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Propositions

The abbreviation “iff * is sometimes used for “if and only if.” An example of
a biconditional proposition is “The sun is shining if and only if Wayne is
playing golf™ In order for this biconditional proposition to be true, the
proposition “If the sun is shining, then Wayne is playing golf " and its con-
verse must be true.

A biconditional proposition “P if and only if Q" involves two conditional
propositions, “If P, then Q" and “If Q, then P." Note that “P if and only if
O™ is true whenever “If P, then Q" and “If Q, then P” are both true; and “P
?f ;l;d only if Q" is false whenever either “If P, then Q" or “If Q, then P”
is false.

2CISES 1.1

1. Which of the following are propositions?
a) 2243217
2 'b) 8x> +6x%—4x+2

No, I am already married to Leslie!
e definition of — to determine the conditions under which each of the
g compound propositions is true.

5, then 3 < 1. L-b) If a=2, then 1 <3.
y> 8, then 3 < 1. .d) If 1 <3, then a=2.
> 3, then a=2.

irrational, a* + a is irrational.
rational and b is irrational, a + b is irrational.

then a? and 2a are irrational.

s the vision test, it is sufficient for the candidate to read the line
Al I" M 4!
y is a girl” is a true statement and that “Mary is ten years old”
. Which of the following are true”
gars old, then Mary is a girl.
s old if and only if Mary is a girl.
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" i m'
«joe is a @il 15 4 f"]t:nowiﬂg are true? {

& Assume that Which of the

is a true catement,

a) If Mary is ten years old,

rs )
3 T L “ M
b) 1f Joc is a girl, then M:‘ :a false statement and that “Joe 1§ ten yeqr Ol

i 5€ ¢ |

& Assume that et 50 glrisf the following are true’

u false statement, Which :
or Joe is @ girl.

oe is 4 gitl.
ly if Joe is a girl.

a) Joe is ten years old

b) If Joc is ten years old, then

¢) Joe is ten years old if and on

d) Joe is not a ten year-old girl.

-.;"‘7. Write the converse and the contra

a) If /2 < /5, then 2 <5.

positive of each of the following Proposit,.
15
b) If 2 5, then v/2> /5.

8 On a certain island (Manhattan), the inhabitants are divided into twq type.
v those who always tell the truth and those who always lie. One day a visitor sto &
three inhabitants of the island to ask directions to a well-known museum (Tfl"’
Guggenheim), “All three of us are liars,” warns the first inhabitant, “Not o, Onle
two of us are liars,” says the second. “Not so,” says the third, “the other twy
guys are lying.” Which, if any, of the three islanders can the visitor trust tg o ’

1 P 9 Elve
’.-1_& visitor to an island whose inhabitants always tell the truth or alwgy 1
encounters an islander to makes the following two statements. 2

1. I love

hen I love Sally Lou.

3ertha?
Be:tha Does h_e love Sally Lou? Argue persuasively ;
-assessment is correct. "I

ast;d ;ﬁl gcivicl S%dshon two basketball games to be
: all "Tech.” Tech is to pl

Ee v play State U
wtt; knTowledgeable about the Boston Celtics
fiied the ech team in years. It is suggested th:;£

w,illwt]:;eczlt1 Sh(fu?l-? . The oracle at Delphi says
tone mentions ¢ ern U.” Jimmy is quite pleased
0 him that the oracles are knows
le at Xanthj saesek“?f second opinion just to be
' U” Now Jinmyzl ’d' Tech doesn’t beat State U,
S 18 saying more ths istraught. He has the vague

S rema an the other, but he’s not sure

K. We h’O
Pe that the word ORacle reminds

and

3. ) ﬂddr

llecti::f e:vihtig; hNational Press Club in
1 Presiden or a’I? promi.sed to answer.
€ runnj a Texa ;xan Vlc.e—President'?"
a Texan 0 1 or President (George
'O Vice-President (Lloyd

LONS

S S an ingal:
a0 intelligent man, guess
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1.2 Expressions and Tautologies ‘

12. Explain why the connective @ defined by

is sometimes called exclusive or.
. 13. a) Write the converse of the contrapositive of the following statement: If 3 > 1,
then 5> 1.

b) Write the contrapositive of the converse of the following statement: If 3 > 1,
then 5> 1.

