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Foreword

In order to understand the physical world around us, it is absolutely necessary to know the
basic features of Physics. One or the other principle of Physics is at work in objects of daily
use, e.g., a ceiling fan, a television set, a bicycle, a computer, and so on. In order to understand
Physics, it is necessary to solve problems. The exercise of solving problems is of immense
help in mastering the fundamentals of the subject. Keeping this in mind, we have undertaken
a project to publish a series of books under the broad title Basic Physics Through Problems.
The series is designed to meet the requirements of the undergraduate students of colleges
and universities, not only in India but also in the rest of the third world countries.

Each volume in the series deals with a particular branch of Physics, and contains about
300 problems with step-by-step solutions. In each book, a chapter begins, with basic definitions,
principles, theorems and results. It is hoped that the books in this series will serve two main
purposes: (i) to explain and derive in a precise and concise manner the basic laws and
formulae, and (ii) to stimulate the reader in solving both analytical and numerical problems.
Further, each volume in the series is so designed that it can be used either as a supplement
to the current standard textbooks or as a complete text for examination purposes.

Professor R. N. Chaudhuri, the author of the present volume in the series, is a teacher

of long standing. He has done an excellent job in his selection of the problems and in deriving
the solutions to these problems.

Kiran C. Gupta
Professor of Physics
Visva-Bharati
Santiniketan
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Preface to the Second Edition

It is a great pleasure for me to present the second edition of the book after the warm
response of the first edition. There are always important new applications and examples on
Waves and Oscillations. I have included many new problems and topics in the present
edition. It is hoped that the present edition will be more useful and enjoyable to the students.

I am very thankful to New Age International (P) Ltd., Publishers for their untiring
effort to bringing out the book within a short period with a nice get up.

R.N. Chaudhuri



Thispage
Intentionally left
blank




Preface to the First Edition

The purpose of this book is to present a comprehensive study of waves and oscillations in
different fields of Physics. The book explains the basic concepts of waves and oscillations
through the method of solving problems and it is designed to be used as a textbook for a
formal course on the subject. Each chapter begins with the short but clear description of the
basic concepts and principles. This is followed by a large number of solved problems of
different types. The proofs of relevant theorems and derivations of basic equations are included
among the solved problems. A large number of supplementary problems at the end of each
chapter serves as a complete review of the theory. Hints are also provided in the case of
relatively complex problems.

The topics discussed include simple harmonic motion, superposition principle and coupled
oscillations, damped harmonic oscillations, forced vibrations and resonance, waves,
superposition of waves, Fourier analysis, vibrations of strings and membranes, Doppler
effect, acoustics of buildings, electromagnetic waves, interference and diffraction. In all, 323
solved and 350 supplementary problems with answers are given in the book.

This book will be of great help not only to B.Sc. (Honours and Pass) students of Physics,
but also to those preparing for various competitive examinations.

I thank Professor K.C. Gupta for going through the manuscripts carefully and for
suggesting some new problems for making the book more interesting and stimulating.

R.N. Chaudhuri
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Simple Harmonic Motion

1.1 PERIODIC MOTION

When a body repeats its path of motion back and forth about the equilibrium or mean
position, the motion is said to be periodic. All periodic motions need not be back and forth
like the motion of the earth about the sun, which is periodic but not vibratory in nature.

1.2 THE TIME PERIOD (T)

The time period of a vibrating or oscillatory system is the time required to complete one full
cycle of vibration of oscillation.

1.3 THE FREQUENCY (v)

The frequency is the number of complete oscillations or cycles per unit time. If T is the time
for one complete oscillation.

.(1.1)

N[~

1.4 THE DISPLACEMENT (X OR Y)

The displacement of a vibrating body is the distance from its equilibrium or mean position.
The maximum displacement is called the amplitude.

1
<“— 3y —p1

1.5 RESTORING FORCE OR RETURN FORCE w

0000000

AN

The mass m lies on a frictionless horizontal surface. It is
connected to one end of a spring of negligible mass and (a)
relaxed length a,, whose other end is fixed to a rigid wall

_____o__

W [Fig. 1.1 (a)]. . L :4_
If the mass m is given a displacement along the x-axis A o™ L

and released [Fig. 1.1 (b)], it will oscillate back and forth in Z{000000000000) | | m

a straight line along x-axis about the equilibrium position - 0 X

O. Suppose at any instant of time the displacement of the (b)

mass is x from the equilibrium position. There is a force Fig 1.1
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tending to restore m to its equilibrium position. This force, called the restoring force or return
force, is proportional to the displacement x when x is not large:

-

Fo=-kxi (1.2)

where £, the constant of proportionality, is called the spring constant or stiffness factor, and
i is the unit vector in the positive x-direction. The minus sign indicates that the restoring
force is always opposite in direction to the displacement.

By Newton’s second law Eqn. (1.2) can be written as

m¥ = —kxor, X + o*x =0 ..(1.3)
where ®? = k/m = return force per unit displacement per unit mass. o is called the angular
frequency of oscillation.

1.6 SIMPLE HARMONIC MOTION (SHM)

If the restoring force of a vibrating or oscillatory system is proportional to the displacement
of the body from its equilibrium position and is directed opposite to the direction of displace-
ment, the motion of the system is simple harmonic and it is given by Eqn. (1.3). Let the initial
conditions be x = A and x = 0 at £ = 0, then integrating Eqn. (1.3), we get

x(t) = A cos ot ..(1.4)
where A, the maximum value of the displacement, is called the amplitude of the motion. If
T is the time for one complete oscillation, then

xt + T) = x(8)
or Acos ot +T) = A cos ot
or ol = 2n
or T = %.c = 2n % ...(1.5)
1 0]
and v=?=% or, = 2mv.
The general solution of Eqn. (1.3) is
x(t) = C cos of + D sin ot ...(1.6)
where C and D are determined from the initial conditions. Euqgation (1.6) can be written as
x(t) = A cos (ot — ¢) (L.7)

where C = A cos ¢ and D = A sin ¢. The amplitude for the motion described by Eqn. (1.7)
is now A = (C? + D?Y2 and the angular frequency is o which is uneffected by the
initial conditions. The angle ¢ called the phase angle or phase constant or epoch is given by

¢ = tan! (D/C), where ¢ is chosen in the interval 0< ¢ < 2m.

1.7 VELOCITY, ACCELERATION AND ENERGY OF A SIMPLE HARMONIC
OSCILLATOR
From Eqn. (1.7), we find that the magnitude of the velocity v is
v = |-A o sin(ot — 0)] = An(1l — x%/A2)12
or v = (A2 — x2)12 ..(1.8)
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and the acceleration of the particle is

a = X =—An? cos(wt — 0) = —%x ...(1.9)

We see that, in simple harmonic motion, the acceleration is proportional to the displace-
ment but opposite in sign.

If T is the kinetic energy, V the potential energy, then from the law of conservation of
energy, in the absence of any friction-type losses, we have

E =T + V = constant

where E is the total energy of the oscillator.

Also, Force F =-VV
av
or T - H
L
or V = 2kx +c
1
or V = Emw2A2COS2((Dt —0) +ec ...(1.10)

where ¢ is an arbitrary constant.
The kinetic energy of the oscillator is

1 . 1
T = mez = Emo)ZA2 sin®(ot — 0) .(1.11)
If V=0 when x = 0, then ¢ = 0 and
1
E = Emm2A2 .(1.12)

(i) At the end points x = A,
The velocity of the particle v = 0,
Acceleration a = ®’A directed towards the mean position,
kinetic energy T = 0

1
potential energy V = Emszz =E
(i) At the mid-point (x = 0),

1
v=mA,a=O,T=§mw2A2=E,V=O

Qi) At x = £A/[2, T =V =E/2.

1.8 REFERENCE CIRCLE

Suppose that the point @ is moving anticlockwise with uniform angular velocity ® along a
circular path with O as the centre (Fig. 1.2). This circle is called the reference circle for
simple harmonic motion. BOB’ is any diameter of the circle. B‘OB is chosen to be along the
x-axis. From @, a perpendicular @P is dropped on the diameter B’'B. When @ moves with
uniform angular velocity along the circular path, the point P executes simple harmonic
motion along the diameter BB’”. The amplitude of the back and forth motion of the point P
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about the centre O is OB = the radius of the circle = A. Suppose @ is at B at time ¢ = 0 and
it takes a time ¢ for going from B to @ and by this time the point P moves form B to P. If
ZQO0B =0,t =606/wor, 0 =nf, and x = OP = OQ cos 6 = A cos wt.

y

A

Fig. 1.2

When @ completes one revolution along the circular path, the point P executes one complete
oscillation. The time period of oscillation 7' = 2n/w. If we choose the circle in the xy plane,
the position of @ at any time ¢ is given by

r =Acosoti+ A sin ot j.

1.9 THE SIMPLE PENDULUM

The bob of the simple pendulum undergoes nearly SHM if its angle of swing is not large. The
time period of oscillation of a simple pendulum of length [ is given by

T = 2nfl/g L(1.13)

where g is the acceleration due to gravity.

1.10 ANGULAR SIMPLE HARMONIC MOTION (TORSIONAL PENDULUM)

A disc is suspended by a wire. If we twist the disc from its rest position and release it, it will
oscillate about that position in angular simple harmonic motion. Twisting the disc through
an angle 0 in either direction, introduces a restoring torque

r =-0Co¢ ...(1.14)
and the period of angular simple harmonic oscillator or torsional pendulum is given by
T = 2rnJI/C ...(1.15)

where I is the rotational inertia of the oscillating disc about the axis of rotation and C is the
restoring torque per unit angle of twist.
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SOLVED PROBLEMS

1. A point is executing SHM with a period ms. When it is passing through the centre of
its path, its velocity is 0.1 m/s. What is its velocity when it is at a distance of 0.03 m from
the mean position?

Solution

When the point is at a distance x from the mean position its velocity is given by
Eqn. (1.8):

v = 0(AZ — x2)12,

Its time period, T = 2/ =7; thus w = 2 s . At x = 0, v = Aw = 0.1; thus A = 0.05 m.
When x = 0.03 m, v = 2 [(0.05)? — (0.03)%]"2 = 0.08 m/s.

2. A point moves with simple harmonic motion whose period is 4 s. If it starts from rest
at a distance 4.0 cm from the centre of its path, find the time that elapses before it has
described 2 cm and the velocity it has then acquired. How long will the point take to reach
the centre of its path?

Solution

Amplitude A = 4 cm and time period T = 2n/®w = 4 s. The distance from the centre of
the path x = 4-2 = 2 cm. Since x = A cos o, we have 2 = 4 cos wt. Hence ¢t = 2/3 s and the

velocity v = ® A% —x2 = w2,/42-22 = nJ3 cm/s. At the centre of the path x = 0 and ot
=7/2o0r,t=1s.

3. A mass of 1 g vibrates through 1 mm on each side of the middle point of its path and
makes 500 complete vibrations per second. Assuming its motion to be simple harmonic, show
that the maximum force acting on the particle is n° N.

Solution

A=1mm=103m, v = 500 Hz and ® = 2nv.

Maximum acceleration = ®w?A.

Maximum force = mm?A = 10~3 x 4n2 (500)2 x 103 = 2 n2N.

4. At t = 0, the displacement of a point x (0) in a linear oscillator is -8.6 cm, its velocity
v (0) = - 0.93 m/s and its acceleration a (0) is + 48 m/s®. (a) What are the angular frequency
o and the frequency v ¢ (b) What is the phase constant? (c) What is the amplitude of the
motion?

Solution

(a) The displacement of the particle is given by
x(t) = A cos(wt + ¢)
Hence, x(0) = A cos 6 =—-8.6 cm = —-0.086 m
v(0) = —®A sin ¢ = —0.93 m/s
a(0) = —w?A cos ¢ = 48 m/s?

Thus, o = 1/ = 23.62 rad/s
008

vV = =2362—376Hz
21
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& 29 ¢
—= = — o tan
0) ’
or tan 6 = — U(O) = - 0.93
ox(0) 2362 x 0.086
Hence ¢ = 155.4°, 335.4° in the range 0 < ¢ < 2n. We shall see below how to choose
between the two values.

= —-0458

0= 20 _ 0086

cos ¢ cosd

The amplitude of the motion is a positive constant. So, ¢ = 335.4° cannot be the correct
phase. We must therefore have

0 = 155.4°
A = —0.086 _ 0.0946 m.
-0.909

5. A point performs harmonic oscillations along a straight line with a period T = 0.8 s
and an amplitude A = 8 cm. Find the mean velocity of the point averaged over the time
interval during which it travels a distance A/2, starting from (i) the extreme position, (ii) the
equilibrium position.

Solution
We have
x(t) = A cos(wt — )
(i) The particle moves from x = A to x = A/2,
or wt—(]):Otowt—(]):g,
or t:gtot=$+L.
0] o 30
The average value of velocity over this interval is
o/® + /30
<v> = x dt

n/3w
o/®

b,
3A o? l:cos(mt - q)):lt o 30

T ® L0
(O]

e[l ) 4

S oon \2 T

(ii) The particle moves from x = 0 to x = A/2
or, t = 2+L tot = —+l
o 20 o 30
64

<Uv> =
T
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The magnitude of the average velocity is

3A _ 3x8

@) = cm/s = 30 cm/s
T

(i1) 64 = 60 cm/s
T

6. A particle performs harmonic oscillations along the x-axis according to the law
x = A cos ot
Assuming the probability P of the particle to fall within an interval from -A to A to be equal
to unity, find how the probability density dP/dx depends on x. Here dP denotes the probability
of the particle within the interval from x to x + dx.
Solution
The velocity of the particle at any time ¢ is

X = — Ao sin of.
Time taken by the particle in traversing a distance from x to x + dx is
dx dx dx

[#] 7 Awyl_x?/A2  oJAZ <2
J1-a%/ J

Time taken by the particle in traversing the distance —A to A is 77/2.

Th dP 1 dx dx
us, = = .
T/2 (D\/A2 —x? n\/A2 —x2
Hence d—P = ;
dx my A% —x?

7. In a certain engine a piston executes vertical SHM with amplitude 2 cm. A washer
rests on the top of the piston. If the frequency of the piston is slowly increased, at what
frequency will the washer no longer stay in contact with the piston?

Solution

The maximum downward acceleration of the washer = g. If the piston accelerates
downward greater than this, this washer will lose contact.

The largest downward acceleration of the piston
= 0?A = ©? x 0.02 m/s?.
The washer will just separate from the piston

when 2 x 0.02 =g = 9.8 m/s2.
0] 1 /98
2 1 25 _359 Hy
Thus, V= 2n 2nV002 ’

8. A light spring of relaxed length a, is suspended from a point. It carries a mass m at
its lower free end which stretches it through a distance l. Show that the vertical oscillations

of the system are simple harmonic in nature and have time period, T = 271,/l/g.
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Solution
The spring is elongated through a distance [ due to the weight mg. Thus we have
kl = mg
where % is the spring constant. Now the mass is further pulled through a small distance from

its equilibrium position and released. When it is at a distance x from the mean position
(Fig. 1.3), the net upward force on the mass m is

k(l + x) — mg = kx = mgx/l.

Upward acceleration = gx/l = w*, which is proportional to
x and directed opposite to the direction of increasing x. Hence the
motion is simple harmonic and its time period of oscillation is

a +1
2 o]
=0 nl/g.
Note: Young’s modulus of the material of the wire is
given by m
I
_m8 _ msL x
= A/(Z/L)— Al i EE
where L is the length of the wire and A is the cross-sec- L , m
tional area of the wire. ST
Fig. 1.3
mg AY . .
Thus, =, =7 =k =spring constant of the wire.

9. A 100 g mass vibrates horizontally without friction at the end of an horizontal spring
for which the spring constant is 10 N/m. The mass is displaced 0.5 cm from its equilibrium
and released. Find: (a) Its maximum speed, (b) Its speed when it is 0.3 cm from equilibrium.
(¢c) What is its acceleration in each of these cases?

Solution
(@ o= k/m = 10/01 =10 s and A = 0.005 m.
The maximum speed = Aw = 0.05 m/s

(b) |v] = wyA?Z —x%2 =0.04 m/s

(¢) Acceleration a = — wx
@OAtx=0,a=0
(i) At x = 0.3 cm, @ = —0.03 m/s2.
10. A mass M attached to a spring oscillates with a period of 2 s. If the mass is increased

by 2 kg, the period increases by one second. Find the initial mass M assuming that Hooke’s
law is obeyed. (ILI.T. 1979)

Solution

Since T' = 2m,/m/k, we have in the first case 2 = 2n,/M/k and in the second case

3 = 27‘c1l(M +2)/ k . Solving for M from these two equations we get M = 1.6 kg.
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11. Two masses m, and m, are suspended together by a massless spring of spring
constant k as shown in Fig. 1.4. When the masses are in equilibrium, m, is removed without
disturbing the system. Find the angular frequency and amplitude of oscillation.(1.1.T. 1981)

Solution

When only the mass m, is suspended let the elongation of the spring be x,. When both
the masses (m, + m,) together are suspended, the elongation of the spring is (x; +x,).

Thus, we have

my,g = kx,
(my + myg = kx; + x,)
where % is the spring constant.
Hence m.g = kx,

Thus, x, is the elongation of the spring due to the mass m,
only. When the mass m, is removed the mass m, executes SHM
with the amplitude x,.

Amplitude of vibration = x, = myglk
Angular frequency ® = Jk/m,.

12. The 100 g mass shown in Fig. 1.5 is pushed to the left
against a light spring of spring constant k = 500 N/m and com-
presses the spring 10 cm from its relaxed position. The system is
then released and the mass shoots to the right. If the friction is
ignored how fast will the mass be moving as it shoots away?

Solution

/L /

\QQQQQQQQQQQQQQoﬁg

Fig. 1.4

k

sikaaiNEl

AN

Fig. 1.5

When the spring is compressed the potential energy stored in the spring is

1 1
Ekx2 = =x 500 x (0.1)%2 = 2.5 J.

2

After release this energy will be given to the mass as
kinetic energy. Thus

l01225
g X 0lxv? =2

from which v = /50 = 7.07 m/s.

13. In Fig. 1.6 the 1 kg mass is released when the spring is
unstretched (the spring constant k = 400 N/m). Neglecting the
inertia and friction of the pulley, find (a) the amplitude of
the resulting oscillation, (b) its centre point of oscillation, and
(c) the expressions for the potential energy and the kinetic energy
of the system at a distance y downward from the centre point of
oscillation.

Solution

(a) Suppose the mass falls a distance A& before stopping.
The spring is elongated by 2. At this moment the gravitational
potential energy (mgh) the mass lost is stored in the spring.

&
\_/

|*

Fig. 1.6
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1
Thus, mgh 2 kh?

or po= 28 2X1X98 049 m,
k 400
After falling a distance & the mass stops momentarily, its kinetic energy 7' = 0 at that
moment and the PE of the system V = 1/2 kh2, and then it starts moving up. The mass will
stop in its upward motion when the energy of the system is recovered as the gravitational
PE (mgh). Therefore, it will rise 0.049 m above its lowest position. The amplitude of oscil-
lation is thus 0.049/2 = 0.0245 m.

(b) The centre point of motion is at a distance A/2 = 0.0245 m below the point from
where the mass was released.

(c) Total energy of the system

1
E = mgh = S kh?.

At a distance y downward from the centre point of oscillation, the spring is elongated
by (h/2 + y) and the total potential energy of the system is

1 (h h 1 (2 3 2J
= - —_— - = _k _h
2k(2+yj +mg(2 yj o kY +4

1.(1 h h

= — = _k _h2 - 2) __S S_.

T=E-V 9 [ 1 Yy, ) y 2
14. A linear harmonic oscillator of force constant 2 x 106 N/m and amplitude 0.01 m
has a total mechanical energy of 160 J. Show that its (a) maximum potential energy is
160 J (b) maximum kinetic energy is 100 . (I.I.T. 1989)

and the kinetic energy

Solution
From Eqns. (1.10) to (1.12), we have total mechanical energy = 1/2 kA% + ¢

1
= — x2x 105 x (0.01)2 +¢c =100 J + c = 160 J

2
1 1 I
(a) Maximum P.E. = o kA® + ¢ = 160 J 410 om=—,
1 . |
(b) Maximum K.E. = EkA2 = 100 J. |
15. A long light piece of spring steel is clamped at its ,4/\ * —»5N
lower end and a 1 kg ball is fastened to its top end (Fig. 1.7). s =7
A force of 5 N is required to displace the ball 10 cm to one side /

as shown in the figure. Assume that the system executes SHM !
when released. (a) Find the force constant of the spring for this /
type of motion. (b) Find the time period with which the ball '
vibrates back and forth.
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Solution

External Force 5N
Displacement 01 m

®) T = 2nm/k = 2r,/1/50 = 0.89 s.

16. Two blocks (m = 1.0 kg and M = 11 kg) and a spring
(k = 300 N/m) are arranged on a horizontal, frictionless
surface as shown in Fig. 1.8. The coefficient of static friction
between the two blocks is 0.40. What is the maximum possible
amplitude of the simple harmonic motion if no slippage is to Fig. 1.8
occur between the blocks?

(@ k = =50 N/m

k [ Im

000U0Ca00000000000 M

Solution

Angular frequency of SHM = o = ,/300/12

Maximum force on the smaller body without any slip-
page is mw?A = umg
Thus, A= Eé: Wm = 15.68 cm.
® 300
17. Two identical springs have spring constant k = 15 N/m. A 300 g mass is connected
to them as shown in Figs. 1.9(a) and (b).

Find the period of motion for each system. Ignore frictional forces.

Solution
(a) When the mass m is given a displacement x, one spring will be elongated by x, and
the other will be compressed by x. They will each exert a force of magnitude kx on the mass

in the direction opposite to the displacement. Hence, the total restoring force F' = -2 kx = m X .
So,
ANANANANANANAVANANANANANAN

] vy L

(a) (b)
Fig. 1.9

® = 42k/m = [2x15/03 =10 s

T = 2n/o = 0.63 s.
(b) When the mass is pulled a distance y downward, each spring is stretched a

distance y. The net restoring force on the mass = -2 ky, ® = ,/2k/m and the period is also
0.63 s.
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18. Two massless springs A and B each of length a, have spring constants k,; and k,,
Find the equivalent spring constant when they are connected in (a) series and (b) parallel as
shown in Fig. 1.10 and a mass m is suspended from them.

ANANANANANANANA VA VAN NA VAN
ki A
OOV
k, A B k,
k2 B

Fig. 1.10

Solution
(a) Let x; and x, be the elongations in springs A and B respectively. Total elongation
=X, + X,

mg = kyx; and mg = kyx,
1 1
Thus, X, +x, = mg| —+—|.
1T X g(kl k2j

If £ is the equivalent spring constant of the combination (a), we have
x, +x, = mglk
or l:i+ior,k:—klk2 .
Ry + kg
(b) Let x be the elongation in each spring.
mg = (ky + kyx
If £ is the equivalent spring constant of the combination (b), we have
mg = kx
Thus, k =k, + k.
19. Two light springs of force constants k; and k,and a block of mass m are in one line
AB on a smooth horizontal table such that one end of each spring is on rigid supports and
the other end is free as shown in Fig. 1.11. The distance CD between the free ends of the
springs is 60 cm. If the block moves along AB with a velocity 120 cm/s in between the springs,
calculate the period of oscillation of the block.

(k; = 1.8 N/m, k, = 3.2 N/m, m = 200 g) (LLT. 1985)
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<+«—60cm —»
k m k
L I e I L LN
A

Fig. 1.11

Solution

The time period of oscillation of the block = time to travel 30 cm to the right from mid-
point of CD + time in contact with the spring k, + time to travel DC (60 cm) to the left
+ time in contact with spring k£, + time to travel 30 cm to the right from C

30 1|, [m| 6 1, [m]| 30
- 2 —|2n |— - —| 2w [— 2
12o+2{ k2}+120+2|: kly’lzo

11
= 1+ n[,02/32+/02/18] = 1+ n[ o 3}
=2.83 s.

20. The mass m is connected to two identical springs
that are fixed to two rigid supports (Fig. 1.12). Each of the
springs has zero mass, spring constant k, and relaxed length
a, They each have length a at the equilibrium position of the a m a
mass. The mass can move in the x-direction (along the axis of Wﬂvmmm
the springs) to give longitudinal oscillations. Find the period
of motion. Ignore frictional forces.

Fig. 1.12

Solution

At the equilibrium position each spring has tension 7) = k(a — a,). Let at any instant
of time x be the displacement of the mass from the equilibrium position. At that time the net
force on the mass due to two springs in the +ve x-direction is

F_ = —kla +x—-ay + kla —x —ay = —2kx.
Thus, m% = —2kx and ®? = 2k/m
and T = 2rnm/(2k).

21. A mass m is suspended between rigid supports by means of two identical springs.
The springs each have zero mass, spring constant k, and relaxed length a, They each have
length a at the equilibrium position of mass m [Fig. 1.13(a)]. Consider the motion of the mass
along the y-direction (perpendicular to the axis of the springs) only. Find the frequency of

Fig. 1.13



14 WAVES AND OSCILLATIONS

transverse oscillations of the mass under (a) slinky approximation (a,<< a), (b) small oscilla-
tions approximation (y << a).

Solution

At equilibrium each spring exerts tension T, = & (@ — a,). In the general configuration
(Fig. 1.13(b)) each spring has length / and tension 7' = (I — a;) which is exerted along CA or
CB. The y-component of this force is -7 sin 0. Each spring contributes a return force T sin
0 in the —ve y—direction. Using Newton’s second law, we have

my = 2T sin® = -2k(l — ay)y/l. ...(1.16)

The x-components of the two forces due to two springs balance each other so that there
is no motion along the x-direction. Thus, we have

Qg

my = —2ky [I—W} .

The above equation is not exactly in the form that gives rise to SHM.
(a) Slinky approximation (ay/a << 1): Since [ > a, a/I<< 1 and we get from Eqn. (1.16)

) 2k )
y=-—y=-o%
m

..(1.17)

The time period is same as longitudinal oscillation. Time period = 2m,/m/2k .

(b) Small oscillations approximation (y << a): Under this approximation, we have
ag ~ a—O(l—iJ
5 |-
a?+y? a 2a

2

a, agy

. 1__0+0_J
2ky( a 2a®)°

l

Thus, my

we neglect (y/a)? term in this equation, we get

2y e,
Y= a @7 T T Y
2T 2k 2k a
Hence w?, = 20 g - a,) = _( __0)
ma ma m a
21 m/2k
and time period = / = 2n/ma/2T, .
1-ay/a
22. A ball of mass m is connected to rigid walls m
by means of two wires of lengths l,and 1, (Fig. 1.14). ®
At equilibrium the tension in each wire is T, The T, PRSI
mass m is displaced slightly from equilibrium in o ; \2
the vertical direction and released. Determine the L7 y: A
frequency for small oscillations. A /\91 N 92[ S B
)
Solution L T om o L E
Restoring force = T, sin 6; + T, sin 0, Fig. 1.14

For small displacements, T, = T, and T, = T,
sin@, = tan®, = y/l;, sin 6, = tan 6, = y/l,.
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Thus, my = -T, Y,y __T, l1+lzy
Ly I Ly
12
{To(lﬁlz)}
and 0= |—>= .
mil,

23. A vertical spring of length 2L and spring constant k is suspended at one end. A body
of mass m is attached to the other end of the spring. The spring is compressed to half its
length and then released. Determine the kinetic energy of the body, and its maximum value,
in the ensuing motion in the presence of the gravitational field.

Solution

If the position of the body is measured from the relaxed position of the spring by the
coordinate y (positive upward) and if the P.E. V is set equal to zero at y = 0, we have

1
V = Eky2 + mgy,

T+V
where T is the K.E. of the body.

1
T +§ky2 + mgy = E = Total energy,

1
Now, T =0 when y = L, or, E = EkL2+ mgL.

1
Thus, T = Ek(lﬁ _yz) + mg (L — y).

T
T is maximum when ((ii_ =0or,y= _m_g’
Yy

k
1 2
and T = Ek(Lerg/k) ,

24. Find the time period of a simple pendulum.

Solution

A small bob of mass m is attached to one end of a string
of negligible mass and the other end of the string is rigidly
fixed at O (Fig. 1.15). OA is the vertical position of the sim-
ple pendulum of length / and this is also the equilibrium
position of the system. The pendulum can oscillate only in
the vertical plane and at any instant of time B is the position
of the bob. Let LZAOB = y. The displacement of the bob as
measured along the perimeter of the circular arc of its path

d
is AB = ly. The instantaneous tangential velocity is [ d—l: and
d?y
dt*
The return force acting on the bob along the tangent BN drawn at B to the circular arc

AB is mg sin y. There is no component of the tension T of the string along BN. The return
force mg sin y acts in a direction opposite to the direction of increasing y. Thus we have

dz\u
dt?

Fig. 1.15

the corresponding tangential acceleration is /

ml = —mg siny. ...(1.18)
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Maclaurin’s series for siny is
3 5
v = v ¥ ¥V
siny = v Y + I
For sufficiently small y, siny = y (in radians) and we have
d?y
dt®
with o? = gll.
The motion is simple harmonic and its time period of oscillation is

T=2—n=2nl/g.
o

= —Q)ZW’

25. What is the period of small oscillation of an ideal pendulum of length I, if it oscillates
in a truck moving in a horizontal direction with acceleration a?

Solution
Let the equilibrium position be given by the angle ¢ (Fig. 1.16). In this position the force
on the mass m along the horizontal axis is equal to ma. The angle ¢ is determined by the
equations.
T sin ¢ = ma, T cos ¢ = mg.

0]
[//[11] a,

Fig. 1.16

When the pendulum is displaced by a small amount 6, it will perform simple harmonic

motion around the equilibrium position. Its equation of motion is
mi = -T sin(6 + ¢)

where x is the distance from the vertical OA.

For small 6, sin(® + ¢) = 6 cos ¢ + sin ¢
o8 ma.

T T

- ma — mgo.

Thus mx
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0 and [ are related geometrically as
x=1[sin®+¢)=1106cos ¢ +1[sin ¢

or ¥ = Lcos 00
Hence lcos 0 § = —a —g0
or 0 = - £ (9 +2J.
lcoso g
If we make the following substitution
\lj = e+g
g
we get
Y _ o
Vo= lcosq)w i

with time period of oscillation

1/2
- 2n 2n{lcos¢} ‘

[0 g
mg mg g
Now, cos ¢ = — = =
T \/m2a2 4 ngz \/a2+ g2
] 1/2
Thus, T = 21| —| .
1/a2 +g2

26. A simple pendulum of bob mass m is suspended vertically from O by a massless rigid
rod of length L (Fig. 1.17 (a)). The rod is connected to a spring of spring constant k at a
distance h form O. The spring has its relaxed length when the pendulum is vertical.

(6]
(6]
/11111111717 Ny
h Ny h
N ]
N
N
N - — —
—’mmmm—’t X4
k N
N
L N
i L
X, -
_______ 20
©
. © l
m
(@) (b) 9

Fig. 1.17

Write the differential equation of motion and determine the frequency for small oscilla-
tions of this pendulum.
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Solution

Let 6 be a small deflection of the pendulum from its equilibrium position. The spring
is compressed by x, and it exerts a force F, = kx, on the rod. We have

x, = h sin 6 and x, = L sin 6.
Taking the sum of torques about the point O we obtain (for small deflection 6):
— F.h — mgx,=mL?§
or mL?9 + (kh? + mgL) sin 6 = 0.
Since sin 6 = 6 for small oscillations we get SHM with frequency
9 12 o V2
kh* + mgL g kh
0= |—— =[Z+—5| .
mL L mL
27. A simple pendulum of bob mass m is suspended vertically from O by a massless rigid
rod of length L. The rod is connected to two identical massless springs on two sides of the rod

at a distance a from O (Fig. 1.18). The spring constant of each spring is k. The springs have
their relaxed lengths when the pendulum is vertical.

Fig. 1.18

Write the differential equation of motion and determine the frequency of small oscilla-
tions of this pendulum.

Solution

When the pendulum is at an angle 6 with the vertical [Fig. 1.18(b)], the pendulum is
raised by the distance 4~ = L — L cos 6 and the PE of the pendulum is

(P.E.),, = mgh = mgL(1 — cos 0).

The zero level of the PE is chosen with the pendulum being vertical.

When the pendulum is at an angle 0, one of the springs is stretched by the amount a6,
while the other is compressed by the same amount. The PE of the springs is

1
(PE), = Ek(ae)2 x 2 = ka%02,

Thus the total P.E. of the system is
V = mgL (1 — cos 0) + ka2
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The kinetic energy is associated only with the mass m. The velocity v = L6 and KE is

7 - Larze’
2

Thus the total energy of the system is
E = émL2é2 + mg L(1 — cos 0) + Ka?0?.

Since the total energy of the system is conserved, we have

dE . .
e mL?00 + mgL sinp6 + 2ka’66=0
2
or é+§sin9+2]m2 6 = 0.
mL

Since sin 6 = 0 for small oscillations we get SHM with frequency

28. A simple pendulum is suspended from a peg on a Q
vertical wall. The pendulum is pulled away from the wall to
a horizontal position (Fig. 1.19) and released. The ball hits the

wall, the coefficient of restitution being 2/ J5. What is the
minimum number of collisions after which the amplitude of \
oscillation becomes less than 60°? (I.LT. 1987) '

Solution \

Let v, be the velocity of the bob just before the first N
collision. N

1 T~
Then Emv% = mgL O

[777777777777777777777777777777

or vy = +/28L-
The velocity of the bob just after the 1st collision is

2 2
U1 = EUO Zﬁwlsz

v, will be the velocity of the bob just before 2nd collision. The velocity of the bob just
after the second collision is

Fig. 1.19

The velocity just after the nth collision is

.- (3] o=

We assume that after n collisions the amplitude of oscillation becomes 60°.
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Thus,
1 1
Emvn = mg (L — L cos 60°) = EmgL
or v,zl = gL
9 2n
or ﬁ 2gL = gL
a1
o 5) T 2
n is slightly greater than 3. In fact
10810 2 =31

- logp 5 —logyp 4

Thus the minimum number of collisions after which the amplitude becomes less than
60° is 4.

29. A bullet of mass M is fired with a velocity 50 m/s at an angle 6 with the horizontal.
At the highest point of its trajectory, it collides head-on with a bob of mass 3 M suspended
by a massless string of length 10/3 m and gets embedded in the bob. After the collision the
string moves through an angle of 120°. Find

(i) the angle 0

(it) the vertical and horizontal coordinates of the initial position of the bob with respect
to the point of firing of the bullet. (Take g = 10 m/s?) (I.I.T 1988)

Solution

(i) At the highest point of the bullet the horizontal component of velocity = u cos 6 and
the vertical component of velocity = 0. Let (x, y) be the coordinates of the initial position A
of the bob (Fig. 1.20).

We have
a u?sin?0
Yy = —2g
y = u? sin 20
2

Due to head-on collision of the bullet with the bob at A we have from the conservation
of linear momentum

Mu cos 6 = 4Mv

where v is the initial velocity of the bob along the x-direction.

u
Thus, v = cos 0.

At the highest point (B) of the path of the combined mass let the velocity be v,. At this
position, we have
4 Mv?

4Mg cos 60° = 7
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s _ 8
or o=y
Y
A
Vq 4MV12
[
B
l
30° 4 Mg
90°
l
M 3M
. = v
u A RN
1 AN
I ~
1 AN
1 N
1 \
1 Y AN
1 \
1 \\
1 \
0 | \
1 \\
1 »
Fig. 1.20

From conservation of mechanical energy of the bob, we get

1 1
5 @DV = (4D vZ + 4Mg( + I sin 30°)
or v? = v? + 3gl
2
l 7gl
Thus, L{—Gcosze = % + 3gl = %
or c0s2 0 = 56§ZZ5GX10XE:@
u 50x50 3 75
or 6 = 30.2°
2 2 2
i) y = WS e=50><50><(0.503) _316m,
2g 2x10
2 .
e U sin20 _ 50 x 50 x (0.869) 1087 m.
2g 2x10

30. Two identical balls A and B each of mass 0.1 kg are attached to two identical
massless springs. The spring-mass system is constrained to move inside a rigid smooth pipe
bent in the form of a circle as shown in Fig. 1.21. The pipe is fixed in a horizontal plane. The
centres of the balls can move in a circle of radius 0.06 metre. Each spring has a natural length
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of 0.06 mw metre and spring constant 0.1 N/m. Initially, both the balls are displaced by an
angle 0 = 7/6 radian with respect to the diameter PQ of the circle (as shown in the figure)

and released from rest.
(@) Calculate the frequency of oscillation of ball B.
(ii) Find the speed of ball A when A and B are at two ends of the diameter PQ.

(iti) What is the total energy of the system? (I.IT. 1993)

Fig. 1.21

Solution
() At an angular displacement 0 of the balls the compression or extension in respective

springs = 2 RO.
Thus, force on B due to both springs = 4 kR0, where % is the spring constant.

2 2
Now, —5 = angular acceleration and RW = linear acceleration.

The equation of motion of the mass B is given by

d’e
mRES = - 4kRe
dt
d’e 4k
or — = ——0 =- 0?0, which represents SHM.
dt m
Thus, VvV = £=i 4:—kzi 4X0.1 =lHZ
on 2rVm 2V 01 T
(ii) KEl,_, = [P.E],_=
6
2 x Tmp? = 2 lle(zj.!ee)2
or x gmv? = 2%

k T
or v=2RO,— = 2x0.06x — =0.02r ms?
m 6



SIMPLE HARMONIC MOTION 23

(ii1) Total energy

[P.E.]e _n
G
4kR%0?

2
4% 0.1x36x10%x —

36
42 x 1075 J.

31. If the earth were a homogeneous sphere of radius R and a straight hole were bored
in it through its centre, show that a body dropped into the hole will execute SHM. Find its
time period.

Solution

Suppose AB is a straight hole (Fig. 1.22) passing through
the centre O of the earth. A body of mass m is dropped into
the hole. At any instant of time the body is at C at a distance
x from the centre of the earth. When the body is at C, the
force of attraction on the body due to earth is

where p, density of the material of earth, is assumed to be
uniform everywhere and G, the universal gravitational
constant.

At C, the acceleration of the body towards the centre
O is

F 4
e i
a 3 Tpx.

Fig. 1.22

As a < x and it acts opposite to the direction of increasing x, the motion of the body

is simple harmonic. We have
4

o =G 37
Now the acceleration of the body on the surface of the earth is
=G %—Gé R
g = R2 3 TEp
where M = mass of the earth.
g
2 _ &
Hence, o = R
R
and the time period T = 2n E
with R = 6.4 x 10 m, g = 9.8 m/s2,
We have T = 5077.6 s.

32. A cylindrical piston of mass M slides smoothly inside a long cylinder closed at one
end, enclosing a certain mass of gas. The cylinder is kept with its axis horizontal. If the piston
is disturbed from its equilibrium position, it oscillates simple harmonically. Show that the
period of oscillation will be (Fig. 1.23)

T = 21 /MJ_” [MV (LLT. 1981)
PA Al P
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Solution —— h —

Suppose that the initial pressure of the gas is X

P and initial volume is V = AA. The piston is moved
isothermally from C to D through a distance x
(Fig. 1.23). The gas inside the cylinder will be P A
compressed and it will try to push the piston to its
original position. When the piston is at D let the
pressure of the gas be P + 6P and volume = V — 8V

= V — Ax. Since the process is isothermal, we b ¢
have Fig. 1.23
PV = (P + &P) (V- §V) = PV — P8V + VoP
- PV PAx
o v %
The return force acting on the piston is
2
ASP - A Px‘
\%4

The acceleration a of the piston is proportional to x and directed opposite to the direc-
tion of increasing x:

A®Px
MV
Thus, the motion of the piston is simple harmonic and its time period is

T - on [MV /MV /Mh
AZp A PA

33. An ideal gas is enclosed in a vertical cylindrical container and supports a freely
moving piston of mass M. The piston and the cylinder have equal cross-sectional area A.
Atmospheric pressure is P, and when the piston is in equilibrium, the volume of the gas is
V,. The piston is now displaced slightly from the equilibrium position. Assuming that the
system is completely isolated from its surroundings, show that the piston executes simple
harmonic motion and find the frequency of oscillation. (LI.T. 1981)

Solution

a = -

Since the system is completely isolated from the surroundings, there will be adiabatic
change in the container. Let the initial pressure and the volume of the gas be P and V,,
respectively. When the piston is moved down a distance x, the pressure increases to P + 0P
and volume decreases to V, — 6V. Thus,

PVY

(P + 8P) (V, — 8V

P + 8PV (1—6—‘/]
Vo

U

5V
P + 6P) V] [1 77]
0

VOY[P vop- SVJ
VO

U
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where v is the ratio of specific heats at constant pressure and volume (y = Cp/CU).
vP3V  yPAx
Vo Vo
The acceleration of the piston is given by
_ _YPAx A yPA%x
Vo M MV, ’
which shows that the piston executes SHM, with

Hence, OP =

2
o 1PA?
MV,

Now, p:p0+@zw

A A
The frequency of oscillation is given by

o 1 YA(AP, + Mg) V2
o2n  2m MV, '

34. Two non-viscous, incompressible and immiscible
liquids of densities p and 1.5 p are poured into two limbs of
a circular tube of radius R and small cross-section kept fixed
in a vertical plane as shown in Fig. 1.24. Each liquid occu-
pies one-fourth the circumference of the tube. (a) Find the
angle 0 that the radius vector to the interface makes with the
vertical in equilibrium position. (b) If the whole liquid is
given a small displacement from its equilibrium position,
show that the resulting oscillations are simple harmonic.
Find the time period of these oscillations. (I.IT. 1991)

Solution

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
[

(a) Since each liquid occupies one-fourth the circumfer-
ence of the tube, ZAOC = 90° = ZBOC [Fig. 1.25 (a)].

The pressure P, at D due to liquid on the left limb is
P, = (R - R sin®) 1.5 pg

The pressure P, at D due to liquid on the right limb is
P, = (R-Rcos6) 1.5 pg + (R sin® + R cos 8)pg

Fig. 1.24

At equilibrium P, = P,. Thus, we have
(1 -sinB) 1.5 = (1 —cosH) 1.5 + sin 6 + cos 6
Solving this equation, we get 2.5 sin 6 = 0.5 cos 0,

tan 0 = 95 _ 0.2
or an 6 = o =0.
or 0 = 11.3°
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Fig. 1.25

(b) When the liquid is given a small upward displacement y = BB’ in the right limb [Fig.
1.25 (b)], then y = Ro. where o = ZB’OB, and A goes to A’ and C goes to C’. The pressure
difference at D is

dP = P, - P
[R — R cos(® + o) 1.5 pg + [R sin(6 + o)

+ [R cos(0 + a)lpg — [R — R sin(®6 + a)] 1. 5 pg
Rpg {2.5 sin(0 + o) — 0.5 cos(6 + o)}
Rpg {2.5 [sin 6 + o cos 6] — 0.5[cos 6 — a sin 6]}
Rpg {2.500 cos 6 + 0.50. sin 6}
ypg {2.5 cos 6 + 0.5 sin 6}

2.55pgy
Thus, Restoring force = — 2.55 pgy x A,

0

where A is the area of cross-section of the tube.
Mass of the liquid in the tube is

2nR 2nR
m = TAP+TA x 1.5p = 1.25 nRAp.

The acceleration of the liquid column is
o - _Mz_m(i)y
1.25nRAp R

which shows that the motion is simple harmonic.
The time period of oscillations is given by
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35. Ten kg of mercury are poured into a glass U tube
[Fig. 1.26]. The tube’s inner diameter is 1.0 cm and the
mercury oscillates freely up and down about its equilibrium ||
position (x = 0). Calculate (a) the effective spring constant of 2XI L Z v
motion, and (b) the time period. Ignore frictional and surface
tension effects.

T
|
x

Solution

(a) When the mercury is displaced x metres from its
equilibrium position in the right arm, the restoring force is
due to the weight of the unbalanced column of mercury of
weight 2x. Now,

{

Weight = Volume x Density x g ==
= (mr?2x) x p x g Fig. 1.26
13.6 x10°k
where p = 13.6 g/em?® = ng = 13.6 x 10% kg/m3.
10" m
Thus, the restoring force = — (2nr? pg) x, and Hooke’s law is valid, thereby we see that

the effective spring constant for the system is

k = 2nr? pg = 2m(0.005)% (13.6 x 103) x 9.8
= 20.94 N/m
m 10

®) T = 275\/; = 2n 2094 = 4.34 s.

36. Two identical positive point charges + Q each, T atx— A x—>
are fixed at a distance of 2a apart. A point charge + q lies ! '+ !
midways between the fixed charges. Show that for a small : Gt .
displacement along the line joining the fixed charges, the +Q _NOX ,C:_ +,Q
charge + q executes simple harmonic motion. Find the a DI !
frequency of oscil-lations.

Fig. 1.27

Solution

Let the charge + q be displaced through a distance x to the right (Fig. 1.27). Restoring
force on charge + q is

7o Qq B Qq
= 2 2
dne)(a+x)” 4ney(a-—x)
4aQq x
 4n € (a2 - x2)2
Qgx .
~ — 5 since x < a,
TEya

where €, = 8.85 x 1072 C¥N.m?
The equation of motion of the charge + g of mass m is
Qg x

mi = — 3
neya
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which represents SHM with frequency
1 Qq

V= o :
2n\ne, a’m

37. A thin ring of radius R carries uniformly distributed
charge + Q. A point charge — q is placed on the axis of the ring
at a distance x from the centre of the ring and released from
rest. Show that the motion of the charged particle is approxi-
mately simple harmonic. Find the frequency of oscillations.

Solution

Consider two symmetric small charge elements dg of the
ring. The net force on the point charge along the x-direction
(Fig. 1.28) is

(2dq)q x Fig. 1.28

(2dq)q _
cos 0 = — 75

4m e, (R2 +x2) 4me, (R2 +x2)
Thus the net force on (—q) due to the total charge (+@) on the ring is

Foo _ Qgx
4t e, (R2+x2)

3/2

= _Qan since x < R.

4dney R
The equation of motion of the point charge is

mx = ——qu

4ne, R

which represents SHM with frequency
1| Q¢ |
V' = 2n\4ne, mR?

38. An object of 98 N weight suspended from the end of
a vertical spring of negligible mass stretches the spring by 0.1
m. (a) Determine the position of the object at any time if ini-
tially it is pulled down 0.05 m and then released. (b) Find the
amplitude, period and frequency of the motion.

Solution

(a) Let D and O represent the position of the end of the
spring before and after the object is put (Fig. 1.29). Position
O is the equilibrium position of the object. The positive z-axis
is downward with origin at the equilibrium position O. When
the elongation of the spring is 0.1 m, the force on it is 98 N. z

When the elongation is (0.1 + z) m, the force on it is F--L-----~-

98
o1 * (0.1 + 2) N. Thus, when the object is released at F, there Fig. 1.29
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98
is an upward force acting on it of magnitude o1 ® (0.1 + z) N and a downward force due

to its weight of magnitude 98 N. Hence, we can write

SCEh = 9gh-Blo1+2h=— B
t 01 01

The resulting motion is simple harmonic with angular frequency

98 1
= _— = 7 2 M
® = o1 V2s

The solution of the differential equation is (see Eqn. 1.6)
z = Ccos T2t + D sin 7J/2¢.

Att=0,z=0.05 m, % = 0 which give C = 0.05 and D = 0. Thus, the position of the

object at any time is given by

2z = 0.05 cos T2t

V2

2
T s and frequency = —— Hz.
2n

(b) Amplitude = 0.05 m, period =

39. A particle of mass 3 units moves along the x-axis attracted toward origin by a force
whose magnitude is numerically equal to 27x. If it starts from rest at x = 8 units, find (a) the
differential equation describing the motion of the particle (b) the position and velocity of the
particle at any time and (¢) The amplitude and period of the vibration.

Solution
(a) Let r = xi be the position vector of the particle. The force acting on the particle
is
3% = - 27xi
which gives
X +9%x = 0.
This is the required differential equation.

(b) The general solution of the differential equation is
x = C cos 3t + D sin 3t.

The initial conditions are x = 8, x = 0 at ¢ = 0, which give C = 8 and D = 0.

Thus, x = 8 cos 3t
o dx » . -
and the velocity is El = — 24 sin 3t¢i
. : . 2n
(¢) Amplitude = 8 units, period = —/—s.

3
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40. Work the previous problem if the particle is initially at x = 8 units but is moving
(a) to the right with speed 18 units, (b) to the left with speed 18 units. Find the amplitude,
frequency and the phase angle in each case. Are the two motions (a) and (b) 180° out of phase
with each other?

Solution
(@) x = C cos 3t + D sin 3t.
Att=0,x = 8 and x = 18, which give C = 8 and D = 6.
Thus, x = 8 cos 3t + 6 sin 3¢
= /8% +62 cos(3t - ¢)
= 10 cos(3t — ¢)
h LA = — and t _3
where cos(])—lo,smq)—loan an¢—4.

The angle ¢ is called the phase angle which is in the first quadrant: ¢ = 36.87°.
Amplitude = 10 and frequency = ;Hz.
T

(b) Att =0,x = 8 and x = — 18, which give C = 8 and D = — 6 so that
x = 8 cos 3t — 6 sin 3t
= 10 cos(3t — y)

with cos y = 1—5:), sin y = —1—% and tan y = ——.

4
The phase angle v is in the fourth quadrant:
vy = 323.13°.

The amplitude and frequency are the same as in part (a). The only difference is in the
phase angle. Here we have sin (¢ + y) = 0 and cos (¢ + y) = 1 and y + ¢ = 2. The two motions
are not 180° out of phase with each other since y — ¢ # 180°.

41. A pail of water, at the end of a rope of length r, is whirled in a horizontal circle at
constant speed v. A distant ground-level spot light casts a shadow of the pail onto a vertical
wall which is perpendicular to the spotlight beam. Show that the shadow executes SHM with
angular frequency @ = v/n.

Solution

The figure gives a top view of the set-up (Fig. 1.30).

Let 6 () denote the instantaneous angular position in radians of the pail, measured

counter clockwise from the + ve x-axis. Then ® = +

~N |

, with the sign depending upon which

way the pail is whirled. Letting 6 (¢ = 0) = 6, the angular position

0t) = =

S

t+ 0,
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_________
/V —
Shadow % <

Wall
Fig. 1.30
. . vt
Now, y(#) = r sin 6(¢) = r sin (i7+90)
vt
= + r sin (—ieo)
r
2
— vt
So, y =¥ Y sin (—190)
r r
and the differential equation for the motion of the shadow is
o
y 2 y =
or y+0ly =0
i.e., we have SHM of amplitude | + r| = r and angular frequency o = v,

r

42, Two particles oscillate in simple harmonic motion along a common straight line
segment of length A. Each particle has a period of 1.5 s but they differ in phase by 30°. (a)
How far apart are they (in terms of A) 0.5 s after the lagging particle leaves one end of the
path? (b) Are they moving in the same direction, towards each other, or away from each other
at this time?

Solution

(a) Let the equations of two particles be

A 4n, w
X, = Ecos(?tﬁLE)

A 4
Xy = Ecos ?t

x, reaches one end of the path when ¢ = 0 and at that time

A 3

PRER

x1=
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A3

A
When t = 0.5 s, xy = ——

1 and x, = R and |x2 —x7 | =0.183 A.
(b) At t = 0.5 s, velocities of the particles are
) Adn | .
X = Tg g sin 150° = — ve,
Xy = —éﬂsin 120° = — ve.

Thus, the particles are moving in the same direction.

43. Two particles execute SHM of the same amplitude and frequency along the same line.
They pass one another when going in opposite directions each time their displacement is half
their amplitude. Show that the phase difference between them is 120°.

Solution

Let the equations be

x, = A sin(ot + ¢,),
x, = A sin(ot + ¢,)
with ¢, # ¢,.

Let the particles cross each other at ¢ = 0, so that

Xy :x2:% att =0
which give ¢, = 30° and ¢, = 150°.

Att =0, %, =Awcos ¢, = + ve and x, = Aw cos ¢, = — ve which show that the particles

are moving in opposite directions.
Phase difference = ¢, — ¢; = 120°.

44. Show that the phase-space diagram (p, versus x curve) of SHM is an ellipse with

E
area equal to N where E = Total energy and v = frequency of oscillations.

Solution
For a particle executing SHM, we have

x = A cos ot
which gives
p, = mx = —menA sin ot

and X L Px -

Since E = Emszz, we have
2 2
AR F: =1
2E  2mE
mw?

which is the equation of an ellipse in the xp —plane with semi-major axis = a = 1I2E/ (mmz)

and semi-minor axis = b = 2mE.
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. 2nE E
Area of the ellipse = tab = ——=—.
) \%
45. Show that the force F = —kxi acting on a simple harmonic oscillator is conserva-
tive.
Solution
ik
= = d 0 d
We h =|— = —|=0
¢ have VX F ox dy oz
—-kx 0O 0

Hence F is conservative.
46. Solve the differential equation

2
lm(%) + lka

2 \dt 2 E

and show that x(t) represents simple harmonic motion. What is the frequency and amplitude
of vibration of the motion?

Solution
We h @ _ 2 2
e have ar - A —x
k 2F
where ® = 1/— and Az = —.
m k

After integration, we get
x = A sin(wt + ¢)
which represents a simple harmonic motion. Here ¢ is the phase angle.

0] 1 [k

[2E
Frequency = on o \m and Amplitude = A = -

47. A spring of mass M and spring constant k is hanged from a rigid support. A mass
m is suspended at the lower end of the spring. If the mass is pulled down and released then
it will execute SHM. Find the frequency of oscillations.

Solution

Let [ be the length of the coiled wire of the spring. Let the suspended mass m be at a
distance z from the equilibrium position. We consider an element of length dx of the spring
situated between points x and x + dx measured along the spring from the point of support.
Since the stretching is assumed to be uniform, the element, distant x from the fixed end, will

experience a displacement (x/l) z and will have velocity (x/ l) z. Since the mass of the element

dx is (M/l) zdx, the kinetic energy of this element is

1(MJ xdz |’ M [dz 7T
|5 dxl | = —=|—]| x2dx
201 ldt 213 | dt
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Thus at that instant total kinetic energy of the spring is
21 2
M(d
£ % jx2 dx = —(—Z) s
213 | dt 4 6 \ dt

1 (dzY
and the kinetic energy of the mass m is Em(ﬁ) .

1
The potential energy of the system when the spring is elongated by z is (EJ k22,
Hence the total energy of the system is

2
(l) (m + ﬁ) (%J + lk'zz = constant. ...(1.19)
2 3 )\ dt 2

Due to finite mass of the spring the effective mass of the system becomes (m +?)
From problem (46), we find that

0 = kM ...(1.20)

m+—
3

Differentiating Eqn. (1.19) with respect to ¢, we obtain
Lo Mlosz Lposs
2 3 2

0

( M )
or m+ 3 F +kz = 0
which shows that the motion is simple harmonic with ®? given by Eqn. (1.20).

48. Show that if the assumption of small vibration (see problem 24) is not made, then
the time period of a simple pendulum is given by

P
I 7 df
T=4/° [ 4
\/; ‘([ VI-kZsin®f

where k = sin ("’20 j, y, being the maximum angle made by the string with the vertical. The

initial conditions are y = \y, and y = 0 at time t = 0.
Solution

The equation of motion for a simple pendulum, if small vibrations are not assumed, is:

2
‘ZT‘Z" - —§sin\p (1.21)
We put u = v so that
dt
d*v _du _ dudy_ du

= u
dt>  dt dy dt  dy
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and Eqn. (1.21) becomes

uﬂ - -£ sin
dy l '
On integration, we get
2
g
o = cos y + C.
When v = VY, ¥ =u =0, so that
C = —%cos Yo
2g 2
Thus, we have u = = T(cosw—coswo)

We consider that part of the motion where the bob goes from y = y, to y = 0 which

T
represents a time equal to 1 In this case y is decreasing so that y is negative:

1
= - 2Tg(cosw —cosVyg)2 -

we get

0,
L. ,/
4 g (cosy — cos y )1/2
Vo
L f dy .
2g 1/2
0 smzw0 sin? W)

S &[E

Integrating from y = y, to y =

2
Let sin % = sin —“;0 sin ¢, so that
1 v . Yo
—Ccos— = -
5 9 dy = sin o cos o do.

Putting %2 = sin %, we get

T = 4 ...(1.22)

it
8 4 J1-k*sin®¢

This integral is called an elliptical integral. For small vibrations 2 = 0 and

T = 2n\/z.
g

49. Show that the time period given in problem 48 can be written as

T = 2p\/11+(2j R+ (;ij H }
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Solution

12
Since k2 sin? ¢ < 1, we make binomial expansion of (1 — k?sin? ¢) / and integrate term

2 2
T = 21 ° 1+(lj k2+(§j B+ ..
P 24

where we have made use of the following integration formula
/2

Jsin2" odo
0

50. A particle of mass m is located in a one-dimensional potential field where the

potential energy of the particle depends on the coordinates x as V(x) = V, (1 - cos ax). Find
the period of small oscillations that the particle performs about the equilibrium position.

by term. We finally find

_135..(2n-1)1
- 246..2n 2

Solution

dv .
— = 0O when sinax =0 or x = 0.

dx

2
Again x = 0 is the point of minimum of V(x) since 22 > 0 at x = 0. The force acting
X

on the particle is

F = —a—V =-V i
= 5 =~ Vo sin ax.
For small values of x we have
mi = — Vialax) = — V.

The time period of small oscillations is

2n |m

T=", Vo
51. A bead of mass m slides on a frictionless wire of
nearly parabolic shape (Fig. 1.31). Let the point P be the

point at the bottom of the wire. Show that the bead will
oscillate about P if displaced slightly from P and released.

Solution m

Since the shape of the wire near P is a parabola, the
potential energy of the bead is given by V = cx? in the neigh-

P
bourhood of P, where x is measured from P and .
Fig. 1.31
. aV . . . L
c is a constant. Now, F = T T 2cx, i.e., F_ o x and directed opposite to the direction

1/2
of increasing x. So, the bead executes SHM and its time period is given by T = 2n (g) .
c
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Note that this line of reasoning leads to a general result: Any conservative system will
oscillate with SHM about a minimum in its potential energy curve provided the oscillation
amplitude is small enough.

52. The potential energy of a particle of mass m is given by

b

e o
Vix) = x2 x

where a and b are positive constants. Find the minimum of V(x) and expand V(x) about the
point of minimum of V(x). Find the period of small oscillations that the particle performs
about the position of minimum of V(x).

Solution
d*V 2 2
av =0 when x = 2a and —5 >0atx = 22 Hencex = 22 is the point of minimum
dx b dx b b
of V(x).
2a b2
Now, Vi7/ | = ——
b 4a
,(2a)
Vv b ) = 0
2a bt
22
b 8a?

2a
Thus the expansion of V(x) about x = 5 is given by

b2 b ) bt
[ TR YO

2a
If we put y = x — (7), the equation of motion about the position of minimum
of V(x) is

b4
= =gy
1
bt 2 4
Time period T = 2/ 3 =—T;a 2ma.
8a’m b

53. A thin rod of length 10 cm and mass 100 g is suspended at its midpoint from a long
wire. Its period T, of angular SHM is measured to be 2 s. An irregular object, which we call
object X, is then hung from the same wire, and its period T, is found be 3 s. What is the
rotational inertia of the object X about its suspension axis?

Solution
The moment of inertia of the thin rod about a perpendicular axis through its midpoint

I = imL2= 1 x 0.1 x (0.1)2 = 1 x 1073 kg.m?
a 12 12 ’ ’ 12 ’

is
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Ia Ix
We know T, ZTE‘/E and T, = 215,/ C

Th A S S BT
us, x_“Taz_IZX X

1.875 x 10* kg.m?.

54. A uniform disc of radius R and mass M is attached
to the end of a uniform rigid rod of length L and mass m.
When the disc is suspended from a pivot as shown in Fig. 1.32,
what will be the period of motion?

Solution

The equation of motion is I = I, where T is the external
torque, I is the moment of inertia, o is the angular accelera-
tion, and both I" and I are about the pivot point. Let 6 be a
small angular displacement from the vertical. Now, external
torque comes both from the rod and the disc:

L
I'=-mg — sin ® — Mg(R + L) sin 6

2
~ —[émgL+Mg(R+L)} 0=_0C8 Fig. 1.32

Where we put sin 6 = 6.

Now, I=1,+1,, = %mL2 + BMRz +M(R+L)2]

The time period T is given by
9 1/2
1 {a+b2+(1+b)2}

T = 275‘/i
C
3
2n(£j2 o |- - - -
g al’?
[1+b+}
2

Where a=" and b = E S9N - o
M L

55. A thin rod of length L and area of cross-section S
is pivoted at its lowest point P inside a stationary, homo- e,
geneous and non-viscous liquid (Fig. 1.33). The rod is free |- - - ?\ O/~ - - - -
to rotate in a vertical plane about a horizontal axis passing |- - - Lo - - - -
through P. The density d, of the material of the rod is ’
smaller than the density d, of the liquid. The rod is dis- / ,
placed by a small angle 6 from its equilibrium position and / ,
then released. Show that the motion of the rod is simple 4, P
harmonic and determine its angular frequency in terms of |- - - - - - = = - - = = -
the given parameters. (I.I.T. 1996)
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Solution

Volume of the rod, V = SL and its mass, M = Vd; = SLd,. In the slightly displaced
position two forces are acting on the rod:

Downward force due to gravity, Fg = Mg = SLd, g.
Upward force due to buoyancy, Fp = Vd,g = SLd, g.

Since d, > d,, a net upward force of magnitude Fy — F , acts at O (the middle point of
the rod).

Torque due to the net upward force about P is

r

L
- SLg(d, — d,) 5 sin 6

0

1
—5 SL%(d, - )6 = - Ce.

The negative sign is due to the fact that the torque acts in the opposite direction
of increasing 6. Now, the moment of inertia of the rod about the pivot point P is

I lML2 lSal L3
-3 S 3T
The equation of motion of the rod is
d*e
r=1I1—3
dt
d_26 — _ge — 29
or Pl 70=-0%.

The motion of the rod is simple harmonic. The angular frequency is

c =|:3g(d2 —dl)Tz _

w = i
I 2d,L

56. A thin light beam of uniform cross-section A is clamped at one end and loaded at
free end by placing a mass M. [Such a beam is called a loaded cantilever.] If the loaded free
end of the beam is slightly displaced from its equilibrium position, it starts executing SHM.
Find an expression for the time period of vibration of the loaded light cantilever.

Solution

We shall assume that the bar is not subjected to any tension and the amplitude of
motion is so small that the rotatory effect can be neglected. The x-axis is taken along the
length of the bar and the transverse vibration is taking place in the y-direction. The radius

of curvature R is given by
3/2
l = d72y 1+(Ciy)2
R dx? dx '

d
For a small transverse vibration ol < 1 and

dx



40 WAVES AND OSCILLATIONS

In the bent position of the rod we consider a
cross-section ABCD of a small segment of the rod of
length 6x measured along the central line PQ so that
EQ = EP = R = radius of curvature of the central
filament PQ (Fig. 1.34). The filaments above PQ are
extended whereas the filaments below PQ are
contracted. PQ is the neutral filament and PQ = dx. Let
us consider a filament MN above PQ at a distance r
from PQ. Let A be the extension of this filament so that
MN = dx + A. From Fig. 1.34 we have

o = & Sde+A
"~ R R+r
Ao T®
or = R v
Thus longitudinal strain = A=L- Fig. 1.34
’ & R
If Y denotes the Young’s modulus of the material of the beam, the longitudinal stress
. Yr : .Yr : .
is & Hence the force acting on the filament is R where o is the area of cross-section

of the filament MN. The total bending moment of the bar is

Y d?y
= - 2 = -
r = RZr(x Y8x2 Ig
where Xria = AK2 =1 o is known as geometrical moment of inertia of the cross-section of the
rod about the neutral axis, and K is the radius of gyration of the section about the neutral
axis.

Let OG be the cantilever of length [ clamped at the end O and loaded at the free end
G (Fig. 1.35). We neglect the weight of the beam. We are interested in finding the depression
at any point F (x, y) of the cantilever. The bending moment at F is

Fig. 1.35
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d2
W (I — x) where W = Mg. This equals the resisting moment Y/ . d—%’ Thus the differ-
x

ential equation for the bending of the beam is

d? w
~3 = I, -,
dx g
dy w
. 2 W g2
Integrating, we get dr = YI, (lx — x%/2) + C,

where C, is the constant of integration.

[
e

d,
Now, d_ic} = 0 when x = 0 so that C,

Integrating again, we get
w
y = —— Ux¥2 — x%6) + C,.

Yl,

We have the boundary condition, y = 0 when x = 0 so that C, = 0. The depression of

the loaded end (x = 1) is
w (3 3
= —| == M,
: YIg(SJ syr, V¢

3Y1,
l 3

or Mg =

3YI,
l3

The restoring force in magnitude on the mass M is [ j& which is proportional to

€. The restoring force is opposite to the direction of increasing &. The mass M executes SHM
which may be written as

d%e 3YI
e )
dt l
The time period of vibration of the mass is
1/2
S MP®
"\ 3v1,

57. A rectangular light beam of breadth b, thickness d and length [ is clamped at one
end and loaded at free end by placing a mass M. Show that the time period of vibration of
the mass is

M7P T ?

T = 2rn 3
Ybd
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Solution o

Let us consider the cross-section of the S I T 9 T
beam (Fig. 1.36). PQ is the neutral line. We «
consider the strip ST of thickness dx at a d Phococcoo o ---Ja

distance x from the neutral axis PQ. The
geometrical moment of inertia of the cross-
section of the beam about the neutral axis is

i3 , bd? |
I = . - . < b P>
< 2_[ bdx - x 12 |
0 Fig. 1.36

Thus,

|
[\
—
I
S
w
1
=
)

58. A light beam of circular cross-section of radius a and length [ is clamped at one end
and loaded at free end by placing a mass M. Show that the time period of vibration of this
rod is

1/2
_ 2| 4MP’ /
a2 3zY )

Solution

We consider an elementary area dr rd6 of the
circular cross-section of the rod (Fig. 1.37). The
geometrical moment of inertia of the cross-section
of the rod about the neutral line PQ is

a T 4
L, = 2| [(rdras)(rsine)’ =%.
00
5 71/2
Hence, T = 2n Ml . .
o2 3ny Fig. 1.37

59. We would like to make an LC circuit that oscillates at 440 Hz. If we have a 2 H
inductor, what value of capacitance should we use? If the capacitor is initially charged to 5
V, what will be the peak charge on the capacitor? What is the total energy in the circuit ?

Solution
The total energy in the circuit is the sum of the magnetic and electric energy:

1 1 q2
E =E;+E, = ELI2+ s C
where I = Current and g = Capacitor charge.

d
Since the total energy does not change, o 0. Thus we have

dl q dq
rgtcar =©
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Substituting I = 22 dﬂ—d—zq btai
u Slu1ng = dt an dt = dt2 , We obtain
d’q 1
—Z+=q =
Log+gd =0

which describes the capacitor charge as a function of time. The solution of this equation is

q = q,cos (ot + ¢)

is the oscillation angular frequency. Thus,

where o = !
VvLC

C = m%=m = 0.065 uF.
Peak charge, q, = CV, = (0.065 uF) (5.0 V)
= 0.33 uC.
dq .
Now, I = 7R sin(ot + ¢)
Peak current, I, = wg, = 2nvg, = 0.91 m A

1¢5 033x033
2 C 2x0065 "
= 0.84 u J. F
60. Two particles of mass m each are tied at the ends of
m m
¢ a P a o

Total energy

a light string of length 2a. The whole system is kept on a
frictionless horizontal surface with the string held tight so that
each mass is at a distance a from the centre P (as shown in the
Figure 1.38). Now the mid-point of the string is pulled verti-
cally upwards with a small but constant force F. As a result,
the particles move towards each other on the surface.

The magnitude of acceleration, when the separation between them becomes 2x, is

Fig. 1.38

@ =l ) e
Q) —— 2
2m |,2 _,2 2m [,2 _ .2
F 2 2
© -—= @ LN -* (LLT. 2007)
2m a 2m x
Solution
From Fig. 1.39, we have
F =2T sin 0
and T cos 6 =mf

where f is the acceleration

Tcos6 F _ cos0

Thus, f= -
m 2sin® m

Correct choice : (b)
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4r?l

61. A student performs an experiment for determination of g [: ?], L = 1Im, and he

commits an error of Al. For T, he takes the time of n oscillations with the stop watch of least
count AT and he commits a human error of 0.1 s. For which of the following data, the
measurement of g will be most accurate?

Al AT n Amplitude of oscillation
(@) 5 mm 0.2s 10 5 mm
b) 5 mm 0.2s 20 5 mm
(c) 5 mm 0.1s 20 1 mm
(d) 1 mm 0.1s 50 1 mm
(I.LT. 2006)
Solution

The error in T decreases with increase in the number of oscillations (). The amplitude
should be small for SHM of the simple pendulum. In (D), we have minimum error in
[l (Al =1 mm) and T (AT = 0.1s).

Correct choice: (d).

62. (a) A small body attached to one end of vertically hanging spring is performing SHM
about its mean position with angular frequency o and amplitude a. If at a height y* from the
mean position the body gets detached from the spring, calculate the value of y* so that the
height H attained by the mass is maximum. The body does not interact with the spring during
its subsequent motion after the detachment (aw® > g).

(b) Find the maximum value of H. (LLI.T. 2005)

Solution
(a) The spring is elongated by a distance [ due to the weight mg. Thus, we have

m,
kl:mgor,l:—g:§<a

k
where % is the spring constant and w? = (k¢/m) The Natural length
amplitude of oscillation a is greater than /. Now if the of the spring
mass is pulled down through a distance from the equilib- - ---35 ---d-¢
rium position A (Fig. 1.40) and released from rest it
executes SHM about the mean position. When the mass y
is moving up, suppose, it is at the position C at a ----B
distance y* from the mean position. At this position P.E.

. . 1 ,
stored in the spring = Ek (y* = 1)2
Gravitational P.E. = mgy* < - -Y- - A Mean position

[Zero of Gravitational P.E. is taken at level A (mean m
position] Fig. 1.40

Total energy of the system is

1
E = Ek (y* = D? + mgy* + KE. of the mass at C = Constant

when y* = a, K.E. of the mass = 0
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1
Thus, E = Ek (@ — D? + mga

1
- = 2 4 2
_zk(a + [2).

Suppose, when the mass is moving up at C, it gets detached from the spring, and due
to its K.E. It goes further up by a height 4 so that the K.E. of the mass at C = mgh.

Thus, we have

E

or h

We have to find a condition so that y* + A~ = H is maximum.

H =
dH k(y*—l)
dy* ~ mg =0
mg 8§
or yel= T
d’H k
and > = ——— =-ve
dy * mg

1 1
PLA A 1? + mgy* + mgh = PL; (a® +1?)

Bk( ? +12)—%k’(y”‘—l)2 —mgy*}/mg

(1,02 52y 1 2
y¥ 4+ h o= [2k(a +1 )—gk(y*—l) }/mg

Thus H attains its maximum value when y* = [ [at the position B]. The spring has its

natural length at this position.
(b) The maximum value of H is

2 2
Hmax lk a®+ mEg /mg
2 k2

2mg 2 k
lo’” 1 g
2 g 2 w2’

lka2+1mg

63. A solid sphere of radius R is floating in a liquid
of density p with half of its volume submerged. If the
sphere is slightly pushed and released, it starts perform-
ing simple harmonic motion. Find the frequency of these
oscillations. (I.I.T. 2004)

Solution

Initially at equilibrium, mass of the solid sphere
= Mass of the displaced liquid

4 1(4 3
—nR3p, = —|—nR
or STER Py 2(3 )p

Fig. 1.41
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Density of the solid sphere

where Py
Thus, we have 2p, = p.
Now, the sphere is pushed downward slightly by a distance x inside the liquid (Fig. 1.41).

Net downward force on the sphere is

4 1 4
— mR3p.g - | = - —nR® +nR%x |pg = — nR%xpg
3 2 3
Thus, the restoring force = — ntR? pgx = mi
2 p2
R
or i = LI -V N
m
The motion is simple harmonic with
oo B2 3¢
*TER3 Py 2 R

The frequency of oscillation is

o _ 1 3
V= 9 " 2n\2R

64. A particle of mass m moves on the x-axis as follows: it starts from rest at t = 0 from
the point x = 0 and comes to rest at t = 1 at the point x = 1. No other information is available
about its motion at intermediate times (0 < t < 1). If o denotes the instantaneous acceleration
of the particle, then

(a) o cannot remain positive for all t in the interval (0 <t < 1).

(b) |o| cannot exceed 2 at any point in its path.

() |o| must be >4 at some point or points in its path.

(d) o must change sign during the motion, but no other assertion can be made with the
information given. (LI.T. 1993)

Solution
We may consider a motion of the type
x = x, +A cos ot

so that x = —Awsin of = 0 at time ¢t = 0
Again, x = O0attimet=1
or sin ® = 0 or ® =7, 2%, 37, ...

o cannot be zero. In that case x becomes independent of ¢. Thus the equation of motion of
the particle is

x = x,+Acosnnt,n=1,23, ..
Att=0,x=0and¢t=1,x =1,
x, = —A
and 1 = x, (1 - cos nn)
1
or Xy = ————,n#2,4,6, ...

1—cosnm
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or Xy = E

Thus, the equation of the particle satisfying all the condition is

x = %(1—cos nnt), n =1, 3,5

1
Acceleration o= X = 5 (nm)? cos nnt

cos nnt changes sign when ¢ varies from 0 to 1.

2. 2
> 4.

. . n
Maximum value of | oc| is

Correct choice : (a) and (c).

65. A spring of force constant k is cut into two pieces such that one piece is n times the
length of the other. Find the force constant of the long piece.

Solution

If the spring is divided into (n + 1) equal parts then each has a spring constant
(n + 1) k. The long piece has n such springs which are in series. The equivalent spring
constant K of the long piece is given by

l = 1 + 1 + n terms
K~ (n+1)k (n+1e 77
_ n
T (n+1)k
+1)k
or K = u
n

66. A particle free to move along the x-axis has potential energy given by
Ukx) = k[1-exp (-x)], —a<x <o
where k is a positive constant dimensions. Then
(a) At points away from the origin, the particle is in unstable equilibrium.
(b) For any finite non-zero value of x, there is a force directed away from the origin.
(c) Ifits total mechanical energy is k/2, it has its minimum kinetic energy at the origin.

(d) For small displacement from x = 0, the motion is simple harmonic.  (L.I.T. 1999)

Solution
dU 9
Force = ——— = - 2kx ™
dx
The —ve sign indicates that the force is directed towards the origin.
For small x, Force = — 2kx, the motion is simple harmonic.

For small x, Ux) = £ [1 — 1 + x%] = kx2.
Minimum P.E. is at x = 0 and thus the maximum K.E. is at x = 0.

d
Far away from the origin U(x) = & and the force = e 0 [stable equilibrium]

Correct choice : (d).
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67. A particle of mass m is executing oscillations about the origin on the x-axis. Its
potential energy U(x) = kx® where k is a positive constant. If amplitude of oscillation is a, then
its time period T is

(a) Proportional to L (b) Independent of a
Ja
(¢) Proportional to vJa (d) Proportional to a’'2. (IIT. 1998)
Solution
For x > 0

1
Total energy = E = Emv2 + kx3 = ka® from conservation of energy.

12
Thus, vV = (%) a3 _x3 :ﬂ
m dt
1/2
or dt = (ﬂj L
2k ad — 3

We consider +ve velocity.
Integrating from x = 0 to x = a, we have

gy m Y2 ¢ dx
Jo - (5] | 75

We put x = a sin 0 so that dx = a cos 6 d 6

1/2 /2
Thus, T _ (ﬂ) J‘ a cos0 do
4 2k oy a® —a®sin®e
2
- (ﬂ)m a nj‘ cos6 do
2k a*? 0 \/1—sin36
The integral is a constant
T = Const 1
" Va
1
or T <« —

Ja
Correct choice : (a).
68. Two blocks A and B each of mass m are connected by a massless spring of natural

length L and spring constant K. The blocks are initially resting on a smooth horizontal floor
with the spring at its natural length as shown in Fig. 1.42.
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—
Vv L
C A [000000000000]| B

Fig. 1.42
A third identical block C also of mass m, moves on the floor with a speed V along the line
joining A and B and collides with A. Then
(a) the kinetic energy of the A-B system at maximum compression of the spring, is zero,
(b) the kinetic energy of the A-B system at maximum compression of the spring is

mV2/4.
(c) the maximum compression of the spring is Vm/K.

