarcit + azibiacor + azsbaacan
(a21b11 + a22ba1)c12 + (az21b12 + a22ba2)co2

az1biici2 + az2baicia + azibiacas + agabaacan

J

biici1 + bizcan
baici1 + bazcan

a12
@22

a11
a21

C12
C22

biiciz + biacaa
baiciz 4 baacan
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12.

13.

15.

then it follows that

e11 = ayi(bricir + bizcar) + ara(barcin + baacar)

= aiibiicir + anbiacar + argbaicit + aiabascor
e12 = api(briciz + biacaz) + ara(baiciz + baacaz)

= aiibiicia + ar1biacas + arabaicia + aiobaacon
ea1 = ag1(br1c11 + biacar) + aga(baicin + baacar)

= az1biici1 + asibiacar + agebaicit + azabaacor
e22 = ag1(b11c12 + biacaz) + aga(baiciz + baacaz)

= az1biici2 + a21b12ca2 + azabaicia + azbazcon

Thus

di1 = enn di2 = e12 do1 = e21 daz = €22

and hence
(AB)C =D =FE = A(BC)

OO OO
o O OO
OO O =
O O = O
o O OO
OO OO
o O OO
OO O =

and A* = O. If n > 4, then
A" — An—4A4 _ An740 -0

(b) x = (2,1)7 is a solution since b = 2a; 4 a,. There are no other solutions
since the echelon form of A is strictly triangular.

(¢) The solution to Ax = ¢ is x = (=3, —1)”. Therefore ¢ = —2a; — 1a,.
Ifd= 11022 — 21412 7§ 0 then
l a22 —ai2 ari aiz
d —a21 aiy a2y a22
a11G22 — G12G2] 0
d
= = I
0 a11G22 — 412627
d
arl ai2 l a22 —ai12
az1 a22 d —a21 aiy
a11G22 — G12G2] 0
d
= = I
0 Q11022 — A12G2]

Therefore

l a22 —ai2 — A1
d —az21 aii



16.

17.

18.

19.

20.

21.

Section 8 7

Since
ATTA =447 =1
it follows from the definition that A~ is nonsingular and its inverse is A.
Since
ATAH = (AT =1
(ANTAT = (AAVT =
it follows that
(AH)T = (A7)
If Ax = Ay and x # y, then A must be singular, for if A were nonsingular
then we could multiply by A~! and get

A7 1Ax = A Ay
X =Yy
Form =1,
(Al)—l 3 Afl a2 (A~1)1
Assume the result holds in the case m = k, that is,
(Ak)fl _ (Afl)k
It follows that
(Afl)k+1Ak+1 - A—l(A—l)kAkA _ AflA -7
and
Ak+1(A71)k+1 = AAk(A—l)kA—l _ AAfl > i
Therefore
(A—l)k—H ” (Ak—i-l)—l
and the result follows by mathematical induction.
(a) (A+B)? = (A+B)(A+B) = (A+B)A+(A+B)B = A>+ BA+ AB+B?
In the case of real numbers ab + ba = 2ab, however, with matrices
AB + BA is generally not equal to 2AB.

(b)
(A+B)(A-B) = (A+ B)(A- DB)
= (A+B)A-(A+ B)B
= A*+BA—- AB - B?
In the case of real numbers ab—ba = 0, however, with matrices AB— BA
is generally not equal to O.

If we replace a by A and b by the identity matrix, I, then both rules will
work, since

(A+T1)2?=A*+ JA+ Al +B* = A> + Al + Al + B* = A> + 2A1 + B?
and

(A+DA-D=A>+TA-AI - =A*+A-A-T*=A*-1?
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22,

23.

24.

25.

26.

27.

28.

There are many possible choices for A and B. For example, one could choose

0 1 1 1
P R T
More generally if
a b db eb
A[ca cb] B[da ea]
then AB = O for any choice of the scalars a, b, ¢, d, e.

To construct nonzero matrices A, B, C' with the desired properties, first find
nonzero matrices C' and D such that DC' = O (see Exercise 22). Next, for
any nonzero matrix A, set B = A+ D. It follows that

BC = (A+D)C = AC + DC = AC + 0 = AC

A 2 x 2 symmetric matrix is one of the form
a b
alat)

42 a®>+b% ab+be
T lab+be b2+

If A2 = O, then its diagonal entries must be 0.
a>+b*=0 and b+t =0
Thus a = b= ¢ =0 and hence A = O.

For most pairs of symmetric matrices A and B the product AB will not be
symmetric. For example

(-

See Exercise 27 for a characterization of the conditions under which the
product will be symmetric.

Thus

(a) AT is an n x m matrix. Since AT has m columns and A has m rows,
the multiplication AT A is possible. The multiplication AAT is possible
since A has n columns and A7 has n rows.

(b) (ATA)T = AT(AT)T = ATA
(AAT)T: (AT)TAT:AAT

Let A and B be symmetric n x n matrices. If (AB)” = AB then

BA =BTAT = (AB)T = AB

Conversely if BA = AB then

(AB)T = BT AT = BA = AB

If A is skew-symmetric then AT = —A. Since the (j, j) entry of AT is a;;
and the (7, j) entry of —A is —a;;, it follows that is a;; = —a;; for each j
and hence the diagonal entries of A must all be 0.
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29. (a)
B = (A+ AT =AT+ (AT =AT+A=8
CT = (A-ANT = AT - (AT =AT —A=-C
(b) A= (A+AT) + (A AT)

31. The search vector is x = (1,0, 1,0,1,0)7. The search result is given by the
vector

y=ATx=(1,2,2,1,1,2,1)

The ith entry of y is equal to the number of search words in the title of the
ith book.

34. If a = (1,21/0,11, then
L0 a1 aiz | a11 a2 [ an a2
« 1 0 b o aai aalg + b o a1 aalg + b
The product will equal A provided

aar + b= ass

Thus we must choose
21412

b= ax — aaiz = azy —
a11

SECTION 4

0 1
2. (a) [1 0], type I

(b) The given matrix is not an elementary matrix. Its inverse is given by

[ )
0 3

10
(c) 0 1 , type IIT
-5 0

0

0

1

1 0 0

(d) [ 0 1/5 0
0 0 1

5. (c) Since

] , type II

C=FB=FFA

where F' and E are elementary matrices, it follows that C' is row equivalent
to A.

1 0 0 1 0 0 1 0 0
6. b)E;'=[3 1 of,E'=]0 1 of,E'=]0 1 0

0 0 1 2 0 1 0o -1 1
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The product L = E; 'E;"E; ! is lower triangular.

1 0 0
L=13 1 0
2 -1 1
7. A can be reduced to the identity matrix using three row operations
2 1 . 2 1 . 2 0 . 10
6 4 0 1 0 1 0 1
The elementary matrices corresponding to the three row operations are

10 1 -1 L9
a=(5 1) m=(5 1) B={5 1)

EsByFiA=1

- 8 10 = 2 0
A:E11E31E31:[3 1] [0 1] [o 1]

and A-! = EsES>Eq.

s o (1Y) (3 5)

1 0 0) (-2 1
@ -2 10 0 3
0 0

3 —2 gl

So

and hence

N N N
DN — N ,

1 0 1 1 & 1 0 0
9. (a) | 3 3 4][—1 —1]:[0 1 o]
2 2 3 0 - 3 0 0 1
2 -3 1 0 1 1 0 0
- 1 —1][3 3 4]:[0 1 0]
0 -2 -3 2 2 3 0 0 1
0

1 -1
10. () |O 1 -1
0 0 1

12. (b) XA+B=C
X = (C= B)A~!

B 8 —14
“ |l -13 19

(d) XA+C =X
XA—-XI=-C
X(A-I)=-C
X=-C(A-I)"

- )
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13. (a) If E is an elementary matrix of type I or type II then E is symmetric.
Thus E7 = E is an elementary matrix of the same type. If E is the
elementary matrix of type III formed by adding « times the ith row of
the identity matrix to the jth row, then E7 is the elementary matrix
of type III formed from the identity matrix by adding « times the jth

row to the ith row.

(b) In general the product of two elementary matrices will not be an ele-
mentary matrix. Generally the product of two elementary matrices will
be a matrix formed from the identity matrix by the performance of two

row operations. For example, if

1 0 0
2 1 0 and Es =

0 0 0

B, =

then F; and Es are elementary matrices, but

1 0 0
EFiEy=1(12 1 0

2 01

is not an elementary matrix.
14. If T = UR, then

n
tij = E WUikTkj
k=1

Since U and R are upper triangular

Tjl,y = Tj425 ="'+ —Tnj =0

If 7 > j, then

7 n
lij = E UikThj + E Uik ke
k=1

k=j+1
J n
S E OTkj + E w0
k=1 k=j+1

=0
Therefore T is upper triangular.
If i = j, then

i—1

1 0 0
0 1 0

20y I

n
tip=tiy = D wiktig Uity Uitk

k=1 k=j+1

i—1 n
== Zorkj+ujjrjj+ Z uikO
k=1

k=j+1
= UgsTy;
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Therefore
tjj:'U:jjTjj j:l,...,n
15. If we set x = (2,1 —4)7, then

16.

17.

18.

19.

20.

AX:281+182—483:0

Thus x is a nonzero solution to the system Ax = 0. But if a homogeneous
system has a nonzero solution, then it must have infinitely many solutions.
In particular, if ¢ is any scalar, then c¢x is also a solution to the system since

A(ex) =cAx=c0=0

Since Ax = 0 and x # 0 it follows that the matrix A must be singular. (See
Theorem 1.4.2)
If a; = 3ay — 2a3, then

ai —3324—2&3 =0

Therefore x = (1, —3,2)7 is a nontrivial solution to Ax = 0. It follows form
Theorem 1.4.2 that A must be singular.

If xg # 0 and Axg = Bxg, then Cxg = 0 and it follows from Theorem 1.4.2
that C' must be singular.

If B is singular, then it follows from Theorem 1.4.2 that there exists a nonzero
vector x such that Bx = 0. If C = AB, then

Cx=ABx=A40=0

Thus, by Theorem 1.4.2, C' must also be singular.

(a) If U is upper triangular with nonzero diagonal entries, then using row
operation I, U can be transformed into an upper triangular matrix with
1’s on the diagonal. Row operation III can then be used to eliminate
all of the entries above the diagonal. Thus U is row equivalent to I and
hence is nonsingular.

(b) The same row operations that were used to reduce U to the identity
matrix will transform I into U~!. Row operation II applied to I will
just change the values of the diagonal entries. When the row operation
IIT steps referred to in part (a) are applied to a diagonal matrix, the
entries above the diagonal are filled in. The resulting matrix, U1, will
be upper triangular.

Since A is nonsingular it is row equivalent to I. Hence there exist elementary
matrices 1, Fs, ..., Ej such that
Ey - E1A=1
It follows that
A =FE, - E,
and
Ey---E1B=A"'B=C

The same row operations that reduce A to I, will transform B to C. There-
fore the reduced row echelon form of (A | B) will be (I | C).



21.

22,

23.

24.

25.

