Linear Algebra Lecture Notes
Mohammad Saleh, Email:msaleh@birzeit.edu
Mathematics Department, Birzeit University, West Bank, Palestine
These lecture notes is not an alternative for the class lectures



Chapter 1

Linear system of equations and
matrices

1.1 Systems of Equations

Systems of equations are either

1. Linear system: If all equations in the system are linear

or

2. Nonlinear system: At least one of the equations in the system are
nonlinear

r - Yy =

1 . .
% 4+ 3y = 2 18 linear

Example 1.1.1. :

r =y

2127 + 3y = 2 s nonlinear linear

In this course we study only linear systems.
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1.2 A general form of the linear system:

1121 + a2 + ... + A1 Ty = b1
911 + a99T9 + ... + Aonly = bg
a31T1 + A39T2 + ... + A3pnTy = bg

A1 T1 + Qoo + ..o + G ®y = by,
, where a;;, b; are all real numbers, is called an m x n linear system
Definition 1.2.1. A solution of the above system is a set of real numbers
C1,Coy ...y Cp Such that if substitute x; = c¢; then all equations in the above

&1
C2

system holds denoted by (cy,ca, ..., ) or

Cn

rx — y =1 _ 2
Example 1.2.1. P has a solution ( 1 )
Definition 1.2.2. A linear system s called a square system if m = n and
it 1s called an n x n linear system

Definition 1.2.3. A linear system is called consistent if it has a solution,
and it is called inconsistent if it has no solution

Consistent linear systems has either a unique solution or infinite num-
ber of solutions
A 2 x 2 linear system :

rx — y =1 _ . 2
Example 1.2.2. v + 3y = 5 has a unique solutzon(l )

r — y =1 . . .
Example 1.2.3. 2w — 2y = 2 has infinite number of solutions
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x — y =1 ‘
Example 1.2.4. 2% — % = 5 has no solution

Definition 1.2.4. Equivalent systems: Two linear systems are called
equivalent systems if they have the same variables(unknowns) and the same
solution set.

Operations on the linear systems:

1. Interchange two equations
2. Multiply an equation by a nonzero constant

3. add a number to both sides of an equation ( add a multiple of an
equation to another equation)

A strict upper triangular system:

1. It is a square system

2. ap1 = ag2 = .. = apx—1 = 0 in the kth equation (in the k—th equation,
the coefficients of the first £k — 1 variables are zeros )

3. agr # 0 ( the coefficient of zj, is nonzero)

Which is of the form

a111 +ajpere ... +a1,Ty = bl
a22T9 +..... +Aon Ty = bg
as3rs +..... +as, T, = bg

Apndn = bn

A strict upper triangular system has a unique solution and we
solve it by backward substitution.

1 —T9 +x3 =2
Example 1.2.5. 20y —x3= 1
21’3 =2
2

has a solution 1
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1.3 1.2. Row Echelon form and solutions of
linear systems

Definition 1.3.1. A matriz is an array of numbers or objects arranged in
rows and columns denoted by A, B,C, ...

A matrix A with m rows and n columns is called an m X n matriz read
m by n matric

a1 a12 AT

21 A22 ... Q2p
A =

Am1 Am2 ... Qmn

The entry of a matrix A in the i—th row and j—th column is called the
1j—th entry denoted by a;;
Augmented matrix of a linear system
1121 + @122 + ... + A1, = by
9121 + A22%2 + ... + G2p T, = by
as1 1 + aga®e + ... + azp T, = b3

Am1T1 + AmaXo + ... + Gmn Ty, = b,

Definition 1.3.2. The Augmented matriz of a linear system above de-

a1 a12 Q1np |b1

921 929 Qony, |b2
noted by A =

Al Qm2 o Qo b

Elementary row operations:
1. Interchange two rows

2. Multiply a row by a nonzero constant
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3. Replace a row by its sum with a multiple of another row ( add a multiple
of a one row to another row)

Row Echelon Form (REF)

1 0 21
Example 1.3.1. : A= 0 1 1 2 | isw REF
00 01
1 0 21
A=]102000 1s not in REF
0 0 01
00 11
A=]1011 2 1s not in REF
0 0 01
0011
A= 000 0 s not in REF
0 0 01
00 0O
A= 00 0 O | isin REF
00 0O

Definition 1.3.3. An m x n matriz is in REF iff:

1. The first nonzero entry in a nonzero row is 1 called the leading one or
the pivot 1

2. the leading one in the k—th row is to the right of the leading one in the
k — 1-row

3. Zero rows are below the nonzero rows

Remark 1.3.4. Any matrix can be written in REF using the row operations

Gauss Elimination Method is a method to solve linear systems by
using row operations on the augmented matrix A of the system to change it
in REF

Example 1.3.2. . Use Gauss Elimination method to Solve
T1— To + 3x3 =2
x|+ 2.772 — T3 = 1
—T1 + X9 — 2]73 = -2
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I -1 3 |2 1 -1 3 |2
Solution A= 1 2 -1 |1 |Ry—R,Rs+Ri—| 0 3 -4 |-1
-1 1 -2 |=2 0o 0 1 |0
1 -1 3 |2
0 0 1 10
—1

Example 1.3.3. . Use Gauss Elimination method to Solve
T1 — Tg + 33)3 =2
T+ 2%2 — T3 = 1

= (1 -1 3 |2 1 -1 3 |2
SolutzonA—(1 5 1 ’1>R2—R1—><0 3 _4 ‘_1)

1 -1 3 |2
1
332%(0 . r%)

x3 18 free , x1,x9 leading , so let x3 = a € R, then form equation2, xo =
_Tl—l—%oz, and from equationl, r1 = 2+ x9 —3x3 = 2+%1—|—§oz—304 = g—ga
5 _ 5
' 5,7 30
solution | = + 3«

(0%

Remark 1.3.5. If we have more than one linear systems of the form (A|by), (A|bs), ..., (A|bk),
then we can solve the systems simultaneously by forming the augmented ma-
trix (A]by|ba|, ..., |bk)
Reduced Row Echelon Form (RREF) An m x n matrix is in
RREF iff:

1. It is in REF

2. The leading 1 is the only nonzero in that column

100 1
Example 1.3.4. : A= 0 1 1 2 15 in RREF
0000
1 00 1
A=|100 0 1 is not in RREF
0000
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0011

A=]1011 2 1s not in RREF
00 01
1 011

A=]10000 1s not in RREF
00 01
00 0O

A= 0000 is in RREF
00 0O

Remark 1.3.6. Any matrix can be written in RREF using the row operations

Gauss-Jordan Elimination Method is a method to solve linear sys-
tems by using row operations on the augmented matrix A of the system to

change it in RREF

Example 1.3.5. . Use Gauss Elimination-Jordan method to Solve
T1 — To + 3?1)3 =2
T+ 21‘2 — T3 = 1

—$1—|—{L'2—2$3:—2
I -1 3 |2 1 -1 3
SolutionA=| 1 2 -1 |1 |Ry—R,Rs+R,—| 0 3 —4
-1 1 -2 |-2 0 0 1
1 -1 3 |2
%RQ — 0 1 %4 %1 Ry + %Rg,, R; — 3R3 —
0 0 1 10
1 -10 2 10 0 |2
01 0|5 |R+R—01 0 |F
0 0 1 |0 00 -1 |0
5
3
Solution %1
0

Remark 1.3.7. If in the process of solving a linear system by Gauss elimi-
nation or Gauss-Jordan elimination, and the left hand of a row is reduced
to a zero row but the right hand is nonzero then the system is inconsistent.
That is if we get a row of the form [ 00 ... 01 }, then the system is
inconsistent.
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Definition 1.3.8. The variable that correspond to the leading one are called
the leading variables, and the remaining variables, if any, are called free
variables.

Remark 1.3.9. A linear system with a free variable is either inconsistent or
has infinite number of solutions.

X1 — X9+ T3 = 2
Example 1.3.6. x4+ 219 —x3 =1 1s consistent with x3 free, so it has
2.T1 + X9 = 3
infinite solutions
T1 — Ty + T3 = 2
but, x1+ 2xs —x3 =1 is inconsistent with xs free. Why?
2I1 + Ty = 1

Overdetermined and underdetermined systems

Definition 1.3.10. . An m X n linear system is called underdetermined
system if m < n, and it is called overdetermined if m > n

Remark 1.3.11. An underdetermined linear system always has a free variable,
so it is either inconsistent or it has infinite solutions.
Remark 1.3.12. An overdetermined linear system can’t tell. ( all cases pos-

sible).

Definition 1.3.13. . An m x n linear system is called homogeneous if all
right hand of every equation is zero. That is the augmented matriz A of the

linear system is of the form A = (A|0), that is (b = by = ... = b, = 0).

Remark 1.3.14. 1. A homogeneous linear system is always consistent with
r1 = T9 = ... = x, = 01is a solution called the zero solution or the trivial
solution

2. A homogeneous linear system is either has a unique solution ( the zero
solution) if it has no free variables or it has infinite solutions if it has a
free variable.

3. An underdetermined homogeneous linear system always has infinite
solutions.



CHAPTER 1. LINEAR SYSTEM OF EQUATIONS AND MATRICES 10

1.4 1.3+1.4 Matrix Algebra.

Recall that a matrix is any array of objects.

A row or a column of a matrix is called a vector and the i—row of a
matrix A is denoted by @ and the i—column of a matrix A is denoted by
a;. The set of all row matrices or the set of all column matrices is called the
Euclidean space denoted by either R" or R*"

An mxn matrix is usually represented by its columns as a = (ay, as, ..., a,)

a

a

or by its rows as A =

74

Definition 1.4.1. Equality of matrices: Two matrices A, B are equal iff
they the same size and the corresponding entries are equal

Operations on matrices .
1. Scalar multiplication.