(d) the maximum compression of the spring is V,/m/2K. (I.LT. 1993)

Solution

The block C will come to rest after colliding with the block A and its energy will be
partly converted to the K.E. of the A-B system and the remaining energy goes into the
internal energy of the A-B system.

Suppose, V' = Velocity of the A-B system after the collision. From the principle of
conservation of momentum, we get

mV = 2mV’ or, V’'= %

At the maximum compression of the spring the internal energy is the potential energy

of the spring. The A-B system moves with velocity V’ after the collision. Thus, the kinetic

energy of the A-B system is
(VT mv?
mi|— =
2 4

2 2
PE = Ly MV _mV
2 4 4

If x is the maximum compression of the spring, then

l (2 )V'Z
9 m

The P.E. of the A-B system is

2
PE - ‘r2=-"V
2 4
_ m
or X = 2K

Correct Choice : (b) and (d).
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10.

11.

12.

SUPPLEMENTARY PROBLEMS

. A point moves with SHM. When the point is at 3 cm and 4 cm from the centre of its

path, its velocities are 8 cm/s and 6 cm/s respectively. Find its amplitude and time
period. Find its acceleration when it is at the greatest distance from the centre.

. A particle is moving with SHM in a straight line. When the distances of the particle

from the equilibrium position are x; and x,, the corresponding values of the velocity
are u; and u,. Show that the period is

1
T = 2rn [(x% —xlz)/(ulz —u%)F.

. A particle of mass 0.005 kg is vibrating 15 times per second with an amplitude of

0.08 m. Find the maximum velocity and its total energy.

. A particle moves with SHM. If its acceleration at a distance d from the mean position

is a, show that the time period of motion is 2r./d/a.

. At the moment ¢ = 0 a body starts oscillating along the x-axis according to the law

x = A sin wt.

Find (a) the mean value of its velocity <v> and (b) the mean value of the modulus of
the velocity <|v| > averaged over 3/8 of the period after the start.

Plot (dP/dx) of problem 6 (page 9) as a function of x. Find the probability of finding
the particle within the interval from —(A/2) to + (A/2).

. A particle is executing SHM. Show that, average K.E. over a cycle = average P.E. over

a cycle = Half of the total energy.

. A particle moves with simple harmonic motion in a straight line. Its maximum speed

is 4 m/s and its maximum acceleration is 16 m/s%. Find (a) the time period of the
motion, (b) the amplitude of the motion.

. A loudspeaker produces a musical sound by the oscillation of a diaphragm. If the

amplitude of oscillation is limited to 9.8 x 10~* mm, what frequency will result in the
acceleration of the diaphragm exceeding g?

A small body is undergoing SHM of amplitude A. While going to the right from the
equilibrium position, it takes 0.5 s to move from x = + (A/2) to x = + A. Find the period
of the motion.

A block is on a piston that is moving vertically with SHM. (a) At what amplitude of
motion will the block and piston separate if time period = 1 s? (b) If the piston has
an amplitude of 4.0 cm, what is the maximum frequency for which the block and
piston will be in contact continuously?

The piston in the cylindrical head of a locomotive has a stroke of 0.8 m. What is the
maximum speed of the piston if the drive wheels make 180 rev/min and the piston
moves with simple harmonic motion?

[Hints:v=%=3 Hzand A=04 m}
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

A 40 g mass hangs at the end of a spring. When 25 g more is added to the end of the
spring, it stretches 7.0 cm more. (a) Find the spring constant and (b) if 25 g is now
removed, what will be the time period of the motion?

Two bodies M and N of equal masses are suspended from two separate massless
springs of spring constants &, and k, respectively. If the two bodies oscillate vertically
such that their maximum velocities are equal, the ratio of the amplitude of M to that
of N is

k k k k
@ % ®) [é] © % ) [k—f] (LLT. 1988)

A block whose mass is 700g is fastened to a spring whose spring constant % is
63 N/m. The block is pulled a distance 10 cm from its equilibrium position and
released from rest. (a) Find the time period of oscillation of the block, (b) what is the
mechanical energy of the oscillator? (¢) What are the potential energy and kinetic
energy of this oscillator when the particle is halfway to its end point? [Neglect
gravitational P.E.]
A cubical block vibrates horizontally in SHM with an amplitude of 4.9 ¢cm and a
frequency of 2 Hz. If a smaller block sitting on it is not to slide, what is the minimum
value that the coefficient of static friction between the two blocks can have?
[Hints: Maximum force on the smaller body = m®?A = umg]
The vibration frequencies of atoms in solids at normal temperatures are of the order
of 1013 Hz. Imagine the atoms to be connected to one another by “springs”. Suppose
that a single silver atom vibrates with this frequency and that all the other atoms are
at rest. Compute the effective spring constant. One mole of silver has a mass of 108 g
and contains 6.023 x 10?3 atoms. [Hints: 2 = w’m = 4n%v?m]

Suppose that in Fig. 1.5 the 100 g mass initially moves to the left at a speed of
10 m/s. It strikes the spring and becomes attached to it. («) How far does it compress
the spring? (b) If the system then oscillates back and forth, what is the amplitude of
the oscillation?

[Hints: %(0.1 kg) (10 m/s)2 = % x (500 N/m)xg}

Suppose that in Fig. 1.5 the 100 g mass compresses the spring 10 cm and is then
released. After sliding 50 cm along the flat table from the point of release the mass
comes to rest. How large a friction force opposes the motion?

A mass of 200 g placed at the lower end of a vertical spring stretches it 20 cm. When
it is in equilibrium the mass is hit upward and due to this it goes up a distance of
8 cm before coming down. Find (a) the magnitude of the velocity imparted to the mass
when it is hit, (b) the period of motion.

With a 100 g mass at its end a spring executes SHM with a frequency of 1 Hz. How
much work is done in stretching the spring 10 cm from its unstretched length?

A popgun uses a spring for which 2 = 30 N/cm. When cocked the spring is compressed
2 cm. How high can the gun shoot a 4 g projectile?

A block of mass M, at rest on a horizontal frictionless table, is attached to a rigid
support by a spring of spring constant .. A bullet of mass m and velocity v strikes
the block as shown in Fig. 1.38. The bullet remains embedded in the block. Determine
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24.

25.

26.

27.

28.

29.

30.

(a) the velocity of the block immediately after the collisions and (b) the amplitude of
the resulting simple harmonic motion.

[Hints: mv=(M+m)V; % (M +m)V? = %kAz}

m Vv k

L +—— M 00000000000

Fig. 1.43
A 500 g mass at the end of a Hookean spring vibrates up and down in such a way
that it is 2 cm above the table top at its lowest point and 12 cm above the table top
at its highest point. Its period is 5s. Find (a) the spring constant, (b) the amplitude
of vibration, (c) the speed and acceleration of the mass when it is 10 cm above the
table top.

A thin metallic wire of length L and area of cross-section A is suspended from free
end which stretches it through a distance /. Show that the vertical oscillations of the
system are simple harmonic in nature and its time period is given by

mL

T = 2n.l/g=2n |—
Tcgn(AY)

where Y is the Young’s modulus of the material of the wire.

There are two spring systems (a) and (b) of Fig. 1.10 with 2, = 5 kN/m and
k, = 10 kN/m. A 100 kg block is suspended from each system. If the block is con-
strained to move in the vertical direction only, and is displaced 0.01 m down from its
equilibrium position, determine for each spring system: (1) The equivalent single
spring constant, (2) Time period of vibration, (3) The maximum velocity of the block,
and (4) The maximum acceleration of the block.

A 10 kg electric motor is mounted on four vertical springs, each having a spring
constant of 20 N/cm. Find the frequency with which the motor vibrates vertically.

A spring of force constant % is cut into three equal parts, the force constant of each
part will be ..... . (ILT. 1978)

A horizontal spring system of mass M executes SHM. When the block is passing
through its equilibrium position, an object of mass m is put on it and the two move
together. Show that the new frequency and the new amplitude in terms of old fre-
quency and old amplitude are given by

M M

/ 4

= 0| —,A = A|l——.
@ (M+m)’ (M +m)
Find the period of small oscillations in the vertical plane performed by a ball of mass

m = 50 g fixed at the middle of a horizontally stretched string [ = 1.0 m in length.
The tension of the string is assumed to the constant and equal to 7" = 10 N.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

A body of mass m on a horizontal frictionless plane is attached to two horizontal
springs of spring constants &, and &, and equal relaxed lengths L. Now the free ends
of the springs are pulled apart and fastened to two fixed walls a distance 3L apart.
Find the elongations of the springs &, and %, at the equilibrium position of the body
and the time period of small longitudinal oscillations about the equilibrium position.
A non-deformed spring whose ends are fixed has a stiffness £ = 12 N/m. A small body
of mass 12 g is attached on the spring at a distance 1/3 [/ from one end of the spring
where [ is the length of the spring. Neglecting the mass of the spring find the period
of small longitudinal oscillations of the body. Assume that the gravitational force is
absent.

1
3

Hints: The spring of length %l has stiffness k; = M _ 3k and the spring of

length %l has stiffness &,

A uniform spring whose unstretched length is L has a force constant .. The spring
is cut into two pieces of unstretched lengths L, and L,, with L, = nL,. What are the
corresponding force constants 2, and &, in terms of n and &?

Two bodies of masses m, and m, are interconnected by a weightless spring of stiffness
k and placed on a smooth horizontal surface. The bodies are drawn closer to each
other and released simultaneously. Show that the natural oscillation frequency of the
system is

mymgy

0 = where 1 =

\/k/_“ my+my

A particle executes SHM with an amplitude A. At what displacement will the K.E. be
equal to twice the P.E.?

A body of mass 0.1 kg is connected to three identical
springs of spring constant 2 = 1 N/m and in their re-
laxed state the springs are fixed to three corners of an
equilateral triangle ABC (Fig. 1.44). Relaxed length of
each spring is 1m. The mass m is displaced from the
initial position O to the point D, the mid-point of BC
and then released from rest. What will be the kinetic
energy of m if it returns to the point O? What will be
the speed of the body at O?

Find the length of a second pendulum (7' = 2 s) at a
place where g = 9.8 m/s?.

Compare the period of the simple pendulum at the surface of the earth to that at the
surface of the moon.

Fig. 1.44

The time periods of a simple pendulum on the earth’s surface and at a height 2 from
the earth’s surface are T and T’ respectively. Show that the radius (R) of the earth
is given by

Th

R = 55
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40.

41.

42.

43.
44.

45.

46.

47.

48.

A simple pendulum of length L and mass (bob) M is oscillating in a plane about a
vertical line between angular limits —¢ and +¢. For an angular displacement

0 (|9| < (])) the tension in the string and the velocity of the bob are T and v respectively.
The following relations hold under the above conditions [Tick the correct relations] :
(@) T cos 6 = Mg.

(b) T — Mg cos 6 = Mv®/L

(¢) The magnitude of the tangential acceleration of the bob |aT| = g sin 6.

(d) T = Mg cos 6. (I.I.T. 1986)

A simple pendulum of length [ and mass m is suspended in a car that is travelling
with a constant speed v around a circular path of radius R. If the pendulum executes
small oscillations about the equilibrium position, what will be its time period of
oscillation?

A simple pendulum of length [ and having a bob of mass m and density p is completely
immersed in a liquid of density 6 (p > 6). Find the time period of small oscillation of
the bob in the liquid.

Solve problem 27 (Fig. 1.18) by summing the torques about the point O.
The mass and diameter of a planet are twice those of the earth. What will be the

period of oscillation of a pendulum on this planet if it is a second’s pendulum on the
earth? (I.IT. 1973)

One end of a long metallic wire of length L is tied to the ceiling. The other end is tied
to a massless spring of spring constant 2. A mass m hangs freely from the free end
of the spring. The area of cross-section and the Young’s modulus of the wire are A and
Y respectively. If the mass is slightly pulled down and released show that it will
oscillate with a time period T equal to

m(YA + kL)
n W (I.I.T. 1993)
[Hints: If x; and x, are elongations of metallic wire and spring due to force F, then
F = —AYx,/L = - kx,
and X =x;+x, = —F(L+l)
AY k

A simple pendulum of mass M is suspended by a thread of length / when a bullet
of mass m hits the bob horizontally and sticks in it. The system is deflected by an
angle o, where o < 90°. Show that the speed of the bullet is

TEREE

A cylinder having axis vertical floats in a liquid of density p. It is pushed down
slightly and released. Find the period of oscillations if the cylinder has weight W and
cross-sectional area A.

A vertical U-tube of uniform cross-section contains a liquid of total mass M. The mass
of the liquid per unit length is m. When disturbed the liquid oscillates back and forth
from arm to arm. Calculate the time period if the liquid on one side is depressed and
then released. Compute the effective spring constant of the motion.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

Two identical positive point charge + @ each, are fixed at a distance of 2a apart. A
point negative charge (- q) of mass m lies midway between the fixed charges. Show
that for a small displacement perpendicular to the line joining the fixed charges, the
charge (—¢q) executes SHM and the frequency of oscillations is

1 Qe
2n \ 2n g, a’m

A thin fixed ring of radius 1 m has a positive charge of 1 x 10°C uniformly distrib-
uted over it. A particle of mass 0.9 g and having a negative charge 1 x 10-°C is placed
on the axis at a distance of 1 cm from the centre of the ring. Show that the motion
of the negative charged particle is approximately simple harmonic. Calculate the time
period of oscillations. (I.IT. 1982)
A simple pendulum consists of a small sphere of mass m suspended by a thread of
length /. The sphere carries a positive charge q. The pendulum is placed in a uniform
electric field of strength E directed vertically upwards. With what period the pendu-
lum oscillates if the electrostatic force acting on the sphere is less than the gravita-
tional force?

Assume that the oscillations are small) (LLT. 1977)
[Hints: Net downward force acting on the pendulum is ma = mg — Eq]
A 2.0 g particle at the end of a spring moves according to the equation

y = 0.1 sin 21 cm

where ¢ is in seconds. Find the spring constant and the position of the particle at time

t= L
T

A particle moves according to the equation

1 sin 10\/5 t+ %cos 10\/§t.

i

Find the amplitude of the motion.
A particle vibrates about the origin of the coordinates along the y-axis with a
frequency of 15 Hz and an amplitude of 3.0 cm. The particle is at the origin at time
t = 0. Find its equation of motion.

A particle of mass m moves along the x-axis, attracted toward the origin O by a force
proportional to the distance from O. Initially the particle is at distance x, from O and
is given a velocity of magnitude v, (@) away from O (b) toward O. Find the position
at any time, the amplitude and maximum speed in each case.
An object of mass 2 kg moves with SHM on the x-axis. Initially (¢ = 0) it is located
at a distance 2 m away from the origin x = 0, and has velocity 4 m/s and acceleration
8 m/s? directed toward x = 0. Find (@) the position at any time (b) the amplitude and
period of oscillations, (c) the force on the object when ¢ = ©/8 s.
A point particle of mass 0.1 kg is executing SHM of amplitude 0.1 m. When the
particle passes through the mean position, its kinetic energy is 8 x 10-3 J. Obtain the
equation of motion of the particle if the initial phase of oscillation is 45°.

(Roorkee 1991)
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58.

59.

60.

61.

62.

63.

64.

Retaining terms up to k2 in problem 49 (page 35) show that the time period of the
pendulum is given approximately by

2
PO L P ]
g 16

where v, is the maximum angle made by the string with the vertical.
The potential energy of a particle of mass m is given by

Vix) = (1 -ax)exp(—ax), x>0

where a is a positive constant. Find the location of the equilibrium point(s), the
nature of the equilibrium, and the period of small oscillations that the particle per-
forms about the equilibrium position.

An engineer wants to find the moment of inertia of an odd-shaped object about an
axis passing through its centre of mass. The object is supported with a wire
through its centre of mass along the desired axis. The wire has a torsional constant
C = 0.50 Nm. The engineer observes that this torsional pendulum oscillates through
20 complete cycles in 50s. What value of moment of inertia is obtained?

A 90 kg solid sphere with a 10 cm radius is suspended by a vertical wire attached to
the ceiling of a room. A torque of 0.20 Nm is required to twist the sphere through an
angle of 0.85 rad. What is the period of oscillation when the sphere is released from
this position?

Compare the time periods of vibrations of two loaded light cantilevers made of the
same material and having the same length and weight at the free end with the only
difference that while one has a circular cross-section of radius a, the other has a
square cross-section, each side of which is equal to a.

A long horizontal wire AB, which is free to move in a vertical plane and carries a
steady current of 20 A, is in equilibrium at a height of 0.01 m over another parallel
long wire CD, which is fixed in a horizontal plane and carries a steady current of
30 A, as shown in Fig. 1.45. Show that when AB is slightly depressed, it executes

simple harmonic motion. Find the period of oscillations. LLLT. 1994)
A . S B
A m
d
C----- - . . D

Fig. 1.45

Hints: Honipls =mg. If d is changed to d — x, then the restoring force is

Fe-_ Hollo L +mg~— Hollp L = M8

2m(d — x) 2nd* d

You have a 2.0 mH inductor and wish to make an LC circuit whose resonant fre-
quency can be tuned across the AM radio band (550 kHz to 1600 kHz). What range
of capacitance should your variable capacitor cover?
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65. An object of mass 0.2 kg executes simple harmonic oscillations along the x-axis with

66.

67.

68.

a frequency of (25/mr) Hz. At the position x = 0.04 m, the object has kinetic energy
0.5 J and potential energy 0.4 J. Find the amplitude of oscillations. (I.I.T. 1994)

2 2
Hints: K'E': (A7 —«7)
P.E. x2

T, is the time period of a simple pendulum. The point of suspension moves vertically
upwards according to y = k¢2 where £ = 1 m/s2. Now the time period is T,. Then

T?
Tz is (g = 10 m/s?)
2
4 ) 6
(@) 5 (b) 5
5
(c) s @ 1 (I.I.T. 2005)

[Hints : Upward acceleration of the point of suspension is a = 2k = 2 m/s? and in this
case the effective g is (10 + 2) m/s?]

A simple pendulum has a time period 7', when on the earth’s surface and T, when
taken to a height R above the earth’s surface where R is the radius of the earth. Show

T,
that the value of (T,/T}) 7" is 2.
1

Mm GM GM
Hints:mg = G2 7, =2n 1/ O 1, ~ 9n |1/ G
misime P2t / R?’? / 4R2}

A particle executes simple harmonic motion between x = — A to x = + A. The time
taken for it to go from 0 to A/2 is T, and to go from A/2 to A is T,. Show that T,/T' = 2.

[Hints:x = Asin of, 0T} = %, o(T; + Tﬂz%}



Superposition Principle and
Coupled Oscillations

2.1 DEGREES OF FREEDOM

Number of independent coordinates required to specify the configuration of a system completely
is known as degrees of freedom.

2.2 SUPERPOSITION PRINCIPLE

For a linear homogeneous differential equation, the sum of any two solutions is itself a
solution.

Consider a linear homogeneous differential equation of degree n:
dny dn—ly
O
If y, and y, are two solutions of this equation then y, + y, is also a solution, which can

be proved by direct substitution.

a +a1%+aoy=0.

2.3 SUPERPOSITION PRINCIPLE FOR LINEAR INHOMOGENEOUS EQUATION

Consider a driven harmonic oscillator

2
mEE — py s F)
dt

where F(t) is the external force which is independent of x. Suppose that a driving force
F,(t) produces an oscillation x, (¢) and another driving force F,(t) produces an oscillation
x, (t) [when Fy(¢) is the only driving force]. When the total driving force is F,(¢) + Fy(t), the
corresponding oscillation is given by x(¢) = x,(t) + x,(?).

2.4 SUPERPOSITION OF SIMPLE HARMONIC MOTIONS ALONG A STRAIGHT LINE

If a number of simple harmonic motions along the x-axis
x;, = a;sin (0t +0¢,),i=1,2,., N ..(2.1)
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are superimposed on a particle simultaneously, the resultant motion is given by

X = 2x; =2a;sin(of + ¢,). (2.2)

2.5 SUPERPOSITION OF TWO SIMPLE HARMONIC MOTIONS AT RIGHT ANGLES
TO EACH OTHER

If two simple harmonic motions
x = a sin o, ..(2.3)
y = b sin(wyt + ¢) ..(2.4)

act on a particle simultaneously perpendicular to each other the particle describes a path
known as Lissajous figure when ®; and o, are in simple ratio. The equation of the path is
obtained by eliminating ¢ from these two equations. The position of the particle in the xy
plane is given by

~ ~

F=xityj ...(2.5)

SOLVED PROBLEMS

1. Two simple harmonic motions of same angular frequency ®
X, = a,sin o,
X, = a, sin (ot + ¢)
act on a particle along the x-axis simultaneously. Find the resultant motion.
Solution
The resultant displacement is
X =x,+x, = sin ot [a; + a, cos ¢] + cos wt [a, sin ¢].

We put
R cos & = a, + a, cos 0, ...(2.6)
R sin® = a,sin ¢ .(2.7)
so that
R? = af+al + 2a,a, cos 0 ..(2.8)
and tan 0 = _GpSING ...(2.9)

a; +aycosd
The resultant displacement is
X = R sin(ot + 0) ..(2.10)
which is also simple harmonic along the x-axis with the same angular frequency . The

amplitude R and the phase angle 6 of the resultant motion are given by Eqns. (2.8) and (2.9)
respectively.

Special Cases
(@) ¢=+2nn,n=0,1,2,... or, the two SHMs x, and x, are in phase,
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R = a;+a,
(i) =+ @2n + Dr, n =0, 1, 2,...0r, the two SHMs x; and x, are in opposite phase,
R = a, ~ a,.
In this case, the resultant amplitude is zero when a; = a, and one motion is destroyed

by the other.

2. Find the resultant motion due to superposition of a large number of simple harmonic
motions of same amplitude and same frequency along the x-axis but differing progressively
in phase.

Solution

The simple harmonic motions are given by

X, = a sin ot,
x, = a sin(wt + ¢),
xy = a sin(wt + 2¢),

xy = a sin[wt + (N -1)¢].
The resultant displacement is

X = 2x = asin o [1+ cos ¢ + cos 20 +..+ sin (N 1) ¢],

+ a cos ot [0 + sin ¢ + sin 2¢ +...+ sin (N -1) 0],
= R sin (ot + 0) ..(2.11)

where R cos 6 =a [1+cosd +cos 20 +.... + cos (N — 1) ¢,

Rsin ®=a [0+sin¢ +sin 2¢ +.... + sin NV — 1) ¢]

i/ (N-Do _
Now, e + 20 4 .. + @V -1o e(e.—l
e -1
_ eLNT‘” sin (N -1)¢ /2
sin ¢/ 2

Equating the real and imaginary parts, we get

cosN ¢/2sin (N -1)¢ /2
sin¢/2

cos O + cos 2¢ +... + cos (N - 1) ¢

sinN ¢/2sin(N-1)$/2

sin ¢ + sin 20 +...+ sin (N — 1) no/2
sin

Thus, we write
cos No/2sin(N -1/ 2

1+cosdo+cos20+..+cos(N-1¢ =1+ -
sin¢ /2
_ sin{N -(N-1D}¢/2cosNo/2sin(N —1)¢ / 2
- sing /2

sin N¢/2cos (N -1)dp/ 2
sing /2
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The resultant motion of Eqn. (2.11) is simple harmonic with amplitude and phase angle

given by
- a sin(N¢ / 2)
sin(¢ / 2)
6 = V- 1Do/2
When N is large and ¢ is small, we may write
6 = N¢/2,
R - Na sin 6
6

...(2.12)

...(2.13)

..(2.14)

...(2.15)

and the phase difference between the first component vibration x, and Nth component vibration

xy is nearly equal to 26.

The resultant amplitude may be obtained by the vector polygon method (Fig. 2.1). The
polygon OABCD is drawn with each side of length a and making an angle ¢ with the
neighbouring side. The resultant has the amplitude OD with the phase angle = £ DOA with

respect to the first vibration.

Special Cases

(i) We consider the special case when there is
superposition of a large number of vibrations x; of very
small amplitude e but continuously increasing phase. The
polygon will then become an arc of a circle and the chord
joining the first and the last points of the arc will represent
the amplitude of the resultant vibration (Fig. 2.2). When
the last component vibration is at A, the first and the last
component vibration are in opposite phase and the amplitude
of the resultant vibration = OA = diameter of the circle.
When the last component vibration is at B, the first and the
last component vibrations are in phase, the polygon becomes
a complete circle and the amplitude of the resultant vibration
is zero.

B

o)
Fig. 2.2

(it) When the successive amplitudes of a large number of component vibrations decrease
slowly and the phase angles increase continuously the polygen becomes a spiral converging

asymptotically to the centre of the first semicircle.
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3. The displacement y of a particle executing periodic motion is given by

1
y = 4 cos? (Et) sin (1000 b).
show that this expression may be considered to be a result of the superposition of three
independent harmonic motions. (LI.T. 1992)

Solution

1
4 cos? (Et) sin(1000¢)

2 [cos ¢ + 1] sin (1000¢%)
[sin(1000 + 1)t + sin(1000-1)¢] + 2 sin 1000¢
sin1001¢ + sin 999¢ + 2 sin 1000¢.

4. Two simple harmonic motions of same frequency ® but having displacements in two
perpendicular directions act simultaneously on a particle:

<
I Il

x = asin (ot + o)
and y = bsin (ot + o).
Find the resultant motion for various values of the phase difference & = o~ 0.,

Solution

We have

sin of cos o, + cos ¢ sin o, ...(2.16)

e R (R

sin ¢ cos o, + cos Ot sin o, ..(2.17)

Multiplying Eqn. (2.16) by sin o, and Eqn. (2.17) by sin o, and subtracting the second
from the first, we get

x sin oL, — %sin o, = sin ot sin (0, — 04) ...(2.18)
a

Similarly multiplying Eqn. (2.16) by cos 0, and Eqn. (2.17) by cos o, and subtracting the
second from the first, we obtain

— €OoS O, — %cos o, = cos wt sin (o,— o) ...(2.19)

Now squaring Eqns. (2.18) and (2.19) and adding, we obtain

2 2

X Yy Xy : y

a_2+b_2 b cos(oy — o) = sin? (o, — o) A ...(2.20)
This represents the general equation of an

ellipse. Thus, due to superposition of two simple A D

harmonic vibrations at right angles to each other, b

the displacement of the particle will be along a ‘//'

curve given by Eqn. (2.20).

Special Cases 0 a
(@) 6=o04—0, = 0, 2w, 4m,...
1, sin 8 = 0 and

cos 0

Fig. 2.3
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(2—2)2 =0or,y= b
a b = ,y_;x.

The particle vibrates simple harmonically
along the straight line BD (Fig. 2.3).

(i) & = w, 3w, 5m,...

We have

b
y=—-—x
a
This equation represents a straight line with
slope = — b/a. The particle vibrates along the straight

line AC (Fig. 2.4)

i) 5 = &, 3m 5T

) 8= 50Ty s e
2 2

We have x_2+y_2=1
a b

which is an ellipse with semimajor and semiminor
axes a and b, coinciding with the x- and y-axes,
respectively (Fig. 2.5). If a = b, we get the equation
of the circle 2 + y2 = a? with radius a.

n 7n 9n 15%;

v)d= —, —,—,— ...
(LU) 4 ) 4 B 4 ) 4 B
2 2
We have x_2+y_2_\/§xy =l.
a b ab 2

This is an oblique ellipse (Fig. 2.6).

) 5 3% B 1ln 13t

Rt ae
2 2

x y 2xy 1

We h W+ =—

e have no e + P

We get the oblique ellipse (Fig. 2.7).

The direction of rotation (clockwise or
anticlockwise) of the particle may be obtained form
the x- and y-motions of the particle when ¢ is
increased gradually. How the path of the particle
with direction changes as 90 is increased gradually is
shown in Fig. 2.8.

y
A
A
Q b
. S > X
B
Fig. 2.4
y
A
/ b
! a i
Fig. 2.5
y
A
b
0 .
Fig. 2.6
y
A
b
» X
o a

Fig. 2.7
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y y
A A A
b| ) / \
» X > >
O a 5 » X 5 » X
N
6=0 d=m/4 d=m/2
y y
A A A
= o 7
» \‘ » X » X
0 > X 0 > 0
—v \_”
0=3n/4 d=m d0=5n/4
y y
A A A
~
\ P,/
» X » X / » X
O e} [e) v
% L —
0=3n/2 d0=7n/4 d0=2x
Fig. 2.8

That the two cases 6 = n/2 and 6 = 3n/2, although giving the same path, are physically
different may be seen by graphical constructions. When & = /2, we have

x = a cos (0 + o)

y = b sin (0t + o)
When ¢t =0x =a cos o, and y = b sin o,.

T
When wt+oc2=§,x=0andy=b.
When ot + o, =7, x =—a and y = 0.

Thus in this case the particle moves in the anticlockwise direction.
Similarly, it can be shown that the particle moves in the clockwise direction

when 6 = =,

5. A particle is subjected to two SHMs represented by the following equations
X = a; sin 0t
y = a, sin 2ot +9)

in a plane acting at right angles to each other. Discuss the formation of Lissajous’ figures due
to superposition of these two vibrations.
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Solution
We have AR sin 2m¢ cos & +cos 2wt sin &
Qg
2x . 9 2>
= —+/1-sin” ¢ cos &+ 1-—-|sin &
al a].
y 2.762 2x 9
or ~——|1-—5|sin § = —+1-sin”wtcosd
) a a;
Squaring this expression, we get
2 2 2
4 .
Y _sind| = _x2 1—x—2—Lsm8
Qg ai ay @2

4x? [ x? . 2
or %(—Z-FLSIHS—l]*_[l—sinS]
ay \ay @3 Qg

0

..(2.21)

This gives the general equation of the resultant motion for any phase difference and

amplitudes.

Special Cases
(1) When o6 :g, Eqn. (2.21) reduces to

2x2 \?
(12 al

where represents two coincident parabolas:

x2

af

2a,

(ay—y)

The curve given by Eqn. (2.22) is shown in Fig. 2.9.

...(2.22)
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(it) When o6 = 0, Eqn. (2.21) reduces to
2 4 2 2
oy = [”‘—2—1]: 0 (2.23)

This is an equation of 4th degree in x and it represents a curve having two loops
(Fig. 2.10)

In Fig. 2.10,

y 0 when x = 0, + a,

a
+ a,when x = + —L,
? V2
As the phase difference is changed gradually, the shape of the loop also changes gradually.
Fig. 2.10 give the Lissajous’ figure for two simple harmonic vibrations in phase (6 = 0) with
a frequency ratio of 1:2 [frequency of x-vibration: frequency of y-vibration = 1 : 2].

and y

a

a

Fig. 2.10

6. Two vibrations of frequencies in the ratio 1 : 3 and initial phase difference §, given by
X = a; sin i,
Yy = a, sin (3wt + 0)
act simultaneously on a particle at right angles to each other. Find the equation of the figure
traced by the particle.

Solution

We have S (3 sin ot — 4 sin® t) cos & + (4 cos3 ot — 3 cos wt) sin &

12

43
or {l—[B—x—%JCOSS
aG (&1 o |

x2 x2 T
[1 - —2] 4[1 - —2] -3| sin®$ .(2.24)
a; a i

This gives the general equation of the resultant motion for any phase difference 6 and
amplitudes a; and a,,
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Special Cases
(1) When 6 = 0, Eqn. (2.24) reduces to

8x 4|
x  4x
{L_[__T H _ 0 2.25)
2 ar g
which gives two coincident cubic curves (Fig. 2.11)
y
A
ay a,
R T
: : a,
I I
I I
| 0 ! "X
| I
I 13
1 I
1 U
Fig. 2.11

2
2 2 2
y X 4x
—=|1l-—||1-—] .
a% [ GIQJ[ a12 J ...(2.26)

This is an equation of sixth degree giving a curve of three loops (Fig. 2.12).
It should be noted from Eqn. (2.26) that

y
A
a, a,
Ly~ e B e~ 1
I I
I I
I
1 : a
I |
» X
! o 18,
I I
I I
I I
| N I 1
Fig. 2.12
a
when x = i?l, +a,, y = 0;
when x =0,y =+ ay
J3
when X =+ ——ay, Y =ta,.

It is clear that Eqn. (2.26) gives three loops. In general, if the frequencies are in the
ratio 1 : N, the curve will have N loops.
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7. In an experiment to obtain Lissajous’ figures, one tuning fork is of 250 Hz and a
circular figure occurs after five seconds. What deductions may be made about the frequency
of the other tuning fork?

Solution

The Lissajous’ figures are repeated in 5s i.e. the second tuning fork gains or loses one
vibration over the first one in 5s. Thus, the difference in frequencies = 1/5 = 0.2 Hz. Hence,
the possible frequencies of the second tuning fork are (250 + 0.2) = 250.2 Hz or (250 — 0.2)
= 249.8 Hz.

8. Two-dimensional harmonic oscillation: The mass m is free to move in the xy plane
(Fig. 2.13) (a). It is connected to the rigid walls by two unstretched massless springs of spring
constant, k, oriented along the x-axis and by the unstretched massless springs of spring
constant k, oriented along the y-axis. The relaxed length of each spring is a. Discuss the
motion of the mass in the xy plane in the small oscillation approximation.

Solution
In the general configuration [Fig. 2.13 (b)], we have

Fig. 2.13

= (a + %)% + y?,

o~
Ll )
|

12 = (a-x?%+y%

2 = (@-y?%+ 2
2 = (@ +y?+a%
) 5712
Thus, L= a [1#}
a

U

{ Zax}
a |1+ S |=at+x
2

a
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where we have neglected x2/a?% y*/a? and xy/a? terms in comparison with 1 in the small
oscillation approximation. Similarly we may write

ly, = a—x,
l3za_y7
l, = a+y.

The tension in the first spring of length /, is T, = k&, (a+ x — a) = k;x. Magnitude of
x-component of this tension is 7T, cos 6, = T, = kx, since the angle 6, made by /, with the
x-axis is small. The y-component of this tension is T, sin 6, = 0. Thus we find that the
x-component of the return force is entirely due to the two springs of lengths /, and [,

F .= -2Fkx.

X
The y-component of the return force is also entirely due to the two springs of lengths
ly and [
F, = -2Fk,y.

y

Thus we get two uncoupled differential equations for the mass m along the x- and
y-directions:

mi -2 kyx,

-2 kyy.

mj
The solutions of these two equations are

x = A cos(wt + ¢,) with ?= 2k,/m,
y = B cos(ogt + ¢,) with o3= 2k /m.

The complete motion can be thought of as the superposition of the motions xz + y}' . The

position of the mass in the xy plane is given by

Fexi+ y }

9. The spherical pendulum: Consider a simple pendulum of length l. At equilibrium the
string is vertical along the z-axis and the bob is at x = 0, y = 0. Find the motion of the bob
for small oscillations (x and y are small).

Solution

Suppose A is the position of the bob at any instant of time (Fig. 2.14). From A we drop
a perpendicular AB on the z-axis. We have

AB? = [2 (] — 2)?
= 2z - 22
Again, 22 + AB? = OA2 = x2 + y2 + 22
Thus, 2z = 2% + y? + 22

Since z is a small quantity, we may write

x% +y?
21
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which shows that z is a small quantity of second order. The potential energy of the bob at
A is

_ _mg 5. .9
V = mgz = 2l(x + y2).

» Y
Fig. 2.14
. oV mg
Force on the bob along the x-direction is F = —g= g and the force along the
TP oV mg . . .
y-direction is Fy =-3, = - y. Therefore, we have two uncoupled differential equations
y
along x-and y-directions.
mx = —m—gx,
l
.. m,
my = —Tgy.

These are simple harmonic motions. These equation can be solved independently:
x = A, cos(ot + ¢,),
y = A, cos(wt + 0,)
with w? = g/l.
The constants A,, A,, ¢; and ¢, are determined by the initial conditions of displacement
and velocity in the x-and y-directions. The complete motion can be thought of as a superposition
of the motions ix and JA'y when we neglect the motion in the z-direction. Depending on the

phase relationship between ¢, and ¢, we get an ellipse or a straight line for the path of the
bob. For the x- and y-modes of vibrations we have the same frequency w; the two modes are
then said to be ‘degenerate’.



SUPERPOSITION PRINCIPLE AND COUPLED OSCILLATIONS 71

10. Consider two coupled first order linear homogeneous differential equations
¥ = —a, X, - a,%, ...(2.27)

Xy = — @y, — gy Xy ...(2.28)

where a,;, a,, a,, and a,, are constants. Find the angular frequencies for the normal
modes of oscillations and the normal coordinates.

Solution

For normal modes of oscillations, both the degrees of freedom, namely x, and x, oscillate
with the same frequency and they oscillate in phase or out of phase with one another:
A exp (ot), ...(2.29)
B exp (imt) ...(2.30)

where A and B are in general complex to take account of the possibility that x, and x,
might oscillate out of phase with one another.

Substituting Eqns. (2.29) and (2.30) into Eqns. (2.27) and (2.28), we get

Xy

Xy

(a;; - 0) A +a,B=0, (2.31)
ayA + (agy— 0% B = 0. (2.32)

For non-trivial solutions, we have
(@, — 07 (agy— ) — a0y = 0. (2.33)

This is a quadratic equation in the variable ®?. It has two solutions in general, which

we call 0)% and 0)%. From Eqn. (2.31), we find the ratio B/A as

B w? -
2.9 " ..(2.34)
A Q9
For normal mode 1 with w?= 0)%, we may write
x,() = A exp (io?)
2 —
x,(t) = Al%exp (o,t),
12
For normal mode 2 with ®? =c0%, we have
x,(t) = A, exp (iny),
2
0y —a .
x,(t) = A2f exp (fwyt).
Due to superposition of the two modes the general solution is given by
x,(8) = A exp (iogt) + A, exp (i0yt),
1 . .
x,(t) = —[A( 0)% —ay,) exp (o) + Az(mg —a,,) exp (foy,)]

Q12
where A, and A, are arbitrary constants and ®, and , are the normal mode frequencies.

Normal coordinates: If the differential equations are coupled, we have to search for new
variables which satisfy uncoupled differential equations. The new variables are then called
normal coordinates. Suppose X and Y are the normal coordinates satisfying the differential
equations
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X = -0’X, ...(2.35)
Y = -03Y. ...(2.36)

If X and Y are the normal coordinates, then any constant multiple of X and Y also
satisfy Eqns. (2.35) and (2.36). Suppose X and Y are obtained from the linear combinations
of x;, and x, so that we may write

X = x; + ox,, ..(2.37)
Y = x; + Px, ...(2.38)
where o and B are constants. By solving x; and x,, we get

x, = oY -pX ..(2.39)

oa-P

X-Y
= . ...(2.40
Xq o p (2.40)

We substitute Eqns. (2.39) and (2.40) into Eqns. (2.27) and (2.28) and separate the
uncoupled differential equations for X and Y, which give

a;; —a
0? = F’nlez 4,y — Bty (2.41)
oa; —a
0)% = % = a22 — le' (242)
Thus o and P satisfy the same quadratic equation having the roots
2 1/2
of = [022 —ayy lagy —ayy)” +4a150,] ]

2a9;

When a,, = a;; and a,, = a,;, o, = +1 and the normal coordinates are x; + x, and
Xy — X

11. Longitudinal oscillations of two coupled masses: Two bodies of masses m, and m,
are attached to each other and to two fixed points by three identical light springs of relaxed
length a. The whole arrangement rests on a smooth horizontal table. Find the angular
frequencies of the normal modes for longitudinal oscillations of small amplitude. Describe the
motions of the two bodies for each normal mode. Find normal coordinates when m, = m,,.

Solution

Let the spring constant of each spring be 2. We consider the forces acting on m, and
m,, when m, is displaced from its equilibrium position by x; and m, is displaced by x, from
its equilibrium position (Fig. 2.15). The first spring is stretched by amount x, and the force

m, m,
a a a

LI N ORI I A ONE 112 1A N

AN
7777777

\\\éi\\\
7777777
Cs
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on the mass m, due to the first spring = —kx,. Length of the second spring = (2a + x,)
— (@ + x;) = a + x,— x,. The second spring is stretched by x, — x,. The force on the mass m,
due to the second spring = k (x, — x,) and the force on the mass m,, due to the second spring
= —k (x, — x,). The third spring is compressed by amount x,. Force on mass m, due to the
third spring = —kx,. So the equations of motion of the two bodies are

miXy = — kxy+ k(xy — x,), ...(2.43)
Mmo¥y = — k(x, — x,) — kx,. ..(2.44)
For normal modes of oscillations we put

x; = A exp (iot), ...(2.45)
x, = B exp (iwt). ...(2.46)

Substituting the solutions (2.45) and (2.46) into (2.43) and (2.44), we get
-m,0?A = —2kA + kB, ..(2.47)
-m,0’B = kA — 2kB ...(2.48)

or, in the matrix notation we may write

myw? -2k k (AJ
k mo0”® -2k )\ B

For non-trivial solutions we have
(m,0? — 2k) (myw? — 2k) — k? = 0.
This is a quadratic equation in ®? which can be solved to give

Il
R
(=) S
-~

®? = [ml +my t \/mf +m?2 —m1m2} ...(2.49)

myms
From Eqn. (2.48) we find the ratio A/B as

A 2k — myw?
A e el ..(2.50
B 5 (2.50)

Mode 1: The lower frequency solution of (2.49) has the ratio

A my —my +\/m12+m§—m1m2

B my

which is real and positive. The two bodies oscillate in phase.
Mode 2: The higher frequency solution of (2.49) has the ratio

A ml—mz—x/m%+m§—m1m2

B my

which is real and negative. The two bodies oscillate in antiphase.

Let us take the simple case m, = m, = m. The mode with lower frequency ((of = k/m)

has the ratio A/B = 1 and therefore x, = x,, for all time. The central spring has the same
length as it had at equilibrium, so that the central spring exerts no force on either mass.
When the left hand mass goes to the right, the right hand mass also goes to the right; when
the left hand mass goes to the left, the right hand mass also goes to the left, the length of
the central spring remaining unchanged always.
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When m; = m, = m, the mode with higher frequency (mg = 3 k/m) has the ratio
A/B = -1 so that x; = — x,, for all time. When the left hand mass goes to the right, the right
hand mass goes to the left [the central spring is compressed]. When the left hand mass goes
to the left, the right hand mass to the right [the central spring is elongated]. The two masses
move in opposite directions (antiphase). When the central spring is compressed, the side
springs are elongated, and when the central spring is elongated, the side springs are
compressed.

Normal coordinates: When m, = m, = m, the lower frequency o, = /i /m and higher
frequency w, = +3k/m. By adding Eqns. (2.43) and (2.44) and subtracting Eqn. (2.44) from
Eqn. (2.43), we get

.%1 + 562 = _(D%(xl + x2)

B - %y = —05 - x,)
which show that the normal coordinates are x,+ x, and x,— x, having frequencies w, and ,
respectively.

12. Two bodies of masses m; and m, are attached to each other and to two fixed points
by three identical light springs of relaxed length a, Find the angular frequencies of the
normal modes for transverse oscillations. Describe the motions of the two bodies for each
normal mode. Find the normal coordinates when m,= m, = m.

Solution

At equilibrium let the length of each spring be a and the spring constant be k. Let y,
and y, be the vertical displacements of the masses m, and m, from the initial positions at
any instant of time (Fig. 2.16). In this position the lengths of the springs are given by

2 _ .2, 2
= yitas

2 = (y, —y)?+ a2




SUPERPOSITION PRINCIPLE AND COUPLED OSCILLATIONS 75

Elongation of the left hand spring = /; — @, and the component of the force due to this
spring on mass m, along the y-direction = —k(l — a,) y,/l,. The central spring is elongated by
(I, — a,) and the component of the force due to the central spring on mass m, along the
y-direction is & (I, — a,) (y,— y,)/l,. The component of the force along the y-direction for mass
m, due to the central and the right hand springs is

“kly— ag) (yg= y )/, — kL= ag)y,/ls.

Thus, the equations of motion of the two masses are

myy; = —kyl(l—(;—oj+ k(y, —yl)[ —%] ..(2.51)
1 2

mzyz = _k(Y2 —yl)[l—%]—kyz[ _(;_0] ...(2.52)
2 3

(i) Slinky approximation: a, is small and ay/l,, a/l,, a/l;<<1. Under this approximation
Eqns. (2.51) and (2.52) reduce to

myy; = —2ky, + ky,, ...(2.53)
mzyz = kyl - 2ky2’ ...(2.54)

which are identically same as Eqns. (2.43) and (2.44) of problem 11. Thus the normal mode
frequencies are given by Eqn. (2.49). When m, = m, = m, the two normal mode frequencies

are \/k/m and /3k/m with normal coordinates y, + y, and y, —y,. For the mode with lower

frequency we get y, =y, i.e. the centre spring is never compressed or elongated. For the mode
with higher frequency we have y, = —y, i.e. the two masses move in opposite directions.

(i1) Small oscillation approximation: When y, and y, are small in comparison with a, we

have
2
y
l, = a[1+2;2]z a,

(yg =31
a[l"'gjz a,

2a>

2
Yo
a[1+2a2]z a.

Under this approximation Eqns. (2.51) and (2.52) become

Q9 Q9
S G R L
.. ) Qg
myy, = k(l _7)3’1_273 (1 _FJyz’

a
which are of the same form as Eqns. (2.53) and (2.54) if % is replaced by k(l—j}). The

~
o
\

it

g

m;y,

B 1/2 " 2
normal mode frequencies are [—(a—ao)} and [_(a_aO)J when m, = m, = m.
ma ma
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13. Two identical simple pendulums having the same length | and same bob mass m are
suspended by strings of negligible mass. The bobs are connected by a spring of relaxed length
a. At the equilibrium position the spring has its relaxed length. Assuming small-oscillation
amplitudes in the vertical plane, find the normal modes of oscillations of the system.

Solution

At the general configuration (Fig. 2.17) the bobs are displaced by x; and x,, from their
equilibrium positions, where x, and x,, are small. If the spring were not present, we have for
the x-component of motion of the spherical pendulums.

NN N N O W W W W U W WA WL WA

.. mg
mx, = — Txl
.. mg
mxy = — 7x2.

Due to coupling by the spring the force due to the spring will act on the bobs.
Length of the spring in the general configuration = (@ + x, — x,). Elongation of the spring
= (@ + x5, — x;) — a = x, — x;. Thus the equations of motion for the coupled pendulums are

mx, = _ngx1+ k(xy, — x,),
mi, = —ngxZ — k(x, — x;).

The normal mode frequencies are given by o? = g/l and 0)2 = g/l + 2k/m with the normal
coordinates x; + x, and x, — x,. For the mode with lower frequency w, we get x,= x, i.e. the
spring is never compressed or elongated and the whole system moves with the pendulum
frequency ,/g /I . For the mode with the higher frequency o, we have x,= — «x, i.e. the two
bobs move in the opposite directions and the spring is alternately compressed and elongated.
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14. Discuss the formation of beats due to superposition of two harmonic oscillations vy,
and vy, having slightly different angular frequencies ®; and ®,:

Y, = A cos 0,

Y, = A cos 0.
How does the modulation amplitude vary with time?
Solution
1
We define 0,, = §(w1+ ,),
Opod = E(wl — @), ;>

where o, is the average angular frequency and o ,is the modulation angular frequency.
Due to superposition of y; and y,, we get

Vv =y, + Y, = Alcos (0, + o )t + cos (0, — o ;)
= A 4@ cos ot ...(2.55)
where A 4@ = 2A cos o 4. ...(2.56)
Equation (2.55) represents an oscillation at angular frequency o, with an amplitude
A 4 that varies with time according to Eqn. (2.56). If o, = w,, ®_ ;<< 0, .. In this case the
modulation amplitude A , (¢) varies only slightly during many fast oscillations of cos w,, ¢

and therefore Eqn. (2.55) represents almost harmonic oscillation at angular frequency o,
with a slowly varying amplitude (Fig. 2.18).

When the two waves are in phase, the resultant (y = y; + y,) is maximum and A_ ,
has its maximum value. When the two waves are out of phase the resultant is minimum and
A_ 4 has zero amplitude. There are two maximum amplitude positions for A _, (one positive

and one negative) in a é-modulation cycle. Number of beats per second is twice the modulation
frequency.

Wpear = 2(’Omod = 0= 0y ...(2.57)

Two waves  Out of phase in phase Outof phase inphase Outof phase

are in phase l l l l l
z \"\ Y :‘:‘;"'\.'. \ ..‘. ,‘.._
o'_ \VARVAVAV.ERN T/ \ WiV g AJY
> I
fArnod : ‘| : —I R :
= 1 -\ 1 - 1
N S I . I SO i . ] S . i -7
-E} | 7 I N I 4 I N I 7’
5+ ASANANHNAWASEAWAN AN AWASTIANR
? > L ¢ YN T
[l e N 7 N s N
0:5' ’ Y // N ’ N
_ N // SO 7 ~

1 beat
1/2 modulation cycle

Fig. 2.18
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Equation (2.56) gives the variation of the modulation amplitude A, with time. By
squaring this equation we get
A% (@) = 2A% (1 + cos 2w 4t).

Thus A2m0d(t) oscillates about its average value at twice the modulation frequency i.e.
at the beat frequecy (o, — ®,).

15. Two tuning forks when sounded together give 4 beats per second. One is unison with
a length of 96 cm of a sonometer wire under certain tension and the other with 96.8 cm of
that wire under the same tension. Find the frequencies of these forks.

Solution
From the equation of transverse vibration of a sonometer wire (see Chapter 8), we have

1
"= eV /M
ny = ! JT/u

2x96.8
where T is the tension of the wire and W is the mass per unit length of the wire.
Thus, o %8
ny 96
and n, —n,=4

Solving we get n; = 484 Hz and n, = 480 Hz.

16. Two identical simple pendulums a and b with the same string length [ and the same
bob mass m are coupled by a massless spring of spring constant k which is attached to the
bobs. The spring is unstretched when both the strings of the pendulums are vertical.

(i) Derive the differential equations of motion (for small oscillations) of the bobs.

(i1) Find the normal mode frequencies, the configurations of the system in these modes
and the normal coordinates.

(iti) Find a superposition of the two modes which correspond to the initial conditions
(at time t = 0) that both the pendulums have zero velocity, that bob a has amplitude
2A, and that bob b has zero amplitude. Let E , be the total energy of bob a at time
t = 0. Find the expressions for the energy of bob a and that of bob b at any time.

(Assume weak coupling between the oscillators).

Solution
For solutions of (i) and (ii) see problem 13 of Chapter 2.

(i11) Suppose X and Y are the normal coordinates satisfying the uncoupled differential
equations

X = -0?X, ..(2.58)
VY = —0iY ...(2.59)
with X = %(x1 + Xy),
1

Y = E(x1 - Xy)
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where x, and x, are the displacements of the bobs @ and b from their respective equilibrium
positions.

The solutions of Eqns (2.58) and (2.59) are
X = A, cos (o, + ¢,),
Y = A, cos (0.t + ¢,)
so that the displacements of the bobs are
x, = A, cos (0f + 0;) + A, cos (0,f + 0y),
x, = Aj cos (0 + ¢;) — A, cos (.t + ¢).
The initial conditions give four equations

x,(0) = A, cos ¢, + A, cos ¢, = 24, ...(2.60)
x5(0) = A cos ¢, — A, cos ¢, = 0, ...(2.61)
250) = — ;A sin ¢, — 0, A, sin ¢, = 0, ...(2.62)
%,0) = — 0, A, sin ¢, + o, A, sin ¢, = 0. ...(2.63)

From Eqns. (2.62) and (2.63), we find
sin ¢; = sin ¢, = 0.
We make the choice of the phase constants ¢, and ¢, consistent with Eqns. (2.60) and

(2.61). We take ¢, = ¢, = 0. We have from Eqns. (2.60) and (2.61) A; = A, = A so that the
displacements of the bobs are given by

x,() = Acos w,t + A cos wyt.
x,(t) = A cos w;t — A cos my.

The displacement of the bobs are obtained by the superposition of two normal modes
of frequencies , and o, which differ by a small amount when the coupling is weak i.e. & is
small. We shall get the beat effect when the two modes X and Y are present with equal
amplitudes A, = A, = A. The pendulum a is under the influence of two harmonic modes of
equal amplitudes with slightly different frequencies. Thus the motion a exhibits beats. The
pendulum b also exhibits beats.

Initially the bob b is at zero and the bob a has displacement 2A. Both of them are
released from rest at time ¢ = 0. Gradually the oscillation amplitude of pendulum a decreases
and that of pendulum b increases, until pendulum a comes to rest and pendulum b oscillates
with the amplitude and energy that pendulum a started out with. (Here we neglect the
frictional forces). The vibration energy is transferred completely from one pendulum to the
other and the process continues. The vibration energy slowly flows back and forth between
a and b. One complete round trip for the energy from a to b and back to a is a beat. The beat
period is the time for the round trip.

We put O = O, — 0,4
('02 = ('Oav + wmod
and we get
x, @) = A 4@ cos w, 2.
x, () = B 4 @) sin o, ¢
where

A 4@ = 2A cos o t,

= 2A sin ®

o]
3
15
a

<
|

modt
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Thus we get almost harmonic oscillations for x;, and x,. The beat frequency is
g 2% 1/2 g ~£ L
Opeay = Op= 0= |7 F =71 =7 7, g

Thus x, = 0 When|x1|is maximum and x; = 0 when |x2| is maximum.

when £ is small.

Let us find an expression for the total energy (kinetic + potential) of each pendulum.
For the pendulum a the oscillation amplitude A ; (¢) is almost constant over one cycle of the
fast oscillation. If the spring is weak it does not have significant amount of stored energy.
Thus during one fast oscillation we think of pendulum a as a harmonic oscillator of frequency
o,, with constant amplitude A ;.

.1 2
Average KE of the pendulum a (averaged over one fast cycle) is meZaVA mod- Lhe total

energy is twice the average value of the KE:
1

T2 2 _ 2.2 2
E,6 = 5 mw®, A% .= 2mA°w; cos® o L.
Similarly, we have
1
T2 B2 202 i
E, = 2 mw; B: = 2mAo; sin® o .t
_ 202 —
and E +E, = 2mA®w’ = E

where E is the total energy of the system. The energy difference between the two pendulums
is

E - E, = E cos 20, 4 = E cos (0,— o,)t.

Hence E, = %E [1+ cos (wy— o, )t],
1
E, = EE [1- cos (w,— »,)t].

1«1 beat cycle |

Eamin Eamin
E, max Ey, max
Fig. 2.19

The energy E, and E, are plotted against ¢ in Fig. 2.19. When the pendulum a has the
maximum energy, the pendulum b has zero energy, and vice versa. The total energy of the
system E is constant and it flows back and forth between the two pendulums at the beat
frequency.
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17. Two radio stations broadcast their programmes at the same amplitude A, and a
slightly different frequencies v, and v, respectively, where v, — v, = 103 Hz. A detector receives
the signals from the two stations simultaneously. It can only detect signals of intensity > 2A2.

(a) Find the time interval between successive maxima of the intensity of the signal
received by the detector.

(b) Find the time for which the detector remains idle in each cycle of the intensity of
the signal. (LI.T. 1993)

Solution
(a) The expression for the superposition of two waves having the same amplitude is
y = A cos 0t + A cos 0yt

W —® ®w; +O®
= [2A cos%t} cos% t

The resultant wave has the slowly varying amplitude
A" = 2A cos (0~ ) /2.
It is maximum when (0,— ®,) t = 0, 2x, 4x,....
Hence the time interval between successive maxima is
2n 2n

At = = =1073s
Wy — Oy 21 (Vg —vq)

(b) For the intensity 242, the amplitude would be +4/2 A.

Thus, 2A cos (0~ 0t/2 = +,[2 A
or cos (wy— 0)t/2 = + 1/\/5
3n
or (0y— ©,)¢,/2 = g, (00— wl)t2/2=T.
In the interval n/4 to 3m/4 the cosine function decreases.
. T : 1
L7 2(my —07)  4(veg—vy)
3n 3
tz = =

2 (09 —m7) 4(vy —Vvq)

Thus, the time interval during which the amplitude becomes less than V2 4 is
- - 1 _ —4
At = tz—tl—m_5x10 S.
During this time interval the detector remains idle for each cycle of the intensity of the
signal.
18. Three simple harmonic motions in the same direction having the same amplitude
a and same period are superimposed. If each differs in phase from the next by 45°, then

(a) The resultant amplitude is (1++/2)a.
(b) The phase of the resultant motion relative to the first is 90°.

(¢) The energy associated with the resulting motion is (3+24/2) times the energy
associated with any single motion.
(d) The resulting motion is not simple harmonic. (LI.T. 1999)
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Solution
From problem 2, we know that the resultant motion is given by

X = R sin (ot + 0)

with R = oSnWV0/2
sin (¢ / 2)
6 =W-1 02
Here, N = 3 and ¢ = 45°.
R =a M =a (2 cos?y + cos 2y) = a (1 + 2 cos 2y)
sin
where vy = 45°/2

Thus, R = a (1++/2)

The resultant motion is simple harmonic with amplitude (1++/2)a.

0 = = 45°
Total energy of SHM is
E = l 2A2
= 5 mo
1
= 5 mo? (1+42))a?
1
=3 mo?a? (3+242)
Correct Choice: (a), (c).
19. The function
x = A sin® ot + B cos® ot + C sin ot cos wt

represents SHM
(a) for every value of A, B and C (except C = 0)

() if A = - B, C = 2B, amplitude = ‘B x@‘
@ifA=B,C=0
(d) if A = B, C = 2B, amplitude = |B| (LI.T. 2006)

Solution

A B c .
x = E(l — cos 2mt) + E(l + cos 2mt) +E sin 2wt

A+B B-A Cc .
B + 5 cos 2wt + o sin 2mt

When A = B and C = 0, the motion is not simple harmonic. The motion is simple
harmonic for any value of A, B and C (except C = 0).

If A = - B and C = 2B,

x = B cos 20t + B sin 2t

which is SHM with amplitude = VB2 + B? = ‘B \/5‘
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If

which is SHM with amplitude =|B |
Correct Choice: (a), (b), (d).

A

X

B and C = 2B,
B + B sin 2wt

20. Two masses m, and m, connected by a light spring of natural length I is compressed
completely and tied by a light thread. This system while moving with velocity v along the
positive x-axis passes through the origin at time t = 0. At this position the thread snaps. Find
the positions of two masses as functions of time for t > 0.

Solution

Suppose x, and x, are the positions of two masses m, and m,, at time ¢. The differential

equations satisfied by x, and x, are

my %

mgy Xy

=k (x,—x,-10)
= —k@xy,—x, -1

where % is the spring constant of the spring.

From these two equations, we get

or
Thus, X
where
Att =0, x, =x; =0,
Again, at t = O, 562 —561 = 0.
Thus, 6 = 0, A = - L.
and x,,
or x,,

iy — ¥y

d2

dt?

—x, -1

-1

—x, =1
—x, -1

o2

k
= - —@y—x;—-D— — @y —x,-10)

my mgy

k k
(g —x; =D + (E-FE)(% -x,-0=0

= A cos (ot + ¢)
kR

= — 4 —

m; Mgy

= A cos 0.

= — Ao sin ¢.

= — [ cos ot
= [(1 — cos ot)

We know that the centre of mass moves with velocity V.

X

cm T

mix{ +myXoy

Solving these two equations, we get

Xy

Xy

= Vt.
my +ms
= ve— —"2 11— cos wt)
m1+m2
= Vi+ [ (1 — cos o).

my +mgy
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21. The coordinates of a particle moving in a plane are given by
x (t)
y (&) = b sin pt

a cos pt,

where a, b (< a) and p are positive constants of appropriate dimensions. Then

(a) the path of the particle is an ellipse.

(b) the velocity and acceleration of the particle are normal to each other at t = n/(2p).

(c) the acceleration of the particle is always directed towards a focus.

(d) the distance travelled by the particle in time interval ¢t = 0 to t = n/2p is a.
(I.I.T. 1999)

Solution

We have

xz/a2 + yz/b2:1

which is the equation of an ellipse with semimajor axis = ¢ and semiminor axis = b.

Let r (t) = a cos pt i +bsinpt}'
5 R R
Velocity V (t) = — ap sin pt i + bp cos pt j

d S N
Acceleration f (t) = — ap? cos pt i — bp? sin pt j

LT 2 7 A
Att=5,V=—apzand=—f—bp2J.

T = 7 . . .
Thus, at ¢t = o5 V . f =0, the velocity and acceleration of the particle are normal to
p

each other.

- ~
At t = %, f = — bp? j which is directed along the y-axis. The acceleration is not

always directed towards a focus.

Att=0,r=a and ¢ = 21, r = b. Thus, the distance travelled by the particle in the
p

time interval ¢ = 0 to ¢t = ©/2p is not a.

Correct Choice : (a), (b).

SUPPLEMENTARY PROBLEMS

1. Two simple harmonic motions

a sin (0t + ¢),
b cos (ot + ¢)

act on a particle along the same straight line. Find the amplitude of the resultant
motion.

Xy

Xy



SUPERPOSITION PRINCIPLE AND COUPLED OSCILLATIONS 85

2.

10.

A point moves in the xy plane according to the law
x = A sin ot,
y = B cos ot.
Find (a) the trajectory equation y (x) of the point and the direction of its motion along
the trajectory, (b) the acceleration @ of the point as a function of its radius vector
r relative to the origin of the co-ordinates.
Find the trajectory y (x) of a point if it moves according to the following equations
(@) x = a sin wt, y = a sin 2wt
() x = a sin wt, y = a cos 20t
Plot these trajectories.
Discuss the formation of Lissajous’ figures due to superposition of two vibrations
x = a sin (20t + J),
y = b sin f.
in a plane acting at right angles to each other.
3n
T B

A particle of mass m moves in two dimensions under the following potential energy
function:

In problem 4 consider the cases when (a) 6 = 0, (b) :g, (c) 6 :g, (d) 6=

1
V) = Gk + 497,

Find the resulting motion, given the initial conditions at t = 0:x =a,y =0, x= 0,
y=V,.

[Hints: The force function is

F=-VV =—kxi —4ky j
and the differential equations are
mX + kx = 0; my+4ky = 0]

Two tuning forks A and B are used to produce Lissajous’ figures. It is found that the
figure completes its cycle in 10 seconds. If the frequency of A (slightly greater than
that of B) is 256 Hz, calculate the frequency of B.

Lissajous’ figures are produced with two tuning forks whose frequencies are
approximately in the ratio 2 : 1. It takes 5s to go through a cycle of changes. On
loading slightly the fork of higher frequency, the period of cycle is raised to 10s. If the
frequency of the lower fork is 256 Hz, what is the frequency of the other fork, before
and after loading?

Two tuning forks A and B of nearly equal frequencies are employed to obtain Lissajous’
figures and it is observed that the figures go through a cycle of changes in 10s. On
slightly loading A with wax, the figures go through cycle in 5 s. If the frequency of
B is 256 Hz, what is the frequency of A before and after loading?

Two bodies of masses m and 2m are attached to each other and to two fixed points
by three identical light springs along a straight line. The springs are stretched so the
tension in each spring is 7 and its length L (much greater than its unstretched
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11.

12,

13.

14.

length). Show that the angular frequencies of the normal modes for longitudinal
oscillations of small amplitude are given by

o - 3%EV3 T
2 mL’

[Hints: Since L is much greater than the unstretched length of the springs, T = kL,
where % is the spring constant.]

Two bodies of masses m and 3m are attached to each other to two fixed points by
three identical light springs of relaxed length a, along the x-axis. At equilibrium each
of the springs has length a and exerts a tension, T' = & (a — a;) where % is the spring
constant. Show that the angular frequencies of the normal modes for transverse
oscillations of small amplitude are given by

, 4T T
®? = _—.
3 ma
Two masses m, and m,, initially at rest on a frictionless surface are connected by a

3
spring of force constant 2 and natural length a. The spring is compressed to 1 of its

natural length and released from rest. Determine the subsequent displacements of
both masses.
[Hints: m X%, = k(x, —x; — a),

myX,=—k(x,—x, —a)

where x, is the displacement of m, from its original position and x, is the displacement

3
of m, from the original position of m,. Thus, x; (0) = 0 and x, (0) :Za.We have

x, — x, —a =A cos (0 + ¢)
With 0)2 = M’A = _la and¢:0:|
myms 4

Two masses m, and m, are connected by springs of spring constants £, and &, and
natural lengths L, and L, (Fig. 2.20). The point P is fixed and O, and O, mark the
equilibrium positions of the springs. Suppose at ¢ = 0, m, is displaced a distance a,
from O, and m,, is displaced a distance a, from O, and then both masses are released
from rest. Find the position x, (¢) of m; and position x, (¢) of m,, for all # > 0. Assume
no friction or external forces. Take m,=m,=1, k, =3, k, = 2, a;, = -1 and a, = 2.

Fig. 2.20

A uniform bar AB of length L and mass m is supported at its end by identical springs
with spring constant k2. Motion is set by depressing the end B by a small distance a
and releasing it from rest (Fig. 2.21). Solve the problem of motion, identifying normal
modes and frequencies.
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15.

16.

L2 L2

A B
2 l
=4
>
> mg

b b
>
=4
=4
=4
=g

(a) (b)
Fig. 2.21
[Hints: At equilibrium position, length of each spring =6 =1 — ’;—f , where [ = relaxed

length of each spring. At the general configuration, we have
X, + X, = 2x,
2

d
mw(x —-b) = — 2k(x - b),

EL?

e - R
0 2

where x;, x, and x are the lengths of spring 1, spring 2 and height of the centre of
mass of the rod in Fig. 2.21 (b).

mL?
12 |’

I = Moment of inertia of the rod =

Solve problem 11 (page 72) of longitudinal oscillations of two coupled masses in which
m, = m, =m and the springs 1 and 3 have spring constant £, and the spring 2 (middle
spring) has spring constant k,,.

Consider the motion of a three-particle system in which the particles all lie in a
straight line. The two end particles, each of mass m, are bound to the central particle
of mass M through the springs of stiffness £ as shown in Fig. 2.22. x,, x,, and x, are
the displacements of three masses from their respective equilibrium positions. (i)
Find the differential equations of motion for the particles. (ii) Show that the normal
mode frequencies are o, = 0.

1
kR 2k)\2
o, = .f and 0,= | —+—
5 klm 3 (m i
M
m K k m
CO~o0000000000 o poosoovoo00 —()
T
| I
X |
Xy :—XZV | X3
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17.

18.

19.

20.

21.

(ii1) Describe the motion of the three particles in these modes.
(fv) Assuming such a model for carbon dioxide molecule find the ratio w./m,.

A particle of mass m moves in the plane z = 0 under the attractive force 2n’mr
towards the origin, r being the distance from the origin. In addition there is a force

of magnitude mnv in the direction v x k where U is the velocity of the particle and &
is a unit vector perpendicular to z = 0. Show that

Ty —2n%x =X,
- — 2n%y =¥.

Solve these equations for x and y and show that the motion in the x and y directions
is the sum of two simple harmonic oscillations of periods 1 and 2.

[Hints: We have

i
mnv

ik
m(i + ¥7) = —2n2m(xi + yj) + %y 0.
001
If two tuning forks A and B are sounded together they produce 5 beats per second.
When A is slightly loaded with wax they produce 3 beats per second when sounded
together. Find the original frequency of A if the frequency of B is 380 Hz.

You are given four tuning forks. The fork with the lowest frequency vibrates at
500 Hz. By using two tuning forks at a time, the following beat frequencies are heard:
1, 2, 3, 5, 7 and 8 Hz. What are the possible frequencies of the other tuning forks?

You are given five tuning forks, each of which has a different frequency. By trying
every pair of tuning forks find (¢) maximum number of different beat frequencies
(b) minimum number of different beat frequencies.

Two identical piano wires have a fundamental frequency of 400 Hz when kept under
the same tension. What fractional increase in the tension of one wire will lead to the
occurrence of 4 beats/s when both wires vibrate simultaneously?



The Damped Harmonic Oscillator

3.1 DAMPED HARMONIC MOTION

Various frictional forces may act on a harmonic oscillator, tending to reduce its successive
amplitudes. Such a motion is called damped harmonic motion. Suppose a particle of mass m
is subject to a restoring force proportional to the distance from a fixed point on the x-axis and
a damping force proportional to the velocity. Then the equation of motion becomes
mi = — kx —Px ..(3.1)
x being the displacement of the particle from the fixed point at any instant ¢, 2 and 3 are
positive constants. The damping force is —-x where B is the damping coefficient. Equation
(3.1) can be written as
¥+ 2bx +0%x =0 ...(3.2)

where 2b = f/m and o = k/m is the natural frequency of the oscillator. The relaxation
time 1 is defined by

1 m
T = 2_b = F (33)

3.2 DAMPED LC OSCILLATIONS (LCR CIRCUIT)

If resistance R is present in an LC circuit, the total energy
1. q2
U= —Li®+ =—
2" " ac

is no longer constant, but decreases with time as it is transformed steadily to thermal energy
in the resistor:

..(3.4)

d_U — '2R
d - '
. di g dg 9
Hence, Li at + Car - —i“R
d ; d?
Substituting i = d_CtI and % = ?g and dividing by i, we get

LT +R— + 5q =0 ...(3.5)
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or g+ 2bq + 0%)q = 0 ...(3.6)

which is the differential equation that describes the damped oscillations. This is equivalent
to Eqn. (3.2).
The general solution of Eqn. (3.6) can be written as (see Eqn. (3.10)) [6 < o]

q = Q ecos ('t — 0). ..(8.7)
R 1
Here, b= 2 o= @ =vJo2-b2.
TN A

SOLVED PROBLEMS

1. Obtain an expression for the displacement of the damped harmonic oscillator where
the damping force is proportional to the velocity. Discuss the effect of the damping on the
displacement and frequency of the oscillator.

Solution
The differential equation of the damped harmonic motion is given by Eqn. (3.2):
¥ +2% +0%x=0
where (-2mbx) = (-px) is the damping force acting on the particle of mass m and o is the
natural frequency of the oscillator.

Let x = exp (o) be the trial solution of above equation. Then, we have

02+ 2bo + ©% = 0.
The two roots of o are

~2b +4b% - 40?
L2 = 9
So, the general solution of Eqn. (3.2) is

x = e‘bt[Al exp(Vb? — 0%t) + Ay exp (—x/bz—u)zt)] ..(3.8)

where A, and A, are two constants whose values can be determined from the initial conditions.

=-b++b” -0

Case I: b > o (the damping force is large)

The expression (3.8) for x represents a damped dead beat motion, the displacement x
decreasing exponentially to zero (Fig. 3.1).

Case II: b < ® (the damping is small)

In this case \/b2 —w? :i\/oﬂ —b2 = i and Eqn. (3.8) becomes

x = e? [Bcos o't + B, sin w't] ..(3.9)

where 0'=4/p2_-p2 B;= A+ A, and B, =1 (A — A,). If we write B, = R cos 6 and
B, = R sin 6, Eqn. (3.9) reduces to

where R = ,/B?+BZ and 0

= Re % cos (w't — 0) ...(3.10)
tan~%(B,/B,)

®
|
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x

Over damped motion (b > )
/— Critically damped motion (b = )

2 Under damped motion (b < ®)

Fig. 3.1

Equation (3.10) gives a damped oscillatory motion (Fig. 3.1). Its amplitude R exp (-b¢)
decreases exponentially with time. The time period of damped oscillation is

T =
whereas the undamped time period is

T, =

27 21

= ..(3.11
e (3.11)
2_7:

o

Thus the time period of damped oscillation is slightly greater than the undamped
natural time period when b < . In other words, the frequency of the damped oscillation

o'=+/w? —p? is less than the undamped natural frequency o.

Let us consider the simple case in which 6 = 0 in Eqn. (3.10). Then cos ot = + 1 when

T

3T . . . .
t=0,t, = —,t,=T,t;= — etc. Suppose that the values of x in both directions corresponding
2 2

to these times are x,, x;, x,, x5 etc. so that

x, = R
x, = — RebT’2,
x, = Re?T,

= _Re®T/2,

Considering the absolute values of the displacements, we get

) X1

X9

X1 X9 X3

ebT/2
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=0T :é ...(3.12)
v

Xn

The quantity 6 =21In

Xn+1
is called logarithmic decrement. Here v is the frequency of the damped oscillatory motion.
The logarithmic decrement is the logarithm of the ratio of two successive maxima in one
direction = In (x,/x,,,). Thus the damping coefficient b can be found from an experimental

measurement ofncorgsecutive amplitudes. Since
B 2n__ 1 2
b:%,T:m:Vandﬁ) :k/m,
We have from Eqn. (3.12)
. .(3.13)

Jamk—p?

The energy equation of the damped harmonic oscillator:

We can regard equation (3.10) as a cosine function whose amplitude R exp (- bt)
gradually decreases with time. For an undamped oscillator of amplitude R, the mechanical
energy is constant and is given by E = %kRZ. If the oscillator is damped, the mechanical

energy is not constant but decreases with time. For a damped oscillator the amplitude is
R exp (- bt) and the mechanical energy is

where E (0h) kR? is the initial mechanical energy.

E ) kR? exp (—2bt)

N~ N

Like the amplitude the mechanical energy decreases exponentially with time.
Case III: b = o (critically damped motion)

When b = o, we get only one root oo = — b. One solution of Eqn. (3.2) is

A, exp (-bt)

X1
and the other solution is
x, = Ayt exp (-bt).

So the general solution for critically damped motion (Fig. 3.1) is

x = e A, + Ayt) ...(3.14)
The motion is non-oscillatory and the particle approaches origin slowly.

2. A particle of mass 3 moves along the x-axis attracted toward origin by a force whose
magnitude is numerically equal to 12x. The particle is also subjected to a damping force
whose magnitude is numerically equal to 12 times the instantaneous speed. If it is initially
at rest at x = 10, find the position and the velocity of the particle at any time.

Solution
The equation of motion of the particle is

3% = —12ki —124
or X+ 4x+4x = 0.
The solution of this equation is
x

e2(A, + A,
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[See Eqn. (3.14)]. The motion is critically damped (b = ® = 2).
When ¢ = 0, x = 10 and x= 0; therefore A, = 10 and A, = 20. The position of the particle
at any time ¢ is

x = 10e724(1 + 2¢t).

The velocity is given by

U = xi=—40t e?; .

Initially v = 0 and the velocity becomes very small after a long time. The magnitude of

the velocity is maximum when ¢ = 5

3. A particle of mass 1 g moves along the x-axis under the influence of two forces: (i) a
force of attraction toward origin which is numerically equal to 4x dynes, and (it) a damping
force whose magnitude in dynes is numerically equal to twice the instantaneous speed. Assuming
that the particle starts from rest at a distance 10 cm from the origin, (a) set up the differential
equation of motion of the particle, (b) find the position of the particle at any time, (c) determine
the amplitude, period and frequency of the damped oscillation, and (d) find the logarithmic
decrement of the problem.

Solution
(a) The differential equation for the motion of the particle is
Bo= - 4xi-2%10
or X +2x+ 4x = 0.
This is an example where the motion is damped oscillation (b = 1, ® = 2 and b < ).
(b) The solution of this equation is
x = Retcos (\/3¢t-0)
[see Eqn. (3.10)]. Since x = 10 cm at ¢ = 0, we find that R cos 6 = 10.

Since x = 0 at ¢t = 0, we have

— R cos 6 +«/§Rsin 06 =0
T 20
Hence 0 = — and R =—=cm
6 5
20 T
Thus, we obtain x = ——etcos| /3 t——)
V3 ( 6

(¢) Amplitude = %et cm. The amplitudes of oscillation decrease towards zero as ¢

increases.
2 V3
Period = Tgs and frequency = %Hz.

(d) From Eqn. (3.12), the logarithmic decrement & is given by

21
0 = bT =—.
J3
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4. A system of unit mass whose natural angular frequency in the absence of damping is
4 rad s is subject to a damping force which is proportional to the velocity of the system, the
constant of proportionality being 10 s™1. Show that the system is over damped and that the
general solution for the displacement is

x =A exp (-2t) + B exp (- 8t).
The mass is initially at x = 0.5 m and given an initial velocity v towards the equilibrium
position. Find the smallest value of v that will produce negative displacement.