L 14. Do there exist propositions p and g such that both p—g and its converse are
true? Do there exist propositions p and g such that both p— g and its converse
are false. Justify each answer with an example or argument.

Expressions and Tautologies

 preceding section, we considered several fundamental ways in which
ne propositions to form compound propositions and we used boxes
nd diamonds) as placeholders in writing down the associated truth
e is an obvious disadvantage to our placeholder notation. What
can we use? We could use pentagons, hexagons, and so on, but
onsidering a compound 'proposition made up of many simple
it is annoying to count up sides, and although the human eye
istinguish between a square and a pentagon, the distinction
all nonagon and a small decagon is not so easily apparent. We
oduce the idea of a propositional expression. We are given an
ariables, and we have v, A, 7, and parentheses. We add the
d <. Using variables, these signs, and parentheses, we form ex-
Ne rely on the reader’s intuition rather than attempt a formal
f a propositional expression. Each variable is a propositional
and if the preceding symbols are put together in a way
rs meaningful, the result is an expression. For example,
(X — (Y« Z)) is an expression, as is (X v Y)«>(X A Y), but we
st do not believe that XX —)) A (Y« is also an expression. Note
88 no sense to ask if the expression (X v Y)«s(X A Y)is true. As
the expression has no meaning whatsoever, but when we replace
) X and Y with propositions P and Q, we obtain a proposition
), which like any other proposition is either true or false.

osition is either true or false. An expression has no meaning

e replaced by propositions; thus an expression cannot
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Proposition 1.4 " :
Ja Each of the following expressions is a contradiction.
) (P A(PAQ)

b) [(Pv Q) A PIACQ)
) (PAQ)A(TP)

PROOF We prove part (a) and le: y
- il p (a) and leave the proofs of parts (b) and (c) as
> By .Propositionil..l(b), P A Qe (P—Q). By definition, (P — Q) A
l()' ‘f’Q) is a contradiction. Therefore, (P— Q) A (P A 7Q) is a contradiction
¥ Proposition 1.3(a). (Of course, it can also be proved by constructing the

appropriate table.) A

7 As another example of a proof of a logical proposition that does not
lﬂy on the construction of a table, we deduce Proposition 1.1(c) from
Propositions 1.1(a). 1.2(c), 1.1(b). and 1.2(f).

g By Proposition 1.1(a), P v Q<P — Q. Therefore, by Proposition 1.2(c),
1—’ v Q)< ("P— Q). By Proposition 1.1(b), "("P — Q)«<>"P A "Q. Hence, by
Proposition 1.2(f), (P v Q)P A "Q.

§. Prepare a truth table for each of the following expressions.

2) PAQ—PVQ _b) P> (@—R) ¢) (P—Q)—R
6. Which of the following pairs of expressions are equivalent?
APy 0),Pv0 b)) PARPAQ) S (PeQ) PO

) Using only negation and disjunction, find an expression in terms of variables
P and Q that is equivalent to P—0.
) Verify your answer Lo part (a) using an appropriate table.
a truth table for each of the following expressions.
a ) b) "P A7Q
€) (P—Q)—~("Q—"P) d) P> (Q@—R)
) (P—0Q)—R —~T) (PvQ)—R
WP v Q)+ R)

et P be the proposition 2=5. If possible, find a proposition
¢ Q++P 1 Qis true. If possible, find a proposition ¢ such that P v @+

e ol

0 such that
s P A Q

irite the truth tables for the expressions (P« Q)— R and P« (@~ R)-

“ind propositions P, Q, and R such that one of the two compound proposi-
ns (P« Q)— R and P«+(Q — R) is true and the other 15 false.
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quq ."d 1”)\10‘03 ﬂ‘mﬂﬂ’ b) "(PHQ)Q(-.P 1Q)
22. Which of the l’oﬂo;;" d) (P Q)= (P A"Q)
w) (Pre@e@7

pes Q) ve that sach of the following exme’?%inm .
¢) (POl pe variables. Pro¥e |
23 Lot 1, Q. ond R b) (P)sP
mulr:wln:;\’- R L) WP v Q)P ATQ
") - Q) v ( A

o nal expressions is a Contrad;...
V) PAIRV R)es(P A tional exp s dictj,,
34, Prove that each of the b) (P 1 Q)A