26.
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(a) If the diagonal entries of Dy are aq, @, . ..,y and the diagonal entries
of Dy are (1, B2, ..., By, then D; D5 will be a diagonal matrix with diag-
onal entries a1, asfs, ..., anB, and DyD; will be a diagonal matrix
with diagonal entries 31 aq, focva, . . ., By, Since the two have the same
diagonal entries it follows that Dy Dy = Dy D1

(b)

AB = Alaol + a1 A+ -+ ap A¥)
apA + a1 A% + -+ ap AFT!
= (aol + a1 A+ -+ apA%)A
= BA

If A is symmetric and nonsingular, then
(A7) = (AT (AAT) = (A7) TAT) A = A7

If A is row equivalent to B then there exist elementary matrices Fq, Es, . . ., Ey
such that
A=EyE;_,---E1B
Each of the E;’s is invertible and E; ' is also an elementary matrix (Theorem
1.4.1). Thus
B=E'E;' - E'A

and hence B is row equivalent to A.

(a) If Aisrow equivalent to B, then there exist elementary matrices E1, Fo, . .., Ej
such that
A=FyEy 1---E1B
Since B is row equivalent to C', there exist elementary matrices Hy, Ho, ..., H;
such that

B=H;H;_,---H,C

Thus
A=FEyEy_1---E1HjHj 1---H,C

and hence A is row equivalent to C.
(b) If A and B are nonsingular n x n matrices then A and B are row
equivalent to I. Since A is row equivalent to I and [ is row equivalent
to B it follows from part (a) that A is row equivalent to B.
If U is any row echelon form of A then A can be reduced to U using row
operations, so A is row equivalent to U. If B is row equivalent to A then it
follows from the result in Exercise 24(a) that B is row equivalent to U.
If B isrow equivalent to A, then there exist elementary matrices E, Es, ..., Ey
such that
B=FyEr_1---E1A

Let M = ExEy_1--- FEq. The matrix M is nonsingular since each of the F;’s
is nonsingular.
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Conversely suppose there exists a nonsingular matrix M such that
B = MA. Since M is nonsingular it is row equivalent to /. Thus there exist
elementary matrices E1, Es, ..., E} such that
M =FEpE_1---Fql
It follows that
B=MA=FEyE,_1---FEA
Therefore B is row equivalent to A.
27. (a) The system Ve =y is given by

2
1 T xrq cee Ty C1 Y1
1 To x% e Ty Co Y
1 2 o " c
Tni1 T4 n-+1 n+1 Yn+1

Comparing the ith row of each side, we have
c1+ oy + o+ o1y = Yi

Thus
p(x;) = yi 1=1,2,...,n+1
(b) If &1, x9,...,xn41 are distinct and Ve = 0, then we can apply part (a)
with y = 0. Thus if p(z) = ¢1 + cox + - - - + ¢p412"™, then

p(z;) =0 i=1,2,...,n+1

The polynomial p(x) has n + 1 roots. Since the degree of p(z) is less
than n + 1, p(x) must be the zero polynomial. Hence

ca=cg=-"=Cpy1=0

Since the system V¢ = 0 has only the trivial solution, the matrix V'
must be nonsingular.

SECTION 5

al ala; alay, .-+ aTa,
al ala; alfa, - ala,
2. B=ATA= 2 (a1,a9,...,a,) = ? ’ ?
al ala; ala, ala,
42 1
111 1 6 0 1
5(3“)[212][? ’ ;]*[—1](123)_[11 -1

(SRS [V
|
gl Ut
SN
b
—
(™)
|
—
o
o O
N——



Section 5 15

The block multiplication is performed as follows:

A1 Aiz Af, AT
Ag1 Az Af, AL,

An Al + A ATy AN AL + A AL,
AnAT) 4 A Al,  Ap1 A3} + Ax AT,

1 010
= 0 110
0 010

X1y] + Xoys + X3ya

G) 2y (a) ) (B) (0 1)

(2 4 + 2 3 o 20 5

14 8 4 6 12 3
(b) Since y;xI = (x;y7)T for j = 1,2,3, the outer product expansion of
Y X7 is just the transpose of the outer product expansion of XY”". Thus

b

’~<
N

I

YXT = yx| 4+ yox3 +ysx3

(2 4 2 4 20 12
-(ia)e () (5]

7. It is possible to perform both block multiplications. To see this suppose A1
is a kxr matrix, A2 is a k X (n—r) matrix, As; is an (m—k) x r matrix and
Ago is (m — k) x (n — r). It is possible to perform the block multiplication
of AAT since the matrix multiplication A11A4T, A1 AL, A2 AL, A2 AL,
Ao AT, Ax AT, Agn AT, Agn AL, are all possible. It is possible to perform
the block multiplication of AT A since the matrix multiplications A%} A;,
A,{lAlg, AglAgl, AglAlla A,{;AlQ, A%;Agl, A%;AQQ are all possible.

8. AX = A(x1,X2,...,%,) = (Ax1, Axs, ..., Ax,.)
B = (blaan"'abT)
AX = B if and only if the column vectors of AX and B are equal
AXj:bj jzl,...,T

9. (a) Since D is a diagonal matrix, its jth column will have d;; in the jth row
and the other entries will all be 0. Thus d; = dj,e; for j =1,...,n.

(b)
AD = A(dllel, dQQGQ, ... dnnen)
(dHAel, dQQAQQ, ceey d,mAen)

= (dnai, doag,...,dppay)

10. (a)

D
Us = [U1 UQ] [01] — U3, + U0 = U,
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11.

12.

15.

(b) If we let X = UX, then
X =U1%; = (o1uy,09uz, ..., 0,uy)
and it follows that

A=UxvT =xvT = alulvlT + UQUQVQT 4+ anunvf

Aﬁl C A Ao I AfllAlg + CAsg
o) A2—21 @) A22 @) I
If
AfllAlg +CAs =0
then
C=—AApAy
Let

Al-ll _AI11A12A521
B =
@) Ay
Since AB = BA = I it follows that B = A~ 1.

Let 0 denote the zero vector in R™. If A is singular then there exists a vector
x1 # 0 such that Ax; = 0. If we set

== (%)
we=(405) (3) = (d=se) - ()

By Theorem 1.4.2, M must be singular. Similarly, if B is singular then there
exists a vector xo # 0 such that Bxy = 0. So if we set

<[]

then x is a nonzero vector and Mx is equal to the zero vector.

then

The block form of S~! is given by

IR v —A
g1 = [ ]
It follows that

san- (5 (F 9)(6 Y
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_ [ o O ]
B BA
16. The block multiplication of the two factors yields
[I O][Au A12]_[ Aqy Agz ]
B I O C BAyy,  BAp+C
If we equate this matrix with the block form of A and solve for B and C' we
“ B = Ay Ay} and C = Ay — Ay A Ara
To check that this works note that
BAy = Ag A1 A = Ay
BAj s +C = A21Af11A12 + Ago — A21Af11A12 = Ay
and hence
[I O][Au A12]:[A11 AlQ]:A
B I (0] C Ay Aa
17. In order for the block multiplication to work we must have
XB=S and YM=T

Since both B and M are nonsingular, we can satisfy these conditions by
choosing X = SB~! and Y =TM L.

18. (a)
b1 blc
b2 bQC
BC' = . = . =cb
by, b,c
(b)
1
€2
Ax = (alaa27 s 'aan)
Tp

= aj(x1) +ag(x2) + -+ an(x,)
(c) It follows from parts (a) and (b) that
Ax = aj(x1) +ag(x2) + -+ ay(x,)
= 141 +x0a9 + -+ xpa,
19. If Ax = 0 for all x € R", then
aj=Ae; =0 for j=1,...,n

and hence A must be the zero matrix.



18 CHAPTER 1

20. If
Bx=Cx forall xe R"

then
(B-C)x=0 forall xeR"

It follows from Exercise 19 that

B-C =0
B =C
21. (a)
AY 0 A a X B A7t 0 b
—cTA-1 1 ' B Toy1 ) | —cTA7D 1 b1
I A la x B A"1b
0"  —cTA'ta+p Top1 ) | —cTA "D+ b,y
(b) If
y=A"ta and z=A"'b
then
(_CTY + B)Tng1 = —c'z+ bn+1
—cTz+ bnt1 T
xn+1—4_CTy+ﬂ (67C Y#O)
and

X+ zp1A la=A"1b

x=A"'b—z, 1A ta=z 2,1y

MATLAB EXERCISES

1. In parts (a), (b), (c) it should turn out that A1 = A4 and A2 = A3. In part
(d) A1 = A3 and A2 = A4. Exact equality will not occur in parts (¢) and
(d) because of roundoff error.

2. The solution x obtained using the \ operation will be more accurate and yield
the smaller residual vector. The computation of x is also more efficient since
the solution is computed using Gaussian elimination with partial pivoting
and this involves less arithmetic than computing the inverse matrix and
multiplying it times b.

3. (a) Since Ax = 0 and x # 0, it follows from Theorem 1.4.2 that A is

singular.
(b) The columuns of B are all multiples of x. Indeed,

B = (x, 2%, 3x, 4x, 5x, 6X)
and hence

AB = (Ax,2Ax,3Ax,4Ax,5A%,6A4x) = O
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If D= B+, then
AD = AB + AC = O + AC = AC

4. By construction B is upper triangular whose diagonal entries are all equal to
1. Thus B is row equivalent to I and hence B is nonsingular. If one changes
B by setting b1g1 = —1/256 and computes Bx, the result is the zero vector.
Since x # 0, the matrix B must be singular.

(a)

Since A is nonsingular its reduced row echelon form is I. If Fq, ..., Ey
are elementary matrices such that Ey---E1A = I, then these same
matrices can be used to transform (A b) to its reduced row echelon
form U. It follows then that

U=Ey - Ei(A b)=A"A b)=(I A 'b)

Thus, the last column of U should be equal to the solution x of the
system Ax = b.

After the third column of A is changed, the new matrix A is now sin-
gular. Examining the last row of the reduced row echelon form of the
augmented matrix (A b), we see that the system is inconsistent.

The system Ax = c is consistent since y is a solution. There is a free
variable x3, so the system will have infinitely many solutions.

The vector v is a solution since

Av = A(w +3z) = Aw + 34z = ¢

For this solution the free variable x3 = vs = 3. To determine the general
solution just set x = w + tz. This will give the solution corresponding
to xg =t for any real number ¢.

There will be no walks of even length from V; to V; whenever 7 + j is
odd.

There will be no walks of length k from V; to V; whenever i + j + k is
odd.

The conjecture is still valid for the graph containing the additional
edges.

If the edge {Vg, V3} is included, then the conjecture is no longer valid.
There is now a walk of length 1 Vg to Vg and i+ j+k =648+ 11is
odd.

. The change in part (b) should not have a significant effect on the survival

potential for the turtles. The change in part (c) will effect the (2,2) and (3, 2)
of the Leslie matrix. The new values for these entries will be l55 = 0.9540 and
l32 = 0.0101. With these values the Leslie population model should predict
that the survival period will double but the turtles will still eventually die

out.

9. (b) x1 =c—Vx2.

10.

(b)

o (I kB
AT = [kB I
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This can be proved using mathematical induction. In the case k =1
42 _ o I o I)_[(1I B
I B I B B 1
If the result holds for k =m
I mDB ]

then
A2m+2 — A2A2m

e

It follows by mathematical induction that the result holds for all positive

integers k.