Solution
The equation of motion is

mi + Px+ kx =0
In the present problem, m = 1, 8 = 10 and ® =,/k/m = 4 rad s.. Thus 2b = f/m = 10

and £ = 16. Since b > m, the damping force is large and the motion is over damped. The
general solution for x is [see Eqn. (3.8)]

x = exp (-5t) [A exp (3t) + B exp (- 3t)]
= A exp (-2¢) + B exp (- 8¢).
Now at t = 0, x = 0.5 m and x= — v, where v is a positive number. Thus, we have
A+B =05
—-2A -8B = v
. . 4-v v-1
which give x = exp (=2t) + 6 exp(—8t).
4-v

In order to make x negative it is necessary that should be negative or, v > 4. Thus

v = 4 ms~!is the minimum value of v required to give a negative displacement to the system.

5. In a damped oscillatory motion an object oscillates with a frequency of 1 Hz and its
amplitude of vibration is halved in 5 s. Find the differential equation for the oscillation. Find
also the logarithmic decrement of the problem.

Solution

The variation of x with ¢ correspond to an underdamped decaying oscillation with
differential equation

¥+ 26+ w*x = 0
where b < . The solution of this equation is

x = R e cos[Vw? -b%t-0].

It is given that /2 _p2 = 2n.1 = 2=

and Reb

R/2 or, b =%ln 2 =0.139
Thus, o? = b? + 4n% = 39.50.
Hence, the required differential equation is

X+ 0.278x + 39.50x = 0.
The logarithmic decrement 6 = b/v = 0.139.
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6. The energy of recoil of a rocket launcher of mass m = 4500 kg is absorbed in a recoil
spring. At the end of the recoil, a damping dashpot is arranged in such a way that the
launcher returns to the firing position without any oscillation (critical damping). The launcher
recoils 3 m with an initial speed of 10 ms™. Find (a) the recoil’s spring constant and (b) the
dashpot’s coefficient of critical damping.

Solution

(a) We use the principle of conservation of energy for the rocket launcher and the recoil
spring:

KE. + (P.E),, . = constant.
1
Thus, —mv§ +0 =0+ lkx2
2 2 max
. mv2  (4500) (10)2
giving k= —5—= 57 s = 50 kN m™!
xmax

(b) The coefficient of critical damping is given by
B =2mb = 2mwo = 2Jmk =2,/(4500) (50000) = 30 kN sm™.

[Since Bxis force, B has the unit of Nsm].

7. Solve the problem of simple pendulum if a damping force proportional to the
instantaneous tangential velocity is taken into account.

Solution
The instantaneous tangential velocity of a simple pendulum of length / and mass m is
dy
l_
dt

is given by

[see problem 24 of Chapter 1]. The equation of motion of the damped simple pendulum

2
ml C(lit\zv = — mg sin y — Bl(fi_\zl:
Replacing siny by y for small oscillations we have the equation
d*y dy
i 2b 2 T o’y =0
where b = 21 and o =,/g /1
m

is the undamped frequency of the simple pendulum. Now we may discuss in the light of
Eqn. (3.2). Three cases arise.

B* & .
5 (over damped motion),
am* 1

(D

exp _—Si [A, exp (M) + A, exp (—A2)]

]

9 1/2
where A= p _£ .
am? 1
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B> _ g

am? 1

(2)

(critically damped motion),

v = exp(_ﬁj A+ Al
2m

2
3) B 5 <§ (damped oscillations or under damped motion)

4m
— Bt B /. B : /
Y = exp “om [B, cos o't + B, sin w't]
g /2
where W = |&_ B .
I 4m?

In cases (1) and (2) the pendulum bob gradually returns to the equilibrium position
without oscillation. In case (3), the pendulum oscillates with frequency " and its amplitude
decreases exponentially with time.

8. (a) A steady force of 50 N is required to lift a mass of 2 kg vertically through water
at a constant velocity of 2.5 m/s. Assuming that the effect of viscosity can be described by a
force proportional to velocity, determine the constant of proportionality. (The effect of buoyancy
is neglected.)

(b) The same mass is then suspended in water by a spring with spring constant
k = 120 Nm™1. Determine the equilibrium extension of the spring. The mass is further pulled
through a small distance below its equilibrium position and released from rest at time t = 0.
Show that it will vibrate about the equilibrium position according to an equation of the form

Xx+2bx + 0*x =0

and determine b and o for this system. Show that the motion is under damped and find its
period of oscillation. Find the time in which the amplitude of oscillation falls by a factor of e.
Solution
(a) When the mass is lifted vertically it moves with a constant velocity.
Thus the net force acting on it is zero:
50 -mg - Pv = 0
50-mg 50-2x9.8

or B = = =12.16 N sm™! (= kg s7)
v 25

where B is the constant of proportionality.

(b) When the mass is suspended by a spring of spring constant %, it will be stationary
at equilibrium and no viscous force will act on it. If X is the extension of the spring, we have

mg = kX
or x = 298 _ 4163 m.
120

When the mass is pulled through a small distance below its equilibrium position and
then released, it will vibrate to and fro about the equilibrium position. Now a resistive force

of amount Bx will act on the body. Therefore the equation of motion is given by

mi = — Px— kx
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or X+2b% + 0o = 0
where b = B = %: 3.04 s L.
2m 2% 2
and o = Jk/m =,120/2 = 7.746 rad.s!

Since b < o, the body will execute damped simple harmonic motion:

Re ™ cos[{w? — b2t —0].

T 2% _088s.

Vo2 -b?

If ¢ is the time in which the amplitude falls by a factor of e, then

X

Its period of oscillation is

1
Re™® = Rleor, t =5= 0.33 s.
9. A point performs damped oscillations with frequency ® and amplitude a, exp (-bt).
Find the velocity amplitude of the point as a function of time t if at the initial moment
t = 0 (i) its displacement is equal to a,, (ii) its displacement is zero.

Solution
@) x = aye? cos ot
& = — baye™? cos ot - aywe™® sin ot
= Re™ cos (ot — 0)
where R cos® = — ba, and R sin 6 = — a,0.
Thus, R = ao,/w2 +b2
and the velocity amplitude = a; 42 —p2e .
(it) x = ae™ sin of,
& = -baye™ sin ot + a0 cos ot

= Recos (ot + 0),
where R cos 8 = a,0 and R sin 6 = ba,,.

Thus R = ayp? + b2
a4 Jo? +bZe ™.

10. A spring supports a mass of 5 g which performs damped oscillations. It is found
to have successive maxima of 2.1 cm and 1.3 cm. If the damping coefficient B is 10 g s/, find
the stiffness of the spring.

and the velocity amplitude

Solution

b

21 o
log decrement 6 = In 13/ b.=—

0
where b = i = 10
2m 2x5

s1=1g¢1
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Thus, o = 2Titb= 13.1016
and o = 0?2 + b2 =172.652 = k/m

Hence, k me? = 0.005 x 172.652 = 0.863 N/m.

11. An automobile suspension system is critically damped and its period of oscillation
with no damping is one second. If the system is initially displaced by an amount x,, and
released with zero initial velocity, find the displacement at t = 2s.

Solution
The displacement for critically damped motion is given by
x = et (A] + Ay)
with b = o= 2m
Now, & = —be A, + Ajt) + Ay
Att=0,x,=A, and x=0 = - bA, + A,,.
which give A; = x;, and A, = 2nx,,.
Thus, x = x, (1 + 2mt) e2™
At t = 2s, x = 0.000047 x,.

12. For a damped harmonic oscillator with equation
mi + Px +kx=0

show that the work done against the damping force in an infinitestimal time dt is equal to
the loss of energy of the mass m during the same time interval dt.

Solution
In an infinitesimal time dt during which the mass m traverses a distance dx, the work

done dw against the damping force Pxis given by

2
s = B[] e = B{2) ()t = 5[ e

Total energy of the system is given by

1 (dx)® 1
I - - 2
E—zm[dtj+2kx.

Thus the loss of energy of the mass in time dt is

2
_dE {_ ded’x dx}dt

m——p—kx—
dt dt dt? dt

dx dx dx
_O* ) B bl e
[ dt{ P x} xdt}dt

(%7
Plac) ¢

ow.
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13. If the quality factor @ in a damped harmonic motion is defined as

21 X average energy stored per cycle

Q= Average energy dissipated per cycle
then show that
®
= %

Solution
The displacement x of the mass m at any time is given by

x = R e cos ('t — 0).
Total energy at any instant is given by
1 1
E == mi®+= ka?
2 2
1

3m [62R2e72t cos2(w't — 0) + ®2R2%e72bt - sin? (0t — 0) + b R2%e2b sin? (w't — 0)]

1
+ EkRze‘Zb‘ cos¥ ('t — 6).
Loss of energy of the mass in time dt is

dE 5
-2 = pa? dr.
dt b

Assuming that e 2! remains almost constant over a cycle, the average energy over a
complete cycle at that time is

1
E_ = i mR2%~21(b? + o?) + ZkRze‘th.
1 1
= R2%e 2 (mw? + k) = Emw2R2e‘2bt

since the average value of cos? (w't — 0) and sin? (0t — 0) are each 1/2 and that of
sin 2 (0t — 0) is zero.

Average energy dissipated per cycle at that time is

B(X_Z)GVT _ B(%(ﬂsze_zbt)T

1 9,2 —on
2nx§mw R%e omm ©
Hence Q = = = —
1 BT(DQRQefzbt ﬁT 2b
2
14. Find the quality factor @ for the damped oscillations of Problem 5.
Solution
Q- 2 - 828 o0

25 2x0139
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15. An LCR circuit has L = 10 mH, C = 1.0 uF, and R = 1 Q. (a) After what time t will
the amplitude of the charge oscillations drop to one-half of its initial value? (b) To how many
periods of oscillation does this correspond?

Solution
Amplitude of charge oscillation = ge !
(@) We have the condition e = %
or ;- In2 _(n22L _ (n2)x2x10x1073
b R 1
= 13.86 ms.
1 1
®) 0= — = 10% rad/s.
VLC  J10x1073 x1x107
R
b= —=50
2L

Since ® >> b, ® = ®.

The elapsed time, expressed in terms of the period of oscillation, is
t ot

— = — = 22.
T 21

Thus the amplitude drops to one-half after about 22 cycles of oscillation.
16. In a damped LCR circuit show that the fraction of the energy lost per cycle of

2n R
ol

. [Assume that R is small]

oscillation, AU/ U, is given to a close approximation by

Solution

R
We assume that initially the current i = 0 and ®" = ® since b = Zis small.

2
Initially the energy of the capacitor = U = 2 and the energy of the capacitor after a

2C
time T is
q _
U = L o1
2c ¢
U —RT
Thus, T = el =¢ L
, _R2n
or 1—%:%:1—8L‘”
or AU 1_ 1_ﬁ _2nR
U oL ) oL

The quantity 2%) = oL is called the @ of the circuit (for ‘quality’). A high-@ circuit has
2n

low resistance and a low fractional energy loss per cycle (= EJ
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17. An object of mass 0.1 kg moves along the x-axis under the influence of two forces:
(i) a force of attraction towards origin which is numerically equal to 85 x N and (ii) a
damping force whose magnitude is 0.07 dx/dt N. (a) What is the period to the motion?
(b) How long does it take for the amplitude of the damped oscillations at drop to half its
initial value? (c¢) How long does it take for the mechanical energy to drop to one-half its initial
value?

Solution

(a) Here £ = 85 N/m and 3 = 0.07 kg/s
o = [k/m= 850571 =291557"

b = B/2m = 0.35
b < o and the motion is damped simple harmonic.
T- 2% _ _0216s

Vo? -b?

(b) If t is the time in which the amplitude falls by a factor of 2, then

R e? = R/2
or t = thz =198 s
() E@t) = E(o) e 2 = E(0)/2
or t = In2 = 0.99 s.
2b

18. An object moves on the x-axis in such a way that its velocity and displacement from
the origin satisfy the relation v = — kx, where k is a positive constant. Show that the object
does not change its direction and the kinetic energy of the object keeps on decreasing.

Solution
dx
dt
or x = A e™ A = constant.
and X = —Ak e = — kx

(a) Let A be positive. At ¢t = 0, x = A and as ¢ increases x decreases continuously and
after a long time x becomes zero.

We have +kx=0,k>0

(b) Let A be negative. At ¢t =0, x = —|A| and as ¢ increases x increases continuously from

the negative value and after a long time it becomes zero.
So the object does not change its direction.
The kinetic energy of the object is

ém&'eQ = Lo a2 e

which decreases with time.

19. A particle of mass 102 kg is moving along the positive x-axis under the influence of
a force
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K
F(x) = 2x—2
where K = 102 N m?. At t = 0 it is at x = 1.0 m and its velocity v = 0.
(a) Find its velocity when it reaches x = 0.5 m
(b) Find the time at which it reaches x = 0.25 m. (I.LT. 1998)
Solution
The force experienced by the body is

dv _dvdx dv K

dt dt dt de  2x2
or mv dv = — £2 dx.
2x

Att=0,v=0and x =1 m.
Integrating from v = 0 to v = v and x = 1 to x = x, we have

1oL, K
2mv = zx +
K
Atx=1,v=0andC=—?
1
Thus, v = + 5(1_96)2
m X
K
when x=05m,v = iﬁ; =+ 1msL

At time ¢ = 0, v = 0 and the particle starts moving opposite to the direction of increasing
x since the force is opposite to the direction of increasing x.

Thus, we have to choose the —ve sign.

(@v=-1ms!whenx=05m
K 1-
®) Since & =1, v = . ==
m dt X
or dx o = —dt.
1-x
Integrating from x = 1 tox = 0.25 and ¢ = 0 to ¢t = £, we get
0.25
—t = j 1x dx
1 -x
We put x = sin® @
or dx = 2 sin 6 cos 6 d6.

/6 - ﬁ
4

J2sin26d9 =5 -
/2

by
t = |=+—s.

3 4

|
~
I
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10.

11.

SUPPLEMENTARY PROBLEMS

A particle of 2 g moves along the x-axis under the influence of two forces: (i) force of
attraction toward origin which is numerically equal to four times the instantaneous
distance from the origin, and (if) a damping force proportional to the instantaneous
speed. For what range of values of the damping constant  will the motion be (a) over
damped, (b) under damped or damped oscillatory, (c¢) critically damped?

(a) Solve the differential equation
5% + 10x + 25x =0
subject to the conditions x = 2,x= -1 at ¢ = 0.
(b) Give the physical interpretation of the result.
Show that the time period of damped harmonic oscillator with equation is given by
mi + P+ kx=0
is given b T = __4mm .
o Y J4km - B2
Find the time in which the amplitude of oscillation falls by a factor of e.
Find the frequency of oscillation of an object satisfying the differential equation
X + 0693x+ 9.99x = 0.
Find the time in which its amplitude of vibration is halved. Find also the logarithmic
decrement of the problem.
In a damped oscillatory motion an object oscillates with a frequency of 2 Hz and its
amplitude of vibration is halved in 2 s. Find the differential equation for the oscillation.
Find also the logarithmic decrement of the problem.
A 1.5 kg weight hung on a vertical spring stretches it 0.4 m. The weight is then pulled

down 1 m and released. (a) Find the differential equation of motion of the body with
boundary conditions if a damping force numerically equal to 15 times the instantaneous
speed is acting on it. (b) Is the motion damped, over damped or critically damped?
Find the position of the body at any time.

The natural frequency of a mass vibrating on a spring is 20 Hz, while its frequency
with damping is 16 Hz. Find the logarithmic decrement.

A point performs damped oscillations according to the law

—bt

x = ae™! sin ot

Find (a) oscillation amplitude and the velocity of the point at the moment ¢ = 0,
(b) the moments of time at which the point reaches the extreme positions.

Show that for damping which is less than 10% of the critical value, the undamped
natural frequency and the damped frequency agree to within 0.5%.

A body of mass 10 g is suspended by a spring of stiffness 0.25 N/m and subject to
damping which is 1% of the critical value. After approximately how many oscillations
will the amplitude of the system be halved?
A block is suspended by a spring and a dashpot with a strong damping action. Show
that if the block is displaced downwards and given a downward velocity, it will never
pass through its equilibrium position again.
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12

13.

14.

15.

16.

17.

18.

19.

. The angular frequency of a harmonic oscillator is 16 rad/s. With weak damping
imposed it is found that the amplitudes of two consecutive oscillations in the same
direction are 5 cm and 0.25 cm. Find the new period of the system.

The frequency of a damped oscillator is one-half the frequency of the same oscillator
with no damping. Find the ratio of the maxima of successive oscillations.

A system of unit mass whose natural angular frequency in the absence of damping

is 6 rad s7! is subject to a damping force of magnitude 20x where x is the displacement
from the equilibrium position. Show that the general solution for x is

x = Ae? + Be 18

The mass is initially at x = 1 m and given an initial velocity of magnitude 34 ms~
towards the equilibrium position. Find the time when the displacement becomes
greatest in the negative x-direction and the value of the negative displacement.
For a damped oscillator let us assume that m = 250 g, £ = 85 N/m, and B = 70 g/s.
(a) How long does it take for the amplitude of the damped oscillator to drop to half
its initial value? (b) How long does it take for the mechanical energy to drop one-half
of its initial value? (c) What is the ratio of the amplitude of the damped oscillations
after 20 full cycles have elapsed to the initial amplitude?

1

What resistance R should be connected to an inductor L = 100 mH and capacitor
C =10 puF in series in order that the maximum charge on the capacitor decays to 90%
of its initial value in 50 cycles?
A single loop circuit consists of a 7.2Q resistor, a 12 H inductor, and a 3.2 uF capacitor.
Initially the capacitor has a charge of 6.2 uC and the current is zero. Calculate the
charge on the capacitor after 10 and 100 complete cycles of oscillations.
The equation of motion for the angle of twist 6 of the moving coil galvanometer is
given by
d’e de
Tar = Pg —©F

where I is the moment of inertia of the moving system about the axis of rotation,

de . . . . . .
—B I is the damping force (due to (i) mechanical damping proportional to the angular

de
velocity Eand (it) electromagnetic damping proportional to % — Lenz’ law) which

opposes the motion of the galvanometer and C is the restoring couple per unit twist
of the suspension wire.

(a) Find the condition of the ballistic motion of the galvanometer. (b) If the deflection
on the scale of the lamp and scale arrangement of the galvanometer is 25 ecm and
20 cm in one direction on the first and tenth oscillation, what is the value of the
logarithmic decrement?

A bell rings at a frequency of 100 Hz. Its amplitude of vibration is halved in 10s. Find
the quality factor of the bell.



Forced Vibrations and
Resonance

4.1 FORCED VIBRATIONS

Suppose that the particle of mass m is under the influence of an external force F (t)f in

.. . 2 . dx »
addition to the restoring force—kxi and damping force — Bﬁl .

Then the equation of motion becomes
mX = — kx—Px+ F(). ..(4.1)

If the external force is periodic, F' (¢) = F sin pt, we can write Eqn. (4.1) in the following
form

X¥+2bx + 0% = f sin pt ..(4.2)
where b = l,wzzi,fzﬁ.
2m m m
The general solution of Eqn. (4.2) is
X o= x4, ..(4.3)
where x, is the general solution of the homogeneous equation (see problem 3-1):
¥ o+ 2b%;+ 0%, =0 ..(4.4)

and x, is any particular integral of Eqn. (4.2). A particular solution of Eqn. (4.2) is given by
(see problem 1)

X, = f sin (pt — o) ...(4.5)
\/(wz _p?)2 4 4p2p2
2
where tan o = —; bp 7 ,0<asm ...(4.6)
0 —-p

We have seen in problem 3-1 that x, becomes negligible within a short time and so we
call this solution the transient solution. After a long time when x; becomes negligible the
motion of the mass m is given by Eqn. (4.5) which is called the steady-state solution. In the
steady state x, has a frequency p which is equal to the frequency of the impressed force but
lags behind by a phase angle o. The vibrations or oscillations represented by x,, are called
forced vibrations or forced oscillations.
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4.2 RESONANCE
The amplitude of the steady-state oscillation [Eqn. (4.5)] is given by

A = f (4.7
\/(m2 —p%)? +4b2p? R

The condition for maximum amplitude is

2b2 1/2
p = m(l——J ..(4.8)

where we have assumed b2 <%m2. Near the frequency p of the impressed force given by

equation (4.8), very large oscillations may set in and the phenomenon is called amplitude
resonance and the frequency is called the frequency of amplitude resonance or amplitude

resonant frequency. If the damping is very small, b2 <<%m2, the resonance frequency

2
p = ® —— which is very close to the natural frequency ® of the undamped oscillator.

®
However, the velocity amplitude of the system becomes maximum for p = ® for any given
value of b (see problem 4-2). This phenomenon is known as velocity resonance or simply
resonance.

4.3 QUALITY FACTOR Q
The quality factor @ is the ratio

Jic

Q=7 ..(4.9)
where A, B, C are coefficients of the differential Eqn..
AX + Bx + Cx=F ...(4.10)

describing the motion of a resonant system with F as the external force and x as displace-
ment. Thus from Eqn. (4.1), we have

Q - . (4.11)

4.4 HELMHOLTZ RESONATOR

Helmholtz resonator is used to determine the frequency
of a vibrating body with the help of the phenomenon of
resonance. The resonator consists of either a spherical
or a cylindrical air cavity with a small neck (Fig. 4.1).
Fig. 4.1

The dimension of the cavity is small in comparison
with the wavelength of sound to be detected. In case of
spherical cavity the volume of the cavity is fixed whereas the volume is variable in case of
cylindrical cavity.
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The air contained at the neck of the resonator acts like a piston alternately compressing
and rarefying the air within the cavity of the resonator. The natural frequency of vibration
of Helmholtz resonator is given by

v |S
VvV = % ﬁ ...(4.12)
where v = Velocity of propagation of sound in air
[ = Length of the neck of the resonator
S = Area of cross-section of the neck
V= Volume of the resonator.

The natural frequency of the resonator can be changed by changing the volume V of the
resonator. When the sound wave of frequency resonant with the natural frequency of the
resonator is incident on it, the resonator will produce sharp response. The frequency of the
vibrating body is then equal to the natural frequency of the resonator given by Eqn. (4.12).

SOLVED PROBLEMS

1. A particle of mass m moves under the influence of external periodic force F sin ptf
in addition to the restoring force _kxi and damping force — Pxi. Set up the differential
equation of motion and find the steady-state solution.

Solution
The differential Eqn. of motion is given by equation (4.1):
mi=—kx — P+ F sin pt
which can be rewritten as Eqn. (4.2):
¥ + 2bx + 0*x = fsin pt
F

where b = i,uﬁ: L2 and f= —.
2m m m

The general solution for x is
X=X+ Xy
where x, is the general solution of the homogeneous equation (see problem 1 of Chapter 3):
551 + 2bx1+ (1)2x1 = 0

and x, is any particular integral of Eqn. (4.2). The solution x; is the displacement of the

damped harmonic oscillator.
x, = e—bt[Al exp(Vb? —0%t) + Ayexp (—\/b2—w2t)}

x, is the same as the damped oscillation (b < ®) or dead beat motion (b > ®) or critically
damped motion (b = o).
To find x, let us take the solution

x, = A sin (pt — o). ..(4.13)
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This supposition is justifiable on the ground that the system will ultimately vibrate
with the same frequency p as that of the impressed sustained harmonic force.

Now, X9 = A p cos (pt — )

—Ap? sin (pt — ).

Xg
Substituting in Eqn. (4.2), we get
A(w? — p?) sin(pt — a) + 24bp cos (pt — o) = f sin {(pt — o) +0u}
= [ sin (pt — o) cos o + f cos (pt — o) sin o. ..(4.14)

Since Eqn. (4.14) is true for all values of ¢ we can equate the coefficients of
sin (pt — o) and cos (pt — o) from both sides:

A(w? — p?) = fcos o ...(4.15)
2Abp = f sin o ...(4.16)
Hence, we get
A= ! (417)
\/(u)Q _ p2)2 1+ 4p2p?
and tan o = % ...(4.18)
0 —-p
Eqns. (4.15) and (4.16) give
sin o = 2bp .(4.19)
\/(m2 _ p?)? 4 4p?p2
2 2
cos o = ® P ...(4.20)
\/(u)Q _ p2)2 1+ 4p2p?
Since sin o is never negative, the range of o0 is 0 < o < .
The complete solution of Eqn. (4.2) is
X o= x+ ! sin (pt — o). ..(4.21)

\/(m2 _ p?)? 4 4p?p2
When b < o the first part x, represents natural vibrations of damped harmonic oscil-
lator. These vibrations become negligible very soon as the amplitude diminishes exponentially

with time. If the damping is very small the natural vibrations will persist for a longer time.
After a long time when x; becomes negligible we can write

x = f sin (pt — o). ...(4.22)

\/(u)Q _ p2)2 1+ 4p2p?

which is called the steady-state solution. Eqn. (4.22) represents the sustained forced vibrations.

If the frequency of vibrations of x,, that is, /2 — 2 and that of x, i.e. p are nearly equal, at

the initial stage, beats are produced. These beats are transient, as the natural vibrations
become small after a short interval of time.
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2. Obtain the expression for the velocity of the mass m when it is in the steady state
forced vibration of problem 1. Show that the velocity amplitude is maximum when the reso-
nant frequency is p = ® and the velocity amplitude at resonance is

_ L
Vor = 95
Solution
For the steady-state forced vibration the displacement x of the particle is given by
x = A sin (pt — o)
The velocity of the particle at any instant is
% = Ap cos (pt — ) = v, cos (pt — o)
where the velocity amplitude v, is given by
v, = Ap = fp
\/(wz _ p2)2 1+ 4b2p?
f

2 2 '
{m—p} +4b?
p

When p = o, v, is maximum for any given value of 6. This phenomenon is known as

velocity resonance. The velocity amplitude at resonance is

f

vo= —.
ar 2b
3. In the steady state forced vibration of problem 1 show that (a) the amplitude of the

driven system is maximum when p = {o® —2b° and

_r
2V w? - b?

(a) In the steady state forced vibration the amplitude of vibration of the driven system
is given by

(b) the value of the maximum amplitude is

Solution

A = f .
\/(‘”2 _ p2)2 1+ 4p2p2

It is maximum when the denominator (or the square of the denominator) is a minimum.

Let u = (0? - p?? + 4b%p2.
The function z has a minimum or maximum when
du
D - —2(w? - p?) 2p + 8% =0
or p(p? — w?+ 26%) =0

ie. p=0or, p=+yJu2-2b2 where o? > 2b2.
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2

For p=0, d—z = —4 (02 — 3p? — 2b2) = —4(w? — 2b2) < 0.
dp
2
For p = Jo? -2b2%, %: — 4[0? - 2b2 — 3(w? — 2b2)]
D

= 8 (0? - 2b%) > 0.

Thus p =y w? — 2b? gives the minimum of u.

Note that the angular frequency p of the periodic impressed force at amplitude reso-
nance is slightly smaller than that at velocity resonance.

(b) The maximum amplitude at resonance is

A f f

max

V4b* + 4b%(0% - 202)  2bw? —b?
4. In the steady state forced vibration describe how the phase of the driven system
changes with the frequency of the driving system.
Solution

The phase angle o is given by Eqns. (4.18-4.20). Suppose that the angular frequency
of the impressed force is increased gradually from 0 to .

(1) When p = 0, o = 0. There is no difference of phase between the driven system and
the impressed force.

(ii) When p < o, tan o = +ve, cos o = +ve and sin o = +ve. Thus o has a value

intermediate between 0 and bR

. T .
(Iii) When p —» o, tan o0 — oo, sin oo — 1 and coso. — 0. So, o0 — 2 Thus at velocity

resonance the driven system lags behind the driver by an angle g

. . i
(iv) When p > o, tan oo = —ve, sin o = +ve and cos o = —ve. Here, 3 < o<T.

(v) When p — oo, tan o0 — 0, sin oo - 0 and cos oo — —1. Hence o — .
The variation of o with p is shown in Fig. 4.2.

We know that
o = tan_l%.
0" -p
Thus the rate of change of o with p is
da  2b(p*+0%)
dp ((02 _p2)2 +4b2p2 .
1
At resonance (p = ), do = —.
dp b p
Hence smaller the value of b, the greater is the >p
rate of change of phase angle near the resonance Fia. 4.2
ig. 4.

frequency.
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5. Show that in the steady state forced vibration the rate of dissipation of energy due to
frictional force is equal to the rate of supply of energy by the driving force in each cycle.

Solution
In the steady state forced vibration the displacement of the particle is given by
x = A sin (pt — o).
Suppose at any instant the force F' sin pt moves through a distance dx in time dt. Then
the work done by the force = F' sin pt dx. The rate of work done averaged over a cycle is

T T
1 . 1
T !Fsmpt (%)dt = T_([FsinptpAcos(pt—(x)dt.

[sin pt cos pt coso. + sin? pt sino]

Il
—

FpA sin o ...(4.23)

o= o

2
where we have put T = Ly
p

Work done against the frictional force Bx for the displacement dx is Px dx. Rate of work
done against the frictional force averaged over a cycle is

1 T dx ) B s
—_ - — F A2,.2 2 _
T jﬁ(dtj dt = TAp jcos (pt—ov) dt
0 0
1
= gBaTp .(4.24)
Now we have to show that the expression (4.23) is equal to expression (4.24).
A B A
Now, sino = 2bp—=—p—
PF TPy
and F = fm
A
Thus %FpA sin o = % fmp A% - %BAZ}J%

Since energy is dissipated in each cycle due to frictional force, this loss is made up by
the energy supplied by the driving force to maintain the steady forced vibration.

In the steady state forced vibration the displacement of the particle is sinusoidal and
the mechanical energy remains fixed at the steady Value%kA2.

6. (a) Show that in the steady state forced vibration the power supplied by the driving
force averaged over a cycle is given by

mb p2f2
(0)2 _p2)2 +4b2p2

and the power is maximum when p = ®
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(b) Find the two values of p, namely p; and p, at which the power P is half of that
at resonance and show that p,.p, =

(¢) Show that the full width of the power resonance curve at half maximum = 2b.
If sharpness of resonance s is defined by

Frequency at resonance
Full width at half maximum power

®
Sharpness of resonance = then show that s = %5

Solution
(a) From problem 5, we have
2 02
— lBA2p2 _ mb p”~f
2 ((1)2 _p2)2 + 4b2p2

mb f?

. :
wz[m - p) + 4b*

p o
Thus, the power P is maximum when p = ® and the maximum value is

mbf*  mf?

P = —5— = .
max 4b2 4b

2
®) mor = Pra
002(@—1)] +4b*
p o
or p* — (202 + 4b?) p? + w*
The two values of p2 are

Il
[e)

P = o + 2b2 +\/(002 +20%)% —w*

P2 = o + 2b2 _V@*+26%)? - o*
The power resonance curve is shown in Fig. 4.3

We find that p

2 + 262 + 26V 0?2 +b> P ‘i _____

o + b% + b)?

Thus, PPy = Jo?+b% +b

and Py Dy = O

(c) Ap = p, — p, = Full width of the power resonance P ®
curve at half maximum = 2 4. Hence, Fig. 4.3

2
pl?l’%

1/ZPmax""

Frequency at resonance 0o o
Full width at half maximum power Ap 2b

= sharpness of resonance.
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7. If the quality factor @ in the steady state forced vibration is defined as

21 X Average energy stored per cycle

Average energy dissipated per cycle
then show that

2
p 0]
Q= %[“?J'

Show that the quality factor is minimum at resonance p = o and its minimum value is

®
Qmin = %
Solution
Total energy at any instant of time in the steady state is
1 1
E = = mi®+ —hx?
2 2

1 1
=5 mA2p2 cos? (pt —a) + 5kA2 sin? (pt — o)

1
The average value of cos? (pt — o) and sin? (pt — o) are eachEper cycle.

av

1
Thus, E = ZmA2 (% + 0?).
1
From problem 5 we know that the average power dissipated = EﬁAzpz.

.. 1
Average power dissipated per cycle = T' x 5 BA2p?,

2
where T = —n.
D
T _ 2nx imA?(p*+0?) 7 p®+oe?
us, Q = 1aa2.2 =% 2
T 3BAD Tp
2
4 p

d2Q| 1
dp2 p:“’_zbm

e

 is minimum Whend— =0 or, p = ® and > 0.
74

.. .. . O
Thus the minimum of @ occurs at resonance when p = ® and the minimum value is —-.

2b

Quality factor at resonance = sharpness of resonance.

8. Determine the root-mean-square (rms) values of displacement, velocity and accelera-
tion for a damped forced harmonic oscillator operating at steady state.
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Solution
The defining expression for the rms value is
1/2

T
_[gzdt 1/2
8rms = Ofd = {%Igﬂdt}
t
0

where g is an arbitrary periodic function of time with period 7.

The expression for the displacement in the steady state forced vibration is

2

x = A sin (pt — o) with T=?.

T

1/2
Thus, x A %Jsinz(pt—a)] =

4
rms \/E .

0

The rms values of velocity and acceleration are
A ZA
Vrms = % and L %

9. A machine of total mass 90 kg is supported by a spring resting on the floor and its
motion is constrained to be in the vertical direction only. The system is lightly damped with
a damping constant 900 Ns/m. The machine contains an eccentrically mounted shaft which,
when rotating at an angular frequency p, produces a vertical force on the system of Fp? sin pt
where F'is a constant. It is found that resonance occurs at 1200 r.p.m. (revolutions per minute)
and the amplitude of vibration in the steady state is then 1 cm. Find the amplitude of
vibration in the steady state when the driving frequency is (a) 2400 r.p.m. (b) 3000 r.p.m.

(c) very large. Find also the quality factor @ at resonance. Assume that the gravity has a
negligible effect on the motion.

Solution
2n x 12
At resonance, ®=p= 2mx1200 = 401 s7L.
60
900
b = i = = -1
om _ 2x90 O °
Here the periodic force = Fp? sin pt.
2
Thus the amplitude at resonance A = % = 0.0l m
Hence, ‘= 2x5x%x0.01 _ 0.01 ‘
40n 4n

(@) At 2400 r.p.m., p = 80r s!
fp?

Amplitude =
\/(‘”2 _p?)? 4 4b%p?
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% x (80m)2
(160072 — 64007%)2 +100 x 640012 /2

=~ 0.11 cm.

(b) At 3000 r.p.m., p = 100% s~!
Amplitude = 0.09 cm.

2
(¢) As p — «, Amplitude — ﬁ';z = f = 0.08 cm.

Quality factor at resonance

O] 401
= — = —— = 12.57.
@ 2b 2x5

10. Two bodies of masses m, and m, connected by a spring of spring constant k, can
move along a horizontal line (axis of the spring). A periodic force F cos wt is exerted on the
body of mass m, along the line. Find expression for the displacements of the two masses and
indicate by a sketch graph the dependence of the amplitude of motion of m, on frequency w.

Solution

Let x, and x, be the respective displacements of the masses m, and m, from their
equilibrium positions. The extension of the spring is x, — x,. Thus the Eqns. of motion of m,
and m,, are

my¥; =k (x, — x;) + F exp (iot) ...(4.25)
MmoXe = — k (x, — x,). ...(4.26)

[We use complex exponential motion to simplify the calculation]
Since we are forcing the bodies at frequency o, let us try solutions

x, = A exp (iot) ..(4.27)
x, = B exp (iwt) ...(4.28)

Substituting Eqns. (4.27) and (4.28) into Eqns. (4.25) and (4.26), we get

EB - kA + F = —m Ac?
—kB + kA = -m,Bw?

which give
kA
B= —— ...(4.29)
k_mz(l)
_ 2
and pQ— (4.30)
0 [mymew*® — k(m,; + my)]
B 2
Thus,  x, = — i Ma0)C0SG! .(4.31)
(0] [mlmz(x) _k(ml +m2)]
Fk ¢
and Xy = ke ...(4.32)

o2[mymym? — k(m, +my)]
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The amplitude of the motion of m, is A A
[Eqn. (4.30)]. It is zero when w? = kim, and *
1/
k(my +my) |2 (L+L)2
infinite (resonance) when ®? = ——2——2° The — m,  m,
mymy M2
amplitude tends to zero as o tends to infinity. \4

The amplitude will also be infinite when ® = 0
(this corresponds to a steady force accelerat-
ing the whole system).

Fig. 4.4 shows a sketch of A as a function
of o.

!
I
I
I
I
I
I
I
I
I
(0] : > o
I
I
I
I
I
I
I
I
I

Fig. 4.4

11. A periodic external force acts on a 3 kg mass suspended from the lower end of a
vertical spring having spring constant 75 N/m. The damping force is proportional to the
instantaneous speed of the mass and is 20 N when the speed is 1 m/s. Find the frequency at
which amplitude resonance occurs.

Solution
Natural angular frequency of the spring = o =,/75/3 = 5 rad s™..
Damping force = Bt = 20N whenx = 1 m/s.

B 10

Thus, B=20Nsm!landb=— = — s.
2m 3
5
For amplitude resonance, angular frequency = o - 2b” =§rad s! and resonance
frequency = v = — Haz.
67

12. The mass on a vertical spring undergoes forced vibrations according to the Eqn.
i+ o’x = fsin ot

where there is no damping and the impressed frequency is equal to the natural frequency of
oscillation. (a) Obtain the solution of the above differential equation (b) Give a physical
interpretation.

Solution
(a) The general solution of the equation

X + 0% = fsin ot ...(4.33)
is X = X+ Xy ...(4.34)
where x; is the general solution of the homogeneous equation

¥ + 0%, =0 ...(4.35)
and x, is the particular integral of Eqn. (4.33). Now the general solution of Eqn. (4.35) is
x; = A cos of + B sin ot. ...(4.36)

The particular solution of Eqn. (4.33) has the form

x = tley cos ot + c, sin wt]
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which gives
x = (c; cos 0 + ¢, sin ) + t(—oc, sin Ot + wc, cos wt)
¥ = 2(—oc, sin ot + oc, cos o) — tw*(c, cos Of + ¢, sin o).
Substituting these into Eqn. (4.33) and simplifying, we obtain

2c,0 cos wt — 2c, sin ot = f sin ot

from which ¢, = 0 and ¢, = —%. Thus the particular integral is

4
X, = —Zf—mcos ot ...(4.37)

The general solution of Eqn. (4.33) is
therefore X e

x = A cos of + B sin o)t—2£cos ot s
0

(b) The first two terms of Eqn. (4.38) 0 Sl >t

are oscillatory with constant amplitude. The ~~—
last term involving ¢ increases with time to ~.
such an extent that the spring breaks fi- ~
nally. A graph of the last term is shown in S
Fig. 4.5. This example illustrates the phe- S .
nomenon of resonance. Here the natural ~.
frequency of the spring equals the frequency Fig. 4.5

of the impressed force.

13. A vertical spring has a spring constant 50 N/m. At t = 0 a force given in newtons
by F (t) = 48 cos 7t, t > 0 is applied to a 20 N weight which hangs in equilibrium at the end
of the spring. Neglecting damping find the position of the weight at any later time t.

Solution
We have the equation of motion
20 .,
—k
g
or X + 2b6x = 24 cos Tt ...(4.39)

where we put g = 10 m/s?.
The complementary function of Eqn. (4.39) is

= — 50x + 48 cos Tt

x = A cos 5t + B sin 5¢ ...(4.40)
and the particular integral is given by
x = ¢y cos Tt +c,sin Tt ...(4.41)

Substituting Eqn. (4.41) into Eqn. (4.39), we get ¢, = — 1 and ¢, = 0. Thus the general
solution is

x = A cos 5t + B sin 5t — cos Tt ...(4.42)
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Fig. 4.6
Using the initial conditions
x =0, x=0att=0
we find, A = 1, B = 0 and thus

x = cos Bt — cos 7t = 2 sin ¢ sin 6. ...(4.43)

The graph of x vs. ¢ is shown by the heavy curve of Fig. 4.6. The dashed curves are the
curves of x = + 2 sin ¢. If we consider that 2 sin ¢ is the amplitude of sin 6z, we see that the
amplitude varies sinusoidally. The phenomenon is known as amplitude modulation (see
problem 14 chapter 2).

14. Show that the natural frequency of vibration of Helmholtz resonator is given by

v | S
A%
where v = Velocity of propagation of sound in air
[ = Length of the neck of the resonator
V = Volume of the resonator
S = Area of cross-section of the neck.
Solution

We assume that the air in the neck of Helmholtz resonator acts as a piston alternately
compressing and rarefying the air within the cavity of the resonator.

Let x = Displacement towards the cavity of the piston of sectional area S at any instant
t and 6P be the increase in the pressure in the cavity.

Total force acting on the piston is

d’x
Slp—— = S &P
P ar

where p = Density of air and Slp = Mass of air in the neck.
Since the pressure change in the cavity is adiabatic

PV = Constant
or PV + PW sV =0
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oV
P = «yP—
or v v
Thus, we have
2
—d;C + 0% =0
dt
X w8
where o = oIV

The velocity of propagation of sound in a gas is given by

[See Chapter 5]
The frequency of vibration is thus given by

Lo _ v S
Coon 2 NIV©

Since the damping is small, a Helmholtz resonator is highly selective and the response
is very sharp.

15. A Helmholtz resonator has a cylindrical neck of cross-section 2 cm? and length 1 cm.
What must be the volume of the resonator in order to have resonance at frequency of 500 Hz?

[Velocity of sound in air = 340 m/s]

Solution
We know
_ v /s
VE 2n VIV
vo_ S(v ), [340x100)
o = 1l2nv) T2 2500 )
= 234.25 cm3.
16. If an alternating emf E = E, sin ot
is applied to a series LCR circuit (Fig. 4.7) R

the resulting alternating current in the circuit 4/\/\/\/\/\/\/\/7

is given by (steady-state)
i = I sin (ot — ¢)
(a) Find the current amplitude I and E@ - ¢
the phase constant ¢.

(b) Show that the current amplitude I
has the maximum value (resonance)

when ® = o, where ®, = 1 s L

the natural frequency. Fig. 4.7
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(c) Show that the value of I and the phase angle ¢ at resonance are E,/R and zero
respectively.

Solution
(a) The equation for the current i in the LCR circuit can be written as

L% + Ri + % = E,sin ot .(4.44)

where the charge g on the capacitor is given by
g = [idt. .(4.45)

We consider a steady-state solution of Eqn. (4.44) in the form (after the alternating emf
has been applied for some time)

i = I sin (ot — ¢) ..(4.46)

Substituting Eqn. (4.46) into Eqn. (4.44) and equating the coefficients of sin ¢t and
cos ot from both sides, we get

I(Lm—i) i
oC ) Sin ¢+ RIcos ¢ = E, ..(4.47)
I(Lw—i) i
oC ) €08 6 —RIsin¢d =0 ...(4.48)
which give
E
I = 0 . e ...(4.49)
R*+|Lo-—
(o= L) }
Lm—%
t = —0 ..(4.50
an ¢ 7 (4.50)

(b) From Eqn. (4.49), we find that the maximum value of I occurs when
Lo = 1 or, ® = L ®, (resonance)
T eC e " '
(c) The value of I at resonance is I, = E /R and the phase angle ¢ is zero at resonance.

17. A curve between I and o in a series LCR circuit connected to an emf E, sin ot has
a peak (I =1y at ® = o, (resonance). Suppose ®, and o, are two values of ® on both sides
of o, at which the value of I is Io/\/E. Show that (a) ®, and w, are half-power points and
A® = 0, - 0, = R/L, (b) the Quality factor of the circuit is @ = w,L/R.

Solution
I E E
We h -0 _ =0 _ 0
e have «/5 \/ER o 75
R2+(Lm—j }
oC
1
or Lo- — = +R ...(4.51)
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1
At resonance, ® = 0, and Lo, - — = 0
o,C
1
At o =0, > o, Lo, ——— =+ R ...(4.52
2 0 2 " 0,C ( )
and at 0= <o, Lo —L = —-R (4.53)
= o, 0> e = ..(4.

Multiplying Eqn. (4.52) byi and Eqn. (4.53) byiand then subtracting, we get
(1 g

Lo, Lo, @R R

(O] Q) 0; Oy
or L(o,- o) =R
R
Thus, AD = —.
us 0} 7

Since power o< 12, o, and o, correspond to frequencies at which P = P /2, where P, is

the maximum power at resonance.

. F
(b) Quality factor = requency at resonance

Full width at half maximum power

_ o)L
=
18. A wind-powered generator converts wind energy into electrical energy. Assume that

the generator converts a fixed fraction of the wind energy intercepted by its blade into elec-
trical energy. For wind speed V, the electrical power output will be proportional to

@V (b) V2 (c) V3 (d) V4 (I.I.T. 2000)
Solution
Power = Fd—s = F’-_)
dt

dm
dt
where mass per unit time = Area of cross-section x velocity x density.
Thus, F < (A V p). V =< V2
Power delivered < V3.

Correct Choice : (c)

Force F %(mV) or, F' < \%

SUPPLEMENTARY PROBLEMS

1. In steady state forced vibration of problem 1 show that (a) at low frequencies p, the
phase o of the driven system is zero and the amplitude A is independent of p (b) at
high frequencies, oo = m and A depends on p.
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Show that for steady state forced vibration
(a) the power P is given by

2
0°A" +4b
where A = = - 2,
p ©
2,2
) Bmax _  , 0°A"
p 4b*
. The sharpness of resonance s may be defined as the reciprocal of A at which the power
®
is half of that at resonance. Show that the sharpness of resonance is given by s = %

Illustrate the concept of sharpness of resonance by plotting P/P__  against A for

different values of b. .
Show that the power in the steady state forced vibration is the same whether the

. - . . 1
angular frequency p of the impressed periodic force is ¢ times ® or — of ®, where ®
is the undamped natural frequency of the oscillator. i

(a) Show that the steady state complex amplitude of a damped oscillator driven by an
external force F' exp (ipt) is given by the expression

F
m(@? - p?)+iPp’
where m = mass of the system, ® = natural frequency of the oscillator in the
absence of damping, and p = damping constant.

A =

(b) Using the above result show that the amplitude of vibration may be written as
4 =  a—c
2 2 2\ a2z
m (u) -p ) +Bp

[Assume that x = A exp (ipt)].

. A machine of total mass 100 kg is supported by a spring resting on the floor and its

motion is constrained to be in the vertical direction only. The system is lightly damped
with a damping constant 20 Nsm~!. The machine contains an eccentrically mounted
shaft which, when rotating at an angular frequency p, produces a vertical force on the
system of F sin pt where F is a constant. It is found that resonance occurs at 1200
r.p.m. and the amplitude of vibration in the steady state is then 1 e¢m. Find the
amplitude of vibration in the steady state when the driving frequency is (@) 3000
r.p.m. (b) very large. Find also the quality factor @ at resonance. Neglect the effect
of gravity on the motion.

In a resonance experiment the frequency of a sinusoidal driving force is increased
gradually. If the amplitude of the forced vibration increases from 0.01 mm at very low
frequencies to a maximum value of 5 mm when the frequency is 250 Hz. Calculate the
Q-value of the system and the full width at half maximum power.

[Hints: At low frequencies, A = f/w? and at resonance, A, = fl(2bw)].
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8.

10.

11.

12.

13.

14.

(a) In the steady state forced vibration of problem 1 [page 107] show that no ampli-
tude resonance occurs if p > m/ J2 . In the limiting case b = o)/ V2 , show that the

amplitude is given by A = f/1lw4 +pt.

(b) Prove that the velocity amplitude function exhibits a maximum at p = o for any
value of the damping factor.

The position of a particle moving along the x-axis is determined by the equation
X+4%+ 8 = 20 sin 2¢.

If the particle starts from rest at x = 0, find (a) x as a function of . (b) the amplitude,
period and frequency of the oscillation after a long time has elapsed.

[Hints: x = Re2cos (2¢ — 0) ++/5 sin (2t — o) with sin o = 2/\/3, cos o = 1/\/3,
x (0)= x(0) = 0]

Find an expression for the acceleration amplitude of a damped mechanical oscillator
driven by a force F' sin ot and hence calculate the frequency at which it will become
maximum.

A Helmbholtz resonator of volume 289 cm? has a cylindrical neck of cross-section 1 cm?
and length 1 cm. Find the natural frequency of vibration of the resonator. Velocity of
sound in air = 340 m/s.

In problem 16 let R = 160 Q, C = 15 pF, L = 230 mH, v = 60 Hz and E, = 36 V. Find
the current amplitude I and the phase constant ¢. Find the frequency at which the
circuit will resonate.

For an LCR circuit connected to an alternating emf = E, sin wt, at what angular
frequency o, will the current have its maximum value (resonance)? What is this
maximum value? At what angular frequencies ®, and w, will the current amplitude
have one-half of this maximum value? What is the fractional half-width

{_ Ao g —

of the resonance curve?
O O

An LCR circuit is acted on by an alternating electromotive force E, sin wt. Show that
the frequency at which the voltage across the condenser becomes maximum is given
by

where o, = —_—.
o JLc R



Waves

5.1 WAVES

A wave is a disturbance that moves through a medium without giving the medium, as a
whole, any permanent displacement. The general name for these waves is progressive wave.
If the disturbance takes place perpendicular to the direction of propagation of the wave, the
wave is called transverse. If the disturbance is along the direction of propagation of the wave,
it is called longitudinal. At any point, the disturbance is a function of time and at any instant,
the disturbance is a function of the position of the point. In a sound wave, the disturbance
is pressure-variation in a medium. In the transmission of light in a medium or vacuum, the
disturbance is the variation of the strengths of the electric and magnetic fields. In a progres-
sive wave motion, it is the disturbance that moves and not the particles of the medium.

5.2 WAVES IN ONE DIMENSION

Suppose a wave moves along the x-axis with constant velocity v and without any change of
shape (i.e. with no dispersion) and the disturbance takes place parallel to the y-axis, then

y (x, t) = f(x — vt) ..(6.1)

defines a one-dimensional wave along the positive direction of the x-axis (forward wave). A
wave which is the same in all respect but moving in the opposite direction (i.e. along the
direction of x decreasing) is given by Eqn. (5.1) with the sign of v changed:

y (x, t) = f(x + vt) ...(5.2)

This is known as backward wave. Eqns. (5.1) and (5.2) satisfy the second-order partial
differential equation:

Py o 1y
ox® v? o2
Eqn. (5.3) is known as the non-dispersive wave equation.

..(5.3)

A wave whose profile is that of a sine or cosine function is called a harmonic wave. We
can express such a wave as

y=f@—-vt) = A sin k (x — vt) ...(6.4)
where A is the amplitude of the wave and % is called the circular wave number. For a

particular point x = x,, we may write Eqn. (5.4) as
y = —Asin k (vt —x)) ...(5.5a)
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T
=A cos k|vt—x; +—|. ...(b.5b
( ! 2k) (5:50)
Sine and cosine functions have exactly the same form, the only difference between them
being the point at which the origin is chosen. Since the choice of origin is always completely
arbitrary, the first minus sign in Eqn. (5.5a) can be removed by a new choice of origin.

We know that a point executing simple harmonic motion has the equation of motion

y = A sin (of — o) ...(5.6)
Comparing Eqns. (5.5a¢) and (5.6), we have
2
®=kvor k= — =, (5.7)
v v

where v is the frequency of oscillations caused by the wave. Since 7' = 1/v, we can identify
the period of the wave as
2n
T = —. ...(5.8)
kv
Since the sine function is periodic, the wave profile repeats itself after fixed interval of
x. The repeat distance is known as the wavelength and is designated by A. Since

y=Asink (x —vt) = Asin & [(x + A) —vi)]

we have
A = 9mor, k= 2% o 2 (5.9
A v
and v = VA= % .(5.10)

v is called the ‘phase velocity’ of the travelling wave.
We can write Eqn. (5.4) in a number of equivalent forms:

y = A sin (kx — ot) ..(5.11)
y = A sin%(x — vt) ..(5.12)
x t

= Asin 21 | ———| ..(5.13
y sin 271 (7» TJ ( )

By a different choice of the origin, we could equally well arrive at the expression
y = A sin (of — kx) ...(5.14)
Again, y = A exp [i (of — kx)] ...(5.15)

is the exponential representation of a harmonic wave. When a sine wave is expressed in the
form of Eqn. (5.15), it is the imaginary part of the expression that has physical meaning.

If we compare two similar waves

y, = A sin%(x — ut),

L 2rm . 2n A
Yy = A s1n[7(x—vt)+5}: A smT waL%Sj—vt}
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A
we see that y, is the same as y, except that it is displaced by a distance d = on §; 0 is called

the phase of y, relative to y, and d the path difference:

Path difference = 2lx phase difference. ...(5.16)
T
If 8 = 2m, 4m,..., then d = A, 2A,..., and we say that the waves are in phase, and y, = y,. If
8 = m, 3m,..., then the two waves are exactly out of phase and y, = — y,.

5.3 THREE DIMENSIONAL WAVE EQUATION
The three-dimensional wave equation is given by
1%
v? ot?
where V?2is the Laplacian operator. The vector representation of a harmonic plane wave in
three dimensions is given by

V2 = (5.17)

. o = A sin (k-F-ot) ...(5.18)
where £ is the vector along the direction of propagation of the wave, known as propagation

vector and ‘7%‘ = 21/\.

5.4 TRANSVERSE WAVES ON A STRETCHED STRING

The speed v of transverse waves on an infinitely long stretched elastic string of mass per unit
length 1 and tension T is

v = JT/u ...(5.19)

5.5 STROBOSCOPE OR STROBE

It is an instrument used to make a rotating, oscillating or vibrating body appear to be
stationary or slow-moving. In a simple instrument a rotating disc with evenly spaced holes
is placed in the line of sight between the observer and the cyclically moving body. The
frequency of the rotational disc is adjusted so that it becomes perfectly synchronised with the
cyclically moving object which appear to be completely stationary to the observer. This
illusion caused by the synchronised motion of two bodies is known as stroboscopic effect. This
method is used to find the frequency of the periodically moving object. Very short flashes of
light are used to produce still photographs of first moving objects. In medicine stroboscopes
are used to view the motion of vocal chords.

Determination of the frequency of a tuning fork by stroboscopic method: Two
thin light aluminium plates are attached to the inner sides of the prongs of the tuning fork.
When the prongs during vibrations are wide apart, a rectangular slit is formed once per
vibration of the prongs at the time of maximum displacement of the prongs away from each
other. A circular disc with equispaced radial stripes is rotated and viewed through the slit
when the fork is vibrating. The angular velocity of the disc is gradually increased. At a
certain minimum speed of the disc the stripes appear stationary. This will occur when one
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stripe exactly succeeds the preceding one in the time between two successive openings of the
slit. If N = number of stripes in the disc, p = number of revolutions of the disc per second,
then the frequency of the tuning fork is given by
n = p N.
The disc can be run by a motor at any desired speed. If the speed of the disc is increased
gradually the pattern appears stationary to produce the stroboscopic effect at the angular
velocity of the disc which is the multiple of the minimum required speed.

SOLVED PROBLEMS

1. A wave displacement is given by
y = 0.1 sin (0.1x — 0.1t) m.
Find (a) the amplitude of the wave, (b) the magnitude of the propagation vector, (c) the
wavelength, (d) the time period, and (e) the wave velocity.
Solution
The various parameters of the given harmonic wave can be found by comparing it with
the standard form
y = A sin (kx — ot)
for a wave propagating in the positive x-direction.
() The amplitude A = 0.1 m
(b) The propagation vector £ = 0.1 m™!
(¢) The wavelength A = 2n/k = 20r m
(d) The angular frequency » = 0.1 s7,
time period T = 2n/0 = 207 s
(e) The wave velocity v = w/k = 1 m/s.

2. Show that
ylx, £) = fx — vt)
represents a one-dimensional travelling wave (or progressive wave) moving with constant
velocity v and without any change of shape along the positive direction of x.

Solution

Consider a disturbance y which propagates along the x-axis with velocity v (Fig. 5.1).
The disturbance y may refer to the elevation of water wave or the magnitude of the
y-displacement of a string. Since the disturbance is moving, y will depend on x and . When
t = 0, y will be some function of x which we may call f (x). We assume that the wave
propagates without change of shape. At a later time ¢, the wave profile will be identical with
that at t = 0, except that the wave profile has moved a distance (vt) in the positive
x-direction. If we take a new origin O’ at the point x = v#, and denote distances measured
from O’ by X, then x = X + vt, and the equation of the wave profile, referred to this new
origin, is
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y
A
Wave profile Same profile
y=f(x)att=0 y =f(X) attime t
7 .~ N N
7 AY
7 \
/ \
, \
/ A » X
o} o’ w
I: vt ‘l
Fig. 5.1
y = X)),
or y (@t) = fx —vt).

This equation is the most general expression of a wave moving with constant velocity
v without change of shape along the positive direction of x.

3. Show that the most general solution of one dimensional wave equation

Py _ 19y
ox? v2ot?
isy =f(x-vt) + g (x + vt) where f and g are arbitrary functions of x — vt and x + vt respectively.
Solution
Let u =x — vt and w = x + vt.
0 Ju d ow d 0 d
Th — = —— + —— = —+—

e Ox xou T oxow  ou ow
09 _ (i+i) (i+i)
w2 oxox \ou ow Ju Jw

B 02 202 N 02
T ok T duw ow?
9w L wo o d @
of Ot du of ow  ou ow
i — _U_+Ui (—v —}-U—)
ot> du ow Jdu ow
_ e 0" 20" o’
- ou? Judw Jw?
Using the wave equation, we get
82y
ou dm
)
or = = Fw)

where F' is an arbitrary function of w.
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Integrating we get
y = JF(u)du + g(w)

=f@w +g w)

Thus, the general solution of the wave equation is
y=Ff(&—-uvt)+g (x + vi).

The waves f (x — vt) and g (x + vt) travel with same velocity v, but in opposite directions.
The wave f (x — vt) is called forward wave which moves along the positive x-direction and
the wave g (x + vt) is backward wave which moves in the negative x-direction. The method
described here for solving the partial differential equation is known as D’ Alembert’s method.

4. (i) Show that the equation of a plane perpendicular to the unit vector sis

s-r = Constant.

(ii) Find a plane wave solution of the three dimensional wave equation

1 0%
Vi = ———
¢ v? ot?
Solution

(1) Let s be a unit vector in a fixed direction. We consider a plane perpendicular to this
fixed direction so that the distance of this plane from the origin is ON = Constant (Fig. 5.2).
Let 7 (x, y, z) be the position vector of a point P on this plane. Then,

r-8 = ON = Constant.
Thus, the equation of the plane perpendicular to the unit vector sis

s-r = Constant

<wv

Fig. 5.2
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(zi) A plane wave is one in which the disturbance is constant for all points of a plane
drawn perpendicular to the direction of propagation. Such a plane is called a plane wave
front, and the wave front moves perpendicular to itself with the velocity of propagation v. Let

5(s,, Sy s,) be a unit vector in the direction of propagation of the wave. A solution of the wave
equation of the form

o =0 (r-s,0)
is said to represent a plane wave, since at each instant of time, ¢ is a constant over each of

the planes 7 -5 = constant, which is perpendicular to the unit vectors.

It will be convenient to choose a new set of Cartesian axes O, On and Ot with Ot in
the direction of s. Then,

F-§=1
or Xs,+ ys, +2s, = T.
Thus, 9 = Fro = sxi,i =3 k3 and 9 = szi,
ox dx 9T ot dy Yoot oz ot
so that
2% 9%
V2 = (sz+s2 +s§)—=—,
¢ Y ot ort?
and the wave equation becomes
% 1 9%

? o
If we put u = 1 — vt and w = 1 + v, we can solve this equation by applying D’ Alembert’s
method (See problem 3):
O =fF-s-vt) +8(F-$+vt)
where f and g are arbitrary functions.

5. Deduce the two-dimensional wave equation in polar coordinates (r, ¢).
Solution
The two-dimensional wave equation in Cartesian coordinates is given by

Py %y 1%
2t 32 T T2 2
ox dy ve ot

where v is the wave disturbance and x and y are related to r and ¢ via the equations

x = recos ¢,y =rsin ¢.

oy oy ox  Jy dy oy .oy
N _— - T ¥ bk oy
ow, o o or + % or cos 0 e + sin ¢ %
W _dydx oydy o OV ')
2 = 8x8¢+aya¢__rsm¢ax+rcos¢8y
which gives %—l} = cos 0 %_\:I _1 sin ¢ %
a—w—sin¢a—w+lcos¢a—w

dy or r o
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It follows then that

2
Iy cosc]>i—lsinq)i cosq)a—w—lsinq)a—w
or r or r

o2 % "
i 2
_ COSQ¢aar“;..g.r%sinq)cos¢3—$—%sin¢cos¢§r¥)
1.2 0y 1 .95 82_1|;
+rsm ¢ or +r2 sin-o %>
Similarly
2
I’V sin¢i+lcos(bi Sin¢3_\lf+lcos¢a—w
ay> or r 90 or T %
) 2
. v o2 . v 2. IV
_ 2 h——— — —S8In EY UL
sin? ¢ 52 2 ¢ cos 0 % + r sin ¢ cos ¢ ardd
| 1 oy 1 Py
Adding these, we get AR
ing these, we ge +rcos ¢ or ¥ r’ 8 ¢8¢2

%y oy %y 1oy 1 %y
2 t5 2 = 2 ot
ox® oy or® roadr  r% 9
The two-dimensional wave equation in the polar co-ordinates (r, ¢) is

oy 1dy 19 1%
or: ror r2 99 v? at?
6. Consider three dimensional wave equation
V2W = ia2_\|f
v? ot

where ¥ is a function of r and t. Find solutions representing spherical waves i.e. solutions of
the form y = vy (r, t).
Solution

We know, r :|F|:,/x2 +y? +2% and

x
wZ ror (75) T2 For  Poror
2P 2o 13
r? or? rd or ror
Similarly
Py ¥y 19
3 or ror
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02 22 92 22 9 10
and - = + ==

22 o’ Sor ror
Thus, V2 = 88722 + %%
and V2y = %;—Z(rw).
The wave equation now becomes
%;TQZ(I"\U) - ULQBQTEI =0
or aar—zz(rw) - U%%(rw) -0

The general solution of this equation is
ry = fir —vt) + g (r + vt)

where f and g are arbitrary functions. Hence we get
1 1
y=— fr—-uv)+—g @+t
r r

The first term represents a spherical wave diverging from the origin, the second a
spherical wave converging towards the origin. The velocity of propagation in both cases is v.

7. A compressional wave of frequency 300 Hz is set up in an iron rod and passes from
the iron rod into air. The speed of the wave is 4800 m/s in iron and 330 m/s in air. Find
the wavelength in each material.

Solution

The frequency of a wave remains unchanged as it passes from one medium to another.
v 4800

In iron, A= —=——"=16

n iron " 300 m

In air, A= E:@:1.1.m.
v 300

8. Verify that the wave function
y(x, t) = Ae B~ vt)?

satisfies the one-dimensional wave equation.

Solution )
Let f (x, t) = Ae Bl —-vD
)
Now, a—]; = 2ABu(x — vt)e B~ w0’
2
% = V2[-2AB + 4AB%x — vt)?] e Bl — v’
t

I —2AB(x — vt)e B~ 0"
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2
IF _ [L2AB + 4AB%x — vt)2leBu

ox2

Thus, we see that
’f _ 19
ox2 v? o2

9. A sinusoidal wave travelling in the positive x-direction on a stretched string has
amplitude 2.0 cm, wavelength 1.0 m and velocity 5.0 ms.. The initial conditions are:y = 0

and %< 0 at x =0 and t = 0. Find the wave function y = f(x, t).

Solution
The general form of a wave travelling in the positive x direction is

y(x, ©) = A cos {21{%—%}5]

Here, A =0.02m, A = 1.0 m and v

A
T= 5 ms!. So, T = 0.2 s. Thus,

y = 0.02 cos [2n (x — 5¢) +9].
Putting ¢ = 0, x = 0 and y = 0, we obtain 0.02 cos & = 0 or, cos 6 = 0.

Now, % = 0.02 x107 sin [27 (x — 5¢) +3].

It is given that % <0atx=0,t=0,ie. sin d < 0. Hence we may conclude that

-5)
é = 2 +2nTm,

where n is an integer. Thus, the wavefunction is

y = 0.02 cos [27:(96 _5t)— g}

0.02 sin 2n(x — 5¢).

10. Show that the speed v of transverse waves on an infinitely long stretched elastic
string of mass per unit length W and tension T is

v = JT/n.

We consider a very small segment of the continuous string. At equilibrium the segment
occupies a small length Ax centered at x (Fig. 5.3). Let the mass of this segment be Am. Now

Solution

. A o . .
mass density u =Em' The mass density is assumed to be uniform along the string. The

string tension at equilibrium, denoted by T, is also assumed to be uniform.
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y (x,t)

A
A Al

O e Y

X F-=-=-=-=-=- = —- - - - - - -

—
>
<

. A

Fig. 5.3

For a general non-equilibrium situation the segment has a transverse displacement
y (x, t) averaged over the segment AB. The segment AB is no longer exactly straight. It has
(generally) a slight curvature. We draw tangents at the points A and B to the displaced
segment AB. Tensions T, and T, to the segment AB act along the tangents. The tension in
the segment is no longer T, since the segment is longer than its equilibrium length Ax. The
tangents at the points A and B make angles 6, and 6, with the horizontal line. Let us find
the net upward force F', on the segment. At its left end the segment is pulled downward with
a force T, sin 0,. At its right end it is pulled upward with a force T, sin 6,. Thus, the net
upward force on the segment Ax of the string is

Fy(t) = Tysin 0, — T sin 6,

In the small oscillation approximation, we may neglect the increase in length of the
segment, and the angles 6, and 6, are very small. So, sin 6, = tan 6, and sin 6, = tan 6,
T, =T and T, = T. We now have

F ()

T tan 6, —T tan 0,.
W) (%

! {[axj [ax”

dy ay)

=T || = - = ...(5.2
[(ax)xlw [ 2 } (5.20)
- _ Y

Let us write f(x) = . Thus,

x
fle, +Ax) — flx,) = Axf'(x).
We have from Eqn. (5.20), (when Ax — 0),

0%y
Fy(t) = TAx[a—zj

X
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Here, we have neglected the higher order terms since Ax is very small.

According to Newton’s second law the force on the segment of length Ax is equal to

ot? ot?
Hence, we have
0%y 0%y
A A
ST dx
oy _ Ty
or, ~9 = g -
ot W ox
This has the form of classical wave equation
Py _ 1P
aw?  v? ot?

where v =+/T /| = velocity of propagation of the wave.

11. (a) An elastic string fixed at the top end has mass 1 g and natural length 0.1 m. A
mass 1.1 kg is attached to its lower end, and the spring is stretched by 0.022 m. Calculate
the speed of propagation of transverse waves along the string. If the mass makes small

vertical oscillations, find its time period of oscillation.

(b) A transverse disturbance travels down the string starting from the upper end and is
reflected at lower end. The reflected wave travels up the string and is reflected again from the
upper point. If this process continues, how many times will this disturbance pass the middle

point of the string in one period of a small vertical oscillation of the mass?
[Take the tension in the string to be uniform]

Solution (LSS

T [11x98
2 Y = \u \1073/01

= 32.83 m/s. x
Time period of vertical oscillation of the mass is
2 0022 0.298
"V es = S.

(b) Distance traversed by the transverse wave in time 0.298 s is
32.83 x 0.298 = 9.78 m. The transverse wave passes the middle point

first time when it traverses a distance = 0.1/2 = 0.05 m. In traversing 1-x

the remaining distance (9.78 — 0.05 = 9.78 m), it passes the middle
point 9.73/0.1 = 97.3 times. Thus, the total number of times = 1 + 97
= 98.

12. A wire of mass m and length [ is fixed at the top end, and
hangs freely under its own weight. Deduce the time for a transverse

[ dx

wave to travel the length of the wire. Fig. 5.4
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Solution

Mass per unit length of the wire = p = %

Consider a small portion of the string of length dx at a distance x from the point of
suspension O (Fig. 5.4). The tension at this point is (/ — x) yug and the velocity of propagation
of transverse wave at this point is

-9 _ g,

u
Time taken by the transverse wave to traverse a distance dx at this point is
dx

Total time to travel the length of the wire is

1
J‘ dx _ 9 [l
v Vi-x)g g
13. A uniform inextensible string of length [ and total mass M is fixed at one end and
hangs freely under its own weight. It is tapped at the top end so that a transverse wave runs
down it. At the same moment a small stone is released from rest and falls freely from the top
of the string.
How far from the top does the stone pass the wave?
Solution

From the previous problem we find that the time taken by the wave to travel from
x=0tox =xis

T dx 2
T) = |———=—"—WIl-l-x]
-([ Ji-g g
The time #(x) for the stone to fall from rest through a distance x is
ta) = |2%,
g

Equating t(x) and T(x) to find the value of x at which the wave and the stone meet, we
get

Vox = 2Wi-Al-x].

Solving this equation we obtain x = 0 or 8//9. Now, x = 0 corresponds to the situation
when the wave and the stone just start moving. The two again meet at a distance 8//9 from
the top of the string.

14. Show that the velocity of propagation of longitudinal waves in a fluid (liquid or gas)
contained in an infinitely long tube is given by

v = ﬂK/pO
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where K
Po

Bulk modulus of the fluid,
Equilibrium density of the fluid.

Solution

We consider an infinitely long tube of cross-section A (Fig. 5.5), containing a fluid (liquid
or gas). Suppose that originally the fluid is at rest, its density is p, and pressure P,. Let R
be a section of the medium of area A, perpendicular to the direction of propagation of the
wave. Let S be a parallel section of equal area dx apart, dx being an elementary thickness
of the layer. The coordinates of R and S are x and x + dx respectively. Originally the small
cylinder of fluid RS experiences an equal pressure P, exerted at both ends by the surround-
ing fluid. Suppose the fluid is set into longitudinal agitation, for example by inserting a
piston in the tube somewhere to the left of R and causing it to oscillate longitudinally. This

I
I
I
I
I
I
I
I
I
!
R S R’ S’ a&
X X + 8x x+¢& x+6x+§+3X—5X

Fig. 5.5

will set the adjacent fluid into longitudinal oscillation, and this disturbance will propagate
along the fluid in the form of a longitudinal wave. Suppose that at a given instant, the

cylinder RS is displaced to a new position R’S” such that R'R = € and S’S = & +g—§8x. The
X

variable £ measures the longitudinal displacement of a point due to the passage of the wave.

The thickness of the layer R’S” is éx + % dx. Thus, the increase of thickness of the layer due

ox
to the longitudinal oscillation at that instant = % dx. Since there is no motion perpendicular
)
to the direction of propagation of the wave, the corresponding increase in volume = A% .
I

We shall find the equation of motion of the fluid at R’S’. For this purpose we require
to know its mass and the pressure at its two ends. Its mass is same as the mass of the
undisturbed element RS, that is Ap,dx, where p, = normal average density or equilibrium
density of the fluid. Let the pressure on the left-hand face R be P and that on the right-hand
face S” be P + &P. The bulk modulus K of a material is a measure of the pressure increase
to change its volume by a given amount. It is defined as

Stress Extra pressure applied

~ Strain  Fractional change in volume

Proceeding to the limit of vanishing small change in volume, we obtain

dP dP
K = —E = —VW. ...(6.21)

\%
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The minus sign indicates that the volume decreases if the pressure increases.

A—a& é
) dV  Increase in volume o X
Volume strain = — = — =
\%4 Original volume Adux
_ % ..(5.22)

ox
Thus from Eqn. (5.21), we find that the extra pressure over normal undisturbed pres-
sure

dv ag
= —K— = —K—.
\% ox
If we define acoustic pressure as
p=P-P, ...(5.23)
we have p =- % ...(5.24)
ox

Equating the net force on the displaced cylinder R’S” to the product of mass and
acceleration (Newton’s second law), we get

0%¢
PA — (P +3P)A = (Apoéx)y
9%
or -op = pOSxat—2. ...(5.25)
From Eqn. (5.23), we have 8p = 6P since P, is constant. Thus,
ap 0%¢
-dp = % &x = (poﬁx)?.
Using Eqn. (5.24), we obtain
0%¢ 9%
K— = p,—
- P0G
P 1 9%

or ...(5.26)

o2~ K/py ot
which is the classical wave equation having velocity of propagation

v = »"K/po ...(5.27)

15. In the previous problem show that

_ S
P Po( ax)
where po = Equilibrium density of the fluid

p = Density of the fluid in the disturbed position.

and % = volume strain.
0x
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Solution

Volume of the fluid at R’S” = A &x + A% ox.
X

Hence, p = Aposg = poa = po( —ﬁ) ...(5.28)
A+ A%y 145 ox
ox ox
Whereﬁ < 1.
ox
Note: If we define condensation (s) as
s = M,thenweﬁnds:— %
Po ox
and p=py(1+s)
16. Show that the velocity of propagation of longitudinal wave in a fluid is given by
_ |eP
= Vdp
where P and p are the pressure and density of the fluid.
Solution
Eqn. (5.25) can be written as
oP 0%¢
8 = S22
o T Po ¥
dP 9p 0%
or —dp EW = poat_2
Again, Eqn. (5.28) gives
o _ 9%
ox Po x>
S 9% 1o _ 1 0%
’ an®  ppox  dP 5?2
dp
which gives the velocity of propagation as
dP

17. Assume that the changes in local conditions produced by the passage of sound wave
in gases take place so slowly that the temperature remains constant an isothermal change.
Show that under this assumption the velocity of sound wave through gases is given by

\/RT
v =\
where T = Temperature of the gas in K
and M

Use this relation to calculate the velocity of sound through air at STP.

[Molar mass of air = 28.8 g/

Molar mass of the gas.
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Solution
For an isothermal process
const.

P = v - kp, where % is a constant.
P P p
Thus, d— = k = —and hence v = [—.
dp P Ve

For one g mol of an ideal gas, we have
M
PV = RT and p =—.
and p v
P RT

Thus, Fzﬁand the speed of sound in a gas is

_ |ET
v = M

8.31 JK 'mol ™' x273 K
28.8x1073 kg mol !

Note: Newton assumed isothermal gas law for the propagation of sound wave through
the gaseous medium and arrived at this result. This is off the actual value by 15%. Later on,
Laplace corrected Newton’s result by using adiabatic gas law instead of Boyle’s law. The
process takes place so rapidly that there is no flow of heat. There is not sufficient time for
heat to flow from the compressions to rarefactions. (see problem 18).

At STP,

= 280.67 m/s.

Uair

18. Using adiabatic gas law show that the velocity of sound wave through gases is given
by
YRT
M

C . .. ..
where vy =C—P: Ratio of the principal heat capacities.
%

Use this relation to calculate the velocity of sound through air at STP (For air, y = 1.4).
Solution
When a fixed mass of ideal gas changes its state adiabatically, we have

PVY = Constant,

or P = kp?, where %k is a constant.
Thus’ d_P = kYPY_l = ﬂpr—l = E’
dp p’ P
] _ [ _ [P _ AT
an v = dp 0 U
At STP,

v, = f1.4><8.31><2373 — 339.09 m/s.
288 %10~
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5
Note: For monoatomic gases (e.g. He, Ne, Ar), y = 3" 1.667;

7
and for diatomic gases (e.g. N,, O,, Hy, CO) y = 5" 1.4.

19. Calculate the speed of sound in helium at —110°C [Molar mass of He = 4 g]

Solution

. \/1.667><8.313><163 —
4x10

20. A gaseous mixture enclosed in a vessel of volume V consists of one gram mole of a
gas A with y (= Cp/C,) = 5/3 and another gas B with y= 7/5 at a certain temperature T.
The gram molecular weights of the gases A and B are 4 and 32 respectively. The gases A and
B do not react with each other and are assumed to be ideal. The gaseous mixture follows the
equation PV1913 = Constant, in adiabatic processes.

(a) Find the number of gram moles of the gas B in the gaseous mixture.

(b) Compute the speed of sound in the gaseous mixture at T = 300 K.

(¢) If T is raised 1K from 300K, find the percentage change in the speed of sound in the
gaseous mixture.

(d) The mixture is compressed adiabatically to 1/5 of its initial volume V. Find the
change in its adiabatic compressibility in terms of the given quantities.

