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Abstract

Complex media and metamaterials suggest promising applications in electro-

magnetics. These media can generate new e�ects in several propagation canoni-

cal problems and has attracted great interest from the electromagnetics research

community.

In this present work, electromagnetic waves are studied in a media with

negative permeability and negative permittivity, called DNG media or DNG

metamaterials. This media has some new proprieties like negative refraction

and the appearance of backward waves.

First an unbounded DPS-DNG interface is studied. Due to the fact that

a negative medium cannot have negative energy density, that would appear

in a lossless case, dispersion is considered with the Lorentz Dispersion Model.

Domains of existence of TE and TM modes in metamaterials are also analyzed

for a less theoretical view of DNG media.

Finally, we analyze a DNG slab interface, with unlimited DPS media as

outer medium,where are shown the existence of super slow modes and mode

bifurcation.
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Sumário

Meios complexos e metamateriais sugerem aplicações promissoras em electro-

magnetismo. Estes meios podem gerar novos efeitos em vários conceitos sólidos

de propagação.

Recentemente, o índice de refracção negativo, tem atraído enorme interesse

da comunidade cientí�ca na área do electromagnetismo.

Nesta dissertação, as ondas electromagnéticas são estudadas em meios com

permeabilidade e permitividade negativas, chamados de meios duplamente neg-

ativos ou meios DNG. Estes meios têm mostrado novas propriedades como a

refracção negativa e o surgimento de ondas regressivas.

Primeiramente, estudou-se uma interface simples e ilimitada entre um meio

DPS e um meio DNG. Dado que se não fosse considerada a dispersão, teríamos

problemas fundamentais que não temos nos meios duplamente positivos, como a

densidade de energia negativa, a dispersão é considerada recorrendo ao Modelo

Dispersivo de Lorentz. Bandas de existência de propagação de modos TE e

TM em metamaterais são também analisados para uma visão menos teórica dos

meios DNG.

Em último, é analisada uma placa constituída por um meio DNG entre dois

meios DPS ilimitados, onde, nesta interface, é mostrada a existência de modos

super lentos e bifurcação de modos.

Palavras Chave

Ondas Regressivas, Meios Duplamente Negativos, Metamateriais, Microondas,

Refracção Negativa, Guias de Onda Planares, Fotónica
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Chapter 1

Introduction

In this chapter, an overview about the historical background on the subject of

this dissertation is made. Being the main researchers and their publications

referred. The state of the art of complex media is shown in order to see what

research and industry has to o�er in present day. Motivations and objectives

of this dissertation are explained, followed by it's organization and structure as

well as the original contributions.

1.1 Historical Background and Framework

1.1.1 A Brief History of Electricity and Electromagnetism

Since the dawn of Mankind, before any knowledge about electricity, humans were

aware of it's existence through shocks from electric �sh. Texts dating dating

from 2750 BC, written by Egyptians, referred to these �sh as "Thunderer of the

Nile". Naturalists and physicians from other ancient civilizations that followed,

Greek, Roman and Arabic, reported about this �sh [1]. Most notably, the

Romans Pliny the Elder (23 AD) and Scribonius Largus (47 AD), knew that
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such shocks could travel along conducting objects [2]. The earliest and nearest

approach to the discovery of the identity of lightning and electricity from any

other source, is attributed to the Arabs, who, before the 9th century, had the

Arabic word for lightning, raad, applied to the electric ray [3].

Ancient cultures around the Mediterranean knew that certain objects, such

as rods of amber, could be rubbed with cat's fur to attract light objects like

feathers. Thales of Miletos (624 BC) made a series of observations on static

electricity around 600 BC, concluding that friction rendered amber magnetic,

in contrast to minerals such as magnetite, which needed no rubbing [4]. Such

conclusion, in believing the attraction was due to a magnetic e�ect, was in-

correct, but later science would prove a link between magnetism and electricity.

From a controversial theory, the Parthians may have had some knowledge about

electroplating, based on the 1936 discovery of the Baghdad Battery, which re-

sembles a galvanic cell, though it is uncertain whether the artifact was electrical

in nature [5].

Electricity would remain little more than an intellectual curiosity for millen-

nia until 1600, when the English scientist William Gilbert made a careful study

of electricity and magnetism, distinguishing the lodestone e�ect from static

electricity produced by rubbing amber [4]. He associated the New Latin word

electricus ("of amber", from ήλεκτρον (elektron), the Greek word for "amber")

when referring to the property of attracting small objects after being rubbed

[6]. This created the English words "electric" and "electricity", �rst appeared

in print in Thomas Browne's Pseudodoxia Epidemica of 1646 [7]. In the 18th

century, Benjamin Franklin conducted extensive research in electricity [8, 9].

Alessandro Volta's battery made from alternating layers of zinc and copper,

provided scientists, in 1800, a more reliable source of electrical energy than

the electrostatic machines previously used [10]. The discover of unity between

2



electric and magnetic phenomena, electromagnetism, is due to Hans Chris-

tian Ørsted and André-Marie Ampère in 1819-1820. Electricity, magnetism and

light, were de�nitively linked by James ClerkMaxwell, in particular in his "On

Physical Lines of Force" in 1861 and 1862 [11].

With the publication �A treatise on electricity and magnetism� by Maxwell

in 1893, electricity and magnetism were no longer two separate phenomena [12].

Classical electromagnetism is fully described by Maxwell, along with the Lorentz

force law (that was also derived by Maxwell under the name of Equation for

Electromotive Force). These same equations were the starting point for the

relativity theory by Albert Einstein and are still fundamental to physics and

engineering [13]. These equations show the existence of electromagnetic waves,

propagating in vacuum and in matter, seemingly di�erent phenomena like radio

waves, visible light and X-rays are then understood, by interpreting them all as

propagating electromagnetic waves with di�erent frequency which is of major

scienti�c and engineering importance even nowadays [14].

1.1.2 De�nition and History of Metamaterials

From centuries scientists struggle to understand materials. The internal struc-

ture of a material sample contains so many degrees of freedom that cataloging

everything in an unifying classi�cation would be impossible. Verily, in many

cases the macroscopic properties of mixtures and composite material, are very

di�ering from those of the ingredients. Ice cream is a gross example of such a

behavior: the taste is very di�erent from the sum of tastes of ice and cream [15].