O I 1 kB kB 1
21 _ 2% _ _
wrea = (T 5) (s )= (T wioe)

By construction the entries of A were rounded to the nearest integer.
The matrix B = ATA must also have integer entries and it is symmetric

since
BT = (ATA)T = AT(ATYT = ATA=B
(b)
T I 0 Bll 0] I ET
et = (5 9% ) (60
B B B ET
~ \ EBy;y EB\/ET+F
where

E = By By} and F = Bgy — Bo1By}'Bi2
It follows that
BLE" = Bu(B;,')" B3 = BuBi'Bis = Bis
EB;, = BmBﬁlBll = By
EBET + F = By ET + Byy — By By' Bys
= BQlBﬁlBIQ + BQQ - BQlB;l1312
= Do

Therefore
LDL" =B
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1. The statement is false in general. If the row echelon form has free variables
and the linear system is consistent, then there will be infinitely many solu-
tions. However, it is possible to have an inconsistent system whose coefficient
matrix will reduce to an echelon form with free variables. For example, if

() ()

then A involves one free variable, but the system Ax = b is inconsistent.

2. The statement is true since the zero vector will always be a solution.

3. The statement is true. A matrix A is nonsingular if and only if it is row
equivalent to the I (the identity matrix). A will be row equivalent to I if
and only if its reduced row echelon form is I.

4. The statement is false in general. For example, if A = [ and B = —1, the
matrices A and B are both nonsingular, but A + B = O is singular.

5. The statement is false in general. If A and B are nonsingular, then AB

must also be nonsingular, however, (AB) ™! is equal to B~ A~! rather than
A~'B~!. For example, if

o) o)

then
(21 1 1 -1
AB[1 1] and (AB) —[1 2]
however,
—1 p—1gail (L 1 10}y _ 2 -1
= (G ) (0= (4 )
Note that

e (L (1) (4 3) e

6. The statement is false in general.
(A-B)?=A*-BA—-AB+ B*# A* - 2AB + B?
since in general BA # AB. For example, if

11 0 1
a=(11) e m=(0))
2
o2 [100 (10
e e O
however,

, , (2 2 0 2 0 0) (20
A—2A3+B—[2 2][0 2]*[0 o][2 0]

then
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7. The statement is false in general. If A is nonsingular and AB = AC then we

10.

can multiply both sides of the equation by A~! and conclude that B = C.
However, if A is singular, then it is possible to have AB = AC and B # C.

For example, if
2 2
o= (i3]

-{34)
- (53]

b
Il
—
[
[
N—
>y
I
—_
—_

then
1 1
AB = [1 1]

11
ac = [} 1]

W N =~
W N =~

. The statement is false. An elementary matrix is a matrix that is constructed

by performing exactly one elementary row operation on the identity matrix.
The product of two elementary matrices will be a matrix formed by per-
forming two elementary row operations on the identity matrix. For example,

10 0 10 0
Ei=12 1 0 and Ey2=10 1 0
0 0 1 3 01

are elementary matrices, however,

1 0 0
EiEe=12 1 0

3 0 1

is not an elementary matrix.

. The statement is true. The row vectors of A are x1y”, zoy”, ..., z,y". Note,

all of the row vectors are multiples of y”. Since x and y are nonzero vectors,
at least one of these row vectors must be nonzero. However, if any nonzero
row is picked as a pivot row, then since all of the other rows are multiples
of the pivot row, they will all be eliminated in the first step of the reduction
process. The resulting row echelon form will have exactly one nonzero row.
The statement is true. If b = a; + ap + a3, then x = (1,1,1)7 is a solution
to Ax = b, since

Ax:xlal + xoas + xr3a3 = a; +az + as =b
If ay = ag, then we can also express b as a linear combination
b:a1+0a2+2a3

Thus y = (1,0,2)7 is also a solution to the system. However, if there is more
than one solution, then the echelon form of A must involve a free variable. A
consistent system with a free variable must have infinitely many solutions.
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1.

1 -1 32| 1 1 -1 3 2 !
[1 121—2]% [O 0 1 3 —1]
2 -2 77 1 0 0 1 3|-1
1 -1 0 =7| 4
— [O 0 1 3 —1]
0 0 0 0 0

The free variables are x5 and x4. If we set x5 = a and x4 = b, then

r1=4+a+7b and r3=—1—3b

and hence the solution set consists of all vectors of the form

2. (a)
(b)

(c)

3. (a)

(b)

4. (a)

44+a+T7D
a
—1—3b
b

A linear equation in 3 unknowns corresponds to a plane in 3-space.
Given 2 equations in 3 unknowns, each equation corresponds to a plane.
If one equation is a multiple of the other then the equations represent
the same plane and any point on the that plane will be a solution to
the system. If the two planes are distinct then they are either parallel
or they intersect in a line. If they are parallel they do not intersect, so
the system will have no solutions. If they intersect in a line then there
will be infinitely many solutions.

A homogeneous linear system is always consistent since it has the trivial
solution x = 0. It follows from part (b) then that a homogeneous sys-
tem of 2 equations in 3 unknowns must have infinitely many solutions.
Geometrically the 2 equations represent planes that both pass through
the origin, so if the planes are distinct they must intersect in a line.

If the system is consistent and there are two distinct solutions there must
be a free variable and hence there must be infinitely many solutions. In
fact all vectors of the form x = x7 + ¢(x; — x2) will be solutions since

Ax = Axy + ¢(Ax; — Axa) =b+c¢(b—Db)=Db

If we set z = x; — xo then z # 0 and Az = 0. Therefore it follows from
Theorem 1.4.2 that A must be singular.

The system will be consistent if and only if the vector b = (3,1)7 can
be written as a linear combination of the column vectors of A. Linear
combinations of the column vectors of A are vectors of the form

c1 [23] + e [22] = (o + 2) [;]

Since b is not a multiple of (1,2)7 the system must be inconsistent.
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10.

11.

(b) To obtain a consistent system choose b to be a multiple of (1,2)7. If
this is done the second row of the augmented matrix will zero out in
the elimination process and you will end up with one equation in 2
unknowns. The reduced system will have infinitely many solutions.

(a) To transform A to B you need to interchange the second and third rows
of A. The elementary matrix that does this is

100
E=10 01
0 1 0

(b) To transform A to C using a column operation you need to subtract
twice the second column of A from the first column. The elementary
matrix that does this is

1 0 0
-2 1 0

0 0 1

I =

. If b = 3a; + as + 4a3 then b is a linear combination of the column vectors

of A and it follows from the consistency theorem that the system Ax = b is
consistent. In fact x = (3,1,4)7 is a solution to the system.

. If a; —3ap +2a3 = 0 then x = (1,-3,2)7 is a solution to Ax = 0. It follows

from Theorem 1.4.2 that A must be singular.

CIf

1 4 2 3
A= [ 1 4 ] and B = [ 9 3 ]
1 4 1 H 2 3 1
w0063 () -
. In general the product of two symmetric matrices is not necessarily symmet-

ric. For example if

i)

then A and B are both symmetric but their product

e laa) (d) = (T0)

is not symmetric.

If £ and F are elementary matrices then they are both nonsingular and their
inverses are elementary matrices of the same type. If C' = EF then C is a
product of nonsingular matrices, so C' is nonsingular and C~! = F~1E~1,

1 O O
0] I O
O -B 1

AT =
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12. (a) The column partition of A and the row partition of B must match up,
so k must be equal to 5. There is really no restriction on r, it can be
any integer in the range 1 < r < 9. In fact » = 10 will work when B has

block structure
B
Bay

(b) The (2,2) block of the product is given by A2y Bia + AgsBas
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. (c) det(A) = -3
7. Given that a;; = 0 and ag; # 0, let us interchange the first two rows of

A and also multiply the third row through by —as;. We end up with the

matrix
a21 a22 a23
[ 0 a2 a3 ]
—a21031 —a21032 —a21a33
Now if we add ag; times the first row to the third, we obtain the matrix
a21 @22 a23
[ 0 a2 ais ]
0 az1a22 — (21032 (31023 — (21033

This matrix will be row equivalent to I if and only if

a2 ais
a31a22 — 21432 a31a23 — 21433

£0

Thus the original matrix A will be row equivalent to I if and only if

12031023 — A12021033 — 013031022 + 13021032 75 0

. Theorem 2.1.3. If A is an n x n triangular matrix then the determinant

of A equals the product of the diagonal elements of A.

Proof: The proof is by induction on n. In the case n = 1, A = (a11) and
det(A) = ay;. Assume the result holds for all k& x k triangular matrices and
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let Abea (k+1)x (k+ 1) lower triangular matrix. (It suffices to prove the
theorem for lower triangular matrices since det(A”) = det(A).) If det(A) is
expanded by cofactors using the first row of A we get

det(A) = all det(MH)

where M;; is the k x k matrix obtained by deleting the first row and column
of A. Since M7 is lower triangular we have

det(Mi1) = azass - - - g1, k41
and consequently

det(A) = ar1a22 - - Qg1 ky1

. If the ith row of A consists entirely of 0’s then

det(A) = aj1 A + ainlio + -+ ainAin =0
If the ith column of A consists entirely of 0’s then
det(A) = det(AT) =0
In the case n = 1, if A is a matrix of the form
[ 2)
a b

then det(A) = ab—ab = 0. Suppose that the result holds for (k+1) x (k+1)
matrices and that A is a (k + 2) x (k + 2) matrix whose ith and jth rows
are identical. Expand det(A) by factors along the mth row where m # i and

m £ j.
det(A) = ama det(Mn1) + amo det(Mna) + -+ + am ko det(Mo, g12).

Each My, 1 <s<k+2/isa (k+1)x (k+1) matrix having two rows that
are identical. Thus by the induction hypothesis

det(Mys) =0 (1< s<k+2)

and consequently det(A) = 0.
(a) In general det(A + B) # det(A) + det(B). For example if

1 0 0 0
a5 wa mo (0]

det(A) +det(B) =0+0=0

then

and
det(A+ B) =det(l) =1

AB — a11bi1 + a12b21 a11b12 + ai2b2a
az1b11 + az2b21 a1b12 + ag2ban
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and hence

det(AB) = (a11b11a21b12 + a11b11a20b22 + a12b21021b12 + a12b21a22b22)
—(a21b11a11012 4 az1bi1a12b22 + a22ba1a11b12 + a22b21a12b22)
= a11b11a22b22 + a12b21a21012 — a21b11a12b22 — az2bararibio
On the other hand

det(A) det(B) = (CLllCLQQ — CL216L12)(b11b22 — b21b12)

= a11a22b11b22 + a21a12b21b12 — az1a12011022 — a11a22b21b12
Therefore det(AB) = det(A) det(B)

(¢) In part (b) it was shown that for any pair of 2 x 2 matrices, the de-
terminant of the product of the matrices is equal to the product of the
determinants. Thus if A and B are 2 x 2 matrices, then

det(AB) = det(A) det(B) = det(B) det(A) = det(BA)
12. (a) If d = det(A + B), then
d = (a11 +bi1)(az2 + ba2) — (a1 + ba21)(a12 + bi2)
= a11a22 + a11baz + bi1ags + biibag — azia12 — az1biz — baraiz — bai1bi

= (a11022 — az1a12) + (b11bag — ba1b12) + (a11baz — barai2) + (br1azs — az1b12)
= det(A) + det(B) + det(C) + det(D)

(b) If
A s Qa1 Oéazz]
[ Baii Bai2
then
C - a11 a12 _ Qa1 Qa2
Bai Baiz a1 a292
and hence

det(C) = det(D) =0
It follows from part (a) that
det(A + B) = det(A) + det(B)
13. Expanding det(A) by cofactors using the first row we get
det(A) = ay1 det(Mi1) — a12 det(M;2)

If the first row and column of M5 are deleted the resulting matrix will be
the matrix B obtained by deleting the first two rows and columns of A. Thus
if det(M;2) is expanded along the first column we get

det(M12) = a2 det(B)
Since ag1 = a1 we have

det(A) = ay1 det(My,) — a2, det(B)
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5.