(I.IT. 1995)
Solution
for th ixt = —.
(a) vy for the mixture 13
. R R 3 5
Since Cy, = y-1’ (Cy)y = 58-1" 32 R and (Cy)y = 5 R,
R 13
and (CV)mixture = 5 — =< R
9, 6
13

Now, for a change in temperature AT, the sum of energy change of individual gases
must be equal to total energy change of the mixture:

nyCOAT + ng(CAT = (n, + ng)Cy), AT

1
or 1.%R + ng gR =1+ np) ESR.
Thus ng = 2
(b) Velocity of sound in the gaseous mixture is
_ [T
YTV M
1x4+2x32 68
where M= ——""—=— gmol.

3 3
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%x8.31x300 ?
Hence, v = 68 = 400.93 msL.
—x107®
3
(c) Si 2—RT/M@—d—T
¢) Since v? = s T op -
Hence, the percentage change of the speed of sound
1dT 1 1
= —x100 = = x——x100 =
o T 2 %300 0.167%.
(d) From the relation pVY = Constant, we get
apr P
av.— v
dP
, Bulk modulus = -V— = vyP.
or ulk modulus v Y.
C = Adiabatic compressibilit 1 L
= Adi 1 ibility = ——————— = —
P Y Bulk modulus vP
dP
|dC| = —5
vP
Since, P, V1913 = P, (V/5)1913 or, P, = P 51913,
Hence, dP = P, — P, = P, (5913 - 1).
Let P, =P
51913 _ 19/13
1dC| = _ 5 1
vP 19 3RT
13 V
_13v(519% -1)
- 57RT

8.7 x 104 V m%N
[R =8.31 J K mol! and T = 300 K].

21. The displacement & of any particle at a distance x at time t from its equilibrium
position due to the passage of a plane progressive wave in a gas is given by

. 2rn
E=Asin T(x — vb).

Show that the energy density of the medium is 2n°pA®v?/\? where p is the density of the
gas.

Solution

The kinetic energy T of a layer of elementary thickness éx and unit cross-sectional area
perpendicular to the direction of propagation of wave is

2
- ol
2 ot
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2.2 42 9
pr% coszTn(x — vt).

_1
2
Thus, the average kinetic energy of the layer over one cycle of vibration
1 2.2 42 1 2.2 42
1 gpdrvAn 1 muApax
2 22 2 22
If P, is the pressure when the medium is undisturbed and P = P + p is the pressure
when the medium is disturbed, then the average pressure may be written as

o
+ lp:Po K—g

P,
0 2 27 ox

[See Eqn. 5.24]

!
Since the change in volume = a—i&x, the work done on the gas is

1., 0E)0¢ a& 8&.
—|Pp-—K=> |28 = -P,—>& K
( 07y ij o 2 |\ a
The average value of the first term is zero. Thus, the average potential energy of the

layer per cycle is

1 2mA 1 22 A% &x

- K12 2k =

2 ( A ) * z?
where we have used the relation v =K /p . Hence, average K.E. = Average P.E., and the

total energy of a layer of thickness &x of unit cross-section is 2n2v2A2p Sx/A2.
Energy density = Energy per unit volume
2 A2 2
_ 2n pA“v = 2n2pA%?
}\‘2
where v = v/A.
Note: Intensity of energy at a point is the energy flowing per unit area perpendicular
2n%pAZy?
Az
22. A plane sinusoidal sound wave of displacement amplitude 1.0 x 103 mm and
frequency 650 Hz is propagated in an ideal gas of density 1.29 kg m=> and pressure

10° Nm=2. The ratio of principal specific heat capacities is 1.41. Find the acoustic pressure
amplitude of the wave.

to the direction of propagation per unit time and it is equal to 2n%pA%v?v =

Solution
We have

£ = 1.0x10°¢ s1n2—(x — vt) metre

5 /2
where =K /p = /YP {141)(10 } = 330.61 m/s,

129
K = yP = 1.41 x 10° Nm™2
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N 330.61 051 m
v 650
Thus, from Eqn. (5.24), we have
2
Acoustic pressure = — Kﬁ =—1.41 x 105x 1.0 x 108 x—ncosz—n(x —ut)
ox A A
. . 2n
Acoustic pressure amplitude = 1.41 x 1071 x o
= 1.74 Nm™=.
23. Show that the velocity for longitudinal waves in a rod is given by
v = JE/p

where E = Young’s modulus of the material of the rod
p = Density of the material of the rod.

Solution

We consider a section R of the rod of cross-sectional area A. Let S be a parallel section
of equal area dx apart (see Fig. 5.5). The variable £ measures the longitudinal displacement
of a point due to passage of the wave. The increase in thickness of the layer = (d&/dx)dx.
Relating change in length to force (¥) acting, we have, from the definition of Young’s modulus
(E),

=2 0x
F ox dg
Z _go  _gp%
A o ox
Thus OF = a—FSx —AE& Ox
’ I
Applying Newton’s second law of motion, we obtain
0%¢
OF = (Apdx)—5
(Ap )atZ
0%¢ 1 0%
H T T o3
enCe, ax2 E/p at2

which is the wave equation for longitudinal wave in a rod. The velocity of longitudinal wave

in a rod is thus
v = JE/p.

24. P-V plots for two gases during adiabatic processes are shown in the Fig. 5.6. Plots
1 and 2 should correspond respectively to
(a) He and O,
(b) O, and He
(c) He and Ar
(d) O, and N, (LLLT. 2001)
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Solution

Fig. 5.6

For adiabatic process we know PV" = Constant.

Thus, dPVY + PV¥1 dV = 0

ar
Tav

or

= —’Y—,

As curve 2 is steeper its v is greater.

v = 5/3 = 1.67 for monoatomic gases (curve 2)

v = 7/5 = 1.40 for diatomic gases (curve 1)

Correct Choice : b.

25. Starting with the same initial conditions, an ideal gas expands from volume V, to
V, in three different ways. The work done by the gas is W, if the process is purely isothermal,
W, is purely isobaric and W, is purely adiabatic. Then

@ W, >W, > W,
© W, > W, > W,

Solution
We know, PV" = Constant

P
A

®) W,>W, > W,
d) W, > W, > W,
(LLT. 2000)

1 = 0, isobaric

n = 1, isothermal

1 = v, adiabatic

Fig. 5.7
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where n = 0 for isobaric process and P = Constant
n = 1 for isothermal process and PV = Constant
n = v for adiabatic process and y > 1.
dP P
Th = - _n=—.
e av - "y

In the P-V diagram (Fig. 5.7) the work done is the area under the P-V curve. As n

increases the curve becomes steeper. Thus, W, > W, > W,.

Correct Choice : a.
0.8
(4x +5t)° +5
represents a moving pulse, where x and y are in meter and t in second. Then

26. yx, t) =

(a) the pulse is moving in + x direction

(b) in 2s it will travel a distance of 2.5 m

(¢) its maximum displacement is 0.16 m

(d) it is a symmetric pulse. (LI.T. 1999)
Solution

y(x, ) is maximum when 4x + 5¢ = 0 and the maximum displacement is 0.8/5 = 0.16 m

y(x, t) is not symmetric with respect to x and ¢.

0.8

yx, t) = fx + vt) = — 5 .
16(x+Zt)2+5

represents a backward wave.

Velocity of the wave = % m/s.

In 2 s it travels a distance % x 2 =25 m.

Correct Choice : b, c.
27. A transverse sinusoidal wave of amplitude a, wavelength A and frequency [ is trav-

elling on a stretched string. The maximum speed of any point on the string is V/10, where
V is the speed of propagation of the wave. If a = 10° m and V = 10 ms™., then A and f are

given by
(@) h=2rx 102 m b)) A=103m
(¢) f=10°/2n Hz (d) f=10* Hz. (I.I.T. 1998)
Solution
Let y = a sin (kx — ot)
Then y = —ao cos (kx — wt)

or

Maximum speed of a point on the string = aw.

Thus, 103w = V/10 =1
® = 103 rad s
f = 10%2r Hz
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A= %:215 x 1072 m.

Correct Choice : a, c.

28. A string of length 0.4 m and mass 102 kg is tightly clamped at its ends. The string
is under tension 16 N. The minimum value of At which allows constructive interference of
successive pulse is

(@) 0.05 s b) 0.10 s
(e) 0.20 s (d) 0.40 s (I.I.T. 1998)
Solution

The velocity of the pulse down the string is

16
— — —_— —4 8 _1‘
V= NI = g g T O™

The pulse at A will come to A in the same direction after reflections at the end points
D and C (Fig. 5.8), and meet the next pulse at A for constructive interference (see Chapter
12). Time taken by the pulse = 2 x 0.4/8 = 0.10 s.

— U

Fig. 5.8
Correct Choice : b.
29. A transverse harmonic disturbance is produced in a string. The maximum transverse

velocity is 8 m/s and maximum transverse acceleration is 90 m/s?. If the wave velocity is
20 ml/s then find the waveform. (LLI.T. 2005)

Solution
Let the equation of the waveform be
y = A sin (ot + kx + ¢)
where ¢ is the phase angle

% _ 0%y — 2
atmax_mAandW = 0°A.
2
A
Thus, O;A = o= % =30 rad s

0A

3, hence A = 3 = 0.1 m.
30

. . . (V)
The velocity of propagation of the transverse wave (wave velocity) = v = %= 20.
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p_ © _30_3
20 20 2
Thus, the equation of the waveform is

y = 0.1 sin (30¢ + %x + ).

30. An ideal gas is initially at temperature T and volume V. Its volume is increased by
dV due to increase in temperature by dT, the pressure remaining constant. Show that the

. . . 1
quantity 0 = —ﬂ varies with temperature as —.
vV dT

T
Solution
PV = nRT
or PdV = nR dT
_ P4V nRdT dT
o PV -~ nRT ° T
1dV 1
or, d = —— ==,
vdr T
. . 1dvV .
31. For an ideal gas at constant temperature show that the quantity p = - VP varies
. 1
with P as —.
P
Solution
PV = nRT
or PdV + VdP = 0
1dV 1
or B=—-=— ==
V dP P
1

[B is the isothermal compressibility and K = B is the isothermal bulk modulus of the

gas].

SUPPLEMENTARY PROBLEMS

1. A wave is represented by
y = cos (2x + 4¢)

where x is measured in metres and ¢ in seconds. Find the wavelength, frequency,
wave velocity and the direction of travel of the wave.

2. For the harmonic wave
y (x,t) = A cos m (x — ct).

2
Show that (i) wavelength A = 2™, (ii) time period T = —~.
m mc



WAVES 149

3. A wave displacement is given by

10.

y = sin 2n(0.2x — 5¢) m.

Find (a) the amplitude of the wave, (b) the magnitude of the propagation vector,
(c) the wavelength, (d) the time period, (¢) the wave velocity, (/) the frequency of the
wave.

A harmonic plane wave is represented by
¢ = 0.1 sin (0.2x — 0.3y + 0.4z — 0.5¢)

Find (i) the propagation Vectorl;, (it) the velocity of propagation of the wave.
Show that a possible solution of three-dimensional wave equation

2%y . 0%y . %y 1 3%y

ox” oy> 022 v? ar?

is Yy = A sin kx sin kyy sin kyz sin wf. What is the wave speed?

Find the frequency and velocity of the progressive wave
y = 0.6 sin 215(L - i) metre.
005 55

A wave equation which gives the displacement along the y-direction is given by
y = 107 sin (60¢ + 2x)

where x and y are in metres and ¢ is time in seconds. This represents a wave
(a) travelling with a velocity of 30 m/s in the negative x-direction
(b) of wavelength © metre
(c) of frequency 30/n Hz
(d) of amplitude 10~ m travelling along the negative x-direction.
Tick the correct answer(s). (LI.T. 1982)
A transverse wave is described by the equation
Y = Y, sin 2n (ft — x/A).

The maximum particle velocity is equal to four times the wave velocity if

(@) A =nYy/4

(b) A = Yy2

A=nY,

(dAr=2nY,

Tick the correct answer(s). (I.I.T. 1984)

A steel cable 3.0 cm in diameter is kept under a tension of 10 kN. The density of steel
is 7.8 g/cm?®. Find the speed of transverse waves along the cable.

A copper wire is held at the two ends by rigid supports. At 30°C the wire is just taut,
with negligible tension. Find the speed of transverse waves in this wire at 10°C.

[oo = Coefficient of linear expansion of copper = 1.7 x 107%/°C,
Y = Young’s modulus of copper = 1.3 x 101! N/m?,
p = Density of copper = 9 x 10% kg/m?]. (ILT. 1979)
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11.

12,

13.

14.

15.

16.

17.

18.

19.

.. dl _ Contraction of length _ B
[Hints: = Original length =(30 — 10)a. = 200

Y = %/? and v = [T/u = /T/(Ap)

A uniform flexible cable is 20 m long. It hangs vertically under its own weight and
is vibrated from its upper end. Find the speed of transverse wave on the cable at its
midpoint.

The speed of a wave on a string is 120 m/s when the tension is 120 N. To what value
must the tension be increased in order to raise the wave speed to 150 m/s?

The linear density of a vibrating string is 1.6 x 1072 kg/m. A transverse wave is
propagating on the string and is described by the equation

y = 0.02 sin (2x + 30t) m
(a) What is the wave speed? (b) What is the tension in the string?

A stretched string has a mass per unit length of 2.5 g/ecm and a tension 9 N. A wave
on this string has an amplitude of 0.12 mm and a frequency of 100 Hz and is trav-
elling in the negative x-direction. Write an equation for this wave.

A continuous sinusoidal wave is travelling on a string having linear density 4 g/cm.
The displacement of the particle of the string at x = 10 cm is found to vary with time
according to the equation

y = 0.05 sin (1 — 4¢) m.
(a) What is the frequency of the wave?
(b) What is the wavelength of the wave?
(¢) What is the velocity of the wave?
(d) Calculate the tension in the string.
(e) Write the general equation giving the transverse displacement of the particles of
the string as a function of position and time.
Calculate the velocity of sound in a gas in which two waves of lengths 2 m and
2.02 m produce 7 beats in 4 s.
As the longitudinal wave passes through a fluid show that the acoustic pressure p
varies in such a way that it satisfies the classical wave equation

9%p 1 9%p

w2 v? o2
with velocity of propagation of the wave = v = /K /p,.
2 3 2 2
Hints: From Eqn. (5.24), we have p = —ka—(ta and P = —Ka—§ =— 9%

dt? ot2dx O o2 |
Show that the speed of sound in a gas is independent of pressure (at constant
temperature), and increases with the square root of the absolute temperature and
also the speed is large in gases of low molar mass.
(a) Find the velocity of sound in air at 25°C.
(b) The human ear can perceive sounds over a frequency range of 30 Hz to 15 kHz.

Find the wavelengths at these extremities. [Use the value of the speed of sound in
air at 25°C.]
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

At 25°C the speed of sound in sea-water is 1531 ms™!, and the density of sea-water
is 1.025 x 103 kg m=3. Calculate the bulk modulus of sea-water at 25°C.

Find the speed of sound in a diatomic ideal gas (y = 1.4) that has a density of
3.5 kg/m?3 and a pressure of 215 kPa. [1 Pa = 1 N/m?]

Determine the speed of sound in carbon dioxide (M = 44 g/mol, y = 1.30) at a pressure
of 0.5 atm and a temperature of 403°C.

An increase in pressure of 100 kPa causes a certain volume of water to decrease by
5 x 1072 per cent of its original volume.

(a) What is the bulk modulus of water?

(b) What is the speed of sound in water?

[p = 103 kg/m?]

A loud sound has an intensity of 0.54 W/m?2. Find the amplitude of such a sound wave
if its frequency is 802 Hz.

[The density of air = 1.30 kg/m? and the speed of sound = 340 m/s]

Calculate the intensity of a sound wave in air at 0°C and 1 atm if its amplitude
is 0.001 mm and its wavelength is 66 cm. The density of air at S.T.P. is 1.293 kg/m?.
[1 atm = 1.013 x 10% Pa, y = 1.4]

Two monotomic ideal gases 1 and 2 molecular masses m, and m, are enclosed in
separate containers kept at the same temperature. The ratio of the speed of sound in
gas 1 to that in gas 2 is given by

(@) /’”1 ®) / () (d) (LLT. 2000)

The ratio of the speed of sound in nitrogen gas to that in helium gas at 300 K is

(@277 17 () J3/5 (d)6/5 (LLT. 1999)

As a wave propagates
(a) the wave intensity remains constant for a plane wave.

(b) the wave intensity decreases as the inverse of the distance from the source for a
spherical wave.

(c) the wave intensity decreases as the inverse square of the distance from the source
for a spherical wave.

(d) total intensity of the spherical wave over the spherical surface centered at the
source remains constant at all times. (I.I.T. 1999)

A given quantity of an ideal gas is at pressure P and absolute temperature 7. The
isothermal bulk modulus of the gas is

(@) %P ®) P () gP ) 2 P (LLT. 1998)

The average translational energy and rms speed of molecules in a sample of oxygen
gas at 300 K are 6.21 x 10721 J and 484 m/s respectively. The corresponding values
at 600 K are nearly (assuming ideal gas behaviour)

(@) 12.42 x 10721 J, 968 m/s

(b) 8.78 x 1021 J, 684 m/s
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31.

32.

33.

34.

(c) 6.21 x 10721 J, 968 m/s
(d) 12.42 x 10721 J, 684 m/s

. 3kT 1 2 U Tl El Tl
Hints: 0, = | o B=tm?, o 1L B2 T
|: ints: vy . g™ v Ty By T (L.LT. 1997)

A plane progressive wave of frequency 25 Hz, amplitude 2.5 x 10 m and initial
phase zero propagates along the negative x-direction with a velocity of 300 m/s. At
any instant the phase difference between the oscillations at two points 6 m apart
along the line of propagation is ...... and the corresponding amplitude is ..... m.

(I.I.T. 1997)

[Hints : Phase difference = 2775 x path difference

Amplitude does not change for a plane progressive wave.]
A source of sound of frequency 600 Hz is placed inside water. The speed of sound in
water is 1500 m/s and in air it is 300 m/s. The frequency of sound recorded by an
observer who is standing in air is
(@) 200 Hz (b) 3000 Hz (¢) 120 Hz (d) 600 Hz. (I.IT. 2004)
[Hints: The frequency, a characteristic of source, is independent of the medium.]
The temperature of a gas is 20°C and the pressure is changed from 1.01 x 10° Pa to
1.165 x 10° Pa. If the volume is decreased isothermally by 10%, Bulk modulus of the
gas is (in Pa)
(@) 1.55 x 10° (b) 0.155 x 10° (c) 1.4 x 10° (d) 1.01 x 10°. (LLLT. 2005)
A monoatomic ideal gas, initially at temperature 7', is enclosed in a cylinder fitted
with a frictionless piston. The gas is allowed to expand adiabatically to a temperature
T, by releasing the piston suddenly. If L, and L, are the lengths of the gas column
before and after expansion respectively, then T/T, is given by

L, e L, Ly L, e

[Hints: T, (A L )*! =T, (A L))", y=5/3, A = Area of cross-section of the gas column.]



Superposition of Waves

6.1 SUPERPOSITION PRINCIPLE

If two or move waves of the same kind reach a point of the medium simultaneously, the

resultant displacement % of the point is the vector sum of the displacements %p é2 ,..., of that

point due to the individual waves:

E = & + &y + ... ..(6.1)

6.2 STATIONARY WAVES

When two waves of same amplitude and frequency travel in a medium in opposite directions
with the same velocity, due to superposition of two waves there are some points of the
medium which have no displacements (nodes) and there are some points which vibrate with
maximum amplitudes (antinodes). The resultant wave is called a stationary wave or standing
wave. The resultant wave remains confined in the region in which they are produced and is
non-progressive in character.

6.3 WAVE REFLECTION

Standing waves on a string are produced by reflection of travelling waves from the ends of
the string. If an end is fixed, it must be the position of a node; if it is free, it is the position
of an antinode. These boundary conditions limit the frequencies of waves for which standing
wave will occur on a given string. Each possible frequency is a resonant frequency. For a
stretched string of length [ with fixed ends the resonant frequencies are
v v

v=—=—nn=1,2 3,..
A 21

We can obtain standing sound waves in a fixed length of a pipe. The closed end of the
pipe, like the fixed end of a string, is a displacement node. At the open end of a pipe,
however, we find a displacement antinode. The allowed frequencies of an open pipe are

v v
=—nn=1,2, 3, ..

V=0 T

where [ = Length of the pipe.
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For a pipe closed at one end the allowed frequencies are

v v
vV = x =En,n=1,3,5,...

The lowest frequency that may be excited, corresponding to n = 1 is called the fundamental
or the first harmonic, the remaining frequencies being called the second (n = 2), third (n = 3)
harmonics, and so on. Note that in a closed pipe only odd harmonics are excited.

The air particles at the end of a pipe have freedom of movement and hence the vibration
of air particles at the open end of the pipe is extended a little more into the air outside the
pipe. The antinode at the open end of the pipe is thus situated at a distance, say, x into the
air outside. This distance is known as end-correction.

Forn =1, % =1 + x (closed pipe) (Fig. 6.1)
A . . . . .
Forn =1, ri [ + x + x (open pipe), since two end corrections are required (Fig. 6.2).
A _———
x X
l l
N X A
Fig. 6.1 Fig. 6.2

According to Helmholtz and Rayleigh, x = 0.6r, where r is the radius of the pipe.

6.4 PHASE VELOCITY AND GROUP VELOCITY

The phase velocity v, and group velocity v, are defined as

0 Angular frequency
Vo= — = ...(6.2)
P k Angular wave number
do
d = —. ...(6.3
an v, T (6.3)

When two waves are superposed to form a wave group the energy is carried forward
with the group velocity.

When w/k or v, depends on the wavelength (hence on the frequency), the waves are
called dispersive. If v, increases with wavelength in some wavelength range, the medium is
said to possess normal dispersion in this range (Fig. 6.3). If v, decreases with wavelength in
some wavelength range, it is said to possess anomalous dispersion in this range (Fig. 6.4).
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<
<
°

Fig. 6.3 Fig. 6.4

SOLVED PROBLEMS

1. Obtain the general expression for the standing wave solution of the wave equation

o’y 9%
27 _ 222
ot? o’

Solution

For the standing wave, the parts of the body oscillate in harmonic motion at the same
angular frequency o and with the same phase constant ¢. Thus y (x, ¢) should have the same
time dependence, sin (ot + ¢), for all particles i.e., for all x. In this case, the amplitude of
vibration at x can be written as a continuous function of x denoted by A (x). We can write
the general expression for standing wave as

yx, t) = A (x) sin (0f + 0).

Substituting this into the wave equation, we get

o d?Alx)
dx?

The general solution of this equation is

A (x) = A sin (9)x+Bcos (%)x

v

—0?A K = v

= A sin kx + B cos kx.
Thus, the general solution for the displacement in the standing wave is
y(x, t) = (A sin kx + B cos kx) sin (ot + 0).
For the standing waves the space and time variables are no longer associated together
as (x = vi).

2. The vibration of a string fixed at both ends is represented by the equation

. Tx
y = 2 sin ?cos 507t metre.

If the above stationary wave is produced due to superposition of two waves of same
frequency, velocity and amplitude travelling in opposite directions,
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27

P (x + vt);

27
Yy, = A sin 7(x - vt) and y, = A sin

(i) find the equations of the component waves, and
(it) what is the distance between two consecutive nodes of the stationary wave?

Solution
() We have
. 2mx 2n
y =y, +y, = 2A sin TcosTvt
21w
Thus, A:lm,?»:6m,T:507|:0rv:150m/s.
T
Hence y, = sin g(x—150t)m
T
and y, = sin g(x+150t)m

(i1) Distance between two consecutive nodes = /2 = 3 m.

3. A high frequency (HF) radio receiver receives simultaneously two signals from a
transmitter 400 km away, one by a path along the surface of the earth, and the other by
reflection from a portion of the ionospheric layer situated at a height of 200 km. We assume
that the earth is flat and the ionospheric layer acts as a perfect horizontal reflector, which is
moving slowly in the vertical direction. When the frequency of the transmitted wave is 10
MHz, it is observed that the combined signal strength varies from maximum to minimum and
back to maximum 6 times per minute. With what slow vertical speed is the ionospheric layer
moving?

[Ignore atmospheric disturbance]

Solution
Let d = Length of the direct path along the earth’s surface, 4 = Height of the reflecting
ionospheric layer. The path difference p between the two routes (Fig. 6.5) is
p = 2h% + d¥4)\2 - d ...(6.4)

Interference takes place between the signals arriving at the receiver by the two routes.

Fluctuation in intensity is due to motion of the ionospheric layer. We have from
Eqn. (6.4)
dp 2 2/ Y2dh
— = 2h(h"+d°/4 —
dt ( / ) dt
Each time p changes by A (the wavelength of the signal) the received signal strength
will vary through one cycle. The frequency f of the observed fluctuation will be given by
fo Ldp_vdp
A dt  cdt
where v is the frequency of the radiation and c is the speed of light. Thus, we have

dh  of a2\’
= = L p24= ..(6.5
dt 2vh[ " 4] 5
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lonosphere

le N
I« d q
Transmitter Earth’s Receiver
surface
Fig. 6.5
where v = —— = Vertical velocity of the reflecting layer.

dt
In our problem, 2z = 200 x 10° m,

d = 400 x 103m, v = 10 x 106 Hz,

f = 6—60 = 0.1 Hz, ¢ = 3 x 108 m/s.
Substituting all these values in Eqn. (6.5), we get
ah 4
vo= = 2.12 ms™.

4. An open organ pipe has a fundamental frequency of 300 Hz. The third harmonic of
a closed organ pipe has the same frequency as the second harmonic of the open pipe. How long
is each pipe? [speed of sound in air = 340 m/s]

Solution

For an open organ pipe, v = v/A = v/2l, for fundamental frequency (n = 1) without end-
correction.

Thus, = 2 -_340
2v 2x300
For third harmonic of the closed organ pipe,

m = 057m

vV = ﬁ-S = Second harmonic of the open pipe = 600 Hz.
2

Thus, l, = 3v = 3340 m = 0.425 m.
4 %600 4 %600
5. An open pipe is suddenly closed at one end with the result that the frequency of third
harmonic of the closed pipe is found to be higher by 100 Hz than the fundamental frequency
of the open pipe. Find the fundamental frequency of the open pipe. (I.LT. 1996)

Solution

For the open pipe, the fundamental frequency is v, = 2%, where v is the velocity of

sound in air and [ = Length of the pipe. For the third harmonic of the closed pipe,
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we have
v o, 3V
vy = 23 5
Now, vy = v+ 100
3v,
or - = v, + 100
or v, = 200 Hz.

6. An organ pipe, open at both ends, sounds in unison with a tuning fork at 20°C. When
the tuning fork and the pipe are sounded together at 30°C, 6 beats are heard. Find the
frequency n of the fork assuming that it is not affected by the temperature change.

Solution

The velocity of sound in air at ¢°C is given by

;= Uy (1 +0.00183¢)
where v, = Velocity of sound in air at 0°C.

v

Thus,
" = v(1+0.00183 x 20)
2(1 + 2x)
where [ = Length of the open pipe and
x = End-correction
At 30°C, we have
Up(1+0.00183 x 30)
n+6=
2(1 + 2x)
n+6 1+0.00183 x 30
Hence, n = 1+000183x20

which gives n = 339.87 Hz.

7. A metallic rod of length 1m is rigidly clamped at its mid-point. Longitudinal stationary
waves are set-up in the rod in such a way that there are two nodes on either side of the mid-
point. The amplitude of an antinode is 2 x 1076 m. Write the equation of motion at a point
2 em from the mid-point and those of the constituent waves in the rod.

[Young’s modulus = 2 x 10" Nm™2, density = 8000 kg m~] (ILLT. 1994)
Solution
Velocity of propagation of longitudinal waves in the rod

= v = JE/p=[2 x 101/8000]"2 = 5 x 10 m/s.

The rod has node at the mid-point and antinodes at the two ends. There are two nodes
on either side of the mid-point (Fig. 6.6).

Fig. 6.6
Length of the rod = 5A/2 = 1 m.
Thus, A = 0.4 m.
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v 5000
Frequency V= —=

A 04
The equation of the standing wave in the rod is

= 12500Hz

A
Il

(A sinzTnx + Bcosz—;x)cos 2nvit

(A sin 5mx + B cos 5mx) cos 2nve

Now, y =0 at x = E’E’E’E’Em'
Thus, A = 0.

The equation of the standing wave is
y = B cos 5mx cos 25000mt.
Since the amplitude at the antinode = 2 x 108 m,
B = 2 x 10%m.
Hence, y = 2 x 1078 cos 5nx cos 250007t
which can be rewritten as
y =1 x 1078 cos (5bnx + 25000mt) + 1 x 1075 cos (5bmx — 25000m¢)
Hence the component waves are
¥, = 1 x 1076 cos(5mx + 250007t)
¥y = 1 x 1076 cos(5mx — 250007¢)

At a point 2 cm from the mid-point x = (0.5 + 0.02) m. The equation of motion at this
point is given by

y 2 x 1078 cos 5n(0.5 + 0.02) cos 250007t

_ T
+2 x 1075 sin 10 S 25000mt.

8. Consider the superposition of two sinusoidal waves.

1= [l gonl]
s o [i(e-garfeo-Sau}

which have identical amplitudes but have wave numbers differing by Ak and angular frequencies
differing by A®w. Show that the beats occur with the frequency Aw and the pattern of beats

travels with the group velocity v, = % which becomes % in the limit Ak — 0.

Solution
The average phase velocity of two waves is

1 m+lAw m—lAm

112797 _
2\ pelar -tk
2 2

)
k

where we neglect terms of second order of smalless i.e., (Ak)2, Ak Ao.
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The sum of two waves according to the principle of superposition may be written as

<
|

=y, 4y, = A exp litkx — o)l x [exp{i(%mex—%mt)}

1 1
—i| = Akx — = Awt
+ exp{ L(z X 2 wH

1 1 .
2A cos (E Akx — EAmt) exp [L(kx - u)t)].

The physical wave is represented by the real part:
1 1
y = 2A cos EAkx—EAoot cos(kx — ot) ...(6.6)

which is shown graphically in Fig. 2.18. The fast oscillating part of Eqn. (6.6) is cos (kx — ot)
having wave number % and angular frequency ®. The slowly varying part or the modulating

wave of Eqn. (6.6) is cos (%Akx—%Aa)t) having wave number %Ak and angular frequency

%A(D. The amplitude of the fast oscillating wave is modulated by a wave envelope that has

a wave number %Ak , which is half the difference of the wave numbers of the two component
2n  4n

waves. Although the wavelength of the modulating wave is T = the separation of
2n 2
successive beats is half this distance namely e The beats occur with the angular frequency

2n
Aw and are separated in time by E-The modulating wave has the velocity = (Aw/2)/(AR/2)
= Aw/Ak. The pattern of beats travels with the group velocity in the limit A2 — 0 i.e.

v, = i—:e‘;—: in the limit A% — 0.

Due to superposition of sinusoidal waves of equal amplitude but slightly different
frequencies a wave packet or wave group is formed. Individual wave travels with the phase
velocity whereas the wave packet may travel with a different velocity known as the group
velocity.

9. Establish the relation

dvp
v, = vp—l .

between the phase velocity v, and group velocity U,

Solution
We have v, = o/k or, ® = kvp .

do d
Now, v, = —=—o» kv, )=
s~ dk dk( Up) =0y dk
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dv k dv
T ) ke
A
dv
p
=v,- A -

10. The phase velocity of a surface wave on a liquid of density p and surfacce tension

T is given by
g . onT 172
Y% = lon ap )
where A is the wavelength of the wave and g is the acceleration due to gravity. Find the group

velocity of the surface wave. Find the wavelength \ for which v, is minimum. Evaluate the
minimum value of v, and the corresponding value of V-

Solution
. © 2

Since V= g and A = 7 we have
© ¢ T 1/2
— —_— —_ + —_—
k k p

( k3T]1/2
or 0 = gk + T

which is the dispersion relation of the surface wave on a liquid.

do  g+3k*T/p

Thus v o= —=
’ 172
g dk 2(gk+k3T/p)
g +12n2T / (pA2)
= 1/2 "
2[2ng /A +8T°T /(2 )]
When v, is minimum, so is vg, and the conditions for this is
d 9\ _
a(l)p) =0
or i £+k_T =0
al\k p
d(rg onT
LI
o dk[Zn P j
or 8 27 =0
21 X2p
1/2
giving A= 2¢; (EJ
pPg
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2
This gives the minimum value of v, since W(U?’) > 0. Thus the minimum value of v,

5 E 1/4
(Up)min = p

is

11. Prove that the group velocity v p of electromagnetic waves in a dispersive medium is
given by
c
£ pro®®
do
where c is the velocity of light in vacuum and n is the refractive index of the medium for the
angular frequency o of the waves.
Solution

The refractive index n is defined by

c ck
n = —=—.
v, ®
Since, v, = @,
& dk
1 dk 1 1 dn
— = —=—-——(nw) = —|n+to—
Vg do cd c do
c
Thus, v, = n+m@
do
12. The refractive index n of the interstellar medium is given by
2
W2 o= 1 Ne _
€M

where e and m are the charge and mass of an electron and N is the electron density. A pulsar
emits very sharp pulses over a broad range of radio frequencies. The arrival time of a particular
pulse at Earth measured at 400 MHz is 0.72 s later than the arrival time of the same pulse
measured at 1420 MHz. Calculate the distance of the pulsar.
[m =9.1x 10731 kg, e = 1.6 x 1071° Coulomb, N = 3 x 10* m™3, ¢, = 8.85 x 10712 Fm~I].
Solution
Since a pulse travels with group velocity, the time taken for a pulse to travel a distance

D is
D D( dnj
t = —=—|n+o—
v, € do

[see problem 11].
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Ne?
The quantity e Mo’ is very small compared to unity for the radio frequencies.
0

For v = 400 MHz,

Ne? 3x10* x(1.6)* x 1073
egmo”  885x107%x91x107%! x (2nx 4)” x 106
= 1.5 x 10711
Thus, we can write
Ne? vz Ne?
n=|1- S| =1 —
N /X0 2¢gymo
2
and @ = N—e3
do X0
Thus, we get
2
_ D[y, N
c 2e,mo

The difference in arrival times of the two pulses is
g NePD(1 1) Ne’Dlof-of)
2egme| 0 o2 2 mcwio;
which gives
2e,mcminiAL

b Nez(mg —mf)

=3.1 x 109 m.

13. (a) The phase velocity v, of gravity waves in a liquid of depth h is given by

/2
v.o= [%tanh kh}

p

where g is the acceleration due to gravity and k is the wave number. Find the dispersion
relation for such waves and show that the group velocity is given by

& P|2 sinh(2kh)|
(b) Find the phase and group velocities for gravity waves of frequency 1 Hz in a liquid
of depth 0.1 m.

Solution

@ . .
Since v, = 5 we have the dispersion relation

® = [gk tanh kh V2,

gkh
v = 22 _ cosh? kh
¢ dk 2 [gktanhkh]"”

do 18 tanh kA +
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2
o qgktanhkhi SER
Thus & cosh” kh
v, 2 [gk tanh kh]
1 kh
= —t—
2 sinh(2kh)
When kA 0 L 1 dov, =
en - 0, Sinh(2%7) — 5 and v, = v,
When kA __kh 0 and v, = 1
en — o<, Sinh(2k%) —0andv, = Su,.

(b) When v = 1 Hz, ® = 2rt rad. s~1. From the dispersion relation, we have
2
—— = kh tanh kA = x tanh «x

where x = kh.
2
Thus, x tanh x = M = 0.402
9.81
which gives x = 0.680 so that & = % = 6.80 m1,
and tanh 0.68 = 0.591.
_ 981 tanh 0,687
The phase velocity v = |———-——— =0.92 m sl
p 6.8
Th locity v, = v |2+ | _ 080 m s
e group velocity v, = v, |5+ =" | = 0.80 m s,

14. A string of negligible mass is fixed at x = 0 and x = 1. The N number of massive
beads are fixed on the string at x = a, 2a,..., Na at equilibrium (Fig. 6.7). Each bead has mass
m. The tension of the beaded string is T. Show that the dispersion relation for the normal
modes of small transverse oscillations of the beads along the y-direction is

4T . (kaj
O = |J—sin|—|
ma 2

From this equation, show with proper limiting procedure that the dispersion relation for
the massive continuous string is

where 1 is the mass per unit length of the massive continuous string.

Solution
In order to find the equation of motion of the nth bead (Fig. 6.7),

T m m m m m m T
ga a E
1 2 n-1 n n+1 N
Fig. 6.7
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we consider the nth bead and its neighbours (n — 1) (to the left) and (n + 1) (to the right).
Let y, ;, v, and y, ., be the transverse displacement of the (n — 1), n and (n + 1)th bead
respectively (Fig. 6.8).

Fig. 6.8
Then the force on the nth bead along the y-direction is

Fy = T sin 6,— T sin 6,

- Tyn+1 ~—Yn _Tyn ~Yn-1
a a
where for small oscillation 6, and 6, are very small so that we may put sin 6, = tan 6, and
sin 6, = tan 0,.

d?y T
m—dtzn = ;[ym1 -2y, +y,4 ...(6.7)
For normal modes of oscillations, each bead oscillates harmonically with the same
frequency ® and with the same phase constant ¢ :

y; = A, cos (ot +¢),7=1,2..N.

Thus,

Now, we have from Eqn. (6.7), the following difference equation

2
A +A | = [2— m‘; a]An. ..(6.8)

Let us try a solution of Eqn. (6.8) in the form
A, = B sin (kna) ...(6.9)
where B is a constant and k2 = 2n/A. Substituting Eqn. (6.9) into Eqn. (6.8), we get

p)
[2 _mo a] sin(kna)
T

sin [k(n + 1)a] + sin[k(n — 1)al

p)
or 2sin(kna) cos ka [2 - mo; a] sin(kna)

Hence Eqn. (6.9) is a solution provided
mo’a
T

4T . 2 ka
or 02 = —sin®| — |
ma 2

2cos ka 2 —
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Thus, the required dispersion relation is

4T . (ka
o = 1/—sm(—j. ...(6.10)
ma 2

In a length ‘@’ total mass = m so that the mass per unit length = p = m/a. For the
continuous string we take the limit ¢« — 0 in Eqn. (6.10) which gives

[T * [Ta? [T
o = S, LU S ...(6.11)
ma 2 ma u

The w-%k graph of the continuous string (1) and the beaded string (2) is shown in Fig. 6.9.

a
3
o

e

—
nN
3
m—|

ST S
=

Fig. 6.9

15. In the experiment for the determination of the speed of sound in air using the
resonance column method, the length of the air column that resonates in the fundamental
mode, with a tuning fork is 0.1 m. When the length is changed to 0.35 m, the same tuning
fork resonates with the first overtone. Calculate the end correction. (LLI.T. 2003)

Solution
For the fundamental mode

v
vV = " where 1 =l +x
and x = End correction,
For the first overtone
Y here XAy
v = o where 1+ o =1, +x
v 3v
Thus, W0 - Ay )
Here, ly, =01m,/l,=035m

x = 0.025 m.

16. Two narrow cylindrical pipes A and B have the same length. Pipe A is open at both
ends and is filled with a monoatomic gas of molar mass M,. Pipe B is open at one end and
closed at the other end, and is filled with a diatomic gas of molar mass My. Both gases are
at the same temperature.
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(a) If the frequency of the second harmonic of the fundamental mode in pipe A is equal
to the frequency of the third harmonic of the fundamental mode in pipe B, determine the value
of M,/ M,

(b) Now the open end of pipe B is closed (so that the pipe is closed at both ends). Find

the ratio of the fundamental frequency of pipe A to that in pipe B. (LI.T. 2002)

Solution
(a) For an open pipe, V, = 1)2—1; n,n=1,2, 3,..
For a pipe closed at one end, v, = l;—l; n,n=1,3,5,.
We have, 2oa = 30p

21 41
Again, vy = JYaRT/M, and vy = JygRT/Mp

Yy = 5/3, g = T/5.
From these equations, we get M,/M, = 400/189
(b) Fundamental frequency in pipe A = UZ_?
Fundamental frequency in pipe B = l;—f;
The ratio of the fundamental frequencies = Ya _ %
UB

17. A 3.6 m long vertical pipe resonates with a source of frequency 212.5 Hz when water
level is at certain heights in the pipe. Find the heights of water level (from the bottom of the
pipe) at which resonances occur. Neglect end correction. Now, the pipe is filled to a height H
(= 3.6 m). A small hole is drilled very close to its bottom and water is allowed to leak. Obtain
an expression for the rate of fall of water level in the pipe as a function of H. If the radii of
the pipe and the hole are 2 x 10 2 m and 1 x 10~ m respectively, calculate the time interval
between the occurrence of first two resonances. Speed of sound in air is 340 m/s and

g = 10 m/s®. (I.LT. 2000)
Solution
The frequency of the source = 212.5 Hz
340

and wavelength in air = = 1.6 m.

2125

For a pipe closed at one end the length of the air column for resonance should be
@2n+ 1) M4, n=0,1,2,.. ie, M4, 3\/4, 50M/4,...

Again the length of air column must be less than or equal to 3.6 m. Thus the possible
lengths of air column are 0.4 m, 1.2 m, 2 m, 2.8 m, 3.6 m.

Possible heights of water columns are 0 m, 0.8 m, 1.6 m, 2.4 m, 3.2 m from the bottom
of the pipe.

Suppose, dH

A

Change of water level in time dt,
Area of cross-section of the pipe,
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then

or

or

or

or

v = Velocity with which the water is going out through the hole,
a = Area of cross-section of the hole,
AdH = - av dt.
The —ve sign is due to the fact that H decrease with ¢.
1
Since, Emv2 = mgh or v = J2gH ,
dH = — % J2gH dt
dH a
— = — — 2g dt
JH A N
H, ty
dH a dt
= - — 2
1{ VH AV tj
a
2[VH, -] = - 2 t,-1)

\/H_l_\/H_2 = i\/ﬁ &, -ty

Here, H, = 3.2 m and H, = 2.4 m.

2A 1
Time interval = ¢, - ¢, = 7 = [\/32 —«/2.4]

oz
A
a

n(4><10_4)

Here, = — =4 x 102
n(1x10_6)

Thus, ty—t, = 160 [2-+3]s.

18. The air column in a pipe closed at one end is made to vibrate in its second overtone

by a tuning fork of frequency 440 Hz. The speed of sound in air is 330 msL. End corrections
may be neglected. Let P, denote the mean pressure at any point in the pipe, and AP, the
maximum amplitude of pressure variation.

(a) Find the length L of the air column.
(b) What is the amplitude of pressure variation at the middle of the column?
(¢) What are the maximum and minimum pressures at the open end of the pipe?

(d) What are the maximum and minimum pressures at the closed end of the pipe?
(I.I.T. 1998)
Solution
(a) For the pipe closed at one end we have for frequency
v

vV = 1L n,n=1,3,5,..

where n = 1 for fundamental, n = 3 for first overtone and n = 5 for second overtone.

Thus for second overtone

_ v v
V4L T
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4L
or A= 5
5% 330
440 = AL
15
or L = 1—6m=0.9375m
S
(b) Excess pressure = p = - K ™
where K = Bulk Modulus
& = Displacement of air particles in the pipe.

For standing wave

€& = A cos kx cos ot
b - 2n 2nx5 5n
M T 4L T 2L
At x = 0, there is antinode (maximum displacement of air particles) and at x = L,

T
kx = o5 there is node.
p = AK k sin kx cos wt = Ap, sin kx cos ot
L
At the middle of the column, x = 5
. bm
p = Ap, sin 1 cos wt.
L AP,

The amplitude of pressure variation at x = 5 is f

(c) At x = 0 (at the open end) there is no variation of the pressure. The maximum and
minimum pressure is equal to the atmospheric pressure.

(d) At x = L (at the closed end of the pipe) there is variation of pressure due to pressure
amplitude variation + Ap,. Hence the maximum pressure at the closed end = p, + Ap, and
the minimum pressure = p, — Ap,,.

19. The first overtone of an open organ pipe beats with the first overtone of a closed organ
pipe with a beat frequency of 2.2 Hz. The fundamental frequency of the closed organ pipe is
110 Hz. Find the lengths of the pipes. (LI.T. 1997)

Solution
Allowed frequencies of an open organ pipe are

1, 2, 3,....

VvV, = v n,n
0 - D K
21,

Allowed frequencies of a closed organ pipe are
L
vV, = 41, n,n=1,3,5,..

c

v v

2 L 3 +22
21, 4l,

Thus,
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v
Again, E-l = 110 Hz

or ly = ——~=——="—"m

The length of the closed organ pipe = [, = 0.75 m
v 3v +22_3><330+

Thus, — = — +22=——+% 22
Hs L, 4l 4x3/4
= 330 + 2.2
330
l, = m = 0.9934 m or 1.0067 m

which is the length of the open organ pipe.

20. The displacement of the medium in a sound wave is given by the equation

y; = A cos (ax + bt)

where A, a and b are positive constants. The wave is reflected by an obstacle situated at
x = 0. The intensity of the reflected wave is 0.64 time that of the incident wave.

(a) What are the wavelength and frequency of incident wave?
(b) Write the equation for the reflected wave.

(¢c) In the resultant wave formed after reflection, find the maximum and minimum values
of the particle speeds in the medium.

(d) Express the resultant wave as a superposition of a standing wave and travelling
wave. What are the positions of the antinodes of the standing wave? What is the direction of
propagation of travelling wave? (LIT. 1991)

Solution

(a) The general form of a travelling wave is given by

y = A cos (kx + wt)

Comparing with the given equation, we get
k=acand o =b

2t ernz 2T

, Taork=--m
b

2nv = b or v = —Hz.
21

(b) The amplitude of the reflected wave = 0.84 so that its intensity is 0.64A2.

It is moving in the opposite direction of the incident wave. The reflected and incident
waves are 180° out of phase. Thus the equation of the reflected wave is

Yy = —0.8A cos (—ax + bt)
= —0.8A cos (ax — bt)
(¢) The resultant wave is given by
y =y, +¥,=A cos (ax + bt) — 0.8A cos (ax — bt)
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The particle velocity is

—Ab sin (ax + bt) — 0.8Ab sin (ax — bt)

—1.8Ab sin ax cos bt — 0.2Ab cos ax sin bt

The maximum value of the particle velocity is obtained when sin ax = 1, cos b¢ = 1 and
then cos ax = 0 and sin b¢ = 0.

%
ot

D - 1848 - 1.8Ab mis.
3| e

The minimum value of the particle velocity is obtained when sin ax = 0 and sin b¢ =0,

%)

ot =0

(d) The resultant wave is

y = y, +y,=A cos (ax + bt) — 0.84 cos (ax — bt)
A cos (ax + bt) — A cos (ax — bt) + 0.2A cos (ax — bt)
= —2A sin ax cos bt + 0.2A cos (ax — bt).

The first term on the r.h.s. is the standing wave and the second term is the travelling
wave. Thus the resultant wave is expressed as the superposition of standing wave and
travelling wave.

The positions of the antinodes of the standing wave are obtained when sin ax = + 1

_ r
or ax = nw + 9
T 1
or x = — (n+—),n=0, 1, 2,...
a 2

The travelling wave has the form 0.2A cos (kx — wt). The direction of propagation of the
wave is +ve in the x-direction.

21. A closed organ pipe of length L and an open pipe contain gases of densities p, and
p, respectively. The compressibility of gases is equal in both the pipes. Both the pipes are
vibrating in their first overtone with the same frequency. The length of the open organ pipe is

W Lo o) 2Py 2L [ps (LLT. 2004)
3773 ' 3, 3 \py

Solution
Allowed frequencies of closed (v,) and open organ (v,) pipes are

U1
v, = E n,n=1,3,5, ...
)
Vo = 57 n,n=1,2, 3, ...
v Ug
Thus, ﬁ.3 = 2—1-2
Uy 4L

or E=§
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K K
Again, V, = E and v, = E

where K = Bulk modulus and % = Compressibility

by P2 4L

Thus, Vg P1 3!

Correct Choice: c.

22, In a resonance tube with tuning fork of frequency 512 Hz, first resonance occurs at
water level equal to 30.3 cm and second resonance occurs at 63.7 cm. The maximum possible
error in the speed of sound is: (a) 51.2 cm/s (b) 102.4 cm/s (c) 204.8 cm/s (d) 1563.6 cm/s.

(I.I.T. 2005)
Solution
For a pipe closed at one end, we have
I, +x = v and [, + x = 3v
4f 4f
where f = Frequency of the tuning fork = 512 Hz
v = Speed of sound
[, = Length of air column at first resonance
l, = Length of air column at second resonance
x = End correction.
Thus, -1, = %
v =2fU,-1)

The error in v is

Av = 2f A, - 1))
2f (Al, + Al,) for maximum error
2 x 512 x 0.2 = 204.8 cm/s

Correct Choice : c.

23. An open organ pipe resonated with frequency f; and 2nd harmonic. Now one end is
closed and the frequency is slowly increased. It resonates with frequency f, and nth harmonic.
Then

3 3
(a)n=3,f2=zf1 (b)n=5,f2=2f1
5 5
©n=3f,= 7 f, dn=5f= i f, (I.LT. 2005)
Solution
For open organ pipe
fi = in, n = 2 for 2nd harmonic

21



SUPERPOSITION OF WAVES 173

For closed organ pipe

f, = 4il~n, n=1,3,5,..

Since f, > f; and f, is just greater than f| = %,

15 —-5, n=5

41
5

- ~h

Correct Choice : d.

24, In the experiment to determine the speed of sound using a resonance column
(a) prongs of the tuning fork are kept in a vertical plane.
(b) prongs of the tuning fork are kept in a horizontal plane.

(¢) in one of the two resonances observed, the length of the resonating air column is
close to the wavelength of sound in air.

(d) in one of the two resonances observed, the length of the resonating air column is

close to half of the wavelength of sound in air. (LLI.T. 2007)
Solution
A
[l = 1 for first resonance
and [l = e for second resonance.

To generate longitudinal wave propagating into the air column prongs of the tuning fork
are kept in a vertical plane.

Correct Choice : a.

SUPPLEMENTARY PROBLEMS

1. Two waves represented by

Yy, = cos (2x + 41)
VY, = 2 cos (2x + 4t + 1/6)

interfere with each other. Show that the resultant of the two waves is given by

v = A cos (2x + 4¢ + ¢)
where A = 2.91 and ¢ = 20.1°.

2. Show that standing waves are produced due to superposition of two waves of identical
amplitude and frequency:

A
yp = 5cos (kx — wt)

Yy —%cos (kx + ot)

which are travelling in opposite directions on a stretched string.
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3. Two identical travelling waves moving in the same direction, are out of phase by 90°.

What is the amplitude of the combined wave in terms of the common amplitude A of
the two combining waves?

4. A source S and a detector D of radio waves are a distance d apart on the ground. The

direct wave from S is found to be in phase at D with the wave from S that is reflected
from a horizontal layer at an altitude H (Fig. 6.10). The incident and reflected rays
make the same angle with the reflecting layer.

K

Fig. 6.10

When the layer rises a distance A, no signal is detected at D. Neglect absorption in
the atmosphere and find the relation between d, h, H and the wavelength A of the

waves.

5. A sound wave in a fluid medium is reflected at a barrier so that a standing wave is

formed. The distance between nodes is 3.8 cm and the speed of propagation is
1500 m/s. Find the frequency.

(a) If v, and v, are the speeds of sound wave in a gas at absoulte temperatures T,

and T,, then show that
v _ |4
Ug - T2

(b) An organ pipe resonates to a frequency of 250 Hz when the temperature is 10°C.
What will be its resonance frequency when the temperature is 20°C?

Consider two waves of same frequency, velocity and amplitude travelling in opposite

directions which are represented by

. 2n . 2n
y; = A sin Y (x —vt) and y, = A sin=— (x + vb).

The vibration of a string fixed at both ends is represented by the equation

= 4 sin == cos 100nt
y— Sin 10 COS Tt .

Write down the equation of the component waves y, and y, whose superposition gives
the above standing wave.

The water level in a vertical glass tube 1.0 m long can be adjusted to any position in
the tube. A tuning fork vibrating at 680 Hz is held just over the open top end of the
tube. At what positions of the water level will there be resonance?

[Speed of sound in air = 340 m/s]
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

A pipe 96 cm long is open at both ends. How long must a second pipe, closed at one
end, be if it is to have the same fundamental resonance frequency as the open pipe?
Two tuning forks when sounded together give x beats per second. These forks when
sounded individually with a closed pipe produce resonance with /; and [, lengths of
air column. Find the frequencies of the forks and the velocity of sound in air.

A tube of certain diameter and length 50 cm is open at both ends. Its fundamental
frequency of resonance is found to be 320 Hz. Estimate the diameter of the tube. If
one end of the tube is now closed, find the fundamental frequency of resonance of this
closed tube.

[Velocity of sound in air = 330 m/s]

A string fixed at both ends resonates in three segments to a frequency of 165 Hz.

What frequency must be used if it is to resonate in four segments?

What must be the length of an iron rod that has the fundamental frequency 340 Hz

when clamped at this centre? Assume longitudinal vibration at speed 5 km/s.

(a) Show that for normal dispersion v e < U, and for anomalous dispersion v e > Uy

(b) In a graph of angular frequency ® against wave number %, show that the phase
and group velocities are given, respectively by the slope of the straight line from
the origin to a particular point on the curve and by the slope of the tangent to the
curve at that point.

In solved problem 10 if p = 1000 kg m™3 and 7 = 0.07 Nm™! show that the minimum

value of v_occurs at a wavelength of 0.017 m and has a value of 0.229 ms™!. Find the

value of v, at this wavelength.

The dispersion relation for electromagnetic waves in the ionosphere is given by

o = %R + o

where ¢ = The velocity of light in vacuum
and w, = Plasma oscillation frequency.

Show that the phase velocity exceeds ¢ whereas the group velocity is always less
than c.

Show that the dispersion relation for de-Broglie wave of a particle of momentum 7k
is given by

0 = %2 +

where m, is the rest mass of the particle. Show that (i) the phase velocity

exceeds c, (ii) the group velocity is equal to the velocity of the particle (ii7) vV, = c2.

Consider a medium in which
v, = Aw?
where A and n are constants. Show that

v, = %
g 1-n

For what value of n is this dispersion normal?

, n# 1.
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19.

In a resonance tube experiment to determine the speed of sound in air, a pipe of
diameter 5 cm is used. The air column in pipe resonates with a tuning fork of frequency
480 Hz, when the minimum length of the air column is 16 cm. Find the speed of sound

in air at room temperature. (I.1.T. 2003)
[Hints: v = ———— |
T 4(l+067)

20. A cylindrical resonance tube open at both ends has a fundamental frequency F in air.

21.

Half of the length of the tube is dipped vertically in water. The fundamental frequency
of the air column now is .............. (LIT. 1992)

Standing waves can be produced

(a) on a string clamped at both ends.

(b) on a string clamped at one end and free at the other end.

(¢) when incident wave gets reflected from a wall.

(d) when two identical waves with a phase difference of © are moving in the same
direction. (IL.LT. 1999)

[Hints: In case of (b) the wave is reflected at the clamped end and there is superposition

of waves. In case of (d) there is no superposition of waves.]



Fourier Analysis

7.1 FOURIER’S THEOREM

If a function of x, f (x), is integrable in (- &, ©) and it is periodic with period 2n outside of
this interval i.e.,

fx = 2kn) = flx), k=1, 2, 3,...,
then the periodic function f(x) can be analysed into a series

a?o + Z(ancosnx+bnsinnx). (7.1)
-1

The series is called a Fourier series corresponding to f (x), where the Fourier coefficients
a, and b, are given by

T
a, = lj f(x)cosnx dx,n=0, 1, 2,...., -(7.2)
T
-T
1 T
b, = —J. f(x)sinnx dx,n=1, 2, 3,..., -(7.3)
T
-T

7.2 DIRICHLET’S CONDITION OF CONVERGENCE OF FOURIER SERIES

If f (x) is bounded and defined in the range (—m, ®) and f(x) has only a finite number of
maxima and minima and a finite number of finite discontinuities in this range and further
if f(x) is periodic with period 2m, i.e., f (x + 2n) = f(x), then the series (7.1) converges to

1
5 [fx + 0) + f(x — 0)]. These are known as Dirichlet’s conditions. If /(¢) is continuous at
t = x, the series (7.1) converges to f(x), i.e.

Qo

5t z (a, cosnx +b, sinnx) .(7.4)

n=1

fl) =



178 WAVES AND OSCILLATIONS

7.3 FOURIER COSINE SERIES

If f (x) is an even function of x, i.e., f (— x) = f(x), then

0 T
a = %_J-f(x)cosnxdx + %‘([f(x)cosnxdx,

and b

n

0 T
1 . 1 .
= Jf(x)smnx dx +—Jf(x)s1nnx dx.
T -7 T 0
For the first integral of a, or b,, we put y = — x, we have

0 b
1 1
a, = ;_T[ f(=y)cosny.(—dy)+ ;‘([f(x)cos nx dx

T

2
= = ..(7.5
7t’(|).f(x)cosnxdx (7.5)
1 1]
d b = =|f(-y)si dy+— i d
an N n;[f( y)sin ny y+n£f(x)s1nnx x
=0 ...(7.6)

We obtain only the Fourier cosine series. If the function is defined in the range (0, n),
it may be extended to the range (-m, 0) by the equation f(—x) = f(x).

7.4 FOURIER SINE SERIES
If f (x) is an odd function of x, i.e., f (- x) = —f(x), then a, = 0 and

T

2 .

b, = —If(x)sm nx dx. .(1.7)
o

and the Fourier sine series is obtained. If the function is defined in the range (0, ), it may

be extended to the range (-m, 0) by the equation f(—x) = — f(x).

7.5 REPRESENTATION OF A FUNCTION BY FOURIER SERIES IN THE RANGE
asx<b»b

a-b
Y,
T

1
We write x = E(a +b) —

T

or y = (2x—a—b),

so that when x = a,y = —nm and when x = b,y =t and f (x) = F (y).
The Fourier series of F (y) is given by

1 () - .
E[F(y+0)+F(y—O)] = ?+Z(ancosny+bnsmny)

n=1



FOURIER ANALYSIS 179

1 .
and so E[f(x+0)+f(x—0)] = 70 Z_;a cos > 2x a-b)
+ b, sin bT(Zx —a - b)] ..(7.8)

where a, = 1 JF (y)cosny dy

T

o b

or a, = b_ajf(x)cos bn—na 2x —a-b)dx,n=0,1, 2,. ..(7.9)
and, b, = jf x)sin " (20 —a —b) di, n = 1,2, 3,.. .(7.10)

b-a

(i) When a = — &, b = n, we reproduce Eqns. 7.1-7.3.
(i1) When a = 0, b = 2%, we can write the Fourier series as

c - )
%[f(erO)Jrf(x_o)] — ?O+Z(cncosnx+dnsmnx), (711
n=1
12n
where c, = EJ.f(x)cosnx de,n=0,1, 2,.. (7.12)
0
1 T
d, = = [f(x)sinnxdr,n=1, 2, 3,.. (7.13)
n

(Zi1) When @ = — L and b = L, we have

1 ay, nmx nmx
il 0 -0)| = =0 o in——
2[f(x+ )+ £(x—0)] 2 +nE_1(ancos T +b, sin T ) ..(7.14)
1 f nmx
h 1 nme (715
where a, L-[ f(x)cos 7 dx (7.15)
1 nmx
= = in—— dx. (7.1
b, LJ;f(x)sm 7 dx (7.16)

7.6 FOURIER INTEGRAL THEOREM

We consider the problem of representing a non-periodic function f(x) over the infinite range
(= o<, o). If f (x) is piece-wise continuous in every finite interval and has a right- and left-hand
derivative at every point and the integral

Tf (t)dt



180 WAVES AND OSCILLATIONS

exists, then f(x) can be represented by the integral
+oc o<
11 . i
flx) = %J.e *do jf(t)e O dt. .(7.17)

At a point where f(x) is discontinuous, the value of the right hand side of Eqn. (7.17)
equals the average of the left and right-hand limit of f(x) at that point.

7.7 FOURIER TRANSFORM

We define the Fourier transform g (0) of the function f(¢) by
1

NpX3

The inverse relation from Eqn. (7.17) is

g (@) = [ ey at. .(7.18)

+oc

J.g (0) e do. .(7.19)

1
(x) =
fx m_(x

7.8 FOURIER COSINE TRANSFORM

If f(x) is an even function of x, we can define the Fourier cosine transform as

5 =
\/; _([ f(t)cos ot dt, ..(7.20)

\/g_([gc(m)cosmx do. .(7.21)

g.(w)

and the inverse relation is

£

7.9 FOURIER SINE TRANSFORM

If f(x) is an odd function of x, we can define the Fourier sine transform as

27 .
\/; ! f(t)sin ot dt .(7.22)

\/g_([gs(w)sin(mc do. ..(7.23)

g,(®)

and the inverse relation is

£

SOLVED PROBLEMS

1. Show that if m and n are positive integers

T T A
(a) J.cos mx cos nx dx =n8d,,,, (b) Jsin mx sin nx dx =n8,,,, (c) J-sin mx cos nx dx =0.

- - -
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Solution
(@) If m #n,

T
LHS. = % J.[cos(m —n)x+cos(m+n)xlde=0.

-n
T
If m = n, LHS. = jcos2 max dx = T.
-n
®) If m #n,

T
LHS. = % J.[cos(m —n)x—cos (m+n)x]dx=0.
T
T
If m = n, LHS. = [sin? myde=r
-n

(c) If m #n,

¥
LHS. = % J[sin(m +n)x+sin (m-n)x]dx = 0.

-7

If m =n, LH.S.

1 T
E jsin 2mx = 0.
-

2. The Fourier series corresponding to f(x) is given by
fx) = a?0+ (a,cos nx +b, sin nx) ..(7.24)
n=1
where f (t) is continuous at t = x. Show that the Fourier coefficients a, and b, are given
by

T
a = 1Jf(x)cosnxdx,n=0,1,2,...
n
—T

T
b = ljf(x)sin nxdx,n=12,3,...
T

-7
Solution
Multiplying (7.24) by cos mx with m = 1, 2, 3,..... and integrating from —r to ©, we get
T o< Y T
az_o Jcos mx dx + z a, Icosnx cosmx dx +b,, | sinnx cos mx dx
- n=1

T T

Jf(x)cos mx dx

-

= Z T8 1 by using eqns. of problem 1.

n=1

=Ta,,.
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T
Thus, a, = lJ.f(x)cos mxdx,m=1, 2, 3, ...
T
-T

Integrating Eqn. (7.24) from —n to &, we get

T T

a
jf(x)dx - 7°de+O=aon.
-7 -7

1 T
Thus, a= — J. f)dx.
-n

Multiplying Eqn. (7.24) by sin mx with m = 1, 2, 3,... and integrating from —x to ©, we
have

T oc
j f@)sinmxds = ».b,7,,=1b,.
—n n=1

Hence, b

T
m lJ-f(x)sinmxdx,mzl, 2, 3,...
n—TE
x, for O<x<m
-x, for —m<x<0

3. Let f(x) = {

where f (x) has period 2n. Draw the graph of f (x) and obtain the Fourier series for f(x).
Considering the point x = 0 show that

1 1 1 n

St =+ =+
7 3% 5? 8
Solution

The graph of f (x) against x is shown in Fig. 7.1.
41(x)

! ! ! ! > X
-3t -2 -nm O T 2n 3n

Fig. 7.1

The Fourier coefficients a, and b, are given below:

ljl(—x)alirl]Ex dx=mn
“n T

Q
S
1l
|
—
=
8
&
K
Il

T

0

1
%J.(—x)cosnx dx+%‘£x cos nx dx
-n

S}
Il
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_iz for n=1, 3, 5,...
mn

0 for n=2, 4, 6,...

b

n

1 0 1 ]
—J(—x) sin nx dx +—J‘x sin nx dx = 0.
T T

- 0

Since f(x) is continuous for all values of x, the Fourier series for f(x) is

f) = E—i_cosx+COS3x cos 5x }
2 x| 3 szt
At x =0, f(0) = 0 (Fig. 7.1), and we have
0 = n_4 1+i2+i2+...}
2 nl 3 5
1 1 1 2
Or 1_2+3_2+5_2+cc' — ?.

4. (a) Show that the Fourier series for
fx) = cospx, n<x<Tm
where the period is 2n and p #0, + 1, + 2, . . . is given by

sznpn(i_ 2p cosx+22—pcos2x—2—pcos3x+...]

n (p p?-1 p’-2* p?-3°
(b) Find also the sum of the series
1 1 1 1
- + - +...

p2_12 p2_22 p2_32 p2_42
where p #0, = 1, £ 2,....

Solution
(a) The Fourier coefficients are given below:

T
1 2 si
a, = —Jcospxdx - 25npm
nd T p
I n
1 -1)" 2psi
a, = —J.cospxcosnxdx = (2 ) 5 pSIL PR
Tl:_rE p-—n T
1 T
b, = p Jcos pxsinnx dx=0
-T
The Fourier series of f(x) is thus
1 sin pnt = (-1)" 2psinpn
—smpr Z T COS 7X.

T p b —n T
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(b) At x = 0, we have

sinpr| 1 2 2 2
L= PR = 2p2+ 2p2_ 2p2+"'
p |p p°-1° p°-2° p°-3
or S . S Y
p*-1* p>-2> p*-3° 2p\p sinprn )

5. (a) Obtain the Fourier series of the function
f(x) = e for-nm<x<m

and flx +2n) = f(x).
(b) Find the sum of the series
N I
® n; I1+m? (&) el 1+m?
Solution

(a) The graph of flx) against x is shown in Fig. 7.2.

?_‘ - — _—— ——————

> X
O
Fig. 7.2
The Fourier coefficients are given below:
T
a, = l e dx =l[erE _e_n]
T T

. -1)"
a = lReJ‘e’“”mxdx=L[e”—e”‘]

" L 7t(1+m2
T -1 m+1
b — —Im ex+medx_( ) m[en_efn]
" T n(1+m2)

The Fourier series is thus

1 1 7 ol < |()"cosmx (-1)""'m .
E[f(x+0)+f(x—0)]=;(e —e )!§+;{ + 5 smmxH.

1+m? 1+m
() (i) At x = n, we have

%[en_i_e—n] _ %(en_e—n){%_i_ N 1 2:|
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o 1 1
= — th(m) -1
or n; T 2[cho (m) ]

(i1) At x = 0, we have

—

Il
R
—_—
®

a
|
®
a
S—
1
N | =
+
D]+
|
—
SN—"
ol 3
| — |

- V" 1 m
or Z 1+m2 2Linh(n) 1}‘

m=1

6. (a) Find the Fourier series corresponding to the function f(x) = x%, 0 < x < 2n, where
f(x) has period 2w outside of the interval (0, 2m). (b) Show that

1 1 1 1

71?2
—t+t—+—+—+.. = .
? 22 32 £ 6

Solution
(a) The Fourier series for the function f(x) [Fig. 7.3] is given by

Q) .
70 + Z (a, cosnx +b, sinnx),

%[f(x +0)+f(x-0)]

n=1
f (x)
A
4rt2
> X
—4n -2n O 2n 4
Fig. 7.3
27
1 8n?
where a, = —J-xz dx = —
T 3
0
27
1 4
a = —szcosnxdxz— n=1, 2, 3,...
n 29 » Hy Iy
T n
0
2n
1 . 4T
b, = —J.x2s1nnx dx=——,n=1, 2, 3,...
T n

0
(b) At x = 0, we have

an? &4
2n2 = —+ ) —
3 Z n?

n=1
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1 2
or 2 = —.

n=1 n 6

7. Find the Fourier series corresponding to the function

{1 for 0<x<l

/) 0 for —l<x<0

where the period is 2I.

Solution

7
1
a, = YJ.deI
0

l
a, = %}[cos%dx =0

The Fourier series is
1 2. m@x 1. 3mx 1 . bmx
—+—|sin—+—=sin——+—sin—+... |.
2 n [ 3 [ 5 l
8. (a) Find the Fourier series corresponding to the function
+1 for O<x<m
flx) = f
-1 for m<x<2n
and fx + 2n) = f(x).

(b) Show that the value of the sum of the Fourier series just to the right of x = 0 is
about 1.18.

Solution on
(a) ay = — [ flx)dx=0
0
1 2n
a, = ;‘([f(x)cos nxdx=0
2
1 2 n
b = = in nx dax =—|1—(-1)"|.
0 n’([f(x)smnx X nn[ (-1) ]
Thus the Fourier series is
Al

. 1 . 1 .
—|sinx + —sin3x + — sin 5x+...|.
| 3 5

() The sum of the first n terms of the Fourier series is

r . . 2 _1
S () = Alsinx+S03% sin(2n-1)x |
n T 2n-1
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S, (x) has n maxima and (n — 1) minima in the interval 0 < x < m. Differentiating S, (x)

with respect to x, we have

S’ (x)

é[cosx +c0s3x + ...+ cos(2n — 1)x]
T

_ 4 Re [eix +ed™ 4 ...+e(2"_1)ix]
T

ix(  2nix
ele -1
| dge|l )
i e X _1
g sin 2nx
T n sinx
Thus, S’ (x) = 0 when 2nx = &, 27, 37, ..., 2n — D,
n 2 3n (2n-1)n
or X = T Ty T ey T
2n° 2n° 2n 2n
in the interval 0 < x < .
3 2n—-1)w 2r 4
Now, x = l, —n, ...,uwill correspond to maxima and x = —n,—n,
2n" 2n 2n 2n 2n

will correspond to minima of S, (x).

(2n-2)n
2n

T
At the first maximum point (x :%J, the partial sum S, (x) has the value

S x:i = i[sini+lsir13—ﬂ+...}
" 2n T 2n 3 2n
or g m) sin(m/2n) L sin(3m/2n) L
2" on (m/2n) 'n 3n/2n  n
sin(2n-1)n/2n
(2n-1)n/2n n|
o, n/n 2rn/n . T
Now Ismxdx = J.Slnxdx+ J. S dx ot I
x x x
0 0 n/n (n-1)n/n

...(7.25)
sinx ;-
x
...(7.26)

For large n, the upper and lower limits of each integral of the r.h.s of Eqn. (7.26) are
very close and their difference is n/n. For large n we can evaluate each integrand at the mid-
point of the interval so that the r.h.s. of Eqn. (7.26) becomes equal to the r.h.s of Eqn. (7.25).

T
. T T sinx
lim —S =—
1m2 n(x ) J‘ dx

Thus, e on) = .
0
T 2 4 6
or 11m Sn(xzi) = g [ _x_ x__x_ . dx
n— e 2n n 31 5! 7l
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Hence, just to the right of x = 0, the value of the sum of the Fourier series overshoots
by about 18%. This is known as Gibbs’ phenomenon or Gibbs’ overshoot.

9. (a) A displacement curve is given by

@ =A%, for0<t<T
and f&+ T = f@),

where A is a constant. Draw the graph of f (t) and obtain the Fourier series expansion for

f@.
(b) Considering the point t = T/4, show that

1 1 1 n
I—-—+—=———=+.. = —.
3 5 7 4
Solution
(a) The graph of f(¢) against ¢ is shown in Fig. 7.4 (saw-tooth wave).

f(t)

A

(0] T 2T 3T
Fig. 7.4

The Fourier series for a function f(¢) with period T is given by
f@ = % + Z(an cosnt +b, sinnt)
n=1

where T = 21/o.
The Fourier coefficients a, and b, are given by

T
2
a = T’([f(t)cosno)tdt, n=0,1,2, ...

T
b, = %_([f(t)sinnmtdt, n=123,...
In the present problem
T
2 1 At
aO = T,([?dt_A
T
a, = EJ.ﬁcosnootdt=0
T o T
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T
b = 3J.ﬁsinn(ot dt=—i
n T0 T nm

Thus, the Fourier series for the function f{(¢) is

é—é sincot+lsin2cot+lsin3mt+...
2 2 3

T
®) Whent = L, frmy = 214
ent—z,f =T 44
A A A
= 2 2l ===+
and 1 9 n[ }
1 1 1 b
l1-—+——=+... = =
or, 3T 1

This series is known as Gregory’s series.

10. (a) Obtain the Fourier series of |sinx|
(b) Show that

(L) 1 + 1 + 1 +...= l
221 4°-1 6°-1 2
) 1 1 1 r 1
@ 92 1 21671 82-1 T4 2
1 1 1 n
@) e et 0t T
Solution

(a) Since |sinx| is an even function of x, we get Fourier cosine series. We see that

27[
a, = ;}[smxdx——
T
a, = 2J‘sinxcosxdx
i
4 .
_— when n is even
a, = n( 2—1)
0 when n is odd
b, =0
Thus,
. 2 4 cos2x+cos4x+c056x+
lsinx| = e PRI |

(b) (i) Putting x = 0, we get

1+1+1+
221 42-1 6%2-1
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(i1) Putting x = /2, we get
1 1 1 1 T 1

- + - +.. =
22-1 4°-1 6°-1 8°-1 4 2
(iii) By adding (i) and (ii) we obtain this relation.

1
11. Expand - mx (n — x) in Fourier sine series, for 0 < x < n. Hence show that

8
P S S SO
Ftsr gt T 3
Solution
For Fourier sine series, a, = 0 and

S
Il

271
;_([gnx(n — x) sin nx dx

0 if n iseven

1

— if n isodd
n

Thus, the required series is

1 . sin3x sinbx
—mx(n—x) = sinx + et ——
8 3 5
. T .
Putting x = o We obtain
lmm 11 1
8 22 Tt T
or ﬁ — ]_ _ i.{.i_i
> 32 - 33 53 73

1 . . . ..
12. Expand E(n—x) sin x in a cosine series in the range 0 < x < T.

Solution
T
EJ.%(TC —x)sinxdx=1

T
0

Here a,

271
= —|=\TT— i dx =
a, n-([2( x) sin x cos nx dx

when n #1

¥
21 . 1
= —|=(mr—x)sin x cos x dx =—
% n!Z( ) 4

The required series is

1 1 cos2x cos3x cosdx
Sto-cosx — — - - -
2 4 29-1 3“-1 4°“-1
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13. The Fourier series for the function f(x) in the interval [-L, L] is given by

a c nmx . nmx
(x) = -2+ (a cos —— +b,_sin——
fo) = G 2\ o cos T+ busin
where f(t) is continuous at t = x. The Fourier coefficients are given by

L
a = %_J;{f(t)COSnTntdt, n=0, 1, 27

L
b, = %J-f(t)sinn%tdt, n=1, 2, 3,...
-L
. . . nn n . .

By taking the limit L — «< with 7 = and 7= Aw, obtain the Fourier integral

equation
_ i I —iox T iwt
CER= __[ e dw_j F(t)ei®ds.
Solution

For the Fourier series in the interval [-L, L], we have

L o L
1 1 nmx nmnt
f(x) = ij;f(t)dt+znz_;cos T-‘;f(t) COSTdt
1 T ¢
+ Z;sin %_J;f(t)sin%dt
1 ¢ 1< f n
n
= 5 j f(t)dt+zz_: j f(#)cos [T(t—x)} dt.
-L n=1 _p,
. . nm T
We now let the parameter L approach infinity. Also, we set 7" m,z= Aw.

Thus we have

flx) - %; Am__[cf (t) cos[m(t - x)] dt.

Note that the term corresponding to a, has vanished, assuming that J- f(¢) dt exists.

Replacing the infinite sum by integration over m, from 0 to o, we have

fx)

%j do j £(t)cos[o(t - x)]dt

% ]:dm Tf(t) cos{w(t — x)]dt
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Since cos[ow (¢ — x)] is an even function of .
1T T
Now, %J‘dm.“ f(t)sm[m(t - x)]dt =0.

Adding the first equation to i times the second equation, we get

_ L T T io(t-x)
fx) = 2n_jdm _j £t dt
or flx) = 1 xdo)e’im” jf f(t)e'™ dt. .(7.27)
2n o s

In many physical problems, ® corresponds to the angular frequency. We thus interpret
Eqn. (7.27) as representation of f(x) in terms of a distribution of infinitely long sinusoidal
wave trains of angular frequency .

Note: Dirac delta function is given by

oc

_ _ L io(t-x)
8t —x) = o J.e do.