�Metamaterials� is a name for arti�cial materials that pays respect to this

characteristic of unconventional macroscopic properties. Mainly when there are

connections with electromagnetics, metamaterials are presently in a focus of

intense study. Metamaterials are hard to de�ne and classify. An inclusive de�-
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nition for metamaterials that might satisfy most researchers in the �eld of elec-

tromagnetic materials would probably narrow down the set to those materials

that simply are something else than ordinary materials. Two essential proper-

ties can be distinguish, metamaterials should exhibit properties not observed in

the constituent materials and not observed in nature [16]. In the present times,

the main proprieties which are not observed in nature are the e�ective nega-

tive permeability and permittivity, but they can be arti�cially achieved. This a

subject of great attention on the electromagnetic community.

The start of history of metamaterials and complex media, begins with the

concept of �arti�cial� materials in 1898, when Sir Jagadis Chunder Bose devel-

oped the �rst microwave experiment on twisted structures. Currently, these el-

ements immersed in a host medium are denominated by arti�cial chiral medium

[17, 18]. In 1914, Karl Ferdinand Lindman studied wave interaction with com-

pilations of randomly oriented small wire helices, in order to create an arti�cial

chiral media [19]. In 1948, Winston Kock, made lightweight microwave lenses by

combination of conducting spheres, strips periodically and disks. These meta-

materials, built for lower frequencies, can be designed for higher frequencies by

length scaling [20]. Materials, which exhibited reversed physical characteristics

were �rst described theoretically by Victor Veselago in 1967. When he investi-

gated the plane wave propagation in a material which permittivity and perme-

ability were simultaneous negative, he demonstrated that for a monochromatic

uniform plane wave in this kind of media, the direction of the Poynting vector is

antiparallel to the direction of phase velocity [21]. During the late 1990s, Pendry

and his colleagues at Imperial College began to produce structures with these

kind of properties. Pendry was interested in developing materials with nega-

tive permeability. Also, he created an array of closely spaced, thin, conducting

elements, such as metal hoops [16]. In 1999, he described how he adjusted

4



the array's properties and he developed an array with negative permeability.

This structure consisted of periodic array of split-ring resonators (SRRs) that

expressed negative e�ective permeability over a narrow frequency band [22].

Figure 1.1: Left-handed metamaterial �at lens consisting of an array of 3 by 20
by 20 unit cells. With a unit cell width of 5 mm, this geometry shows reversed
refraction and left-handed focusing properties at microwave frequencies between
10 and 11 GHz [23, 24].

This is possible if the magnetic �eld of incident wave is normal to the plane of

the structure. Veselago medium is probably the most famous class of metama-

terials in the present wave in complex electromagnetic media. Veselago medium

has been known by several names, as negative-index media, negative refrac-

tion media, backward wave media (BW media), double-negative media (DNG),

media with simultaneously negative permittivity and permeability and even

left-handed media (LHM).

Following up on this work, in the year 2000, Smith et al. reported the

experimental demonstration of functioning electromagnetic metamaterials, by

horizontally stacking, periodically, split-ring resonators and thin wire structures.

Later, a method was provided in 2002 to realize negative index metamaterials us-
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ing arti�cial lumped-element loaded transmission lines in microstrip technology.

At microwave frequencies, the �rst real invisibility cloak was realized in 2006.

However, only a very small object was imperfectly hidden [20, 21, 25, 26, 27].

A core of researchers, composed mainly by Carlos Paiva, António Topa, Sér-

gio Matos and João Canto, contributed greatly to the study of this topic with

several important works and results [28, 29, 30, 31, 32].

1.2 State of the Art

In the present days, metamaterials are synthesized by combining an array of thin

metallic wires with an array of split-ring resonators. This structure provides

both negative permittivity and permeability in a certain frequency bandwidth.

The electromagnetic properties are only exhibited for one particular direction of

propagation of the electromagnetic waves. Therefore, the magnetic �eld must

be oriented perpendicularly to the plane of split rings until the electric �eld

is oriented parallel to the metallic wires. The negative refraction of electro-

magnetic waves is being investigated in this structure and it is being prepared

in laboratories. In the later years, there has been a growing interest in the

theoretical and experimental study of metamaterials. But the materials were

con�ned to small lab demonstrations because there was no way to make them in

large enough quantities to demonstrate a practical device. Metamaterials that

interact with visible light have previously not been made in pieces larger than

hundreds of micrometers.

In 2007, one researcher [33] stated that for metamaterial applications to be

realized, several goals must be achieved. Reducing energy loss, which is a major

limiting factor, keep developing three-dimensional isotropic materials instead

of planar structures, then �nding ways to mass produce [33]. The path for

mass production of metamaterials was experimentally reveled in MIT by John
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Rogers and Nicholas Fang, in June 2011. With a new printing technique, these

researchers can now make enough metamaterials to begin fabricating invisibility

cloaks and superlenses [34].

Figure 1.2: Light mesh: The large-area metamaterial is made up of a layered
mesh of metals patterned on the nanoscale [34].

Rogers has developed a stamp-based printing method for generating large

pieces of one of the most promising types of metamaterial, which can make near-

infrared light had negative refraction index Figure 1.2. The process starts by

molding a hard plastic stamp that's covered with a raised �shnet pattern. The

stamp is then placed in an evaporation chamber and coated with a sacri�cial

layer, followed by alternating layers of the metamaterial ingredients�silver and

magnesium �uoride�to form a layered mesh on the stamp. The stamp is then

placed on a sheet of glass or �exible plastic and the sacri�cial layer is etched

away, transferring the patterned metal to the surface. For example, macroscale

2-D lenses and cloaks may be possible, and possibly solar concentrators, too.

One potential application is in lenses that integrate multiple functions in single

devices, for telecommunications and imaging.
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1.3 Motivations and Objectives

The raise of metamaterials gave a new �ame to electromagnetism. New problems

and questions emerged with the physical properties of metamaterials. A large

number of established physical concepts have to be re-analyzed e re-interpreted

in order to ful�ll the new proprieties of these materials. In the present work, we

have the chance to study and strengthen various aspects of electromagnetism,

with the wariness to include the new electromagnetic concepts brought by DNG

media. This can be accomplished not just by studying the theory behind it, but

also by analyzing simple guided structures and studying their physical electro-

magnetic e�ects.

