CHAPTER 6
Continuous Random Variable
A continuous random variable X is a random variable that assume any
value over an interval or union of intervals.

The probability that X assumes a value in any interval lies in the range
Oto 1.

The total probability of all the (mutually exclusive) intervals within
which x can assume a value is 1.

The probability that a continuous random variable X assumes a value
within a certain interval is given by the area under the curve between
the two limits of the interval.

For a continuous probability distribution, the probability is always
calculated for an interval.

The probability that a continuous random variable x assumes a single
value is always zero.

P(a <X <b)=P(a< X <b)= Area under the curve from x = ato x=Db.

Shaded area is
between 0 and 1
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6.1 The Uniform Distribution
A uniform random variable X over an interval [a, b], denoted by
X =U [a, b] is a continuous random variable with the following
probability (density) function:
1
f(x)=1b-a
0 elsewhere

as<x<h

Pix)

Let X =U [a, b], then

1 X, —X
o P(xl<X<x2)=bT.(x2—x1)=ﬁ
a+b
o E(X)=——-
X)==
2
. Var(X):M
12
b-a
e o(X)=——
(X) s
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Example

The time needed to finish STAT 2361 final exam is uniformly distributed
between 60 and 100 minutes

1. Write the probability function for this distribution.
X =U [60, 100]
1
f(x) =140
0 elsewhere
2. What is the mean time for this exam? What is the standard deviation?
a+b 60+100

E(X) = = =80
(X) 2 5

60 < x <100

o(X) =

3. Find P(70< X < 85)

85-70

P(70 < X < 85) = =0.375

4. Find P(X >90)

100890 0.5

P(X >90) =

5. Find P(50 < X < 65)

6. P(50< X <65)= 65-50

=0.125
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Normal Distribution

Data obtained from many experiments and studies often follow a common
pattern called a normal distribution. Because it occurs so often in practical
situations it is generally regarded as the most important and most widely
used of all distributions.

Properties of a Normal Distribution

1. The normal distribution is a bell-shaped curve.

2. The normal curve is symmetrical about the mean (The mean is at the
middle and divides the area into two halves)

3. The total area under the curve is equal to 1.

4. The distribution is completely described by its mean . and standard
deviationo .

5. If X'is a normal random variable with mean , and standard deviation

o, then X is denoted by X = N(x, o)
6. The probability density function for X = N(x, o) is given by

_(X—p)?
o~N2r

7. P@<X<b(P(a<X<b) isthe area from x = a to x = b under the
normal curve.

f(x)=

P(@a<x<b)

8. The standard deviation of a normal curve gives the spread of the
curve. As the standard deviation increases the spread of the curve
increases. The following graph shows three normal curves with the
same mean and different standard deviations.
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9. Recall : The Empirical Rule:
% 68% of data values are within 1 standard deviation of the mean
(-1to +1).
% 959% of data values are within 2 standard deviations of the mean
(-2 to +2).
% 99.7% of data values are within 3 standard deviations of the
mean (-3 to +3).

10.Standard Normal Curve
A normal distribution curve is determined by two factors, the mean 4
and the standard deviationo . That is, normal distributions with
different means or different standard deviations give different normal
curves. In such cases it is difficult to calculate the areas under the
curves, or even to construct separate tables for areas under a normal
curve for every value of x4 and of . Fortunately, we are able to
transform all normal distributions into one distribution called
standard normal distribution.

% The standard normal curve is a normal curve with mean =0
and standard deviationo =1, N (0, 1).
% To transform from a normal curve into a standard normal curve
we use the standardized value (z-score). The z-score is given by:
X—H
()

Z =

+» To find the area under a standard normal curve we use the
standard normal distribution table, also called the Z table.
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«» The Z table lists the areas under the standard normal curve to
the left of z that is, P(z<z)forz>0.

table entry /

/ // A \ \
g |

+» We use the Z- table to find values on the right of the mean (
u=0).

¢ Table entries for z represent the area under the bell curve to the
left of z. (it is at least 0.5)

+ To find areas to the right of z and to the left (right) negative
value(s) we will use the symmetric of the curve and the fact

that the total area under the curve is 1.
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X ~ N(0,1)
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Table of Standard Normal
Probabilities for Positive Z-Scores

0 z

Z .00 01 02 03 .04 05 .06 .07 .08 09

00 |.5000f 5040 .5080 5120 5160 J.5199 | 5239 5279 5319 5359
0.1 |.5398) 5438 5478 5517 5557 | .5506 | 5636 5675 .5714  .5753
02 |.5703) 5832 5871 5910 5048 [.5087 | .6026 .6064 .6103  .6141
03 |.6179 ] 6217 6255 6293 .6331 | .6368 | .6406 .6443 6480  .6517
04 [.6554) 6591 6628 6664 .6700 |.6736 | 6772 .6808 .6844  .6879
05 f.6915) 6950 .6985 7019 7054 | .7088 | 7123 7157 7190 7224
06 |.7257 | 7291 7324 7357 7389 |.7422 | 7454 7486 7517 7549
07 |.7ss0 ) 7611 7642 7673 7704 |.7734 | 7764 7794 7823 7852
08 |.7881 ] 7910 .7939 7967 7995 [.8023 | .8051 .8078 .8106  .8133
I.n.ﬂ_ 8186 .8212 .8238 .8264 [ .8289 | .8315 .8340 .8365  .8389
1.0 f 84130 8438 8461 .8485 .8508 §.8531 | .8554 .8577 .8599  .8621
| 8749 0 8770 8790 8810  .8830
8869 .8888 .8907 .8925 J.8944 | 8962 .8980 .8997  .9015
. T ? : ; “0116 9131 9147 9162 .9177
1.4 9192 9207 9222 9236 9251 9265 .9279 .9292 9306  .9319
1.5 9332 9345 9357 9370 .9382 .9394 .0406 .9418 9429 9441

[eVI]
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Example
Find the area under the standard normal curve for each of the

following cases.

