. i n oy

DS
3 // e \—\" N
~ : N

, 7 , \\_‘,:\'-/f
Electromagnetic Theory I
& S e 5 b Nl "'-\
)3 "\“ P \ g 5"

/

Birzeit University

\\o

April7,2021

RN

v‘qz“’ ‘% ‘/".
355 (W ¥5 <
BIRZEIT UNIVERSITY



Chapter 3: Potentials

# Laplace Equation
% The Method of Images

% Separation of Variables

# Multipole Expansion
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3.3 The Separation of Variables

We would like to solve Laplace equation directly using solutions that are
products of functions each of which depends on one of the coordinates

Cartesian Coordinates: V(x, y, z) =X (x)Y(y)Z (2)
Cylindrical Coordinates: V(s,,z) =S(s)P(P)Z(2)
Spherical Coordinates: V(r,0,¢) = R(r)(0)P(¢)

This approach is not always possible as it requires appropriate symmetry,
boundary conditions and charge source distributions
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3.3.1 Cartesian Coordinates

Example. rmJ

grounded conuue

Two dimensional problem

Vix,y,z) =V(x,y)

0%V 9%V
FI%) + W =0
Boundary Conditions
V(x,0) =0 V(x,a) =0
V(0,y) =Vo(y) V(co,y) =0
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3.3.1 Cartesian Coordinates

— — I

We will assume that the solution is separable

Vix,y,z) =V(x,y) = X(x)Y(y)

62V+62V 0->X"()Y(y)+Xx)Y"'(y) =0
== — =
0x? 0y? WEEA * Y
Dividing both sides by X (x)Y (y), we get
XII YII . O
X Y
XII Y”
7=C1,7=C2—>C1+C2 =0o0rc =—¢
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3.3.1 Cartesian Coordinates

From boundary conditions

1d%X ,
de2:C1>O:k
1d?%Y ’
?d_yZ:Cz:_C1<0=_k

The solution of the above

X(x) = Aexp(kx) + B exp(—kx)

Y(y) = Csin(ky) + D cos(ky)

- V(x,y) = {Aexp(kx) + B exp(—kx)}{C sin(ky) + D cos(ky)}
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3.3.1 Cartesian Coordinates

S— — S— B

From boundary conditions

1) V(x,0) =0 ={Aexp(kx) + B exp(—kx)H{C sin(k 0) +
D cos(k 0)} = D{Aexp(kx) + Bexp(—kx)} =0

ﬁ

2) V(oo,y) = {Aexp(k ) + B exp(—k ) {Csin(ky)} =0

—_

3)V(x,a) = BC exp(—k x)sin(k a) = aexp(—k x)sin(ka) =0
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3.3.1 Cartesian Coordinates

R ——

( ) ( nm ) (nn )
X, = a,exp|——x)sin|{—

y n €Xp q q y
are solutions that satisty the previous BCs.

To satisty the last boundary condition, we note that the superposition of V;,

Vix,y) = i ay, exp —Ex) sin (E y)

a

Also satisfy Laplace equation

The last boundary condition, V (0, y) = V,(y), gives

(0.0)

V(0,y) = Vo) = ) ansin (= y)

n=1

—

> Chapter 3: Potentials
BIRZEIT UNIVERSITY 3.3 Separation of Variables



3.3.1 Cartesian Coordinates

—— — L ——————— B— e — ——

Note:
* This expansion is Fourier sine series.
* Sine/Cosine functions represent a complete orthogonal set.

¢ mi
j Vo(y)sm —y dy = ZCLRJ sin —y sm(— y)dy
0

Set of functions is called

an(x)fm(x)dx = Onm
(0]

oo

969 = ) anfo()

n=0

— T —_—

—
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3.3.1 Cartesian Coordinates

fo a Vo(y) sin (% y) dy

= a,, joa sin” (? y) dy

i z %La [COS((n_I_m)g y) —Cos((n—m)g 3’)] dy
n=1

S— S

nExm
a
— a T a T !
n
+nZ > e m)sm((n+m)ay)+(n_m)sm((n m)ay)L
n;m
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3.3.1 Cartesian Coordinates

=

Example: /) 67) = /) = consici

 —

2V,
= -2 (-1™-1)
mrTt
0 miseven
= {4V, _
— mis odd
mi
@"‘3 . ,.).'.,".
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3.3.1 Cartesian Coordinates

Wy 1 2n+Dr \  /Cn+ Dn
US55 T Ln+1oP (_ a x) sm( a
n=0 oV
Lo i (e i (2
Vix,y) = - tan (sm (a y)/smh (a x))
@y\i —ANRAC; 2 i N Chapter ?::_I’otentials 12
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3.3.1 Cartesian Coordinates

 — e — ——————— C—

Example: JwoennhimitelyAongisround eaineraliplatesyagainiaty s == 0and!