11.

12.

To transform the matrix A into the matrix aA one must perform row oper-
ation II n times. Each time row operation II is performed the value of the
determinant is changed by a factor of «. Thus

det(aA) = a™ det(A)

Alternatively, one can show this result holds by noting that det(a[) is equal
to the product of its diagonal entries. Thus, det(al) = o™ and it follows
that

det(aA) = det(alA) = det(al) det(A) = o™ det(A)

. Since

det(A ') det(A) = det(A ' A) = det(I) = 1

it follows that
1

~ det(A)

det(A™1)

. If E is an elementary matrix of type I or II then E is symmetric, so BT = E.

If E is an elementary matrix of type III formed from the identity matrix by
adding c times its ith row to its jth row, then E7 will be the elementary
matrix of type III formed from the identity matrix by adding c times its jth
row to its ¢th row

- (b) 18 (d) -6 (f) -3
10.

Row operation III has no effect on the value of the determinant. Thus if B
can be obtained from A using only row operation ITI, then det(B) = det(A).
Row operation I has the effect of changing the sign of the determinant. If
B is obtained from A using only row operations I and III, then det(B) =
det(A) if row operation I has been applied an even number of times and
det(B) = —det(A) if row operation I has been applied an odd number of
times.

Since det(A?) = det(A)? it follows that det(A?) must be a nonnegative
real number. (We are assuming the entries of A are all real numbers.) If
A2 4+ 1 = O then A? = —I and hence det(A?) = det(—I). This is not
possible if n is odd, since for n odd, det(—I) = —1. On the other hand it is
possible for A%2 + I = O when n is even. For example when n = 2, if we take

)

then it is easily verified that A2 +1 = O.

(a) Row operation IIT has no effect on the value of the determinant. Thus

1 oz 2 1 T x?
det(V)=|1 a2 23 |=|0 a3—mx x5 — 22
1 T3 x% 0 T3 — T x% — x%
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14.

15.

16.

17.

18.

and hence
det(V) = (22 — x1)(23 — 27) — (w3 = 21) (25 — 27)
(x2 —z1)(z3 — 21)[(73 + 71) — (T2 + 71)]

= (332 - xl)(x?, - xl)(x?, - $2)

(b) The determinant will be nonzero if and only if no two of the z; values
are equal. Thus V will be nonsingular if and only if the three points 1,
To, x3 are distinct.

Since
det(AB) = det(A) det(B)
it follows that det(AB) # 0 if and only if det(A) and det(B) are both
nonzero. Thus AB is nonsingular if and only if A and B are both nonsingular.
If AB =1, then det(AB) = 1 and hence by Exercise 14 both A and B are
nonsingular. It follows then that
B=IB=(AT'"AB=A"'(AB)=A"'I=A""

Thus to show that a square matrix A is nonsingular it suffices to show that
there exists a matrix B such that AB = I. We need not check whether or
not BA =1.

If Ais a n x n skew symmetric matrix, then
det(A) = det(AT) = det(—A) = (—1)" det(A)
Thus if n is odd then
det(A) = —det(A)
2det(A) = 0
and hence A must be singular.
If A, is nonzero and one subtracts ¢ = det(A)/A,, from the (n,n) entry
of A, then the resulting matrix, call it B, will be singular. To see this look
at the cofactor expansion of the B along its last row.
det(B> - bnanl + - bn,nlen,nfl + bnann
- anlAnl +- An,nflAn,nfl + (ann - C)Ann
det(A) — cApp
=0

r1 T2 I3 Tr1 T2 I3
X=|x1 w22 x3 Y1 Y2 Y3
Yy Y2 Y3 Yy Y2 Y3

Since X and Y both have two rows the same it follows that det(X) = 0 and
det(Y") = 0. Expanding det(X) along the first row, we get

I

Yy —

0 = 21 X171 + 22 X192 +23X73

= ZI121 + X222 + Tr3z3
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= XTZ

Expanding det(Y') along the third row, we get
0 = y1Ys1 + y2Ys2 + y3Yas

= Y121 + Y222 + Y323
= yTz.

Prove: Evaluating an n X n matrix by cofactors requires (n! — 1) additions
and
n—1
n!
k!
k=1

multiplications.

Proof: The proof is by induction on n. In the case n = 1 no additions and
multiplications are necessary. Since 1! — 1 = 0 and

0 pl

o k!

=0

the result holds when n = 1. Let us assume the result holds when n = m. If
Aisan (m+1) x (m+ 1) matrix then

det(A) = a1l det(MH) — a12 det(M12) + ...+ a1 m+1 det(M17m+1)
Each M,  is an m x m matrix. By the induction hypothesis the calculation
of det(M;) requires (m! — 1) additions and

m—1
m!

&
V=1l

multiplications. The calculation of all m +1 of these determinants requires
(m+1)(m! — 1) additions and

m—1

m +1)!
Z%

k=1
multiplications. The calculation of det(A) requires an additional m + 1 mul-

tiplications and an additional m additions. Thus the number of additions
necessary to compute det(A) is

(m+1)(m!'—1)+m=(m+1)! -1

and the number of multiplications needed is

(4 1) T m ) m D I (m+ 1)
kzl( I—:!)HmH)_kzl( I;lr!)+( nt!)_kzl( I:_!)

In the elimination method the matrix is reduced to triangular form and the
determinant of the triangular matrix is calculated by multiplying its diagonal
elements. At the first step of the reduction process the first row is multiplied
by m;1 = —a;1/a11 and then added to the ith row. This requires 1 division,
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n — 1 multiplications and n — 1 additions. However, this row operation is
carried out for ¢ = 2, ..., n. Thus the first step of the reduction requires n—1
divisions, (n —1)? multiplications and (n —1)? additions. At the second step
of the reduction this same process is carried out on the (n — 1) x (n — 1)
matrix obtained by deleting the first row and first column of the matrix
obtained from step 1. The second step of the elimination process requires
n — 2 divisions, (n — 2)? multiplications, and (n — 2)? additions. After n — 1
steps the reduction to triangular form will be complete. It will require:

m=1)+n-2)+---+1 = w divisions
(n—124+mn-=27>%*+---+1% = n(2n - 16)(n =1 multiplications
n=12+m-2>+---+1* = ni2i 16)(n ra additions

It takes n — 1 additional multiplications to calculate the determinant of the
triangular matrix. Thus the calculation det(A) by the elimination method

requires:
n(n—1) N n(2n—1)(n—1) b n—1) = (n—1)(n®4+n+3)
2 6 3
multiplications and divisions and nZns 16) (n—1) additions.
SECTION 3
- S 4 -1 _ A
1. (b) det(4) =10, adjA = [ X 3 ], A7 = 1OadJA
1 -1 0
(d) det(A) =1, A~ =adjA=] 0 1 -1
0 0 1
6. AadjA=0
7. The solution of Ix = b is x = b. It follows from Cramer’s rule that
- - det(BJ) -
bj=x; = det(l) det(B;)

8. If det(A) = o then det(A~!) = 1/a. Since adj A = aA~! we have
det(adj A) = det(aA™") = a™det(A™') = a" 1 = det(A)" !
10. If A is nonsingular then det(A) # 0 and hence
adj A = det(A)A™*

is also nonsingular. It follows that

1

(adi )™ = 3

(A1)~ = det(A~1)A
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Also
adjA™t =det(A™ (A1)t =det(4A1)A

11. If A = O then adj A is also the zero matrix and hence is singular. If A is
singular and A # O then

AadjA=det(A)l =0 =0
If aT is any nonzero row vector of A then
aladjA =07 or (adjA)Ta=0
By Theorem 1.4.2, (adj A)7' is singular. Since
det(adj A) = det[(adj A)*] =0

it follows that adj A is singular.
12. If det(A) =1 then
adjA = det(A)A™ = A~
and hence
adj(adj A) = adj(A™")

It follows from Exercise 10 that

adj(adj A) = det(A™ 1A = A=A

13. The (j,i) entry of Q7 is g;;. Since

Q—l

1
= deng) “V €@

its (4,4) entry is Qi;/ det(Q). If Q=1 = QT then

— Qij
%= det(Q)

MATLAB EXERCISES

2. The magic squares generated by MATLAB have the property that they are
nonsingular when n is odd and singular when n is even.

3. (a) The matrix B is formed by interchanging the first two rows of A.
det(B) = —det(A).
(b) The matrix C' is formed by multiplying the third row of A by 4.
det(C) = 4 det(A).
(¢) The matrix D is formed from A by adding 4 times the fourth row of A
to the fifth row.
det(D) = det(A).
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5. The matrix U is very ill-conditioned. In fact it is singular with respect to the
machine precision used by MATLAB. So in general one could not expect to
get even a single digit of accuracy in the computed values of det(U”) and
det(UUT). On the other hand, since U is upper triangular, the computed
value of det(U) is the product of its diagonal entries. This value should be
accurate to the machine precision.

6.

(a)

()

Since Ax = 0 and x # 0, the matrix must be singular. However,
there may be no indication of this if the computations are done in
floating point arithmetic. To compute the determinant MATLAB does
Gaussian elimination to reduce the matrix to upper triangular form U
and then multiplies the diagonal entries of U. In this case the product
U11U22U33U44U55 has magnitude on the order of 10'. If the computed
value of ugg has magnitude of the order 107% and k < 14, then MAT-
LAB will round the result to a nonzero integer. (MATLAB knows that
if you started with an integer matrix, you should end up with an integer
value for the determinant.) In general if the determinant is computed
in floating point arithmetic, then you cannot expect it to be a reliable
indicator of whether or not a matrix is nonsingular.

Since A is singular, B = AA” should also be singular. Hence the exact
value of det(B) should be 0.

CHAPTER TEST A

1.

The statement is true since

det(AB) = det(A) det(B) = det(B) det(A) = det(BA)

. The statement is false in general. For example, if

1 0 0 0
(D) e 5[0

then det(A + B) = det(I) = 1 while det(A) + det(B) =0+ 0= 0.

. The statement is false in general. For example, if A = I, (the 2 x 2 identity

matrix), then det(24) = 4 while 2det(A) = 2.

. The statement is true. For any matrix C, det(C7T) = det(C'), so in particular

for C' = AB we have

det((AB)T) = det(AB) = det(A)det(B)

. The statement is false in general. For example if

2 3 10
(2] (0

then det(A) = det(B) = 8, however, A # B.

. The statement is true. For a product of two matrices we know that

det(AB) = det(A) det(B)
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Using this it is easy to see that the determinant of a product of & matrices
is the product of the determinants of the matrices, i.e,

det(A1A2 ce Ak) = det(Al) det(Ag) s det(Ak)

(This can be proved formally using mathematical induction.) In the special
case that A1 = Ay = --- = Aj, we have

det(A") = det(A)F
7. The statement is true. A triangular matrix 7" is nonsingular if and only if
det(T) = t11t22 s 'tnn 7£ 0

Thus T is nonsingular if and only if all of its diagonal entries are nonzero.

8. The statement is true. If Ax = 0 and x # 0, then it follows from Theorem
1.4.2 that A must be singular. If A is singular then det(A) = 0.

9. The statement is false in general. For example, if

D

and B is the 2 x 2 identity matrix, then A and B are row equivalent, however,
their determinants are not equal.