—oc

This equation may be used to evaluate the right hand side of Eqn. (7.27):
RHS. = [f(e)3(t-x)dt=f(x)

14. Find the Fourier transform of the function
flx) 1 for |x| < 1,
fix) = 0 for |x| > 1,

Solution
This is an even function of x [Fig. 7.5]
Thus, we may find the Fourier cosine transform of f (x)

f(x)

A

_t_______.
a——_——
v
>

0

Fig. 7.5

2 h 2 sin®
g(w) = \/;_([f(t)cosmtdt=\/; -
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15. By taking inverse Fourier transform of g,(®) of problem 14 show that

oc

J‘siny dy -
0

T
y 2’
Solution
The inverse Fourier transform of g, (o) is

oc

£ = 2 [ 2.(@)cos ax do -2 [ SR04,
T
0

n ®
0
Atx=i1,fc<x>=l=21wdw
2 T w
0

 sin 20 T
do = —.
or, J' - ® .

0

oc

sin
With 20 = y, we get J. yydy E.
0

16. (a) Find the Fourier transform of the triangular pulse

a(I-alx|) for |x|<l

a

flx) = ;
0 for |x|>—

a

where a > 0.
(b) By taking the Fourier inverse transform show that, in the limit a — o,

1 [ ik
8 = - j e * P,

So defined, & (x) is called the Dirac delta function.
Solution
(a) flx) is an even function of x [Fig.7.6].

f(x)

A

o=
o=

Fig. 7.6
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1/a
2 Ja(l - ax) cos ax dx

T
0

2a2 . 2( () j
—2$1n — |
V 2a

1
(b) Area of the triangle in Fig.7.6 is —xa=1.

g.(w)

3l

As a — o, f(x) = 8(x), and

sin(wj
21 1
gl = 5o 200

T 2

By taking Fourier inverse transform, we get

1
Ven

In the time a — o, this equation becomes

fl) =

]ig(m)e_i“‘xdm.

1

=]

oc

— —iox _i T —ikx
S(x) = e g = znje dk.

This is an integral representation of the &-function.

17. Find the Fourier transform of signal

Acoswgt for |t|<T

Fo = { 0 for |¢|>T

Solution
Since [ (t) is even, we use Fourier cosine transform

5T
1/— _[A cos Wt cos ot dt
n
0

A l:sin(ooo -o)T . sin(og +o)T

Var

18. Find the Fourier transform of finite wave train

g.(w)

Wy —® 0y + O

sinwyt  for |t < N
®g

fe) =
0 for |¢] > Nr
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Solution

. . . N Nn .
The function f(¢) represents a sine wave for the time t = ———to ¢t = + — or, total time
o @

=N E (waves of N cycles). Since f(¢) is odd, we use Fourier sine transform,

®o
Nr/w,
f2 . .
— J‘smwot sin ot dt
T
0

1 [sm[Nn 0, — /u)o] sm[Nn 0y +® /mo]

g,(®)

2n Wy — O 0, + O

...(7.28)

19. (a) Discuss the nature of the frequency pulse g(w) of problem 18 when w, is large.
(b) Show that the spread in frequency of wave pulse g(w) may be given by Aw = w,/N.
(c) Obtain the relation AE -At = h for our waves, where AE = uncertainty in the energy of the
pulse and At = uncertainty in time.

Solution

(@) For large w, only the first term of Eqn. (7.28) will be of any importance when
® = . This is shown in Fig. 7.7.

gs (@)
A 1 Nr
J2 LA )
Yo
©+
/N / N\ 9

N \/ oN 4
Fig. 7.7

Note that this is the amplitude curve for the single slit diffraction pattern. There are
zeroes at

Wy—0 A
Doz0_A0 _ 41,2 13 e,
(1)0 0)0 N N N
where A® = w)— O.

(b) From Fig. 7.7 we find that the value of g (w) outside the central maximum is small.
We may take

®¢

A =
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as a good measure of the spread in frequency of the wave pulse. If IV is large [a long pulse],
the frequency spread = Aw is very small. If N is small, the frequency distribution is wide.

(c) For an electromagnetic wave, E = h®w or, AE = hAw, where AE represents the

uncertainty in the energy of the pulse. There is also uncertainty in the time. A cycle of the
wave requires a time 2m/o, to pass through a point. Thus, the wave of N cycles requires a
time N2n/w, to pass through a point. We may take

A= N2
ol
Then, the product AEA¢ is of the order
0 2n
- h—2.N=—=2nh=h.
Ao At = N ®g

20. In a resonant cavity, an electromagnetic oscillation with angular frequency o, is
given by
_Oct
f@® Ae 20 o710 t5 0
and f@) = 0, fort < 0.

Find the frequency distribution |g(®)|? of the electromagnetic oscillation. Show schematically
on a diagram how |g(®)|? vs ® behaves as O is increased from small values to very high
values.

Solution

We have
[0} Ot

go) = — _[A e 2 oTiv0tpivt gy
0

Jar

o
A 20
\/ﬁ (0)0

2
2
29) +(0g - ©)
A% L
21 (o, )2 2
(23] +(wg - o)

202
2 . 214—9 oc 92
|g(®)|? has a peak at ® = ®, and the peak value is o’ .

The value of ® at which |g(w)|2 becomes half of its peak value is given by

—i(0g -~ )

and EOIE

A® 1 A%
21 (oo )2 0T
0 0
e R O )
(92 +(@0-0)
or ® = wyx 0
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Thus Ao = Full width of the frequency distribution curve at half maximum = /6
[Fig. 7.8].
lg (@)

A

Ao
0,> 0,

A /~e1

)
Fig. 7.8
For small 6 (damping of the electromagnetic wave is large), the value of the peak of the
frequency distribution is small and Aw is large. As 0 increases (damping of the electromagnetic

wave decreases), the peak value increases and Am decreases i.e., the frequency distribution
curve becomes more peaked and sharper.

21. If f (x) vanishes as x — + o show that the Fourier transform of the derivative of f (x)

d
(i.e. af(x)) is given by — ing (o).

Solution

The Fourier transform of the derivative —f (x) is

dx

+oc

g0 = = [ L pedx

Vor J dx
= i | :
. - iox g
o L gy m] f(x)e™ dx

Jar

- iog(w),
since f(x) vanishes as x — * o.

Note: The transform of the derivative is (—i®) times the transform of the original function.
This may be generalized to the nth derivative to yield the result

g, = (i) g (o),

provided all the integrated parts vanish as x — + o<,
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22. Derive Parseval’s relation
+oc to<
[Fe*(@ar = [Fo)6*(0)do

where F (®) and G (®w) are Fourier transforms of f (t) and g (t) respectively.

Solution
We have
Foc
F(w) = _J;_ If(t)eiwtdt,
fis
17
and G(w) = Fjg(t)elmtdt.
T
17 :
Hence, gt) = T jG(m)e"wtdm,
T
17 :
and g*@) = FIG*(m)emdm'
T
Thus,
+oc 1 Hoc foc foc . ‘
Jf(t)g*(t)dt = %J. j J.F(m)e_’“’tde*(x)e”tdx dt

+oc 4oc +oc
1 it(x—
- %I [F(0)6*(x)do dx [t
+oc foc
= | [F0)6*(x)d(x-0)do dx

—oc —oc

= TF(O))G *(0) do
In the special case when g (¢) = f(¢), v_vo; obtain
Tf*(t) f()dt = TF* (0)F (o) do.
23. For one-dimensional wave function  (x), the momentum function g (p) is defined by

Foc
1 —imx
g(p) = % J.W(x)e /n dx

[Technically we have employed the inverse Fourier transform].
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Derive the Parseval’s relation

+ﬁg*(p)g(p)olp = v () (@) ax

Solution
We have

4oc 4oc 4oc

1 J‘IIW*(x)eipx/hdxw(x/)e—ipx//hdx/dp

_£g*(p)g<p)dp - 5

= T\p *(x) v (x)dx.

Thus, if function y (x) is normalised, then so is g(p) and vice versa.

SUPPLEMENTARY PROBLEMS

1. Let f (x) = x for -t < x < wand f(x + 2n) = f(x).
Draw the graph of f(x) and obtain the Fourier series for f(x). Considering the point
v
x=g show that

11 1 n
l-—4=—Z4.. = —
35 7 4

2. (a) Obtain the Fourier series of the function (square wave)

£ 0 for —w<x<0
YT 1 for 0<x<n
and flx + 2n) = f(x)
n
(b) Considering the point x = > find the sum of the series
1—1+1—1+... .
3 5 17
3. Obtain the Fourier series expansion for the function flx) defined as follows:
—g(x+n) for -—m<x<-~
T 2
f@ =1 Zx  for -Z<x<t
T 2
—z(x—n) for T<x<n
T 2

and fx + 2m)

I
Pag
)
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T
Considering the point x = 9 show that
2
ENEUE S
1 3° 5 8

4. Show that the Fourier series corresponding to
flx) = 2x for 0 <x < 3
fix) = 0for-3<x<0
where the period is 6, is given by

3 i 6(cosnm—1) cog % _ Beosnm nm}

2 ~ n’n? 3 nw 3

5. Find the Fourier series corresponding to the function
0 for -5<x<0
fx) = {3 for 0<x<5, Period = 10.
6. Find the Fourier series corresponding to the function
f(x) = 4x, 0 < x < 10, Period = 10.
7. The Fourier series corresponding to the periodic function f(¢) with period T
[i.e., f(t + T) = f(#)] is given by

Qg

7+Z(an cos n ot +b, sin n ot)

n=1

f@ =

T
where T = Eand f(x) is continuous at x = £. Show that the Fourier coefficients a,

and b, are given by

T

a, = %I[f(t)cosnmtdt, n=0,1,2,...
o7

b, = ?_([f(t)sinnmtdt, n=1,23,....

8. A displacement curve is given by

y(t) = (1—%}4 for 0<t<T

and yi& + T) = y@).
Obtain the Fourier series expansion of y (¢).
9. A displacement curve is given by
f@) = sin ot for 0 < ¢ < T/2,
f@) = —sin ot for T/2 <t < T

2
where T = f and £t + T) = £ (0.

Give a rough sketch of the displacement curve and obtain the Fourier series expansion
for At).
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10.

11.

12.

13.

14.
15.

A square wave is defined as
f(t) — B fOI' _ £<t<£
2 2
. T T
= 0 elsewhere in the range ) to 9’

i
where 0 < o < 1 and f(¢) is periodic with period T = P Obtain the Fourier series

of the function.

1
For a periodic function f(¢) of fundamental frequency £, (i.e., f, = T where T is the

period) we have the Fourier series expansion

£@) = % + Z(an cos 2nn fot +b, sin 21n fyt),
n=1

where f(¢) is defined for the time — L< t<i(or, —Z< t <£) and fit + T) = ft).
ofy  2fo\ 0 2 2
Show that the Fourier coefficients are given by
1
2fy
. = 2f If(t)cos(2nnf0t) dt, n=0,1,2,..
1
2fy
1
2fo
and b, = 2f, Jf(t)sin(ZnnfOt) dt, n=1,23,...
1

Q
I

2fy

1
Show that for values of x between 0 and &, the function gn(n — 2x) can be expanded

in the cosine series

cos3x cosbx

COos x + 32 + 52

Find a Fourier sine series corresponding to the function
fx) = cosx, 0 <x <™.
Expand f (x) = x, 0 < x < 2 in a half range in (@) sine series (b) cosine series.
(a) Prove that for 0 < x <,
2

T cos2x cosdx cosb6x
+ +

x(m—x) = B | 12 92 32

() Show that

w1 S () g2
) Zlnz = (i) Z:, ST
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16.

17.

18.

19.

20.

21.

Show that when 0 < x <,
3 5
LTE(TC - 2.7C)(TE2 + 27‘[x—2x2) = CoOSXx+ COS4 ad COS4 X
96 3 5
1 1 -
1+—+—+.. = =
and O =

Find the Fourier cosine and sine transforms of exp (- at), ¢ > 0. By taking inverse
Fourier transform show that

COS X T _
(l)J. 2 2dw=—e ax,x>0
, O ta 2a

oc

(if) O—ZST:;C do = %e‘“ , >0
(a) Find the Fourier transform of the rectangular pulse
0 for |«>X
f@ =1L for |x|<X
2X

(b) By taking Fourier inverse transform show in the limit X — 0 that

1°¢
- —ikx
8w = - __[ e " .

By taking the Fourier transform of the differential equation
d?y
—+txy =0
dx?

obtain the differential equation satisfied by g (), and find its solution. Inverting the
transform show that

° 3
ylx) = %J;dm exp{—i(moc - %H

[The integral is known as Airy integral].

Using the definition of momentum function g(p) [see problem 23] find the momentum
function representation for the one-dimensional Schrodinger equation for harmonic
oscillator:

_#? dPy()

1
o a2t v = By

A linear quantum oscillator is its ground state has the normalised wave function

yx) = oV Vtexp (—x2/2a2).
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Show that the corresponding momentum function is
2p) = a V2V 52 exp (—a2p2/2h2).

Use the relation Texp(—ocx2 - Bx)dx = \/g exp(BZ / 40()]

—oc

22, Using the relation

“+oc
<p’> = _[g*(p)ng(p)dp,
Find < p? > in the ground state of quantum harmonic oscillator of problem 21.

23. Squaring both sides of the expression of problem 16 of supplementary problems and
integrating x from 0 to ® show that

8
1+i8+i+ _ A
3

55 77 7 161280°

T
[Hints: Jcos(Zn +1)x cos (2m +1)x dx = g 8yn |
0



Vibrations of Strings and
Membranes

8.1 TRANSVERSE VIBRATION OF A STRING FIXED AT TWO ENDS

The normal mode frequencies of transverse waves on a string of length [ which is under
tension 7" and is fixed at two ends are given by

...(8.1)

where 1 is the mass per unit length of the string. For the fundamental mode, n = 1 and
higher values of n correspond to higher harmonics (overtones).

8.2 PLUCKED STRING

A string which is fixed at both ends and is under some tension, is plucked at some point to
a small height and then released from rest. The string then executes small transverse vibration.

8.3 STRUCK STRING

A perfectly flexible string which is fixed at both ends and is under some tension, is struck
by a hammer at a point, the time of contact between the string and the hammer being very
very small. The force given by the hammer is of the nature of an impulse and it imparts
initially (¢ = 0) a velocity to the point struck but all other points have zero velocity. We
investigate the motion of the string at later times.

8.4 BOWED STRING

We study the motion of the violin string when bowed at some point. The string is fixed at
both ends and is under some tension.

Characteristics of a bowed string: For maintained vibration of the bowed string, Helmholtz
observed the following characteristics:

() The bowed point moves with the same velocity as that of the bow.
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(1) All points of the string vibrate in a plane at
any instant. The motion of any point on the string
consists of an ascent with uniform forward velocity
followed by a descent with another uniform backward
velocity. The two velocities are equal in magnitude
at the middle point of the string.

The displacement-time graph of a point on the
string can be represented as two step zig-zag straight
lines (Fig. 8.1). Here, the point under observation
moves forward with constant velocity for the time
AB =T, and moves backward with another constant
velocity for the time BC = T,. The time period of
vibration 1 = T, + T, = AC.

8.5 TRANSVERSE VIBRATION OF MEMBRANES

[ 0 [ S

C/ .
; » t
1
1
1
1
1

Fig. 8.1

A perfectly flexible thin membrane is stretched and then fixed along its entire boundary in
the xy-plane. The tension T per unit length caused by the stretching of the membrane is same
in all directions. The deflection u (x, y, t) for small transverse vibration of the membrane

satisfies the two-dimensional wave equation

0%u
22 2y ...(8.2)
ot
02 92
where v = /T/6,6 being mass per unit area of the membrane and V2 = a—2+a—2
X y

SOLVED PROBLEMS

1. Derive the formula given in Eqn. (8.1).
Solution
Since the string is fixed at its ends, each
end must be stationary and therefore nodes are
produced at the two ends. Again, the string must
be an integral number of half-wavelengths in
length (Fig. 8.2):

l:nk—", n=1,2,3, ..
2

where A is the wavelength of the nth normal
mode.

The frequency of the nth mode is

v 1%
n = T
A

n [T
20\ n

where v = /T/p 1is the velocity of propagation of transverse wave along the string.
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2. A string of length | = 0.5 m and mass per unit length 0.01 kgm™! has a fundamental
frequency of 250 Hz. What is the tension in the string?

Solution
We have
1 |T
vV = — |—
20\ n
or T = 412v2p =4 x (0.5)2 (250)2 x 0.01
= 625 N.

3. Two wires of radii r and 2r respectively are welded together end to end. This combination
is used as a sonometer wire kept under tension T. The welded point is midway between the
two bridges. What would be the ratio of the number of loops formed in the wires such that
the joint is a node when stationary vibrations are set up in the wires. (LI.T. 1976)

Solution
Let n, and n, be the number of loops formed in the wires of radii » and 2r respectively.

Then
v, = LR landvzzn—Q 1
20\ 20 Vg

Since the welded wire is continuous, v, = v, and

oo {Mrg
TC

ny Uy (2r)? x1xp 2

where p = density of the material of the wires.

4. A metal wire of diameter 1 mm is held on two knife edges separated by a distance of
50 cm. The tension in the wire is 100 N. The wire vibrating with its fundamental frequency
and a vibrating tuning fork together produce 5 beats/sec. The tension in the wire is then
reduced to 81 N. When the two are excited, beats are heard at the same rate. Calculate (i) the
frequency of the fork and (ii) the density of the material of wire. (LLI.T. 1980)

Solution
Let the frequency of the tuning fork be n. When tension in the wire is 100 N, the
fundamental frequency of the wire is n + 5, and when 7' = 81 N, the fundamental frequency
of the wire is n — 5, so that 5 beats/sec are produced in both the cases. Thus,
PP
2x05\ n Ju

pos o L _[B1_9
Co2x05\n fu

On solving these two equations, we get
n = 95 Hz, p = 0.01 kg/m.
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Now, p = Density of the material of wire
noo 0.01
w2 xl -3\?
nx(05x107°)

12732.4 kg/m3.

5. A string 25 cm long and having a mass of 2.5 g is under tension. A pipe closed at one
end is 40 cm long. When the string is vibrating in its first overtone and the air in the pipe
in its fundamental frequency, 8 beats per second are heard. It is observed that decreasing the

tension in the string decreases the beat frequency. If the speed of sound in air is 320 m/s, find
the tension in the string. (LI.T. 1982)

Solution
The fundamental frequency of the closed pipe is

v = 2=520 900 He.
41 4%04

The frequency of the vibrating string is 208 Hz so that with decrease in tension of the
string the frequency of the string decreases and the beat frequency also decreases.

The first overtone of the string is

208 = = |L
21\ u
or T = 208 x 208 x [?
= 208 x 208 x 12 x (m/l)
where [l =25cm=025m
and m = 25 g =25 x 1072 kg.
Thus, T = 27.04 N.

6. A sonometer wire fixed at one end has a solid mass M hanging from its other end to
produce tension in it. It is found that a 70 cm length of the wire produces a certain fundamental
frequency when plucked. When the same mass M is hanging in water, completely submerged
in it, it is found that the length of the wire has to be changed by 5 cm in order that it will
produce the same fundamental frequency. Calculate the density of the material of the mass
M hanging from the wire. (I.I.T 1972)

Solution
The fundamental frequency of the sonometer wire is

o L[T_ 1 [Mg
Co20\p 2x70\ p

When M is submerged in water completely, the tension in the wire decreases to
[M - M/p] g, where p is the density of the material of the mass M. The frequency remains
the same for a length of 65 ¢cm. Hence,

1 |[M-M)plg
2% 65 m
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From these two equations, we have

i (&)
M-M/p (65
or p =7.26 g/lem3 = 7.26 x 103 kg/m?.

7. A steel wire of length 1 m, mass 0.1 kg and uniform cross sectional area 106 m? is
rigidly fixed at both ends. The temperature of the wire is lowered by 20°C. If transverse waves
are set up by plucking the string in the middle, calculate the frequency of the fundamental
mode of vibration.

Young’s modulus of steel = 2 x 10’1 N/m?,

Coefficient of linear expansion of steel = 1.21 x 10°/°C. (I.IT. 1984)

Solution
Change in length dI of the wire when the temperature is lowered by 20°C is

dl =l xax20=1x121x 105 x 20
= 242 x 104 m.
Now, Y = A
dijl
or = YA dl/l =2 x 1011 x 106 x 2.42 x 10
= 48.4 N.
The fundamental frequency is 1
- L 2:1[—48'4}2 ~11Hz.
201\p 2|01

8. If y be the displacement at x of an elementary segment dx of a uniform string under
tension T at any instant, then show that the kinetic energy (K.E.) and potential energy (P.E.)
of the element at that instant are given by

2
KE. = iu(a—y) Sx

2" \ ot
1,.(oyY
PE = =T (—yj ox
2 \ox
where 1 is the mass per unit length of the string. ds 5
Y
Solution
The mass of the element d0x is udx and the velocity is
dy .1 ( dy )2 s
= ineti —udx| =— | . %
P Thus, the kinetic energy is 2“ o Fig. 8.3

Let 3S be the element in the displaced position
(Fig. 8.3). The work done against the tension 7" when the
element is stretched is the potential energy of the element.

Since, (8S)2 = (&x)% + (8y)?,

58 = &[M[%ﬂ

1/2
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1( )
~ 8x[1+§(a—y) }in the limit éx — 0.

X

)
We assume that the y-displacement of the string is small so that (—y) is small.

0x
1,.(0y 2
= =T|==| &«
Thus, P.E. 5 (ax)

Here, we neglect the increase in tension of the string when it is stretched.

9. If a wave of the form y = f (w) with u = x — vt moves along the string under tension
T with velocity v, show that the instantaneous power passing any position x is given by

P = uT [f WP

Solution

At any position and time, the kinetic energy density (K.E. per unit length of the string)

_ L) 1 a_ya_uf_; 2f (a2
2“(315) _2“(au ) =)

1 0272
= ST @)
1. () 1
The potential energy density = ET(%) =§T[ f' (u)]2

Total energy density = E, = T[f'(w)]2.
Since the wave moves with velocity v, the instantaneous power passing any position x is
P = vE, = vT [f'(w)]?
10. Using the following general expression for the power that passes any position x along
the string
P = FV,
oy

where F =y — component of the force = -T W

V = the transverse velocity = 8_31‘}’
and the general form of the travelling wave

y = flx — vt) = flu) with u = x — vt,

show that
(i) §=\/H_T i) P = vT [f @)l
Solution
We have, g—i; = f’(u) and %=—Uf’(u).
Thus % = % = JM_T
and FV = P =T [f' W)
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[Note : The ratio F/V = JuT is called the wave impedance or, the characteristic

impedance (z) of a transverse wave on the string. This expression is analogous with the
electrical impedance = voltage/current, while electric power = voltage x current. Voltage and
current are the electrical analogous of the mechanical force and displacement velocity.]

11. Show that the mean power required to maintain a travelling wave of amplitude A
and angular frequency ® on a long string is

1 1

P = ZwA’0? ==z2A%0%,
2 2

where 1 is the mass per unit length of the string, v is the speed of transverse waves on the

string and z (= JUT' ) is the characteristic impedance of the string for transverse waves.
Solution

For the displacement of the string let us take

y = A sin (kx — ot) = A sin ku = flu).
where u = x — vt.
The instantaneous power passing any position is

P = vT[f(w)? = vT A2 k2 cos? ku.

1
Since the average value of cos? ku is 5 the average power is
P = %vTAzk2 =%uvA2 2 =%ZA2(02.

12. A long string of mass per unit length 0.1 kgm™! is stretched to a tension of 250 N.
Find the speed of transverse waves on the string and the mean power required to maintain
a travelling wave of amplitude 5mm and wavelength 0.5 m.

Solution
v = JT/u=50ms"

2
2
Mean power = %MUA%F =%><0.1>< 50><(5x10—3) X(2n0>< 50) = 2467 W.
13. Consider the motion of the transverse K
waves on a long string consisting of two parts.
The left part has a linear mass density 1, and " T

the right part a different linear mass density n,
with both parts under the same tension T Fig. 8.4

For convenience, we place the x-origin at
the discontinuity. Suppose that a source of
sinusoidal waves on the negative x-axis is sending
waves toward the discontinuity and that the
waves continue past it are absorbed with no
reflection by a distant sink. Find the power o > X
reflection and transmission coefficients at the
point of discontinuity.

— —

Fig. 8.4
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Solution
There are two independent boundary conditions at the point of discontinuity where the
two strings are joined;
(i) Continuity of the displacement of the string:
Yieft = Yright At X = 0 for all times.

(otherwise they would not be joined together)

(i) Continuity of the transverse force in the string: If the force is not continuous at the
boundary, an infinitesimal mass therefore would be subject to a finite force, resulting in an
infinite acceleration, which is not possible. Thus, we have

0
- B_y I 4 at x = 0 for all times,
O | 1oft ox right
0
or, 4 = a_y at x = 0 for all times,
0% |jefe OX | right

Let us take the incident wave coming from the left to be the real part of
y; = Ay exp [i(kx — 0t)], < <x < 0.

which has the amplitude A, and the velocity v, = w/k, = T /p,.

The wave transmitted past the discontinuity is assumed to be the real part of
y, = A, exp [i(k,x — 0t)], 0 < x < o,

which has the amplitude A, and the velocity v, = w/k,= /T/u,.

Both the waves must necessarily have the same frequency.

There must exist a third wave that is reflected from the boundary. We assume that the
reflected wave travelling to the left is the real part of

y; = By exp [i(-kx — 0t)], —< < x <0,

which is moving towards the negative direction. The reflected wave has the amplitude B, and
the wave number &, which is appropriate to the string on the left side of the boundary.

The boundary conditions (i) and (ii) now give

A+ B, = A,

TGk, A) + TGk,B)) = -T(ik,A,)
From these two equations, we get
ki + ko
and B, = ks o
ki + ko
Thus, we have
. . . B, ki -k
Amplitude reflection coefficient = R = —=——=,
A ki t+ky
Ay 2k

Amplitude transmission coefficient= T = 4 hah
1 R TRy
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The characteristic impedances of the two parts of the string are:
zp = 1oy = Ty
2y = By = Thy

and the wave numbers &, and k, are given by

k, = 0 _ 0z
nu T
k, = L _9z
vy T
Thus, we get R = ZI_ZQ—M_“MZ

@ zl+z2_\/ﬁ+@

oo 2 AN
@ 21+ 29 \/E+\/E

We find that both R and T, are real. If pn; > n,, R, is positive which implies that the
reflected wave has the same phase as the incident wave. If p;< p,, R, is negative showing
that the reflected and incident waves are 180° out of phase. T, is always positive showing
that the transmitted wave has the same phase as the incident wave.

Next, we define the power reflection coefficient R, and power transmission coefficient

1
T,. The power carried by a travelling wave is Epvszz. Thus, we may define

1
5”1010)2312
Power reflection coefficient = R = ——
p 1 2 42
2M101(0 1
2 2
- B _[azm ..(83)
A7 21+ 2y
U007 A7
Power transmission coefficient = Tp =
S0 Af
_ H2U2A22 _ 4z,2y (8.4)
- 2 - 2 . cee .
K01 44 (21 +2)

We see that R + T, = 1, showing that the incident power equals the reflected power
plus the transmitted power. Since R and 7' depend only on the properties of the string and
not on the frequency and amplitude of the waves, the expressions (8.3) and (8.4) must hold
for waves of arbitrary shape.
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14. A perfectly elastic string of length | which is under tension T and is fixed at both
ends, has the linear mass density (i.e., mass per unit length) u. The string is given initial
deflection and initial velocity at its various points and is released at time t = 0. The string
executes small transverse vibrations. The initial deflection and the initial velocity of the string
at any point x are denoted by h (x) and V (x) respectively. Find the different normal modes
of vibrations and the deflection of the string at any point x and at any time t > 0.

Solution

We have to solve the wave equation
Py 5%

- 29y (85
YCRE (8.5)

with v = T/u

under the following boundary conditions:

@) 0,8 =0 ...(8.6)

@) yiI,t) =0 ...(8.7)

Gii) y(x, 0) = h(x) ...(8.8)
dy

(iv) % . Vix) ...(8.9)

) |y, )] <M ...(8.10)

where M is a fixed number i.e. the motion is bounded.
Solution of Eqn. (8.5) by the method of separation of variables: We assume that y (x,
t) can be written as
ylx, t) = Flx) G(t)
where F' (x) is a function of x only and G (¢) is a function of ¢ only. Substituting in Eqn. (8.5),
we get
d*G d*F
2 v G——
dt dx
1 d°G  1d°F
v’G dt*  F dx®
L.H.S. of Eqn. (8.11) is a function of ¢ only and the R.H.S of Eqn. (8.11) is a function
of x only. Since Eqn. (8.11) is true for all values of x and ¢, the two sides of Eqn. (8.11) must
be equal to a constant, independent of x and ¢. This constant should also be negative on
physical grounds, |y(x, {)|< M (i.e., the displacement is bounded). If it were a positive

F

or ...(8.11)

constant ¢, then G (¢) would be G (¢) ~ exp (% 1/1)2q t ). The positive sign in the exponential

is not allowed since it would mean growing displacement and the negative sign is not
acceptable since there is no damping force in the system. Thus, we have
1.d°%G _ 1dF
v2G dt? ~ Fdx® T
where —p? is the separation constant.
The solution for F(x) is

2

F(x) = A cos px + B sin px.
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The boundary conditions of Eqns. (8.6) and (8.7) give
A = 0 and B sin pl = 0,

or pl = nm,n=1,2,3,.
or p = nn/l
For any particular n, we have
F (x) = B, sin(nmx/l).

For different values of n we obtain different solutions. In fact there are infinitely many
solutions. For a particular n, the differential equation for G (¢) is

d%G,

— + G, =0

where ©, = Nmv/l.
The general solution of this equation is
G,t) = D, cos ot + E’ sin o¢t.

Thus, the displacement for the nth mode is

nmx
y, &, t) = F (x)G,() = B, sin ——(D’, cos o,t + E’ sin wt.)

l
nmx
or y, (x, t) = sin T(Dn cos ot + E, sin o) ...(8.12)
where D, =BD and E, =B, E.

We have obtained the solutions y, (x, t) of the partial differential Eqn. (8.5) satisfying
the boundary conditions (8.6), (8.7) and (8.10). The functions y, (x, ¢) are called the
eigenfunctions or characteristic functions and the values ®, = nnmv/l are called the eigen
frequencies or characteristic frequencies of the vibrating string. Each y, represents a harmonic
motion having the angular frequency o, = 2TEVn’ where

nv n [T
V. = T = il

n T ool Toar
The motion is called the nth normal mode of the string. The first normal mode (n = 1)
is known as the fundamental mode, and higher modes (n = 2, 3, 4, ...) as overtones.
Form Eqn. (8.12), we have y, (x, t) = 0 for all time when

. nmx
sin—— = 0or, ——

7 = km,

[
>
|
x>
[
o
=
»
3

or X

These are the points of the string which do not
move (nodes). For £ = 0, n we have x = 0, [ which are
the two fixed end points of the string. 0 I
When n = 1, the nodes are at x = 0, [ (Fig. 8.5). AN ’,
The fundamental frequency is N e

1 Seo _--

= —T
V17 g /u Fig. 8.5



VIBRATIONS OF STRINGS AND MEMBRANES 215

and the fundamental wavelength is

A = L=2L TN
Vl o L AN )
When n = 2, the nodes are at x = 0, //2, AN //l
[ (Fig. 8.6). The corresponding frequency and ST 3
wavelength are Fig. 8.6
vy = 2v; and A, =1 = A,/2.
1 2l PN
When n = 3, the nodes are at x = 0, —,3, o L7 D ;
[ (Fig. 8.7). The corresponding frequency and N L N
wavelength are 8 8
Fig. 8.7
vy = 3v, and 4, = g d

Equation (8.12) gives the nth normal mode solution of Eqn. (8.5) satisfying the boundary
conditions (8.6), (8.7) and (8.10). The sum of infinitely many solutions y,(x, ¢) is also a
solution. Therefore, the general solution is

oc

yx, t) = Z(Dn cosw,t+E, sinm,t)sin % ...(8.13)

n=1
The boundary condition (8.8) gives

y(x, 0) = > D, sin#:h(x)
n=1

which is the Fourier sine series of A (x). Thus, we have

I
D, = %jh(x)sin%dx, n=1,23, .. ..(8.14)
0
By applying the boundary condition (8.9), we get
dy - . nmx
Ay = ’;Enwn s1nT:V(x)
2 l nmx
or Eo = T_IV(x)sianx
g !
or E, = = [V(x)sin®Zdx, n=1,2,3,..  ..G8.15)
nmo J l

The deflection of the string at any point x and at any time ¢ is given by Eqn. (8.13)
where the coefficients D, and E, are obtained from Eqns. (8.14) and (8.15).

15. (a) A string of length | = © which is under tension T and is fixed at both ends has
mass per unit length \. The initial deflection at any point x is given by

hx) = 0.01 x(n — x).
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The initial velocity is zero at any point x. Find the deflection y(x, t) of the string at point
x and at any time t > 0.

(b) What is the ratio of the amplitudes of the fundamental mode and the next non-zero
overtone (i.e., D,/D,)?

(c) Find the ratio
D} /(D} + D} + D3 +...).
Solution

(a) The deflection y(x, #) of the string is given by

D
. nTw
D, cosw,t sin—

l

n=1

y(x, t)
9!

where D = 7Jh(x)sinnx dx
0

s
D = %2[0.01 x (- x)sinnx dx

0.04 n
= ——[(-1)" -1]
20(-1)
Thus, D, =D,=Dg=..=0.
(b) D,/Dy = 27
(¢) The deflection at time ¢ = 0 is
O
0.08 .
0.01 —x) = —————sin(2k +1)x.
x (TT— x) kZOT[(2k+1)3 ( )

Squaring this expression and integrating from 0 to T, we get
2

- (0.08)
2
j[o.mx(n—x)] dx = ZZT@(% +1)° (21 +1)°

sin(2k +1)x sin(2/ +1)x dx

X

S =

5 64 x107
or 1x 104 _ 2—6
30 7 2T[(2k +1)
5] 6
Thus, ;6 L
=(2k +1) 960
-1
D2 [}
NOW, 5 21 B = Z;G
Dl +D3 +D5 +... k:0(2k+1)
96

=
L&
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16. A perfectly elastic string of length [
which is under tension T and is fixed at both
ends, has mass per unit length \. It is plucked
at the point x = a to a height h (Fig. 8.8) and
then released from rest. The string executes
small transverse vibration. Find the different
normal modes of vibrations and the deflection
of the string at any point x at any later time. y

Solution
Initially we have triangular deflection:

X hx
For 0 <x <a, Z=—0T,y=—,
a a

h

_ (] -
ForanSl,l=l x,oryz ( x)
h -a l-a

Fig. 8.8

Thus, at time ¢ = 0, the deflection of the string is given by
xh

h(x)

We have also a_y =0
ot |¢=0

Thus, from Eqn. (8.13), we obtain

nmut . nnx
Z D,, cos sin—
n=1

y(xa t) 1 1

1
where D = %Jh(x)sin%dx
0

a l
h(l -
2] [ P gy [P g 1
l ) @ l l-a l

a

2h1? gin
2n2 l

a(l-a)n
For nth harmonic we have the vibration mode

2h1> 1 . nma . nnx nnut
—— | —gsin sin cos
n“a(l-a)ln l l l

y,(x, ) =

At the antinode of this particular mode, sin %:1 and the maximum amplitude of
vibration for the nth mode is

.. nna
2hl2 SlnT

n = n2a(l—a) n?

A
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The amplitude of higher harmonics decreases very fast due to appearance of n? in the

denominator.

l
When a = E(plucked at the mid-point of the string)

(x, 1) = 8n Lsinﬂsin X cos nmvt
i ) = 5| —rsin= z :
and
Y, t) = %[Lﬁ ot 1 3w o Smut
+ sin5—nx 5th_
2 1 1

We see that the 2nd, 4th, 6th and all the even harmonics are absent.
l

l
Ifa = 3> We see that 3rd, 6th, 9th, ..., harmonics will be absent. In general, ifa = —,
p

where p is an integer, pth, (2p)th, (3p)th, ..., harmonics will be absent in the vibrations.

17. A string of length | which is fixed at both ends is under tension T. It is plucked at
the point x = a to a height h (Fig. 8.8) and then released from rest. The string executes small

transverse vibrations.
nvZh?l

(i) Show that the initial potential energy of the string is m
a(l-a

(it) Find the total energy for the nth harmonic of the string.

(iti) Show that the total energy is the sum of the energies of the harmonics.

(iv) Show that the total energy at any instant is equal to the initial potential energy
of the string.

Solution
(i) At time ¢ = 0, the deflection of the string is given by, (see problem 16),

ﬂ for 0<x<a,

y@) = 1 la_
M for a<x<l
l-a
From problem 8, we have for the total potential energy of the string,

f 1,0y 2
Total P.E. =T|=1| d
ota _([2 (axj X

(&) o (725 o
uw?h?l
2a(l-a)’

1

[
=
S
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(i) For the nth harmonic the total energy is given by

2
E, - J‘l( Byn) (83/_;) ]dx (see problems 8 and 16)

. nnx nmut
A, s1nTcos ]

2h* 1 . nma
—————5sin—
n“a(l-a)n l

After performing the integrations, we get

where Ya

with

n

woh’’ 1 . ,nma

= =7 i
" thtzz(l—a)2 n? l

Thus, the energy of higher harmonics decreases very fast with increase in n.

(iti) The total energy of the string is given by

l 2 l 2
By Booffoy
22[(815) dx+2v -([(axj dx

where y =Zyn is the deflection of the string.

oy 2 nmU MUV . MK . MAX
Now, (g) = ZZAnAm T sin ] sin ]
. nmvt . mmnut
X Sln 1
l
l !
Since J‘sin%sin M dx = —8,1n»
0
ul dy 2d B u A2n’n? nnvt
E! a) T 4 I
l 2 222 2
.. W oy uAnnv 9 nmut
Similarly, oY -([(5) dx = Z cos” ——.
2.2 2 2
u A nvn
Thus, E = ;Z i
= Y E,
27273
. h?l
(iv) E = ”" 22

uv2hzl3 n?a(l-a)
2(12(l— a)2 21*
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[See Supplementary problem 11]
uv?hl _

Thus, E = W

18. A pertfectly flexible string of length [ and linear mass density |, which is fixed at both
ends and is under tension T, is struck by a pointed hammer at the point x = a, the time of
contact between the string and the hammer being very very small. Write the wave equation
and the proper boundary conditions of this problem of struck string. Find the deflection of the
string at any point x at a later time.

Solution
Since the string is perfectly flexible, the point, say x = a, where the hammer strikes is

not at rest, though other points are at rest initially i.e., (%) =3,20 atx=c and y, =0
(t=0)

when x # a. In this case, there is initial motion, but no initial displacement i.e., y (x, 0) = 0.
Thus, we have to solve the wave equation.

Py 1o
1y

ox? v? ot?
under the following boundary conditions:
@) y(0,6)=0
@y, t)=0
@) |y @, 0)| <M
(tv) y(x, 0) =0
W) o = ¥x) 0 (x — a)

where M is a fixed number i.e., the motion is bounded, v = ,/T/ is the velocity of propagation

of transverse wave on the string and 0 (x — a) is the Dirac delta function having the definition
Ox —a) = 0 when x # a
# 0 when x = a.
The general equation for deflection of the vibrating string satisfying the boundary
conditions (2), (it) and (iii) is [see problem 14].
O

Z (An cos

n=1

+ B, sin

nTwt ntt). nm
y(x, t) — |si -

From the condition (iv) we have
0
. nTx
y(x, 0) = ZAn sin—== 0
n=1
or, A = 0, since the above equation is true for all values of x. Thus,

. . nwt . nTk
E B, sin sin——
= l l
n=1

y(x, t)

Oy = ntw . nTk
A4 o B “Vaint®
and (atl:o = Yo = HZI n Ty sin ;
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which is nothing but Fourier sine series with coefficients

l
T 2. . nx
nTBn = l'([yosmldx

or B = —Jyo (x)d(x — a)sin% dx

Hence,

sin sin

23 =
ylx, ) = Yo(@) lemnm in" s nmt.
n

The amplitude of the nth mode of vibration is given by

24
Yo(@) lsin nra sin =~ L

w n [ [
. 1 l .
which decreases as o When a = 9 2nd, 4th, 6th, . . . harmonics are absent. When
a= é, 3rd, 6th, 9th, . . . harmonics are absent.

Note: In practice, the results for the vibration of struck string are to be modified because
of finite time of contact between the hammer and the string and also because the area under
the hammer is finite.

19. A violin string of length [ and linear mass density | is fixed at both ends and is
under tension T. The string is bowed at some point. It is observed that a point x on the string
has a constant forward velocity v, from t = 0 to t = T, and a constant backward velocity v,
(in magnitude) from t = T, to t = T where T is the period of vibration. Show that the deflection
of the string is given by

T(0+vs) = 1 . nwT, . nrv( Tl)
1) = —2 2 z— T lgp——|t-—L
y(x, t) 22 sin— = sin— 5

where v = JT/u = velocity of transverse wave along the string.

Solution ‘3:
We have to solve the wave equation
Oy _ 1% :
o v? o2 l
under the following boundary conditions: A i c / R
@) y(0,8)=0 T8 | >
@ y,)=0 i i
@) |y, | <M | |
_ Oy Uy for 0<¢<T
W o { _
-vy for Ty <t<t Fig. 8.9
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We know that the general solution for finite displacement of a string fixed at x = 0 and

x =11s

yx, t) = Z(An cos%vtﬁLBn sin%vt)sinw

l

n=1

where the boundary conditions (i), (if) and (iii) are satisfied.

The above equation can be rewritten as

where

Now,

ylx, t)

®

Y
ot

< . . nmx

(A, cosnot + B, sinnwt) sin——

n=1 !
2n 2]

¥ andt= —==—.
1 ® v

oc

. . nmx
z (-nmA, sinnot +noB, cosnot)sin——

n=1

According to the Fourier series, we have

which gives

Thus, we get

. nmx
-nw A, sin—

. nmx
no B sin——
" l

. nmx
—nwA_ sin—
n l

. nmx
nowB sin —
" l

ylx, t)

2
T

O ey A

(B_y) sin not dt,
ot

[a_y) cos not dt
ot

a N
O ) A

Ty T
2 . .
= jvl sin not dt + j(—vz)s1n n ot dt
T

0 T

ki

[

...(8.16)

2
—[—vl cosnwT; +v; + vy COSNOT — Uy COS nu)Tl]

nmwt

w[l —cosnoTy |,
nn
2|t ;
= jvl cosnwt dt + J(—vz)cos nwt dt
T

0 T,

[v; sinnwTy + v, sinnoT |
not

v + Uy .
L ZsinnoT;.
nn

oc

Z(ULU;)[(COS noT; —1)cosnwt
~ rnon

+ sin noT, sin nwt]
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oc

U1 + U2 . o noT
= Z [ s1n2Tlcos not

+2sin—— noly osw—Tlsin nu)t}
= Z —T(vl;l};).Z sin—mDT1 sin[nwt——anlj
= 2ntn 2 2

Ul +U2 - 1 - . T;
v, 8) = —sin——2Lsinnn—|t -1 | .(8.17)

z 2° l( 2

. . 1
Hence, the amplitude of the nth harmonic decreases as —;.

n

20. Derive the partial differential equation for small transverse vibrations of a thin
stretched membrane.

Solution
We make the following assumptions regarding the vibrations of the membrane:
(1) The mass of the membrane ¢ per unit area is constant.

(zi) The membrane is perfectly flexible.

(iti) The membrane is stretched and then fixed along its entire boundary in the
xy-plane. The tension T per unit length caused by stretching of the membrane is
the same at all points and in all directions.

(iv) The deflection u (x, y, t) of the membrane during its motion is small compared with
the size of the membrane, and all angles of inclination are small. The tension T
does not change appreciably during the motion.

We consider small transverse vibrations of a thin membrane. We find the forces acting

on a small portion (Fig. 8.10) whose sides are approximately equal to Ax and Ay.

The forces acting on the edges of the portion are TAx and TAy which are tangent to the
membrane. The horizontal components of the forces are obtained by multiplying the forces
by the cosines of the angles of inclination. The cosines of the angles are close to one. Hence
the horizontal components of the forces at opposite edges are approximately equal and
opposite. Thus, there will be no appreciable motion of the particles of the membrane in the
horizontal direction.

The resultant of the vertical components of the forces along the edges parallel to the
yu-plane is (Fig. 8.10).

TAy (sin  — sin o)
TAy (tan B — tan o)

u u
TAy [a—(x + Ax, y;) —g(x,yz)}

X
where y, and y, are values between y and y + Ay. Similarly, the resultant of the vertical
components of forces along the edges parallel to xu-plane is

it

u u
TAx = |:$(x17 y+Ay)_$(x27y):|
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where x; and x, are values between x and x + Ax. Hence, the equation of motion of this
portion of the membrane is

9%u Jdu Ju
(cmmh?—=ﬂw{£@+mwﬁjgmmﬂ

»c

1
i
y : TAx
i
1
1

X+AX

Fig. 8.10
Dividing by AxAy and taking the limits Ax — 0 and Ay — 0, we obtain

2u %u  9u
Froll 2 8x_2+8y_2 ...(8.18)

where v = /T/o .

Eqn. (8.18) is the two-dimensional wave equation. We may write Eqn. (8.18) in the form

0%u

g% _ 2y2
= v* Veu.

ot?

21. (a) Consider a stretched thin rectangular membrane of sides a and b which is fixed
along its entire boundary. Write the differential equation for small transverse
vibrations of the membrane with proper boundary conditions. Solve the problem
and discuss the nature of vibrations.

(b) Consider the vibrations of a square membrane for which a = b = 1 and discuss
the nature of the nodal lines.
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Solution

(a) We consider small transverse vibrations of 4
the rectangular membrane (Fig. 8.11). The initial
deflection and the initial velocity of the membrane at
any point (x, y) are denoted by f(x, y) and g (x, y)
respectively.

We have to solve the two-dimensional wave
equation

P> <

—_ _+_

2 2 2
“u 2 J“u  J°u o > x
a o |lox? 2 @

under the following boundary conditions:
(i) u = 0 on the boundary of the membrane for all ¢ > 0

@) u (x,y, 0 =fx, y)

) Ul Z g, y)
ot |t=0

@) |u @,y 0| <M
where M is a fixed number i.e., the motion is bounded.
We apply the method of separation of variables to the wave equation (8.18) and assume

ulx, y, t) = Flx, y) GQ@). ...(8.19)
Substituting Eqn. (8.19) into Eqn. (8.18), we get
2 Y 2
fhf = v? G%+G%y—ﬂ.
Dividing both sides by v? FG, we obtain
1 d*¢  1[a%F 3211

(6223

F

...(8.20)

= —=|—Ft+t—F

v’G dt? F|lox®  o°

Since L.H.S. of Eqn. (8.20) is a function of ¢ only and the R.H.S. is a function of x and

y, the two sides must be equal to a constant. This constant should also be negative which
gives solution with proper boundary conditions. Thus, we may write

1 d*G 1|9*°F  9°F
_— = | +=—|=_ p2 ...(8.21
v’G dt? Fl:ax2 ay? P (821
The equation for F is
o°F  9°F
4 L+ p2F =0 ...(8.22)
ox?  9y? P
We apply the method of separation of variables and write
F(x, y) = H(x) W(y) ...(8.23)
Substituting Eqn. (8.23) into Eqn. (8.22), we get
2 d*w
wdH _ _H - p*HW.

dx? dy 2
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Dividing both sides by HW, we obtain

1d°H _  1(d*w
H dx? W dy2

+ pZWJ ...(8.24)

Since L.H.S. is a function of x only and R.H.S. is a function of y only, the two sides must
be equal to a constant. This constant should be negative on physical grounds.

1 d’H 1(d*W
e = - — +p°W|=-q%
H di’ W[ dy? ¥ a
This gives two ordinary differential equations:
2
H
+q°H =0 ...(8.25
2 q ( )
2
and d V2V+r2W =0 ...(8.26)
dy
where r2 = p2—qg2%.

The general solutions of Eqns. (8.25) and (8.26) are
H(x) = A cos gx + B sin qx,
W(y) = C cos ry + D sin ry,

where A, B, C and D are constants. From the boundary condition (i) it follows that
F (x, y) = H(x) W(y) must be zero on the boundary. Thus, we have

H(0) = 0, Ha) = 0, W(0) = 0 and W(b) = 0.

Hence, H(0) =A = 0 and H(a) = B sin ga = 0.
We must take B # 0 since otherwise H(x) = 0 and F = 0 which corresponds to no
mn
deflection of membrane for all time. Hence sin ga = 0 or, g = Twhere m is an integer.
nm
Similarly, C = 0 and r = 7where n is an integer. Thus, the solutions are
. m . nmy
H (x) = sin and W, (y) = sin— =
withm =1, 2,...., and n = 1, 2,..... It is not necessary to consider m, n = -1, -2, ....... , because

the corresponding solutions are essentially the same as for positive m and n, except for a
factor —1. Thus the functions

. nmy
5100 ——

mmnx
F, (x,y) = H (x) W(y) = sin

withm, n =1, 2, 3,....
are solutions of Eqn. (8.22) which satisfy the boundary conditions (i) and (iv). Since
p? = g% + r?, for a particular m and n, we have
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and the differential equation for G(¢) is

d*G,,
T +v pmnGmn

which has the general solution

I
o

G,,t) = K coso t+L sino t
1/2
m? N n?
where Opp = Wy = VT |7 372

with m =1, 2, 3,..... and n =1, 2, 3,...
The deflection for a particular value of m and n is
nmy
5
The functions u,, (x, y, t) are called the eigenfunctions or characteristic functions, and

the numbers o, are called the eigenvalues or characteristic values of the vibrating membrane.
The corresponding frequency is v, = o /2m.

u, x, vt =K, £ coso t+L sino t)sin sin

The general solution of the problem is

ulx, y, t) = Z zumn X, y,

m=1n=

nmy

N~ mnx .
E E mn COS®, t+ L, sinw,,,t)sin—— sin—=. ...(8.27)
— a

From the boundary condition (i), we have

u(x, y, 0) = ZZKW sin”" Sm%= f(x,y).

This is a double Fourier series. The coefﬁc1ents K, are obtained from the generalized
Euler formula:

(x,y)sin nxsm—dxd ...(8.28)

c>'—.w~

L
K, = —b£

withm =1,2,3,....and n =1, 2, 3,.......

From the boundary condition (iii), we obtain

= Zmeannsm
£=0

The coefficients L, are obtained from the double Fourier series.

L, = ab0) j.j‘ xysm

sin 2% b —g(x, ).

smnTnydx dy ...(8.29)
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The deflection at any point (x, y) and at any time ¢ is given by Eqn. (8.27) where the
coefficients K, and L are obtained from Eqns. (8.28) and (8.29).

(b) Here @ = b = 1 and the eigenvalues are

_ 2 211/2
o, = uvn[m?+ n?

=W, .
For m # n, the corresponding functions.

F, = sin mnx sin nty and F,, = sin nnx sin mny are different. For example, o, = oy,

= v 4/5,but the corresponding two functions.

F,, = sin mx sin 2wy and F,; = sin 2my sin nx are different. Now, F,, = 0 when y = Eand
1
Fy, = 0 when x = 9 Hence, the corresponding eigenfunctions
Uy, = (K, cos vn /5t + Ly, sin vn/5;) Fi,.
Uy = (K, cos vn /5t + Ly, sin vn /5;) Fy,.
0, 1) 0, 1) (0, 1)
I
I
I
O === |
I
I
I
|
(0,0) (1,0) (0,0 1o o (Lg (.0
Uy Uiz Uz
0,1) 0,1) 0, 1)
I I I
I I I
I ] o
O3 F----- BREEEE D
| O f----------] L
: ‘ 3 I I
I I I
0,0 1 1,0 0,0 1,0 0,0 1 2 1,0
(0,0) (7. 0) (1,0) (0,0) (1,0) (0,0) (7 0) (3’0)( )
Uz Usz U4
Fig. 8.12
have the nodal lines y =9 and x = B respectively.

The nqdal 1.1nes of the eigenfunctions u,,, u,,, Uy, Uy, U;5 and ug, of the square membrane
are shown in Fig. 8.12.

Taking K, = 1 and L,, = L,, = 0, we obtain
Upy + Uy = Cos VT /5t (Fyy + Ky Fy))

which also represents a vibrational mode with frequency v, = V5 v/2.
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The nodal line of this mode of vibration is the solution
of the equation

F,, + K, F, = sin mx sin 2ny + K,,; sin 2mx sin my =0 N //K\K .
or cos my + K, cos mx = 0. L _\_\y_/: o B
The nature of the nodal lines depends on the value ,’, AR —Ky =0
of K. Nodal lines of the solution of this equation for some L ’ \‘Q/_" Koy =1
values of K,, are shown in Fig. 8.13. ’ >
0, 0) (1,0)

22. Find the deflection u(x, y, t) of the square
membrane with a =b =1 and v = 1, if the initial velocity Fig. 8.13
is zero and the initial deflection is

f(x, y) = B sin nx sin 2my.

Solution

We have from Eqns. (8.28) and (8.29)

11
K, & = 4B -”sin nx sin 2wy sin mnx sinnwy dx dy
00
B whenm=1 andn=2
~ |0 otherwise
and L, = 0.
since ®,, = /5,
u(x, y, t) = B cos /B¢ sin mx sin 2my.

23. Consider a stretched thin circular membrane of radius R, which is fixed along its
entire boundary. Write the partial differential equation in polar coordinates for small transverse

vibrations of the membrane. Find the deflection u(r, t) of the membrane when the initial
deflection and initial velocity are given by

u(r, 0) = f(r)
ou
Ulise T g(r)
Solution
The two-dimensional wave equation
o%u
Wz - v2 VZiy

takes the following form in polar coordinates.
0%u ’u 1ou 1 %
—5 =Vt ot o
ot> or® ror r°o0
We shall consider only those solutions u (r, #) of this equation which are radially
symmetric i.e., independent of 6. The wave equation then reduces to

9 2
ou = 2 l:a—qula—u}

o2 or: ror ...(8.30)
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We have to solve this equation under the following boundary conditions:
@) uR, ) =0forallt>0

@) u(r, 0) = f(r)

ou
(Ti1) o o T g(r)

@) |ulr, )| <M
where M is a fixed number i.e., the motion is bounded.
We apply the method of separation of variables to Eqn. (8.30) and assume

u(r, t) = H(r) G(@).

Substituting this equation into Eqn. (8.30) and dividing the resulting equation by v2 HG,
we get

1 d%G 1 l:dQH ldH}

Since L.H.S. is a function of ¢ only and the R.H.S. is a function of r only, the two sides
must be equal to a constant. This constant should be negative in order to give a solution with
proper boundary conditions. Thus, we have

1 d%¢ 1 {dZH 1dH} ,
=-p

v’G dt? H| dr®* rdr
The equation for H is
d2H+lﬁ 2H=0 (8.31)
dr? r dr TP - SRS

We introduce a new variable s = pr so that

dH dH ds d_H

dr | ds dr P ds
d’H d’H
and dr® P’ ds*
In the new variable s, Eqn. (8.31) becomes
d’H 1dH
g t——— + H=0
ds® s d

This is Bessel’s equation of order zero. The general solution of this equation is
H = ClJO(S) + C2Y0(S)

where ¢, and c, are two arbitrary constants and J/(s) and Y (s) are the Bessel functions of
the first and second kind of order zero. Since the deflection of the membrane is always finite,
we cannot use Y (s) as Y (s) becomes infinite when s approaches zero. Hence, we put ¢, = 0.
Clearly c, # 0 since otherwise H = 0. We may set ¢; = 1 and write

HG) = J,(pr). ...(8.32)
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On the boundary r = R we must have boundary condition (7):
ulR, t) = HR)G() = 0.
Since G = 0 would imply u = 0 for all » and ¢, we must have
H(R) = J,(pR) = 0.
Denoting the positive zeros of J (pR) by
pR = oy, 0, 0g,...

o
We obtain p = ?m, m=1,2,3,....
The first four positive zeros of J(pR) are given below:
o, = 2.405, a, = 5.520, o, = 8.654, oy = 11.792.
Hence, the functions

o
H rn=J,|2r|,m=1,2,3,..
m 0 (R )
are solutions of Eqn. (8.31) which vanish at » = R. The corresponding differential equation

for G (¢) is

|
o

a R "
which has the general solution

G,t) =a, cosw t+b, sino.tl
where 0 = Zm
" R
Therefore,
am
u, (r,t)=H, (r) G, () = (a, cos o t+b, sin ot J, (?rj ...(8.33)

with m =1, 2, 3,... are solutions of Eqn. (8.30) satisfying the boundary conditions (i), and (iv).
These are the eigenfunctions of the problem and the corresponding eigenvalues are ,,.

Nodal Lines: The nodal lines are obtained from the zeroes of H, (r).

Form =1,dJ, [%) = 0 when r = R i.e., the circular membrane is fixed at its boundary.

There is no nodal line of the membrane. All the points of the membrane move upward (or
downward) at the same time.

Qor Olor
Form =2, J [_) = 0 when —2-=¢
ol R R 1
or po Ml 24055 6 4R
o9 5.520

The circle r = o R/0, is a nodal line. When the central part of the membrane
(r < a,R/o,) moves upward, the outer part (r > o,R/o,) moves downward, and conversely.
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ogr o
For, m = 3, JO(—SJ = 0 when 2sT 0y, O

R R
or - oclR’oc2R
O3 O3
2405
_ 2P R_0928R
ot "= 8654
5520
- 2% R_064R
and "= 8654

The concentric circles r = oyR/0; and r = o, R/o, are the nodal lines.

The nodal lines of the circular membrane for the normal modes m = 1, 2, 3 are shown
in Fig. 8.14.

1]
w

m=1 m=2 m
Fig. 8.14

In general u,, (r, t) has (m — 1) nodal lines which are concentric circles of radii
o, Rlo,,, oy Rlo,....., 0o | Rla, .

Determination of the coefficients a,, and b, of Eqn. (8.33).

We use the general solution of the problem:

u(r, t) = Zum(r, t) = Z:(am cosm,,t+b,, sinw,t)Jy(o, r/R) ..(8.34)
m=1

m

From the boundary condition (i), we have
u(r, 0) = Y a,Jo(o, r/R)=f(r).

Then, a,, is the coefficient of the Fourier-Bessel series which represents f (r) in terms
of J (o, 7/R). Thus, we have

R

2

a, = ————|rf(ndy(o,r/R)dr ...(8.35)

Rsz(ocm)l o dolenr )
with m =1, 2, 3,....
From the boundary condition (ii), we have
Jdu
ot [t=0

Z ©,,b,,Jo(0t,,r/ R)=g(r).



VIBRATIONS OF STRINGS AND MEMBRANES 233

The coefficient b, is obtained in a similar way

9 R
b = —————| rg(r)Jy(o,, r/R)dr ...(8.36)
with m =1, 2, 3,...
The deflection u(r, t) at any point at any time is given by Eqn. (8.34) where the coefficients
a, and b, are obtained from Eqns. (8.35) and (8.36).

24. Find the deflection u(r, t) of the circular membrane with R = 1 and v = 1, if the
initial velocity is zero and the initial deflection is

fir) = k(1 - 1.
Solution
We have
1
2 2
a, = e, !kr(l—r )Jo(amr)dr
— 2k 2J2(0Lm)
Ji(om) o,
- 4kJ2(0Lm)
o7 (0ty, )
b, =0,
and L = O
Thus,
= Jo(o
ulr, t) = 4k M.cosocmt Jo(ot,,r).

m=1 O(‘rszl2 (am)
25. A string tied between x = 0 and x = [ vibrates in fundamental mode. The amplitude
A, tension T and mass per unit length pn are given. Find the total energy of the string.
(I.I.T. 2003)
Solution
The equation of the standing wave in the string in fundamental mode is given by
y = A sin kx cos ot

where k = Tnand A = 2[ for the fundamental mode,
2mnv T Z
w=2nv = — = —
A I\u
and v = Lz
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Total energy

(P.E.)

Again

max

w2 A%T
4]

= Total energy

26. The ends of a stretched wire of length L are fixed at x = 0 and x = L. In one

experiment the displacement of the wire is

Yy, = A sin (%)sinmt

and energy is E,. In another experiment its displacement is

. 2mx
= A sin —— sin 20t

y2 L
and energy is E,. Then
(@ E,=E, () E,=2E, (J)E,=4E, (d)E,=16E;
(I.LT. 2001)
Solution
uL PIRT 1
Y1 2 42
E. = (P.E. = — (—j dx =—uw“A“L
1 1 max 2 2'). ot max 4
u Ty’
2 242
E,=®E), .. = 5_([(?) dx =u0“A°L

Correct Choice: c.

max

27. A sonometer wire resonates with a given tuning fork forming standing waves with
five antinodes between the two bridges when a mass of 9 kg is suspended from the wire. When
this mass is replaced by a mass M, the wire resonates with the same tuning fork forming three
antinodes for the same positions of the bridges. The value of M is

(@) 25 kg (b) 5 kg (c) 12.5 kg (d) 1/25 kg.
Solution

(I.I.T. 2002)

They are two nodes at the positions of the bridges. Thus the node-antinode structure

of the string is like N AN AN AN A N A N. In this case

AL
2 5

_5

21

or, vV =

v
A

JT/u =%J9g/u-
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In the second case the node-antinode structure of the string is like N AN AN A N and

3
V= o g/

Th E9/ _ 3 / M = 25 k

us, Y g/H = 21 g/ or, = g

Correct Choice : a.

28. A massless rod is suspended by two identical ~,,,,,,/77777777777/777/7/7/7
strings AB and CD of equal length Fig. 8.15. A block of A c
mass m is suspended from point O such that BO is equal
to x. Further it is observed that the frequency of 1st har-
monic (fundamental frequency) in AB is equal to 2nd
harmonic frequency in CD. Then, length BO is

(@) L/5(b) 4L/5 (c) 3L/4 (d) L/4 (I.LT. 2006) l

Solution < o L >
Let T, and T, be tensions in two strings AB and CD s (TSI o
respectively. Then «
1 2
2 /u = o 5 /1 |__—|
m
or T, = T /4 Fig. 8.15

Taking torque about O for equilibrium, we have

T,x = Ty, (L -x)

or 4T, x = Ty (L — x)

L

or x =5
Correct Choice : a.

29. A long wire PQR is made by joining two wires PQ and QR of equal radii. PQ has
length 4.8 m and mass 0.06 kg. QR has length 2.56 m and mass 0.2 kg (Fig. 8.16)

4] Vo

Fig. 8.16

The wire PQR is under a tension of 80 N. A sinusoidal wave-pulse of amplitude 3.5 cm
is sent along the wire PQ from the end P. No power is dissipated during the propagation of
the wave-pulse. Calculate

(a) The time taken by the wave-pulse to reach the other end R of the wire.

(b) The amplitude of the reflected and transmitted wave-pulse after the incident wave-
pulse crosses the joint Q. (LI.T. 1999)

Solution
Let y = 3.5 x 102 sin(kx — wt)

_ 006 1.
M= 48 = g™
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02 1
= — = —k -1
2= 956 = 128 2™
ﬂ ﬂ —1
vy = i 1/80 = 80 ms
T, / 80 o
v, = [J— = = ms
2 s 1/128
(a) Total time = —4'8+—2'56— 0.14
a ota 1me = 80 32 = . S

(b) R, = Amplitude reflection coefficient

Reflected amplitude M1 —yHg
Incident amplitude VH1 + 4/l

FE

T, = Amplitude transmission coefficient
_ Transmitted amplitude 241y
Incident amplitude VU1 /U
= 0.60

35x102%x04=14x%x102m
35 x 102 x 0.6 =2.1x 102m

Reflected amplitude
Transmitted amplitude

SUPPLEMENTARY PROBLEMS

A wire under tension vibrates with a fundamental frequency of 512 Hz. What would
be the fundamental frequency if the wire were half as long, twice as thick and under
one-fourth the tension?

2. Steel and silver wires of the same diameter and same length are stretched with equal

tension. The densities of steel and silver are 7.8 and 10.6 g/cm? respectively. What is
the fundamental frequency of the silver wire if that of steel is 256 Hz?

3. A string has mass 2 g and length 60 cm3. What must be the tension so that when

vibrating transversely its first overtone has frequency 200 Hz?

4. A wire having a linear density of 0.05 g/cm? is stretched between two rigid supports

with a tension of 4.5 x 107 dynes. It is observed that the wire resonates at a frequency
of 420 cycles/s. The next higher frequency at which the same wire resonates is 490
cycles/s. Find the length of the wire. (ILIT. 1971)

l:Hlnts 420_— /T 490 —’”1 }
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5.

10.

11.

12.

A wire of density 9 g/cm? is stretched between two clamps 1.00 m apart while subjected
to an extension of 0.05 cm. What is the lowest frequency of transverse vibrations in
the wire? Assume Young’s modulus Y = 9 x 1019 N/m2. (I.IT. 1975)

Hints:v:i l; Y:—T/A
20\ Ap dljl

Three strings of equal length but stretched with different tensions are made to vibrate.
If the masses per unit length are in the ratio 1 : 2 : 3 and frequencies are the same,
calculate the ratio of the tensions.

Show that the dispersion relation for the normal modes of a homogeneous and flexible
string is given by
T
® = .k
u

(a) A string of length / which is under tension 7" and is fixed at both ends has mass
per unit length p. The string is given initial deflection at its various points and
is released at time ¢ = 0. It executes small transverse vibrations. The initial
deflection at any point x is denoted by A(x).

The initial velocity is zero at any point x. Find the different normal modes of
vibrations and the deflection y(x, ) of the string at any point x and at any time
t>0.

(b) Show that y (x, t) can be expressed as superposition of forward and backward
waves.

Find the deflection y(x, ¢) of the vibrating string of length / = © and mass per unit
length y, fixed at both ends and under tension 7', corresponding to zero initial velocity
and initial deflection A(x) = 0.01 sin x.

A long string of mass per unit length 0.1 kgm™! is joined to another of mass per unit
length 0.4 kgm™!. They are under the same tension of 250 N. Find the characteristic
impedances of the strings. What fraction of the power carried by the wave is transmitted
from the first string to the second?

Consider the problem 16 (vibration of a plucked string) where the deflection of the
string is given by
2r? &1 nma . nmx _ nnot

(x,t) = ——— » —sin sin cos
Y n?a(l - a) ,;nQ l l l
Hence show that

— 1 . 9nma r?a(l-a)
: —sin =

@ n;nz 1 92

SRS SN S S

(if) TtEtatT g
(a) If we write Eqn. (8.16) in the form

yx, t) = Z C,sinno(t—1) sin%

n=1
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13.

14.

15.

16.

17.

18.

then show that

. nTw (v +vy) . (nmd;
C nre 110y 1
, sin 7 o sm( - )
(b) Assuming
vy +vy)
Cn - 2n2
and nw iy
l T

show that 1 = 2 T, at x = é and the forward and backward velocities are equal in

magnitude at x = I/2.
(¢) Show that

v, _ o x
20 1
and Eqn. (8.17) can be written in the form

0

T, +vy) = 1 . nw . 2nn( Ix)
,t) = ———=— ) —sm——-smn——|{——

¥, 8 ™ L n? l T 21

Consider the problem of transverse vibration of rectangular membrane of sides a and

b. (a) How does the frequency change if the tension of the membrane is increased?

(b) Find one eigenvalue of the rectangular membrane of sides a = 2, b = 1 such that

two different eigenfunctions have the same eigenvalue.

Show that among all rectangular membranes of the same area A = a x b and the same
velocity of propagation of wave on the membrane, the square membrane has the
lowest frequency for the mode u;.

2
[Hints: W =v? le{iz + %}and o is minimum for a = VA
a

Consider a square membrane with @ = b = 1 and v = 1. If the initial velocity is zero
and the initial deflection is f (x, y) = x + y, show that the deflection u(x, y, t,) of the
membrane is given by

ulx, y, t) = %z ﬁcosn\/m2+n2t [(-D™{(-D" -1}

+ (=" {(=1)y™ —1}] sin mTx sin nTy.
A square membrane of side 10 cm is made of material of density 1 g/cm? and is under
tension 32 dyne/cm. Find the lowest frequency of vibration of the membrane.
If the tension of the circular membrane is increased how does the frequency
change?
Determine numerical values of the radii of the nodal lines of the 4th normal mode of
vibration of a circular membrane of radius unity.
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19. Find the deflection u (r, ¢) of the circular membrane with R = 1 and v = 1, if the initial

velocity is zero and the initial deflection is f (r) = 0.1 J, (o, 7).

; 172000 e -
Hints: IrJO(OQr)JO(ocmr)dr ={2 Ji(ag) .1f Oy, =0l
0 0 if (Xm * (Xz

20. A membrane having the form of a circular annulus of radii R, and R,, is fixed along

21.

22.

23.

its entire boundary at r = R, and r = R,. Show that the periods of the normal modes
of vibration are of the form 2n/(vp) where p satisfies the equation

J, (DR,)Y, (pRy) — J(pR,) Yy(pR,) = 0.

If u(x, y, t) be the deflection of a stretched membrane at any point (x, y) at any instant
t, show that the kinetic energy (K.E.) and potential energy (P.E.) of the membrane at

that instant are given by
o) o\’
3l (a) by

e

where 6 = Mass per unit area of the membrane

KE.

and T = Tension per unit length of the membrane.
[Hints: Due to deflection of the membrane, the elementary area dx dy becomes

@] A3

1/2

A circular membrane of radius 20 cm and density per unit area 1 g/cm? is stretched
to a tension of 10* dynes/cm. Compute the four lowest frequencies of vibration of the
membrane.

Two vibrating strings of the same material but lengths L and 2L have radii 2r and
r respectively. They are stretched under the same tension. Both the strings vibrate
in their fundamental modes, the one of length L with frequency v, and the other with
frequency v,

The ratio v,/v, is given by

@2 b4 ©8 @1 (I.LT. 2000)
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24.

25.

The extension in a string obeying Hooke’s law is x. The speed of sound in the stretched
string is v. If the extension in the string is increased to 1.5x, the speed of sound will
be .......... (I.LT. 1996)

[Hints: T = kx and 7" = k& x 1.5x, & = Constant]

The (x, ¥) coordinates of the corners of a square plate are (0, 0), (L, 0), (L, L), (0, L).
The edges of the plate are clamped and transverse standing waves are set up in it.
If u(x, y) denotes the displacement of the plate at the point (x, y) at some instant of
time, the possible expression (s) for u is (are) (a = positive constant)

(U) 4 COS —— COS _y (b) a S]'n _ S]'n _y
( ) L L ( ) L L ’ ( e )

[Hints: u =0 atx=0,L;, u=0aty=0,L]



The Doppler Effect

9.1 DOPPLER SHIFT

If the observer or the source or both are in motion then the observer notes an apparent
change in frequency from the actual frequency of the wave emitted by the source. This
phenomenon is called the Doppler effect and the difference between the actual and observed
frequency or wavelength is known as Doppler shift. When both the source and the observer
are in motion along the same straight line (Fig. 9.1), the moving observer will receive a wave
whose apparent frequency £, is given by

f, = 2% .(9.1)
U—Ug
Vg v,
ey
S 0
Fig. 9.1

Here, [ = Actual frequency of the wave emitted by the source through the medium
which is at rest,

v = Velocity of the wave through the medium which is at rest,
v, = Velocity of the observer (away from the source) with respect to the medium,
v, = Velocity of the source (towards the observer) with respect to the medium.

We may consider the following special cases:

(i) When the source is at rest (v, = 0) and the observer is moving away from the source,
the apparent frequency is

Yo

fo= =0 fo<t

(it) When the source is at rest (v, = 0) and the observer is moving towards the source,
the apparent frequency is
v+v
I‘; =f TO, f;) >f
(iiz) When the observer is at rest (v, = 0) and the source is moving towards the observer,
the apparent frequency is
v

fo=f—— f.>f

>
v-U,
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(iv) When the observer is at rest (v, = 0) and the source is moving away from the
observer, the apparent frequency is

1%
v+U

f. =1 ,f, <f and A, > A,

S

where the apparent wavelength A = 2 and the actual wavelength A = L.

S

When the light from a star is examined spectroscopically, it is found to contain the
spectra of common terrestrial elements, but the spectral lines are shifted towards the red end
of the spectrum. If the star is moving away from the earth, it is clear that A, > A and the
observed ‘red shift’ can be explained.

In solving numerical problems Eqn. (9.1) should be remembered. The direction of sound
is always taken as the direction from the source towards the observer. The velocity measured
in the direction of sound is taken as positive while that in the opposite direction is taken as
negative. When the observer moves toward the source, or, the source moves toward the
observer or both move toward each other, the apparent frequency increases. In the other case
when the observer moves away from the source, or the source moves away from the observer,
or, both move away from each other, the apparent frequency decreases.

SOLVED PROBLEMS

1. (@) When the source is at rest and the observer is moving towards the source, show
that the moving observer will receive a wave whose apparent frequency f, is given by

f, ="
v

where f = actual frequency of the wave emitted by the source, v = velocity of the wave through
the medium which is at rest, v, = velocity of the observer (towards the source) with respect to
the medium.

v+,

(b) What will happen when the observer is moving away from the source?

Solution

(a) The observer O is moving with velocity v, towards the stationary source S (Fig. 9.2).
The source S is emitting waves which are travelling through the medium with velocity v.

Vo

>

) S
Fig. 9.2
Then, we have v = fA, where A is the wavelength of the wave, which is the distance
between adjacent crests. If the observer were at rest he would have received f number of
crests in unit time. Since the observer is moving towards the source he will receive more
number of crests in unit time. The increase in the number of crests received by the observer
in unit time is v /A. Thus, the apparent frequency f, is
v

f=f+tempreloy

A v v

V0, (9.2)
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(b) When the observer is moving away from the source, the apparent frequency as
received by the observer is

f, = f_UTO = fl%, .(9.3)
v

2. (a) When the observer is at rest and the source is in motion towards the observer show
that the apparent frequency as received by the observer is

fo=f

(b) What is the apparent frequency when the source is moving away from a stationary
observer?

v

v—Uy

Solution

(@) When the source is at rest, the successive wave crests emitted by it are one wavelength
A apart. When the source is moving towards the observer, the distance between adjacent
crests is decreased by the distance the source travels in one cycle. The time taken in one

cycle is 7 and the distance traversed by the source in one cycle is v /f. Thus, the apparent

wavelength A_ is given by

g b v v I
o
But, since the medium in which the wave is being propagated is at rest, the wave
velocity remains unchanged, so that the frequency of the signal received by the stationary
observer is

v

LA (9.4)

Ay V-V

(b) The apparent frequency when the source is moving away from the observer is

A (9.5)
v+,
3. When the source and the observer are in motion along the same straight line as shown
in Fig. 9.1, show that the moving observer will receive a wave whose apparent frequency f,
is given by Eqn. (9.1).

Solution

When the source is moving towards the stationary observer it gives rise to a wave
whose apparent frequency f, is given by Eqn. (9.4). If we take f, to be the frequency of the
wave itself, we need not concern ourselves further with the motion of the source. The moving
observer will receive a wave whose apparent frequency £, is obtained by substituting £, for
f in the right hand side of Eqn. (9.3).

v-U, of v-v, v-v,

foo = 1,750 -1

v v-v, U V-,

4. (a) Show that if in the problem 3, v, and v, are both small compared with v, the
fractional change in frequency Af/f is given by (v, — v )/v. (b) Assuming that the result (a)
is also applicable to the Doppler effect of light, show that Af/f =v_/c or, AN\ =v /c when the
observer is at rest and v, << ¢, where c is the velocity of light.
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Solution
(a) We have from Eqn. (9.1)

fv—vo =fl—vo/v

v-U, I-v,/v

fOS

it

1 = v /o)1 + v )
fos = 1 =v/v+v/v)

Thus, foo — =4 =fovfv—v)
Hence, Aflf = (v, = v)lv ...(9.6)
(b) From Eqn. (9.6), we have
c ¢
N _fu=f ke A_ A _ MM
f f e Nos Aos A
A
Thus, C (9.7)
A c

when the observer is at rest.

5. Show that the Doppler effect is greater when the source approaches a stationary
observer than when the observer approaches the stationary source with the same velocity.