This approach have lead to the construction of new types of microwave struc-

tures, whose applications, in mobile communications an military applications

just to name a few, have attracted a lot of attention by the scienti�c community

and also by the scienti�c media. Such interest comes from the fact that these

metamaterials can improve a lot several communication devices, such as anten-

nas and lens, and opened the path for invisibility cloaks. Metamaterials has also

implications on lens design, since classical electrodynamics impose a resolution

limit when imaging using conventional lenses. This fundamental limit, called

the di�raction limit, is attributed to the �nite wavelength of electromagnetic

waves.

In this dissertation, about metamaterials, we shall focus on a restricted class:

the DNG media. In particular, unlimited media and DNG media inserted in

guides and their e�ects in propagation as well as study the negative refraction,

taking advantage of its particular electromagnetic properties to achieve results

that are not present in conventional wave guides. More speci�cally, study new

physical phenomena that are associated with double negative media and the

e�ects when applied to known propagation guide structures.
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1.4 Organization and Structure of the Disserta-

tion

This dissertation is composed by �ve chapters. The �rst one is an introduction so

the reader can situate the present work in the subject. It starts with an overview

of the historical background, where the main researchers and publications are

referred. The state of the art of complex media is revealed in order to see the

evolution through history until the present day. Motivations and objectives of

this dissertation are explained, followed by it's organization and structure as

well as the original contributions.

In the second chapter the electromagnetic proprieties of DNG metamateri-

als are studied. Firstly, a media classi�cation is done according to the real part

of permittivity and permeability, followed by the characterization of a medium

where both values are negative. This leads to the appearance the backward

waves that are analyzed as well as negative refraction. Since this complex ma-

terials reveals fundamental problems when the dispersion is not taken in to

account, a dispersive study is done using mainly the Lorentz Dispersive Model.

This study also allows us to see the di�erence between phase and group velocities

in DNG media or in DPS media.

In the the third chapter guided wave propagation with DNG media is stud-

ied for a DPS-DNG interface. After modal analysis, numerical simulations are

done to both non dispersive and dispersive model, using the Lorentz Dispersive

Model, being the results (permeability, permittivity and refractive index) com-

pared and interpreted. The TE and the TM modes are studied in both cases,

computing dispersion relations and attenuation constants.

For a more practical view of the DNG-DPS interface, a problem is formulated

assuring that resonances of both the permeability and permittivity are close
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enough, which is one of the main problems when creating metamaterials. Some

simulations are obtained for various values of �lling factor, a media classi�cation

in frequency is done, and the existence of TM and TE modes is analyzed.

In the the fourth chapter another guided wave structure, recurring to DNG

media, is studied. In this case, we study a DNG slab which outer medium is

an unlimited DPS media. First, the modal equations are calculated, applying

boundary conditions to the tangential �eld components and doing relations be-

tween the normalized wave numbers. This results in modal equations for the

TE odd mode and TM even mode. A DPS medium only allows modal solutions

with real transverse wave numbers providing slow modes. Solutions with imag-

inary transverse wave numbers, when using a dielectric DNG slab, may also be

found. This result provides super-slow modes, where the phase velocity is lower

than the speed of light in the medium, while for conventional slow modes, the

phase velocity is limited by a lower bound.

Finally, in the �fth and last chapter, the main conclusions are gathered and

some future work is suggested as well as some potential applications for complex

media.

1.5 Original Contributions

Metamaterials are a topic that has rising interest among electromagnetics re-

search community. Many publications and studies were made for this topic of

discussion, most of the are scattered. The main contribution of this dissertation

it to collect and gather these studies and problems in such a way that can be

useful for future researchers in this �eld of interest. The studies presented here,

contain an introduction to the electromagnetics of the DNG media and guided

electromagnetic wave propagation in planar structures containing both double
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positive media (DPS) and DNG materials. A less theoretical problem is also

object of analysis.

11



12



Chapter 2

Electromagnetics of DNG

Metamaterials

In this chapter, the propagation properties of double negative (DNG) metama-

terials are addressed. Plane wave propagation is studied in an isotropic and

unlimited DNG medium, using Maxwell's equations. Negative refraction and

anti-parallel Poynting vector are also studied.

2.1 Media Classi�cation

In the present work, we consider a double negative (DNG) metamaterial

being characterized by two constitutive parameters, the permittivity, ε, and the

permeability, µ. These parameters can usually be described by the following

relations,

ε = ε′ + iε′′ (2.1)

with ε′, ε′′ ε <, and
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µ = µ′ + iµ′′ (2.2)

with µ′, µ′′ ε <.

Assuming that a medium can be classi�ed by the real part of both ε and µ,

the DNG classi�cation is due to


ε′ = <(ε) < 0

µ′ = <(µ) < 0

(2.3)

In the same way, we classify a double positive medium (DPS) as


ε′ = <(ε) > 0

µ′ = <(µ) > 0

(2.4)

A simple negative medium (SNG), where ε′(ω)µ′(ω) < 0, can be divided

in two. An epsilon negative medium (ENG) with


ε′ = <(ε) < 0

µ′ = <(µ) > 0

(2.5)

And a mu negative medium (MNG) with


ε′ = <(ε) > 0

µ′ = <(µ) < 0

(2.6)
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In Figure2.1 [36] we have the materials classi�ed according to the real part

of ε and µ.

Figure 2.1: Media classi�cation by permeability and permittivity

The constitutive relations, in the frequency domain, can be written by


ε(ω) = 1 + χe(ω)

µ(ω) = 1 + χm(ω)

→


D = ε0ε(ω)E

B = µ0µ(ω)H

(2.7)

Where χe(ω) is electric susceptibility and χm(ω) the magnetic susceptibility.

Considering the electric �eld polarized along x-axis and the electromagnetic

wave propagating in the z-axis, we can write the electric and magnetic �elds as

follows 
E = x̂E0exp[i(kz − ωt)]

H = ŷH0exp[i(kz − ωt)]

→


E0 = x̂<(E0)

H0 = ŷ<(H0)

(2.8)
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The vacuum wave number, k0, is given by

k0 = ω
√
ε0µ0 =

ω

c
(2.9)

Where the wave number, k, relates with the k0 through the refractive index,

n = n(ω), expressed as

k = ẑk → k = k(ω) = n(ω)k0 = n(ω)
ω

c
(2.10)

The wave impedance in the present medium is given by

η =
E0

H0
(2.11)

Where E0 is the electric �eld intensity and H0 the magnetic �eld intensity.