Definition 1.4.2. Let A be an m x n matriz, c € R. Then cA = B, where
bij = CCLij,\V/’i,j

2. Matrix addition.

Definition 1.4.3. Let A, B be m x n matrices. Then A+ B = C, where
Cij = a5 + bij, Vi, j

Properties of addition and scalar multiplication
Theorem 1.4.4. Let A, B be an m X n matrices, o, 3 € R. Then

l. a(A+B)=aA+aB

2. afi(A) = a(BA)

3. A+B=B+A

4. A+(B4+C)=(A+B)+C

5. A+0=0+A=A
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6. A+—-A=—-A4+A=0
2. Matrix multiplication.

Definition 1.4.5. Let A be m x n, B an n x k matrices. Then AB = C,
where ci; = S 1= airbi;

1 -1 2
Example 1.4.1. =23 9 1 0 |=(%3°
-1 1 2 Lo 1 3 2 0

Properties of matrix multiplication

Theorem 1.4.6. Let A be m xn, B annxk, C be k x| matrices, o, B € R.
Then

1. a(AB) = A(aB)

2. AB + BA

3. A(BC) = (AB)C

4. Let Abem xn, B,C ann x k. Then A(B+C) = AB+ AC
Remark 1.4.7. If A an m x n, B an n x k, then AB = (Aby, Abs, ..., Aby)

using the columns of B or
a;B
a3 B

AB = ’ using the rows of A
a.B
Remark 1.4.8. 1. If AB = AC then we cannot conclude B = C

10 0 0 00
Ezxample 1.4.2. Let A = (O 0),B: (0 1)’02 (1 1)‘

Then AB = AC but B # C'
2. If AB =0 then we cannot conclude A=0o0or B=0

10 0 0
Example 1.4.3. Let A = (O O)’B = (0 1). Then AB =

( 8 8 ) but neither A nor B is a zero matrix
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Remark 1.4.9. 1. If A, B an n X n upper triangular matrices, then AB is
an upper triangular matrix

2. If A, B an n xn lower triangular matrices, then AB is a lower triangular
matrix

3. If A, B an n x n diagonal matrices, then AB is a diagonal triangular
matrix

Linear systems and matrices
A linear system with augmented matrix A = (A|b) can be written in

ai; @12 Q1n
921 A929 ... QA2p
matrix multiplication as Ar = b, where A = ' ,x =

Am1 Am2 ... Omn

I by

%) ba

b=
T, bm

Also, we can write the linear system as Ax = b as a1 +asx2+...a,x, = b

Remark 1.4.10. 1. A vector Xy is a solution of a linear system Ax = b iff
AXO - b

2. If vectors Xg, X; are solutions of a linear system Ax = b. Then aXy+
£ X1 is a solution iff «+ = 1. Since A(aXo+ X)) =biff ab+5b =10
iffa+p5=1

3. If vectors Xy, X; are solutions of a homogeneous linear system Az = 0.
Then aXy + X, is a solution of Ax = 0 for any «, 3 € R. Since
A(OZXO + ﬁXI) = OCAXO + 5AX1 = 0

Definition. Linear combinations

Definition 1.4.11. Let aq,as,...,ar € R",c1,¢o,...,c,; € R. Then a vector
c1a1+caas+ ... +cray is called a linear combination of the vectors ay, as, ..., ay
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1 1
Example 1.4.4. 1. v = | 2 | is a linear combination of a = | 2 |,
3 3

and b=

, since v = la + 0b

2. Isv = ( ;) a linear combination of a = ( (1) ), and b = ( i)

Solution. Let v = cia + cob, if the system has a solution then v is a
linear combination of a,b

soie(3) e ()1 (1)

We get the linear system whose augmented matrix ( (1) 1 I ; ) and

this system has a unique solution co = 2,¢4 = —1, so v s a linear
combination of a and b.

o O O

Theorem. Consistency of the linear system.

Theorem 1.4.12. A linear system Ax = b is consistent iff b is a linear
combination of the columns of A.

Proof. = Suppose the system Az = b is consistent, so there exist real num-
1
C2

bers ¢, ¢, ..., ¢, such that A ' =b. So ciay + caas + ... + cpa, = b,

Cn
and so b is a linear combination of the columns of A
< Suppose b is a linear combination of the columns of A, so there exist
real numbers ¢y, ¢, ..., ¢, such that cia; 4+ ceas + ... + c,a, = b. But the last

C1 (&1
Co Co

equation is cia; + coas + ...+ cpa, = A ' =b. So ' is a solution
Cn Cn

of Az =b
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Remark 1.4.13. The proof of the consistency of the linear systems shows that
if b is a linear combination of the columns of the A, then the coefficients of
the column of A is a solution of the linear system Ax = b.

Example 1.4.5. 1. Let Asy3, Ax = b, and b = 2a; — 3as + as, then the
2
system is consistent and | —3 | is a solution of Ax = b, but we don’t
1
know if the system has a unique solution or infinite solutions

2. Let Agys, Ax = b, and b = 2ay —3as +as , then the system is consistent
2
and | —3 | s a solution of Ax = b, but the system is undetermined
1
and consistent, so it has infinite solutions.

3. Let A3 x 3,Ax =0, and 0 = 2ay + basz , then the system is consistent
2

and | 0 | is a non zero solution of the homogeneous Ax = 0, so it
5

has infinite solutions.

Remark 1.4.14. If b can be written in more than way as a linear combination
of the columns of the A, then the linear system Ax = b has infinite solutions.

Transpose.

Definition 1.4.15. The transpose of an m X n matriz A is an n X m matriz
B such that bjj = bj;, Vi, j denoted by A’

Definition 1.4.16. An n x n matriz A is symmetric iff AL = A, and it is
skew-symmetric iff At = —A

Properties of the transpose
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5. If an n x n matrices A, B are symmetric, then A + B is symmetric.

6. If an n X n matrices A is symmetric, then cA, Ve € R is symmetric.

1
Example 1.4.6. [fA=| 0
1

o = O

0
0 |, then At=1 0
1 0

Special matrices
A matrix A is called

1. A zero matrix iff all entries are zeros (a;j—o, Vi, j

2. An upper triangular iff A is a square matrix such that a;; = 0,Vi > j
3. A lower triangular iff A is a square matrix such that a;; = 0,Vi < j
4. A diagonal iff A is a square matrix such that a;; = 0,V7 # j

5. Identity matrix denoted by I, is a diagonal matrix such that d;; =
1,(51'3‘ - O,VZ 7&]

Nonsingular(invertible) matrices.

Definition 1.4.17. A square n X n matriz A is said to be nonsingular or
wnwvertible iff there exists a square n X n matriz B such that AB = BA = 1,,,

and B is called the inverse of A denoted by A~', that is AA™' = A7YA=1,.
A none invertible matriz is called singular.

Properties of the inverse

1. Inverse if it exists is unique

2. (A H1=4

3. (AB)"'=B71A!

4. Tf A is invertible, then A’ is invertible and (A?")~! = (A™!)!
Remark 1.4.18. 1. The sum of invertible need not be invertible.

2. If A is invertible and AB = AC then B =C

3. From number 3, if A, B are n x n invertible matrices then AB is in-
vertible
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1.5 Elementary matrices and inverses

Definition 1.5.1. A matriz E is called an elementary matriz if it is obtained
from I, by only one row operation.

1
Example 1.5.1. 1. A= 0
0

O = O
_ O W

o
Q
|
oo
o~ o

1
0
1 0
Types of (ROW) elementary Matrices:

1. Type I: F is obtained from I,, by interchanging any two rows of I,, :
C

2. Type II: FE is obtained from I,, by multiplying any rows of I,, by a
nonzero constant: B

3. Type III: FE is obtained from I, by adding a multiple of one row of
I,, to another row of I, : A

Remark 1.5.2. Similarly, we have column elementary matrices by performing
similar operations on the columns of the identity matrix. But we focus on
the row elementary matrices

Theorem 1.5.3. Multiplying a matriz A from left by an elementary matriz
is the same as performing a row operation on A of the same type

Theorem 1.5.4. Multiplying a matriz A from right by a column elementary
matriz is the same as performing a column operation on A of the same type

Definition 1.5.5. A matrix A is called row equivalent to a matriz B if
A is obtained from B by performing a sequence of row operations on A.
Fquivalently, if A= FyFEs...ExB, where Els are elementary matrices.
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Theorem 1.5.6. Any elementary matriz E is invertible and E—' is an ele-
mentary matrix of the same type by reversing the operation on I,

Theorem 1.5.7. Equivalent conditions for nonsingularity of a matriz A.
Let A be a square n x n matriz. Then the following are equivalent (FAE)

1. Ais nonsingular
2. Az =0 has only the zero solution(trivial solution)

3. A is row equivalent to I,

Proof. 1 = 2. Let A be nonsingular and Az = 0. Multiply both sides by A~*
from left, we get A~'Ax = A710. So Iz = 0, so x = 0 is the only solution of
Ax = 0.

2 = 3. Suppose A is not row equivalent to IA,, so the reduced row
echelon form of A has a free variable and so Az = 0 has infinite solutions.

3 = 1. Let A be row equivalent to I,,, so there exist elementary matrices
E\, Es,...,E;, such that Fy, Fs, ..., EtA=1. So E1E,...E, = A™', and so A
is invertible. ]

Remark 1.5.8. If A is nonsingular, then Az = b has a unique solution which
isx = A1

Remark 1.5.9. The above theorem gives a strategy to find the inverse of a
square matrix if it exist, since if A is nonsingular then A is row equivalent to
I,,. So there exist elementary matrices Fj, ..., By such that Ey.. FoE1A = 1,
and so Fj,...EI, = A~'. That is if we perform row operations on A to change
it into I, then performing the same row operations on the identity matrix
I, we get A™1

(A|I) — row operations(I|A™1)

1 -1 3
Example 1.5.2. Find the inverse of A = 1 2 -1
-1 4 =2
1 =1 3 | 100 1 -1
Solution. 1 2 -1 1010 |R—Ry,R3+R1— | 0 3
~1 4 -2 ]001 0 3
1 -1 3 | 1 0 0 1 -1 3 | 1
00 5 | 2 -11 0o 0 1 | 2

al= O O
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oo 2y 3
R2+4R3,R1—3R3—> 0 3 0| % %%
1
00 1] 5 F 3
ISNE
IR0 1 0] & = &
3tz 5 15 15
o0 1) B
1000 2 o
oo AT
0 2 =L
3
So A is nonsingular and A™! = %%%
5 5 5

Definition 1.5.10. A matriz A is called row equivalent to a matriz B if
A is obtained from B by performing a sequence of row operations on A.
Equivalently, if A = EyEs...ExB, where Els are elementary matrices.

