CHAPTER 6
Continuous Random Variable
A continuous random variable X is a random variable that assume any

value over an interval or union of intervals.

The probability that X assumes a value in any interval lies in the range
0 to 1. The total probability of all the (mutually exclusive) intervals
within which x can assume a value is 1.

The probability that a continuous random variable X assumes a value
within a certain interval is given by the area under the curve between
the two limits of the interval.

For a continuous probability distribution, the probability is always
calculated for an interval. The probability that a continuous random
variable x assumes a single value is always zero.

P(a< X <b)=P(a <X <b)= Area under the curve from x = ato x=Db.

Shaded area is
between 0 and 1
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6.1 The Uniform Distribution

A uniform random variable X over an interval [a, b], denoted by
X =U [a, b] is a continuous random variable with the following

probability (density) function:
1

f(x)={b-a

0 elsewhere

as<x<b

Pix)

Let X=U [a, b], then

1 X, =X
P(xl<X<x2)=bT.(x2—xl):ﬁ
E(X):a+b

2
Var(X):M
12
b-a
o(X)=——
(X) 5
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Example

The time needed to finish STAT 2361 final exam is uniformly distributed
between 60 and 100 minutes

1. Write the probability function for this distribution.
X =U [60, 100]
1
f(x) =440
0 elsewhere
2. What is the mean time for this exam? What is the standard deviation?
a+b 60+100
2 2
b-a 100-60
J12 12
3. Find P(70< X < 85)
85-70

60 < x <100

E(X) = =80

o(X) = 11.55

P(70 < X < 85) = =0.375

4. Find P(X > 90)

100-90 0.5

P(X >90) =

5. Find P(50< X < 65)
65-50

P(50 < X < 65) = =0.125
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6.2 Normal Distribution

Data obtained from many experiments and studies often follow a common
distribution called a normal distribution. The normal distribution is
regarded as the most important and most widely used of all distributions.

Properties of a Normal Distribution

1. The normal distribution is a bell-shaped distribution.

2. The normal curve is symmetrical about the mean (The mean is at the
middle and divides the area into two halves)

3. The total area under the curve is equal to 1.

4. The distribution is completely described by its mean . and standard
deviationo .

5. If X'is a normal random variable with mean x and standard deviation
o, then X is denoted by X = N(x, o)

6. The probability density function for X = N(x, o) is given by

_(x—u)?
fx)=—~ e 252

oA\ 27

7. Pl@a<X<b(P(a<X<b)isthe area from x = ato x = b under the
normal curve.

P(@a<x<b)

8. The standard deviation of a normal curve gives the spread of the
curve. As the standard deviation increases the spread of the curve
increases. The following graph shows three normal curves with the
same mean and different standard deviations.
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9. Recall : The Empirical Rule:
% 68% of data values are within 1 standard deviation of the mean
(-1 to +1).
% 95% of data values are within 2 standard deviations of the mean
(-2 to +2).
% 99.7% of data values are within 3 standard deviations of the
mean (-3 to +3).

10.Standard Normal Curve
A normal distribution curve is determined by two factors, the mean x
and the standard deviationo . That is, normal distributions with
different means or different standard deviations give different normal
curves. In such cases it is difficult to calculate the areas under the
curves, or even to construct separate tables for areas under a normal
curve for every value of x and of s . Fortunately, we are able to
transform all normal distributions into one distribution called
standard normal distribution.

¢ The standard normal curve is a normal curve with mean =0
and standard deviationo =1, N (0, 1).
¢ To transform from a normal curve into a standard normal curve
we use the standardized value (z-score). The z-score is given by:
X—u
(o2

7 =
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+* To find the area under a standard normal curve we use the
standard normal distribution table, also called the Z table.

«» The Z table lists the areas under the standard normal curve to
the left of z that is, P(Z<z)forz>0.

s We use the Z- table to find values on the right of the mean (
u=0).

+» Table entries for z represent the area under the bell curve to the
left of z. (it is at least 0.5)

¢ To find areas to the right of z and to the left (right) negative
value(s) we will use the symmetric of the curve and the fact

that the total area under the curve is 1.
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P(X<z)= / w(t)dt

X ~N(0,1)

AV
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Example
Find the area under the standard normal curve for each of the

following cases.