From the Maxwell's equations, applied to the plane waves propagating in

the isotropic and unlimited medium, we get

k ·E = k ·H = 0,


k×E = ωµ0µH

k×H = −ωε0εE

(2.12)

∴

 k −ωµ0µ

−ωε0ε k


 E0

H0

 =

 0

0

 (2.13)

With E being the electric �eld vector and H the magnetic �eld vector. With

this, we have

k2 = ω2ε0µ0εµ =
(ω
c

)2

εµ (2.14)
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With

k = nk0 (2.15)

Where the refractive index is expressed as

n =
√
εµ (2.16)

and

η =
k

ωε0ε
=
ωµ0µ

k
= ζη0 (2.17)

where

η0 =

√
µ0

ε0
(2.18)

Leading us to

ζ =
η

η0
=

√
µ

ε
(2.19)

With η0 being the vacuum wave impedance. Note that the normalized wave

impedance can be re-written to

ζ =
n

ε
=
µ

n
(2.20)

In these conditions,

k = kẑ = (nk0)→


E = x̂E0exp(i n k0z)

H = ŷ E0

ζη0
exp(i n k0z)

(2.21)

The average value of the Poynting vector for the frequency ω will be
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Sω =
1

2
< (E×H∗) = ẑ

1

2
< (E0H

∗
0 ) = ẑ

|E0|2

2η0
<
(

1

ζ

)
exp [−2=(k)z] (2.22)

As shown, the condition for the medium to be passive is

=(k) = k′′ > 0 (2.23)

for an electromagnetic wave that propagates through the positive z axis.

The polarization never responds instantaneously to an applied �eld. This

causes dielectric loss which are expressed by permittivity and permeability that

are both complex and frequency dependent. Material, both natural and arti�-

cial, are not perfect insulators either, they have non-zero direct current conduc-

tivity [35]. Considering this, we can de�ne a complex refractive index as

n = n′ + i n′′ (2.24)

with n′ = <(n) and n′′ = =(n).

We can now write the complex amplitude equations for both the electric and

the magnetic �eld using (2.24)


E = x̂E0exp(i n k0z) = x̂E0exp(−n′′ k0z) exp(i n′k0z)

H = ŷ E0

ζη0
exp(i n k0z) = ŷ E0

ζη0
exp(−n′′ k0z) exp(i n′k0z)

(2.25)

We can also call n′′ the extinction coe�cient a represent it by κ. Once again

the passive medium must have
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=(n) = n′′ = κ > 0 (2.26)

since, otherwise we wouldn't have the condition of passive medium for an

electromagnetic wave whose energy propagates through the positive z axis,

limz→∞ |E| ≤ |E0| (2.27)

2.2 Backward Waves

As we will verify in the following section, in a DNG medium, the trihedral

[E0,H0,<(k)] is left handed. In the other way, as expected, the trihedral for a

DPS medium, [E0,H0,<(k)] is right handed. But, for both a DPS or a DNG

medium, the trihedral [E0,H0,Sω] is always right handed.

From the Maxwell's equations, in the di�erential form, we can easily assim-

ilated the left hand rule [21]

∇×E = −∂B
∂t

(2.28)

∇×H =
∂D

∂t
(2.29)

to describe the response of the medium to the applied �elds, we have the

two constitutive relations,

B = µ0µH (2.30)

D = ε0εE (2.31)
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In the time harmonic regime, the following relations between operators can

be derived

∂

∂t
→ −i ω (2.32)

and

∇ → ik (2.33)

In order to calculate the sign of the Poynting vector, S, and of the wave

vector, k, we use the following relations for the spacial orientation of the electric

and magnetic �eld vectors, E and H,

k×E = ωµ0µH (2.34)

k×H = −ωε0εE (2.35)

As shown on the following �gure,

Figure 2.2: Trihedral vectores for the i) DPS and ii) DNG media.

From Figure 2.2 we can see that in the DPS medium, both vectors, k and S,
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have the same direction. Creating a forward wave, meaning that the electro-

magnetic wave and the electromagnetic energy have the same direction. More-

over we can see that the vectors k and S have opposite orientation in the DNG

medium. This results in a backward wave, which means that the electromag-

netic wave and the electromagnetic energy have opposite directions.

It's important to note that the phase velocity of this electromagnetic wave

is given by


k = nk0

k = k′ + i k′′

n = n′ + i n′′

→ vp =
ω

<(k)
=

ω

k0<(n)
=

c

<(n)
=

c

n′
(2.36)

In order to obtain valid roots to (2.16) and (2.19), since in general ε, µ∈ C,

we can re-write (2.22), for a DPS or DNG media, as

<
(

1

ζ

)
= <

(
1

µ

)
= <

(
n′ + i n′′

µ′ + i µ′′

)
=

n′µ′ + n′′µ′′

(µ′)2 + (µ′′)2
(2.37)

Since this is a passive medium, we have ε′′ > 0, µ′′ > 0 and n′′ > 0.

Furthermore, being a DNG medium, we also have ε′ < 0 and µ′ < 0 and, as we

shall see later, n′ > 0. Knowing this, we must verify the following condition

n′µ′ + n′′µ′′

(µ′)2 + (µ′′)2
> 0⇒ ẑ·Sω > 0 (2.38)

The same result obtained in (2.38), is applied to the DPS medium since

ε′ > 0 and µ′ > 0, when multiplied, have the same signal than ε′ < 0 than

µ′ < 0.

We will now study the permittivity in the complex plan using polar coordi-

nates, but the same study can be applied to the permeability,
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ε = ε′ + i ε′′ = ρεexp(i θε)

µ = µ′ + i µ′′ = ρµexp(i θµ)

(2.39)

Figure 2.3: Electric permittivity in the complex plan.

Since

cos(θε) = ± 1√
1 + tan2(θε)

(2.40)

we get
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ρε =
√

(ε′)2 + (ε′′)2 = |ε′|
√

1 +
(
ε′′

ε′

)2

cos(θε) = sgn(ε′)
1√

1 +
(
ε′′

ε′

) = sgn(ε′)
|ε′|√

(ε′)2+(ε′′)2

(2.41)

and therefore

ε′ = ρεcos(θε) < 0→ cos(θε) =
ε′√

(ε′)2 + (ε′′)2
< 0 (2.42)

Using once again the polar coordinates, nε is represented in the following

�gure

Figure 2.4: nεin the complex plan.