10. The statement is true. If A¥ = O, then
det(A)* = det(A*) = det(0) =0
So det(A) = 0, and hence A must be singular.

CHAPTER TEST B

1. (a) det(3A) = (1)° det(4) = £ -4 = L
(b) det(B~1AT) = det(B~1)det(AT) = dctl(B) det(A) =4 -4=2
(c) det(EA?) = —det(A?) = —det(A)? = —16
2. (a)
r —1 1 -1 1 x
det(4) = ‘”‘ 1 g ‘ 1 g +‘ gy,

=z(x?-1)—(z—1)+ (=142
= z(x—1)(x+1)

(b) The matrix will be singular if  equals 0, 1, or -1.

3. (a)
11 1 1 111 1
12 3 4 012 3
136 10| o235 9 (g =l31 = lyy = 1)
1 4 10 20 03 9 19
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10.

11 1 1 11 1 1
0 12 3 01 2 3
025 9| " ]oo 1 3 (ls2 =2, Lz =3)
0 3 9 19 00 3 10
111 1 11 1 1
012 3 01 2 3
oo1 3] oo 13 (las = 3)
00 3 10 0001
100 0 11 1 1
1100 01 2 3
A=LU=1{7 5 7 oo 01 3
1 3 3 1 000 1
(b) det(A) = det(LU) =det(L)det(U) =1-1=1

If A is nonsingular then det(A) # 0 and it follows that
det(AT A) = det(AT) det(A) = det(A) det(A) = det(A)? >0

Therefore AT A must be nonsingular.

. If B=S~1AS, then

det(B) = det(S™'AS) = det(S™1)det(A)det(S)

1
= () det(A) det(S) = det(A)

. If A is singular then det(A) = 0 and if B is singular then det(B) so if one

of the matrices is singular then
det(C) = det(AB) = det(A) det(B) =0

Therefore the matrix C' must be singular.

. The determinant of A — AI will equal 0 if and only if A — AI is singular. By

Theorem 1.4.2, A— \I is singular if and only if there exists a nonzero vector
x such that (A — AI)x = 0. It follows then that det(A — A\I) = 0 if and only
if Ax = A\x for some x # 0.

. If A = xy then all of the rows of A are multiplesof y”. In fact a(i,:) = z;y*

for j = 1,...,n. It follows that if U is any row echelon form of A then U
can have at most one nonzero row. Since A is row equivalent to U and
det(U) = 0, it follows that det(A) = 0.

. Let z =x —y. Since x and y are distinct it follows that z # 0. Since

Az = Ax — Ay =0

it follows from Theorem 1.4.2 that A must be singular and hence det(A) = 0.
If A has integer entries then adj A will have integer entries. So if | det(A)| =1
then

1
Al = djA=+adjA
det(A) 29 o

and hence A~! must also have integer entries.
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3. To show that C' is a vector space we must show that all eight axioms are
satisfied.
Al. (a+bi)+ (c+di) = (a+c)+ (b+d)i
=(c+a)+ (d+b)i
= (c+ di) + (a + bi)
A2, (x+y)+z=[(z1+ 220) + (y1 +y29)] + (21 + 220)
=(z1+y1+21) + (v2 +y2 + 22)i
= (z1 + 21) + [(y1 + y2i) + (21 + 221))]
=x+(y+2)
A3. (a+bi) + (04 07) = (a + bi)
A4. If z = a + bi then define —z = —a — bi. It follows that
z+(—2z)=(a+bi)+(-a—bi)=0+0i=0
A5. af(a+bi) + (¢ + di)] = (ca + ac) + (ab + ad)i
=afa+ bi) + a(c+ di)
A6. (a+ B)(a+ bi) = (a+ Ba + (o + B)bi
=aa+ bi) + f(a + bi)
A7, (af)(a+ bi) = (af)a + (af)bi
= o(fa + Obi)

37
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A8. 1-(a+bi)=1-a+1-bi=a+bi
4. Let A = (ai;), B = (b;;) and C = (¢;;) be arbitrary elements of R™*"™.
Al. Since a;j+b;; = b;j +a,; for each i and j it follows that A+B = B+ A.
A2. Since
(@ij + bij) + cij = aij + (bij + cij)
for each 7 and j it follows that
(A+B)+C=A+(B+0)
A3. Let O be the m x n matrix whose entries are all 0. If M = A + O then
mij = Q5 + 0= Qij
Therefore A+ O = A.
A4. Define —A to be the matrix whose ijth entry is —a;;. Since
aij + (—aiz) =0
for each ¢ and j it follows that
A+ (-A) =0
A5. Since
OZ(CLij + b”) = Qg + Oébl'j
for each 7 and j it follows that
a(A+ B) =aA+aB
A6. Since
(a+ B)ai; = aa; + Pas;
for each 7 and j it follows that
(a+ B)A =aA+ A
AT. Since
(aB)ai; = aBaij)
for each 7 and j it follows that
(af)A = a(BA)
A8. Since
1 . aij = CLl'j
for each 7 and j it follows that
1A=A
5. Let f, g and h be arbitrary elements of Cla, b].
Al. For all « in [a, b]
(f +9)(x) = f(z) + g(x) = g(x) + f(z) = (g + )(2).
Therefore
frg=9+f



A2.

A3.

A4.

Ab.

AG.

AT.

AS.

Section 1

For all z in [a, 1],

[(f +9) +hl(z) = )+ h(z)

(f +9)(x

f(@) + g(x) + h(z)
f(@) + (g +h)(x)
= [+ (g+n])

9)

+
)+
)+

Therefore
[(f+9)+h]=1[f+(g+h)]
If z(x) is identically 0 on [a, b], then for all z in [a, D]

(f +2)(@) = f(z) + 2(z) = f(x) + 0= f(x)

Thus
fHz=Ff
Define —f by
(—=f)(xz) = —f(z) for all z in [a, D]
Since

(f + (=N)() = flz) = f(@) =0

for all = in [a, b] it follows that
f+ (=)=
For each z in [a, b]
[a(f +9l(x) = af(x) +ag(x)
= (af)(z) + (ag)(z)
Thus
a(f+9)=af+ag

For each z in [a, ]

[(a+6)f](x)

(a+B3)f(z)

= af(z) + Bf(z)

= (af)(z) + (Bf)(x)
Therefore

(a+B)f =af+pf
For each z in [a, D],
[(aB)fl(z) = aff(z) = a[Bf(z)] = [a(Bf)](x)
Therefore
(ap)f = a(Bf)

For each z in [a, b]

Therefore

39
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6.
9.

10.

12.

13.
14.

The proof is exactly the same as in Exercise 5.
(a) If y = 0 then
y+y=p0+p0=030+0)=050=y
and it follows that
y+y)+(=y)=y+(-y)
y+ly+(=y)]=0
y+0=0
y=0
(b) If ax = 0 and « # 0 then it follows from part (a), A7 and A8 that
1 1 1
0=—-0=—(ax) = <—a>x:1x:x
a a «
Axiom 6 fails to hold.
(a+B)x = ((a+B)z1, (a+pP)z2)
ax+ fx = ((a+ f)r1,0)
Al. z@y=x-y=y-x=ydz
A2. Yy Dz=2-y - 2=2D(y@®2)

A3. Since x @1 =z -1 = x for all x, it follows that 1 is the zero vector.
A4. Let

1
—z=-lox=g'==
X
It follows that
1
x® (—x)=z-==1 (the zero vector).
x

Therefore % is the additive inverse of = for the operation @.
A5. ao(z@y)=(r@y)* = (z-y)* =2y

aoxdaoy=z"Py* =a% y*
A6. (a+ f)ox =@t = g 2P

aozx®foxr =@’ =2 2°
A7. (af) ox =z

ao(fox)=aoxl = () = z%F
A8 loxz=2'=2

Since all eight axioms hold, RT is a vector space under the operations

of o and .
The system is not a vector space. Axioms A3, A4, A5, A6 all fail to hold.

Axioms 6 and 7 fail to hold. To see this consider the following example. If
a=1.54=18and z =1, then

(a+p)ox=1[33]-1=3

and
aoxr+ fox=[15]-1+ 1.8 -1=1-14+1-1=2
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16.
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So Axiom 6 fails. Furthermore,
(af)ox=[2.7]-1=2
and
ao(fox)=[15](1.8]-1)=1-(1-1)=1

so Axiom 7 also fails to hold.
If {an}, {bn}, {cn} are arbitrary elements of S, then for each n

an, +b, =0b, +a,

and
an + (bp + ¢n) = (an +by) + cp

Hence

{an} + {bn} = {bn} + {an}
{an} + ({bn} + {en}) = ({an} +{n}) + {cn}
so Axioms 1 and 2 hold.

The zero vector is just the sequence {0,0,...} and the additive inverse
of {a,} is the sequence {—a,}. The last four axioms all hold since

alan + by) = aay, + ab,
(a + ﬂ)an = aan + ﬂan
afa, = a(fay)

la, = a,

for each n. Thus all eight axioms hold and hence S is a vector space.
If

p(x) = a1+ agz + -+ +anz""" = a=(ar,az,...,a,)"

Q(x):b1+b2x+"'+bn$nil e b:(blab2a---abn)T

then
ap(z) = aay + aasr + -+ -+ aapz™ !
ca = (aai,aas,...,aa,)’
and
(p+q)(x) = (a1 +b1) + (a2 +b2)x + -+ + (an +by)z"
a+b = (Cll +b1,a2+b2,...an+bn)T
Thus

ap < aa and p+qg—a+b
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7. C"[a,b] is a nonempty subset of C[a,b]. If f € C™[a,b], then £ is contin-
uous. Any scalar multiple of a continuous function is continuous. Thus for
any scalar «, the function

()™ = af™

is also continuous and hence af € C"[a,b]. If f and g are vectors in C"[a, ]
then both have continuous nth derivatives and their sum will also have a
continuous nth derivative. Thus f 4 g € C"[a, b] and therefore C"[a, b] is a
subspace of Cla, b].

8. (a)

11 (a)

If B € 51, then AB = BA. It follows that
A(aB) = aAB = aBA = (aB)A

and hence aB € 5.
If B and C are in Sy, then

AB = BA and AC =CA

thus
AB+C)=AB+AC=BA+CA=(B+(C)A

and hence B 4+ C' € S;. Therefore S; is a subspace of R?*2,
If B € Sy, then AB # BA. However, for the scalar 0, we have

0B=0¢ S,

Therefore S is not a subspace. (Also, Sy is not closed under addition.)
If B € S3, then BA = O. It follows that

(aB)A = «a(BA) =a0 =0
Therefore, aB € S3. If B and C are in S3, then
BA=0 and CA=0
It follows that
(B+C)A=BA+CA=0+0=0

Therefore B 4+ C € Sg and hence S5 is a subspace of R?*2.
x € Span(xj, x2) if and only if there exist scalars ¢; and ¢y such that

C1X1 + C2X9 = X

Thus x € Span(x1,x2) if and only if the system Xc = x is consistent.
To determine whether or not the system is consistent we can compute
the row echelon form of the augmented matrix (X |x).

-1 3 2 1 -3 —2
2 4 61 — |0 1 1
3 2 6 0 0 1

The system is inconsistent and therefore x ¢ Span(xi, x2).
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-1 3 -9 1 ) —2
2 4 21 =10 1 <2

3 2 ) 0 0 0

The system is consistent and therefore y € Span(xy, x2).

