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e Cost: Total number of operations (+, —, X, =)

e Let A, B be n x n matrices, b an n x 1 vector, a a scalar, and p a positive integer.

Expression | Cost

A+ B n?

A-B n?

aA n?

AB 2n3 — n?

Ab 2n% —n

AP (p—1)(2n® — n?)
n—1

det(A) n! Ago(%) -1

e Special sums:

(n+1)

i) Sr= "1
=1 2

ORWEESS

iy g n(n+1)(2n+1)
(iii) kz::l/{; = i
=, nn—1)2n—1)
(iv) 121 k* = i

n
(v) Dc=cn
k=1

Q. If A, B are 3 x 3 matrices, find the cost of evaluating 24 + |B|B3
Answer: Cost =9 + 9+ 9 + 14 + 2 (45) = 131



* Total cost of some linear methods *

(1) Gaussian Elimination.

Total cost = Cost of + Cost of
[ J
Step + X <
1 (n—1)n (n—1)n n—1
2 (n—2)(n—1) (n—2)(n—1) n—2
ko |(n—k)(n—k+1)|(n—k)n—k+1) | (n—Ek)
n—1
n—1 n-1 _An® +3n° —Tn

Cost:ngl(n —k)(n—k+1)+

k=1

An® 4+ 3n® —Tn

k=1

Cost = n?

e Total cost =

Example: Solving a 4 x 4 linear system Ax = b.

6

Sh—k)n—-k+1)+ > (n—k)

+n

Step | =+ X +
1 [3(4)|3M4))|3
2 12(3)[2(3) ]2
3 112121

Cost=20 4204 6 = 46

Cost = 42 =16

e Total cost = 46 + 16 = 62

6

9 An3 4+ 9n? —Tn

k=1 6



(2) LU Factorization.

’Total cost = Cost of + Cost of + Cost of
[}
Step + X =
1 m—12 ] (n—=12] n—-1
2 n—22%|(n—22| n—2
Eln—=k?|(n—FkK)?*| (n—k)
n—1

n—1

n=1 4n3 — 3n? —

Cost—:ii(n — k)2 + > (n—k)2+ > (n—k) =

e Total cost =

An® —3n? —n

,  An*+9n® —Tn

Example: Solving a 4 x 4 linear system Ax = b.

Step | =+ X +
1 133)[313)|3
2 122)[2(2) ]2
3111

Cost=14+ 144+ 6 =34

Cost =42 —4 =12

Cost = 42 =16

e Total cost = 34 + 12 + 16 = 62



(3) Gauss-Jordan Reduction.

Total cost = Cost of

Step + X =
1 (n—1)n (n—1)n n
2 (n—1)(n—1) (n—1)(n—1) n—1

E L= 1)n—k+1) | m=Dm—k+1) | n—k+1

n n n 2n3 +n?—n
e Total cost = > (n—1)(n—k+1)+ > (n—1)(n—k+1)+ Z(n—k—l—l):#
k=1 k=1 k=1

Example: Solving a 4 x 4 linear system Ax = b.

Step | =+ X |+
1 3(4)(3(4)] 4
2 3(3)13(3)]3
3 3(2)13(2) ]2
4 3(1)[3(1) |1
e Total cost = 30 + 30 + 10 = 70



(4) The Inverse Method.

Total cost = Cost of + Cost of

Step + X =
I [n=1D2n—-1)| (n—=1)2n—-1) | 2n—1
2 | (n—=1D)2n-=2) | (n—1)2n—-2) | 2n—2

E o lt—1)@n—k) | (n—1)2n—k) | 20—k

n n n 63_52
Cost= 3> (n—1)(2n— k) + 3 (n — 1)(2n — k) + 32 (2n — k) = 2 *0
k=1 k=1 k=1 2
° . Cost =2n? —n
63_52 63—’/2—’
OTotalcost:nfn—i_njL%zQ—n:n;n

Example: Solving a 4 x 4 linear system Ax = b.

Step | =+ X +
1 [3(M)|3(7)|7
2 |3(6)[3(6)]6
3 130B)[3(B)|5
4 13M4)|3(@M4)|4

Cost=66 + 66 + 22 = 154
o : Cost = 2(4)*> —4=28

e Total cost = 154 + 28 = 182



(5) Cramer’s Rule.

’Total cost = Cost of + Cost of ‘

o det:  Cost= (n +1) x {n!"f(%) - 1] i )S (L) — (4 D)
k=0 k=0

e : Cost=n

e Total cost = (n + 1)!”2_;1(%) —(m+1)+n=(n+1) "21(;!) 1

Example: Solving a 4 x 4 linear system Ax = b.

e Total cost= 5 ( cost of 4 x 4 determinant ) + 4 = 5(63) + 4 = 319