Remark 1.5.11. If in the processes of performing row operations on (A|I),
one rows of A is reduced to a zero row then A is singular

1 -1 3
Example 1.5.3. 1 2 -1 has no inverse
-2 2 -6

A rule only for 2 x 2 matrices.

Let A be 2 x 2 matrix,say, A = “ 2 ) , then A is invertible iff ad—cb #

b ) Prove this
a

0,and A=t = 2 ( d

~ ad—cb —c

Example 1.5.4. 1. A= < ? i ) is invertible and A~ = X ( 43 ),

5
2. B= ( ? 162 > 18 not tnvertible.

Triangular Factorization.

Definition 1.5.12. If a matriz A is reduced into an upper triangular matriz
using row operations of type III only then A has a triangular factor-
1zation A = LU, where U is upper triangular and L is unit lower triangular.
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Remark 1.5.13. Not every matrix has an LU factorization

1 -1 3
Example 1.5.5. 1. Find the LU factorization of A = 1 2 -1
-1 1 =2
iof it exists
1 -1 3 1 -1 3
Solution. 1 2 -1 |Rh—R,R3+Ri—| 0 3 —4|=
-1 1 =2 0 0 1
1 00
SO, E1 == I3<R2 - Rl) = -1 1 0 )
0 01

That is L = (EyEy) " 3 = . That is to get L we perform
-1 0 1

row operations on I3 opposite to the row operations on A(L is a lower

triangular matriz with 1's in the main diagonal and if we perform the

row operation R; — aR;, then l;; = a), so L = Is(Ry + Ry, R — Ry) —

1 00
1 10
-1 0 1
0 -1 3
2. Find the LU factorization of A = 1 2 =1 | ifit exists
-1 1 =2

Solution. A has no LU factorization since we can’t use the first row
to terminate the first entries in the lower rows.
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Exercises.

1. Answer the following by true false

(a) IfA, B are n X n matrices and AB = 0, then (A + B)? = A? + B>
(b) If A has an LU-factorization and A is singular then U is singular.
(c) Let A, B be n x n symmetric matrices. If AB = BA then AB is
symmetric.
(d) If A is symmetric and skew symmetric then A must be a zero
matrix.( A is skew symmetric if AT = —A).
(e) If the system Ax = b is consistent then b is a linear combinations
of the columns of A.
(f) If A, B are square n x n matrices and AB = 0, then A or B is
singular.
(g) If A, B are square n X n matrices and AB is singular then A or B
is singular.
(h) If the coefficient matrix of the system AX = b is singular then the
system has infinitely many solutions.
(i) In the linear system Az = 0, if 0 = a; then the system has a
unique solution.
(j) If the row echelon form of the matrix A involves a free variable,
then the linear system Az = b has infinitely many solutions.
(k) A square matrix A is nonsingular iff its RREF is the identity
matrix.
(1) If AB=AC, A#0, then C' = B.
(m) In the linear system AX = b, if b is the first column of A then the
system has infinitely many solutions.

1 2 3 |

2. Solve the linear system Ax = b whose augmented matrix | —1 1 3 |
1 10 |

using both Gauss Elimination Method and Gauss Jordan Elimination

method

Ty — Tg+ X3 = 2
3. Solve the linear system x + 219 — 23 =1
2331 + 29 = 3
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4.

7.

10.

11.

12.

13.

Ty — g+ X3 = 2
Solve the linear system x4 2z —x3 =1

2!E1 + 219 = 1
B 1 23| 1

Let A= —1 1 b | a |. Find the conditions on a,b so the sys-
1 10| 1

tem is (1) consistent, (2) inconsistent
1 2 3

Let A= —1 1 3 |. Find the inverse of A if it exists.
1 10
1 2 3

Let A= —1 1 3 |. Find LU-factorization of A
1 10

Let Az = b be linear system where A is an n X n singular. What can
you say a bout Az =0, and Ax = b,b € R™.

Let Az = 0 be linear homogeneous system where A is an 2 x 3 nonzero

1 1
matrix. If -1 ],| 2 are two solutions of the homogeneous
1 1

system. Find all solutions of Az = 0.

Let Ax = b be linear system where A is an 2 X 3 nonzero matrix. If
1 1
—1 |, O | are two solutions of the linear system Ax = b. Find
1 1

all solutions of Az = b, and a nonzero solutions of Az = 0.

If A, B are square n X n nonzero matrices such that AB = 0. Show
that A and B are singular.

If A, B are nonzero square n X n matrices such that AB = 0. Show
that the homogeneous system Ax = 0 must have infinite solutions.

If A, B are nonzero matrices such that AB = 0. Show that the homo-
geneous system Az = 0 must have infinite solutions.
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14. If A, B are n x n symmetric. Then AB is symmetric iff AB = BA.

15. If the reduced row echelon form of the augmented matrix of the linear

101 2 1 3
system Az =0bis | 0 1 2 |—1 |,anda; = 2 |,aa=| -2
000 |0 3 1

Find b
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Determinants

2.1 Determinants

Definition 2.1.1. If A is an n X n matriz, then the determinant of A is
denoted by det(A) or |A|. If Aisal1x1, say, A= (ay1). Then det(A) = ay,

and if A is a 2 X 2 matriz, say, A = @i ), then det(A) = ay1a92 —
a21  G22
a21G12
2 —1
Example 2.1.1. 1. Let A= ( 5 4 ), then det(A) = 2(4) — 3(—1) =

11
2. Let A= ( —1), then |[A| = -1

2.1.1 Cofactor Method

Definition 2.1.2. Let A be an nxn matriz, and let M;; be an (n—1)x (n—1)
matriz obtained from A by deleting the 1 — th row and the 7 — th column of

A. Then the minor of a;j is the determinant of M;;, and the cofactor of a;;
denoted by A;; = (—1)H) | M|

Definition 2.1.3. Let A be an nxn matriz. Then we define the determinant

_ a11, n=1 )
of A by 4] = { anAn +apAin + .o+ anAy, n>2 - (This

is called the expansion of the determinant of A along the first row of A).

23
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Theorem 2.1.4. Let A be an n X n matriz. Then |A| = ajAn + ainAip +

oo + QinAin. (This is called the expansion of the determinant of A along the
i —th row of A).

Theorem 2.1.5. Let A be an n x n matriz. Then |A| = a1;A1; + ag;Asj +

. +anjAn;. (This is called the expansion of the determinant of A along the
Jj — th column of A).

Mathematical induction
If S(n) is a mathematical statement then this statement is true for every
n ift

1. S(1) is true
2. Assume S(k) is true
3. Prove S(k +1) is true
Theorem 2.1.6. Let A be an n X n matriz. Then |A| = |AY].

Proof. 1. If n =1, then A" = A. So |A] = |AY|

2. Assume the result is true for n = k. ( That is, if A is of size k X k,
then |A| = |AY)

3. Let A be of size (k + 1) x (k+ 1) and expand |A| on the first row.
So |A| = CLHAH + ...+ alnAln = auAﬁl + ...+ CLLk_HAthJrl = atHAtH + ...+
1145111 = |A'] o

Theorem 2.1.7. Let A be an n X n matric.
1. If A has a zero row or a zero column, then |A| =0
2. If A has two identical rows or two identical columns, then |A| =0

Proof. 1. If A has a zero row, say i — th row, then compute |A| using that
row, so |A| =apAn + ... + @A =04+0+...+0=0

2. We use mathematical induction on the size of the matrix A 1. If n = 2,

sayA:(Z Z) Then |A| =ab—ab=0

2. Assume the result is true for n = k ( that is if A is of size k x k with
two identical rows then |[A| =0
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3. Let A be of size (k+ 1) x (k + 1) with two identical rows then
expand |A| on any row distinct from the identical rows, say row j. So
|A| = ajnAj + ... + k114 k+1, but now each A;; is a determinant of
matrix of size k with identical rows ¢,7,s0 A;; =0,i=1,...,k+1

O

Theorem 2.1.8. If A is a triangular matriz, then |A| = aj1a29...apy,. (That
is the determinant is the product of the entries in the main diagonal)

Proof. We use mathematical induction on the size of the matrix A 1. If
n=2,say A= @i @2 ) Cppen |A| = a11a29
0 ag

2. Assume the result is true for n = k.

3. Let A be of size (k+ 1) x (k+ 1) upper triangular then expand |A| on
the first column. So |A| = a1 A11, but now each Ap; is a determinant of an
upper triangular matrix of size k. So |A| = aj1as...an,

O
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2.2 Properties of the determinant

Theorem 2.2.1. Let A be an n X n matriz. Then

0, i FJ
aﬂAﬂ + aiQAjQ + ...+ CLmAjn = ‘A’ i — ]
P’FOOf. If 7 = j, then CLilAjl + aiQAjQ + ... + CLmAjn = CLﬂAil —+ aiQAZ’Q +
o +aiAy = |A]l. If @ # 7, let Ax be the matrix obtained from A by
replacing the j—th row of A by its i—th row. Expand the determinant of
A* using the j—th row. Since A* has two identical rows, so |A*| = 0. So,

0= |A*| = (]J;lA *41 —|—CL;2A;2 +...+ a;*nAjn = CLﬂAjl + CLiQAjQ + ...+ CLmAjn ]

2.2.1 Row operations

Theorem 2.2.2. Let A be a quare matrix and B is obtained form A by only
one row operation. Then

1. Type I:Type I (B is obtained by interchanging two rows of A. Then
|B| = —|A]

2. Type II: B is obtained form A by multiplying one row only of A by a
nonzero constant, say, . Then |B| = a|A]|

3. Type III: B is obtained by adding a multiple of one row of A to another
row of A. Then |B| = |A|

Proof. By MI on the size of the matrix (Exercise)
The above theorem is equivalent to the next theorem. O