(@) P(z<1.25), P(z<))
From the table directly: P(z <1.25)=0.8994, P(z <1)=0.8413.

(b) PA<Z<1.25)

P(l< Z<1.25)= P(Z<1.25)— P(Z <1)
=0.8994 - 0.8413
=0.0581

(c) P(z>1.25=1- P(Z2<1.25)=1-0.8994 = 0.1006

(d) P(z <-1.25) =P(z>1.25)= 0.1006
() P(-1.25<Z<0)=P(0< Z<1.25)
=0.8994 - 0.5

N4 -
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(f) P(-1<z<1.25) =
P(-1<Z<1.25)=P(Z<1.25)-P(Z<-1)=P(Z <1.25)-[1-P(Z <1]
=P(Z<1.25)+P(Z<1-1

Example

Find z from z — table such that the area to the right of z is 0.05. That is, find
z such that: P (Z>2z) =0.05

" P(Z>2)=005=P(Z<z)=1-0.05=0.95

= Find the value of z from the Z table that corresponds (approximately) to
the area 0.95.

= We have two values near to 0.95; 0.9495 and 0.9505. The values of z
corresponds to those areas are 1.64 and 1.65/ So, the z-score corresponds
tothe area 0.95 is

z=(1.64 +1.65)/2=1.645
= In the cases for which the table does not contain an exact value that
corresponds to the given area, find the value closest to the given area.

Exercise
1. Find z from z — table such that the area to the right of z is 0.025

2. Find z from z — table such that the area to the right of z is 0.02

Example
The 1Q scores of 5000 students have a normal distribution with 4 =100

and o = 15.

(a) How many students have an 1Q between 115 and 1307?
(b)How many students have an 1Q between 100 and 130?
(c) How many students have an 1Q more than 124?
(d)How many students have an 1Q less than 85?

(e) Find the 1Q score for which 3 % of the scores exceed.

Solution:
The 1Q scores are normally distributed =X = N (100, 15)
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(a)P(115 < X < 130)

X=115: z=X~#_115-100_,
o 15
o 15

P(115<X<130)=P(1<Z<2)=P(Z<2)-P(Z<1)
= 0.9772 - 0.8413 = 0.1341

The number of students with 1Q scores between 115 and 130 is
(5000)(0.1341) = 671 students
(b)x =100: z,=0
x=130: z,=2
The percentage of students with 1Q scores between 100 and 130 is,
P(0<Z<2)=0.4772
The number of students with 1Q scores between 100 and 130 is
(5000)(0.4772) = 2386 students.
(c)P(X>124) =P(Z >1.6)
[x=124: z= 124-100 =1.6]
P(Z>16)=1-0.9452
=0.0448

The number of students with 1Q scores more than 124 is
(5000)(0.0448) = 224 students
(d)P(X>85)=P(Z>-1)=p(Z<1)=0.8413
[x = 85; 7=307100_

The number of students with 1Q scores less than 85 is,
(5000)(0.8413) = 4207 students.

(e) Find x-value so that the area to the right of x under the normal curve is
0.03.
First, we find the z value that corresponds to the required x value.

P(Z>2)=003 = P(Z<z)=1-0.03=0.97
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The value of z corresponds to the area 0.97 is 1.88
Now, use the formula for the z-score to find x. that is
X=u+zo
=100 + (1.88) (15) =128.2

The 1Q score for which 3 % of the scores exceed is 128.2.

STAT 2361-2311:M-MADIAH *



14/240

14, Goiven that z 1% a standard normal random vanable, find 7 for each situation.
a. The area to the left of £ is 9750,
b.  The area between 0 and ¢ is 4750,
c. The area to the left of z is 7291,
d.  The area to the right of 715 1314,
e. The area to the left of z is L6700,
f.  The area to the right of z is .3300.

b. The area between 0 and z = 0.4750 means the area to the left of z is 0.5 +
0.4750 =0.9750. So,z=1.96

d. If the area to the right of z = 0.1314, then the area to the left of z is
1-0.1314 = 0.8686, from the table z = 1.12

23/242

23, The time needed to complete a final examination in a particular college course 15 normally
distributed with a mean of 80 minutes and a standard deviation of 10 minutes. Answer the
following questions.

a.  What is the probability of completing the exam in one hour or less?

b, What is the probability that a student will complete the exam in more than 60 minutes
but less than 75 minutes?

c. Assume that the class has 60 students and that the examination period is 90 minutes
in length. How many students do vou expect will be unable to complete the exam in
the allotted time?

X =Time needed. X =N (80, 10)

a. P(X<60)=P(Z<(60-80/10))
=P (Z<-2)=P(Z>2)
=1-0.9772 =0.0228
b. P(60<X<75)=P(-2<Z<-0.5)
=P((05<Z<?2)
=0.9772 - 0.6915 = 0.2857
c. P(x>90)=P(Z>1)=1-0.8413 =0.1587
Expected number of students who will be unable to complete the
exam is (0.1587) (60) = 10 students
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