For a DNG medium, we got ε′ < 0, meaning that the permittivity angle is

con�ned by π ≥ θε ≥ π/2 but then π/2 ≥ θε/2 ≥ π/4, where
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nε = n′ε + i n′′ε =
√
ε = ρ1/2

ε exp

(
i
θε
2

)
(2.43)

∴ nε = i(n′′ε − i n′′ε ) = i ρ1/2
ε

[
sin

(
θε
2

)
− i
(
θε
2

)]
(2.44)

Where, given that


cos
(
θε
2

)
=
√

1+cos(θε)
2

sin
(
θε
2

)
=
√

1−cos(θε)
2

(2.45)

We are expected to have



cos
(
θε
2

)
= 1√

2

[
1 + ε′√

(ε′)2+(ε′′)2

]1/2

> 0

sin
(
θε
2

)
= 1√

2

[
1− ε′√

(ε′)2+(ε′′)2

]1/2

> 0

(2.46)

Since must chose the positive root to obtain n′ε ≥ 0 and n′′ε > 0, we get

n′ε =

√
|ε′|
2

[
1 +

(
ε′′

ε′

)2
] 1

4

1 +
sgn(ε′)√
1 +

(
ε′′

ε′

)2
 1

2

(2.47)

and

n′ε =

√
|ε′|
2

[
1 +

(
ε′′

ε′

)2
] 1

4

1− sgn(ε′)√
1 +

(
ε′′

ε′

)2
 1

2

(2.48)

Due to the fact that a DNG medium has sgn(ε′) = −1, we can say n′′ε > n′ε.

In the limit case, were the losses are not considered, ε′′ = 0, we have
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sgn(ε′) = −1→


n′ε = 0

→ nε = i |ε′|1/2

n′′ε = |ε′|1/2

(2.49)

similarly we get

n′µ =

√
|µ′|
2

[
1 +

(
µ′′

µ′

)2
] 1

4

1 +
sgn(µ′)√
1 +

(
µ′′

µ′

)2


1
2

(2.50)

n′µ =

√
|µ′|
2

[
1 +

(
µ′′

µ′

)2
] 1

4

1− sgn(µ′)√
1 +

(
µ′′

µ′

)2


1
2

(2.51)

Once again, due to the fact that this is a DNG medium, sgn(µ′) = −1, we

can say n′′µ > n′µ. In the limit case, where the losses are not considered, µ′′ = 0,

we have

sgn(µ′) = −1→


n′µ = 0

→ nµ = i |µ′|1/2

n′′µ = |µ′|1/2

(2.52)

So, in the limit case where there aren't loses, ε′′ = µ′′ = 0, leads, according

to (2.49) and (2.52), to the negative value

DNG medium→ n = nεnµ = (i n′′ε )(i n′′µ) = − |ε′|1/2 |µ′|1/2 < 0 (2.53)

In the general case, the medium refraction index is [37]
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n = n′ + i n′′ = nεnµ

= (n′ε + i n′′ε )(n′µ + i n′′µ)

= [i(n′′ε − i n′ε)][i(n′′µ − i n′µ)]

= −(n′′ε − i n′ε)(n′′µ − i n′µ)

= −
[
(n′′εn

′′
µ − n′εn′µ)− i(n′εn′′µ + n′µn

′′
ε )
]

∴ DNG medium→


n′ = −(n′′εn

′′
µ − n′εn′µ) < 0

n′′ = n′εn
′′
µ + n′µn

′′
ε > 0

(2.54)

From

DNG medium→


ε′ < 0

→ n = ρnexp(iθn) = ρ
1/2
ε ρ

1/2
µ exp

(
i
θε+θµ

2

)
µ′ < 0

(2.55)

having π ≥ θn > π/2 hence one can infer that

k = k′ + i k′′ = nk0 = (n′ + i n′′)
ω

c
(2.56)

DNG medium→ <(k) = k′ =
n′ω

c
< 0→ Sω · <(k) < 0 (2.57)

With (2.57) we can see that the real part of k and the Poynting vector, Sε,
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have opposite sign, which corresponds to backward waves, the same conclusion

obtained with the trihedral vectors.

Figure 2.5: Refractive index in the complex plan.

Once the complex value of n is determined, the complex value of ζ is also

unequivocally determined through (2.20). We get

ζ =
n

ε
=
n′ + i n′′

ε′ + i ε′′
=

(n′ε′ + n′′ε′′) + i(n′′ε′ − n′ε′′)
(ε′)2 + (ε′′)2

(2.58)

In the case where the loses are disregarded, ε′′ = n′′ = 0, we got

ζ =
n

ε′
=

√
µ′

ε′
=
|µ′|1/2

|ε′|1/2
(2.59)

If we had chosen the other possible solution for n, =(n) = n′′ = 0, we would

get
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DNG medium→


n′ = (n′′εn

′′
µ − n′εn′µ) > 0

n′′ = −(n′εn
′′
µ + n′µn

′′
ε ) < 0

(2.60)

Which, in the limit case, where there aren't any loses, we would get a positive

refraction index and non negative like in (2.53). Therefore, with n′ε = n′µ = 0,

we get

DNG medium→


n = n′′εn

′′
µ = |ε′|1/2 |µ′|1/2 => 0

ζ = n
ε′ = −

√
µ′

ε′ = −|µ
′|1/2
|ε′|1/2 < 0

(2.61)

The main di�erence between the two solutions of n, the solution we chose

equivalent to =(n) > 0 and the solution corresponding to =(n) < 0, is the one we

can get from (2.22). The �rst solution corresponds to a direction of power �ux

in the positive direction (+z). The second solutions corresponds, as expected,

to a direction of power �ux in the negative direction (−z). However, whatever

the solution chosen, we can always verify that

Sω · <(k) < 0 (2.62)

This is due to the power �ux being diametrically opposed to the direction

in which the amplitude of the electric �eld increases.