Theorem 2.2.3. Let A be a square matriz and B = EA, F is an elementary
matrix. Then

1. Type I: If E is an elementary matriz of type I (E is obtained by in-
terchanging two rows of I,. Then |B| = —|A|

2. Type II: If E is an elementary matriz of type Il (E is obtained by
multiplying one row only of I, by a nonzero constant, say, . Then
|B| = oA

3. Type III: If E is an elementary matrixz of type 111 (E is obtained by
adding a multiple of one row to another row of I,,. Then |B| = |A]
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A special case of the above theorem, we get the next two theorems

Theorem 2.2.4. Let E be an elementary matrixz. Then

1. Type I:If E is an elementary matriz of type I (E is obtained by inter-
changing two rows of I,. Then |E| = —1

2. Type II: If E is an elementary matriz of type Il (E is obtained by
multiplying one row only of I, by a nonzero constant, say, . Then
B = a

3. Type III: If E is an elementary matrixz of type 111 (E is obtained by
adding a multiple of one row to another row of I,. Then |E| =1

Theorem 2.2.5. Let E be an elementary matrixz, and A be a matriz of the
same size of E. Then |EA| = |E||A]

Theorem 2.2.6. Let Ey, ..., Ey be elementary matrices. Then |E;...Ey| =

OR we can use MI. |

Theorem 2.2.7. A square matriz A is nonsingular iff |A| # 0

Proof. Let A be nonsingular. So A is row equivalent to I,,. Thus there
exist elementary matrices Fi, ..., By such that A = Fy, ..., Exl,. So |A| =
Byl Bal..| B| # 0

Conversely, if |A| # 0. Then we use row operations to change A into RREF.
So there exist elementary matrices E1, ..., By and a matrix U in RREF such
that A = E\, ..., ExU. Since |A] # 0. So |U| # 0, since all E!s are invertible,
and |A| = |Ey|...|Ex||U|. So U = I,,, and so A is invertible. O

Theorem 2.2.8. If A, B are n X n malrices, then |AB| = |A||B|

Proof. 1f A is singular then |A| = 0, and so AB is singular, and so |AB| =
Al B[ = 0.

So let A be nonsingular and so A is row equivalent to [,. Thus |AB| =
|E\Ey...E,B| = | EA||Bs|...| Ex||B| = |E1 Es...E4|| B| = |Al| B. O
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2.3 Adjoint and Cramer’s rule

Definition 2.3.1. Let A be n x n matrix. The adjoint of A denoted by
adj(A) is an n x n whose ij—th entry is Aj; that is adj(A) = C*, where
A A o Ang
C=4q An Ay Ay,
A Ao Ann,

Example 2.3.1. Find adj(A) of A= ( ?) _41 )

Solution A1y =4, Ay = =3, Ay =1, Ay =2, s0 adj(A) = ( _43 ; )

Theorem 2.3.2. Let A be n X n matriz. Then adjoint of Aadj(A) = |A|L,

Proof. The ij—thentry of Aadj(A) = anAj+...4aimAjn = { |Al, i=3j } _

0, t#]
|A|L, O
Theorem 2.3.3. Let A be n x n nonsingular matriz. Then A™! = adli(‘f)

Proof. Since A is nonsingular, so A1 exists. Multiply Aadj(A) = |A|I,, from

left by A, s0 adj(4) = |A|A". Since |A] £ 0, 50 A~ = <4 0

The above theorem gives another way to find the inverse if it exists, called
the cofactor method, or the adjoint method.
Cramer’s Rule

Theorem 2.3.4. Let A be n x n nonsingular matrixz. Then the solutions of
Ax = b are given by adjoint of v; = |“41;T| , where Ay, is a matriz obtained from

A by replacing the i—th column of A by the column b

Proof. Since A is nonsingular, so A™! exists. Multiply Az = b from right
A Ay o Ag

—1 . ~17 _ adj(A) —L
by A=, so x = A7'b = Al b. SO$_|A\ A, Ay . A

Ay, Ao . Ay
T = %(blAli +boApp+ ...+ b, Ay = ||AX"| O
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Remark 2.3.5. Cramer’s rule is not practical since it can be used only if the
system has a unique solution, also the number of operation are very large
since it involves computing the determinants.

Example 2.3.2. Use Cramer’s rule to solve the linear systems
1. Ax = b, where
2 —1 2
=(55)(3)

2. Ax = b, where
2 1 2
A=(53)0-(3)

Solution (1) |A| = 11, so A is nonsingular, so Ay, = ( g _41 ) ,Agy =

2 2
( 3 3 ) So |Ayy| = 11, Ag| = 0. Thus 2y = 2l = 1,2, = 2l = 0

(2)]A| =0, so A is singular, so we can’t use Cramer’s rule
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Exercises.
1. Answer the following by true false

(a) If A, B are n x n matrices. Then A, B are nonsingular iff AB is
nonsingular

(b) If E is an elementary matrix. Then E~! = F

(c) If E is an elementary matrix. Then |E~!| = | E|

(d) Let A, B be n X n equivalent matrices. Then |A| = |B].

(e) Let A be n x n. Then |aA| = alA|.

(f) Let A ben x n. Then |adj(A)| = |A|.

2. Use Cramer’s method to solve the linear system Ax = b whose aug-

1 23| 1
mented matrix [ —1 1 3 | 0
1 10| -1
1 2 3
3. Let A= —1 1 3 |. Find the inverse of A using the adjoint.
1 10

4. If A is a square n X n matrix. Show that A is nonsingular iff adj(A) is
nonsingular.

5. If A is a square n X n matrix. Show that |adj(A)| = |A|" .
6. If A is a square n X n matrix. Show that adj(adj(A)) = |A|"2A.

1 2
7. Let adj(A) = -1 1
1 1

. Find A.

S W W

Sample First Exam

Q1 :(20 points) Answer the following statements by true or false

(a) If A, B are square n X n nonzero matrices such that AB = 0, then
A and B are singular.
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(b) If A = LU is the LU-factorizaton and A is singular then U is
singular.

(c) If A, B, AB are n x n symmetric matrices then AB = BA.

(d) If A is symmetric and skew symmetric then A must be a zero
matrix.( A is skew symmetric if AT = —A).

(e) If Aisan nxn nonsingular matrix then det(adj(A)) = (det(A))" .

(f) If the system Az = b is consistent then b is a linear combinations
of the columns of A.

(g) If A, B are square n X n matrices and AB is singular then A and
B are singular.

(h) If A is row equivalent to B then det(A) = det(B).

(1) If the coefficient matrix of the system AX = b is singular then the
system has infinitely many solutions.

(j) In the linear system Ax = b, if b is a linear combinations of the
columns of A then the system has a unique solution.

(k) If the row echelon form of the matrix A involves a free variable,
then the linear system AX=b has infinitely many solutions.

(1) a square matrix A is nonsingular iff its row echelon form is the
identity matrix.

(m) If AB=AC, A#0, then A = B.

(n) In the linear system Ax = b, if b is the first column of A, then the
system has infinitely many solutions.

(o) If det(A) = det(B), then A= B

1 23 | 2
Q2 (20points) Let A=| —1 1 3 | 4 | be the Augmented matrix
1 2 a | p
of a linear system. Find the values of «, # so that the system

(1) is consistent

(ii) inconsistent
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1
Q3 (20points) Let A =| —1
1

— = N

3
3 | be the coeflicient matrix of a linear
0

system AX =b. Find
(i) LU-factorization of A
(ii) Use LU-factorization to solve the system AX = b, where b= (1,1,1)"
Q4 (20points) Let A be an n X n nonsingular matrix
(i) Show that adj(adj(A)) = |A|"2A.

(ii) Let A, B be n x n square symmetric matrices. Show that AB = BA iff
AB is symmetric
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Vector Spaces

3.1 Definition and Examples

Definition 3.1.1. A none empty set V with two operations + : V xV =V,
-t RxV —V is called a vector space iff the following holds

I.a+beV,Va,beV

aa €V, VYae RVNaeV

0V suchthat0+a=a+0=a,VaeV
VaeV,—aeV,anda+—a=—-a+a=0
Va,b,ceV,a+ (b+c)=(a+b)+c
Ya,beV,a+b=b+a

(aB)a = a(fa),Va, 5 € R,Na €V

ala+b) = aa+ ab,Va € R ¥Na,b eV

© % NS v L e

(a+ B)a = aa+ fa,Ya,B € RNa eV
10. 1-a=a,VaeV

Example 3.1.1. 1. R with usual addition and multiplication is a vector
space

33
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2. Myxm = R™™ s the set of all m x n matrices under addition and
scalar multiplication of matrices is a vector space

3. The set of all real valued functions under addition and scalar multipli-

cation of functions: (f + g)(x) = f(x) + g(z), (af)(z) = af(z) is a
vector space

The zero polynomial denoted by Z(x) or 0(z) is of degree zero
4. Cla,b) =A{f:[a,b] = R: f is continuous on [a,b]} under addition and

scalar multiplication of functions: (f + g)(z) = f(z) + g(x), (af)(z) =
af(x) is a vector space

5 C"a,b] = {f : [a,b] — R : f™ is continuous on [a,b]} under ad-
dition and scalar multiplication of functions: (f + g)(xz) = f(x) +
g(x), (af)(z) = af(x) is a vector space

6. P, ={f(z) =a, 12" '"+...a1x+ay,a.s € R} under addition and scalar

multiplication of functions: (f +g)(x) = f(x)+ g(z), (af)(x) = af(z)
18 a vector space

7.V = {f(x) : deg(f) = 3} under addition and scalar multiplication of

functions: (f + g)(x) = f(x) + g(x), (af)(x) = af(x) is not a vector
space

8. Q, Z are not vector spaces.

9. {(0,a) : a € R} under addition and scalar multiplication of matrices is
a vector space

10. {(1,a) : a € R} under addition and scalar multiplication of matrices is
not a vector space

Theorem 3.1.2. Let V' be a vector space. Then
1. 0v=0YveV
2. Ifx+y=20, theny = —=x
3. —1-v=—v

Proof. 1. If0=0+0, so (0+ 0)v = 0v. Thus Ov + 0v = Ov, add to both
sides —0v. So, 0v+ 0v + —0v = 0v = + — Ov. Thus Ov+ 0 = 0. Hence,
Ov=0
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2. Add —z to both sides of x +y =0. So, —x +x +y = —x + 0. Thus

y=—u.