Y. = O, areiconnectediatsem =S yan CraliStipsinaintainedatalconstant
tential V5. Eindthepotenbialinsic eftheNEesul ineaEectansulamrpip

Two dimensional problem

Vix,y,z) =V(x,y)

Boundary Conditions

V(x,0) =0 V(x,a) =0
V(=b,y) =V, V(b,y) =V
Lf:é)’&_/:f,ki ' N i Chapter;’otentials 13
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3.3.1 Cartesian Coordinates

— — I

We will assume that the solution is separable

Vix,y,z) =V(x,y) = X(x)Y(y)

62V+62V 0->X"()Y(y)+Xx)Y"'(y) =0
== — =
0x? 0y? WEEA * Y
Dividing both sides by X (x)Y (y), we get
XII YII . O
X Y
XII Y”
7=C1,7=C2—>C1+C2 =0o0rc =—¢
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3.3.1 Cartesian Coordinates

From boundary conditions

1d%X )
de2:C1>O:k
1d?%Y ’
?d—yZZCZZ—C1<0=—k

The solution of the above

X(x) = Aexp(kx) + B exp(—kx)

Y(y) = Csin(ky) + D cos(ky)

- V(x,y) = {Aexp(kx) + B exp(—kx)}{C sin(ky) + D cos(ky)}
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3.3.1 Cartesian Coordinates

From boundary conditions

1) V(x,0) =0 ={Aexp(kx) + B exp(—kx)H{C sin(k 0) +
D cos(k 0)} = D{Aexp(kx) + Bexp(—kx)} =0

ﬁ

2)V(b,y) ={Aexp(k b) + Bexp(—k b)H{C sin(k y)}
3)V(—b,y) ={Aexp(—k b) + Bexp(k b)H{C sin(k y)}
even function —

4)V(x,a) = acoshkxsin(ka) =0
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3.3.1 Cartesian Coordinates

To satisty the last boundary condition, we note that the superposition of V},

a

Vix,y) = i a,, cosh ——x) sin (E y)

The last boundary condition, V' (0, y) = V(y), gives

(00)

Vib,y) =V, = Z a, cosh (— % b) sin (%T y)
n=

- e —— m— — ——

Chapter 3: Potentials
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3.3.1 Cartesian Coordinates

— — S—

joavosm —y =§ cosh ——b)jasin(r%ﬂ y)sin(? y)dy

2 i _
= a cosh (— %T b) jo (&) (% y) o

( 0 miseven
4V, _
Am = 4 T mis odd
mit cosh (— — b)
L a
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3.3.1 Cartesian Coordinates

—— —— e —— o ——

Example: InhmtelyAongaectansulaimne i PENSICroUnUed S bl one end, at

= 0jiSmaintamedataspeeiiicaspoental WN@2z) ptindithepotentialinside

Three dimensional problem

azv+ azv+azv R
dx?  0y2  0z%

Boundary Conditions

V(x,0,z) =0 V(x,a,z) =0
V(0,y,2) =Vo(y,z) V(w0,y,z)=0

V(x y)O)_O V(x)yrb):()

t;y)x_/wk Chapter 3: Potentials 19
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3.3.1 Cartesian Coordinates

S— — —
_ —

We will assume that the solution is separable

Vix,y,z) = X(x)Y(¥)Z(2)

02 92 02
Y S XY B)Z@) + XY G)Z(E) + XY ()Z' () = 0

dx? i dy? * dz%

Dividing both sides by X (x)Y (y)Z(z), we get

XII + YII +zll B O
X v
XII YII ZII
Y T Uy T CZr
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3.3.1 Cartesian Coordinates

From boundary conditions
1d%Y , 1d%z

BN ) = © 2
Y dy? Ay

1d%X
I~ 2
X2

The solution of the above

X(x) = Aexp (\/kz + lzx) + B exp (—\/k2 + lzx)

Y(y) = Csin(ky) + D cos(ky)

Z(z) = E sin(lz) + F cos(lz)

Chapter 3: Potentials
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3.3.1 Cartesian Coordinates

S— — p——— _—

To satisty the last boundary condition, we note that the superposition
of Vom

V(x,y,z) = Z z Apm €Xp| —1 n—2+rbi22x sin (TZT y) sin (% z)

m=1n= \

The last boundary condition, V(0,y) = Vy(y), gives
V(0,y,z) =V, = z z Ayym SIN (E y) sin (% z)

Chapter 3: Potentials
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3.3.1 Cartesian Coordinates

S— S

r f Vo sm = y sin (@ y) dydz

i i j [‘ v (nn ) (mn ) : (nn ) _ (m’n )d ;
Vo oSin(— y)sin(— y)sin|— y |sin| — z | dydz
L L a a a b

;

O

(0 normiseven
b —— nand mare odd
kn‘mn
16VO | n® m? nm . mn
Vix,y,z) = zl Z Znt DEm+1) exp <—TL’ /— + b—2x> sm( . y) sin (T z)
@r\: )‘7."' 1 . Chapter ?::_Potentials 23
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