Note that the DPS medium case, with ε′ > 0 and µ′ > 0, corresponds to the

normal case where π/2 > θε ≥ 0 and π/2 > θµ ≥ 0 , whereby we have n′ε > n′′ε

and n′µ > n′′µ. This way, the expression (2.55) is still valid. However, for a DPS

medium, we have π/2 > θn ≥ 0, so
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Sω · <(k) > 0 (2.63)

Meaning that the power �ux has diametrically the direction in which the

amplitude of the electric �eld increases. When we neglect loses, n′′ε = n′′µ = 0,

we got

DPS medium→ n = nεnµ = n′εn
′
µ = |ε′|1/2 |µ′|1/2 > 0 (2.64)

Since (2.63) is veri�ed for both the lossy and the lossless media, due to the

positive real part of the refraction index, this suggests forward electromagnetic

waves.

2.3 Dispersion

From the laws of Electromagnetism, we know that for a certain isotropic medium,

de�ned by ε and µ,

〈We〉 =
1

4
εε0E ·E

∗
(2.65)

〈Wm〉 =
1

4
µµ0H ·H

∗
(2.66)

Where 〈We〉 is the time-average electric density and 〈Wm〉 the time average

magnetic density. If both ε and µ are negative, like in DNG media, we have

fundamental problems since we can't have negative energy density. This proves

that a DNG medium is necessarily dispersive due to the de�nition of electro-

magnetic energy. Therefore both equations, (2.65) and (2.66), are invalid and

need to be corrected to a lossless dispersive media [38],
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〈We〉 =

ˆ t

−∞

∂D

∂t′
Edt′ (2.67)

〈Wm〉 =

ˆ t

−∞

∂B

∂t′
Hdt′ (2.68)

Both the electric and the magnetic �elds are almost monochromatic, with

E(t) = Eexp(−vt) and H(t) = Hexp(−vt) respectively, where the period vari-

ation is very slow T = 2π/ω, meaning that v << ω.

2.3.1 Group Velocity and Phase Velocity

The expression for the time-average energy density of a monochromatic plane

wave is de�ned by:

〈W 〉 =
1

4

[
ε0
∂(ω ε)

∂ω
|E|2 + µ0

∂(ω µ)

∂ω
|H|2

]
(2.69)

If we consider

A = µε+ ωµ
∂(ω ε)

∂ω
+ µε+ ωε

∂(ω µ)

∂ω
= 2µε+ ω

[
µ
∂(ωε)

∂ω
+ ε

∂(ωµ)

∂ω

]
(2.70)

As seen in the previous section, in a DNG medium we have µ < 0 and ε < 0,

leading us to A < 0. From (2.14) and (2.20) we have,

k2 = ω2µ0µε0ε (2.71)

Applying the �rst derivative in order of the ω to k2, we get
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∂(k2)

∂ω
= µ0ε0

∂
(
ω2µε

)
∂ω

= µ0ε0ω

[
2εµ+ ωµ

∂(ωε)

∂ω
+ ωε

∂(ωµ)

∂ω

]
= µ0ε0ωA

(2.72)

From (2.9) and (2.15) we obtain,

k = nk0 = n
ω

c
(2.73)

Which enables us to write (2.72) as

∂(k2)

∂ω
= 2k

∂(k)

∂ω
= 2nk0

∂(k)

∂ω
= 2n

ω

c

∂(k)

∂ω
(2.74)

The Phase Velocity, vp, is given by

vp =
ω

<(k)
=

ω

k0<(n)
=

c

n′
(2.75)

and the Group Velocity, vg, is given by

vg =
∂ω

∂k
(2.76)

Replacing (2.75) and (2.76) on (2.74) , we have

∂(k2)

∂ω
= 2ω

1

vp

1

vg
(2.77)

For a lossy DNG medium, ε < 0 and µ < 0, we have A < 0 which implies

that

∂(k2)

∂ω
< 0 (2.78)

Since we cannot have negative energy density, we must conclude that vG and

vP have di�erent signs (and opposite directions).
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For a non-dispersive media, one has vG = vP . On the DNG media, that

has to be dispersive, one can prove that both group velocity and phase velocity,

not only have di�erent signs, but also has di�erent values. Applying the �rst

derivative in order of the ω on (2.73), we get

∂(k)

∂ω
=
∂(ωn)

∂ω

1

c
=

1

c

(
n+ ω

∂n

∂ω

)
(2.79)

Applying (2.75) and (2.76) on (2.79)

1

vg
=

1

vp
+

1

c
ω
∂n

∂ω
(2.80)

Due to last parcel, the group velocity is only equal to the phase velocity

when the refraction index is frequency independent.

2.3.2 Lorentz Dispersive Model

In this section we will analyze the fundamental issue for the DNG medium,

the dispersion (in the time domain). Due to the de�nition of electromagnetic

energy density, a DNG medium has to be necessarily dispersive.

In the work, we will use the Lorentz Dispersive Model (LDM),


ε(ω) = 1 +

ω2
pe

ω2
0e−iωΓe−ω2

µ(ω) = 1 +
ω2
pm

ω2
0m−iωΓm−ω2

(2.81)

where ω0e,m represent resonance frequency, ωpe,m are values for the plasma

frequencies and Γe,m collision frequencies (i.e. losses). In the LDM, we can �nd

a frequency range [ω1e,m, ω2e,m] where the parameters ε(ω) and µ(ω) have a

negative real part.
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ω1e = ωε

ω2e = ωb


ω1m = ωa

ω2m = ωµ

→
<(ε) < 0→ [ωε, ωb]

<(µ) < 0→ [ωa, ωµ]
(2.82)

In order to simplify the above expressions, we remove the index e, that

corresponds to the relative dielectric permittivity, and m, that corresponds to

the relative magnetic permeability. This simpli�cations leads us to


2ω2

1 =
(
2ω2

0 + ω2
p − Γ2

)
−
√
ω4
p + Γ4 − 2Γω2

p − 4Γ2ω2
0

2ω2
2 =

(
2ω2

0 + ω2
p − Γ2

)
+
√
ω4
p + Γ4 − 2Γω2

p − 4Γ2ω2
0

(2.83)

If we neglect the losses, Γ = 0, we get

Γ = 0→


ω1 = ω0

ω2 =
√
ω2

0 + ω2
p

(2.84)

A media will only be considered DNG if con�ned to the intersection of the

following two frequency ranges

[ω1, ω2] = [ω1e = ωε, ω2e = ωb] ∩ [ω1m = ωa, ω2m = ωµ] (2.85)

Assuming the existence of such intersection and admitting ωε < ωa < ωb <

ωµ, we will get simply ω1 = ωa and ω2 = ωb. The media will be DNG in the

interval [ω1 = ωa, ω2 = ωb].
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Chapter 3

Wave Propagation in DNG

Media

In this chapter, the propagation of a complex interface, that contains DNG and

DPS media is studied. The modal characterization of this planar structures is

analyzed as well as several numerical simulations and are results explained.