(a) Since the vectors x1, Xa, ..., X span V', any vector v in V' can be written
as a linear combination v = ¢1x1 + coXo + - - - + ¢ X, If we add a vector
Xk41 to our spanning set, then we can write v as a letter combination
of the vectors in this augmented set since

VvV =c1X1 + coXo + -+ X + 0V

So the new set of k£ + 1 vectors will still be a spanning set.
(b) If one of the vectors, say xy, is deleted from the set then we may or
may not end up with a spanning set. It depends on whether x is in

Span(xy, Xa, ..., Xp—1). If x} & Span(xy, Xo, ..., Xk_1), then {x1, X2, ..., xp_1}
cannot be a spanning set. On the other hand if x5, € Span(x1, X2, ..., Xk—1),
then

Span(x1,X2, ..., Xx) = Span(x1, Xa, ..., Xx—1)

and hence the k — 1 vectors will span the entire vector space.
If A= (a;j) is any element of R?*2, then

. a11 0 0 ai2 0 0 0 0
A_[o 0]*[0 0]+[a21 0]+[0 a22]
= a1 B+ a1aB12 + a1 B2 + aznFas

If {a,} € So, then a,, — 0 as n — oo. If « is any scalar, then aa, — 0 as
n — oo and hence {aa,} € Sp. If {b,} is also an element of Sy, then b, — 0
as n — oo and it follows that

lim (ap, +b,) = lim a, + lim b, =040=0

Therefore {a,, + by} € So, and it follows that Sy is a subspace of S.

Let S # {0} be a subspace of R and let a be an arbitrary element of R'.
If s is a nonzero element of S, then we can define a scalar « to be the real
number a/s. Since S is a subspace it follows that

a

as = —s=a
S

is an element of S. Therefore S = R!.

(a) implies (b).

If N(A) = {0}, then Ax = 0 has only the trivial solution x = 0. By Theorem
1.4.2, A must be nonsingular.

(b) implies (c).

If A is nonsingular then Ax = b if and only if x = A='b. Thus A~!b is the
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unique solution to Ax = b.
(c) implies (a).
If the equation Ax = b has a unique solution for each b, then in particular

for b = 0 the solution x = 0 must be unique. Therefore N(A) = {0}.

18. Let « be a scalar and let x and y be elements of UN V. The vectors x and y
are elements of both U and V. Since U and V are subspaces it follows that

axeU and x+yeU

axeV and x+yeV

Therefore
axeUNV and x+yeUNV

Thus U NV is a subspace of W.
19. SUT is not a subspace of R?.
SUT = {(s,t)T |s=0o0rt=0}

The vectors e; and ey are both in SUT', however, e; +es ¢ SUT.

20. If ze U +V, then z = u+ v where u € U and v € V. Since U and V are
subspaces it follows that

aucelU and aveV

for all scalars a. Thus
oz = au + av

is an element of U + V. If z; and z5 are elements of U + V, then
zi=u; +vy and zo=uy+ vy

where uy,uy € U and vy,vy € V. Since U and V are subspaces it follows
that

wtuwelU and vi+veeV
Thus
z1 + 22 = (U1 + vi) + (U2 + v2) = (U1 + ug) + (vi + va)

is an element of U + V. Therefore U + V is a subspace of W.

21. (a) The distributive law does not work in general. For a counterexample,
consider the vector space R?. If we set y = e; + e and let

S = Span(e;), T = Span(ez), U = Span(y)
then
T+U=R) SnT={0}, SNU={0}
and hence
SN(T+U) = SNR*=S
(SNT)+ (SNnU) = {0} + {0} = {0}
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This distributive law also does not work in general. For a counterexam-
ple we can use the same subspaces S, T, and U of R? that were used in
part (a). Since
TNU={0} and S+U=R?
it follows that
S+(TnU) =85+{0}=5
(S+T)N(S+U) = R*N R* = R?

5.

7.

()

(a)
(b)

If xp41 € Span(xi, X2, ..., Xk ), then the new set of vectors will be lin-
early dependent. To see this suppose that

Xg+1 = C1X1 + CoXg + -+ - + CpXp

If we set cx41 = —1, then

Cc1X1] + X + -+ CpXp + Cpp1Xpr1 = 0
with at least one of the coefficients, namely ¢y, being nonzero.
On the other hand if xx41 & Span(x;,Xa, ..., X;) and

Cc1X1 + CaXp + - -+ CpXp + Crp1Xpr1 = 0
then ¢ 1 = 0 (otherwise we could solve for xi; in terms of the other
vectors). But then

c1X1 +coXo + - -+ cpXp Fepxe =0

and it follows from the independence of x1, ..., x; that all of the ¢; co-
efficients are zero and hence that x1, ..., Xg41 are linearly independent.
Thus if x4, . . ., X, are linearly independent and we add a vector xx41 to
the collection, then the new set of vectors will be linearly independent
if and only if xx41 & Span(x1,xa,...,Xk)

Suppose that x1,xo9,...,Xx; are linearly independent. To test whether
or not xi,Xsa,...,X;—1 are linearly independent consider the equation

(1) c1X1 +caXo + -+ Ccp_1Xp—1 = 0
If ¢1,¢9,...,ck—1 work in equation (1), then

C1X1 + CoXo + -+ cp1Xp—1 +0x, =0

and it follows from the independence of x1,...,x; that
c1=cpg=-"-=¢k-1=0
and hence X, ...,x;_1 must be linearly independent.

W (cos ma, sinmz) = 7. Since the Wronskian is not identically zero the
vectors are linearly independent.
W (z,e®, e*®) =2(x —1)e3* £ 0
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—8z3
(1+22)2 70

(d) To see that 3 and |z|® are linearly independent suppose

(c) W(2?,In(1 +2?),1+2%) =

cxd + ez =0
n [—1,1]. Setting x = 1 and = = —1 we get

c1+c =0
—c1+c =0
The only solution to this system is ¢; = ¢ = 0. Thus 3 and |z|? are
linearly independent.
8. The vectors are linearly dependent since

cosz —142sin?2= =0

on [—, 7.
10. (a) If
c1(2x) + colz| =0

for all « in [—1, 1], then in particular we have

—2c1+¢c2 =0 (x=-1)
2c1 +c =0 (x:l)
and hence ¢; = ¢g = 0. Therefore 2z and |z| are linearly independent in
C[-1,1].
(b) For all z in [0, 1]
1-2z+ (—2)|z|=0
Therefore 2z and |z| are linearly dependent in C[0, 1].

11. Let vy,...,v, be vectors in a vector space V. If one of the vectors, say vy,
is the zero vector then set

cp=1, co=c3=---=¢,=0
Since
c1vy+cave+ -+, vy, =0
and ¢; # 0, it follows that vy, ..., v, are linearly dependent.

12. If vi = avs, then
lvi —avy =0
and hence vy, vy are linearly dependent. Conversely, if vy, vo are linearly
dependent, then there exists scalars c;, c2, not both zero, such that

Cc1V1 + vy = 0

If say ¢; # 0, then
C2
V] = —— Vg
C1



13.

14.

15.

16.

17.

Section 3 a7

Let vi,va, ..., v, be alinearly independent set of vectors and suppose there
is a subset, say vy, ..., vy of linearly dependent vectors. This would imply
that there exist scalars ¢y, co, ..., cg, not all zero, such that
c1vy+cave+ -+ cpvp =0

but then

cavi+--+epve+0vpgr +---+0v, =0
This contradicts the original assumption that vi,vs, ..., v, are linearly in-
dependent.
If x € N(A) then Ax = 0. Partitioning A into columns and x into rows and

performing the block multiplication, we get

T1ar + T2az, -+ Tpa, =0
Since ap, ag, . .., a, are linearly independent it follows that
ry=T9=--=x, =0
Therefore x = 0 and hence N(A4) = {0}.
If
aypteyy+--+ ey, =0
then

C1AX] + cgAXg + - -+ cpAx, = 0
Alerxy + coxo + -+ cpxi) = 0
Since A is nonsingular it follows that
c1Xy +caXg + -+ cpxp = 0
and since X1, ..., Xy are linearly independent it follows that
cp=cp=--=¢,=0

Therefore y;,¥ys, ...,y are linearly independent.

Since vi,...,Vv, span V we can write
V=cCV]+cvy+- -4,y
If we set ¢,11 = —1 then ¢,41 # 0 and
vy + -+ vy Feppiv=_0

Thus vy, ..., vy, v are linearly dependent.
If {vo,..., v, } were a spanning set for V' then we could write

Vi =CoVy + -+ CpVp
Setting ¢; = —1, we would have
c1vy+cave+ -+, vy, =0

which would contradict the linear independence of vy, v, ..., v,.
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SECTION 4
3. (a) Since

13 |7270

it follows that x; and xs are linearly independent and hence form a
basis for R2.

(b) It follows from Theorem 3.4.1 that any set of more than two vectors in
R? must be linearly dependent.

5. (a) Since

’24

2 3 2
1 -1 6 |=0
3 4 4

it follows that x;, xs, x3 are linearly dependent.
(b) If ¢1x1 + coxo = 0, then

201 + 302 =
Cl —Cy =
3c1 +4c = 0

and the only solution to this system is ¢; = ¢ = 0. Therefore x; and
X9 are linearly independent.

8 (a) Since the dimension of R? is 3, it takes at least three vectors to span
R3. Therefore x; and X cannot possibly span R>.
(b) The matrix X must be nonsingular or satisfy an equivalent condition
such as det(X) # 0.
(c) If x3 = (a,b,c)’ and X = (x1,X2,x3) then

1 3 a
det(X)=|1 -1 b |=5a—0b—4c
1 4 c
If one chooses a, b, and ¢ so that
54 —b—4c#0

then {x1, x2,x3} will be a basis for R3.

9. (a) If a; and ay are linearly independent then they span a 2-dimensional
subspace of R3. A 2-dimensional subspace of R? corresponds to a plane
through the origin in 3-space.

(b) If b = Ax then

b= xriai + roa2
so b is in Span(a;, as) and hence the dimension of Span(ag, ag, b) is 2.

10. We must find a subset of three vectors that are linearly independent. Clearly
x; and x5 are linearly independent, but

X3 = X2 — X1
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SO X1, X2, X3 are linearly dependent. Consider next the vectors x;, X2, X4.
If X = (x1,%2,x4) then

1 2 2
det(X)=|2 5 7]=0
2 4 4

so these three vectors are also linearly dependent. Finally if use x5 and form
the matrix X = (x1, X2, X5) then

1 2 1
det(X)=|2 5 1|=-2
2 4 0

so the vectors x1, Xa, X5 are linearly independent and hence form a basis for
R3.
dimU = 2. The set {e1,e3} is a basis for U.

dimV = 2. The set {ez,e3} is a basis for V.

dimU NV = 1. The set {es} is a basis for U NV.

dimU + V = 3. The set {e1, es,e3} is a basis for U + V.

Let {uy,uz} be a basis for U and {vy,va} be a basis for V. It follows from
Theorem 3.4.1 that uy, us, vy, ve are linearly dependent. Thus there exist
scalars ¢q, o, c3, ¢4 not all zero such that

ciuy + coug + c3vy +c4ve =0
Let
X = C1U] + CoUp = —C3V] — C4V2
The vector x is an element of U N V. We claim x # 0, for if x = 0, then
ciuy + coug = 0 = —c3vy —cgvo

and by the linear independence of u; and us and the linear independence of
v and vy we would have

cp=ca=c3=c4=0

contradicting the definition of the ¢;’s.

