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Chapter 1: Vector Analysis
1.4 Curvilinear Coordinates

! = # cos'
( = # sin'
+ = +

# = !, + (,
' = tan01 (!

2' = −sin' 4! + cos' 4(
#̂ = cos' 4! + sin' 4(

Unit Vectors

Note that #̂ 678 2' are not constant, e.g. 9:̂;< = 2'
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Chapter 1: Vector Analysis
1.4 Curvilinear Coordinates

!#⃗ = !#%'̂ + !#) *+ + !#,-̂
!#⃗ = !''̂ + '!+ *+ + !- -̂

Infinitesimal Displacement

Infinitesimal Surface (it depends on orientation)

!.⃗, = !#%!#)-̂ = '!'!+ -̂ (- 0' 123'4.34)
!.⃗) = !#%!#, *+ = !'!- *+ (+ 0' 123'4.34)
!.⃗% = !#)!#,'̂ = '!-!+'̂ (' 0' 123'4.34)

Infinitesimal Volume

!6 = '!'!+!-
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1.4 Curvilinear Coordinates
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Chapter 1: Vector Analysis
1.4 Curvilinear Coordinates

! = # cos' sin *
+ = # sin' sin *
, = # cos *

# = !- + +- + ,-
* = cos/0 ,

!- + +- + ,-
' = tan/0 +!

3' = −sin' 5! + cos' 5+
#̂ = #⃗

# = cos' sin * 5! + sin' sin * 5+ + cos * ,̂
8* = 3'×#̂ = cos * cos' 5! + cos * sin' 5+ − sin * ,̂

Unit Vectors

Note that #̂, 8* ;<= 3' are not constant, e.g. >?̂@A = 8*
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Chapter 1: Vector Analysis
1.4 Curvilinear Coordinates

!#⃗ = !#%'̂ + !#) *+ + !#, -.
!#⃗ = !''̂ + '!+ *+ + ' sin + !. -.

Infinitesimal Displacement

Infinitesimal Surface (it depends on orientation)

!2⃗% = !#)!#,'̂ = '3 sin + !+!.'̂ (' 56 7896:29:)
!2⃗) = !#%!#, *+ = ' sin + !'!. *+ (+ 56 7896:29:)
!2⃗, = !#%!#) -. = '!'!+ -. (. 56 7896:29:)

Infinitesimal Volume

!< = '3 sin + !'!+!.
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1.4 Curvilinear Coordinates
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Chapter 1: Vector Analysis
1.5 Dirac Delta Function 

(i) The divergence of !""#

∇ ⋅ '̂
'( = 1

'(
+
+' '( 1

'( = 0 -.' ' ≠ 0

0
1
∇ ⋅ '̂

'( 23 = 4
5

'̂
'( ⋅ 27⃗ = 0 0 1

'( '
( sin ; 2;2< = 4>

Does this mean that the divergence theorem is false? 
What's going on here?
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Chapter 1: Vector Analysis
1.5 Dirac Delta Function 

(ii) The one dimensional Dirac delta function

! " − $ = &0 " ≠ $
∞ " = $

*
+,

,

! " − $ - " ." = - $ → *
+,

,

! " − $ ." = 1

(iii) Representations of Dirac delta function

! " = lim
4→5

1
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Chapter 1: Vector Analysis
1.5 Dirac Delta Function 

(iv) Properties of Dirac delta function

! " #$ = 1
# "($)

) *
+,

,

- $ "(.) $ − ! 0$ = −1 .- . ! → *
+,

,

- $ "2 $ − ! 0$ = −-2 !

3 " - $ =4
567

8 " $ − $5
-′($5)

0 " − -:;3<=>; ℎ!@ :;=<@ >- 1/BC;D<ℎ
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Chapter 1: Vector Analysis
1.5 Dirac Delta Function 

(v) The three dimensional Dirac delta function

!" $⃗ = ! & ! ' !())

+
,
!($⃗ − $⃗′) /0 = 10 $⃗3 45 4654/7 8

1 $⃗345 :;<54/7 8

!" $⃗ − $⃗′ = ! & − &3 ! ' − '3 !() − )′)

Cartesian

Cylindrical

Spherical
!" 5⃗ − 5⃗′ = 1

5 ! 5 − 53 ! = − =3 !() − )′)

!" $⃗ − $⃗′ = 1
$> sin B ! $ − $3 ! B − B3 !(= − =′)

!" $⃗ − $⃗′ = 1
$> ! $ − $3 ! cos B − cos B′ !(= − =′)