3.1 Propagation on a Planar DNG-DPS Interface

An unlimited isotropic DNG media has di�erent electromagnetic properties than

those found on DPS media. The propagation of electromagnetic waves in a

complex structure, containing the interface between a DPS and a DNG media,

allows the re�ection and the refraction of backward waves. The propagation of

electromagnetic waves on a planar interface between a DPS medium and a DNG

semi-in�nitive medium, here represented in Figure 3.1, will be analyzed in this

section. Including the Modal Equations and Surface Mode Propagation. For the

Transverse Electric (TE) waves, we have only Ey, Hx and Hz components,
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while in the Transverse Magnetic (TM) only Hy, Ex and Ez propagate.

Figure 3.1: Planar interface between a DPS medium and a DNG medium.

3.1.1 Model Equations

We will consider the propagation direction along the z-axis, the transverse di-

rection the x-axis and the transverse in�nite direction by the y-axis, where there

is no variation of both the electric and magnetic �elds, ∂
∂y = 0. The Maxwell

equations are given by:

∇×H = J +
∂D

∂t
(3.1)

∇×E = −∂B
∂t

(3.2)

∇ ·D = ρ (3.3)
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∇ ·E = 0 (3.4)

Since the results in the frequency domain are more clarifying than those in

the time domain, we use the Fourier transform pair (3.5) and (3.6), to transform

both E and H in to the frequency domain:

Tω(r, ω) =

ˆ +∞

−∞
tω(r, t)exp[iωt]dt (3.5)

And the inverse equation:

tω(r, t) =
1

2π

ˆ +∞

−∞
Tω(r, ω)exp[−iωt]dt (3.6)

So, in the frequency domain, the Maxwell equations can be re-written to:

∇×H = J + iωD (3.7)

∇×E = −iωB (3.8)

∇ ·D = ρ (3.9)

∇ ·E = 0 (3.10)

Along the z-axis the surface is homogeneous, we get the following solutions

to the wave equation:

E(x, t) = Em(x) exp[i(β z − ω t)] (3.11)
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H(x, t) = Hm(x) exp[i(β z − ω t] (3.12)

And, for the time harmonic form of the �elds:

E(x, t) = Em(x) exp[i β z] (3.13)

H(x, t) = Hm(x) exp[i β z] (3.14)

Using the general �eld solutions, (3.13) and (3.14), in the Homogeneous

Wave Equation, we get the TE mode, which is given by the following equa-

tions:

∇2E + ω2ε µE = 0 (3.15)

∂2

∂x2
E +

∂2

∂z2
E + (k2

0 n
2
i )E = 0 (3.16)

∂2

∂x2
E + (k2

0 n
2
i + β2)E = 0 (3.17)

With ni being the refraction index of the medium i, given by ni =
√
εi µi,

and β is the propagation constant. Since (k2
0 n

2
i + β2) is constant in x we

are dealing with constant coe�cient di�erential equation that could have the

following solution:

Ey(x) = E0 exp[i hi x] + E0exp[−i hi x] (3.18)

Where hi is the transverse wave number of the medium i, given by h2
i =

k2
0n

2
i − β2.
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To maintain wave guiding on the interface, the �elds must be evanescent and

decay with distance away from the separation surface. Because of this require-

ment, the propagation constant is in the range of k0 n < β, the propagation

constant hi is complex in both the regions and it is given by:

hi = ±i αi (3.19)

Where αi is the attenuation constant given by:

α2
i = β2 + k2

0 n
2
i (3.20)

The sign of hi is chosen to represent the �eld decaying with the distance

from the interface DPS and DNG. Assuming the interface on x = 0, the �eld's

are given by:

Ey(x) =


E0exp[−α1x] , x > 0

E0exp[α2x] , x < 0

(3.21)

Where α1 and α2 are both > 0. To calculate the magnetic �eld, we use the

Faraday's Law from the Maxwell Equations:

∇×E = iωµH (3.22)

H =
1

iωµ
∇×E (3.23)

In our case, the TE propagation mode, we can re-write equation (3.23):
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Hz =
1

iωµ

∂Ey
∂x

ẑ (3.24)

From (3.23) we obtain the expressions for the magnetic �eld in both regions:

Hz(x) =



i E0α1

ωµ1
exp[−α1x] , x > 0

−i E0α2

ωµ2
exp[α2x] , x < 0

(3.25)

For the boundary conditions, at x = 0, and to guarantee the continuity of

the magnetic �eld at the interface, we need to assure Hz(0)− = Hz(0)+. To do

so, we have the expression:

i E0α1

ωµ1
exp[−α10] =

−i E0α2

ωµ2
exp[α10] (3.26)

α1

µ1
=
−α2

µ2
(3.27)

And so,

α2µ1 + α1µ2 = 0 (3.28)

With (3.27), we obtained the modal equation for the TE mode given by

(3.28).

To obtain the modal equation for the TM mode, we can apply similar com-

putation to the wave equation and �eld expressions for the TM modes, using

the following equation from the Maxwell Equations,

∇×H = −iωεE (3.29)
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E =
1

−iωε
∇×H (3.30)

Re-writing equation (3.30),

E =
1

−iωε
∂Hy

∂x
ẑ (3.31)

Applying (3.31) on (3.21)we get for the boundary condition, where Ey(0)− =

Ey(0)+, the following expression,

−E0

−iωε1
α1exp[−α10] =

E0

−iωε2
α2exp[α20] (3.32)

And we get,

α2ε1 + α1ε2 = 0 (3.33)

With the modal equations (3.28)and (3.33), we can conclude if there is prop-

agation along the interface between a DPS medium and a DNG medium. Since

we have α1, α2 > 0 and µ1,µ2 > 0, from (3.28), for the TE mode:

α1 = −µ1

µ2
α2 > 0 =⇒ µ2 < 0 (3.34)

And, from equation (3.33) we get for the TM mode:

α1 = −ε1

ε2
α2 > 0 =⇒ ε2 < 0 (3.35)