Let U and V' be subspaces of R"™ with the property that U NV = {0}.
If either U = {0} or V = {0} the result is obvious, so assume that both
subspaces are nontrivial with dimU = k£ > 0 and dimV = r > 0. Let
{uy,...,u;} be a basis for U and let {vi,...,v,} be a basis for V. The
vectors uy, ..., U, vy, ..., v, span U + V. We claim that these vectors form
a basis for U 4+ V and hence that dimU + dim V' = k + r. To show this we
must show that the vectors are linearly independent. Thus we must show
that if

(2) ciug + -+ e + Cpa1vi + o+ Cpgpve =0

then ¢; = co = = cpyr = 0. If we set

u=cus + -+ cpug and V = Ck41V1 + *+ F Chpr Vi
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then equation (2) becomes

ut+v=0

This implies u = —v and hence that both u and v are in both in UNV = {0}.
Thus we have

=cu+---+cpu,=0

V = Cpy1V1+ -+ Chyr vy =0

So, by the independence of uy, ..., u; and the independence of vy, ..., v, it
follows that

SECTION 5

c1=cC == Chtr =0

11. The transition matrix from E to F is U~'V. To compute U~V note that

UTNU | V)= |UY)

and hence (I | U7'V) and (U | V) are row equivalent. Thus (I | U71V) is
the reduced row echelon form of (U | V).

SECTION 6

1.

(a)

The reduced row echelon form of the matrix is

1 0 2
0 1 0
0 0 0

Thus (1, 0, 2)and (0, 1, 0) form a basis for the row space. The first
and second columns of the original matrix form a basis for the column
space:

a;=(1, 2, 97 and ay=(3, 1, )T

The reduced row echelon form involves one free variable and hence the
nullspace will have dimension 1. Setting z3 = 1, we get 1 = —2 and
29 = 0. Thus (=2, 0, 1)7 is a basis for the nullspace.

The reduced row echelon form of the matrix is

1 0 0 -10/7
010 —2/7
0o 0 1 0

Clearly then, the set
{(L 0; 07 710/7)7 (07 ]-7 07 72/7)7 (07 07 ]-7 0)}
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is a basis for the row space. Since the reduced row echelon form of the
matrix involves one free variable the nullspace will have dimension 1.
Setting the free variable x4 =1 we get

$1:10/7, $2:2/7, .Ig:O

Thus {(10/7, 2/7, 0, 1)T} is a basis for the nullspace. The dimension
of the column space equals the rank of the matrix which is 3. Thus the
column space must be R? and we can take as our basis the standard
basis {e1, ez, es}.

(¢) The reduced row echelon form of the matrix is

1 0 0 —0.65
[ 0 1 0 1.05 ]
0 0 1 0.75
The set {(1, 0, 0, —0.65), (0, 1, 0, 1.05), (0, 0, 1, 0, 0.75)} is a basis
for the row space. The set {(0.65, —1.05, —0.75, 1)7} is a basis for
the nullspace. As in part (b) the column space is R and we can take
{e1, ez, e3} as our basis.
(b) The reduced row echelon form of A is given by

1 2 0 5 =3 0
U=10 0 1 -1 2 0
0 0 0 0 0 1

The lead variables correspond to columns 1, 3, and 6. Thus a;, as, ag form
a basis for the column space of A. The remaining column vectors satisfy the
following dependency relationships.

ax = 281
as, = ba; —ag
as = —331 + 283

. (c) consistent, (d) inconsistent, (f) consistent

. There will be exactly one solution. The condition that b is in the column
space of A guarantees that the system is consistent. If the column vectors
are linearly independent, then there is at most one solution. Thus the two
conditions together imply exactly one solution.

. (a) Since N(A) = {0}
Ax =mria;+---+zna, =0

has only the trivial solution x = 0, and hence ay,...,a, are linearly
independent. The column vectors cannot span R™ since there are only
n vectors and n < m.

(b) If bisnot in the column space of A, then the system must be inconsistent
and hence there will be no solutions. If b is in the column space of A,
then the system will be consistent, so there will be at least one solution.
By part (a), the column vectors are linearly independent, so there cannot
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10.

11.

12.

13.

be more than one solution. Thus, if b is in the column space of A, then
the system will have exactly one solution.

(a) If A and B are row equivalent, then they have the same row space and
consequently the same rank. Since the dimension of the column space
equals the rank it follows that the two column spaces will have the same
dimension.

(b) If A and B are row equivalent, then they will have the same row space,
however, their column spaces are in general not the same. For example

if
1 0 0 0
A[O 0] and B—[1 0]

then A and B are row equivalent but the column space of A is equal to
Span(e;) while the column space of B is Span(ez).
The column vectors of A and U satisfy the same dependency relations. By
inspection one can see that

us = 2u; + uy and uy = u; + 4us

Therefore
—6 4 —2
10 -3 7
ag=larta=| g+ =]
2 -1 1

and

-3 16 13
5 —12 -7
a=artda =1 o[+ o5 =] 30
1 —4 -3

If Ais 5 x 8 with rank 5, then the column space of A will be R®. So by the
Consistency Theorem, the system Ax = b will be consistent for any b in
R5. Since A has 8 columns, its reduced row echelon form will involve 3 free
variables. A consistent system with free variables must have infinitely many
solutions.

If U is the reduced row echelon form of A then the given conditions imply
that

u; = e, Uz = €, U3 = u; +2u2, uy =e3, Us = 2u; — Uz +3uy

Therefore
1 0 1 0
0 1 2 0 -1
v= 0O 0 0o 1 3
0O 0 0 0 0
(a) Since A is 5 x 3 with rank 3, its nullity is 0. Therefore N(A) = {0}.

(b) If
ay;+ 2y, +e3y; =0
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then

Clel + CQAXQ + CgAXg =0

A(clxl + CcoXo + Cng) =0
and it follows that ¢1x1 + coxa + c3x3 is in N(A). However, we know
from part (a) that N(A) = {0}. Therefore

C1X1 + coXo + C3X3 — 0

Since X1, X2, x3 are linearly independent it follows that ¢y = co = c3 =0
and hence y, y,, y3 are linearly independent.

(c) Since dim R® = 5 it takes 5 linearly independent vectors to span the
vector space. The vectors y;, y,, ¥3 do not span R® and hence cannot
form a basis for R°.

Given A is m X n with rank n and y = Ax where x # 0. If y = 0 then
ria; +x2a0 + -+ xrHa, = 0

But this would imply that the columns vectors of A are linearly dependent.
Since A has rank n we know that its column vectors must be linearly inde-
pendent. Therefore y cannot be equal to 0.

If the system Ax = b is consistent, then b is in the column space of A.
Therefore the column space of (A | b) will equal the column space of A.
Since the rank of a matrix is equal to the dimension of the column space it
follows that the rank of (A | b) equals the rank of A.

Conversely if (A | b) and A have the same rank, then b must be in the
column space of A. If b were not in the column space of A, then the rank of
(A | b) would equal rank(A) + 1.

(a) If x € N(A), then
BAx=B0=0

and hence x € N(BA). Thus N(A) is a subspace of N(BA). On the
other hand, if x € N(BA), then
B(Ax) = BAx =0
and hence Ax € N(B). But N(B) = {0} since B is nonsingular. There-
fore Ax = 0 and hence x € N(A). Thus BA and A have the same
nullspace. It follows from the Rank-Nullity Theorem that
rank(A) = n—dim N(A)
= n—dim N(BA)
= rank(BA)
(b) By part (a), left multiplication by a nonsingular matrix does not alter

the rank. Thus

rank(A) = rank(AT) = rank(CT AT)
rank((AC)T)
= rank(AC)
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17.

18.

19.

20.

21.

Corollary 3.6.4. An nxn matrix A is nonsingular if and only if the column
vectors of A form a basis for R".

Proof: It follows from Theorem 3.6.3 that the column vectors of A form a
basis for R™ if and only if for each b € R™ the system Ax = b has a unique
solution. We claim Ax = b has a unique solution for each b € R™ if and
only if A is nonsingular. If A is nonsingular then x = A~!b is the unique
solution to Ax = b. Conversely, if for each b € R", Ax = b has a unique
solution, then x = 0 is the only solution to Ax = 0. Thus it follows from
Theorem 1.4.2 that A is nonsingular.

If N(A— B) = R" then the nullity of A— B is n and consequently the rank
of A — B must be 0. Therefore

A-B =0

A =B
(a) The column space of B will be a subspace of N(A) if and only if
Ab; =0 for j=1,...,n
However, the jth column of AB is
ABe; = Ab;, i=1,....n

Thus the column space of B will be a subspace of N(A) if and only if
all the column vectors of AB are 0 or equivalently AB = O.

(b) Suppose that A has rank r and B has rank k and AB = O. By part (a)
the column space of B is a subspace of N(A). Since N(A) has dimension
n —r, it follows that the dimension of the column space of B must be
less than or equal to n — r. Therefore

vank(A) + rank(B) =r +k <+ (n—r) = n

Let x¢ be a particular solution to Ax = b. If y = xo + z, where z € N(A),
then
Ay = Axg+Az=b+0=Db
and hence y is also a solution.
Conversely, if xg and y are both solutions to Ax = b and z =y — xq,
then
Az = Ay —Axg=b—-b =0
and hence z € N(A).

(a) Since
) zry”
T2 nyT
A=xyl = : yl =
Tm xmyT

the rows of A are all multiples of y”. Thus {y”} is a basis for the row
space of A. Since

A=xy" = x(y1,¥2,-- . Yn)
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= (11X, 92X, .. ., YnX)

it follows that the columns of A are all multiples of x and hence {x} is
a basis for the column space of A.
Since A has rank 1, the nullity of A isn — 1.

If ¢ is a vector in the column space of C, then
c= ABx

for some x € R". Let y = Bx. Since ¢ = Ay, it follows that c is in the
column space of A and hence the column space of C' is a subspace of
the column space of A.

If ¢” is a row vector of C, then c is in the column space of CT. But
CT = BTAT, Thus, by part (a), ¢ must be in the column space of BT
and hence ¢’ must be in the row space of B.

It follows from part (a) that rank(C') < rank(A) and it follows from
part (b) that rank(C') < rank(B). Therefore

rank(C') < min{rank(A), rank(B)}

In general a matrix F will have linearly independent column vectors if
and only if Ex = 0 has only the trivial solution x = 0. To show that
C has linearly independent column vectors we will show that Cx # 0
for all x # 0 and hence that Cx = 0 has only the trivial solution. Let
x be any nonzero vector in R” and let y = Bx. Since B has linearly
independent column vectors it follows that y # 0. Similarly since A has
linearly independent column vectors, Ay # 0. Thus

Cx=ABx=Ay #0

If A and B both have linearly independent row vectors, then BT and
AT both have linearly independent column vectors. Since CT = BTAT
it follows from part (a) that the column vectors of CT are linearly inde-
pendent, and hence the row vectors of C' must be linearly independent.

If the column vectors of B are linearly dependent then Bx = 0 for some
nonzero vector x € R”. Thus

Cx=ABx=A40=0

and hence the column vectors of C' must be linearly dependent.
If the row vectors of A are linearly dependent then the column vectors
of AT must be linearly dependent. Since CT = BT AT it follows from
part (a) that the column vectors of CT must be linearly dependent. If
the column vectors of CT are linearly dependent, then the row vectors
of C' must be linearly dependent.
Let C denote the right inverse of A and let b € R™. If we set x = Cb
then

Ax=ACb=1,b=D

Thus if A has a right inverse then Ax = b will be consistent for each
b € R™ and consequently the column vectors of A will span R™.
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27.