Solution

When the source approaches the stationary observer with velocity v, the apparent
frequency is

v

fi=f

v-Ug
When the observer approaches the stationary source with the velocity v, the apparent
frequency is

f, = fv+vs'
v
2
Now, f.—-f = f—=—>0.
v(v-v,)
Hence, f. > 1.

6. A police car, parked by the roadside, sounds its siren, which has a frequency f of
1000 Hz. What frequency f’ do you hear if (a) you are driving directly toward the police car
at 30 m s712 (b) you are driving away from the police car at the same speed? (c) you are at
rest and the police car is coming toward you at 30 m s12 (d) you are at rest and the police
car is going away from you at the same speed? (e) both you and the police car are driving
toward each other at 30 m s~12 (f) both you and the police car are driving away from each
other at 30 m s1?

[Velocity of sound in air is 340 m s]
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Solution
@ f =2 % = 1000 x 349*30 _ 10889 Ha
v 340
v—vU 340-30
b) f’ = o _ 1000 x 22> _ 911.8 H
©F == * T340 z
@f =f Y =1000x —*0 __ 10968 Hz.
V-, 340-30
340
d)f =f —2—=1000 x ———= 918.9 Hz.
@DF=f % 340+30 g
v+vu 340+ 30
' o o~ 1000 x 220°Y _ 11935 H
@F=f * 340-30 ?
v—U 340-30
= o — 1000 x 220"°Y _ 8378 Hy.
D=1 5 * 340+30 z

S

7. Two aeroplanes A and B are approaching each other and their velocities are
108 km/h and 144 km/h respectively. The frequency of a note emitted by A as heard by the
passengers in B is 1170 Hz. Calculate the frequency of the note heard by the passengers in
A. Velocity of sound = 350 m s,

Solution
We have

v+v

fos = —Of’
V-
where v_ = 108 km/h = M: 30 m s!
s 60 x 60
144 x 1000
=144 kmh = —>—""-40m s
Yo 60 x 60 ms
Thus, f=r, 2% = 1170 x 399730 _ 960 1y,
v+, 350+40

8. An observer on a railway platform observed that as a train passed through the station
at 108 km/h, the frequency of the whistle appeared to drop by 300 Hz. Find the frequency of
the whistle. Velocity of sound in air = 350 m s

Solution
The apparent frequency when the source is approaching the observer, is
v
fs = v-v,
The apparent frequency when the source is going away from the observer, is
, v
IS = :
v+,
, 2fvv
Thus, f,-1f = 55

v° —v;
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(fe = FIW* = vd)

o /= 2vv,
2 2
_ 300 x 390" -BO" _1oa0 ) Hy
2% 350 % 30

9. A source emitting a sinusoidal sound wave of frequency 480 Hz travels towards a wall
at a speed 15 m s71. Find the beat frequency perceived by an observer moving at a speed
10 ms™ under the following situations, if the speed of sound in air is 330 m s!:

(i) the observer is going away from the source and the wall (Fig. 9.3).

(i) the observer is travelling towards the source and the wall.
(iit) the observer is in between the wall and the source, and moving away from the wall.
(iv) the observer is in between the wall and the source, and moving towards the wall.

— — — — — - — —— _-—— — — ——— — —>
s s 0
Fig. 9.3

Solution

(i) First we consider the sound travelling directly from the source (S) to the observer
(0) [Fig. 9.3].

The frequency received by O is

fo= 2% ~ 480 x 320 _ 4452 Ha.
v+, 345

The observer will also receive the sound reflected from the wall. Suppose at any instant,
S’ is the image of S behind the wall (Fig. 9.3). The image S’ is moving at a speed 15 m s™!

towards the observer. We may consider S’ as the source of the reflected sound wave. Thus,
the frequency perceived by O due to the reflected wave is

330-10
’ = 480 x ——— = 487.6 Hz.
fos * 330-15 ‘
The beat frequency = 487.6 — 445.2 = 42.4 Hz.

(i) The frequencies perceived by O due to the waves from the source and the reflected
waves are

v+, 330+10

f =F = 480 x ——— = 473.0 Hz
o8 v+U, 330+15
, v+, 330+10
fos = fm = 480 x oo — == 518.1 Hz

The beat frequency = 518.1 — 473.0 = 45.1 Hz.
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(iii) The apparent frequencies are

fos =

f/
0s

The beat frequency = 518.1 — 487.6

(iv) The apparent frequencies are

fOS

fos =
0s

2% 5181 Hz
v—v,
= 2% _ 4876 Hz
v—v,
= 30.5 Hz
- V7% _ 4876 Ha.
v—Ug
= Y*Y% _ 5181 Hz
v—Ug

The beat frequency = 518.1 — 487.6 = 30.5 Hz.

10. A car is travelling along a road. A stationary policeman observes that the frequency
ratio of the siren of the car is 5/4 as it passes. What is the speed of the car? [Velocity of sound

in air = 333 m s]

Solution
The apparent frequency when the

f

The apparent frequency when the

car is approaching the policeman is

T

v—U,

car is going away from the policeman is

, v
fo = .
v+,
Thus, fifr= UtPs 0
v-v, 4
or v, = %:@ =37msL

11. A whistle of frequency 540 Hz moves in a

circle of radius 2.0 ft at an angular speed

of 15 rad/s. What are (a) lowest and (b) the highest frequencies heard by a listener a long
distance away at rest with respect to the centre of the circle? Velocity of sound in air

= 1125 ft/s.

Solution
The linear speed of the whistle = v, = ro =

2 x 15 = 30 ft/s.

(a) The minimum frequency is heard when the source moves away from the listener.

The lowest frequency heard by the listener is

v
F=f
v+,

1125

————— = 526 Hz.
1125+ 30

= 540 x

(b) The maximum frequency is heard when the source approaches the listener. The

highest frequency heard by the listener is
fm=r

v

s

1125

m = 554.8 Hz.

= 540 x
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12. Figure 9.4 shows a transmitter and receiver of waves contained in a single instrument.
It is used to measure the speed V of a target object (idealized as a flat plate) that is
moving directly toward the unit, by analyzing the waves reflected from it. (a) Apply Doppler
equations twice, first with the target as observer and then with the target as a source, and
show that the frequency f, of the reflected waves at the receiver is related to their source
frequency f, by
fo=f v+V
v-V
where v is the speed of the waves. (b) In many practical situations, V << v, show that, then
the above equation becomes

1

fs(l +£)

v

Fig. 9.4
Solution
(a) The frequency as received by the target (as observer) is

, v+V
=1 o
With the target as the source, the frequency received by the receiver is
, v L Uu+V
fr=1 v-V =1 v-V

(b) When v >> V, we have

”(“Z) 1% 1% 2V
f, = fsv(l—_‘:)zfs(1+;j (1+;jz fs(1+7j.

13. A sonometer wire under tension of 64 Newton vibrating in its fundamental mode is
in resonance with a vibrating tuning fork. The vibrating portion of the sonometer wire has a
length of 10 cm and a mass of one gm. The vibrating tuning fork is now moved away from
the vibrating wire with a constant speed and an observer standing near sonometer hears one
beat per second. Calculate the speed with which the tuning fork is moved, if the velocity of
sound in air is 300 m s (LLLT. 1983)

Solution
The fundamental frequency of the sonometer wire is

1T 1 65
7= 20u ~2x01\10% /01 = 400 Hz.
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Actual frequency of the vibrating tuning fork = f = 400 Hz. The apparent frequency of
the tuning fork is

U _ 399 Hz.

f=f

v+,

where v = velocity of sound in air = 300 m s~

v, = velocity of the tuning fork, which is moving away from the vibrating wire.
p = v 300
S 399 399
14. A girl is sitting near the open window of a train that is moving at a speed of
10 m/s7! to the east. The girl’s uncle stands near the tracks and watches the train move away.
The locomotive whistle vibrates at 500 Hz. (a) The air is still. What frequency does the uncle
hear? What frequency does the girl hear? (b) A wind begins to blow from the east at
10 m/s. What frequency does the uncle now hear? What frequency does the girl now hear?
[Velocity of sound in still air = 343 m s™1]

Thus, =0.75 m s L.

Solution
(a) The uncle hears the frequency

£ = v 343

=500x ——— = 485.84 Hz.
v+, 343+10
1

The girl and the engine move together with the same speed: v, = v, = 10 m s

(@) If the engine is in front of the compartment carrying the girl, she hears the frequency
f= 2% - r 2 500 Ha.
U+ U,
(i) If the girl’s compartment is in front of the engine,

F=f

V-0,

= f = 500 Hz.

v— Uy
(b) If the wind blows from the source towards the listener with a velocity v, then the
effective velocity of sound = v + v . Thus, the uncle hears the frequency

(v+vy) 500 343+10
w+v,)+v, (343+10)+10

(@) If the wind blows from the locomotive whistle towards the girl, the effective velocity
of sound = v + v_, and the girl hears the frequency.

= f — 48623 Hz.

o’
v+v,)+v,

f7=Ff = f =500 Hz.
w+v,)+v,

(i1) If the wind blows from the girl to the whistle (the girl is in front of the engine), the
effective velocity of sound = v — v . In this case also the girl hears the frequency.
(v-v,)-v,

f'=r = f = 500 Hz.

w-v,)-v,
15. Two tuning forks of frequencies 350 Hz each move relative to a stationary observer.
One fork moves away from the observer, while the other moves toward him at the same speed.
The observer hears beats of frequency 4 Hz. Find the speed of each tuning fork relative to the
stationary observer. Velocity of sound in air = 340 m s
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Solution

The apparent frequency of the tuning fork coming towards the stationary observer is

where v, = speed of the tuning fork.

The apparent frequency of the tuning fork going away from the observer is

v
fo =
2 v+,
Thus, the beat frequency is
2fvv
4= f - fy =L
T —v?

or

202 + fov, — 20% = 0.

Since v, is positive, the positive root of the above equation is

16. A train approaching a hill at

a

—fo+[f2v? +16021Y2
4
1.94 m s 1.

speed of 40 km/h sounds a whistle of frequency

580 Hz when it is at a distance of 1 km from the hill. A wind with a speed of 40 km/h is
blowing in the direction of motion of the train. Find (i) the frequency of the whistle as heard
by an observer on the hill, (it) the distance from the hill at which the echo from the hill is
heard by the driver and its frequency. [Velocity of sound in air is 1200 km/h] (I.1.T 1988)

Solution
(i) The apparent frequency is

f, =

(i) Let the driver be at O" at a distance of x km from the
hill when he hears the echo (Fig. 9.5). Time taken by the train

to reach the point O’ from O is

t

Time taken by the sound to reach the point O" from O

after reflection at the hill is

(v+v,)
w+v,) -0,
580 x 200140 _ 599 33 1,
(1200 + 40) — 40
ke x i
0 o’ S
1-x ¢ 1 km R
40 . Hill
Fig. 9.5
1 X
+
v+v, V-V,
1 X

Thus, we have

+
1200+40 1200-40
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1 1 X X
or ——— = 4
40 1240 40 1160
or x = §km = 0.935 km.

31
For finding the frequency /' as received by the driver we apply Doppler equation twice,
first with the hill as observer (f’) and then the hill as the source (see problem 12). Thus, we

have
rorr rr |: (U Ve ) Yo i|
= _—

(V=0gy)

599.33 x@: 620 Hz.
1160

17. A source of sound is moving along a circular orbit of radius 3 m with an angular
velocity of 10 rad/s. A sound detector located far away from the source is executing simple
harmonic motion along the line BD (Fig. 9.6) with an amplitude BC = CD = 6 m. The
frequency of oscillation of the detector is 5/n per second. The source is at the point A when
the detector is at the point B. If the source emits a continuous sound wave of the frequency
340 Hz find the maximum and the minimum frequencies recorded by the detector. (1.1.T. 1990)

X

Fig. 9.6

Solution

The speed of the source = v, = ro = 30 m s

Time period of the source = T _2m_ T

o 5
The time periods for the circular motion and S.H.M are the same. Thus, when the
source is at X, the detector is at C [they are moving away from each other] and the apparent
frequency is minimum. When the source is at Y, the detector is at C [they are moving toward
each other] and the apparent frequency is maximum. The velocity of the detector at C is

b, = 6 x 21y =6 x 21 x> = 60 m s,

T
Minimum frequency recorded is
fo= % 340x 33070055 g,
U+ vy 330+ 30
Maximum frequency recorded is
fo= 2% _ 340339750 _po 1y
V-V 330-30

18. An earth satellite, transmitting on a frequency f passes directly over a radio receiving
station at an altitude of 400 km and at a speed of 3.0 x 10* km/h. Find the change in
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frequency, attributable to the Doppler effect, as a function of time, counting t = 0 as the instant
the satellite is over the station. [Neglect the curvatures of the earth and of the satellite orbit]

Solution
Altitude = 400 x 10°m = 4 x 10° m.
7
Velocity of the satellite = v = 810 =i x 10> m s7L.
60x60 12

Velocity of radio signal = ¢ = 3 x 108 m s..

Suppose at time ¢ = 0 the satellite is at point A just over the radio receiving station E.
The satellite is moving with velocity v and in time ¢ it reaches the point B (Fig. 9.7). The
component of the velocity v along EB is v sin 6 moving away from E where ZAEB = 0. The
apparent frequency f’ is given by

c

fl=f———— vsin 0
c+vsinB
v . A B y
Since " < 1, we may write vt "
f = ;z f(l—gsinej
1+"sin6 ¢ E
c 2
Hence, the change in frequency is X
fu .
AN = f-f" = Tsme
vt
Since sin 0 = , 9
[(4)(105)2 +02t2]1/2
ft 1 E
Af = HZ. .
36 x103 [2304 +¢2]V/2 Fig. 9.7

19. A spectral line of wavelength 6000 A from a star is found to be shifted 1 A towards
the red. Find the velocity at which the star is receding from the earth.

Solution

AN
We have o %S [see problem 4(b)]

Thus, v, = 1 3x10°=5x10* ms.
6000

20. A motor cyclist is moving towards a stationary car which is emitting sound of
165 Hz. and a police car is chasing the motor cyclist blowing siren at frequency 176 Hz. If
the speed of police car is 22 m s~L, then the speed of motor cyclist for which the motor cyclist
hears no beats is

(a) zero (b) 11 m s (c) 22 m s~ (d) 33 m s! (I.IT. 2003)

Solution

The frequency recorded by motorcyclist from the sound of the stationary car is

+v 330+v
= Y% ¢ o x 165
v 330
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The frequency recorded by motorcyclist from the sound of the moving police car is

£ = v—vof=330—vo « 176
V- 330 —-22
For no beats, f’' = f”
Thus, 33040, , 165 = 330-Y% 176
330 308
or v, = 22m s

Correct Choice: c.

21. A siren placed at a railway platform is emitting sound of frequency 5 kHz. A
passenger sitting in a moving train A records a frequency of 5.5 kHz while the train approaches
the siren.

During his return journey in a different train B he records a frequency of 6.0 kHz while
approaching the same siren. The ratio of the velocity of train B to that of train A is

(a) 242/252 (b)) 2 (c) 5/6 (d) 11/6. (I.I.T. 2002)

Solution

v
fo = 50 = f (1+7A)

v

fo - f=f"4<05kHz.

v
£ = fv+vB _f(1+U_B)
UB
1z —f=f7=1kHZ
Thus, U—B = L=2
Vg 05

Correct Choice: b.

22. A boat is travelling in a river with a speed 10 m s! along the stream flowing with
a speed 2 m sI. From this boat a sound transmitter is lowered into the river through a
rigid support. The wavelength of the sound emitted from the transmitter inside the water is
14.45 mm.

Assume that the attenuation of sound in water and air is negligible.
(a) What will be the frequency detected by a receiver kept inside the river downstream?

(b) The transmitter and the receiver are now pulled up to air. The air is blowing with
a speed 5 m s7! in the direction opposite the river stream. Determine the frequency of the sound
detected by the receiver.

[Temperature of the air and water = 20°C,

Density of river water = 10° kg/m?

Bulk modulus of the water = 2.088 x 10° Pa

Gas constant R = 8.31 J/mol-K

Mean molecular mass of water = 28.8 x 103 kg/mol

Cp/CU for air = 1.4] (LLI.T. 2001)
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Solution
(a) Velocity of sound in still water

v - |K _|2088x10°
p 10°

1

2
} = 1.445 x 103 m s!
where K = Bulk modulus of the fluid

p = Equilibrium density of the fluid
The frequency of sound emitted from the transmitter

Vo  1445x10°
Ay 1445x1073

Here the source of sound is moving with velocity v, = 10 m s~ towards the receiver. The

receiver is at rest v, = 0. The water is flowing along the direction of sound with velocity

_ -1
v,=2ms .

:f: = 105 Hz.

(Vg + V) — Us 1445x10% +2-10
1.00696 x 105 Hz

3
P U F U _ 05 5 1445x10° +2

(b) Velocity of sound in still air

1
14x831x293]
b, = BT =[ = } = 344.03 m 57!
« = VM | 288x10

Here the source of sound moves towards stationary receiver with velocity v, =10 m s
The air is blowing opposite to the direction of sound. Hence the effective velocity of sound
in air is

344.05 — 5 = 339.05 m s7!

f Vsa “Va  _ 105 339.05
(Vgq —U,) — U4 329.03

1.03045 x 105 Hz.

23. A band playing music at frequency f is moving towards a wall at a speed v,. A
motorist is following the band with a speed v,,. If v is the speed of sound, obtain an expression
for the beat frequency heard by the motorist. (LI.T. 1997)

<
I

<
Il

=
I

Solution
The frequency directly received by the observer

frr=r

The frequency received by the observer after reflection

v+,
v+,

. v+
fre it

v—U,

Beat frequency = n = f” - f" = 2f v, 02+ Umz
v’ -

where we put v, = v, , v, = v,.
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24. Two trains A and B with speeds 20 m s and

30 m s~ respectively in the same direction on the straight
track, with B ahead of A, the engines are at the front -
ends. The engine of train A blows a long whistle.

Assume that the sound of whistle is composed of ! !
components varying in frequency from f, = 800 Hz to f, ! ! >
= 1120 Hz, as shown in Fig. 9.8. The spread in the f, f,  Frequency
frequency (highest frequency — lowest frequency) is thus Fig. 9.8
320 Hz. The speed of sound in still air is 340 m s

(i) The speed of sound of the whistle is
(A) 340 m s for passengers in A and 310 m s for passengers in B
(B) 360 m s for passengers in A and 310 m s for passengers in B
(C) 310 m s7! for passengers in A and 360 m s for passengers in B
(D) 340 m s™! for passengers in both the trains.
(it) The distribution of the sound intensity of the whistle as observed by the passengers

in train A is best represented by
2 Frequency

Intensity

»

=
Intensity

C
Intensity

| I
| I
| I

> »

»

fs fy Frequency

— = ——
—_ = ——

S
Intensity
E
Intensity

»

»

I
I
i
5 Frequ;ncy fy f, Frequ;ncy

—
—_ b ———

Fig. 9.9
(iit) The spread of frequency as observed by the passengers in train B is
(A) 310 Hz (B) 330 Hz (C) 350 Hz (D) 290 Hz. (I.IT. 2007)

Solution

(i) The speed of sound does not depend on speed of source or observer.

Correct Choice: D.

(1) Since there is no relative motion between the source and the observer, the frequency
of sound heard by the passengers in train A will be same as the original frequency of sound
emitted by the whistle of train A.

Correct Choice: A.

_ V-,
(LLL)fB fA v—v,

( f —800H)—M 800 = 775 H
fB orfA— 7) = 340_20x = Z
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340-30

fy (for f, = 1120 Hz) = ———— x 1120 = 1085 Hz

340-20

So the spread of frequency = 1085 — 775 = 310 Hz.
Correct Choice: A.

10.

SUPPLEMENTARY PROBLEMS

Show that it is possible for zero frequency to be perceived if the observer is in motion,
but not if the source is in motion and the observer is stationary.

A train approaches a railway station with a speed of 30 miles/h, continuously blowing
a whistle of frequency 300 Hz. What is the frequency apparent to a person waiting
on the platform of the station?

[Velocity of sound in air at that time = 1110 ft/s.]

An engine moves towards you with a speed of 33 m s~! blowing a whistle of frequency
900 Hz. At the same time, you are moving towards the engine in a car with an equal
speed. Calculate the apparent frequency as observed by you. [Velocity of sound in air
=333 m s7]
A train approaches a station with a velocity of 22 ft/s whistling all the time with
frequency 250 Hz. The note on reflection from the station building produces beats.
Find the frequency of the beats heard by the engine driver. [Velocity of sound in air
= 1120 ft/s]

1

A tuning fork of frequency 500 Hz approaches a wall with a velocity of 5 m st.
(a) What will be the number of beats heard by a stationary observer between the
direct and the reflected sound waves, if the velocity of sound is 330 m s! and the
tuning fork is moving away from the observer? (b) What will be the beat frequency
if the observer stands between the wall and the tuning fork?

A motor car fitted with two sounding horns, which have a difference in frequency by
300 Hz, is moving at a speed of 48 km/h towards a stationary person. Calculate the
difference in the frequencies of notes heard by the person. Velocity of sound in air is
330 m sL.

Two cars pass each other in opposite directions, one of them blowing its horn, the
frequency of the note emitted being 480 Hz. Calculate the frequencies heard on the
other car before and after they have passed each other. The velocity of either car is
72 km/h and the velocity of sound is 320 m s1.

A train approaches a railway station with a speed of 90 miles/h. A sharp blast is
blown with the whistle of the engine at intervals of one second. Find the interval
between the successive blasts as heard by a person on the platform of the station.
[Velocity of sound in air = 1120 ft/s.]

Calculate the percentage difference between the frequency of a note emitted by the
whistle of a train approaching an observer with a velocity of 60 miles/h and that
heard by the observer. [Velocity of sound in air = 1120 ft/s.]

The 15000 Hz whine of the turbines in the jet engines of an aircraft moving with
speed 200 m s ! is heard at what frequency by the pilot of a second craft trying to
overtake the first at a speed of 250 m s~1? Velocity of sound in air = 340 m s~ L.
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11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

An ambulance emitting a whine at 1500 Hz overtakes and passes a cyclist pedaling
a bike at 10 ft/s. After being passed, the cyclist hears a frequency of 1490 Hz. How
fast is the ambulance moving? [Velocity of sound in air = 1120 ft/s.]

A person in a train and another person near the rail track blow trumpets of same
frequency 440 Hz. If there are 4 beats/s as they approach each other, what is the
speed of the train? Velocity of sound in air = 1120 ft/s.

A submarine moving north with a speed of 75 km/h with respect to the ocean floor
emits a sonar signal (sound wave in water) of frequency 1000 Hz. If the ocean at the
point has a current moving north at 15 km/h relative to the land, what frequency is
observed by a ship north to the submarine that does not have its engine running?
Sonar waves travel at 5470 km/h.

An acoustic burglar alarm consists of a source emitting waves of frequency 20 kHz.
What will be the beat frequency of waves reflected from an intruder walking at

0.9 m s7! directly away from the alarm? Velocity of sound = 340 m s!.

Two trains are travelling toward each other at 100 ft/s relative to the ground. One
train is blowing a whistle at 480 Hz. (a) What frequency will be heard on the other
train in still air? (b) What frequency will be heard on the other train if the wind
is blowing at 100 ft/s toward the whistle and away from the listener? (¢) What
frequency will be heard if the wind direction is reversed? [Velocity of sound in still
air = 1125 ft/s]

A source of sound of frequency 256 Hz is moving rapidly towards a wall with a
velocity of 5 m s™!. How may beats per second will be heard if sound travels at a speed
of 330 m s71? (ILT. 1981)

The calcium lines in the spectrum of light from a distant galaxy are found to occur
at longer wavelengths than those for terrestrial light sources containing calcium. The
measurements indicate that this galaxy is receding from us at 2.2 x 10* km/s. Calculate
the fractional shift in wavelengths (AMA) of the calcium lines.

Could you go through a red light fast enough to have it appear green? Take 630 nm
as the wavelength of red light and 540 nm as the wavelength of green light.

A whistle emitting a sound of frequency 440 Hz is tied to a string of 1.5 m length and
rotated with an angular velocity of 20 rad.s™! in the horizontal plane. Calculate the
range of frequencies heard by an observer stationed at a large distance from the
whistle. Speed of sound in air = 330 m s (I.I.T. 1996)

Certain characteristic wavelengths in the light from a galaxy are observed to be increased
in wavelength, as compared with terrestrial sources, by about 0.4%. What is the radial
speed of this galaxy with respect to the earth? Is it approaching or receding?

A train moves towards a stationary observer with speed 34 m s~!. The train sounds
a whistle and its frequency registered by the observer is f]. If the train’s speed is
reduced to 17 m s7!, the frequency registered is fy5- If the speed of sound is
340 m s7!, then the ratio f,/f,, is

19

o @ L B 22 LLT. 2000
(a) ®) 5 ()19 @ g (ILT. )

A Dbus is moving towards a huge wall with a velocity of 5 m s™1. The driver sounds a
horn of frequency 200 Hz. The frequency of the beats heard by a passenger of the bus
will be .............. Hz. (ILLT. 1994)
A whistling train approaches a junction. An observer standing at the junction observes

the frequency to be 2.2 kHz. and 1.8 kHz of the approaching and the receding train.
Find the speed of the train (speed of sound = 300 m s1). (I.IT. 2005)
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10.1 REVERBERATION

If a loud sound wave is produced in an ordinary room with good reflecting walls, the wave
undergoes a large number of reflections at the walls. The repeated reflections produce
persistence of sound—this phenomenon is called reverberation. In an auditorium or classroom
excessive reverberation is not desirable. However, some reverberation is necessary in a concert
hall.

10.2 TIME OF REVERBERATION

It is the time required by the energy density to fall to the minimum audibility value (E) from
an initial steady value 10°E (i.e. million times minimum audibility) when the source of the
sound wave is removed. The optimum time of reverberation is about 0.5 s for a medium sized
room, 0.8 s to 1.5 s for an auditorium, 1 s to 2 s for a music room and greater than 2 s for
a temple.

10.3 SABINE’S LAW

From a large number of experiments Sabine has given the following equation for the time
of reverberation (7):

\%4

T =K —

a
where K is a constant, V is the volume of the enclosure and a is the total absorption power
of all surfaces. The latter is measured in unit Sabin. Again, ¢ = Sa, where S is the total
surface area in sq. ft. and g is the mean absorption coefficient. The absorption coefficient
is the fraction of the energy absorbed to the energy incident on the surface. For an open
window, absorption coefficient = 1. For marble, the absorption coefficient is found to be 0.01
i.e. it absorbs only 1% of the sound energy at each incidence.

10.4 DECIBEL (dB) UNIT OF SOUND LEVEL

Instead of speaking of the intensity I of a sound wave, it is found to be more convenient to
speak of a sound level B, which is defined as
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1
B = 10 log [l—j dB,
where I is the standard reference intensity = 10-12 W/m? that is near the lower limit of
human audibility. When I = I, B = 0. Thus, the threshold audibility corresponds to zero
decibel.

SOLVED PROBLEMS

1. Discuss the theory of growth and decay of sound in a ‘live room’ and find an expression
for the reverberation time.
Solution

In a ‘live room’, the absorption coefficient of the material of the walls of the room is
small (less than 0.4) so that there is increase in loudness of sound due to reverberation.

Growth of sound energy—Suppose that there is a source of sound of constant output in
a live room. Due to reverberation, initially the energy density of the sound increases and
after sometime it attains a maximum value. We shall find an expression of the intensity of
sound energy in the enclosure at any time under the following assumptions:

(i) the source emits sound energy at a constant rate.
(it) the sound propagates in all possible directions.
(ii1) there is uniform distribution of energy inside the room.

Consider an elementary area dS on the wall and an elementary volume dV inside the
room at a distance r from the surface dS (Fig. 10.1). The normal to the surface dS makes
an angle 6 with the direction of r. In the spherical polar coordinate system, we have

dV = r?sin 0 d6 do dr.
Let the solid angle subtended by dS at the elementary vloume be d<Q,
dQ =

Let the energy density inside the room be E at any time. Then the energy contained in
the volume dV is EdV which propagates in all directions.

Fig. 10.1
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Out of this energy, the amount that is directed towards the soild angle dQ is

dQ
aQ oy - L d8c0s8 o0 .de do dr.
4r an 2
Total energy incident on one side of the surface dS of the wall in unit time interval is
v m/2 2n

ds sin®cos0 d6 do dr = El;ds ,
T

r=0 6=0 ¢=0

where v is the velocity of sound wave in air. Thus, the energy of the wave falling on unit
area of the wall per unit time, i.e., the intensity of the sound wave, is
Ev

4

I = ..(10.1)

If the interior of the walls is made of different materials of areas, ds,, ds,,..., with
absorption coefficients a,, a,,... respectively, then the total absorptive power of the walls may

be written as
n
a = Za,ds,.
r=1

Eva

The total rate of absorption by the wall is

Thus, the total rate of increase of energy of the wave inside the room of total volume
Vis
dE
vak _ p_ Eva
dt 4
where P is the constant output power of the source of the sound wave. From Eqn. (10.2), we
have

...(10.2)

VdE

P_Eva
4

= dt.

Solving this equation, we get
—ﬂln(P—@) =t+C.
av 4

Now suppose that the source starts operating at time ¢ = 0 so that at ¢ = 0, E = 0. With

this initial condition, we obtain
ﬂ[ln P- ln(P _Eva ﬂ
av 4

~
Il

. P avt
0 Eva ~ P4y

or l_Eva ex _a_vt
ap Pl Tay
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4P t
or E = E[l - exp(—%ﬂ . ...(10.3)
Eqn. (10.3) gives the energy density of the sound wave in the live room at any time ¢.
4P
When ¢ — o, E=E_ =—.
av
Thus,
avt
= 1- -— ...(10.
E Emax[ exp[ v ﬂ (10.4)
and I=1_ l—exp(—a—vt) .(10.5)
4V
where I___is the maximum intensity of the sound wave and it is seen form Eqn. (10.1) that
EnaxV _ £
max 4 a °

Decay of sound energy: When the energy density E attains its maximum value E__ , the
source of the sound wave is cut off. The energy density then begins to fall. In Eqn. (10.2),
we put P = 0:

VdE Eva

— = - . ...(10.6
dt 4 ( )
Solving this equation, we get
E = Cexp(—a—vt)
4V
Whent=0,E=E_ , = £ Thus, we get
av
E-E_exp[-22 (10.7)
= B0 5P~ ..(10.
d I=1_ex (—a—vt) (10.8)
an =1_..°XP av ) ...(10.

Eqns. (10.7) and (10.8) show that, when the source is removed, the energy density does
not go to zero immediately, but falls exponentially.

Time of reverberation: We take in Eqn. (10.7) the initial steady value of the energy
density £, = 108E, where E is the energy density at the threshold audibility. If T is the
time of reverberation, we have

avT
g - 105 e -21)

4V
or T _ 61110 = 6x 2.303
4V
or T = 5527V ...(10.9)

av
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Thus T = K— ...(10.10)

55.27
is a constant.

where K =

Eqn. (10.10) is nothing but Sabine’s law of time of reverberation. Note that a has the
dimension of (length)?.

When v = 1100 ft/s, K = 0.05

When v = 344 m s1, K = 0.16.

2. Derive the expression of the time of reverberation in a ‘dead room’.

Solution

In a ‘dead room’ the absorption coefficient of the material of the walls of the room is
large (greater than 0.4) so that the increase in loudness of sound due to reverberation is very
small. In this case higher order reflections should be taken into consideration. If g is the
mean absorption coefficient of the materials of the walls, everytime the wave strikes the wall,
a fraction g of its energy is absorbed and (1 —a) fraction is reflected. Thus, after removing
the source of sound, the intensity falls to I = I, (1 —a )" after n successive reflections, where
I, is the initial intensity. If I, = 1081, where I is the threshold audibility, then we have

i 10—6 (1 o )n
I, "~ B
. -6 _ —6x2303
"~ log(1-a) In(l-a)
If  is the average distance traversed by the wave between successive reflections on the

walls, then nl = vT, where v is the velocity of the sound wave and T is the reverberation time.
We also have [ = 4V/S where V = total volume and S = total surface area.

or

Thus, we have

LAV T
S n
4nV 4V _ (-6)x2.303
or T = = x——""
vS uvS Ind-a)
-5527V
or T = 2SIn(-2) ...(10.11)
which is known as Eyring’s formula.
Note: When a is small, In (1 —a) = —a and Sa = a = total absorption power of the
walls, Eqn. (10.11) reduces to
T - 5527V
va

which is same as Sabine’s law [Eqn. (10.9)].

3. In an auditorium a source of sound of power P, is switched on. After sufficiently long
time, the source is switched off and the time t;, during which the energy density falls to
threshold audibility is noted. The same experiment is performed with a different source of
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power P, and the corresponding time t, is noted. Show that the average absorption coefficient
a of the materials of the walls is given by

g = 4V1H(P1/P2)
© uS(ty —ty)

where V = Volume of the auditorium
S = Surface area of the walls of the auditorium
v = Velocity of sound in air.

Solution
If E is the energy density of the threshold audibility, then from Eqn. (10.7), we have

E = 4P1 exp(— avtl J _ 4P2 exp(— aUtzj

av 4V av 4V
Py av
or P, = eXp[W(tl_tz)}
4VIn(P, /P.
or a = n(P,/ 2).
vt —ty)
Since ¢ = a S, we have
_ _ 4VIn(P/P,)
o uS(t —ty)

4. Average absorption coefficient of a room of height 15 ft, breadth 20 ft and length
30 ft, is 0.2. Find the reverberation time of the room.

Solution

Volume of the room = V = 15 x 20 x 30 = 9000 cu. ft.

Surface area of the room = 2 x [15 x 20 + 15 x 30 + 20 x 30] = 2700 sq. ft.
From Eqn. (10.10), we have

T 0.95V _ 0.05x 9000 0835,
aS 0.2x2700

5. A hall has a volume of 2000 m?. Its total absorption is equivalent to 90 m? of open
window. What will be the effect on the reverberation time if an audience fills the hall and
thereby increases the absorption by another 90 m2?2

Solution

T 016V _ 0.16x 2000 _356s.
a 920

When the hall is filled with the audience, the total absorption a’ becomes
90 + 90 = 180 m? of open window. The new reverberation time 7T’ is
016x2000 T

T"N= —————=—=172s.
180 2
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6. A studio measuring 20 m x 12 m x 8 m, has a reverberation time of 1.0 s when empty.
What will be the reverberation time when an audience of 200 are present inside the studio?
Assume that each person is equivalent to 0.4 m? of absorption.

Solution

Total absorption power of the empty studio is

o = 016V _ 016x20x12x8 — 3072 units.
T 1.0

Due to presence of the audience, the value of a increases by 200 x 0.4 = 80 m?. Thus,
the new reverberation time is

T = M=O.79s.
3872

7. An auditorium is 20 ft high, 50 ft wide and 100 ft long and contains 500 wooden seats.
Each seat has total absorption power 0.2 unit. The walls, floor and ceiling have an average
absorption coefficient 0.03. What is the reverberation time when the auditorium is empty?

Solution

Volume of the auditorium = V = 20 x 50 x 100 = 105 cu. ft.

Total surface area of the walls, ceiling and floor

=2 x (20 x 50 + 20 x 100 + 50 x 100) = 16000 sq. ft.

Absorption units for the walls, ceiling and floor = 0.03 x 16000 = 480 units.

Absorption units for the empty wooden seats = 0.2 x 500 = 100 units

Total absorption power = a = 580 units.

0.05V

a

8. In problem 7, how much acoustic material of absorption coefficient 0.4 must be placed
in the room so that the reverberation time becomes 2 s when the room is empty?

=862s.

Reverberation time = T =

Solution
When T = 2 s, the value of a is

5
0.06V _ 0.05x10 — 9500 units.
T 2

Thus, the acoustic material of 2500 — 580 = 1920 units of absorption is required. The

area of the required acoustic material S =04 = 4800 sq. ft.

9. In problem 7 what would be the reverberation time when the auditorium is full?
Assume that each person has total absorption power 4.7 units.
Solution
Total absorption units of 500 persons = 500 x 4.7 = 2350 units
Hence, the total absorption power of full auditorium
= a = 2350 + 580 = 2930 Sabin.

005V _ 005x10°
2930

Reverberation time = =171s.
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10. It is found that one source of sound is 20 dB louder than another source. What is
the ratio of their intensities?

Solution
We have, 10 log (I,/1)) — 10 log (I,/I)) = 20
or log (I,/I,) = 2
or I/, = 10% = 100.

The intensity of sound coming from the first source is 100 times greater than that of
the second one.

11. The sound level in a classroom is 50 dB. How much is the intensity of sound wave
(W/m?) in that classroom? What is the corresponding value of energy density of sound wave
in the room?

[Velocity of sound in air = 330 m s71]

Solution
We know, B = 10 log (I,/I) = 50
or I, = I, x 10° = 10712 x 10° = 1077 W/m?.
From Eqn. (10.1) we have for the energy density
E = £=ﬂ=1.2x10_9J/m3.
v 330

12. Spherical sound waves are produced uniformly in all directions from a point source,
the radiated power P being 40 W. What is the intensity of the sound waves at a distance 2 m
from the source. What is the corresponding sound level?

Solution

All the radiated power must pass through a sphere of radius r centered at the source.
Hence,

P 40
4nr2 4t x4

I = =080 W/m2.

The corresponding value of the sound level B is
0.80
B = 10 log /I = 10 10g(10—‘12) = 119 dB.

Note: This value is very close to the threshold of pain (120 dB) of sound level for the
human beings.

13. An office room of size 10 ft high, 20 ft wide and 30 ft long has walls made of plaster,
wood and glass with mean absorption coefficient 0.03. The floor is covered with a carpet of
absorption coefficient 0.15 and the ceiling with acoustic plaster of absorption coefficient 0.40.
What is the reverberation time if five persons are present in the room? Each person has total
absorption power of 4.6 Sabin. If four persons are typing on four type writers, each producing
1 erg of sound per second, what will be the intensity level in the room after sufficiently long
time?
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Solution
Volume of the room = V = 10 x 20 x 30 = 6000 cu. ft.
Absorption units for four walls = 0.03 x 1000 = 30 units.
Absorption units for the floor = 0.15 x 600 = 90 units
Absorption units for the ceiling = 0.40 x 600 = 240 units
Absorption units for 5 persons = 4.6 x 5 = 23 units
Total absorption power = a = 383 units.

0.05V _ 0.05x6000

Hence, reverberation time = =0.78 s
a 383
Maximum energy density after sufficiently long time is
5 - 4P
av
Maximum intensity = I, = v :£
4 a
4x1 erg/s 4x107J/s

Hence, I, = =
383sq.ft  383x929%x10?m?

1.12 x 1078 W/m?2
In terms of decibel (dB) unit of sound level it is

-8
B = 10 log [w]: 40.5 dB.
10—12

SUPPLEMENTARY PROBLEMS

1. In an empty room of size 10 ft high, 20 ft wide and 30 ft long a source of sound of
power 10 W is switched on. After sufficiently long time the source is switched off and
the time during which the energy density falls to threshold audibility is found to be
1.2 s. This same experiment is performed with a different source of power 20 W and
the corresponding time of decay to threshold audibility is found to be 1.3 s. Find the
average absorption coefficient @ of the materials of the walls. What is the reverberation
time of the empty room?

2. A hall of volume 48000 cu. ft. is found to have a reverberation time of 2 s. If the area
of the sound absorbing surface be 6000 sq. ft., calculate the mean absorption coefficient.

3. In a dining room of rectangular shape 11 ft high, 20 ft wide and 30 ft long has 20
seats. Each seat has total absorption power of 0.15 units. The walls, floor and ceiling
have an average absorption coefficient 0.03. What is the reverberation time when the
room is empty? What is the reverberation time when the dining room is full? Assume
that each person has total absorption power of 4.7 units.

4. A hall has a volume of 2300 m? and its total absorption is equivalent to 93 m? of an
open window. How many persons must sit in the hall so that the reverberation time
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10.

11.

12.

13.

becomes 2 s, given that the absorption area of one person is equivalent to 0.379 m?2
of open window. Calculate also the reverberation time of the empty hall.

The threshold of pain for sound waves for human being is 120 dB. What is the
corresponding value of intensity of sound wave?

Two sound waves have intensities /; and I,. What is the difference in their sound
levels?

How much more intense is an 80 dB shout than a 20 dB whisper?

A certain sound level is increased by an additional 30 dB. Show that its intensity
increases by a factor of 1000.

A single violin produces an intensity level of 50 dB at a particular seat. How many
decibels will be produced at that position by 10 such violins playing together.

The source of a sound wave delivers 2 uW of power. If it is a point source () What
is the intensity 2 m away and (b) What is the sound level in decibels at that distance?

(a) Show that the intensity I is the product of the energy per unit volume E and
the speed of propagation v of a wave disturbance in free space. (b) Radio waves travel
at a speed of 3 x 108 m/s. Find the energy density in a radiowave 500 km from a
50,000 W source, assuming the waves to be spherical and the propagation to be
isotropic.

You are standing at a distance x from an isotropic source of sound waves. You walk
5 m towards the source and observe that the intensity of these waves has doubled.
Calculate the distance x.

In a test a subsonic jet flies overhead at an altitude of 100 m. The sound intensity
on the ground as the jet passes overhead is 160 dB. At what altitude should the plane
fly so that the ground noise is no greater than 120 dB, the threshold of pain?



Electromagnetic Waves

11.1  MAXWELLS EQUATIONS

The four basic principles of electromagnetic theory are stated in mathematical form as the
four equations of Maxwell:

I. Gauss’s law for electricity

V.D =p L(11.1)
II. Gauss’s law for magnetism
VB =0 L(11.2)
IIl. Faraday’s law of induction
=2 — §
VxE = _aa_t ..(11.3)
IV. Ampere-Maxwell’s law
VxH = 247 (11.4)
ot
Here,
D = Electric displacement in C/m?2
B = Magnetic induction in Wb/m? or Tesla (T)
E = Electric field intensity in V/m
H = Magnetic field intensity in A/m
p = Free charge density in C/m?
J = Current density in A/m2.

11.2 PROPAGATION OF PLANE ELECTROMAGNETIC WAVES IN MATTER

For propagation of plane electromagnetic waves in homogeneous, isotropic, linear and
stationary media, the following relations hold:

= K,eqE =¢E ..(11.5)

Wl Sl
[

= K,uoH=puH .(11.6)
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J = GE. (11.7)

Here,
e = Permittivity of the medium
U = Magnetic permeability of the medium
o = Permittivity constant = 8.85 x 1072 C%/N.m? or F/m
1, = Permeability constant

= 41 x 107" H/m or T.m/A = 1.26 x10~% H/m or T.m/A
K, = Dielectric constant or relative permittivity = ¢/g,

€,

K, = Relative permeability = W/,

6 = Conductivity of the medium in mho/m or A/V.m.

The electromagnetic waves are transverse in nature and the electric vector E and the
magnetic vector H are always mutually perpendicular. These vectors E and H are so oriented

that their vector product ExH points in the direction of propagation of the electromagnetic
wave. In non-conductors (¢ = 0), the phase velocity of the electromagnetic wave is

¢
(KeKm)l/2

[c is the velocity of light in free space = 3 x 108 m s7!]

In non-magnetic media (K,, = 1), the index of refraction »n is related to the dielectric
coefficient by the relation

n =KV ...(11.8)

In non-conductors, the vectors E and H are in phase, and the electric and magnetic
energy densities are equal:

| ) 1 .9
—ekE° = —uH
: HH. ..(11.9)

11.3 ENERGY FLOW AND POYNTING VECTOR
The Poynting vector, defined by
S = ExH ..(11.10)

gives the energy flux (W/m?2) in an electromagnetic wave. For plane waves in non-conductors,
the intensity of the waves, i.e., the average of S, is

_ 1/2 K 1/2
I=S= (3] EZ  =265%x107" [K—J Efs W/m? .(11.11)
o m

In free space K, = K, = 1, and the intensity of the wave is

1/2
I=S= [3_0] E?  =265x10E2  W/m?. .(11.12)
0
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11.4 RADIATION PRESSURE

Electromagnetic radiation falling on a surface exerts a pressure on it. The average force on
a unit area of a plane mirror due to radiation falling normally on it in free space or the
radiation pressure is given by

p = 25 _ 177x10 M E2 N/m? ..(11.13)
Cc

We can ascribe this pressure to a change in momentum 2S/c per unit time and per unit
area in the incident wave, the factor 2 being required because the wave is reflected with a
momentum equal to its initial momentum but of opposite sign. The factor 2 will not be
required if the radiation falls on a perfect absorber.

11.5 POLARIZATION OF ELECTROMAGNETIC WAVE

The transverse electromagnetic wave is said to be polarized (more specifically, plane polarized)
if the electric field vectors are parallel to a particular direction for all points in the wave. The
direction of the electric field vector E is called the direction of polarization; the plane containing
E and the direction of propagation is called the plane of vibration.

In a sheet of polarizing material called polaroid, there exists a certain characteristic
polarizing direction. The sheet will transmit only those wave train components whose electric
vectors vibrate parallel to the polarizing direction and will absorb those that vibrate at right
angles to this direction. The intensity of polarized light passing through a sheet of polaroid
is reduced from I, to I where

I = I,cos®6 (Law of Malus) ..(11.14)

Here, 0 is the angle between the plane of vibration and the polarizing direction of the
sheet.

We consider the case of plane waves travelling in the z-direction. If E_ is different from
zero, but Ey is equal to zero for all z and ¢, the waves are said to be plane polarized along
x-direction. We can also have any combination of E_and E, (in the case of a single frequency)
with an arbitrary relative phase between E_ and Ey. Then we have a general state of
polarization called elliptical polarization [See chapter 2].

SOLVED PROBLEMS

1. Set up Maxwell’s electromagnetic field equation in differential forms and explain the
physical significance of each.
Solution

I. First Equation
Gauss’ law for a distribution of changes of volume V in a dielectric medium is given by

jﬁ D.ds = _[ pdV
s |4
where p is the volume charge density and V is the volume enclosed by the closed surface S.



ELECTROMAGNETIC WAVES 271

Using the divergence theorem, we have

§D-ds = [v.D av
s \4

0

Thus, _[ (V.-D-p)dV
v
which is true for any arbitrary small volume dV.

- -

Thus, V.-D =p
It is just the differential form of Gauss’s law in electrostatics.
II. Second Equation

Gauss’s theorem for magnetostatics states that the total flux of magnetic induction
through any closed surface is zero. i.e.,

§B-ds
S
Using divergence theorem, we get

I V.B dV
\4

I
o

Il
[e)

It is true for any arbitrary volume V.

Thus VB =0

It is just the differential form of Gauss’ law in magnetostatics. It also signifies the non
existence of magnetic monopoles.
II1. Third Equation

The emf induced in a closed loop is given by Faraday’s law of electromagnetic induction:

__do 9B -
£= I J. Bt‘ds

Enclosed
surface

where ¢ is the magnetic flux linked with the closed surface. The negative sign indicates that
the induced emf opposes the change in flux.

Again this emf is also given by

- 3
e= | Edi
Enclosed
curve
Thus, we have
N
E.dl 9B 4
. 5 .
Enclosed Enclosed
curve surface

Using Stokes’ theorem, we have

- >
j E.di
Enclosed
curve

J‘(vxﬁ).dg
S
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Thus,

The vanishing of the integral for any arbitrary closed surface requires that the integrand
itself is zero.
VxE+ 2B _ o
ot

It is just the differential form of Faraday’s law of electromagnetic induction.

IV. Fourth Equation

The differential form of Ampere’s Circuital law is

VxH = J

where J is the conduction current density in A/m?2.

Since the divergence of any curl of a vector is zero, we have
V(Vxﬁ) = v}xj =O

This is true only when the charge density p is a constant or, the electric field is steady.
When the charge density changes with time it satisfies the equation of continuity

Jp
+ t=0

=

V.

)

Thus in general the equation V.-J =0 is not in conformity with the equation of
continuity. To resolve this problem Maxwell introduced the concept of displacement current.
We know from Gauss’s law for electricity

=

V.D =p

From equation of continuity we have

V.3+3(V.B)=V.3+V[3—D]

ot
we have the generalised Ampere’s law

If we add a—Dto f then the divergence of total current density (74—68—?] is zero. Thus,

VxH = 7+2
ot

which is known as Ampere-Maxwell law. It incorporates the equation of continuity. The

quantity aa—lt)introduced by Maxwell is called the displacement current density . When

the electric field does not change with time, the displacement current is zero and Ampere’s
circuital law is applicable.
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2. Show that the displacement current in the dielectric of a parallel-plate capacitor is
equal to the conduction current in the connecting leads.

Solution
The capacitance of a parallel-plate capacitor is given by
€A
C="a

where A is the area of the plate and d is the plate separation.
At any instant if V is the voltage across the capacitor then the charge on the plate of
the capacitor is

= CV
Now, the electric field in the dielectric is (neglecting the fringe effect)
\%4
E = —.
d
We also have
- —
D =¢E

N
where D is normal to the plates.

The displacement current is

. oD - oE da
'p = at s = I e @
aAdV dv d
~da "% aa
dq .
=—=LC
dt

where i, is the conduction current.

3. (@) In a medium which is neither a good conductor nor a perfect dielectric has
electrical conductivity 6 mho/m and dielectric constant K, = ¢/e, The electric field is given by

E=E, exp [j(mt—%-;):',
Find the conduction and displacement current densities and the frequency at which they

have equal magnitudes.

(b) Find the frequency at which the conduction current density and displacement current
density are equal in magnitude in distilled water where ¢ = 2.0 x 104 mho/m and K, = 80.

Solution
(a) The conduction current density is given by

Jo = cE=cE, exp |:j (mt—z-;)]A/mz.
The displacement current density is
JE

Jp=e"
DEat

=K,gyj0 Eo exp[j (mt—z-;):'A/mz.
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Thus, ‘jc‘ =‘jn‘ when 6 = K, ¢,

(6

or w = 2]’[ =
f Ke£0

Thus, the frequency at which ‘jc‘ = ‘jD is

1 o

-~ 2n K,

1 2x 10~
21 80 x 8.85x 10712

4. Write the complete set of Maxwell’s equations in integral form, assuming that a
charge-density distribution and current-density distribution exist in the region of interest and
that @ = p,, € = ¢, for the medium under consideration.

b)f= = 4.50 x 104 Hz.

Solution
Integrating Eqn. (11.1) over a volume, and using the divergence theorem, we get

- > 1
f E-ds=— j odV.
€
Enclosed 0 Volume
surface

This equation is just Gauss’s law for the electric field E. Similarly, Eqn. (11.2) gives
I B-ds=0

Enclosed
surface

This is the mathematical form of Gauss’s law for the magnetic field B , it shows that
there are no magnetic monopoles.

Integrating Eqn. (11.3) over a surface enclosing the region under consideration, we
obtain

o o s o -
J-(V X E) . dS = —J‘g.ds
= 0B -
o j E.di=- j = ds
Enclosed Enclosed
curve surface

This is just the integral form of Faraday’s law of induction.
Finally, Eqn. (11.4) yields the result

_
- > a E > - >
JB.dl=u0 £ Ig.d8+ jJ.ds.
Enclosed Enclosed Enclosed
curve surface surface

This is just the mathematical form of Ampere-Maxwell law, with conduction and
displacement currents on an equal footing. The first term on the right within the bracket is
the displacement current.
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5. Starting from Maxwell’s equations of electromagnetism in vacuum, obtain the classical

wave equations for the four field vectors E, ﬁ, B and H . Show that the field vectors can be
propagated as waves in free space with velocity of propagation
1

. \lﬁouo'

Solution

In free space, p = 0, J = 0, e =¢,and u = u,. From Eqn. (11.3), we have

Vx(VxE)+2(VxB) = 0

ot
or w.ﬁ)_v%%ﬁxuoﬁ) _ 0
N 2D

or ~-V2E +u, ol 0 [Using Eqn. 11.4]

. o2E
or V2E = Moeoat_z. ...(11.15)

Similarly, we get
. o2H
V2H = Mogo—dtg ..(11.16)

Multiplying Eqn. (11.15) by ¢, and Eqn. (11.16) by u,, we get identical equations for D
and B . The vector equation (11.15) consists of three separate partial differential equations:

I’E, ?
?; szy = Hogg

0’E,
o’

VZE, = o8 VZE, = 1ogg

Y.
o’

There are four such families of equations for the four field vectors E, l_j, Hand B. They

satisfy the classical wave equation with velocity of propagation.
1/2
c= 1 =[ _121 _6} =3x10® ms7!.
VEollyg L885x107° x1.26x10

6. From Maxwell’s equations of electromagnetism in free space show that electromagnetic
plane waves are transverse.

For a plane electromagnetic wave travelling along the z-axis in free space, show that

oE oH
i e 1T i Sro- 1%
o Uy Jz ot Loy 0z
0H, . oE, oH, ___ OE,
2 ot o  Oa
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Solution

We consider the case of plane waves travelling in the z-direction (along %, the direction
of propagation of the wave) so that the wave fronts are planes parallel to the xy-plane. If
the vibrations are to be represented by variations of E and ﬁ, we see that in any wavefront
they must be constant over the whole plane at any instant, and their partial derivatives with
respect to x and y must vanish. None of the components of E and H depends on either of
the transverse coordinates x and y. Now,

E=iE,(z,0)+ JE,(2,0) +kE, (2, 1)

H=iH,(z,0)+ jH,(z,t) + kH,(z,1).
Then, V.E= 8& =0
0z

which says that E, is independent of z. That E, is also independent of ¢ can be seen by
considering Maxwell’s Eqn. (11.4) in free space:
VxH =, 2L
ot
We take the z-component of this equation:

9B, _OH, oH

© 3  ox oy
Thus, E, is a constant. For simplicity, we take this constant to be zero. Similarly, we can
show that H_ is a constant and we again take H, to be zero. Thus, we conclude that apart

from the nonwave like constant fields, the electromagnetic plane waves are transverse waves.

JCZO

Thus, the electric and magnetic fields are perpendicular to the direction of propagation r
(z-direction):

l

-

=1E,(z,t)+ JE,(2,0)
=TH,(z,0)+ JH,(2,1)

and E-k=0, Hk=0,ExH=(EH, - E,H,)k.

(1) We take the x-component of Maxwell’s equation (11.3) and the y-component of
Maxwell’s equation (11.4):

oE oD
oB, 0B, 9D, oH,
ot 0z ot 0z
oH , _LaEy
or o W, oz ...(11.17)
oM, _ € %, (11.18)
oz 2 ot et

Thus, E, and H_ are coupled.

(i) Similarly if we take y-component of Eqn. (11.3) and the x-component of Eqn. (11.4),
we shall find that E_ and Hy are coupled:
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oH, 1 9E,

at - HO az ..-(11.19)
My gy (11.20)
0z O o et

7. In problem 3 we choose our system of axes such that the x-axis is parallel to the vector
E je.,
E=iE, (2,1
and consider harmonic waves travelling in the positive direction of the z-axis, i.e.,

E =E,_ exp {iw(t - ij + 9},
c

0 being the phase angle at t = 0 and z = 0.
Show that ) E.H =0

E 1/2 E
(i) ExH is along b (i) —*=pgc=|"0| =377 ohmsor, =X =c
H, € B,

(iv) the electric and magnetic energy densities are equal, i.e., égo E? =éli0 H2.
Solution
We have Eszx(z, t),E, =0 and E, = 0. Then from Eqns. (11.17) and (11.18), we get
H_ = 0. We also have H, = 0, and the magnetic field H is given by
H=jH,(@0.

Thus, ) E.H =0and (i) E xH is along k. (iii) Using Eqns. (11.19) and (11.20), we

find
oH, iw 1 oE,
a—ty=—Ex = ...(11.21)
Hoc Hoc ot
oH, . oE,
and = —L(\)&‘OEx =§€nC ...(11.22)
0z 0z
Since 1 =¢gyc, we find from Eqns. (11.21) and (11.22) that in a travelling plane wave
ol
H, and E, are equal aside from uninteresting additive constant which we put equal to zero.
HoC
X EJC —
Thus, H HoC oOT, B¢ ...(11.23)

y y

Since E is along the x-axis and H is along the y-axis we can write

L ge o, 2o
g Mt BT
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Putting the values of y, and ¢, we obtain

1/2
E: _(Fo| _ 377 ohms .(11.24)
H €

y
E/H has the dimension of impedance.

. 380E” & E*
@) %MOHQ Mo H?

=1 ..(11.25)

8. Imagine an electromagnetic plane wave in vacuum whose E-ﬁ'eld (in SI units) is given
by
E,=10%sinn(3x10°2-9x10"¢),E, =0, E, = 0.

Determine (i) the speed, frequency, wavelength, period, initial phase and E-ﬁeld amplitude

and polarization, (ii) the magnetic field B.
Solution
(i) The wavefunction has the form

E(z t) = E, sin k(z — ve).

Here, E_ = 10%sin [3 x 10%1(z — 3 x 10%)].
We see that £ =3 x 106 t m and v = 3 x 10® ms™L.
2
Hence, A =7 = 666.7 nm,
8
S0 3X107 5 10M Ha.
A %xlO*6

1
The period T = M 2.2 x 107 s, and the initial phase is zero. The electric field

amplitude is Exo = 102 VmL. The wave is linearly polarized in the x-direction and propagates
along the z-axis.

(ii) The wave is propagating in the z-direction whereas the electric field E oscillates
along the x-axis, i.e., the field E resides in the xz-plane. Now, B is normal to both E and
the z-axis, so it resides in the yz-plane. Thus, B, = 0, B, = 0 and B :}' By (z, t). Since,
E = cB, we see that

B,(2,t)=033x10°sinn(3x10°2-9x10") T.

9. Show from Maxwell’s equations that the differential equations for the field vectors E
and H in homogeneous, isotropic, linear and stationary media are given by
—~ 3°E _JE =
VZE=¢ +ou—+Vip/e
=g ronT+Ve/e)
272 —
and V2H:£ua H+oua—H.
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or

or

or

or

or

or

and

Solution
From Maxwell’s equation (11.3), we have

?’x(?’xE’H%(V’xuﬁ)
Vx(v’xﬁﬂi j+e @
o M T

NN - oE °FE
VV.E) -V2E+ouZZ +en 2=
(V.E) Mo T

Similarly,

V2H =

JE
+GIJ,¥+

o2E

7 Vip/e)

...(11.26)

eu
a - — = =
—(VxD)+VxdJ
ot

2—)
=2 -
+oVxE

ot?

vH__ o
H o

+ 0O @
H o

—&
" ot?
2H

ot?

eu ..(11.27)

In vacuum p = 6 = 0 and € = ¢, u = u,. Then Eqns. (11.26) and (11.27) reduce to free
space wave Eqns. (11.15) and (11.16).

10. Consider a plane electromagnetic wave travelling along the z-axis in a homogeneous,
isotropic, linear and stationary medium. Show that both E and H are transverse.

Solution

We consider a plane wave propagating in the positive direction along the z-axis such
that all derivatives with respect to x and y are zero. From Maxwell’s equation (11.1), we have

vE - LE -pfe .(11.28)
0z
0 ~ 02 A
— k = —E_k.
az(p/E) 22 ¢

Eqn. (11.26) can be written as
2% - A A
82—2(LEx +JE, +kE,) =

The z-component of this equation gives

. 0’E, OE,
ot> ot

+0

=0

2

ot?

d
ot

u(ea_ + c—](fEx + }'Ey +EE,) + ai(p/e)lg.
Iz

...(11.29)

Thus, the longitudinal component E, of the electric field, if it exists, must be of the form

E =a + be

z
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where a and b are constants. Thus E, must decrease exponentially with time and we may
set E, = 0. Since we are concerned solely with wave propagation, we may put p = 0 as
obtalned from Eqn. (11.28). The wave has no longitudinal component of E.

It is easy to show that the H vector is also transverse. The divergence of E being equal

H,
to zero, we must have —% 0 = 0 because the derivatives with respect to x and y are both zero.
z

Since H, is not a function of z, we may set H, = 0 for propagation of waves. Thus H vector
is also transverse.

11. Consider the propagation of a plane electromagnetic wave along the z-axis in a
homogeneous, isotropic, linear and stationary medium. Show that ifE) is along the x-axis,
then H is along the y-axis and the vector product ExH points in the direction of propagation.

o

E
Show further that —~=—— where o is the angular frequency of the wauve.

H, &

Solution

Since both E and H are transverse, we can write

E=iE, (2,1
H=iH,(z,0)+jH, ).
From Maxwell’s Eqn. (11.3), we get
B,
oz ot
oE oH
and a—; = —Ma—ty

Any wave of angular frequency o propagating in the positive direction of the z-axis
must involve the exponential function

expli(ot — kz)}

where k£ is the wave number. Thus, we obtain

ikE, = —lioH
and —ikE, = —oH,
E, ou E
Yy L x
——=—==" ...(11.30
or . ( )

x y

When E =0, H = 0. If E is along the x-axis, then His along the y-axis and ExH
is along the z-axis.

12. Light from a laser is propagating in the z-direction. If the amplitude of the electric
field in the light wave is 6.3 x 10° V/m, and if the electric field points in the x-direction, what
are the direction and amplitude of the magnetic field?
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Solution
The magnetic field is along the y-direction.

3
By =20 83X10 51100 T
c 3x10

3
i, - o _63x10
377 377

[H, may be obtained from the equation H, = B/u,|

and =16.71 A/m

13. Show that when integrated over a closed surface, the normal component of the
Poynting vector ( S ) in free space gives the total outward flow of energy per unit time. Show
further that for a plane wave, the Poynting vector is the product of the energy density and the
wave velocity ¢, and its average value in free space is given by

S =2.65x10"E},, Wim?
Solution
The quantity S=Ex H = iﬁ x B is called the Poynting vector and it is in the direction

)
of propagation of a plane electromagnetic wave in free space. Let us calculate the divergence

of this vector for any electromagnetic field in free space:

VExH =-E-VxH) +H.(VxXE)

J[1 1
= __[_£0E2 +§u0H2} .(11.31)

Integrating over a volume V bounded by a surface A, and using the divergence theorem,
we have

= (1 e 1 g
l(ExH).ds_-a{[[EeoE +5HoH )dV .(11.32)

The integral on the right-hand side is the sum of the electric and magnetic energies.
The right-hand side is the energy lost per unit time by the volume V, and the left-hand side
must be the total outward flux of energy in Watts over the surface A bounding the volume
V. Thus, when integrated over a closed surface the normal component of the Poynting vector
gives the total outward flow of the energy per unit time. This is known as Poynting’s
Theorem.

For a plane wave with the electric field E along the x-direction, we have, from
problem 4,

S

1/2
ExH = E.H k = [S—OJ E%h = g,cE%k
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Thus for a plane wave the average value of S is given by

§ = EOC‘EI?mS = %SOCE(%

W/m?
where E is the amplitude of the wave of the electric field.

=265x103 E?

rms

Average energy density of the electromagnetic wave in free space

=leo E? +1u0H2

2 rms 2 rms

_ 2
- 8OErms

and S =(eoE%,) xc

Thus the energy can be considered to travel with an average density eOEfms at the

A

velocity of propagation c¢ in the direction of propagation %.
14. Find the rms values of the electric and magnetic fields in air at a distance x metres

from a radiating point source of power W watts.

Solution
Average value of the Poynting vector at a distance x from the source is
w

S = yo— =265x10°E2_
1[ 1000w T2
E_=--|—""" | vy
Thus, rms x[4n><2.65} /
Erms
rms — 377 A/m.

15. An observer is 2 m from a point light source whose power output is 100 W. Calculate
the rms values of the electric and magnetic fields and the radiation pressure at the position
of the observer. Assume that the source radiates uniformly in all directions.

Solution
Average value of the Poynting vector at a distance 2 m from the source is

100

S = yro 265x10°E2 .
25x10% |
Thus, Eons = {m} =2740vy/m.
B = Eims _913x108T
C

= Bems _ 795107 A/m.
Mo

H
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The radiation pressure on a perfect absorber is

I -8
_S _25x107 _ 6.63x107? N/m?2.
c 4t x 3

16. A beam of light with an energy flux S of 10 W/cm? falls normally on a perfectly
reflecting plane mirror of 2 cm? area. What force acts on the mirror?

Solution
S =10 x 10* W/m?2 = 10> W/m?2.
28  2x10° 2

Radiation pressure, p=—= g =5 X 1073 N/m?
c 3x10° 3

Force on the mirror = % x103 x2x10™* =1.33x107"N.

17. The power radiated by the sun is 3.8 x 10?6 W; the average distance between the sun
and the earth is 1.5 x 1011 m, (a) What is the average value of the Poynting vector on the
surface of the earth? (b) Calculate the rms values of the electric and magnetic fields on the
surface of the earth due to solar radiation. (c) Show that the average solar energy incident on
the earth is ~ 2 calorie/(cm? minute) and the radiation pressure on a perfect absorber is
4.47 x 106 N/m?.

[Assume that no solar radiation is absorbed by the atmosphere]

Solution
(a) Average value of the Poynting vector on the surface of the earth is
_ 26
=X 107 434107 W/m?
41 x(1.5)° x10
(b) Sp=265x107°E2_
1.34x10° |2
Thus, E = [W:‘ =T7111 V/m
E
H,  =—25=189
ms 377 A/m

(c) Average solar energy incident on the earth per cm? per minute is

Spx60  1.34x10°x60

104 x419  10*x419
~2 cal/(cm?.minute)

=192 cal/(cm?.minute)

Radiation pressure on a perfect absorber is

_Sp _134x10°
¢ 3x10°
18. A particle in the solar system is under the combined influence of the sun’s gravitational
attraction and the radiation force due to the sun’s rays. Assume that the particle is a sphere
of density 1.0 x 10° kg/m? and that all of the incident light is absorbed. (a) Show that all

particles with radius less than some critical radius R, will be blown out of the solar system.
(b) Calculate R,).

p =447 %107 N/m2.
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Solution
When the gravitational attraction and the radiation force are equal we have

Mm W 1

= —nR;
r? 4nr? ¢

G

where, M = Mass of the sun = 1.99 x 1030 kg
m = Mass of the particle of radius R,
r = Distance of the particle from the sun
W = Power radiated by the sun = 3.9 x 1026 W
¢ = Velocity of light = 3 x 108 m s71.

2

Thus, GMx%nRg x10x10° = VFo.
c
Note that R, does not depend on the distance from the particle to the sun.
Hence,
3w
Ry = —————=
161G cM %10

3x39x10%
161 x 667 x 107 x 3x10® x1.99x10*° x10°
5.85 x 107 m = 585 nm.
19. A plane electromagnetic harmonic wave of frequency 600 x 102> Hz, propagating in
the positive x-direction in vacuum, has an electric field amplitude of 42.42 Vm™L. The wave

is linearly polarized such that the plane of vibration of the electric field is at 45° to the
xz-plane. Obtain the vector E and B.

Solution
The electric vector E is given by

E = E,sin 27t><600><1012(t 8)
3x10
9 2 1/2
Here, E, = 0,E,=(E)+E.) , and E,=E,
since E, = E, :%EO =30Vm!
We get, E_ = 0,E,=E, = 30sin| 21 x 600 x 1012(15 —LS)
3x10

Also, E = c¢B, hence

oS}
I

. = 0, B,=—B,=10" sin[Zn X 600x 102 (t - ﬂ
3x10

So,

&=l
[

E,j+Ek=E,(j+k)
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B = B,j+B,k=B,(-j+h

Then, EB-= 0, or E is normal to B
- = A E2 A
and ExB:EyBZ(i +i)=—2>4, as required.
c

20. Derive the Malus law [Eqn. 11.14].

Solution
Let an incident plane-polarized wave E = Eo sin (of + o) make an angle 6 with the

transmission axis. Decomposing the field E into two plane-polarized waves, we obtain.

El = (EO cos 0) sin(wt + o), E, = (EO sin 0) sin(wt + o).

Since intensity is proportional to the square of the amplitude, and since only EII is
transmitted,

I (E, cos6) - (E, cos6) e

——— 0529'
IO EO'EO

21. Polarized light of initial intensity I, passes through two analyzers—the first with its
axis at 45° to the amplitude of the initial beam and the second with its axis at 90° to the
initial amplitude. What is the intensity of the light that emerges from this system and what
is the direction of its amplitude?

Solution

The angle between the axis of the first analyzer and the initial amplitude ZO is 45°,
hence the intensity I’ after passing through the first analyzer is equal to I, cos? 45° = 0.5 I,,.

The transmitted amplitudeA'is at an an%le 45° with respect to the axis of the second
analyzer, so the final intensity I = I’ cos® 45° = 0.5 x 0.5 I, = 0.25 I. Also, the final

amplitude 4 is at 90° with respect to initial amplitude ZO.
Note that if only the second analyzer were in place, no light would pass through, since
ZO is normal to its transmission axis.

22. Two polarizing sheets have their polarizing direction parallel so that the intensity
I, of the transmitted light is a maximum. Through what angle must either sheet be rotated
if the intensity is to drop by one-fourth?

Solution
We have from law of Malus

1 2
—I,=1,cos“0
g0 =4

or cosO = i% or, 6=60° or 120°.
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23. Describe the state of polarization of the wave represented by the following equations:
E = Ecos (kz — ot)

X

E, = +E cos (kz — ot)
Solution
The wave propagates in the positive z-direction.
_ 2 2 _ 2
E? = E} + E} = Ej.

X

The electric vector is constant is magnitude but sweeps around a circle at a frequency ®. For
the upper sign the rotation is counter clockwise and the wave is called left circularly polarized.
For the lower sign the rotation is clockwise and the wave is called right circularly polarized.

24. Let (¢,) denote the dimensional formula of the permittivity of the vacuum, and (u,)
that of the permeability of the vacuum. If M = mass,

L = length, T = time and I = electric current, then

(@) [g,] = MIL3T2] (¢) [w)/ =ML T2 2

(b) [g,] = MIL3T4]2 (d) [w,] =M L2T-171 (I.I.T. 1999)

Solution

We know

9192
F o= 4me,r?
_ _%4qs
or % = An r’F
Charge = current x time
Force = mass x acceleration
Thus, () = %: M7'LP T I?
L°M LT

1
Since ¢ = = velocity of light in vacuum.
VE€olo

1 1

= =M LT™?I?
lc®ey] L*T2M7L3T*TI?

[l-lo]=

Correct Choice: b, c.

25. If ¢,and |, are respectively the electric permittivity and magnetic permeability of free
space, € and | the corresponding quantities in a medium, the index of refraction of the
medium in terms of the above parameters is ...... (I.LLT. 1992)

Solution

 — _ Speed of light in vacuum 1/ Jeohto Rt
Speed of light in the medium 1/ Je Eollg

26. A light of wavelength 6000 A in air, enters a medium with r(ifractive index 1.5. Inside
the medium its frequency is ........... Hz and its wavelength is ...... A. (I.LT. 1997)
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Solution

8
Frequency, v= c_ _ 3x10° =5x10'* Hz.

A 6000x107"
The frequency does not change. Inside the medium the frequency is 5 x 104 Hz.

Inside the medium, velocity = <
n
Wavelength A" = L= A = 60004 = 4000 A .
nv n 15

27. Earth receives 1400 W/m? of solar power. If all the solar energy falling on a lens of
area 0.2 m? is focussed on a block of ice of mass 280 g, the time taken to melt the ice will be
......... minutes.

[Latent heat of fusion of ice = 3.3 x 10° J/kg] (LI.T. 1997)

Solution
Heat required to melt 280 g of ice is

280 x 1073 x 3.3 x 105 J
Solar energy received by ice per second = 1400 x 0.2 J
Time taken by the ice to melt is

2
Ms =330 s = 5.5minutes.
1400 0.2
28. In a wave motion y = a sin (kx — ot), y can represent
(a) electric field (b) magnetic field (c) displacement (d) pressure. (I.LT. 1999)

Solution

Displacement and pressure of the sound wave can be sinusoidal. In case of electromagnetic
wave the electric and magnetic field can be sinusoidal.

Correct Choice: a, b, c, d.

SUPPLEMENTARY PROBLEMS

1. Show that the wave equation in free space for the field vector E can be written in
the form

(V2 +£*)E =0
where % is the wave number.

2. Starting from Maxwell’s equations of electromagnetism in a non-conducting medium
(o = 0) obtain the classical wave equations for the field vectors E and H and show
that the waves propagate with phase velocity

1 c
(ep) 2 = (KK, )%




288

WAVES AND OSCILLATIONS

10.

Find the relation between the index of refraction n and the dielectric coefficient K, of
a non-magnetic non-conductor.

In the previous problem choose the x-axis to be parallel to £ and then show that

. E, lll/z
(?) H, = 0 and I% —(8) )

y
(i1) the electric and magnetic energy densities are equal, i.e.,

L 2 1 200
ZeE?2 ==
2 ZMH

(i17) the average value of the Poynting vector is

1/2 X 1/2

S = [EJ E2  =265%x107 (—J E2, W/m?2.

n K

Consider a plane harmonic electromagnetic wave moving along the positive

m

x-direction with the electric vector E along the z-axis, i.e., E = k E, (x, t). Show that

E x B = ilm2
C

At a particular point, the instantaneous electric field of an electromagnetic wave
points in the +y-direction, while the magnetic field points in the —z-direction. In what
direction is the wave propagating?

A plane electromagnetic wave with wavelength 2.0 m travels in free space in the
+x-direction with its electric vector E of amplitude 300 V/m, directed along the y-axis.
(a) What is the frequency v of the wave? (b) What is the direction and amplitude of
the magnetic field B associated with wave? (c) If E = E, sin(kx — ot) what are the
values of £ and ®? (d) What is the time-averaged rate of energy flow in W/m? associated
with this wave? (e) If the wave falls upon a perfectly absorbing sheet of area 3.0 m2,
at what rate would momentum be delivered to the sheet and what is the radiation
pressure exerted on the sheet?

Calculate the electric field intensity and the radiation pressure due to solar radiation

at the surface of the sun from the following data: power radiated by the sun
= 3.9 x 1026 W; radius of the sun = 7.0 x 108 m.

The electric field associated with a plane electromagnetic wave is given by Ey =0,

E, =0, E = 15 cos [1015n(t—iﬂ. Write expressions for the components of the
c

magnetic field of the wave.

An electromagnetic wave in which the rms value of E is 25 V/m falls normally on an
absorbing mass of 10~3 g/cm? and of specific heat 0.1 cal/(g.°C). Assuming that no heat
is lost, calculate the rate at which the temperature of the absorber rises.

Radiation from the sun striking the earth has an intensity of 1.4 kW/m?. (a) Assuming
that the earth behaves like a flat disk at right angles to the sun’s rays and that all
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11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

the incident energy is absorbed, calculate the force on the earth due to radiation
pressure. (b) Compare it with the force due to the sun’s gravitational attraction.
[Given, G = 6.67 x 1071 N.m?/kg?, mass of the sun = 1.99 x 1030 kg, mass of the earth
= 5.98 x 10%* kg, the mean radius of the earth = 6.37 x 108 m]

The earth’s mean radius is 6.37 x 10° m and the mean earth-sun distance is
1.5 x 108 km. What fraction of the radiation emitted by the sun is intercepted by the
disc of the earth?

The intensity of direct solar radiation that was unabsorbed by the atmosphere is found
to be 80 W/m2. How close would you have to stand to a 1.0 kW electric heater to feel
the same intensity? Assume that the heater radiates uniformly in all directions.
Sunlight strikes the earth outside its atmosphere, with an intensity of 1.4 kW/m?2.
Calculate E, and B for sunlight, assuming it to be plane.

An airplane flying at a distance of 10 km from a radio transmitter receives a signal
of power 20 uW/m?. Calculate (a) the amplitude of the electric field at the airplane due
to this signal, (b) the amplitude of the magnetic field at the airplane, (c) the total
power radiated by the transmitter, assuming the transmitter to radiate uniformly in
all directions.

Show that in a plane electromagnetic wave the average intensity is given by

S Eg _ CBg _ Mo g2

T 2upc 21, 2 "

If the maximum value of the magnetic field component is B, = 1.0 x 10™* T, what is
the average intensity of a plane travelling electromagnetic wave?