3.0 =14 —-1,s0 (1+ —1)v = 0v = 0 by 1. Thus lv + —1v = 0, so
v+ —1v = 0. Add to both sides —v. So, —v +v + —1v == —v. Thus
—1lv = —v.

]
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3.2 Subspaces and spanning sets

Definition 3.2.1. A none empty subset S of a vector space V is called a
subspace of V' iff the following holds

1. x+yeSVr,ye s
2. a-xeSVreSVaeR
Theorem 3.2.2. Let S be a subspace of a vector space V. Then 0 € S

Proof. Since S is a subspace of V', s0 S # ¢. Let x € S. So 0z =0¢€ S
O

Remark 3.2.3. Let S be a subset of a vector space V. If 0 ¢ S, then S is not
a subspace of V

Example 3.2.1. 1. S={A,«,:|A| =0}, V ={A,xn}, is not subspace,
since the sum of two singular need not be singular

2.8 ={Anxn : |A| # 0}, V ={Anxn}, is not subspace, since the sum of
two nonsingular need not be nonsingular. Also the zero matriz is not

nonsingular

3.8 ={Amxn:a11 =0,V ={A,xn} is a subspace

4. S={Apxn: A=A}, V ={A,xn} is a subspace

5. 8 ={Anxn : A, is triangular } is not a subspace

6. S =C3a,b], V=_Cla,b]} is a subspace

7.8 = P,, V = C(R)} is a subspace, where, C(R) is the set of all
continuous functions on R.

8. S =A{(a,b) :a+b=1a,b € R}, V ={(a,b)' : a,b € R} is not a
subspace

9. {(1,a)" :a € R}, V={(a,b)" : a,b € R} is not a subspace
10. {(0,a)' :a € R}, V ={(a,b)" : a,b € R} is a subspace
Proof. HW O
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The Null Space of a Matrix

Definition 3.2.4. Let A be m x n matriz. The null space of A denoted by
N(A)={r € R": Az =0}

Theorem 3.2.5. Let A be m x n matriz. Then N(A) is a subspace of R™
Proof. 1. N(A) # ¢ since 0 € N(A)

2. Let z,y € N(A). Then Az = 0,Ay = 0, so A(x +y) = Az + Ay =
0+0=0. Sox+ye N(A)

3. Let z € N(A),a € R. Then Az = 0, so A(ax) = aAz = «(0) =0, so
ax € N(A) So N(A) is a subspace of R"
[

Linear Combinations.

Definition 3.2.6. Let V be a vector space and let vy, vo, ..., v, € V, 1, Co, ...y €
R. Then a vector civ1 + cavg + ... + cpvy s called a linear combination of
the vectors vy, v, ...,v,. The set of all linear combinations of vy, vy, ..., vy 1S
called the span of v, vs, ..., v which is denoted by Span(vy,va, ..., vy)

1 1
Example 3.2.2. 1. v= ] 2 s a linear combination of a = | 2 |,
3 3

and b = , since v = la + 0b

2. Isv = ( ;) a linear combination of a = ( (1) ), and b = ( 1)

Solution. Let v = cia + cob, if the system has a solution then v is a
linear combination of a,b

ot (3)=a (3 ) (1)

We get the linear system whose augmented matrix ( é 1 I ; ) and

o O O

this system has a unique solution co = 2,¢4 = —1, so v is a linear
combination of a and b.
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Theorem 3.2.7. Let V' be a vector space and let vi,vs,...,vx € V. Then
Span(vy, va, ..., vx) is a subspace of V

Proof. 1. Span(vi,ve,...,vr) # ¢, since 0 = Ovy + Ovg + ... + Qv €
Span(/Ul; V2y -eey Uk)

2. Let z,y € Span(vi,ve,...,vx). Then x = ajv; + asve + ... + gy,
Y =101+ CoUg + ... + k. Sox+y = (ag + c1)vy + (e + co)vg + ... +
(g + cp)vg € Span(vy, v, ..., vg)

3. T =101 + aovy + ... + v, € R. Then ax = acjv; + acgvs + ... +
aogug € Span(vy, vy, ..., vg) So Span(vy, va, ..., vx) is a subspace of V'
]

Theorem 3.2.8. Let V' be a vector space and let S,T be subspaces of V.
Then

1. ST is a subspace of V
2. SUT is not always a subspace of V'

3. S+T={x+y:xe€S,yeT} isasubspace of V

Proof. HW 0

Definition 3.2.9. Let V' be a vector space. A set of vy,v9,...,v € V is
called a spanning set of V' iff every vector v € V is linear combination of
V1, V2, ..oy V. That is V = Span(vy, v, ..., vg)

Notation
Let V = R™, and let ¢; be an n x 1 column matrix with 1 in the ith
component and zero otherwise, that is e; is the ¢ — th column of I,,.

Example 3.2.3. 1. ey,¢9,...,e, span R", this is called the standard span-
ning set for R". Since if v = (11,19, ...,2,)" € R", then * = x1e; +
ot xne,

2. 1,z,....a" 1 span P,, this is called the standard spanning set for P,.
Since if f(x) = ap + a1 + asx® + ... + ap_12" 1 € P,, then f(z) =
ao(1) + (a1)x + (az)x?® + ... + (ap_1)x™ !
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1 1 0
Example 3.2.4. 1. Does vy = | 2 |, vy = 2 l,us=1| 0 span
3 2 1

R3

2. ]Svlz(;),vgz(é>,03:(1) a spanning set for R?

3. Isvy =x,v9 = 1,v3 =2z — 1 a spanning set for P,

Solution.
a

1. Let v = b |, and let v = cyv; + cov9 + c3v3. This system is not
c

always consistent, why

2. Let v = ( Z ), and let v = c1v; 4+ cov9 4 c3v3. This system is always

consistent, why

3. Let v =ax+b € P, and let v = cyv; + cov9 + c3v3. This system is
always consistent, why

Linear System Revisited

Theorem 3.2.10. Let A be an m X n matriz, and let the linear system
Ax = b be consistent with xo a solution. Then y is a solution of Ax = b iff
Yy = o+ z, where z € N(A)

Proof. A(xo+ 2z) = Axg+ Az =b+0=b, so xo + z is a solution of Ax = b.
Also, if y is another solution of Ax = b, then y — xq is a solution of Az = 0,
since A(y — x9) = Ay — Azg =b—0b=0. Soy —zp € N(A). That is there
exists z € N(A) such that y —xg=2. Soy =9+ 2

]
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3.3 Linear Independence

Definition 3.3.1. Let V' be a vector space. A set of vi,va,...,v, € V is called
linearly independent (1i) iff the only solution of cyvy + asvy + ... + agvr, = 0
s the zero solution a; = an = ... = a = 0. Otherwise, they are linearly
dependent (Id).

1 1 0
Example 3.3.1. 1. Isvy=| 2 |,uo=1[ 2 |,o5=1 0 | &
3 2 1

1 1 .
2. [801:(2),1}2:(())[@

1 1 1 .
3. [51}1:(2),112:(0),03:(1)12

4. Isvy =x,v3=1v3=2x—110

Solution.
1. Let civ; 4+ cov9 + c3v3 = 0. So we solve the homogeneous system
1100
vy =12 2 0 | 0 |, and the coefficient matrix is singular so it
32110

has infinite solutions. So the vectors are 1d

2. Let civq + cove = 0. This system has aunique solution. So the vectors
are li

3. Let cyv1 4+ covg + c3vg = 0. This system is underdetermined so it has
infinite solutions. So the vectors are 1d

4. Let v = cjv1 + covg 4 c3v3. This system is underdetermined so it has
infite solutions. So the vectors are 1d

Remark 3.3.2. Any set of vectors that contain the zero vectro are Id. Why?

Theorem 3.3.3. A set of vectors vy, vs, ..., v in a vector space V' are ld iff
one of them is a linear combination of the remaining set of vectors.
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Proof. =. Say v, is a linear combination of v, ..., vx. So there exist constants
C2, ..., Cx € R such that v; = coua+...4+cxvg, and so (—1, ¢a, ..., ¢x) is a nonzero
solution of ayvy + ... + agvr, = 0. So vy, va, ..., vy are 1d.

<. Let vy, v9,...,v; be linearly dependent, so ajv; + ... + apvp = 0 has a
nonzero solution,say, (¢, g, ..., ¢x), and at least one of the ¢s is nonzero,say,
c1. Sov; = ;—?v2+...+%vk, and so vy is a linear combination of vo, ..., v, [

Theorem 3.3.4. A set of vectors vy, va, ..., g in a vector space V are li iff ev-
ery vector v € Span(vy, va, ..., vg) is uniquely written as a linear combination

0f’U1,U2, vy Uk

Proof. =. Suppose v € Span(vy,ve,...,vx) are not uniquely written as a
linear combination of vs, ..., vg,say, v = @v1 + ... + RV = 11 + ... + BrUg.
So (a1 — fr)vy + ... + (o — Br)vk = 0. So (aq — P, ..., . — Pi) is a nonzero
solution of civy + ... + cpvr = 0. So vy, v, ..., v, are Id.

<. Let ajv; + ... + agvp, = 0. Since, Ovy + ... + Ov, = 0, and 0 €
Span(vy, vg, ..., vg), so a; = 0,..,a = 0. Thus, vy, ..., vy are li. ]

Theorem 3.3.5. A set of vectors vy, vs, ..., v, in a vector space R™ are li iff
the matriz A = (vq, vy, ..., v,) s nonsingular.