28.

29.

30.

(b) No set of less than m vectors can span R™. Thus if n < m, then the
column vectors of A cannot span R™ and consequently A cannot have
a right inverse. If n > m then a right inverse is possible.

Let B be an n x m matrix. Since
DB =1,
if and only if
BTDT =1 =1,
it foll;)ws that D is a left inverse for B if and only if D? is a right inverse
for B*.

If the column vectors of B are linearly independent, then the row vectors
of BT are linearly independent. Thus B’ has rank m and consequently the
column space of BT is R™. By Exercise 26, BT has a right inverse and
consequently B must have a left inverse.

Let B be an n x m matrix. If B has a left inverse, then BT has a right
inverse. It follows from Exercise 25 that the column vectors of B span R™.
Thus the rank of B is m. The rank of B must also be m and consequently
the column vectors of B must be linearly independent.

Let u(1,:),u(2,:),...,u(k,:) be the nonzero row vectors of U. If
ciu(l,:) +eau(2,:) + - - -+ cpu(k,:) = 07
then we claim
ci=ca=---=c¢c, =0
This is true since the leading nonzero entry in u(%, :) is the only nonzero entry
in its column. Let us refer to the column containing the leading nonzero entry
of u(i,:) as j(i). Thus if
yr =ciu(l,:) +cou(2,:) + - - -+ cpu(k, ;) = 07
then
O:yj(i):ci, ’L:L,k

and it follows that the nonzero row vectors of U are linearly independent.

MATLAB EXERCISES

1.

2.

(a) The column vectors of U will be linearly independent if and only if the
rank of U is 4.
(d) The matrices S and T should be inverses.
(a) Since
r = dim of row space < m
and
r = dim of column space < n



()
(d)

3. (a)

(b)

MATLAB Ezercises 57

it follows that
r < min(m, n)
All the rows of A are multiples of y” and all of the columns of A are
multiples of x. Thus the rank of A is 1.
Since X and Y7 were generated randomly, both should have rank 2 and

consequently we would expect that their product should also have rank
2.

The column space of C' is a subspace of the column space of B. Thus
A and B must have the same column space and hence the same rank.
Therefore we would expect the rank of A to be 4.

The first four columns of A should be linearly independent and hence
should form a basis for the column space of A. The first four columns
of the reduced row echelon form of A should be the same as the first
four columns of the 8 x 8 identity matrix. Since the rank is 4, the last
four rows should consist entirely of 0’s.

If U is the reduced row echelon form of B, then U = M B where M is
a product of elementary matrices. If B is an n X n matrix of rank n,
then U = I and M = B~!. In this case it follows that the reduced row
echelon form of (B BX) will be

B™YB BX)=( X)
If B is m x n of rank n and n < m, then its reduced row echelon form

is given by
v-in= ()

It follows that the reduced row echelon form of (B BX) will be

MB(I X)—[é](] X)[é g]

The vectors C'y and b + cu are equal since
Cy=(A+uvl)y=Ay +cu=b+cu
The vectors Cz and (1 4 d)u are equal since
Cz=(A+uvl)z = Az +du=u+du
It follows that
Cx=C(y—ez)=b+cu—e(l+du=>b
The rank one update method will fail if d = —1. In this case
Cz=(14+du=0

Since z is nonzero, the matrix C' must be singular.
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CHAPTER TEST A

1.

NS oe

The statement is true. If S is a subspace of a vector space V, then it is
nonempty and it is closed under the operations of V. To show that S, with
the operations of addition and scalar multiplication from V', forms a vector
space we must show that the eight vector space axioms are satisfied. Since
S is closed under scalar multiplication, it follows from Theorem 3.1.1 that
if x is any vector in .S, then 0 = 0x is a vector in S and —1x is the additive
inverse of x. So axioms A3 and A4 are satisfied. The remaining six axioms
hold for all vectors in V' and hence hold for all vectors in S. Thus S is a
vector space.

. The statement is false. The elements of R® are 3 x 1 matrices. Vectors that

are in R? cannot be in vectors in R? since they are only 2 x 1 matrices.

. The statement is false. A two dimensional subspace of R? corresponds to

a plane through the origin in 3-space. If S and T are two different two
dimensional subspaces of R3 then both correspond to planes through the
origin and their intersection must correspond to a line through the origin.
Thus the intersection cannot consist of just the zero vector.

The statement is false in general. See the solution to Exercise 19 of Section 2.
The statement is true. See the solution to Exercise 18 of Section 2.

The statement is true. See Theorem 3.4.3.

The statement is false in general. If x;, X2, ..., x, span a vector space V of

dimension £ < n, then they will be linearly dependent since there are more
vectors than the dimension of the vector space. For example,

o= (o) == (1) 0= (1)

are vectors that span R?, but are not linearly independent. Since the di-
mension of R? is 2, any set of more than 2 vectors in R? must be linearly
dependent.

. The statement is true. If

Span(x1,X2, ..., X)) = Span(X1, Xz, . . ., Xx—1)
then x; must be in Span(x1,X2,...,X,_1). S0 X can be written as a linear
combination of x1,Xs,...,X;_1 and hence there is a dependency relation

among the vectors. Specifically if
Xk = C1X1 + CoXo + -+ + Cp—1Xk—1
then we have the dependency relation

cixi+ceaXg 4+ cp—1Xp—1 — 1x, =0

. The statement is true. The rank of A is the dimension of the row space of A.

The rank of AT is the dimension of the row space of A”. The independent
rows of AT correspond to the independent columns of A. So the rank of
AT equals the dimension of the column space of A. But the row space and
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column space of A have the same dimension (Theorem 3.6.5). So A and AT
must have the same rank.

10. If m # n then the statement is false since
dimN(A)=n—r and dim N(AT)Y =m —r

where 7 is the rank of A.

CHAPTER TEST B

1. The vectors are linearly dependent since

0x1 4+ 0x2 + 1x3 = 0x; + 0x2 + 10 =0

2. (a) S consists of all vectors of the form
)
X =
a
—a —b
X = [ a] and y= [ b]

are arbitrary vectors in S and c¢ is any scalar then

58 = [—CCL] SISt
ca

sy=| %+ [ =70 es
S - a b) a+b §
Since 57 is nonempty and closed under the operations of scalar multi-

plication and vector addition, it follow that S; is a subspace of R2.
(b) Ss is not a subspace of R? since it is not closed under addition. The

vectors
X = al d y -
0 1

are both in S5, however,
X+y= !
Y= 1

so if

and

is not in Ss.

3. (a)
1 3 1 3 4]0 1 3 0 2 3]0
001 1 10 . 0 01 1 110
00 2 2 2|0 0 00 0 0]0
0 0 3 3 3]0 000 0O O0]O0
The free variables are zo, x4, and x5. If we set zo = a, x4 = b, and

r5 = ¢, then

r1 = —3a—2b— 3¢ and r3=—-b—c
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Thus N(A) counsists of all vectors of the form

—3a — 2b — 3¢ -3 -2 -3
a 1 0 0
X = —-b—c =a O +0| — +ec| —1
b 0 1 0
c 0 0 1
The vectors
-3 -2 -3
1 0 0
X1 = 0 , X2 = —1 y X3 = -1
0 1 0
0 0 1

form a basis for N(A).
(b) The lead 1’s occur in the first and third columns of the echelon form.
Therefore

a; =

1
0 )
0 ) 3 —

W N =

0
form a basis for the column space of A.

4. The columns of the matrix that correspond to the lead variables are linearly
independent and span the column space of the matrix. So the dimension
of the column space is equal to the number of lead variables in any row
echelon form of the matrix. If there are r lead variables then there are n —r
free variables. By the Rank-Nullity Theorem the dimension of the nullspace
is n — r. So the dimension of the nullspace is equal to the number of free
variables in any echelon form of the matrix.

5. (a) One dimensional subspaces correspond to lines through the origin in
3-space. If the first subspace U; is the span of a vector u; and the
second subspace Us is the span of a vector us and the vectors u; and
uy are linearly independent, then the two lines will only intersect at the
origin and consequently we will have U; N U = {0}.

(b) Two dimensional subspaces correspond to planes through the origin in
3-space. Any two distinct planes through the origin will intersect in a
line. So V4 N V5 must contain infinitely many vectors.

6. (a) If
(3 s

are arbitrary symmetric matrices and « is any scalar, then

[ aa ab _(a+d b+e
aA[ab ac] and A+B[b+e C+f]

are both symmetric. Therefore S is closed under the operations of scalar
multiplication and vector addition and hence S is a subspace of R?*2,
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(b) The vectors

10 0 1 0 0
(o) m=(Ta] m=(0 1)

are linearly independent and they span S. Therefore they form a basis
for S.

. (a) If Ais6 x 4 with rank 4, then by the Rank-Nullity Theorem dim N(A) =
0 and consequently N(A) = {0}.

(b) The column vectors of A are linearly independent since the rank of A is
4, however, they do not span R since you need 6 linearly independent
vectors to spanRS.

(¢) By the Consistency Theorem if b is in the column space of A then the
system is consistent. The condition that the column vectors of A are
linearly independent implies that there cannot be more than 1 solution.
Therefore there must be exactly 1 solution.

. (a) The dimension of R? is 3, so any collection of more than 3 vectors must
be linearly dependent.

(b) Since dim R* = 3, it takes 3 linearly independent vectors to span R3.
No 2 vectors can span, so x; and x5 do not span R3.

(¢) The matrix

1 11
X = (Xl,XQ,Xg) = 2 3 5
2 3 5

only has 2 linearly independent row vectors, so the dimension of the
rowspace and dimension of the column space both must be equal to
2. Therefore x;, x9, x3 are linearly dependent and only span a 2-
dimensional subspace of R3. The vectors to not form a basis for R?
since they are linearly dependent.

(d) If we set A = (x1,X2,X4), then

111 1
det(A)=12 3 2|=|0 =1
2 3 3 0

—_ = =
= o

Therefore x1, X3, x3 are linearly independent. Since dim R?® = 3, the
three vectors will span and form a basis for R3.

CIf

c1y; +c2yz + 3y =0
then
Clel + CQAXQ + CgAXg =A4A0=0

Multiplying through by A~ we get
c1X1 + coXo + C3X3 = 0

Since X1, X2, X3 are linearly independent, it follows that ¢; = co = ¢3 = 0.
Therefore y,, y,, y3 are linearly independent.
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10. (a) The rank of A equals the dimension of the column space of A which is
3. By the Rank-Nullity Theorem, dim N(4) =5 — 3 = 2.
(b) Since a;, as, az are linearly independent, the first three columns of the
reduced row echelon form U will be

u; =€;, Uz =€z, Uz =e€3

The remaining columns of U satisfy the same dependency relations that
the column vectors of A satisfy. Therefore

w = 111+3112+113:el+382+83
u; = 2111—113:281—83

and it follows that

10 0 1 2
0o 1 0 3 0
0 0 1 1 -1
U= 0 0 0 0 O
0 0 0 0 O
0 0 0 0 O

11. (a) If U = (uy,uz), then the transition matrix corresponding to a change
of basis from [er, e2] to [uy, ug] is

o (7 -2
=[5 1)

(b) Let V = (v1,va). If x = Vd = Uc then ¢ = U7'Vd and hence the
transition matrix corresponding to a change of basis from [vy, va] to
[u, us] is

o (7T =2Y (5 4) ( 31 10
UV—[3 1) 2 9) = |-13 -3