You walk 100 m directly toward a street lamp and find that the intensity increases 2
times the intensity at your original position. How far from the lamp were you first
standing?
High-power lasers are used to compress gas plasmas by radiation pressure. The
reflectivity of a plasma is unity if the electron density is high enough. A laser generating
pulses of radiation of peak power 1.65 x 103 MW is focussed onto 1.0 mm? of high-
electron density plasma. Find the pressure exerted on the plasma.
Describe the state of polarization of the wave represented by the following equations:
(@) E, = A cos o - x/c)

E, = A sin o(t - x/c)
&) E, = A cos ot - x/c)

E, = -A cos ot — x/c)
() E, = A cos o - x/c)

E, = A cos[o(t — x/c) +n/4]

The magnetic field of an electromagnetic wave is given by

B = Bylsin(kx — o)k — cos(kx — ot) j]

(a) Find the electric field of the electromagnetic wave.

(b) Show that the wave is circularly polarized.



Interference

The phenomenon of interference is due to superposition of two wave trains with a constant
phase difference between them.

12.1 YOUNG’S EXPERIMENT

Sunlight is allowed to pass through a pin hole S and then through two pin holes S, and S,
(Fig. 12.1). The pin holes S, and S, act as point sources. According to Huygens’ principle,
secondary waves are emitted from S, and S, and they are superimposed at the screen with
a phase difference to produce interference fringes. Fringes are easily observed if
monochromatic light is used and the pin holes are replaced by parallel slits. The distance
between any two consecutive bright or dark fringes is the fringe width (B),

B = a ..(12.1)
where A = wavelength of the monochromatic light
d = the separation between the coherent sources S; and S,
and D = distance of the screen from the coherent sources (S,S,).

It may be noted that interference (constructive or destructive) can occur only between
overlapping waves from coherent sources. Further, two sources S, and S, are coherent provided
there is a fixed difference between the phases of the wave emitted by S; at S; and the wave
from S, at S,

12.2 DISPLACEMENT OF FRINGES DUE TO INTERPOSITION OF THIN FILM

If a thin strip of a transparent body of uniform thickness ¢ is introduced in the path of one
of the light rays coming from S, and S,, the optical path of that beam is changed and the
central fringe is shifted through a distance x. Then,
xA
(n-1B

where n is the refractive index of the transparent body.

..(12.2)
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12.3 FRESNEL'S BIPRISM

Two virtual sources S; and S, are produced by using Fresnel’s biprism. The distance d
between the virtual sources is usually measured by the displacement method. A convex lens
is placed between the biprism and the eyepiece. The eyepiece is fixed at a distance from the
slit which is greater than four times the focal length of the lens. For two positions of the lens,
distinct images of S; and S, are formed in the plane of the cross wires of the eyepiece. If the
separation between the images of S, and S, at the two positions of the lens are d, and d,,

then
d = ﬂdle. ...(12.3)

12.4 CHANGE OF PHASE DUE TO REFLECTION

A phase change of m occurs when a ray of light is reflected from the surface of an optically
denser medium on to a rarer medium.

12.5 LLYOD’S MIRROR

The interference fringes are formed by two narrow pencils of light, one proceeding directly
from the source and the other being reflected by a mirror. In this case, the reflected ray
suffers a phase change of m and the first fringe close to the mirror is dark.

12.6 THIN-FILM INTERFERENCE
When light falls on a thin transparent film, the light waves reflected from the upper and the
lower surfaces of the film produce an interference pattern.

12.7 THE MICHELSON INTERFEROMETER

In Michelson interferometer, a light beam is split into two sub-beams which after traversing
different optical paths are recombined to form an interference fringe pattern. By varying the
path length of one of the sub-beams, the distances can be measured accurately in terms of
wavelengths of light.

SOLVED PROBLEMS

1. Obtain the conditions for maximum and minimum intensity of light in Young’s double
slit experiment. Find the average intensity of the interference pattern and show that it is
exactly that which would exist in the absence of interference.

Solution

Monochromatic light of wavelength A is allowed to pass through a slit S and then at a
considerable distance away, through two parallel slits S, and S, (Fig. 12.1).
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Fig. 12.1

The slits S, and S, are equidistant from S so that S, and S, act as coherent sources in
the same phase; if they are of same width, they will emit disturbances of equal amplitudes.
These disturbances are superimposed at P on the screen with a phase difference

=,
A

where A = S,P — S|P is the path difference. If y, and y, are displacements at P due to the
waves coming from S; and S,, we have

5 = 27“(3213—5113) =

Yy, = a sin ot
Yy = a sin (ot + J)

where a is the amplitude of both the waves. According to the principle of superposition, the
resultant displacement y is

Yy =y, +y,=Asin (0t + ¢)
where A cos ¢ = a (1 + cos d)
Asin ¢ = a sin
and A is the amplitude of the resultant displacement. Thus,

A2 = 402 cos? (éJ
2

The intensity I of the light at P is proportional to the square of the resultant amplitude.

I < A% = 4q? cos? (SJ . ...(12.4a)
Thus, we have

I

41 cos? (SJ ...(12.4b)

where I is the intensity on the screen associated with light from one of the two slits, the
other slit being temporarily covered. For maximum intensity, 6 = 0, 2x, 4m,... or, path difference

A =0, A, 2A... ; and for minimum intensity 6 = &, 3w, 5m,... or, A = %,%,%,...
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The point P, on the screen is equidistant from S; and S,. At P;, A =0 and & = 0. We
have maximum intensity at P,. From S, we drop a perpendicular S;@ on S,P and suppose

2n

<S,5,@ = 6, then A =d sin 6 and § = d sin 0, where d = S,S, = separation between the

A
coherent sources. Thus, the conditions for maxima and minima are
maxima dsin® = mA, m =0, +1, +2,... ...(12.5a)
.. . 1
minima d sin 6 = m+§ A mo=0, +1, +2,... ...(12.5b)

Suppose the point P is at a distance x from P, and D is the distance of the screen from
the coherent sources. Then
d\2
2 |x-2Z
D% + ( 9 )

2
(S,P? = D? + (x+%)

(S,P)

Usually D is very large compared to d or x. Then, we can write

1 A

S,P D|:1+2(x—2) /D }

d S,P =~ D 1+1(x+d)2/D2
an 92 2 2

The path difference A becomes

U

U

>
I

SzP—SlP:%:dtanezdsine

where £ POP = 6 and %: tan 6.

The conditions for bright and dark fringes are

bright fringes x =m %, m =0, +1, +2,... ...(12.6a)
dark fringes x = (m+%)%, m =0, +1, +2,... ...(12.6b)

At Py, m = 0, i.e., zeroth order bright fringe is formed at P,,.

The distance between any two consecutive bright or dark fringes is known as fringe
width and it is given by
AD AD  AD
= + 1)—-m—=—.
p = (m ) d d d

Thus, alternately dark and bright parallel fringes are formed on both sides of P,. The
width of the bright fringe is equal to the width of the dark fringe.
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The intensity at P is given by Eqn. (12.4a). Since the amplitude a decreases with the
increasing distance S, P, the intensity decreases with increasing x, and the intensity decreases
with increasing D.

The intensity at bright points is 4/, and at dark point it is zero. Here, the energy is
transferred from the points of minimum intensity to the points of maximum intensity. The
average value of cos? (8/2) is 1/2. Therefore, the average intensity of the interference pattern
is <I > = 2I,. Now, with two independent sources, each beam acts separately and contributes
I, and so without interference we would have a uniform intensity of 21,

2. Two straight narrow slits 0.25 mm apart are illuminated by a monochromatic source
of wavelength 589 nm. Fringes are obtained at a distance of 50 cm from the slit. Find the
width of the fringes.

Solution 9 5
Fri dth B AD  589%x107° x50x10
ringe wi = — = m
g d 025x107
= 1.178 x 103 m.

3. Two coherent sources are 0.2 mm apart and the fringes are observed on a screen 80
cm away. It is found that with a certain monochromatic light the fifth bright fringe is situated
at a distance of 12 mm away from the central fringe. Find the wavelength of light.

Solution

mAD
We know x = T

xd  12x02
mD  5x80x10

6000 A

4. Find the resultant E (t) of the following disturbances:
E

or A= mm = 6 x 1074 mm

E, sin ot

E, sin (ot + 15°)
= E, sin (ot + 30°)
E, sin (ot + 45°)

1

2

SIS
o
[

4
Solution
E@)=E,+E,+E; +E, =Asin (ot + ¢) say. Equating the coefficients of sin wt and
cos wt from both sides we get

A cos ¢ = E(1 + cos 15° + cos 30° + cos 45°) = 3.539E,
A sin ¢ = E(sin 15° + sin 30° + sin 45°) = 1.4659E,
which give A = 3.83E, and ¢ = 22.5°
Thus, E(®t) 3.83E sin (ot + 22.5°).

5. What is the phase difference between the waves from the two slits at the mth dark
fringe in a Young’s double-slit experiment?

Solution

S = z%dsinezz%(m+%)k = (2m + Dm.
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6. Monochromatic light of wavelength 600 nm illuminates two parallel slits 6 mm apart.
Calculate the angular deviation of the third order bright fringe (a) in radians, and (b) in
degrees.

Solution

For mth order bright fringe we have d sin 6 = mA. Now since 0 is very small,
sin 8 = 6 = mAMd.

-9
(@) 6 = 3x600x10 7 _ 3 x 10 radian

6x107°

180°

) 6 x 3 x 10™* = 0.017°.

7. A double-slit arrangement produces interference fringes for sodium light (A = 5689 nm)
that are 0.004 rad apart. For what wavelength would the angular separation be 10% greater?

Solution N
Angular separation of the interference fringe = A6 = rE
-9
Thus, d = 589x10°7 m = 14725 x 10°® m
0.004
. 110
New angular separation = 100 x 0.004 rad = 0.0044 rad
The required wavelength = 0.0044 x 14725 x 10® m
= 647.9 nm.

8. In a double-slit experiment A = 546 nm, d = 0.10 mm and D = 20 cm. What is the
linear distance between the fifth maximum and seventh minimum from the central maximum?

Solution
Linear distance of the fifth maximum from the central maximum = x; = 5A D/d.

Linear distance of the seventh minimum from the central maximum = x,, = (6+%) AD/d.
Thus, the required linear distance = x, — x; = 1.638 mm.

9. As shown in Fig. 12.2, O and Y are two v
tdentical radiators of waves that are in phase and of N
the same wavelength L. The radiators are separated T
by distance 3\. Find the largest distance from O hNY
along OX for which destructive interference occurs. S SN
Express this in terms of A N

Suppose X is the point where destructive

Solution \90° S
. . . (0]
interference is occurring. So, we have

Fig. 12.2

YX - OX

1
(m+§)x m = O, 1, 2,

and YX? - 0X? = 9)\®
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From these two equations, we find

36-(2m+1)*? "
OX = | " 4om+1)

which is largest when m = 0 and its value is e A

10. The two elements of the double slit are moving apart symmetrically with relative
velocity v. Calculate the rate at which the fringes pass a point x cm from the centre of the
fringe system formed on a screen D cm from the double slit.

Solution

Let N be the number of fringes within the length x cm from the central maximum.
Then, we have

X = BN =M
d
xd
N = —.
or D
oN ON od «x
Th ON _ WNod_ x
s %  od ot AD'
If v is positive, aa_];[ is also positive. As d increases N increases and the fringes move

towards the centre of the pattern.

11. In a double-slit experiment, the slits are 2 mm apart and are illuminated with a
mixture of two wavelengths, . = 750 nm and X' = 900 nm. At what minimum distance from
the common central bright fringe on a screen 2 m from the slits will a bright fringe from one
interference pattern coincide with a bright fringe from the other?

Solution

From Eqn. (12.6a) we see that the mth bright fringe of the A-pattern and the m-th
bright fringe of the A" pattern are located at

m’'A' D
7

mAD ,
X, = r and x;, =
Equating these distances, we get
m _ A 900 6
m L 750 5
Hence, the first position at which overlapping of bright fringes occurs is
Xy = ¥, = 6x750x107 x 2
2x1073
12. A double-slit arrangement produces interference fringes for sodium (A = 589 nm) that

are 0.2° apart. What is the angular fringe separation if the entire arrangement is immersed
in water (n = 1.33)¢

m = 4.5 mm.

Solution

Angular fringe separation in water

po - b _02

= = 0.15°.
nd 133
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[If the double slit apparatus is immersed in a liquid of refractive index n, the optical
path difference between S,P and S,P of Fig. 12.1 becomes n(S,P — S,P) = (nd)% = (nd)

sin 0. In Eqns. (12.5) and (12.6) d is replaced by (nd) so that the fringe width becomes AD (nd)
i.e., the fringes are shrunk].

13. In Fresnel’s biprism experiment show that the distance d between the two virtual
sources S; and S, produced by it is given by

d =2l (n- Do

where | = distance between the slit and the biprism
n = refractive index of the material of the prism
o = refracting angle of the biprism.
Solution A
The biprism ABC is highly obtuse (i.e., Sie------ >
angle B is 178° and the refracting angles A T
and C are very small (Fig. 12.3). When light d s ~ B _(f _____________________
falls from the source S on the upper portion o
of the biprism it is bent downwards and l
. S
appears to come from the virtual source S;. S ———-——- o B>

Similarly when light falls on the lower portion f—— [ —>
of the biprism it is bent upwards and appears
to come from the virtual source S,. Thus, S,
and S, act as two coherent sources distant d apart. The conditions for bright and dark fringes
on the screen are given by Eqns. (12.5) and (12.6) of Young’s double slit experiment.

Fig. 12.3

Since each of the constituent prisms of the biprism is thin, the deviation produced in
a ray is given by
d = (n-1au
where n is the refractive index of the material of the prism. Since d = S,S,, is small, we may
write

d/2 _

) T— (n—l)(x.

Thus, we have d 2l (n — 1) o ..(12.7)

14. A source of wavelength 6000 A illuminates a Fresnel’s biprism of refracting angle 1°
placed at a distance of 10 cm from it. Find the fringe width on a screen 100 cm from the
biprism, the refractive index of the material being 1.5.

Solution
AD AD

d  2(n-Do
6000 %1078 x (100 +10)
cm

2%10%05x —~_
180

Fringe width

0.38 mm.
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15. In an experiment with a biprism the distance between the focal plane of the eyepiece
and the plane of the interfering sources is 100 cm. A lens inserted between the biprism and
the eyepiece gives two images of the slit in two positions. In one case the two images of slit
are 0.3 mm and in the other are 1.2 mm apart. If sodium light (A = 589.3 nm) is used find
the distance between the interfering bands.

Solution
Here, d = J03x12mm = 0.6 mm
-9 -2
Fringe width = D = 5893 x10 7 x100x10 m = 0.98 mm

d 06x107
16. When a thin strip of a transparent body of uniform thickness t is introduced at right
angles to the path of one of the light rays coming from two slits of Young’s experiment, the
central fringe on the screen is found to be shifted through a distance x. Show that
XA
(n—-1B

where A = Wavelength of the monochromatic light used

n = Refractive index of the transparent body

B = Fringe width.

Solution

S, and S, are two coherent monochromatic sources. The
disturbances emitted by them are superimposed on the screen d X
PP} to produce interference fringes (Fig. 12.4). P, is the
position of the central band. If a thin transparent film of s,
uniform thickness ¢ is introduced in the path of one of the .
light rays the optical path of that ray changes and the Fig. 124
position of the central fringe will be displaced. After the introduction of the transparent strip
of thickness ¢ (refractive index n) at right angles to the beam S,P] the central fringe is
displaced to Pj from P, on the screen. Thus the optical path difference between the rays =
S,P—~(S,Pj— t) — nt = 0 which gives

S,P, — S,Py = (n — 1)t

The path difference between the rays at Pj in the absence of the thin film = xd/D

[see problem 1].

Thus, xd - _ (n - 1)t
D
or x = (n — Dt D/d.
Now, fringe width = AD/d.
Thus, t = X .
(n-1p

17. A thin flake of mica (n = 1.58) is used to cover one slit of a double-slit arrangement.
The central point on the screen is occupied by what used to be the sixth bright fringe. If
A = 580 nm, what is the thickness of the mica?

Solution
XA 6L  6x580

t = = =
(n-1DB Rm-1P 0.58

nm = 6 um.
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18. One slit of a double-slit arrangement is covered by a thin glass plate of refractive
index 1.45 and the other by a thin glass plate of refractive index 1.65. The point on the screen
where the central maximum fall before the glass plates were inserted is now occupied by what
had been the m = 4 bright fringe before. Assume A = 550 nm and that the plates have the same
thickness t. Find the value of t.

Solution

In this case, ﬁ

D

(ny — nt
¥ 4Bh_4x550
(n2 - n]_ )B (n2 - nl)B 0.2

19. Prove that the increase in optical path produced by rotating a plane-parallel plate
of thickness t and refractive index n through an angle ¢ from the perpendicular position is
given by

and t = nm = 11 pm.

3A = (Jn? —sin? ¢ —cos o—n+ 1Dt
which reduces to the form
OA = ﬁ (n-1)
2n

when ¢ is small.

Solution

The optical path before the rotation of the plate (Fig. 12.5) (When the ray OA is normal
to the plate)

= OA + nt + BC.
The optical path after rotation through an angle ¢
OA + nAD + DF + FE

nt

OA +

+[t — AD cos(¢ — r)] + FE
cosr

Thus, the increase in the optical path is

E _____ C
4.
Y
e \\
s
F| ~ N\
______ N\
// D ® \
P AN
VRN Lt N\
e s o1 N\
// t\\r //
Ve \\ Ve
4 \\ A Ve
\\ \\ /iq)
AN PN
\ VA N
\ s LN
N o7 . \\
N !
N7 0
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SA = nt +t_tcos(¢—r)_nt
cosr cosr
n-—cosdcosr—sinosinr
=t [1—n+ ¢ ¢ }
cosr

By using the relation n = sin ¢/sin r, we have

SA = t[1-n—cosd++n? —sin?¢]

When ¢ is small we may approximate sin ¢ = ¢ and cos ¢ = 1 — ¢*/2. Thus, we have

SA = ¢ {1—;1—(1—¢2/2)+n(1—%¢2/nzﬂ
_w
= o (n — 1).

20. (a) A ray of light travelling through the medium I is incident on the surface of
separation of two media I and II of which the medium II is optically denser (Fig. 12.6). This
light is partly reflected on to the rarer medium and partly transmitted into the denser medium.
By reversing the reflected and the transmitted rays show that

r=-r

where r = amplitude reflection coefficient in the rarer medium I and r’ = amplitude reflection
coefficient in the denser medium.

(b) Comment on the change of phase due to reflection of light.

Solution

(a) Stoke’s treatment: Suppose PQ represents the separation surface of two media I and
IT of which the medium I is optically denser. A ray of light AO is incident on PQ. This light
is partly reflected along OB and partly transmitted along OC. Suppose a is the amplitude of
the incident light wave, r is the amplitude reflection coefficient in the rarer medium I and
t is the amplitude transmission coefficient from the rarer medium I to the denser medium
II. The amplitude of the reflected ray OB is ar and that of the transmitted ray OC is at. If
there is no absorption in the medium, we have

r+t=1

Now if the reflected and transmitted rays are reversed they should recombine along OA to
give the original amplitude a.

11 /
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If OB is reversed, the part of the amplitude reflected along OA is arr = ar? and that
transmitted along OD is art. If OC is reversed, the part reflected along OD is a#r’ and
transmitted along OA is att’ where r’ is the reflection coefficient in the denser medium I7 and
t’ is the transmission coefficient from denser to the rarer medium. Since the two amplitudes
along OA combine together to give the original amplitude @, we have

2

ar? +att’ = a, or, 2+ tt' =1

The total amplitude along OD is zero, i.e.,
art + atr’' =0

4

or ro= -r.

The negative sign indicates that one of the rays has a positive displacement and the
other has a negative displacement.

(b) The coefficient r represents the reflection from a denser medium on to a rarer
medium and the coefficient r* represents the reflection from a rarer medium on to a denser
medium. The two rays differ in phase by n. Actually in some experiments (e.g., Newton’s
rings and Lloyd’s mirror experiments) a phase change of m is noticed in the former case
(reflection from a denser on to a rarer medium). No change of phase is found to occur in the
latter case. When reflection occurs from an interface beyond which the medium has a higher
refractive index, the reflected wave undergoes a phase change of ©; when the medium beyond
the interface has a lower refractive index, there is no change of phase. The transmitted wave
undergoes no change of phase in either case.

21. Interference fringes are produced by two pencils of light one proceeding directly from
the source S; and the other being reflected from a mirror MM’ (Fig. 12.7). Find the conditions
for maximum and minimum brightness of fringes on the screen AB. (This arrangement for
obtaining a double-slit interference pattern from a single slit is called Lloyd’s mirror.)

Solution
Here, the source S; and its virtual image S, act as two coherent sources.

A

Fig. 12.7
Suppose d is the separation between the two sources. The ray reflected by the mirror
has gone a phase change of © which results in a path difference of A/2. Thus, the conditions
for maximum and minimum brightness are

minima d sin 6 = mA, m =0, 1, 2, ...



302 WAVES AND OSCILLATIONS

maxima d sin 0 = (m +%)7L, m=0,1,2,..

The fringe width on the screen is given by

The interference between the two wave trains occurs in the region of overlapping AB.
22. Find the condition of formation of bright and dark fringes due to thin film interference.

Solution

Light coming from the same source is reflected from the upper and lower surfaces of
the plane-parallel film many times. These reflected rays originate from the same source.
They are coherent and are in a position to interfere. The set of transmitted light rays
obtained are also in a position to interfere.

(a) Interference due to reflected rays

Let us calculate the path difference between any two reflected rays. A ray of light from
the source S is incident at A (Fig. 12.8) on the upper surface of a thin film of thickness d
and of refractive index n.

Fig. 12.8
A part of this ray will be reflected along AR, and a part refracted in the direction AF.
After reaching the point F on the lower surface of the film, the ray AF is partly reflected
towards B and partly refracted towards FH. At B the ray FB will again be divided into two
parts—a part reflected in the direction BC and the other part transmitted in air along BR,,
The ray BC is partly reflected and partly transmitted at the lower surface of the film. CG
is the transmitted ray.

We consider the two successive reflected rays AR, and BR,. They are derived from the
same source S and are in a position to interfere when they are brought together. Since the film
is parallel sided, AR, and BR, will also be parallel to each other. A perpendicular BN is
dropped from B on AR,. Then the plane passing through BN and perpendicular to the plane
of the paper is the new wavefront. The path difference between the rays AR, and BR, is

A = n (AF + FB) - AN
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2n AF — AN
d
cosr
2nd
cosr

2n —AB sin

—2d tan r sin 1

1 sin’r
coSr  cosr

2nd l:

2nd cos r

where we have used n = sin i/sin r. It should be noted that the two rays are reflected under
different conditions. The first ray AR, is reflected from the optically denser medium, and the
second ray AFB is reflected from the rarer medium. The first ray undergoes a phase change
of T and no change of phase occurs in the second ray. Thus, an extra change of =, or, a path
difference of A/2 is introduced in A. Hence the correct result is

A = 2nd cos r +A/2. ...(12.8)

The conditions for the formation of bright and dark fringes due to interference in the
reflected rays are:

2nd cos r i% = m\ (maxima)
A 1 ..
2nd cos r iEZ m+§ A (minima)
These may be rewritten as

1

2nd cos r = (m+EJ7L (maxima) ...(12.9a)

2nd cos r = mA (minima) ...(12.95)

with m =0, 1, 2, 3,....

For near normal incidence (r = 0°), we have
1

2nd = m+§ A (maxima) ...(12.10a)

2nd = ml (minima) ...(12.10b6)

with m =0, 1, 2,...

(b) Interference due to transmitted rays

Interference phenomenon occurs with the transmitted rays FH and CG. A perpendicular
CN’ is dropped from C on FH (Fig. 12.8). The path difference between the transmitted rays
FH and CG is

A = n(FB + BC) — FN’

2n FB — FC sin i

2n — 2d tan r sin ¢

cosr

2nd cos r
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In the case of transmitted rays there is only internal reflection at B and this causes no
additional change of phase. Thus, for the transmitted rays we have the following conditions
for maxima and minima:

mA (12.11a)

maxima 2nd cos r

minima 2nd cos r

(m %)x (12.115)

with m =0, 1, 2,...

These conditions are just opposite to those obtained with the reflected rays. As a result
a reflected and transmitted interference patterns are complementary to each other. This
means that the position which corresponds to the maximum of the reflected system will be
the position of minimum of the transmitted system and vice versa.

23. A water film (n = 4/3) in air is 315 nm thick. If it is illuminated with white light
at normal incidence, what colour will it appear to be in the reflected light?

Solution

2nd
e

For maxima, we have the relation A =

~—

When m =0, A = 1680 nm (infrared),
m =1, A = 560 nm (visible),
m = 2, A = 336 nm (ultraviolet).

Only the maximum corresponding to m = 1 lies in the visible region. Light of wavelength
560 nm appears yellow-green. The water film will appear yellow-green in the reflected light.

24, A lens is coated with a thin film of transparent substance magnesium fluoride
(MgF,) with n = 1.38 to reduce the reflection from the glass surface (n = 1.50). How thick a
coating is needed to produce a minimum reflection at the centre of the visible spectrum
(A = 550 nm)?

Solution

We assume that the light strikes the lens at near-normal incidence. We would like to
find the thickness of the film that will bring about destructive interference between rays R,
and R, (Fig. 12.9). Phase change of 7 is now associated with each ray and the condition of
minimum intensity is now

R, R,
n=1.00
MgF,
n=1.38
Glass
n=1.50

Fig. 12.9
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2nd = (m+%)7», m=0,1, 2,..

Thus, the thickness of the thin nest possible film is (for m = 0)

d = A 550
4n  4x138
25. A soap film of thickness 5.5 x 10 cm is viewed at an angle of 45°. Its index of
refraction is 1.33. Find the wavelengths of light in the visible spectrum which will be absent
from the reflected light.

nm = 99.64 nm.

Solution

Since n = S,ml , cos r = 0.84696,
sinr

where i is the angle of incidence and r is the angle of refraction.
For minima, 2nd cos r = mA
When m =1, A = 12.39 x 10® cm (infrared)
m=2,A=06.20 x 10°® cm (visible)
m =3, A =4.13 x 105 cm (visible)
m =4, A =3.10 x 107 cm (ultra violet)

Hence the absent wavelengths in the reflected light are 6.20 x 10® c¢m and
4.13x107® cm in the visible region of spectrum.

26. A tanker leaks kerosene (n = 1.2) into the Persian Gulf, creating a large slick on top
of the water (n = 1.3). (a) If you are looking straight down from an airplane onto a region of
the slick where its thickness is 460 nm, for which wavelength(s) of visible light is the reflection
the greatest? (b) If you are scuba-diving directly under this same region of the slick, for which
wavelength(s) of visible light is the transmitted intensity the strongest.

Solution
(a) For the reflected rays, the condition for maxima is [see problem 24]

2nd = mA,
2nd 2x12x460
or = = nm
m m

The wavelength of visible light (for m = 2) is 552 nm.
(b) For the transmitted rays, the condition for maxima is

ond = (m+1)x
2
2nd 2x12x460
or A= = nm.
1 1
m+= m+=
2 2

The wavelengths of visible light are 736 nm (when m = 1) and 441.6 nm
(when m = 2). [For the transmitted rays an extra phase change of &t is introduced in the ray
AFBCG whereas no change of phase occurs in the ray AFH (Fig. 12.8) under the conditions
stated in (b)].
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27. A plane wave of monochromatic light falls normally on a uniform thin film of oil
that covers a glass plate. The wavelength of the source can be varied continuously. Complete
destructive interference of the reflected light is observed for wavelengths of 500 and 700 nm
and for no wavelengths between them. If the index of refraction of the oil is 1.3 and that of
glass is 1.5, find the thickness of the oil film.

Solution

The condition of destructive interference of the reflected light is (see problem 24)

2nd @2m + D2
or 4nd 2m + DA

Thus, 4 x 1.3 x d = 700 (2m + 1) = 500[2(m + 1) + 1]
which gives m = 2 and d = 673.08 nm.

28. Find the conditions of formation of bright and dark fringes produced by a wedge-
shaped thin film for near normal incidence.

Solution

inclined at an angle 6 which is very small

(Fig. 12.10). The thickness of the film increases

from O to A. When the film is viewed with ¢ n
reflected monochromatic light, a system of

equidistant interference fringes are observed ©
which are parallel to the line of intersection of

the two surfaces. A parallel beam of ! X X, ! |
monochromatic light falls on the face OB almost Fig. 12.10

normally. The components reflected from the

upper and the lower surfaces will interfere to produce alternatively dark and bright bands.
Since the angle of wedge 0 is very small, the beam incident normally to the face OB may very
well be considered normal to the face OA too. The path difference between the two reflected
beams is (2n¢ + A/2) at the point P where the thickness of the wedge is ¢. So at this position
of the film there will be dark fringe when

We consider two plane surfaces OA and OB l l l l B
P

2nt + &z(m+l)7L, m=0,1,2,....
2 2

or 2nt = mA (minima)
where n is the refractive index of the film. For bright fringes, we have

2nt = (m+é)h (maxima)

We know 0 = t/x or t = x0 (see Fig. 12.10). Thus mth dark fringe appears at P when

2nx0 = mh
Similarly, if (m + p)th dark fringe is formed at a distance x, from O, we have

2nx,0 = (m + p)A
Thus, 2n(x; — x)0 = pA
We can count the number of fringes in a space (x; — x) with a travelling microscope.

Here x; — x is the distance corresponding to p fringes. The fringe width B is given by
X —-Xx A
b= " Tone
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If air is enclosed between OA and OB, n = 1, and we have
A

= o

29. Two glass plates enclose a wedge-shaped air film, touching at one edge and are
separated by a wire of 0.04 mm diameter at a distance of 10 cm from the edge. Calculate the
fringe width. Monochromatic light of wavelength 589.3 nm from a broad source falls normally
on the film.

Solution
Referring to the figure 12.10, we have OA = 10 cm and AB = 0.04 mm so that
AB 0.004
6 = —=—— =0.0004 rad.
OA 10 "
Fringe width B = l:M = 0.074 cm.
20 2x0.0004

30. A broad source of light (A = 680 nm) illuminates normally two glass plates 120 mm
long that touch at one end and are separated by a wire 0.048 mm in diameter at the other
end. How many bright fringes appear over the 120 mm distance?

Solution

Fringe width g = N _680x120
20 2x0.048
Number of bright fringes over the 120 mm distance
6
_ 120x10 - 141

31. Two wires with diameters 0.01 cm and 0.03 cm are laid parallel to each other and
2 cm apart on a piece of plane glass. Another piece of plane glass is laid on top. Monochromatic
light of wavelength 546 nm falls normally on the glass plates. Calculate the distance between
consecutive bright fringes.

Solution 0,03 — 0,01

Angle of the wedge 6 = %: 0.01 rad.

Fringe width B = iz 546 nm = 27.3 um.
20 2x0.01

32. In an air wedge formed by two plane glass plates touching each other along one edge
there are 4001 dark lines observed when viewed by reflected monochromatic light. When the
air between the plates is evacuated, only 4000 such lines are observed. Calculate the index of
refraction of the air from this data.

Solution
If mth dark fringe appears at a distance x from the edge then

X mM/(2n0)

In the present problem we have
4001A _ 40007

2n0 20

which gives n = %: 1.00025.
4000

X =
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33. Newton’s rings: The curved surface of the plano-convex lens of large focal length is
placed on an optically flat glass plate. A transparent liquid of refractive index n is placed
between the lens and the glass plate so that a thin film is formed between the lens and the
glass plate (n being less than the refractive index of the material of the lens or glass plate;
the liquid may be air). Interference fringes are produced when monochromatic light is incident
on the lens. Find the conditions of formation of bright and dark fringes.

Solution

Let LOL’ be the convex surface of a lens in e
contact with the plane surface PP’ (Fig. 12.11). O is R N
the point of contact. A liquid of refractive index n is ,/ \
placed between the glass plate and the lens. The point / R \
where the lens touches the glass plate, the thickness J \
of the film is zero. The thickness of the film increases | e
all around this point as we move away from O. The \
thin film of liquid thus enclosed is wedge shaped, and \ /
the loci of all points having the same thickness are L
circles. When monochromatic light is made to fall A B
normally on such a film, a series of concentric bright
and dark rings are visible all round the point of p'| S p c|P
contact, both in the reflected and in the transmitted
rays.

Let C be a point on PP’ at a distance p from the point of contact. The thickness of the
film at C is CB = ¢. Thus, the path difference between the two reflected rays at this position
is (2nt + M2) for normal incidence (see problem 28). So at this position of the film there will
be a dark fringe when

Fig. 12.11

2nt + M2 (m+%)7», m=20,1,2,..

or 2nt mA (minima)

For bright fringes we have

2nt

(m + %)X (maxima)

Let C’ be the centre of the spherical surface LOL’, having radius of curvature equal to
R (Fig. 12.11). We have

AB? = OA A0
or p? = 2R - t) = 2Rt,
since ¢ is very small. )
p
Th t = —,
us, oR

The conditions for dark and bright fringes are

AR for the mth dark ring, m = 0, 1, 2,...

Pm =
n
2 (m_%)m
and Py =———— for the mth bright ring, m = 1, 2, 3,...
n

where p, is the radius of the mth ring.
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Newton’s rings may be obtained with the transmitted light also. In that case the ring
system will be complimentary to the reflected one. The central spot will be bright in the
transmitted system. For the transmitted light we have

p2 _ AR (bright rings), m = 0, 1, 2,...
n

d 2 _ (m_%)}\‘R . _
an p,, =—— (dark rings), m =1, 2, 3,...

n

34. In a Newton’s rings experiment the radius of curvature R of the lens is 5§ m and its

diameter is 20 mm. (a) How many bright rings are produced in the reflected rays?

(b) How many rings would be seen if the arrangement were immersed in water (n = 1.33)¢ The
wavelength of light used is 589 nm.

Solution
(a) The radius of the mth bright ring is given by

P = (m—é)m/n

2 -342
P2 (10x107%)
Tm o 2220 7 - 33.956
AR  589x107? x5

. 1
In air, m-——
2

34 rings are produced.

2
b) 1 t ——=—"=4516
(b) In water, m 2= R

45 rings are produced.

35. The convex surface of radius 200 cm of a plano-convex lens rests on a concave
spherical surface of radius 400 cm and Newton’s rings are viewed with reflected light of
wavelength 600 nm. Calculate the diameter of the 8th bright ring.

Solution
The thickness of the air-film at B (Fig. 12.12) is

2 2
t=BC=BD_-CD = P __P _pf1 1
2R, 2R, 2\R, R,

@

o

Fig. 12.12

where p = OD, R, = Radius of curvature of OB and R, = Radius of curvature of OC. Thus,
the condition of the mth bright fringe is
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(m—l)k/n
9 _ 2
Pm = 1 1

R, R,
In the present problem, m = 8, A = 600 nm, n = 1, R, = 200 cm, R, = 400 cm. We find
2 pg = 0.85 cm.

36. Light from a source emitting two wavelengths A, and L, falls normally on a plano-
convex lens of radius of curvature R resting on a glass plate. It is found that nth dark ring
due to A, coincides with (n + 1th dark ring due to A,. Show that the radius of the nth dark
ring for the wavelength A, is given by

Pr

(A AR/(N, — kz)]m.
Solution

the radius of the nth dark ring due to A,

JnhR

The radius of the (n + Dth dark ring due to A,

J@r+DAR.

Pr

Thus, we have

pn = \/n}\‘lR :\/(n+1)7\«2R
which gives nky = (n + DA,
or n = AJA; — Ay
and p, = AR, — A)IV2.

37. Describe the construction of Michelson’s interferometer. If the movable mirror of
Michelson’s interferometer is moved through a small distance d, and the number of fringes
that cross the field of view is m, then show that the wavelength of light is given by

A = 2d/m.

Solution

An instrument that is designed primarily to measure lengths or changes in length with
degree of accuracy by means of interference fringes is known as an interferometer. One of
the widely used interferometers is the one devised and built by A.A. Michelson.

The light from the source S falls on a beam splitter F' (Fig. 12.13). F and G are two
plane-parallel optical flats, which are usually cut from a single parallel plate so that they are
identical. The surface of F' nearest to G may be half silvered in order that the light falling
upon it be 50% reflected and 50% transmitted, although this is not necessary for the operation
of the interferometer. The mirror M, is mounted on a carriage, so that it can be moved along
a precision-mechanical track. The motion of M,, is controlled by a very fine micrometer screw.
The mirror M, is held by springs against adjusting screws so that M, may be made exactly
perpendicular to M,,

Light from the source S is rendered parallel by the lens L. After entering F' the light
is divided into two parts: one part proceeds to the mirror M; which returns the light to the
eye after reflection at F; the other part, reflecting inside F, proceeds to M,, which reflects
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it back through F to E. From a single source, by division of amplitude, two beams are
produced and they are recombined for the formation of interference fringes.

f — S

Fig. 12.13

The beam going towards the mirror M, and reflected back, has to pass twice through
the glass plate F. Therefore to compensate for the path the plate G is used between the
mirror M, and F. The light beam going towards the mirror M, and reflected back towards
F also passes twice through the compensating plate G. Thus the paths of the two rays in
glass are the same. Suppose the mirrors M, and M, are at distances d; and d, respectively
from the glass plate F. In measuring d, and d,, we do not consider the paths of the rays in
glass. The path difference for the two waves when they recombine is 2d, — 2d, and anything
that changes this path difference will cause a change in the relative phase of the two waves

1
as they enter the eye. If the mirror M, is moved by a distance Ek, the path difference

changes by A and the observer will see the fringe pattern shift by one fringe. If the mirrors
M, and M, are exactly perpendicular to each other, the system is essentially equivalent to
the interference from an air film whose thickness is equal to d, — d,. Suppose when the
mirror M, is moved through a distance d, the number of fringes that cross the field of view
is m. Then we have

A

d = m—

"y

or 2d = mh.

38. Let m, and m, + 1 be the changes in the order at the centre of the field of view of
Michelson’s interferometer when the movable mirror is displaced through a distance d between
two consecutive positions of maximum distinctness of the fringes of two neighbouring spectral

lines with wavelengths A, and M, respectively. Show that
7\'2
AL = A, — Ay = d

where A is the mean of A, and A,
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Solution
We have
2d = mh; = (m; + DA,
which gives my = 7¥1}L—27¥2
and 2d = M
Ay =Ry

where ), and A, are two neighbouring spectral lines, we may write A,A, =A%, where Ais the
mean value of A, and A,
)\‘2
2d°

39. How far must one of the mirrors of Michelson’s interferometer be moved for 500
fringes of light of wavelength 500 nm to cross the centre of the field of view?

Thus7 A?\, = 7\,1 — 7\,2 =

Solution

A _500x5000x107°
2 2
40. After obtaining the fringes in Michelson’s interferometer with white light, the white
light is replaced by sodium light. When one mirror of the interferometer is now moved through
a distance of 0.15 mm the fringes are found to disappear. If the mean wavelength for the two
components of the D lines of sodium light is 5893 A, find the difference between their
wavelengths.

d = cm = 0.0125 cm.

Solution
We haVe 2d = mlll = (ml +é)>\,2,
. . Aoy
which gives m; = ——=——
2(A1 —Ay)
A %
and AL =A = Ay = i—;za
5893 % 5893 %1078 .
= = 5.79 A

4%x015%x107"

41. An airtight chamber 5 cm long with glass windows is placed in one arm of a
Michelson’s interferometer. Light of wavelength ) = 480 nm is used. The air is slowly evacuated
from the chamber using a vacuum pump. While the air is being removed 61 fringes are
observed to pass through the field of view. Find the index of refraction of air at atmospheric
pressure.

Solution
In Michelson interferometer, light travels twice through the chamber. Thus, we have
the formula,
xA _ 6IBA
(n-1B  (n-1)

2t =
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-9
61A _ 61x480x107° _ 0.00029

2 2x5x1072
giving n = 1.00029.

or n-1

42, A plane wavefront of light is incident on a plane
mirror as shown in Fig. 12.14. Show that the intensity is
maximum at P when

A 3L BA
cos 0= —, — — ..
4d° 4d  4d
Solution

The path difference between the disturbance
reaching at point P directly and after reflection is

AB + BP A BP 20 d A
+ + — = + — + =
2 €08 sin(90°—0) & 2
= cos20+1) + &
cosG( ) 2
A
= 2d cos0 + —
2

Here /2 is due to reflection from the denser medium.
For maximum intensity at P, we have

2d cos 0 + % =nhn=1,2, 3,..

or cos 0 = M, n=1,2,3,.
4d

43. A prism of refracting angle 30° is coated with a thin film of
transparent material of refractive index 2.2 on the face AC of the
prism.

A light of wavelength 5500 A is incident on face AB such that the
angle of incidence is 60°. Find

Fig. 12.15

(a) the angle of emergence, and

(b) the minimum value of thickness of the coated film on the face AC for which the light
emerging from the face has maximum intensity. [Given the refractive index of the material of
the prism is /3 ] (LLT. 2003)

Solution (a) From Fig. 12.16, we have

B C

Fig. 12.16
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1. sin 60° = x/gsin r
. 1
or smr = —,
2
r = 30° o = 90°.

Angle of emergence is zero.

(b) The reflected ray 1 is reflected from the denser medium (Fig. 12.17). For the
reflected ray 1 there is a phase change of n. There is no change of phase for the second
reflected ray 2. Thus the condition of maxima for the reflected rays is [see problem 22].

Fig. 12.17

2nd = (m+%)7», m=0,1, 2,...

and the condition of maxima for the transmitted rays is

2nd = mh.

d . = L, where we put m =1

min 2n

5500

2% 22
= 1250 A.

44, A point source S emitting light of wave-
length 600 nm is placed at a very small height h
above a flat reflecting surface AB. The intensity of
the reflecting light is 36% of the incident intensity.
Interference fringes are observed on a screen placed
parallel to the reflecting surface at a very large
distance D from it (Fig. 12.18).

(a) What is the shape of the interference fringes
on the screen?

(b) Calculate the ratio of the minimum to the
maximum intensities in the interference fringes
found near the point P (shown in Fig. 12.18).

Screen

w

=
- g

A//////////|/////////////////////B
Fig. 12.18
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(c) If the intensity at point P corresponds to a maximum, calculate the minimum distance
through which the reflecting surface AB should be shifted so that the intensity at P again
becomes maximum. (I.LT. 2002)

Solution

(a) The screen is placed parallel to the mirror AB. The points of equal optical path for
direct rays from S will lie on a circle with P as the centre. The points of equal optical path
for the reflected rays will also lie on a circle with P as the centre. Therefore the fringes
formed will be circular.

(b) Amplitude of the incident ray = a, = JI , where I is the intensity of the incident ray.
Amplitude of the reflected ray = a, = 4/0.36I = 0.6 JI

Lyw (@ -a)® (NT-06VI) _(%T 1
Lax (a3 +0a9)? (NT+06VI 16) 16’

(¢) When the reflecting surface is shifted in such a way that P becomes a maximum
point again, the path difference between the direct and reflected rays should change by nA.
Here n = 1. When AB is moved by x, the path difference changes by 2x.

Thus, 2x = Aor x = g = 300 nm.

45. Two beams of light having intensities I and 4I interfere to produce a fringe pattern

T
on a screen. The phase difference between the beams is — at point A and © at point B. Then

2
the difference between the resultant intensities at A and B is
(@2 (b) 41 (c¢) 5 (d) 71 (I.I.T. 2001)
Solution
Let Yy, = a, sin ot
Yo = Gy sin (0t + J)
¥y + Yy, = A sin (of + ¢)
where A cos ¢ = a; + a, cos d
A sin ¢ = a, sin §
The resultant intensity is
I, =A? = af +a} + 2a,a, cos &
Here a, = ﬁ,a2= V4l
I, = 5I + 41 cos &
T
AtA,6=—,1,=5I
2
AtB,d=m,1I=1
I, -1, = 41

Correct Choice: b.

46. In the Young’s double slit experiment 12 fringes are observed to be formed in a
certain segment of the screen when light of wavelength 600 nm is used. If the wavelength of



316

WAVES AND OSCILLATIONS

light is changed to 400 nm, the number of fringes observed in the same segment of the screen

is given by
(@ 12 (b)) 18 (c) 24 (d) 30.
Solution
Fringe width B
Length of the region
A D/d
Length of the region
Ay D/d
n
Thus, 12
n

Correct Choice: b.

(I.I.T. 2001)

M
d

= 12

=n

Ay _ 600
Ay 400

18

47. A vessel ABCD of 10 cm width has two small slits S, and S, separated by a distance
of 0.8 mm (Fig. 12.19). The source of light S is situated 2 m from the vessel. Calculate the
position of the central bright fringe on the other wall CD with respect to the line OQ. Now
a liquid is poured into the vessel and filled upto OQ. The central bright fringe is found to be

at Q.

Calculate the refractive index of the liquid.

Solution

A D

Fig. 12.19

(I.I.T. 2001)

(a) For the Central fringe to be at R (Fig. 12.20), we have

Fig. 12.20
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SS, + S;R = SS, + S,R
or SS, - SS, = S,R - S;R
d\2
882 = D? + (x1+5)
d)\2
SS; = D} + (xl—Ej
d)\2
S,R? = D2 + (xQ +EJ
2
S,R? = DI + (x2—%)
We assume that D, >> x;, d and D, >> x,, d.
12
SS. = D 1+x12+x1d+d2/4
1 1 —D12
_ p, s Lxi 1xd 1d°
'"2D, 2D, 8D,
Similarly,
SS. = D +lﬁ_lﬂ+ld_2
2 '"2D, 2D, 8D
d
Thus, SS, - S8, = A%
D,
. xod
Similarly, S,R - SR =~ ——
D,
Thus, xd = *pd
D, D,
or Xy = %xl = 21000 x 40 = 2 cm.
1
(b) SS; +8,Q = SS, +n S,Q.
or SS, - SS, = n.5,Q - 85,Q
12 o V2
wd _ pr | pe, 4
D, ~n{D2+4 D2+4
1/2
d2
=nmn-1D, |1+—
" 2 [ 4133}
= (n-1) D,
1= ad = 40008 = 0.0016
"7 DDy T o200x10 T
n = 1.0016.
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48. A glass plate of refractive index 1.5 is coated with a thin layer of thickness d and
refractive index 1.8. Light of wavelength A travelling in air is incident normally on the layer.
It is partly reflected at the upper and lower surfaces of the layer and the two reflected rays
interfere. Write the condition for their constructive interference. If A = 648 nm obtain the least

value of d for which the rays interfere constructively.

Solution

Glass-coating interference (Fig. 12.21) is just like air-
glass interference. (see Fig. 12.8)

The path difference between AR, and BR, is

A=u2(AF+FB)—u1ANi&.

(I.I.T. 2000)

glass u,=1.5

d Coating p,=1.8

\ 4
2
Airp=1
The first ray AR, undergoes a phase change of © which i
corresponds to a path difference of A/2. Fig. 12.21
A = 20,AF — p, AN + %
d A
=2 - W, ABsini + —
Ha cosr Hy st 2
= 2y, d —2u1dtanrsinii&
cosr 2
d i A
A = 2y, -2y, d Smr~u—2sinri—
cosr cosr Uy 2
= 2u, d cosr + %

For constructive interference

A
2u, d cos r iE mh, m =0, 1, 2,...

or 2u, d cos r = (m+é)h

For normal incidence, cos r = 1 and

2u, d = (m+%)h, maxima
The least value of d is
d .. = L= 648 = 90 nm
4u, 4x18

49. A thin slice is cut out of a glass cylinder along a
plane parallel to its axis. The slice is placed on a flat glass
plate as shown in Fig. 12.22. The observed interference fringes
from this combination shall be

o
N

(a) straight line
(b) circular
(c) equally spaced

(d) of type such that the fringe spacing increases as we go outwards.

Fig. 12.22

(ILT. 1999)
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Solution

When a cylinder is placed on a glass plate with its curved surface touching the plane
surface, a thin film is formed between the curved surface of the cylinder and the glass plate.
The glass plate will touch the slice of the cylinder in a straight line parallel to the axis of
the cylinder, and the thickness of the film increases as we move away from this straight line.
The loci of all points having the same thickness are straight lines. Thus straight line fringes
will appear in this combination. The fringe spacing will decrease as we go outwards.

Correct Choice: a.

P <

50. The Young’s double slit experiment is
done in a medium of refractive index 4/3. A light
of 600 nm wavelength falls on the slits having P
0.45 mm separation. The lower slit S, is covered s,
by a thin glass sheet of thickness 10.4 um and y
refractive index 1.5. The interference pattern is g* | _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ o)
observed on a screen placed 1.5 m from the slits
as shown in Fig. 12.23. S, |7

(a) Find the location of the central
maximum (bright fringe with zero path
difference) on the y-axis.

(b) Find the light intensity at point O
relative to the maximum fringe intensity.

(¢) Now, if 600 nm light is replaced by white light of range 400 to 700 nm, find the
wavelengths of the light that form maxima exactly at point O.

Fig. 12.23

[All wavelengths in this problem are for the given medium of refractive index 4/3. Ignore
dispersion.] (I.IT. 1999)

Solution

(a) Optical path difference between the rays S,P and S,P in the absence of the thin
film is

uS,P — uS,P = u% (see problem 1)

where 1 = r.i. of the medium.

Suppose W' = r.i. of the glass sheet. In the presence of the glass sheet the optical path
difference between the rays is

uS,P — (S;P — thu — 't
where ¢ is the thickness of the glass sheet.
If this optical path difference is zero, we have

|
o

yd ,
u e — W

w D
or y = (__lJt E
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= (£—1)><10.4><10—6><L3 m
4/3 045x10"
= 4.33 mm.

(b) Optical path difference at O is
uwS0-u(S,0 -t —ut
Here p > .

ue — Wt =(u—wi

2n

A

Phase difference = d = 578

(W — wt

I =1 cos? g = I cos® (2.89 m)

= 0891 .
(¢) For maxima at O we have
(W—-wt =nA\,n=0,1,2,.
or = 1 %x 104 x 10% m
n 3
1
= —x 1733.3 nm

n
For n = 3, A = 577.3 nm
For n = 4, A = 433.3 nm.

51. A coherent parallel beam of microwave of wavelength h = 0.5 mm falls on a Young’s
double-slit apparatus. The separation between the slits is 1.0 mm. The intensity of microwaves
is measured on a screen placed parallel to the plane of the slits at a distance of 1.0 m from
it as shown in the Fig. 12.24.

y
A

‘ d=1.0mm

‘4— D=10m —

Screen

Fig. 12.24

(a) If the incident beam falls normally on the double-slit apparatus, find the coordinates
of all the interference minima on the screen.

(b) If the incident beam makes an angle of 30° with the x-axis (as in the dotted arrow
shown in the Fig. 12.24), find the y-coordinates of the first minima on either side of the central
maximum. (I.LT. 1998)
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Solution

(a) For normal incidence the interference minima occur on the screen at a distance y
from O where

1\ AD
n+—|— n =
2) " 0, +£1, +2,...

<
Il
Y

( 1) 05x107° x1
n+—| . —  ___ m
2 10x1073

1
0.5 (n+§) m,n =0, +1, +2,...

(b) The incident beam makes an angle of 30° with the x-axis (Fig. 12.25). The angle of
incidence =i = 30°. From @ we draw a perpendicular @N on the incident ray EP. Now @ and
N are in the same phase. NP = d sin i

Fig. 12.25
OB =y
d\2
PB? = D?> + CB?> = D? + (OB - OC)?? = D? + (y_EJ
d\2
QB%2 = D? + AB2=D? + (erE)

( 2
o]
OB - pl1+1V 2/
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yd
B - PB = “—
@ D
Path difference = @B — (PB + NP) = % —d sin i
For maxima, % —d sin i = nA
or y=ni:lD +Dsini=05n+05D.

The position of the central maximum, y = 0.5 m, when n = 0. Due to inclined incident
beam the central maximum moves upwards. It is given by y = D sin ¢

The position of the minima

d
% —dsini = (n+%)k,
(n+;JkD
or y:T+DSini,n:0,il,i2,...
1
= 0.5 (n+—) + 05D
2
y = 075 m forn =0
and y = 0.25 m for n = — 1.

The coordinates of the first minima on either side of the central maximum are
y =025m and y = 0.75 m.

52. In a Young’s experiment the upper slit is covered by a thin glass plate of refractive
index 1.4 while the lower slit is covered by another glass plate, having the same thickness as
the first one but having refractive index 1.7. Interference pattern is observed using light of
wavelength 5400 A. It is found that the point P on the screen where the central maximum
(n = 0) fell before the glass plates were inserted now has 3/4 the original intensity (Fig. 12.26).

p=14

Fig. 12.26

It is further observed that what used to be the fifth maximum earlier, lies below the point
P while the sixth minimum lies above P. Calculate the thickness of the glass plate. (Absorption
of light by glass plate may be neglected) (LI.T. 1997)
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Solution
The optical path difference developed due to insertion of two glass plates is
x =y —ut = (1.7 - 1.4)¢ = 0.3¢
where ¢ is the thickness of each glass plate.

Phase difference 6 = %x

The intensity distribution equation is — 6L
S 6th minimum - - - - - o
I=1, cos? (E) 5\~ + - - 5th maximum
3 o —4)
At P ZIO = I, cos? 5 L
— 3\
8 V3 -
or cos E = + 7 — 2\
) T —1A
or — = nn+ — L
2 6 New position ¥_ _ _ _ _ b
or 0 = 2nm + r ——— ¥ New position
- 3
Fig. 12.27

The corresponding path difference is nA + %k.

After insertion of glass plates the 5th maximum goes below the point P and the 6th
minimum lies above the point P. (Fig. 12.27). Thus due to insertion of glass plates the change
of path difference is (5 + €) A where € > 0. Again the 6th minimum lies above P. The change

1
in path difference is (5 + — - M) A, n >0

2
1
Thus, G+e)h =(5 +§—n)k
1 1
or e+n=gore< .

1
The change of optical path must be [5+—) A

6
31
Thus7 03t = [54—1) = —

6 6

31x5400x1071°

or t =
6x0.3
= 9.3 x 10 m.

53. In Young’s experiment the source is red light of wavelength 7 x 10~7 m. When a thin
glass plate of refractive index 1.5 at this wavelength is put in the path of one of the interfering
beams, the central bright fringe shifts by 102 m to the position previously occupied by the 5th
bright fringe. Find the thickness of the plate. When the source is now changed to green light
of wavelength 5 x 10~"m, the central fringe shifts to the position initially occupied by the 6th
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bright fringe due to red light. Find the refractive index of glass for the green light. Also

estimate the change in fringe width due to the change in wavelength. (I.LLT. 1997)
Solution
. . . A. D
For red light, fringe width 3, = a4
Due to insertion of the glass plate the central fringe shifts by x:
x = (n,— 1t D/d [see problem 16]
The position of the 5th bright fringe is given by
5A,.D
x=5B = Tr = (n, — Dt D/d
-7
or - 5\, :5><7><10 7 x 106 m
n,—1 15-1
For green light
6\, D
x=6B, = e (n, - Dt D/d
or 6L = (n, — 1)
r g
-7
or no_1 = 6\, _ 6><7><1(; 06
g t 7x10"
Thus, n, = 1.6
Change in fringe width =, - B, = (A, - 1)) D/d
Also, (n,-1)¢D/d = x=103m
D 1073 10°

o d (nr—l)t= 35

10°

B, — B, (7x10‘7—5x10‘7)x§m

5.7 x 10 m.

54. In Young’s double slit experiment the angular position of a point above the central
maximum whose intensity is one-fourth of maximum intensity is

(@ sin-l(%) ®) sin! (%) ©) sin-! (%) (d) sin! (%). (LLT. 2005)
Solution
o8
I =1, cos 2
2
where o = T d sin 6
1 g O S T 21
— = ¢C08* — Oor — = — oro6 = —
4 2 2 3 3
Thus, 2n = 2n d sin 0
3 A
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. A
0 = —
or sin 2
or = sin_l[l)
= 3q )

Correct Choice: c.

55. In YDSE an electron beam is used to obtain interference pattern. If the speed of the

electron is increased then
(a) no interference pattern will be observed
(b) distance between two consecutive fringes will increase
(c) distance between two consecutive fringes will decrease

(d) distance between two consecutive fringes remain same.

Solution
A= —
muv
when v is increased A decreases.
A D
Fringe width B = 4

Thus when v increases, 3 decreases.
Correct Choice: c.

56. The figure shows a surface XY separating two
transparent media, medium 1 and medium 2 (Fig. 12.28).

The lines ab and cd represent wavefronts of a light
wave travelling in medium 1 and incident on XY. The lines
ef and gh represent wave fronts of the light wave in medium-
2 after refraction.

(a) Light travels as a
(A) parallel beam in each medium
(B) convergent beam in each medium
(C) divergent beam in each medium

(I.LT. 2005)

d
Medium -1

C

edium-2
S

Fig. 12.28

(D) divergent beam in one medium and convergent beam in the other medium.
(b) The phases of the light wave at c, d, e, f are ¢, ¢, 0, and P respectively. It is given

that ¢, # - Then
(A) ¢, cannot be equal to ¢,
(B) ¢, cannot be equal to ¢,
(©) (9, - ¢ is equal to (9, - ¢,)
(D) (0, - 9, is not equal to (¢, ¢,).
(¢) Speed of light is
(A) the same in medium 1 and medium 2
(B) larger in medium 1 than in medium 2

(C) larger in medium 2 than in medium 1
(D) different at b and d.
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Solution

(a) The ray of light is perpendicular to the wavefront.
Correct choice: A

(b) The particles are in same phase on a wavefront:

Thus ¢, = ¢, and ¢, = ¢,
(bd - (bf = ¢c - ¢e
Correct Choice: c.

(¢) The ray of light goes towards normal after refraction (Fig. 12.29). Thus the
medium 2 is denser than medium 1. The velocity of light decreases in the denser medium.

Medium-1

Medium-2

Fig. 12.29
Correct Choice: b.

SUPPLEMENTARY PROBLEMS

1. Find the sum of the following disturbances
Yy, = 9 sin ot
Yy, = 8 sin (ot + 30°)
2. Find the resultant of the following disturbances
E, = 10 sin wt
9 15 sin (of + 30°)
3 5 sin (ot — 45°)
3. In Young’s double slit experiment the slit separation is 0.12 mm, the slit-screen

separation is 50 cm and the wavelength of light is 540 nm. What is the linear distance
on the screen between adjacent maxima?

SIS
([T

4. In Young’s double slit experiment the separation d of the two narrow slits is doubled.
In order to maintain the same spacing of the fringes, how must the distance D of the
screen from the slits be altered? (The wavelength of the light remains unchanged.)

5. What is the phase difference between the waves from the two slits at the 10th bright
fringe in Young’s double-slit experiment?
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6.

10.

11.

12.

13.

14.

15.

In a double-slit arrangement the slits are separated by a distance equal to 100 times
of the wavelength of the light passing through the slits. What is the angular separation
in radians between the central maximum and the adjacent maximum?

Light passes through two narrow slits 0.07 cm apart. If on a screen 65 cm away, the
distance between two second order maxima is 0.2 cm, what is the wavelength of light?

A double slit is illuminated by light containing two wavelengths 480 nm and 600 nm.
What is the lowest order at which a maximum of one wavelength falls on a minimum
of the other?

In a double-slit experiment the distance between the slits is 5 mm and the slits are
1 m from the screen. Two interference patterns can be seen on the screen, one due
to light with wavelength 500 nm and the other due to light with wavelength 600 nm.
What is the separation on the screen between the fifth order interference fringes of
the two different patterns?

If the distance between the first and tenth minima of a double-slit pattern is 18 mm
and the slits are separated by 0.2 mm with the screen 60 cm from the slits, what is
the wavelength of the light used?

One of the slits of a double-slit system is wider than the other, so that the amplitude
of the light reaching the central part of the screen from one slit, acting alone, is twice
that from the other slit, acting alone. Derive an expression for the intensity I in terms
of 6.

In Fig. 12.30 S, and S, are two point sources

of radiation, excited by the same oscillator.

They are coherent and in phase with each
other. Placed 3.5 m apart, they emit equal
amount of power in the form of 1 m
wavelength electromagnetic waves. Find the
positions of the first (that is, the nearest), the
second, and the third maxima of the received 3.5m
signal, as the detector is moved out along OX. l

In Young’s interference experiment in a large
ripple tank the coherent sources are placed s >x
10 cm apart. The distance between maxima 20

2 m away is 20 cm. If the speed of ripples is Fig. 12.30

25 cm/s, find the frequency of the vibrators.

Two loud speakers are emitting sound of same frequency and also same intensity in
all directions. The intensity of sound at a point which is 3 m from one loud speaker
and 3.5 m from the other, is zero. If the two loud speakers are in phase, calculate the
minimum frequency of sound emitted by the loud speakers. Velocity of sound in air
is 330 m/s.

In the Young’s double slit experiment, the interference pattern is found to have an
intensity ratio between bright and dark fringes, as 9. This implies that

(a) intensities at the screen due to the two slits are 5 units and 4 units respectively.
(b) the intensities at the screen due to the two slits are 4 units and 1 unit respectively.
(c) the amplitude ratio is 3.

(d) the amplitude ratio is 2. (LI.T. 1982)
[Hints: a, + a, = 3 and a, — a, = 1]
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16.

17.

18.

19.

20.

21.

In Young’s double slit experiment the separation between the slits is halved and the
distance between the slits and screen is doubled. The fringe width is (¢) unchanged
(b) halved (c) doubled (d) quadrupled. (I.I.T. 1981)

White light is used to illuminate the two slits in a Young’s double slit experiment. The
separation between slits is b and the screen is at a distance d (» b) from the slits. At
a point on the screen directly in front of one of the slits, certain wavelengths are
missing. Some of these missing wavelengths are

(@) A = b%d (b) L = 2b%d (c) A = b%3d (d) L = 2b%/3d. (I.IT. 1984)
Hints:é = (m +1)M, m=0,1,2,...
2 2)b
Two coherent monochromatic light beams of intensities I and 4/ are superimposed.

The maximum and minimum possible intensities in the resulting beam are
(a) 5I and I (b) 5I and 3I (¢) 9I and I (d) 9I and 31 (IL.IT. 1988)

[Hints:a, = 2\/1_ and a,y = Nij)
A beam of light consisting of two wavelengths 6500 A and 5200 A is used to obtain
interference fringes in a Young’s double slit experiment.
(1) Find the distance of the third bright fringe on the screen from the central
maximum for the wavelength 6500 A.
(Zi) What is the least distance from the central maximum where the bright fringe
due to both the wavelengths coincide?

The distance between the slits is 2 mm and the distance between the plane of the slits
and the screen is 120 cm. (LI.T. 1985)

In Young’s double slit experiment using monochromatic light, the fringe pattern shifts
by a certain distance on the screen when a mica sheet of refractive index 1.6 and
thickness 1.964 micron is introduced in the path of one of the interfering waves. The
mica sheet is then removed and the distance between the slits and the screen is
doubled. It is found that the distance between successive maxima (or minima) now is
the same as the observed fringe shift upon the introduction of the mica sheet. Calculate
the wavelength of monochromatic light used in the experiment. (LLT. 1983)
[Hints: (n — 1) ¢ D/d = A (2D)/d and 1 micron = 10~ m]

In a modified Young’s double slit experiment, a monochromatic uniform and parallel
beam of light of wavelength 6000 A and intensity (10/r) Wm™2 is incident normally on
two circular apertures A and B of radii 0.001 m and 0.002 m respectively. A perfect
transparent film of thickness 2000 A and refractive index 1.5 for the wavelength of
6000 A is placed in front of aperture A, see Fig. 12.31. Calculate the power (in Watts)
received at the focal spot F of the lens. The lens is symmetrically placed with respect
to the aperture. Assume that 10% of the power received by each aperture goes in the

original direction and is brought to the focus spot. (ILI.T. 1989)
[Hints: Intensity of light in the original direction going through A and brought to the
focus spot F is I, =%X(E) 1(0.001)? = 107 W. Similarly, I, = 4 x 10 W. Path
T
2n

difference = (n—-1)t = 1000 A and phase difference § = x1000 =g. Intensity at

6000
the point F'is I, = I, + I, + 2,/1,1p cos3d]
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YYVYYVYY

Fig. 12.31

22. A double-slit apparatus is immersed in a liquid of refractive index 1.33. It has slit

23.

24.

25.

26.

27.

28.

separation of 1 mm, and distance between the plane of slits and screen is 1.33 m. The
slits are illuminated by a parallel beam of light whose wavelength is 6300 A.

(i) Calculate the fringe-width.

(i) One of the slits of the apparatus is covered by a thin glass sheet of refractive

index 1.53. Find the smallest thickness of the sheet to bring the adjacent minimum
on the axis. (L.LT. 1996)

AD
[Hints: (i) Fringe-width B = - (i) From Fig. 12.4, we have n[S,Pj— (S,Pj—t)] — nt

, . xd H XA
=0 and S, - S,F} = D Thus, ¢t = l3(ng_n)].
Interference fringes are produced using a biprism having refracting angles of 4° each
and refractive index 1.5. The slit is kept at a distance of 10 cm from the biprism and
is illuminated with light of wavelength 589 nm. Calculate the fringe width at 85 cm
from the biprism.
In an experiment with a biprism the distance between the focal plane of the eyepiece
and the plane of the interfering sources is 99 ¢cm and the width of 10 fringes is
9.73 mm. The distances between the two images for the two positions of the lens in
the displacement method are 0.4 mm and 0.9 mm. Find the wavelength of the light
used.

Interference fringes are produced using white light with a double-slit arrangement.
A piece of parallel-sided mica of refractive index 1.6 is placed in front of one of the
slits, as a result of which the centre of the fringe system moves to a distance
subsequently shown to accommodate 30 dark bands when light of wavelength 540 nm
is used. What is the thickness of the mica?

On placing a thin film of mica of thickness 7.8 x 10 c¢cm in the path of one of the
interference beams in the biprism arrangement, it is found that the central fringe
shifts a distance equal to the spacing between two successive bright fringes. If
A = 5893 A, find the refractive index of mica.

A Lloyd’s mirror is illuminated with light of wavelength 550 nm from a narrow slit
whose height with respect to mirror-plane is 0.10 cm. Find the separation of the
interference fringes at a distance 100 cm from the slit.

4
A soap film of refractive index 3 and of thickness 2.1 x 10~* c¢m is illuminated by

white light incident at an angle of 45°. The light reflected by it is examined
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29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

spectroscopically in which it is found that a dark band corresponds to a wavelength
of 474.3 nm. Find the order of the dark band.

A thin film in air is 0.43 um thick and is illuminated by white light normal to its
surface. Its index of refraction is 1.5. What wavelenghts within the visible spectrum
will be intensified in the reflected beam?

A thin coating of refractive index 1.28 is applied to a glass camera lens to minimize
the intensity of the light reflected from the lens. In terms of A, the wavelength in air
of the incident light, what is the smallest thickness of the coating that is needed?
Assume normal incidence of light.

A sheet of glass having an index of refraction of 1.40 is to be coated with a film of
material having a refractive index of 1.56 such that green light (A = 520 nm) is
preferentially transmitted. () What is the minimum thickness of the film that will
achieve the result? (b) Will the transmission of any wavelength in the visible spectrum
be sharply reduced? Assume normal incidence of light.

A thin film of acetone (index of refraction = 1.24) is coated on a thick glass plate
(n = 1.50). Plane light waves of variable wavelengths are incident normal to the film.
When one views the reflected wave, it is noted that complete destructive interference
occurs at 600 nm and constructive interference at 700 nm. Calculate the thickness of
the acetone film.

Two similar rectangular plates are placed in contact along one edge and separated by
a strip of paper along the opposite edge, thus forming air wedge of very small angle
between them. When the wedge is illuminated normally by light from a sodium lamp,
it appears to be crossed by bright bands with a spacing of 1 mm. Calculate the angle
of the wedge.

Two rectangular grass-plates are laid one upon another with a thin wire between
them at one edge so as to enclose a thin wedge-shaped air film. The plates are
illuminated by sodium light. Bright and dark fringes are formed, there being 9 of each
per cm length of the wedge, measured normal to the edge in contact. Find the angle
of the wedge.

A glass wedge of angle 0.001 radian is illuminated by monochromatic light of
wavelength 600 nm falling normally on it. The index of refraction of glass = 1.5. At
what distance from the edge of the wedge will the 10th dark fringe be observed by
reflected light?

[Hints: 2nx0 = mA]

Fringes of equal thickness are observed in a thin glass wedge of refractive index 1.5.
The fringe spacing is 2 mm and wavelength of light is 589.3 nm. Calculate the angle
of the wedge in seconds of arc.

A perfectly flat piece of glass (n = 1.5) is placed over a perfectly flat piece of black
plastic (n = 1.2). They touch at one edge. Light of wavelength 600 nm is incident
normally from above. Six dark fringes are observed in the reflected light. () How
thick is the space between the glass and the plastic at the other end? (b) Water
(n = 1.33) seeps into the region between the glass and plastic. How many dark fringes
are seen when all the air has been displaced by water?

The diameters of the mth and (m + p)th dark or bright rings of the Newton’s rings
experiment with a liquid of r.i. n in between the lens and the glass plate are d,, and
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39.

40.

41.

42,

43.

44.

45.

46.

d,,., respectively. Show that the wavelength of the monochromatic light is given by

no dmip = dm '
4R D

In the Newton’s rings experiment the diameters of the mth and (m + p)th dark/bright
fringes with air film in between the lens and the plate are d,, and d,,,, respectively.
A small quantity of the transparent liquid is placed between the glass plate and the
lens and the diameters of the mth and (m+p)th dark/bright fringes are measured
again. They are found to be D, and D, » respectively. Show that r.i. of the liquid is

2 2

dm+p_dm
n=—2 5 -

Dm+p _Dm

In Newton’s rings experiment with a liquid of r.i. n in between the glass plate and
the lens show that the difference in radii between adjacent rings (maxima) is given

by

1 |AR
Ap=pm+1 —Pm zE _
nm
assuming m > 1.

In Newton’s rings experiment show that the area between adjacent rings (maxima)
is given by
AR
A=y =P) ==
A thin equiconvex lens of focal length 3 m and refractive index 1.5 rests on and in

contact with an optical flat, and using light of wavelength 600 nm, Newton’s rings are
viewed normally by reflection. What is the diameter of the 10th bright ring?

[Hints: For equiconvex lens use %: (LW — D2/R]

Newton’s rings are formed by reflected light of wavelength 5893 A with a liquid
between the plane and the curved surfaces. If the diameter of the 8th bright ring is
3.6 mm and the radius of curvature of the curved surface is 100 c¢m, calculate the
refractive index of the liquid.

The convex surface of radius R, of a plano-convex lens rests on a convex spherical
surface of radius of curvature R,. Newton’s rings are observed with reflected light of
wavelength A. Show that the radius p,, of the mth bright ring is given by

e ]

Newton’s rings by reflection are formed between two biconvex lenses with radii of
curvature of 100 cm each. Calculate the distance between the 9th and 16th dark rings
using monochromatic light of wavelength 500 nm.

If the movable mirror in Michelson’s interferometer is moved through 0.23 mm, 790
fringes are counted with a light meter. What is the wavelength of light?
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47.

48.

49.

50.

51.

52.

In an experiment of Michelson’s interferometer with sodium light the distance through
which the mirror is moved between two consecutive positions of maximum distinctness
is 0.294 mm. If the mean wavelength of the D, and D, lines of sodium is 5893 A, find
the difference between their wavelengths.

When one leg of a Michelson interferometer is lengthened slightly, 150 dark fringes
sweep through the field of view. If the light used has A = 480 nm, how far was the
mirror in that leg moved?

A thin film with n = 1.40 for light of wavelength 600 nm is placed in one arm of a

Michelson interferometer. If a shift of 8 fringes occurs, what is the thickness of the
film?

In the ideal double-slit experiment when a glass-plate (refractive index 1.5) of thickness
t is introduced in the path of one of the interfering beams (wavelength 1), the intensity
at the position where the central maximum occurred previously remains unchanged.
The minimum thickness of the glass plate is
(@) 2h  (b) 2M3 () M3 (d) A (LI.T. 2002)
[Hints: ¢ = xA/(n — 1) where x = f3]
In a double slit experiment instead of taking slits of equal widths, one slit is made
twice as wide as the other. Then in the interference pattern.
(a) the intensities of both the maxima and minima increase.
(b) the intensity of maxima increases and the minima have zero intensity.
(c) the intensity of maxima decreases and that of minima increases.
(d) the intensity of maxima decreases and the minima have zero intensity.

(I.I.T. 2000)
[Hints: Previously a, =a,a,=a,I =4a% 1 . =0,Now,a, =2a,a,=a,I_, =92
Imin = aZ]
In a Young’s double slit experiment two wavelengths of 500 nm and 700 nm are used.

What is the minimum distance from the central maximum where their maxima coincide
again?
Take D/d = 103. Symbols have their usual meanings.

(LI.T. 2004)



Diffraction

13.1 DIFFRACTION

When a light wave encounters an obstacle or hole whose size is comparable to its wavelength
the light wave spreads out to some extent into the region of the geometrical shadow. This
bending of light round an obstacle is an example of diffraction of light. Diffraction is a
convincing evidence of the wave theory of light. According to Huygens’ principle, the wave
is divided at the obstruction into infinitesimal wavelets which interfere with each other as
they proceed. We consider diffraction effects that occur at a large distance from the obstruction
(Fraunhofer diffraction). Sometimes this effect is studied experimentally by interposing a
lens so that patterns that would otherwise occur at infinite distance are focussed onto a
screen at the focal plane of the lens.

13.2 SINGLE-SLIT DIFFRACTION

When a beam of parallel rays is incident normally on a long narrow slit of width a, the
emergent rays produce single-slit diffraction pattern with a central maximum together with
minima corresponding to the diffraction angles 6 that satisfy

a sin © = mA, m = +1, +2, +3,... (minima)

. Ta .
or o = mn with o = Tsm 0.

The diffracted intensity for a given diffraction angle 0 is
I =1 sin? o/o?

where I is the intensity of the central maximum (6 = 0) or the principal maximum.

13.3 DIFFRACTION BY A CIRCULAR APERTURE

Diffraction by a circular aperture or lens with diameter d produces a central maximum with
a first minimum at a diffraction angle 6, given by

A
sin 6, = 1.22 — (first minimum)

d
When 6, is small we may write

6, ~ 1.22)/d.
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13.4 RAYLEIGH CRITERION

According to Lord Rayleigh two adjacent spectral lines are just resolved when the principal
maximum of one falls on the first minimum of the other. When two objects are viewed
through a telescope or microscope they are on the verge of resolvability if the central diffraction
maximum of one is at the first minimum of the other. Due to diffraction through a circular
aperture their angular separation must be at least

0, = 1.22W/d

where d is the diameter of the objective lens.

13.5 DOUBLE-SLIT DIFFRACTION

A beam of parallel rays passing normally through two slits, each of width @, whose centres
are d distance apart, produces diffraction pattern whose intensity I at various diffraction
angles 0 is given by

I = I cos®p sin® a/o?

with B = % sin® and o = %sine.

13.6 MULTIPLE-SLIT DIFFRACTION

Diffraction by N identical slits results in principle maxima whenever
dsin ®=mA m = 0, +1, +2,... (maxima)

The half angular width (A6) of the mth principal maximum is given by

A

A = Ndcosb’

13.7 DIFFRACTION GRATING

A diffraction grating consists of a large number (V) of parallel equidistant slits. The principal
maxima are given by

dsin® = mA, m =0, +1, +2,...

A grating is characterised by two parameters, the dispersion D and the resolving power R.

When a composite pencil of light is incident on a grating the different colours are
separated from each other forming the diffraction spectrum. This separation of colours or
wavelengths, known as dispersion, is given by

AO m

AL dcos®’

The resolving power of a grating is its power of separating two very close spectral lines.
According to Rayleigh’s criterion two lines are just resolved in the mth order when

A
A Nm
AN m
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Here AM is the smallest difference of wavelengths that can be resolved at the wavelength A.
The quantity A/AX is called the resolving power R of the grating.