Proof. vi,vs,...,v, are li iff ayv; + ... + @, v, = 0 has only the zero solution
iff A is nonsingular. m

Theorem 3.3.6. Let a set of vectors fi, fo, ..., fn in C" a,b] be ld, then
fi o fa
i
A= 15 singular.
RN
Proof. Suppose fi, fa, ..., fn in C"[a,b] be 1d, then there exist constants
c1v1 + ... + cxv, not all zeros such that ¢i f1 + ... + ¢, f, = 0. Take all (n —1)
derivatives of the previous equation, we get civ; + ... + cxv, iS a nonzero

i fa i o fa

i i
solution of X =0. So A = is

L e L e

singular. O]
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Definition 3.3.7. Let fi1, fa, ..., fn in C"[a,b]. The Wronskian of f1, fa, ..., fn
denoted by W (f1, fay ..y fn) is defined by W (f1, fay ..y fn) = |A|, where A =
fi o Ja
o

P
Theorem 3.3.8. Let fi, fo, ..., fr in C" Ya,b]. If W(f1, fa, s [n) # O for
some x € |a,b]. Then fi, fa,..., fn are li

Proof. Follows from the above theorem by contrapositive. O

Remark 3.3.9. Let fi, fo, ..., f in C"Ya,b]. If W(fy, fo, ..., fu) = 0. Then
test fails

Example 3.3.2. 1. 22, 22% are Id, but W (2?,22%) =0

2. x? z|x| over CY—1,1] are li, but W (z? z|z|) = 0

3. Isx, 2% x — 1, sin’x, cos’x, e li?
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3.4 Basis and Dimension

Definition 3.4.1. A set of vectors vy, vs, ..., v, in a vector space V is a basis

for V aff:
1. vy, v9,...,0, span V'
2. V1,0V, ..., U, are li

Example 3.4.1. 1. ey, eq,...,e, is a basis for R™ called the standard basis
2. 1,2,....a" 1 is a basis for P, called the standard basis

3. Is E;j such that e;; = 1 and 0, otherwise is a standard basis for R™*"

1 1 1
4= 2 |,vo=| 1 |,v35=1 0 | isa basis for R
3 0 0

5 1+ x,x+ 3 is a basis for Py

Theorem 3.4.2. Let a set of vectors vy, ve, ..., v, be a spanning set for V. If
Wi, W, ..., Wy, € V., >mn. Then wy, wa, ..., w, are ld

Proof. Let cywy + ... + apywy = 0. Since vy, vg, ..., v, span V, so for each wj,
there exist ¢;;,7 = 1,...,n € R such that w; = ¢;jv1 + V2 + ... + cinvy,. Now
substitute w; = c;1v1 + CipUo + ... + Cpv, N aqwy + ..+ apwy = 0, we get
an n X m homogeneous system with m > n. So the system has a nonzero
solution. So, w1, wa, ..., w,, are 1d. n

Theorem 3.4.3. Let V' be a vector space with two basis vy, vs,...,v,, and
Wy, W, ..y Wy, Then m = n.

Proof. Since vy, v, ...,v, span V, and wi,ws,...,w,, are li, so by previous
theorem m < n . Similarly, since wq, ws, ..., w,, span V, and vy, vy, ..., v, are
li, so by previous theorem n < m. So m = n. O]

Definition 3.4.4. Let V' be a nonzero vector space. If V has a finite basis
V1, V2, ..., Upn, then V' 1s called finite dimensional vector space with dimension
n, written dim(V') = n. The zero vector space {0} has dimension zero with
basis ¢. Otherwise, V is called infinite dimensional, written dim(V') = oo.

Example 3.4.2. 1. R" has dimension n
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2. P, has dimension n
3. R™*™ has dimension n.m
4. C"[a,b] has dimension oo

Theorem 3.4.5. Let V' be a vector space with dimension n. Then the fol-
lowing are equivalent(FAE)

1. v1,v9,...,0, 1S a basis
2. V1,Vg, ..., U, Span
3. vy, V9, ..., Uy are li.

Proof. 1 = 2. Clearly, if vy, vs, ..., v, is a basis for V', then vy, vy, ..., v,, span
V.

2 = 3. So let vy,vq,...,v, span V but 1d. So one of them is a linear
combination of the others, say, so v; € Span(vs,...,v,). If vy, ..., v, are li
then vs, ..., v, is a basis for V' with n — 1 vectors, a contradiction. So vy, ..., v,
are ld, and so one of this set is a linear combination of the remaining set,
say, vy € Span(vs, ..., v,). Similarly, if vs, ..., v, are li, then vs, ..., v, is a basis
for V with n — 2 vectors, a contradiction. We continue the same process and
at some stage, we must get a set which is li and span V' that is it is a basis
with fewer than n vectors, a contradiction. So, vy, vy, ...,v, are li. 2 = 3
Let vy, v9,...,v, be li, but does not span V, so there exists a nonzero vector
u €V and u ¢ span(vy, vy, ..., U,). SO, u, vy, Ve, ..., v, are ld, and so there exist
¢i,7=1,...,n+1 € Rnot all zeros such that c;v;+covo+...+c v, +Cpi1u = 0.
But ¢,41 # 0 for if ¢,;1 = 0, then vy, vs, ..., v, are ld, a contradiction. But,
cnp1 # 0 implies u is a linear combination of vy, vy, ..., v,, a contradiction.
So, vy, Vs, ..., v, span V. O

Remark 3.4.6. Let V be a vector space with dimension n > 0. Then
1. A set of v1,v9, ..., v, m > nis 1d.
2. A set of vy, v, ...,0,,, m <n can not span V.
3. A li set of vy, v9,...,v,,, m < n can be extended to a basis for V.

4. A spanning set of vy, vy, ..., vy, m > n can be reduced(pared down) to
a basis for V.
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Remark 3.4.7. 1. [e, ea, ..., e,] is called the standard basis for R".

2. [1,x,...,2" ' is called the standard basis for P,.

45
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3.5 Change of Basis

Definition 3.5.1. Let V' be a vector space with an ordered basis B = [v1,va, ..., Up),
and v € V. Then there exist cy...,c, € R such that v = civ1 + ... + c,v,. The
vector (cy, ..., cy)t € R™ is called the coordinate vector of v with respect to the
basis B denoted by [v]p

Now, let V' be a vector space with two basis B = [vy,vs,...,v,], and
S = [wy,ws,...,w,], and v € V. Is there a relation between [v]p, and [v]s.
We start with a simple example.

Example 3.5.1. Let V = R? with basis [uy,,us], say, uy = (ui1,u12)’, ug =
(ug1,u9)t and let v = (x1,29)" € R?, then there exist c,co € R such that

v = (z1,22)" = o + caua. So, (wr uy) ( “ ) = (Il ) That is

Co i)
( itz ) ( “ > = < o ) Let U = [uy,us], then U is called the
Uiz U2 Co To
transition matriz from the basis B into the standard basis [ey, es], and U™t is
the transition matriz from the standard basis [ey, es] into the basis U = [uy, us]

In general, if B = [uy, us], S = [wy, ws] are any two none standard basis
of R?, let Uy = (uy,uy) be the transition matrix from B = [u1,us] into
the standard basis [eq, es], and Uy = (wy,ws) be the transition matrix from
S = [wy, ws] into the standard basis [e1, e3]. Then the transition matrix from

Binto S'is U = U, 'U;

Theorem 3.5.2. Let V be a finite dimensional vector space with dimension

n. If B = [vy,v9,...,0,], S = [wy,wy,...,w,]. Then the transition matric
from the basis B into the basis S is the n X n nonsingular matriz
U= ([U1]57 [UZ]Sa ceey ['Un)S}~

Remark 3.5.3. Let V be a finite dimensional vector space with basis B, and
let vy, ..,v, € V. Then

L v +ve+ ... + vl = [n]g + [vo]B + ... + [Uk]B

2. vy, .., v are 1i iff [v1]p, [vo] B, ..., [Uk] B are li.
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3.6 Row space, Column space, Rank, and Nul-
lity
Definition 3.6.1. Let A be m x n matriz. Then

1. The row space of A is the subspace of R" spanned by the rows of A
denoted by R(A), that is R(A) = spanlai, a3, ..., an)

2. The column space of A is the subspace of R™ spanned by the columns
of A denoted by C(A), that is C(A) = spanfay, as, ..., am)

3. The null space of A is the subspace of R"™ which is the solution of the
homogeneous system Ax =0 denoted by N(A).

4. The nullity of A denoted by Null(A) = dim(N(A).
5. The rank of A denoted by rank(A) = dim(C(A).

Theorem 3.6.2. Let A, B be mxn equivalent matrices. Then R(A) = R(B).
Consequently, if U is the REF of A, then R(A) = R(U)

Proof. If A, B are row equivalent, then the rows of A are linear combinations
of the rows of B, so R(A) C R(B). Similarly, the rows of B are linear
combinations of the rows of A, so R(B) C R(A). So, R(A) = R(B). O

Theorem 3.6.3. Let A be m x n matriz. Then dim(R(A)) = dim(C(A)).
Theorem 3.6.4. Let A be m x n matriz. Then Rank(A) + Null(A) = n.

Proof. Let U be the REF of A. Then dim(R(A)) = dim(R(U)) is the number
of leading variables, and the dim(N(A)) = dim(N(U)) is the number of free
variables. So, Rank(A) + Null(A) =n O

Theorem 3.6.5. Let A be m x n matriz. If U is the REF of A, then the
columns of A that correspond to the leading 1's in U is a basis for C(A)

Example 3.6.1. Find R(A),C(A), N(A), null(A), rank(A) of A =

— N = =
DN = DN DN
_ o O O
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1 20 -1

. . 001 0
Solution. REF of Ais U = 000 2 | So,

000 O

1. Basis for R(A4) is (1,2,0,-1),(0,0,1,0),(0,0,0,2)

2. Basis for C(A) is (1,1,2,1)%,(0,0,0,1)*,(—1,1,0, —1)
3. Rank(A) =3

4. Null(A) =1

5. N(A) = (-2, ,0,0)",« € R with basis (—2,1,0,0)"

Back to the linear system Az =0

Recall that the consistency theorem of the linear system Az = b says
that the linear system Az = b is consistent iff b is a linear combination of
the columns of A iff b € C'(A). Consequently we get the following theorem

Theorem 3.6.6. Let A be m X n matriz, b € R™. Then
1. The linear system ax = b is consistent for every b € R™ iff C(A) = R™.