(@) P(z<1.25), P(z<1)
From the table directly: P(z <1.25)=0.8994, P(z <1)=0.8413.

(b) P(L<Z<1.25)

P(l<Z<1.25) = P(Z<1.25)— P(Z <1)
=0.8994 - 0.8413
=0.0581

(c) P(z>1.25)=1- P(2<1.25=1-0.8994 = 0.1006

(d) P(z < -1.25) =P(Zz >1.25)= 0.1006
(e) P(-1.25<Z<0)=P(0< Z<1.25)
=0.8994 - 0.5

Y N4 .
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(f) P(-1<z<1.25) =
P(-1<Z<1.25)=P(Z<1.25)-P(Z<-1)=P(Z<1.25 -[1-P(Z<1]
=P(Z<1.25+P(Z<1]-1

Exercise

1. Find z from z — table such that the area to the right of z is 0.05. That is,
find z such that: P (Z > z) =0.05

2. Find z from z — table such that the area to the right of z is 0.025

3. Find z from z — table such that the area to the right of z is 0.02

Example
The 1Q scores of 5000 students have a normal distribution with » =100

and o =15.

(a) How many students have an 1Q between 115 and 1307?
(b)How many students have an 1Q between 100 and 130?
(c) How many students have an 1Q more than 124?
(d)How many students have an 1Q less than 85?

(e) Find the 1Q score for which 3 % of the scores exceed.

Solution:
The 1Q scores are normally distributed =X = N (100, 15)

(a)P(115< X <130)

x = 115: Zl:X—,u:115—100:1
o 15

x=130; 2,=X"# 1010,
lo2 15

P(115<X<130)=P(1<Z<2)=P(Z<2)-P(Z<1)
=0.9772 - 0.8413 = 0.1341

The number of students with 1Q scores between 115 and 130 is
(5000)(0.1341) = 671 students
(b)x =100: z,=0
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x=130: z,=2
The percentage of students with 1Q scores between 100 and 130 is,
P(0<Z<2)=0.4772
The number of students with 1Q scores between 100 and 130 is
(5000)(0.4772) = 2386 students.
(c)P(X>124) =P(Z >1.6)
[x=124: z= 124-100 =16]
P(Z>16)=1-0.9452
=0.0448

The number of students with 1Q scores more than 124 is
(5000)(0.0448) = 224 students

(d)P(X>85)=P (Z>-1)=p (Z< 1) =0.8413
[x=85: z= 8515100 =-1]

The number of students with 1Q scores less than 85 is,
(5000)(0.8413) = 4207 students.

(e) Find x-value so that the area to the right of x under the normal curve is
0.03.
First, we find the z value that corresponds to the required x value.

P(Z>2)=0.03 =P (Z<z)=1-0.03=0.97
The value of z corresponds to the area 0.97 is 1.88
Now, use the formula for the z-score to find x. that is
X=u+zo
=100 + (1.88) (15) = 128.2

The 1Q score for which 3 % of the scores exceed is 128.2.
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6.4 The Exponential Distribution

s An exponential distribution is a continuous probability distribution
that is usually describes times between two occurrences.
s+ Because time is never negative, an exponential random variable is
always positive.
= The service times in a system (how long it takes to serve a
customer at a bank or a governmental department).
= The time between “hits” on a website.
= The lifetime of an electrical component.
= The time until the next phone call arrives in a customer service
center.

¢+ The probability density function for the exponential random variable
X is given by

EXFONENTIAL PROBABILITY DENSITY FUNCTION
| : i i -
flx) = =" forxr=10 (6.4)
1l

where p = expected value or mean

Example
Suppose that X represents the loading time for a truck which follows
an exponential distribution. If the mean, or average, loading time is
15 minutes (m = 15), the appropriate probability density function for
X 1S

1

fx:—e%5
%) 15

fix)

07

05

(6= x = 18)
03

1
0 4] 12 18 24 30

Loading Time
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