13.8 X-RAY DIFFRACTION

The wavelength of X-rays or thermal neutrons is of the same order as the distances between
atoms in a crystal. The regular array of atoms in a crystal is considered to be a three-
dimensional diffraction grating for waves of short wavelengths. The atoms can be visualised
as being arranged in planes with characteristic interplanar spacing d. Diffraction maxima
occur if the incident direction of the wave, measured from the surface of a plane of atoms,
satisfies Bragg’s law:

2d sin® = mA, m =1, 2, 3,...

where A is the wavelength of the radiation, and 6 is the angle which the incident beam makes
with the lattice plane.

SOLVED PROBLEMS

1. Single-slit diffraction: When a monochromatic beam of parallel rays of wavelength

A falls normally on a long narrow slit of width a, the emergent rays produce single-slit

diffraction pattern. Show that the diffracted intensity corresponding to the diffraction angle
0 is given by

1

2 2
I, sin® o/

Ta .
where o = —sin 6,

A

and I is the intensity of the central maximum (6 = 0).

Solution

A beam of parallel rays is incident normally on the single slit of width a (Fig. 13.1). Let
ds be an element of the width of the wavefront in the plane of the slit, at a distance s from
the centre O of the slit. The secondary waves which travel normal to the slit will be focussed
at P, by the lens L and those which travel at the diffraction angle 6 will reach P. The
amplitude at P due to the spherical wavelet emitted by the element ds situated at O is
directly proportional to the lengths ds and inversely proportional to the distance x. Thus the
infinitesimal displacement at P due to this element may be written as

dy, = B%sin (ot — kx)

where B is the proportionality constant.
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L
L 0
A : P
I
— I X
—y :
I
I 0 R
a . > P,
S :é\\
I _'A\C 0
—_— ds
T— A \
\ 4 b
Fig. 13.1

As the position of ds is changed the displacement it produces at P will have different
phase. When it is at A which is at a distance s below the origin, the contribution will be

dy. = B;is sin [of — k(x + A)].

S

where A is the path difference between the corresponding rays coming from O and A.
From O a perpendicular OC is dropped on AC.

Now, 8 + LP,O0C = ZP,0C + ZCOA = 90°.
Thus, ZCOA =0 and A = AC = OA sin 6 = s sin 0,

and dy, = Bds sin [0t — kx — ks sin 0].
x
We now wish to sum the effects of all elements from s = —% to %. The contribution

from the pair of elements symmetrically placed at s and —s is
dy

dy, + dy_

5 [sin (0t —kx — ks sin 6) + sin (ot — kx + ks sin 0)]
X

2Bds
x

sin (ot — kx) cos (ks sin 0)

which must be integrated from s = 0 to %.

In doing so we regard x as a constant since the change in amplitude due to small change
of x is negligible. Thus the resultant vibration at P is given by

2B al2
y = —sin(ot - kx) [ cos(ks sin0)ds
X
0
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= ﬁsin(wt — kx)sin (kza sin 6) /(k sin ).
x

If we define

a:%kwiu@:%sme ..(13.1)
then y= %Sin(mt —kx)sina/o.
Thus the resultant vibration at P will be simple harmonic with amplitude
A = A, sin o/o ...(13.2)
where A, = %.

The path difference between the rays coming from two edges of the slit is a sin 6 and

the corresponding phase difference is 2n a sin 6 = 20. Thus o signifies one-half of the phase

difference between the contributions coming from the two edges of the slit.
The intensity on the screen is given by

To< A% = AZsin?afo?.

At the point P, 6 = 0, o. = 0, sin o/ = 1 and all the secondary wavelets arrive in phase
at this point. We get the position of the central maximum or the principal maximum. If I |
is the intensity at the central maximum, then we have

I =1, sin? o/o? ..(13.3)

2. Find the positions and intensities of the maxima and the positions of the minima of
the single-slit diffraction pattern (problem 1).

Solution

From Eqn. 13.3 the position of the central maximum or the principal maximum is given
by oo =0 or 6 = 0.

Minima: The intensity falls to zero at o = +=n, +2xn, +3m,.... or, in general o = mn with
m = +1, +2,.....50 on one side of the diffraction pattern the minima are equispaced.

Maxima: Between two minima we have secondary maxima. The secondary maxima do
not lie half way between the minima points, but are displaced towards the centre of the
pattern by an amount which decreases with increasing m. The exact values of o for these
maxima may be found by differentiating Eqn. (13.2) with respect to o and equating to zero:

dA _ Ao[cosoc B s1n2oc} _o
do. o o
or o= tan o, a0 # 0 ...(13.4)

The solutions of Eqn. (13.4) gives us the secondary maxima points. These points are
o = +1.43m, +2.46m, +3.47m,....

The positions of maxima and minima are given below:
Maxima o = mn, m =0, £1.43, +2.46, +3.47,....
Minima o = mn, m = 1, +2, +3,....



338 WAVES AND OSCILLATIONS

. Ta .
Since o = Tsm 0 = mn, we have

sin® = m_?» or,G:m—7L

a a
with m = 0, £1.43, +2.46, +3.47,... (maxima)
m = +1, +2, +3,... (minima)

The angular width of the pattern for a given wavelength is inversely proportional to the
slit width a. If the width @ is made larger, the pattern shrinks to a small scale. When the
width is very large compared to the wavelength of light, the diffraction pattern disappears.

From Eqn. (13.2) we find that the amplitude A decreases with increasing o as o occurs
in the denominator. Therefore, the intensity decreases with increasing o (Fig. 13.2). The
width of the central maximum (o ranges form —m to m) is Ao = 21 while the width of the
secondary maximum is Ao, = ©. Thus the central maximum is twice as great as that of the
fainter secondary maximum.

Fig. 13.2

The intensities of the secondary maxima may be calculated to a close approximation by
finding the values of sin? o/0? at the half way between the minima points, i.e.,

o=+ ﬁ, i5—n, i7—n,.... which give sin? o/o2 = 4 , 4 , 4 e
2" 2 2 9n?’ 2517 " 49n”
The exact values of the intensities of the secondary maxima are given below:
(i) 1st secondary maximum: o = + 1.43n and sin? o/0? = 0.0496. Thus the intensity of
1st secondary maximum is 4.96% of the intensity of the central maximum.
(ii) 2nd secondary maximum: o = + 2.46% and sin? o/o? = 0.0168. The intensity is 1.68%
of that of central maximum.
(iit) 3rd secondary maximum: o = + 3.477 and sin? o/o2 = 0.0083. The intensity is only
0.83% of the intensity of the central maximum.
Linear distance on the screen between successive minima: Suppose for the 1st and 2nd
minima, the values of the angle 6 are 8, and 6, respectively. Since the angle 6 is very small
we may write

0; =& and 0, :%,
a a
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Let the distance between the slit and the screen be -
4 2nd minimum

f which is also equal to the focal length of the lens if the e
lens is placed close to the slit. Let the linear distance on 7 d
the screen between successive minima corresponding to N -] 1st minimum
the angular separation 6, — 6, (= Ma) be d (Fig. 13.3) o _—’:_:59_1\,1:(-)3 . |d
Principal maximum
le—— f —>
Thus, we have i = &
f a
Fig. 13.3
A
or d = —f,
a

which gives the linear distance on the screen between successive minima of the diffraction
pattern.

3.Find the half angular width of the central bright maximum in the Fraunhofer diffraction
pattern of a slit of width 0.5 mm when the slit is illuminated by monochromatic light of
wavelength 589.3 nm.

Solution

We have sin 8 = Ma where 0 is the half angular width of the central maximum.

-9
sing = 229310~ _ 4 1786 x 109
05x10"
or 6 = 1.18 x 10~ rad.

4. When monochromatic light is incident on a slit 0.02 mm wide, the first diffraction
minimum is observed at an angle of 1.5° from the direction of the direct beam. What is the
wavelength of the incident light?

Solution
A =a sin 8 = 0.02 x 1073 sin (1.5°) m = 523.5 nm.

5. Light of wavelength 630 nm is incident on a narrow slit. The angle between the first
minimum on one side of the central maximum and the first minimum on the other side is 1°.
What is the width of the slit?

Solution
A 630 nm

" sin® sin(05°)
6. The distance between the first and fifth minima of a single-slit pattern is 0.35 mm

with the screen 40 cm away from the slit, using light having a wavelength of 560 nm.
(a) Calculate the diffraction angle 9 of the first minimum. (b) Find the width of the slit.

= 72.19 um.

Solution

(a) Let the angle of diffraction be 6, for the fifth minimum, and the corresponding
distance on the screen from the central maximum be d,. Thus,

0, = 50 = kandezi
D D
where 6 = diffraction angle of the first minimum
d = distance of the first minimum on the screen from the central maximum
D = distance of the screen from the slit.
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So, we have

d,—d 035mm

40 = =
D 400 mm
or 0 = 2.19 x 10~ rad.
(b) P 560nm ., s6 im.

sin®  219x10°*

7. A parallel beam of light is incident normally on a narrow slit of width 0.22 mm. The
Fraunhofer diffraction pattern is observed on a screen which is placed at the focal plane of
a convex lens whose focal length is 70 cm. Calculate the distance between the first two
secondary maxima on the screen. The wavelength of light = 600 nm and the lens is placed very
close to the slit.

Solution
The first and second maxima occur at o = 1.43n and 2.46w. Thus,

a sin 0 = 1.43\A and 2.46\

or sin® = 1432 = 3.9 x 103 for 1st maximum
a

and sin® = 246) = 6.71 x 1073 for 2nd maximum.
a

Consequently the maxima will be separated on the screen by the distance given by
(6.71 — 3.9) x 107 x 70 = 0.2 cm.

8. Sound waves with frequency 3000 Hz diffract out of a speaker cabinet with a 0.3 m
diameter opening into a large auditorium. Velocity of sound in air is 343 m/s. Where does a
listener standing against a wall 100 m from the speaker have the most difficulty in hearing?
Assume single slit diffraction from a slit of width 0.3 m.

Solution
The first minima occur at B and B’ on two sides of the central maximum A (Fig. 13.4).

343

Now, A= —m
3000
B 1st minimum
0
0 A Central maximum
0 100 m
B’ 1st minimum

Fig. 13.4
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d e = A 343
an S = T 3000%03
or 0 = 224°
tan 6 = ﬁ = 0412
100
or AB = 41.2 m and AB’ = 41.2 m.

9. The full width at half maximum (FWHM) of the central diffraction maximum is
defined as the angle between the two points in the pattern where the intensity is one-half of
that at the centre of the pattern. (a) Show that FWHM is

A0 = 2 sin!(0.442Ma)

where a is the width of the single slit. (b) Calculate the FWHM of the central maximum for
slits whose widths are 1.5\ and 10\

Solution 1 1
(@) From Eqn. (13.3), we find that I = 3 I when sin? o = E(xz. This transcendental
equation has a solution o = 1.39 radians.
Thus, we have % sin 0 = 1.39
or sin 0 = @: 0.442Ma,
na

and FWHM is A8 = 2 sin™! (0.442 Ma).

(b) When a = 1.5\, A6 = 34.28°
When a = 10A, A6 = 5.07°.

10. Find the smallest angular separation of two narrow slit sources which could be
resolved theoretically (according to Rayleigh’s criterion of just resolution) by a rectangular slit

of width a.

Solution

Two narrow sources form real images on the screen after passing through the rectangular
aperture. Each image consists of a single-slit diffraction pattern. The angular separation of
the sources v is equal to the angular separation of the central maxima. According to Rayleigh’s
criterion for just resolution two images appear to be just resolved when the principal maximum
of one falls on the 1st minimum of the other i.e.,

Vo= 6
where 60, is the diffraction angle of the 1st minimum
sin 0, = 6, = Ma.

Thus at just resolution of two images the angular separation of two narrow slits is

vy = Ma.

11. Find the smallest angular separation of two narrow slit sources which could be
resolved by a rectangular slit of width 1”. [Take the mean value of A = 6000 Al

Solution
Minimum angle of resolution is

= ——— rad = 4.87".

A 6x107°
a 2.54
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12. Circular aperture: When a monochromatic beam of parallel rays of wavelength A
falls normally on a circular aperture of diameter a, the emergent rays produce circular
diffraction pattern.

(a) Show that the diffracted intensity corresponding to the diffraction angle 0 is given

by
I =1 Ji@2o/o’
where o = —nasm(ﬂ’
22

J, (2) is the Bessel function of order 1, and I is the intensity of the central maximum
(6 =0).
(b) Find the positions of the maxima and the minima of the circular diffraction pattern.

Solution

OAB is one quadrant of a circular aperture of diameter a, with its plane in yz-plane
(Fig. 13.5). The plane waves are incident on the aperture in the x-direction. The circular
aperture is divided into elementary diffracting areas s ds do¢, each acting as a secondary
source of disturbance. On account of the presence of circular symmetry we choose a point P,
having coordinates (x,, y,, 0) in the xy-plane. The distance of P, from the centre of the
aperture is r and 0 is the angle of diffraction. We wish to find the resultant disturbance at
P,. We have

A
Al
A\
2 (S
2 (S
S
0 ¢ >y
r B
5 P
Po sl Po(Xo: Yo, 0)
X
Fig. 13.5

x, = r cos 6 and y, = r sin 0.

Let the distance of P, from the elementary area s ds d¢ be p. A disturbance originating
at the elementary area produces a displacement du at P, proportional to the area and is
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given by

du = B (s ds do¢) sin(wt — kp), ...(13.5)

: L 2n T :
where B is the proportionality constant, o = T and & = o Eqn. (13.5) can be written as
du = Bs ds do sin 2n(i_2) ..(13.6)
T A
The resultant disturbance at P, is obtained by integrating the above expression
2n al2 ;
u =B :[ {sin2n(?—%)s ds do ..(13.7)

The coordinates of the elementary area are (0, s cos ¢, s sin ¢) and those of P, are
(r cos 0, r sin 0, 0). Thus,

2 2

r

P cos20 + (r sin © — s cos ¢)% + s2 sin? ¢
= r2 — 2rs sin 0 cos ¢ + s2

Since r is very large for Fraunhofer diffraction and s is small compared to r, we obtain,
expanding by binomial theorem

. 12
o~ r[1_23s1necos¢}
r
~ r — s sin 0 cos ¢.
From Eqn. (13.7), we have
21 al/2 ; ino
w=p | [oinze £ LS008 ), gy gy
0 0
21 a/2

. t r 2ns.sin0cos ¢
B .([ .([s ds d(]){stn(T—x)cos(T]

(L—L)sin 2ns.sinecos¢)
+ cos 2m T - X

The ¢-integration of the second term gives:

2n T 2n

jsin(ps cos0)dd = Jsin(ps cos 0)do + Isin(ps cos 0)do
0 0 b
where p = 2n iin 6

In the second integral we put p = ¢ — © so that it becomes
T T
J‘ sin(—pscosB)dB —J sin(pscosP)dp
0 0
2n
and the value of the integral Isin( pscos 0)d¢ is seen to be zero.
0
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Thus, we have
2n  al2

u = B sin2n (%—%)_([dq) ‘([s ds cos (pscos ) ...(13.8)
For the s-integration, integrating by parts, we obtain
al2 . al2  a/2
s sin(pscos 0) i
[ cos (pscosords = {M} [ sntpseoso)
0 pcos¢ |, 4 pcosod
a g in (2P al2
(3 2 sm( g cos (])) cos (pscos )
or Js cos (pscosd)ds = + SR
pcosd p~cos” o 0

0

% sin (ap cos ¢J cos (ap cos (1)) 1
+

2 2 2 3
pcosd p2 cosz¢ p2cos2¢
3.3
= a %cosd)—&cos%ﬁ...
2pcosd| 2 3!8
2_2 4 4
+ — 1 5 1-472 cos2¢+Mcos4¢—... —%
p-cos” o 214 416 p-cos” o
2 4_2 2 4 2
£..2»r cos2¢+...—a—+&cos2¢—...
4 96 8 16x24
2 4 2
a——Mcos2¢+
8 128
Thus, Eqn. (13.8) becomes
2n 2 4 2
. t r a a'p 2
= B 2| ——— _———
u sin E(T 7Lj_([dq)[S 198 cos” ¢ + 1
Integrating term by term with respect to ¢, we obtain
t  r\|2na? a4p2
=Bsin2n | =——||———————"n+...
w= o E(T x)_ 8 128
r 2 3 4
- B sin 2n (%—%) %_22(;2 sin26+..}
_paman [Lo0) o2 fy_et, (13.9)
PSR T )| 2sin6 | 121 e
Here, o = Ta Sin 6
2\
The terms within the parentheses in Eqn. (13.9) can be summed up:
3 5
o- X ¢ = J, 2a)

112! 112131
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where o, is the Bessel function of order 1. Thus, we obtain finally

Bal J1(2oc)sin2n(i-1). ..(13.10)
28in® T A
The amplitude of the resultant simple harmonic motion is
2
A = Bt.zl J,(20) = Bra J1(20L).
2sin6 4 o
J1(2a) . . .
when 6 = 0, o = 0 and o = 1. The amplitude at the central maximum (at P, in
Fig. 13.5) is
A = Bra? ]
" 4

Therefore, A = A J,(20)/cc.
The intensity is maximum (I,)) at the central bright spot (6 = 0). The intensity I at P,
is seen to be

I =1 J7Qw)/o ..(13.11)

(b) The function J; (20) has an infinite number of zeros, going through positive and
negative values alternately as o increases with diminishing ordinates at the maxima. The
principal maximum occurs at o« = 0 or 6 = 0. The secondary maxima are at

200 = 1.64m, 2.67n, 3.69n, 4.721 etc.
. 164X 267N 369\ 472\
or sin 6 = s . s etc.
a a a a
The minima occur at
200 = 1.22m, 2.23n, 3.247w, 4.267 etc.
. 1220 2230 324N 426\
or sin 6 = , , S ete.

a a a a

The first minimum of the diffraction pattern corresponds to the diffraction angle 6, at
which

122\
sin 0, =
a
122\
or 0, = ...(13.12)
a

since 0, is a very small angle.

We get a circular diffraction pattern with a very bright central disc which is called
Airy’s disc, followed by a series of alternate dark and bright rings of decreasing intensity.
The ratio

I Intensity at the secondary maximum

I, Intensity at the central maximum

for the 1st, 2nd and 3rd secondary bright rings are 0.0175, 0.00416, 0.00160 respectively. The
intensity of the rings fades away rapidly as the rings recede from the centre. So, the pattern
will be limited only to a small region near the centre.
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If a convex lens of focal length f is placed very close to the aperture and the pattern is
seen on a screen, the linear radius d of the first dark ring is given by

122),
d=06/f= af.

13. Find the smallest angular separation of two stars which could be resolved by a
telescope of diameterl". [Mean A = 600 nm]

Solution

The minimum angle of resolution is

1220  122x6x107°

a 254
~ 6 seconds.

rad = 2.88 x 107° rad

14. For the human eye the diameter of the pupil is about 3 mm. Find the smallest
angular separation of two objects which could be resolved by the human eye.

[Mean A = 600 nm]

Solution
The minimum angle of resolution (6,)

-5
= M rad = 50 seconds.

0.3
[Note: Actually an average person cannot resolve objects less than about 1 minute apart.
This is because the separation of two images is decreased by refraction of the rays as they
enter the eye (n = 1.33 and 6, = 50 x 1.33 seconds)]

15. A converging lens 3 cm in diameter has a focal length of 20 cm. (a) What angular
separation must two distant point objects have to satisfy Rayleigh’s criterion? (b) How
far apart are the centres of the diffraction patterns in the focal plane of the lens?
[Assume N = 550 nm]

Solution
1220 122x55x107°

(@) 0, = =222 = =222~ 994 x 10 S rad
a 3

(b) The linear separation is
Ax = [0, = 20 x 2.24 x 107 cm = 4.48 x 10~* cm.
16. A laser beam was fired from the Air Force Optical Station on Maui, Hawaii, and
reflected back from the shuttle Discovery as it sped by, 220 miles overhead. The diameter of
the central maximum of the beam at the shuttle position was said to be 28 ft and the beam

wavelength was 540 nm. What is the effective diameter of the laser aperture at the Maui
ground station? Assume circular exit aperture of the laser beam.

Solution
The first minimum of the diffraction pattern due to circular aperture corresponds to the
diffraction angle 6, at which we have
1.22A

a
where a is the diameter of the laser aperture.

0, =
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Again, 0, = 14 ft .
220x1760 x 3ft
-5
Thus, 0 - 122x220x1760x3x54 %10 em = 547 cm

14

17. Double-slit diffraction: A beam of parallel rays passing normally through two slits
each of width a, whose centres are distance d apart, produces double-slit diffraction pattern.
Show that the intensity I of the double-slit diffraction pattern at the diffraction angle 0 is
given by

I = I cos? B sin? o/o2
o Ta

where B = — sin 6, oo = —— sin® and I, is the intensity in the forward direction (6 = 0).

A A

Solution

A double slit consists of two narrow slits AB and CD arranged parallel to each other
(Fig. 13.6). Each slit is of width a¢ and separated by an opaque space BC of width b. The
origin O is chosen at the mid-point of BC.

Now,

and
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The amplitude at a point P on the screen due to the elementary length ds of the slit at
a distance s from O is

Bds . .
dy, = 5 sin[ot — k(x + s sin 0)]
X
where B is a constant and x is the distance of P and O. We sum the contributions from the
corresponding elementary lengths ds on both sides of O at a distance s from O:

dy = B_ds [sin {of — k(x + s sin 0)}
x

+ sin {of — k(x — s sin 0)]

2B
= ds sin (¢ — kx) cos (ks sin 0)
. . d a d a .
This must be integrated from s = 5 32 tos = Bl + 5 in order to find the total
contribution:
d a
272
y = %sm ot — kx) I cos (ks sin 0) ds
x
d a
2 2
jo ZBsmel k) { k (d+a)sm9} sin {1k (d - a)sin e}
xksin O 2
4 Bsin (ot — kx) .
= ————————cosPsina.
xk sin 0
Here, B= ékd sin 0 =%sin6,
and a—lkasinG—ESinG
S 2 A '
The amplitude of the resultant vibration at P is
A = 2A cos B sin o/ ...(13.13)

B
where A, = 92 _ diffraction amplitude in the forward direction for a single slit of width a.
x

The intensity on the screen due to a double slit is given by

I A2 = 4A%cos?Bsin?a/a? ..(13.14)
At the point P, 6 = 0, 0. = B = 0 and we get the position of the central maximum. If I |

is the intensity at the central maximum then we have
I =1 cos® B sin? o/o ...(13.15)

The factor sin? o/o? is the factor for diffraction due to the single slit of width a. The
factor cos? B is the characteristic of the interference pattern produced by the two beams of
equal intensity and a phase difference. In Young’s experiment of double slits [see problem 1

o nd sin
= B.

Zg where 5 = 7»

of chapter 12] the resultant intensity is proportional to cos
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18. Find the positions of the maxima and the minima of the double-slit diffraction
pattern of problem 17.
Solution

Positions of minima: The resultant intensity I [Eqn. (13.15)] is zero when either of the
factors cos? B or sin? o/o? is zero.

(1) Minima of the interference pattern: cos? § = 0

or B = i(m+%)n,, m=20,1, 2,...

or d sin 0 = i(m—f-é)?\,, m=0,1, 2,... ...(13.16)
(i) Minima of the diffraction pattern: sin? o/o? = 0,

or o=+pn,p=1,2 3,..

or asind = + pA, p =1, 2, 3,... ...(13.17)

Positions of maxima: The exact positions of the maxima are not given by any simple
relation, but their approximate positions may be found by neglecting the variation of the
factor sin?0/02, a justifiable assumption only when d is large compared to ¢ and the maxima
only near the centre of the pattern are considered. For the same small value of 6 near the
centre of the pattern, o is small compared to B. In that case, sin?0/0? = 1 and the positions
of the maxima will be determined solely by the cos?B factor, which has maxima for B = + mm,
m=0,1,2,...
or dsin® = tmh, m =0, 1, 2,... ...(13.18)

Since 6 is small we may write

0 =+mMd,m=0,1,2,.. ...(13.19)
Thus, the maxima near the centre are equispaced.

When the slit width @ is not very small, the variation of the factor sin? o/o? with 6 must
be taken into account. The complete double slit pattern is the product of two factors cos?p
and sin? o/o2. In this case the positions of the maxima are slightly different from those given
by Eqn. (13.18) except for the central maximum (m = 0).

If the slit width a is much small compared to d, we get many interference maxima
within the central maximum of the diffraction pattern. In the central diffraction maximum,
sin® varies from —AMa to AMa or A® = 2 Ma. The width of a bright interference fringe = A/d.
In general, the number of interference maxima within the central diffraction maximum =

20 /A 2d

— / 4°- a4 But sometimes the interference maximum falls on the diffraction minimum
a a

and it cannot be seen. In that case the number of interference maxima occurring under the

central diffraction maximum is (2—— 1).
a

Missing orders: It is sometimes seen that certain interference maxima are missing.
These so-called missing orders occur when the condition for a maximum of the interference
and the condition for a minimum of the diffraction are satisfied for the same value of 0, i.e.,

d sin & = mA\
and a sin 0 = p\
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or

d _m
a p

ki

ie., i is in the ratio of the two integers. When — = 2, orders m = 2, 4, 6,... are missing and
a a

the number of interference maxima under the central diffraction maximum =1+ 2 x 1 = 3.

d .. . .
When — = 3, order m = 3, 6, 9,... are missing and the number of interference maxima under
a

the central diffraction maximum =1 + 2 x 2 = 5.

19. In a double-slit experiment the distance D of the screen from the slits is 60 cm, the
wavelength A\ is 500 nm, the slit separation d is 0.12 mm, and the slit width a is 0.025 mm.
(a) What is the spacing between adjacent fringes? (b) What is the distance from the central
maximum to the first minimum of the fringe envelope (diffraction factor)? (¢) How many
fringes are there in the central peak of the diffraction envelope?

Solution
(a) The spacing between the adjacent fringes

A (500%107) (60x1072)
=Ay=—D = =3 m
d 012x10

= 2.5 mm

(b) The minimum of the diffraction factor is given by

by -9
Ao B00x107
a 0.025x10

sin 6 =
Since sin® is very small we can put
sin ® = tan 6 = 6 = 0.02.
Thus the distance of the first minimum of the diffraction factor from the central maximum
is
y=Dtan 6 = 60 x 0.02 cm = 1.2 cm.
2xy  2x12
Ay 025

No. of fringes = 9

(c) =96

[Note that % = 9.6}
a

20. What requirements must be met for the central maximum of the envelope of the
double-slit interference pattern to contain exactly 9 fringes?

Solution

The required condition will be met if the fifth minimum of the interference factor
coincides with the first minimum of the diffraction factor. The fifth minimum of the interference

9 .. . . .
factor occurs when 3 = 3 7. The first minimum in the diffraction term occurs for o = ©. Thus,

we get

d 9
-4 " 3% the required condition.
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21. In problem 20 the envelope of the central peak contains 9 fringes. How many fringes
lie between the first and the second minima of the envelop?

Solution
We have - = — = —,

The first minimum in the diffraction term occurs at oo = « or, sin® = A/a. The second
minimum occurs at o = 27 or, sinf = 2Ma.

A 2mh
The interference maxima occur at sin = % = ;n
a

The interference maxima lying between the sin® = A/a and sin® = 2)\/a are
100 124 14A 16A
9¢’ 9a’ 9a’ 9a
envelope.

, m=0,1, 2,...

. So, four fringes lie between the first and the second minima of the

22. A parallel beam of monochromatic light is incident
normally on N number of parallel and equidistant slits

(diffraction grating). Show that the intensity of the rays
diffracted at an angle 0 in the Fraunhofer pattern is given 8

by a
I = A2 sin® o sin® NB_ b <o
= Ay DCre
o sin’p’ a
b
. . 0
where o = 2 sin 0, = —sinb, )
A A an
\
a = width of each slit, d = distance between the centres b| 2%
of two consecutive slits, and A§ sin? oloZ represents the an
intensity due to diffraction by a single slit. b 20
Solution |

A parallel beam of light rays is allowed to be incident
normally on N number of parallel and equidistant slits .
(Fig. 13.7). When the diffracted beams are collected by the Fig. 13.7
telescope we find a number of intensely bright lines in the field of view. Let the width of each
opaque space be b, then d = a + b. The path difference between the beams coming from any
two consecutive corresponding points in the N-slits and diffracted at an angle 6 is given by

A = d sin 0,
and the corresponding phase difference 0 is
d = 2775 A = 2Tndsine.
Let B = g = %sine = %kd sin 6.

The amplitudes contributed by the individual slits are all of equal magnitude. The
phase will change by equal amounts & from one slit to the next. Suppose that the magnitude
of the amplitude of the contribution of each slit is B. Then, the resultant complex amplitude
is the sum of the series



352 WAVES AND OSCILLATIONS

B[1 + e® + 28 4 .. + N - 13

1— i
= 1_¢id
= A €, say.

The intensity is found by multiplying this expression by its complex conjugate:

(1_eiN8) (1_efiN8)

A2 = B? - -
1-e®)@-e™)
_ o 1—cos N§ _ 2sin2NB‘
1-cosd sin?B

The factor B? represents the intensity due to diffraction by a single slit [see Eqn. 13.2].

B? = A?lsin®o/a?;

1
o = Ekasin9=%sin9.

Thus, the intensity on the Fraunhofer diffraction pattern of an array of N slits is given
by

sin” o sin? NP

o sin’p

I~A% = A2 ..(13.20)

23. (a) Show that the mth principal maximum of the N-slit diffraction pattern of problem
22 occurs when

dsin®, = +mA m =0, 1, 2,...
(b) Show that there will be (N — 1) points of zero intensity between two adjacent principal

maxima. (¢) When do we get absent spectra? (d) What is the effect of the diffraction envelope
sin® a/o? on the intensity of the principal maxima?

Solution

.2
(a) The factor M
sin” B

for N slits. It possesses maximum value N2 for B = + mn, m = 0, 1, 2,..., because

in Eqn. (13.20) may be said to represent the interference term

sinNB lim N cos N

= = *N.
p—imn sinf Botmn  cosf

Thus, for the mth principal maximum we have

X sing =+
B Xsmm mn

or dsin®, = *mA m=0,1,2,..

.9
(b) The function % vanishes when [ = %m excluding p = mN, m =0, 1, 2,... and
sin
p=12 3,..
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when p = mN, B = mn and we have principal maxima. Hence, the conditions for interference
minima are

N-DA N+DA
N ° N

d sin 6 =

A 2A
NN
and the conditions for principal maxima are

dsin ® = 0, A, 2A,...

Thus between two adjacent principal maxima there will be (N — 1) points of zero
intensity.

(c) It is sometimes seen that certain orders of N-slit diffraction spectra are absent even
if they satisfy the condition of interference maxima. We know that the intensity of
the diffraction pattern is governed by two factors, one due to diffraction by a single slit
(sin? o/0?), and the other due to interference (sin? NP/sin? B). It may happen that for a
particular N-slit spectra, the direction in which the interference factor gives maximum, the
diffraction factor vanishes:

dsin 8 = mA, m = 1, 2, 3,...interference maxima
a sin 6 = pA, p = 1, 2, 3,...diffraction minima.

If these two conditions are simultaneously satisfied, mth order maxima will be missing.
Thus, the condition for absent spectra is

d m a+b m
— = — or = —.
a D a p

If u = 2, m =2p and m = 2, 4, 6,...order spectra are missing.

If u = 3, m =3p and m = 3, 6, 9,...order spectra are missing.

(d) The relative intensities of the different orders m are governed by the single-slit
diffraction envelope sin?o/02. Due to this term the central maximum has the maximum

intensity and the intensity decreases with the increase in the order m. For large m, the
intensity will be very low.

24. Show that half angular width (A®,) of the mth principal maximum of problem 23
is given by

S = — M
™~ Ndcos®,

Solution
The direction of the mth principal maximum is given by
d sin 0, = mA.
Let 6, + A8, and 6, — A6, be the directions of the first minima on the two sides of the
mth principal maximum (Fig. 13.8). Then,

d sin (8, + A8 )

At—.
mht

Thus, we have

dsin®, +A0 ) ™M Ey

dsin6,, B mh
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Since A@,, is a very small angle, we may write, [cos A8, = 1, sin A8, = A6, ],

sin®,, £cos6,A0,, 14 1
sin®,, 7 mN
1 sin®,, mA/d
AO = = = -
o ™ mN cotb,, mN cos0,, mN cos9,,

L E mth order
principal maximum

. G

C Zeroth order
principal maximum
(central maximum)

Fig. 13.8

A
A = — ..(13.21
" Ndcos9,, ( )
A9, is the half angular width of the mth principal maximum. It is inversely proportional to
N and cos 6,,. With increase in 0, , cos 6, decreases and A8, increases. Thus A6, is more

for higher orders. The value of A8, is also higher for longer wavelengths.

25. A parallel beam of monochromatic light is incident normally on a plane transmission
grating having 2990 lines per cm and a third order spectral line is observed to be deviated
through 30°. Calculate the wavelength of the spectral line.

Solution
We have d sin 6 = mA.

Here, d = the grating element = cm,
990
) 1
sin 30° = 3 and m = 3.
i 1 1
Thus, a=2808 _ 1 1 1 —5574x10%cem
m 2990 2 3

557.4 nm.
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26. A plane transmission grating having 5000 lines/cm is used to obtain a spectrum of
light from a sodium lamp in the second order. Calculate the angular separation between the
D, and D, lines of sodium whose wavelengths are 5890 A and 5896 A.

Solution
We have d sin 0, = 24,
and d sin 0, = 24,
with d = Lcm
5000
Thus, sin , = 2 x 5.890 x 1075 x 5000 = 0.5890

sin 0, 2 x 5.896 x 107® x 5000 = 0.5896
0, 36.086° and 6, = 36.129°.
Angular separation = 0, — 6, = 0.043° = 2.58 minutes of an arc.

27. A grating has 315 rulings/mm. For what wavelengths in the visible spectrum
(400-700 nm) can fifth-order diffraction be observed?

Solution
. 1 1073
The grating element = d = —mm = m
315 315
We have d sin 6 = 5A.
Thus 10°° x sin 0 634.92 sin 6 nm
us, = i = . i
5x315

Maximum value of 6 is 90°. Thus the required wavelengths in the visible spectrum are
all wavelength between 400 nm and 634.92 nm.

28. Two spectral lines have wavelengths h and A + A, respectively, where AL << A. Show
that their angular separation AO in a grating spectrometer is given approximately by

AL

(-]

where d is the separation of adjacent slit centres and m is the order at which the lines are
observed.

A =

Solution

We have d sin 6 = mA
and d sin (0 + AB) = m(\L + AL)
or d (sin 0 + cos 6 AB) = mA + mAA.

Thus, we get d cos 6 AB = mAL

mAA AA
or A8 = d[l—m2k2/d2]1/2 = [ g2 172 °
()]
m

29. A parallel beam of monochromatic light of wavelength 500 nm is incident normally
on a plane transmission grating having 6000 lines per cm, Find the highest order of the
grating spectrum.
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Solution d = 5000 cm and d sin 0 = mA
For the highest order 6 = 90° and
m = i = S S = 3.33

A 6000x5x107°
Thus the highest order is m = 3.
30. Light of wavelength 5890 A and 5896 A falls on a grating having 5000 lines/cm. If
a lens of focal length 100 cm is used to form spectra on a screen, find the distance between
the lines in the third order.

Solution
d = L cm
5000
. 3\ .
sin 6 = 7 for the third order.
When A = 5890 A, sin ® = 3 x 5.890 x 10® x 5000 = 0.8835
and 0 = 62.0675°
When L = 5896 A, sin & = 3 x 5.896 x 10 x 5000 = 0.8844
and 0 = 62.1778°

Therefore the linear distance on the screen is
Ay = 100 x (tan 0" — tan 6) = 0.88 cm.

31. What is the maximum width, a, of any clear space in a grating having 10% lines per
inch, if complete second order visible spectrum is to be formed?

Solution
= @ = 2.54 x 10 cm.
10
The maximum angle 0 in the second order visible spectrum (A = 700 nm) is given by
-5
sing = 220107 _ ¢ 5519
254 %10

The half angular breadth of the central diffraction band must accommodate the complete
second order spectrum, i.e.,

-5
sing= 2 = TOXI07 4 pg
a a
-5
or a = <107 = 1.27 x 104 cm.
05512

Note that this is just half the grating element d.
32. Show that the dispersion D and the resolving power R of a grating are given
respectively
0 m

d
D = - = ——,
d\ dcos0
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and = L = Nm,
AL
where d is grating element, m is the order number and N is the total number of rulings on
the grating.
Solution

If the incident rays of wavelengths A and A + dA are diffracted in the direction 6 and
0 + d0 respectively for the mth order of the bright fringe, the dispersive power of the grating

is given by % i.e., by the rate of variation of the angle of diffraction with the wavelength.

Differentiating the grating equation

d sin 6 = mA
with respect to A, we get
de
d 06— = m.
cos an m
Thus, the dispersive power D of the grating is
de m
D=—"— = " ...(13.22)
dh dcos®

.. db . .
A spectrum for which n is constant is known as the rational or normal spectrum.

Let us consider two spectral lines of wavelengths A and A + AA. Owing to dispersion, the
angular separation between the lines in the mth order is given by

m

AB = AA
dcos6
Again, half angular width of the mth principal maximum is (see problem 24)
A
AO = ——.
" Nd cos 6

According to Rayleigh’s criterion, two lines are just resolved when the principal maximum
of one falls on the first minimum of the other i.e., when the angle between the centres of two
images is half the angular width of the principal maximum, i.e., A6 = A6, .

Thus, we have mn = L
dcos0 Nd cos©
A
R = — = mN. ...(13.23
or m AN m ( )

The quantity R is called the resolving power in the mth order, AL is the smallest

m

difference of wavelength for which the spectral lines A — % AM and A + %AX are resolveable.

Note that the resolving power is the same for all wavelengths.

33. A plane transmission grating has 5000 lines per cm. (a) Find the dispersive power
of the grating for the second order at the wavelength 5893 A. (b) Calculate the angular
separation between the D, and D, lines of sodium whose wavelengths are 5890 A and
5896 A. [see problem 26].
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Solution
(@) d= 1 cm = L 102 m.
5000 5000
. 2\
sin 6 = o = 0.5893 and cos 6 = 0.8079
. . m
Dispersive power, D = = 1.238 x 10% rad m.
d cos©
b) AB = AMD = 6 x 10710 x 1.238 x 106 = 7.428 x 10~* rad

0.043°.

34. What should be the minimum number of lines in a grating that will just resolve in
the second order the D, and D, lines of sodium?

Solution
Resolving power = L = mN

g p > = .
Thus, N = &53 X % = 491.08.

The grating must have at least 492 lines.

35. A section through the NaCl cell lattice is shown in Fig. 13.9. The unit cells, each
of dimension a, in this section are represented by small dots. The dashed sloping lines
represent an arbitrary family of planes with characteristic interplanar spacing d. (a) Show

that d = ao/«/g (b) Derive Bragg’s law: 2d sin® = mA, m = 1, 2, 3,...

Solution
(a) From Fig. 13.9, we have
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sin ¢ = ﬁ = o _ i
ge x/gao Qg
Thus d=2 .(13.24)

75

(b) To have a constructive interference in the beam diffracted in the direction 6
(Fig. 13.9) from the entire family of planes, the rays from the separate planes must reinforce
each other. Thus the path difference for rays from adjacent planes (abc in Fig. 13.9) must
be an integral number of wavelengths,

or 2d sin ® = mA, m =1, 2, 3,... ...(13.25)

This is known as Bragg’s law. It should be noted that the angle 6 is measured from the
surface of the crystal, not from the normal to that surface.

36. At what angles must an x-ray beam with . = 1 A fall on the family of planes
represented in Fig. 13.9 if a diffracted beam is to exist? Assume the material to be sodium
chloride (a, = 5.63 A).

Solution

The interplanar spacing d is given by

563 A .
d=20 _ = 25178 A.
NN
Bragg’s law gives
sino= T o _mx1 41906 x m.

2d ~ 2x25178

When m =1, 0 = 1146°;, m = 2, 6 = 23.40°;, m = 3, 6 = 36.57°; m = 4, 6 = 52.60°
m = 5, 0 = 83.22°. Higher order beams cannot exist because they require that sin6 > 1.
Actually the unit cell in cubic crystals such as NaCl has diffraction properties such that the
intensity of diffracted x-ray beams corresponding to odd values of m is zero. Thus the angles
are 0 = 23.40° (m = 2) and 6 = 52.60° (m = 4).

37. Monochromatic x-rays are incident on a set of crystal planes whose interplanar
spacing is 40 pm. When the beam is rotated 60° from the normal, first-order Bragg reflection
is observed. What is the wavelength of the x-rays?

Solution

Here 6 = 30°, hence

A = 2d sin 30° = d = 40 pm.

38. In comparing the wavelengths of two monochromatic x-ray lines, it is noted that line
A gives a first-order reflection maximum at a glancing angle of 24° to the smooth face of a
crystal. Line B, known to have a wavelength of 96 pm, gives a third-order reflection maximum
at an angle of 60° from the same face of the same crystal. (a) Calculate the interplanar
spacing. (b) Find the wavelength of line A.

Solution

We have 2d sin 24° Ay
and 2d sin 60° = 3 x 96 pm,
which give (a) d = 166.28 pm (b) A, = 135.26 pm.
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39. Yellow light is used in a single slit diffraction experiment with slit width of 0.6 mm.
If yellow light is replaced by x-rays, the observed pattern will reveal

(a) that the central maximum is narrower

(b) more number of fringes

(c) less number of fringes

(d) no diffraction pattern. (LI.T. 1999)

Solution

Slit width = ¢ = 0.6 mm = 0.6 x 103 m

Wavelength of x-rays = A =1 A = 10 m

% = 0.6 x 107 >> 1
a is very large compared to the wavelength A.

In this case, the diffraction pattern disappears.

Correct Choice: d.

40. A parallel monochromatic beam of light is incident normally on a narrow slit. A
diffraction pattern is formed on a screen placed perpendicular to the direction of the incident
beam. At the first minimum of the diffraction pattern the phase difference between the rays
coming from the two edges of the slit is

(@) 0 (b) ©/2 (c) m (d) 2. (I.I.T. 1998)

Solution

Path difference for the rays coming from the two edges of the slit is
A = a sin 0, a = slit width.

For the first minimum, o0 =

% sin 0 =7

A

where o

or a sin 0

Phase difference = 2775 A =2rn

Correct Choice: d.

SUPPLEMENTARY PROBLEMS

1. A slits of width a is illuminated by white light. For what value of a will the first
minimum for red light (A = 650 nm) fall at 6 = 10°?

2. In problem 1 what is the wavelength of the light whose first secondary diffraction
maximum falls at 10°?

3. Assuming that the secondary maxima lie approximately half way between the minima,
calculate the intensities of the first three secondary maxima in the single-slit diffraction
pattern, measured relative to the intensity of the central maximum.
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4.

10.

11.

12,

13.

14.

15.

16.

17.

18.

A plane wave, wavelength 600 nm falls on a slit with ¢ = 0.4 mm. A thin converging
lens, focal length = 75 cm, is placed behind the slit and focuses the light on a screen.
(a) How far is the screen behind the lens? (b) What is the linear distance on the
screen from the centre of the pattern to the first minimum?

. A convex lens of focal length 40 cm is placed after a slit of width 0.4 mm. If a plane

wave of wavelength 5000 A falls normally on the slit, calculate the separation between
the second minima on either side of the central maximum.

Find the smallest angular separation of two stars which could be theoretically resolved
by a telescope of diameter 200". [Mean A = 600 nm]

Calculate the least value of the angular separation of two stars which can be resolved
by a telescope of 200 cm aperture. [Mean A = 550 nm]

Two stars at a distance of 9 light years are viewed through a telescope having a lens
of 20 cm diameter. What is the minimum separation of these stars for which they
would still be distinguishable as separate objects? [Mean A = 600 nm]

Calculate the aperture of the objective of a telescope which may be used to resolve
stars separated by 6 x 10~¢ radian for light of wavelength 500 nm.

An astronaut in a satellite claims he can just barely resolve two point sources on the
earth, 160 km below him. Calculate their (a¢) angular and (b) linear separation,
assuming ideal conditions. Take A = 500 nm, and the pupil diameter of the astronaut’s
eye to be 5 mm.

The wall of a large room is covered with acoustic tile in which small holes are drilled
5 mm from centre to centre. How far can a person be from such a tile and still
distinguish the individual holes, assuming ideal conditions? Assume the diameter of
the pupil of the observer’s eye to be 4 mm and the wavelength to be 540 nm.
Under ideal conditions, estimate the linear separation of two objects on the planet
Mars that can be resolved by an observer on earth using the 200 inch Mount Palomar
telescope. Use the following data: distance from the earth to Mars = 8.0 x 107 km and
wavelength of light = 550 nm.

A navy cruiser employs radar with a wavelength of 1.6 cm. The circular antenna has
a diameter of 2.3 m. At a range of 6.2 km, what is the smallest distance that two
speed boats can be from each other and still be resolved as two separate objects by
the radar system?

A plane wave is incident on a convex lens of focal length 100 cm. If the diameter of

the lens is 5 cm, calculate the radius of the first Airy disc. Assume A = 500 nm.

By putting b = 0 (no opaque space) or d = ¢ in the expression of the double slit

diffraction equation [Eqn. (13.13)], derive the single-slit diffraction equation with slit

width = 2a.

(a) Design a double-slit system in which the fourth fringe, not counting the central
maximum, is missing.

(b) What other fringes, if any, are also missing?

() What requirements must be met for the central maximum of the envelope of the
double-slit interference pattern to contain exactly 11 fringes?

(b) How many fringes lie between the first and second minima of the envelope?

(a) How many complete fringes appear between the first minima of the fringe envelope

to either side of the central maximum for a double-slit pattern if A = 550 nm,
d = 0.15 mm, and a = 0.30 mm?
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

(b) What is the ratio of the intensity of the third fringe to the side of the centre to
that of the central fringe?

Show that for a three-slit grating the diffracted intensity at an angle 0 is given by

I =1(1+4cost+ 4 cos?i)9,
. 2n .
where 1 = Td sin ©

[Assume sin? o/o? = 1].
By putting N =1 and N = 2 in Eqn. (13.20) obtain single slit and double slit diffraction
patterns.

Show that between two adjacent principal maxima of the N-slit diffraction pattern
there are (N — 1) secondary minima and (N — 2) secondary maxima.

A diffraction grating has 1.25 x 10% rulings uniformly spaced over 25 mm. It is
illuminated at normal incidence by yellow light from a sodium vapour lamp. This
light contains two closely spaced lines of wavelengths 589 nm and 589.59 nm. (a) At
what angles will the first order maxima occur for these wavelengths? () What is the
angular separation between these two lines in first order?

A diffraction grating 20 mm wide has 6000 rulings. At what angles will maximum
intensity beams occur if the incident radiation has a wavelength of 590 nm?

A diffraction grating has 200 rulings/mm, and a strong diffracted beam is noted at
0 = 30°. What are the possible wavelengths of the incident light in the visible region
of the spectrum?

A diffraction grating 3 cm wide produces a deviation of 30° in the second order with
light of wavelength 600 nm. What is the total number of lines on the grating?
Light of wavelength 500 nm is incident normally on a diffraction grating. Two adjacent
principal maxima occur at sinf = 0.2 and sin® = 0.3 respectively. The fourth order is
missing. (a¢) What is the separation between adjacent slits? (b) What is the smallest
possible individual slit width? (c) Name all orders actually appearing on the screen
with the values derived in (a) and ().

Assume that the limits of the visible spectrum are chosen as 400 and 700 nm.
Calculate the number of rulings per mm of a grating that will spread the first-order
spectrum through an angular range of 20°.

White light (400 nm < A < 700 nm) is incident on a grating. Show that, no matter
what the value of the grating spacing d, the second and third-order spectra overlap.
A wire grating is made of 200 wires per cm placed at equal distances apart. The
diameter of each wire is 0.025 mm. Calculate the angle of diffraction for the third
order spectrum for light of wavelength 600 nm and also find the order of absent
spectra, if any.

Assume that light is incident on a grating at an angle of incidence i. Show that the
condition for a diffraction maximum is

d(sini +sin0) =mA m=0, 1, 2,...
where i and 6 are on the same side of the normal.

A diffraction grating used at normal incidence gives a green line (A = 560 nm) in a
certain order superimposed on the violet line (A = 420 nm) of the next higher order.
If the angle of diffraction is 30°, how many lines are there to the centimetre in the

grating.
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

Show that the dispersive power of a grating is given by

A6 tan® A6
(a)H_T (b)E—mnsecﬂ

where n = number of rulings per cm.

What should be the minimum number of lines in a grating which will just resolve in
the first order the lines whose wavelengths are 5890 A and 5896 A?

Calculate the least width that a grating must have to resolve two components of
sodium D lines in the first order, the grating having 600 lines per cm.

Light containing a mixture of two wavelength 540 nm and 600 nm, is incident normally
on a plane transmission grating. It is desired (i) that the second principal maximum
for each wavelength appear at 6 < 30°, (ii) that the dispersion be as high as possible,
and (iit) that the third order for 600 nm be a missing order. (a) What should be the
separation between adjacent slits? (b) What is the smallest possible individual slit
width? (¢) Name all orders for 600 nm that actually appear on the screen.

In the second order spectrum of a grating a spectral line appears at 10°; another of
wavelength 4 x 10~ ¢cm greater appears at 3" farther. Find the wavelengths of the
lines and the minimum grating width required to resolve them in the second order.

A diffraction grating has a resolving power R = MAAL = mN. (a) Show that the
corresponding frequency range Av that can just be resolved is given by Av = ¢/(mNA).
(b) From Fig. 13.7 show that the “times of flight” of the two extreme rays differ by
an amount At = (Nd/c) sin®. (¢) Show that Av At = 1 [Assume N >> 1].

The x-ray wavelength 0.11 nm is found to reflect in the second order from the face
of lithium fluoride crystal at a Bragg angle of 27.8°. Find the distance between
adjacent crystal planes.

A beam of x-rays of wavelength 30 pm is incident on a calcite crystal of lattice spacing
0.32 nm. What is the smallest angle between the crystal planes and x-ray beam that
will result in constructive reflection of the x-rays?

Monochromatic high energy x-rays are incident on a crystal. If first-order reflection
is observed at Bragg angle 3.5°, at what angle would second-order reflection be
expected?

Prove that it is not possible to determine both wavelength of radiation and spacing
of Bragg reflecting planes in a crystal by measuring the angles for Bragg reflection
in several orders.

Consider an infinite two-dimensional square lattice as in Fig. 13.9. One interplanar
spacing is obviously a itself. (a) Calculate the next five smaller interplanar spacings
by sketching figures similar to Fig. 13.9. (b) Show that your answer obeys the general
formula

Qg
VA? + B2

where i and % are both relatively prime integers that have no common factor other
than unity.

d =
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43.

44.

45.

Angular width of central maximum in the Fraunhofer diffraction pattern of a slit is
measured. The slit is illuminated by light of wavelength 6000 A. When the slit is
illuminated by light of another wavelength, the angular-width decreases by 30%.
Calculate the wavelength of this light. The same decrease in the angular-width of the
central maximum is obtained when the original apparatus is immersed in a liquid.

Find refractive index of the liquid. (IL.I.T. 1996)
[Hintszezﬁand 0.76 = 21 = ﬁ}
a a na

A slit of width d is placed in front of a lens of focal length 0.5 m and is illuminated
normally with light of wavelength 5.89 x 107 m. The first diffraction minima on
either side of the central diffraction maximum are separated by 2 x 103 m. The
width d of the slit is ............. m.

(I.I.T. 1997)

[Hints: y = AM/d, 2y = 2 x 1073 m]

A beam of light of wavelength 600 nm from a distant source falls on a single slit 1.00
mm wide and the resulting diffraction pattern is observed on a screen 2 m away. The
distance between the first dark fringes on either side of the central bright fringe is

(@) 1.2 cm (b) 1.2 mm (¢) 2.4 ecm (d) 2.4 mm (I.I.T. 1994)

[Hints: % = &; find the value of 2d]
a



Answers to Supplementary Problems

10.
12.
14.
16.
18.
20.

22.

26.

217.
30.

31.

32.

35.
317.

40.

. 5cm, ms, 20 cm/s?

2(4 -2
@ 22 40 ) A=)
3n 3n

@ Zs @
@ 25 ) 1m

3.0s

7.54 m/s

(d

0.8

(@ 0.02 m (b) 0.02 m
(@) 56 cm/s (b) 0.9 s

15.3 m

3. 24 mtm/s, 0.144 J
1

"3
9. v > 503.29 Hz

11. (a) 24.8 cm (b) 2.49 Hz

13. (@) 3.5 N/m (b) 0.67 s

15. (a) 0.66 s (b) 0.315 J (c) 0.07875 J, 0.23625 J
17. 707.9 N/m

19. 5 N

21. 0.02 J

23. (@) mvlm + M) (b) mo/ k(M +m)

(@ 0.79 N/m (b) 5 cm (c) 5.03 cm/s, 4.74 cm/s?

10
(@) : (1) EkN/m (2) 1.088 s (3) 0.058 m/s (4) 0.33 m/s?

(b) : (1) 15 kN/m (2) 0.513 s (3) 0.122 m/s (4) 1.50 m/s?

5.63 x 103 Hz
2 /20s

T = 2n./2m/(9k) =0.094s
A/N3

0.99 m
(b) and (c)

2nllp/lg(p — o)) V2

28. 3k

koLlky + ky), kiLik, + ky), T = 21 fm/(ky + kg)

3. ki =+ Dkin; kg =+ 1Dk

36. 0.127 J, 1.59 m/s
38. T,/T,, =8m/8, = 0408

1/2
41. 2n L
,IU‘L/R2 + g2
44. 22 s
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47.

50.

52.
54.

55.

56.
57.

59.
60.
62.

64.
66.

12.

%" W/(Ap) 48. 2r,/M/(2 mg);2mg

12
on| ————
0.63 s 51. {g_Eq/m}
8n2 x 1078 N/m; 0.09 cm 53. 4/51/10

y = 3 sin (30 ©t) cm
o \1/2

vy . v 1/2
- Y0 ginwt: A= |2, Y0 |. (2, 202
(@) x = x,cos ot + —-Sinwt; A = (xo +_2J 5 Upag —(Uo + 220 )

vy .
(b) x = x,, cos wt — Eosmmt;

The amplitude and maximum speed are the same as in part (a).

(@) x = 2 (cos 2t — sin 2¢) m; (b) 24/2 myrs ()0
x = 0.1 cos (4 + m/4) m

One equilibrium point at x = 2/a; stable equilibrium; 7" = 2ne/ (a% )

0.0792 kg. m? 61. 7.77 s

1//3n 63. T = 2n,/d/g =025
4.9 pF to 42 pF. 65. 6x10~2 m.

(b)

\laz +b2
(@) x%A2 + y2/B2 = 1, clockwise, (b) @ = —w%r
(@) y? = 4x% (1 — x%/a?), (b) y = a(l — 2x%a?)

2 (2 ?
%[2—2+§sin5—1]+(§— siné‘)) =0

vy .
X =acos ot,y = 2—0s1n2u)t, where o = /k/m .
®

The path is a Lissajous figure having the shape of “figure eight” as shown in Fig. 2.10.
255.9 Hz.

512.2 Hz; 512.1 Hz or 511.9 Hz

(256.1 Hz, 255.8 Hz) or, (255.9 Hz, 255.8 Hz)

_ mya(l - cos (Dt)’ x, - a(4mq + 3mg — my cos wt) witho? = ol L4 L
4(m1 + mz) mp  my

Y17 4(my +my)
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6 4
13. x, =§cost—§cos\/€t, Xy = gcost+gcosx/gt

14. x, = b+ % (coswyt — cos 4¢), Xy = b— % (coswyt — cos m4¢)
with b = I — mg/2k, w? = 2 k/m, 03 = 6 kim

15. 0)1 = w;kl/m
0, = [(ky + 2122)/m]1/2
For mode 1, x; = x, and for mode 2, x; = — x,,
The general solution is
x; =A cos ot + A" sin ot + B cos wyt + B’ sin oyt
x, =A cos it + A" sin 0t — B cos 0, — B’ sin w,t

16. (@) mx; =k (x, —x)

Mx2 =k(x2—x1)+k(x3—x2)

mxg = -k (x3 — x,)
(it7) ® = 0 corresponds to pure translation of the system:
X = Xy = Xg.
= o, gives x, = 0 and x; = —x,.
O = 0, gives x; = x5 and x, = — 2x1%=—2x3 %
(@v) 1.915
17. o = 7, 2n
x = 1A exp (int) — i B exp (I 2nt)
y = A exp (int) + B exp (i 2nt)
18. 385 Hz 19. 501, 503, 508 Hz or, 505, 507, 508 Hz.
20. (a) 10 (b) 4 21. 0.0201.

L. (@) B>442, () B<4y2, () p=442.

_ 1.
2 (@x=¢" (2 cos 2t+§sm 2t) (b) damped oscillatory motion.

3. 2m/p 4. 0.5 Hz, 2 s, 0.693
5. ¥+ 0.693x +158.03x = 0; 0.173

6. (a) ¥+10x+25x = 0; x(0) = 1 m and %(0) = 0

(b) critically damped (c) x = e54(1 + 5¢)
7. 31/2

1
8. (a) ay, a,w; (b) t, = ;{tan_l(%j+nn}, n=20,1,2, ..
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10.
13.
15.
17.

19.

S

10.

11.
12.

13.

11

13

15

11 12. 0.435 s.
0.000019 14. 0.18 s; — 0.62 m
(a) 4.95 s, (b) 2.48 s, (c) 0.385 16. 0.067 Q
c_B

5.516 uC, 1.928 uC 18. (@) |7 > 57> (b) 0.0248
4532.4.

CHAPTER 4
(@) 3.03 x 10* cm (b) zero. @ = 628.3

500, © rad/s
(@) x = e2 (2 cos 2t + sin 2¢) + sin 2t — 2 cos 2t

(b) Amplitude = /5, period = 7, frequency = 1/n.

f »?

. p =
9 172 9 2\1/2
o? - p? 4b2 (m -2b )
2 T
p p
318.3 Hz.

200 mA, — 29.4°, 85.69 Hz

1 E,  _ -V3RC+y3R*C*+4LC  ~ _ V3 RC +/3R*C? +4LC

2LC » 2 2LC ’

Acceleration amplitude =

2
. T m; ;Hz; 2 m s7!; negative x-direction

(@ 1m b) 04 rm?(c)5m(d) 0.2s ()25 ms! ()5 Hz
() k=02i-03j+04F% (i) 0.928 units

o JRZ + R+ K2 6. 20 Hz, 1100 m/s

(@), (B), (), (d) 8. (b)
42.6 m st 10. 70.08 m s!
99 m st 12. 1875 N

(@) 15m s! (b) 3.6 N 14. y = 1.2 x 10 sin 2n (5—??x+100 t)m

2
(a) . Hz (b) 0.2r m (¢) 0.4 m s71 (d) 0.064 N (e) y = 0.05 sin (10x — 4¢) m
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16. 353.5 m s™!
20. 2.4 x 10° N/m?2
22. 407.4 m/s

24. 9.8 x 10%m
26. (b)

28. (a, ¢, d)

30. (d)

32. (d)

34. (d)

19.
21.
23.
25.
217.
29.
31.
33.

(@) 346.96 m/s (b) 11.57 m, 23.13 x 103 m
293 m s!

(@) 2 x 10° N/m? (b) 1.41 km/s

2.13 m W/m?

(c)

(b)

w, 2.5 x 105 m

(@)

CHAPTER 6

3. 141 A
5. 19736.8 Hz

4.
6.

A= 2d? +4(H +h)* - 2|/d? + 4H’

(b) 254.4 Hz

7.y, = 2sin Z—g(x —1000¢t); y, =2sin g—g(x +1000¢)

7 5 31
8. Water filled to a height of g, g,g,g meter
xl2 xll 4xlll2
9. 48 cm 10. lz—ll,lz—ll,lz—ll
11. 2.6 cm; 162.47 Hz 12. 220 Hz
13. 7.35 m 15. 0.229 m s!
18. n < 0. 19. 336 m/s
20. F 21. (a), (), (¢)
1 2(sin _ sin 2x sin3x__”) 9. (a)%+g[5inx+sm3x+sm5x+_.};(b) L
9 3 o 5 4
8 w1 . . 3 6] . mx 1. 3mx 1 . bmx
3 ?;?SIH—SIHTKX 5. E+E|:SIH?+§SIHT+gSIHT+"':|
6 20—ﬂ ls n 8. é+é[sinmt+lsin 2c0t+lsin3c0t+~}
T ~=n 5 2 T 2 3
9 z 3 i cos 20t  cos4wt  cos 6wt
nom|22-1 4%2-1 62-1

10. oB+ Z% sin(mn o) cos nwt
=1

8 < nsin 2nx
13. n; 4n? —1
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14

17.

18.

19.

20.

w o=

4( . mx 1 . 2mx 1 . 3mx
(@) —|sIn— ——sin——+_sin———---
14 2 2 2 3 2

1—i cos =X 4 Lcos 3ﬂ+LCOS5ﬂ+...
b) nz P) 32 2 52 9

I IR e
g,() = Toltal’ g (w) = T ol +al

@ &) 1 (sin(ex)
a) glw) = on | o

dg(o 3
-0’ glw) -1 fl((n) =0; glw) =A exp (z%) (A = arbitrary constant)
ig(p)_lhz k@:Eg (p) 292. 12/2q2
2m 2 dp2 ) ’

CHAPTER 8

256 Hz 2. 219.6 Hz
48 N 4, 214.29 cm
35.36 Hz 6. 1:2:3
(a) Eqn. (8.13) with E, = 0

@)y @, t)=f(x—-vt)+f(x+ vt)

1< . nTW
where, f(x — vt) = E;Dn sin T(x - vt)

T, | . 8
9. 0.01 cos Et sinx 10. 5 kg s, 10 kg s°1; 3
13. (a) As T increases v increases, so does the frequency.

16.

18.
22,
24.

® @A

() vr /260 (corresponding eigenfunctions are F, |, F; ;)

0.4 Hz 17.  « T

0.20, 0.47, 0.73 19. 0.1 cos ot J, (0gr)
1.91 Hz, 4.39 Hz, 6.89 Hz, 9.38 Hz.  23. (d)

1.220 25. (b), (c)

CHAPTER 9

. 312.4 Hz 3. 1098 Hz
10 Hz 5. (a) 15 Hz (b) zero
312.6 Hz
Before passing 544 Hz, after passing 423.5 Hz
0.88 s 9. 8.53%
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10. 16.4 kHz 11. 17.58 ft/s
12. 10 ft/s 13. 1013.86 Hz
14. 106 Hz 15. (a) 573.66 Hz (b) 583.78 Hz (c) 565.33 Hz

16. Zero (when the observer is between the wall and the source); 7.76 Hz
when the source is between the wall and observer.

1
17. 0.073 18. v = T and hence it is not possible
19. 403.33 < f’ < 484 Hz 20. 1.2 x 10% m/s; receding.
21. (d) 22, 5.93
23. 30 m/s
CHAPTER 10
1. ¢ =0.069, T=2.0s 2. 0.2
3. 458 s,2.0s 4. 240, 3.96 s
5. 1 W/m? 6. 10 log (1,/1,) dB
7. 108 9. 60 dB
10. (a) 0.04 uW/m? (b) 46 dB 11. (b) 5.3 x 10717 W/m?3
12. 17.07 m 13. Above 10 km from the ground.
2. n = Kel/Z
5. —x

6. (@) 150 MHz (b) z-axis, B = 1 uT (c) 3.14 m!, 9.42 x 10% rad/s (d) 120 W/m?
() 1.2 x 108N, 4 x 1077 N/m?

7. E__ =155 x 10° V/m, p = 0.21 N/m?

H =0, H, =0, H =0.004 cos (10w (¢ — z/c)]

9. 0.4°C/s

10. (@) 6 x 10® N (b) Gravitational force = 3.6 x 1022 N

11. 451 x 10710

12. 1.0 m

13. 1.03 kV/m, 3.43 uT

14. (a) B, = 0.123 V/im (b) B, = 4.0 x 100 (¢) 2.51 x 10 W

16. 1.19 x 10® W/m?

17. 341.42 m

18. 1.1 x 107 N/m?

19. (a) left circularly polarized

w

(b) linearly polarized wave with its polarization vector making an angle 135° with the
y-direction
(c) right (clockwise)-elliptically polarized

20. () E = cBO[sin(kx — ot) j + cos (kx — (ot)];].



372 WAVES AND OSCILLATIONS

1. 16.42 sin (ot + 14.1°) 2. 26.82 sin (ot + 8.5°)

3. 2.25 mm 4., The distance D must be doubled
5. 20 = 6. 0.01 rad

7. 5.38 x 107% cm 8. 2nd order

9. 0.1 mm 10. 666.7 nm

11. I=1I,[1 + 8 cos? (8/2)],

2n
I, = Intensity due to light from the narrow slit and 6 = — d sin 6.

A
12. 0.54 m, 2.06 m, 5.63 m 13. 25 Hz
14. 330 Hz 15. (b) and (d)
16. (d) 17. (@) and (c)
18. (¢) 19. (@) 0.117 cm (i) 0.156 cm
20. 589.2 nm 21. 7 x 108 W
22, (i) 630 um (i7) 1.575 um 23. 0.08 mm
24. 589.7 nm 25. 27 um
26. 1.76 27. 275 um
28. 10 29. 516 nm
30. 0.195 A 31. (a) 166.67 nm (b) No
32. 846.77 nm 33. 1.01”
34. 2.65 x 10* rad 35. 2 mm
36. 20.27” 37. (a) 1800 nm (b) 8
42. 0.83 cm 43. 1.36
45. 0.05 cm 46. 582.28 nm
47. 591 A 48. 0.036 mm
49. 6 um 50. (a)
51. (a) 52. 3.5 mm
1. 3.74 um 2. 454.5 nm
M
3. 4.5%, 1.62%, 0.83% 4. (a) 75 cm (b) o - 1.13 mm
5. 0.2 cm 6. 0.030 seconds of arc
7. 33.55 x 1078 radian 8. 3.12 x 108 m
9. 10.17 cm 10. (@) 1.34 x 10* rad (b) 21.47 m
11. 3.04 m 12. 10.57 km
13. 52.62 m 14. 1.22 x 103 cm
d d 11
16. (a) —=4 (b) m =8, 12, ... 17. (@) —=—> ®) 5
a a 2

18. (a) 9 (b) 0.25 22. (a) 17.1276°, 17.1452° (b) 1.06 arc min
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23.
24.
26.
217.
31.
34.
36.
39.

42,

44.

+ (10.20°, 20.73°, 32.07°, 45.07°, 62.25°)

625 nm, 500 nm, 416.7 nm
(@) 5 um (b) 1.25 ym (¢) m =0, 1, 2,3,5,6, 7,9

972
2976
1.638 cm

484.93 nm, 484.97 nm, 3.386 cm

2.69°

2.945 x 10~

25.

29.
33.
35.
38.
40.

43.

45.

12500

2.06°, m =2, 4, 6,.....82

983

(a) 2400 nm (b) 800 nm (¢) m =0, 1, 2
0.236 nm

7.0°

4200 A, 1.43

(d)
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Absorption coefficient

of sound wave, 258
Absorption power, 258
Acceleration

angular, 22, 38

in simple harmonic motion, 2
Acoustic pressure, 138
Adiabatic compressibility, 141
Adiabatic gas law, 140
Adiabatic process

with ideal gas, 24, 140
Air particles, vibration of, 154
Airy disc, 345, 361
Airy integral, 202
Ampere-Maxwell law, 268, 272, 274
Amplitude

modulation, 118

motion, 91

of steady-state oscillation, 109
Amplitude reflection coefficient, 211
Amplitude transmission coefficient, 211
Amplitude resonance, 106
Angle of resolution, 346

of circular aperture, 346

of rectangular aperture, 341
Angular acceleration, 38

torque, 38
Angular frequency, 2
Angular simple harmonic oscillator, 4
Angular velocity, 3
Anomalous dispersion, 154
Antinode, 153

Index

Backward wave, 124, 129
Beaded string, 164

Beats, 77

Bending of the beam, 41
Bessel’s equation, 230
Bessel function, 230

Bob, of simple pendulum, 15
Bragg’s law, 358-359

Bulk modulus, 137, 142

Cantilever, 39
Characteristic

functions, 214

frequency, 214
Characteristic impedance, 210
Circuit

LC, 42, 56

LCR, 119
Circular aperture, 342
Circular membrane, 229
Circular motion, 3
Circularly polarized wave, 286

left and right, 286
Classical wave equation, 135
Closed pipe, 154
Coefficient of static friction, 51
Coherent sources, 290
Condensation, 139
Conductivity, 269
Coherent sources, 290
Conservation

of energy, 3

of momentum, 20
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Conservative force fields,
condition for, 33
Continuous functions
piece-wise, 179
Convergence of fourier series, 177
Coupled oscillations, 58
Critically damped motion, 92
Current density, 268
Curvature
radius of, 39

D’ Alembert’s method, 129
Damped dead beat motion, 90

energy equation, 92
Damping coefficient, 89
Damping, electromagnetic, 104
Damping force, 105
Dead room, 262
de-Broglie wave, 175
Decay of sound energy, 261
Decibel (dB), 258
Decrement, logarithmic, 92
Dielectric constant, 269
Differential equations, 33, 58, 165
Diffraction, 333

by circular aperture, 333, 342

by double slit, 347

by grating, 334, 351

by single slit, 333, 335

Fraunhofer, 333

Huygens’ principle, 333

X-ray, 335, 358
Diffraction grating, 334, 351
Dirac delta function, 192-193
Dirichlet conditions, 177
Discontinuities, 177
Dispersion,

anomalous, 154

normal, 154

of a grating, 356
Dispersion relation, 161

of de-Broglie wave, 175
Displacement

current, 272

of simple harmonic motion, 1

Doppler effect, 241

for light, 242243
Double fourier series, 227
Double-slit diffraction, 347

Eigen frequencies, 214
Eigen functions, 214
Electric displacement, 268
Electric field intensity 268
density of, 269
of electromagnetic wave, 268
Electromagnetic damping, 104
energy density in, 269, 281
polarization of, 270, 285
wave equations, 275
Elliptically polarized, 270
End-correction, 154
Energy conservation of
simple harmonic motion, 3
Energy density
of electromagnetic
wave, 281
of sound wave, 142
Epoch, 2
Euler formula, 227
Even function, 178
Eyring’s formula, 262

Faraday’s law of induction, 268
Forced oscillation, 105
Forced vibrations, 105
Forward wave, 124, 129
Fourier-Bessel series, 232
Fourier coefficients, 177
Fourier series, 177
convergence, 177
Fraunhofer diffraction, 333
Frequencies, characteristic, 214
of damped oscillation, 90
Fresnel’s biprism, 291, 297
Friction, coefficient of, 11, 51
Fringe width, 290
Fundamental frequency, 154, 204
Fundamental mode, 204
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Gauss’s law
of electricity, 268
of magnetism, 268
Geometrical moment of
intertia, 40-42
Gibb’s overshoot or Gibb’s
phenomenon, 188
Grating, diffraction, 334, 351
dispersion of, 356
principal maximum of, 352
resolving power, 356
secondary maxima, 361
Gravity waves, 163
Group velocity, 154, 160
Gregory’s series, 189
Growth of sound energy, 259

Harmonic motion,
damped, 89

Harmonic wave, 124

Harmonics, 154

Helmboltz resonation, 118

Ideal gas,

isothermal process, 24, 140
Index of refraction, 269
Induction: Faraday’s law of, 268
Inhomogeneous equation, 58
Intensity, 292

of energy, 143

sound waves, 258
Interference,

from double slit, 297

from thin films, 291, 302
Interferometer, Michelson, 291, 310
Interplanar spacing, 358

Kinetic energy,
of simple harmonic oscillator, 3
of vibrating membrane, 239
of vibrating string, 208

Laplacian operator, 126
Lattice, crystal, 358
Lenz’s law, 104

Light
polarization, 270
pressure, 270
Lissajous or figures, 59, 64
Live room, 259
Logarithmic decrement, 92
Longitudinal oscillations, 13
Longitudinal, 124
waves, 144, 158

Maclaurin’s series, 16
Magnetic field intensity, 268

energy densities, 269
Magnetic induction, 268
Magnetic monopoles, 271
Magnetic permeability, 269
Malus’ law, 270, 285
Membrane, vibration of, 223

circular, 229

rectangular, 225
Maximum intensity, 292
Minimum intensity, 292
Missing order, 349

of double slit, 349
Modulation, amplitude, 77, 118
Moment of intertia, 38, 56

geometrical, 40, 42
Momentum, conservation, 20
Momentum function, 198, 202

Natural frequency, 89

Normal modes of oscillations, 71
Newton’s rings, 308

Newton’s second law of motion, 2
Nodal line, 228, 231

Node, 153

Non-dispersive wave equation, 124
Normal coordinates, 71

Normal dispersion, 154

Normal frequencies, 71

Odd function, 178
Open pipe, 154
Optical path, 290, 298
Organ pipe, 158
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Oscillations,
damped, 89
forced, 105
LC, 42
LCR, 119
simple harmonic, 1
Overtones, 204

Pa (Pascal), 150
Parseval’s relation, 198
Particular integral, 107
Particular solutions, 105, 116
Path difference, 126
Pendulum, 15
simple, 4, 15, 34
spherical, 69
torsional, 4, 38, 56
Period
of damped oscillation, 91
of dampled oscillation motion, 91
of a vibrating, 1
Periodic motion, 1
Permeability, 269
Permittivity, 269
Phase
angle, 2
change of reflection, 291, 300
Piston,
simple harmonic motion of, 24
Plane polarized, 270
Plane of vibration, 270
Plane wave, 130
Polaroid, 270
Potential energy,
gravitational, 9
of simple harmonic motion, 3
of vibrating membrane, 239
of vibrating string, 208, 218
Power, 111
Power reflection coefficient, 212
Power transmission coefficient, 212
Power resonance, 112
Poynting’s theorem, 281
Poynting vector, 269
wave equations, 275

Probability density, 7
Progressive wave, 124, 127
Propagation vector, 126

Radius of curvature, 39

Radius of gyration, 40

Radius vector, 4, 84

Rayleigh’s criterion, 341, 346
Rectangular membrane, 225
Red shift, 242-243

Reflection coefficient, 211-212
Refracting angle of biprism, 297
Refractive index, 162, 290
Relative permeability, 269
Relaxed length, 1

Relaxation time, 89

Resistance R, 89

Resolving power of grating, 356
Rest mass, 175

Restoring force, 1

Restoring torque, 4

Return force, 4

Reverberation time, 258
Root-mean-square (rms) value, 113

Sabin, 258, 265
Saw-tooth curve, 188
Schrodinger equation, 202
Second-pendulum, 53
Separation of variables, 213, 225, 230
Sharpness of resonance, 112
Slinky approximation, 14
Small oscillations approximation, 14
Solar radiation, 283
Solution of differential equation, 58
Sound
intensity, 258
level, in decibels, 258
standing waves, 153
Spherical pendulum, 69
Spring constant, 2
Standing wave, 153
Steady-state solution, 105, 108
Stiffness factor, 2
Stoke’s treatment of phase
change on reflection, 300
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Stroboscopic effect, 126

Superposition of simple
harmonic motions, 59

Surface wave, 161

Sustained forced vibration, 108

Tension, 14-15

Thin film interference, 302
Three dimensional wave, 131
Torque, 18

Torsional pendulum, 4, 56
Transient solution, 105
Transmission coefficient, 211-212
Transverse, 124

Transverse oscillations, 14
Transverse wave, 133
Travelling wave, 127
Tunning fork, 173
Two-dimensional wave, 130

Unit cell, 358
U-tube, 27

Vector polygon method, 61
Velocity, angular, 3

Velocity, resonance, 106, 109
Vibrations

forced, 105

of air particles, 154

of membrane, 205, 223

of string, 204, 213
Violin string, vibrations of, 204
Volume strain, 138

Wave equation, 124

Wave function, 198, 202

Waves, 124

Wave impedance, 210

Wavelength, 125

Wave number, 124

Wave packet, 160

Waves, harmonic, 124

Waves in three dimensions,
126, 131

Waves in two dimensions, 130

Wave train, 194

Young’s double slip experiment, 291

Young’s modulus, 8
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