2. The columns of A are li, iff the linear system Ax = b is either incon-
sistent or has a unique solution.

Theorem 3.6.7. Let A be n x n matriz. Then A is nonsingular iff the
columns of A form a basis for R".
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Sample Exam Q1: (45 points)

(1) Let V' be a vector space. Mark each of the following statements by true
or false.

(a) Foranyv eV, —veV. T

(b) For any v,w e V,v-weV. F

(c) ForanyveV,20eV. T

(d) Foranyv e V,0veR. F

(e) V could be equal ¢. F

(2) Let V be a vector space, v1, v2, v3,v4 span V. Mark each of the following
statements by true or false.

(a) dim(V)=4. F
(b) dim(V) > 4. F
(¢) dim(V)<4.T
(d)
)

(e) Any basis of V' has exactly 4 vectors. F

any set of more than 5 vector in V' are linearly dependent. T

(3) Let V be a vector space, dim(V') = 5. Mark each of the following state-
ments by true or false.

a) If vy, v, v3,v4,v5 in V, then vy, v, v3,v4, v5 is a basis for V. F

)

b)

(¢) If v1,v9 in V, then vy, vy can’t span V. T
)

(
(

If v1,v9 in V, then vy, vy are linearly independent. F

(d) If vy, v9,v3,v4,v5 in V, and v € V, then v € Span(vy, vy, v3, vy, Vs).

F
(e) If B is a basis for V, then vg € R°. T

(4) Let A be 3 x 3 matrix such that |A] = 0. Mark each of the following
statements by true or false.

(a) Rank(A)=3. F
(b) Rank(A) <3. T
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(5) Let A, B be n X n nonzero matrices such that AB = 0. Mark each of the
following statements by true or false.

(a) Az = 0 has a nonzero solution. T
(b) Ran(A) = Rank(B). F
(¢) Ran(B) < Null(A). T
(d) Ran(A) < Null(B)
)

(e) Az = 0 has only the zero solution. F

(6) Let A, B be subspaces of a vector space V. Mark each of the following

statements by true or false.

(a) A B is a subspace of V. T

(b) AlJ B is a subspace of V. F

(¢c) A+ B={z+y;xz € A,y € B} is a subspace of V. T

(d) 24 ={2x:x € A} is a subspace of V. T

(e) ANB#¢. T
Q2: (10 points) Let A, B be subspaces of a vector space V.

(a) Show that A() B is a subspace of V/
See notes

(b) Let A be m x n matrix. Show that N(A) is a subspace of R".
See notes

Q3: (10 points)
Let V.=Pyandlet S={feV:f(0)=0,f(1) =0}
(a) Show S is a subspace of V'
Do it
(b) Find a basis for S 2% — x
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Q4: (20 points)
1 1 2 1 4

Let A=[1 -1 2 —1 6 |. Find
3 1 6 1 14

(a) A basis for row space of A

(b) A basis for column space of A

(c¢) A basis for null space of A

(d

) Rank(A)

Q5: (25 points) Let T : R*? — R?® defined by T(z,y) = (v — 2,y —
T, r — y)

(a) Show T is a linear transformation

(b) Find the matrix representation of 7" with respect to the standard
basis of R?, R?

(¢) Find a basis for ImmT

(d) Find a basis for kerT

(e) Find all v € R*: T'(v) = (1,1,1)

Q6: (10 points) Let V=P, B=[1 —z,2+ x|, F = [1 + 2x,2 — 3x]
(a) Find the transition matrix S from B into F

(b) Use the transition matrix S to find the vector v where v = (2,5)"
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Linear Transformations

4.1 Definitions, Examples, and Basic Prop-
erties

Definition 4.1.1. Let V,W be vector spaces. A mapping (a function)
L:V — W is called a linear transformation (LT) iff
(a) L(vy +vy) = L(vy) + L(ve),Yvy,v9 € V
(b) L(aw) = aL(v),Yv € V,Va € R
Example 4.1.1. (a) L : R*> — R? L((z,y)") = (x,—y)" is a linear
transformation (reflection on X -axis)

(b) L : R*> = R* L((z,y)") = (—x,y)" is a linear transformation (re-
flection on y-axis)

(c) L:R*>— R* L((z,y)") = (22,y)" is not a linear transformation

(d) Let V' be a vector space, and let vy € V., L :V — V, L(v) = v + v
1s a linear transformation iff vg = 0

(e) L:R*>— R* L((z,y)") = (z,y + 1)" is not a linear transformation

Theorem 4.1.2. Let V., W be vector spaces, and let L : V. — W be a
linear transformation. Then

(a) L(Oy) = Ow

52
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(b) L(vy —v9) = L(vy) — L(vy),Yvy,v9 € V

(¢) L(cyvi+agvet...4anv,) = a1 L(vy)+as L(ve)+...4ay, L(vy,), Vo, va, ...

V.¥ay,as,...,a, € R

Proof. (a) L(0y) = L(00y) = 0L(0y) = Oy

(b) L(vqy —v2) = L(vy + —1vg) = L(vy) + L(—1vy) = L(vy) — 1L(vq) =
L(v1) — L(vg),Yvy, v € V

(¢c) BY MI
m

Remark 4.1.3. Let V,W be vector spaces, and let L : V — W be a
mapping. If L(0y) # Ow, then L is not a linear transformation

Theorem 4.1.4. Let V,W be vector spaces, and let L : V. — W be a
mapping. Then L is a linear transformation iff L(avy + Bug) = aL(vy) +
/BL(UQ),\V/U17U2 S Vv,\V/Oé,/B €ER

Example 4.1.2. (a) L : C[0,1] — R% L(f(z)) = ( Jo ]f:g))d“" ) is a

linear transformation
(b) L:Py— Py, L(f(x)) = f'(x) is a linear transformation
(¢) Let A be mxn matriz, and let L : R* — R™, L(X) = AX,VX € R"

is a linear transformation

Remark 4.1.5. Let V,W be vector spaces, and let V' be a finite dimen-
sional vector space with basis B = [vy,...,v,], and let L : V. — W
be a LT. Then L is completely determined by the basis B. That if
L(vy), ..., L(vy,) are given then for any v € V,v = ¢yv1 + ... + ¢, v, and so
L(v) = c1L(v1) + ... + ¢, L(vy,)

4.1.1 Kernel and images

Definition 4.1.6. Let L : V — W be a linear transformation. Then

(a) The kernel of L denoted by kerL = {v € V : L(v) = Oy}

(b) The image (or the range)of L denoted by ImmL (or L(V) or Ry )
is defined by L(V) = {w € W :w = L(v) for somev €V}



CHAPTER 4. LINEAR TRANSFORMATIONS o4

Theorem 4.1.7. Let L : V — W be a linear transformation. Then

(a) kerL is a subspace of V
(b) L(V) is a subspace of W

Proof. (a) 1. 0 € kerL, since L(0) =0
2. Let vy,vy € KerL. Then L(vy) = L(vy) = 0, so L(vy + vq) =
L(v) 4+ L(vg) =0+ 0= 0. Hence, v; + vy € KerL
3. Let v € kerL,a € R. Then L(aw) = aL(v) = a0 = 0, so
av € KerL. Thus KerlL is a subspace of V

(b) 1. 0 € ImmL, since L(0) =0
2. Let wy,ws € ImmL. So there exist vi,vy, € V such that w; =
L(v1), ws = L(v3), so wy +wqy = L(v1) + L(vy) = L(vy +v3) € L(V).
3. Let w € ImmL,a € R. So there exist v € V such that w = L(v).

Then aw = aL(v) = L(aw) € ImmL. Thus ImmL is a subspace
of W

]

Example 4.1.3. Find the kernel and image of the following linear trans-
formations

@) Li P B2 ) = ()

)
(b) L: Py — P, L(f(z)) = f'(z)
(¢c) L:RY— R? L((x1,79,73,24)") = (x1 + 22 + 13, 74)"

Solution:

() 1. Kerl = {f(z) = az + b : L(f(z)) = ( foljfg))dx ) - ( 8 )
So < %Zb) — < 8 ) Soa=b=0. Thus KerL = Z(z) = 0(x)
2. ImmL = {(x,y) € R : (x,y)' = Llaz +b) %Zb>

.x—|— — =

1 1 1 1
5 : . 5 o
a(o)—l—b(l). SO,&b&SleOl"L(PQ)IS(0),(1>WhIChIS

a basis for R?. So, ImmL = R?
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f'(z)

(b) L: Py — P, L(f(x)) =
) : L(ax +br+c)=2ax+b=0}. Soa=b=0.

1. KerL = {f(x
Thus KerL = f(x) =
2. ImmL = {(g(x) € P2 : g(x) = L(az? + bx + ¢) = 2ax + b. So, a
basis for L(Ps) is 2z, 1 which is a basis for P,. So, ImmL = P,

(¢) 1. KerL = {(x1,29,23,24)" : L((x1,22,23,24)") = (x1 + 22 +
x3,x4)" = (0,0)'}. So, x4 = 0,27 = —x9 — x3. So KerL = (—x9 —
x3, T, x3,0)", and so a basis for KerL is (—1,1,0,0)", (-1,0,1,0)*
2. ImmL = (z,y)" = (r1 — 22 + 23, 24)" = 21(1,0)" + 29(—1,0)" +
z3(1,0)" + 24(0,1)" with basis (1,0)*,(0,1)". So, ImmL = R?
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4.2 Matrix Representation

Theorem 4.2.1. Let V, W be finite vector spaces with basis E = [vy, ..., v,], F =
(W1, ..., W], Tespectively, and let L -V — W be a linear transformation.