K iti the negatj
wal (PvO)A PN erse, the contrapositive, and gation of each
- ls, the conV s
25, Write, in symbo

i
following Propos

al cxpression&

the following proposition (@ A R) l/(f)/ g Cf=>5 d) (P Q<p
adnliiy ‘ b)e: ;ssions is logically equivalent to P = g3
26. Which of the following i ::_,Q ¢) 0P d) "P~nQ
a) P-(Q b) s 2) PATQ h) "p v
e) 0-7P f) Pv A D 0p
i) "PAQ i Pve _
’ 27. Suppose each of the following three ElcRenis dstruie.

John is smart.
John or Mary is ten years old.
If Mary is ten years old, then John is not smart.
Which of the following statements are true?
a) Mary is ten years old.
b) John is ten years old.
¢) Either John or Mary is not ten years old.
28. By constructing truth tables, prove each of the fol
a) Proposition 1.1(a) b) Proposition 1.1(b)

29. Assuming Propositions Li(c

! ) and (e) and Pro
1.1(d) without constructing a table. i

30. Prove each of the following,
a) Proposition | 2(d)

lowing.

¢) Proposition 1.1(c)
osition 1.2(c), deduce Propositior

j | are true, then ) )
RS m all false. o oL constrycy 4 tr:;[t,hte;b;: Q. and R are all true or P, ¢
€ach of the roliowmg Parts of Propes; s
) Pary |
f) Par ((ht;) ) Part (c) d) Part (f)
&) Part (1) h) Part (j)
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34. Prove each of the following.
i a) Proposition 1.4(b)
\ 35, Write a useful negation of each of the following propositions.
a) If 2+ 4, then f(2) # f(4). b) If 4 > 2, then f(4)> f(2).
¢) If a < b, then a” < b’. d) If ab =0, then a=0 or b =0.

36. Write the contrapositive of each of the following propositions.

a) If ab # 0, then a=0 or =0 b) Ifa#0orb# 0, then ab # 0.

37. Write the converse of each of the propositions in Exercise 36.

b) Proposition 1.4(c)

38. Write the negation of the propositions in Exercise 36.
» 39. Write the negation and the contrapositive of the following statement: If x is an
. even integer or x > 17, then x is a multiple of 4 and x = 5. '
*40. Give an example of two equivalent expressions that do
truth table.

not have the same

Quantifiers

Since our primary purpose is to teach you how to prove theorems, we have
discussed propositional logic with this in mind. We now wish to discuss
another topic in logic— namely, quantifiers. Be aware that our description
of this topic is brief; we do not give the in-depth approach required for a
rigorous presentation such as would be found in a course on logic. We hope,
however, that enough is said here to help you write the negation of proposi-
tions and to prepare you Lo us¢ quantifiers in the study of sets.

By a sign, we mean a mark that can be recognized, but we are interested
only in mathematical signs. In this section, we discuss two types of signs,
constants and variables. We are given a universe from which all constants
are drawn, and so it is easy to say what a constant is; it is just a member of
our given universe. A sentence such as “x <47 is not a proposition. It con-
tains a variable, which we could replace with a specific real number to make
the sentence a proposition. Such a sentence is called a propositional function
or open sentence. The set of objects that can replace the variable (in this
case, the set of real numbers) is called the universe or set of meanings, and

the word, or sign, in a propositional function to be replaced is called a
variable. Thus, for example, in the open sentence “x < 4.,” the sign x is being
used as a variable. Any object in the set of meanings must be a constant,
that is. it must belong to the given universe. The collection of objects in the

set of meanings that can be substituted to make a propositional function a
true proposition is called the truth set of the proposi(ionul function. Thus
the truth set of “x <47 . the set of all real numbers that are less than 4.

y difficult

 exercise requiring the use of noncore material or on¢ that is particularl

ked with an asterisk.