Then there exists an mxn matriz A called the matrix representation of L

, with respect to the basis E, F, such that for anyv € V, [L(v)]r = A[v]g.
Moreover, A = ([L(v1)]r, [L(v2)]F, -y [L(vn)]F)

Example 4.2.1. Find the matrixz representation of the following linear
transformations

(a) L:P,— R? L(f(x)) = ( fol }f((g))dx ) with respect to the standard

basis

(b) L:Py— Py, L(f(x)) = f'(x) with respect to the standard basis

(c) L:Py— Py, L(f(x)) = f'(z) with respect to the basis [1—z,2x, x>+
x], [1, x]

(d) L:Ps— Py, L(f(x)) = f'(x) with respect to the basis [1 —x,2x, x>+
zl, [z, 1]

(e) L:R*— R? L((x1,72,23,74)") = (1 — T2+ 3, 14)" with respect to
the standard basis

Solution:

(a) A= (L<1)[61762}7 L(:C)[el,eﬂ) = ((17 1)1[:31,@2]7 (%70)1[531,62]) = (

I
VR

(b) A= (L) L@ L@ pa) = Opa)s 1pe), 220.4)

()A (L(L — @) pa)s L(22) 0], L(2® + 2)11,0) =
]-[136]92[1x]7(2x+ ) )

-1 2 1

0O 0 2
A (L( l‘)[:cl]: (21‘)@1],[/(%2—{—35)[171}):
( 1:}01]72[1 ]7(2x+ ) )

<1%>
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(64)[61,62}) =

(e) A= (L(el)[e162]7L< )61627 ( )6162
((170)fel,eg]( 1 0)[61 eg]( )tel ea]’ , (0, )[el 32]):
1 -1 10
(0 0 0 1

o7
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Inner Products

o8
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Eigenvalues

6.1 Definitions, Examples, and Basic Prop-
erties

Definition 6.1.1. Let A be a square n X n matriz. A nonzero vector
x € R" is called an eigenvector of A iff there exists a scalar X € R such
that Ax = A\x, and X is called an the eigenvalue of A corresponding to
the eigenvector x.

Now how to find the eigenvalues an eigenvectors of a square matrix A
Let A be a square n X n matrix. Then the following are equivalent

(a) A nonzero eigenvector x € R" is an eigenvector of A corresponding
to the eigenvalue A € R.

(A—AL)x =

99
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Definition 6.1.2. Let A be a square n x n matriz. The equation |A —
A, | = 0 is called the characteristic equation of A, and the polynomial
pa(A\) = |A — Al,| is called the characteristic polynomial of A.

Theorem 6.1.3. Let A be a square nxn matriz. Then the eigenvalues of
A are the solutions of |[A—\I,| = 0 and the corresponding eigenvectors of
an eigenvalue X is the solution of (A— \I,,)x = 0, that is the eigenvalues
are N(A — A\l,)x = 0 and it is called the eigenspace of A

Example 6.1.1. Find the eigenvalues and the corresponding eigenvector

13
OfA:(o 2)

Solution. We solve |A — A\[| =0, so we get A =1, A =2
To find the corresponding eigenvectors, we solve the homogeneous system
(A= A,)z =0

(a) For A = 1, (A — 1.I,)z = 0, so we solve (8 il)))x = 0. We
get # = (1,0)" an eigenvector of A corresponding to the eigenvalue
\ =

(b) For A = 2, (A —2.1,)xr = 0, so we solve < _01 g ):c =0. We
get © = (3,1)" an eigenvector of A corresponding to the eigenvalue

A=2.

Example 6.1.2. Find the eigenvalues and the corresponding eigenvector

(1)

Solution. We solve |[A — AI| =0, so we get (1 —A)(1 —X) —2=0. So,
A2 —2)\ — 1 = 0. By the quadratic formulae, we get A = 1 4+ /2
To find the corresponding eigenvectors we solve the homogeneous system

(A= A,)x =0

(a) For A = 1+ /2, Wesolve(_I/§ _%)sz,ﬁRz—l—Rli

_\/§ 2
0 O
ing to the eigenvalue A\ = 1+ v/2.

>. We get z = (v/2,1)! an eigenvector of A correspond-



CHAPTER 6. EIGENVALUES 61

(b) For A = 1 — V2. VVesolve(%§ %)x:O. We get x =

(—v/2,1)" an eigenvector of A corresponding to the eigenvalue A =
1—v2.

Example 6.1.3. Find the eigenvalues and the corresponding eigenvector

11
OfA:(l 1)

Solution. We solve |[A — AI| =0, so we get (1 —A)(1 —X) —1=0. So,
A2 —2X=0. So, A =0,2

To find the corresponding eigenvectors, we solve the homogeneous system
(A= M,z =0

1 1 z =0. We get z = (—1,1)" an eigenvector
of A corresponding to the eigenvalue A\ = 0.

-1 1
1 -1
vector of A corresponding to the eigenvalue \ = 2.

(a) For 0, we solve

(b) For 2. We solve r =0. We get z = (1,1)" an eigen-
Similar matrices

Definition 6.1.4. A square n X n matrices A, B are called similar ma-
trices iff there exists a nonsingular matriz X such that A = XBX 1.

Theorem 6.1.5. Let A, B be a square n X n similar matrices then A, B
have the same eigenvalues.

Proof. Enough to show A, B have the same characteristic polynomials.
But P4(\) = |[A = A\[,| = [ XBX! - \,| = [XBX! - AXX"!| =
| X(B—- X)X =|B - \,| = Pg(\). O

Remark 6.1.6. Let A, B be a square n X n similar matrices. Then

(a) [A] = [B]

(b) A, B have the same eigenvalues, but need not have the same eigen-
vectors.

Definition 6.1.7. Let A be a square n xn matriz, the trace of A denoted
by tr(A) is the sum of the entries in the main diagonal.
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Theorem 6.1.8. Let A be a square nxn matrixz with eigenvalues \q, ..., \,,.
Then

(a) |A] = Ao A
(b) tr(A) = A\ + . + Ay

Theorem 6.1.9. Let A be a square n x n matriz. Then A is singular iff
0 25 an eigenvalue

Theorem 6.1.10. Let A be a square n x n matriz. Then A and A have
the same eigenvalues

Theorem 6.1.11. Let A be an n X n matriz. If X is an eigenvalue of A.
If n € Z*, then \" is an eigenvalue of A™ with the same eigenvectors.

Example 6.1.4. Find the eigenvalues and the corresponding eigenvector

of A1 if A = ( o >

Solution. From Example 6.1.3 above, the eigenvalues and the corre-
sponding eigenvectors of A are: A = 0,2 with x = (—1,1)" an eigenvector
of A corresponding to the eigenvalue A = 0, and = = (1,1)" an eigen-
vector of A corresponding to the eigenvalue A = 2. So the eigenvalues
of A% are 0! = 0 with x = (—1,1)" an eigenvector, and 2! with

t : w0 (1 100 (1 2100
x = (1,1)" an eigenvector. Also, A L) = 2 1) = | 500

Theorem 6.1.12. Let A be a square nonsingular n X n matriz. If A
is an eigenvalue of A, then + is an eigenvalue of A~ with the same

)
etgenvectors.

Definition 6.1.13. Let A be a square n X n matriz, and let X be an
eigenvalue of A. Then

(a) The algebraic multiplicity of A denoted by alg(\) is the number of
how many X is repeated.

(b) The geometric multiplicity of A denoted by gem(\) is the number of
li eigenvectors of A, that is gem(\) = dimN (A — )
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6.1.1 Complex eigenvalues

Recall that a complex number is of the from x + yi where z,y € R, 3% =
—1. If z = a + bi, then the conjugate of z denoted by Z= a — bi

Theorem 6.1.14. (Fundamental theorem of algebra) Let f(z) =
Cn2" 4 .. + 12 + co, s € C be a complex polynomial. Then f(z) has
exactly n roots counting multiplicity.

Theorem 6.1.15. Let f(z) = ¢ 2" + ... + 12 + co, ¢is € R be a complex
polynomial with real entries. If zy is a root of f(z), then Zg is a root

Theorem 6.1.16. Let A be a square n X n matriz with real entries,
and let X be an eigenvalue of A with an eigenvector x. Then X\ is an
eigenvalue of A with eigenvector T

Example 6.1.5. Find the eigenvalues and the corresponding eigenvector

1 -2
ofA:(l _1)

Solution. We solve |A — AI| =0, so we get (1 — A)(—1 —A)+2 =0.
So, N24+1=0. So, A = Fi
To find the corresponding eigenvectors, we solve the homogeneous system

(A= A,)x =0

1—7 =2

1 —1—
We get © = (1 +,1)" an eigenvector of A corresponding to the
eigenvalue \ = 1.

(a) For i, we solve x =0, perform (1—i)Ry — R—1.

(b) x = (1 —4,1)" an eigenvector of A corresponding to the eigenvalue
A = —i. Do it similarly.
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6.2 Diagonalization: section3 in the book

Definition 6.2.1. A square n x n matriz A is called diagonalizable iff
A is similar to a diagonal matriz D, that iff there exist a monsingular
matriz X, and a diagonal matriz D such that A = XDX ™, and X is
called the matrixz that diagonalize A. A matriz that is not diagonalizable
15 called defective.

Theorem 6.2.2. The eigenvectors corresponding to distinct eigenvalues
are li

Theorem 6.2.3. A square n x n matrix A is diagonalizable iff A hasn
lv eigenvectors.

Theorem 6.2.4. If all the eigenvalues of a matriz A are distinct, then
A is diagonalizable

Remark 6.2.5. Let an n x n matrix A be diagonalizable. The proof
of the above theorem gives a technique to find X, D : A = XDX!
as follows, let the eigenvalues of A be Aq,..., A\, counting multiplicity
with corresponding eigenvectors Xy, ..., X,,. Take X = (Xy,...,X,,),D =
diag(\1, ..., \,), then A = XDX !

Example 6.2.1. [s A = ( 11

that A= XDX!

bl ) diagonalizable, if yes find X, D such

Solution. The eigenvalues of A are A = 0,2 which are distinct, so A is
diagonalizable
To find the corresponding eigenvectors, we solve the homogeneous system

(A= A,z =0
(a) For 0, we get z = (—1,1)" an eigenvector of A corresponding to the
eigenvalue A = 0.

(b) For 2, we get x = (1,1)" an eigenvector of A corresponding to the
eigenvalue A\ = 2.

-1 1 0 0
= (1) (90)