From implications (3.34) and (3.35) we can conclude that there is prop-

agation on an interface between a DPS medium and a DNG medium, with

ε2,µ2 < 0.
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3.1.2 Surface Mode Propagation

To analyze the solutions of the modal equations we will use the Lorentz Dis-

persive Model (LDM). This model has permittivity and permeability depen-

dent of the frequency. and the equations, from (2.81), are:

εr,L(ω) = 1 +
ω2
pe

ω2
0e − iωΓ− ω2

(3.36)

µr,L(ω) = 1 +
ω2
pm

ω2
0m − iωΓ− ω2

(3.37)

This model is going to be used to describe the parameters, dependent of the

frequency, on the DNG medium. Like we already done in the previous chapter,

we remove the index e and the index m, and consider ΓL = Γe = Γm. For the

simulation we will use the following parameters, where ε1,r and µ1,r are used to

describe the DPS medium:

Parameter Value

ωpe 2π × 7× 109rad.s−1

ωpm 2π × 6× 109rad.s−1

ω0e 2π × 2.5× 109rad.s−1

ω0m 2π × 2.3× 109rad.s−1

ΓL 0.05× ωpe
ε1,r 1
µ1,r 1

Table 3.1: Parameters used in the Lorentz Dispersive Model, on the DPS-DNG
interface

3.1.2.1 Lossless Lorentz Dispersive Model

For a �rst approach lets simulate a lossless model (when ΓL = 0), analyzing the

variation of the parameters εr,L(ω) and µr,L(ω). The results are in Figure3.2.

From Figure 2.1:

We identify the following three regions:
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• DNG region when ε < 0 and µ < 0;

• ENG region when ε < 0 and µ > 0;

• and DPS when ε > 0 and µ > 0.
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Figure 3.2: Lossless Lorentz Dispersive model for εr,L and µr,L

To observe the above three regions, we analyze the relative refraction index,

given by (3.38), using the lossless LDM on the DPS-DNG interface.

nr =
n

√
ε0µ0

(3.38)

By simulation, seen in Figure 3.3, we can denote that n varies with the

frequency. This e�ect is known as dispersion and only occurs when a media

is present, in vacuum all the frequencies travel at the same speed, c, the speed

of light. We also can identify the three already mentioned regions: the DNG

region with negative refraction index and the DPS with positive refraction. The
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ENG region, since the permittivity is negative and the permeability is positive,

has purely imaginary refraction index.
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Figure 3.3: Relative refraction index for DPS and DNG medium using the
lossless LDM

To get the dispersion relation, which expresses the relation between the

propagation constant β and the frequency, we use, for the TE mode, the equa-

tions (3.20) and (3.28):

α2 =
µ2

µ1
α1 (3.39)

Applying (3.20) to both α1 and α2,

√
β(ω)2 + k2

0 n
2
2 = (−µ2(ω)

µ1
)
√
β(ω)2 + k2

0 n
2
1 (3.40)

β(ω)2 + k2
0 n

2
2 = (

µ2(ω)

µ1
)2 β(ω)2 + (

µ2(ω)

µ1
)2(k2

0 n
2
1) (3.41)
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β(ω)2(1− (
µ2(ω)

µ1
)2) = (

µ2(ω)

µ1
)2(k2

0n
2
1)− (k2

0n
2
2) (3.42)

β(ω)2 =
(µ2(ω)

µ1
)2n2

1 − n2
2

1− (µ2(ω)
µ1

)2
k2

0 (3.43)

β(ω) = ±

√√√√ (µ2(ω)
µ1

)2n2
1 − n2

2

1− (
µ2(ω)

µ1
)2

k0 (3.44)

Since,

n1 =
√
µ1ε1 (3.45)

And

n2 =
√
µ(ω) ε2(ω) (3.46)

We get,

β(ω) =

√√√√ (µ2(ω)
µ1

)2µ1ε1 − µ2(ω)ε2(ω)

1− (µ2(ω)
µ1

)2
k0 (3.47)

Which is the dispersion relation for the TE mode. For the TM mode,

we use the equations (3.20) and (3.33) resulting in:

β(ω) =

√√√√ ( ε2(ω)
ε1

)2µ1ε1 − µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
k0 (3.48)

Applying the Lorentz Dispersive Model, given by 3.36 and (3.37), on both

(3.47) and (3.48) we can obtain the graphical simulation for the dispersion

relation. The TM mode is represented in Figure 3.4 and the TE mode in Figure

3.5.

45



1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5

x 10
9

0

1

2

3

4

5

6

7

8

9

10

Frequency f [GHz]

 

 
Real
Imaginary

Figure 3.4: Dispersion relation β for the TM mode
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Figure 3.5: Dispersion relation β for the TE mode

The simulations for the dispersion relation, for TM and TE modes, is just

a theoretic exercise since there is no physical meaning for them. As we know,
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dispersion only occurs in a lossy model. For this reason, both modes have

asymptotes.

Now, we can get the frequency dependent attenuation constants α1 and α2

using the lossless LDM for a DPS-DNG interface. For the TM mode, from

(3.20), (3.33) and (3.47),

α2
i = δ k2

0 + k2
0 n

2
i (3.49)

αi =
√
δ + n2

i k0 (3.50)

Considering for TM mode :

δ =
( ε2(ω)

ε1
)2µ1ε1 − µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
(3.51)

The attenuation constant α1 is given by:

α1 =
√
δ + n2

1k0 (3.52)

α1 =

√√√√ ( ε2(ω)
ε1

)2µ1ε1 − µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
+ ε1µ1k0 (3.53)

α1 =

√√√√ ( ε2(ω)
ε1

)2µ1ε1 − µ2(ω)ε2(ω) + ε1µ1 − ( ε2(ω)
ε1

)2ε1µ1

1− ( ε2(ω)
ε1

)2
k0 (3.54)

α1 =

√
ε1µ1 − µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
k0 (3.55)

For α2 we get,
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α2 =

√√√√ ( ε2(ω)
ε1

)2µ1ε1 − µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
+ ε2(ω)µ2(ω)k0 (3.56)

α2 =

√√√√ ( ε2(ω)
ε1

)2µ1ε1 − µ2(ω)ε2(ω) + µ2(ω)ε2(ω)− ( ε2(ω)
ε1

)2µ2(ω)ε2(ω)

1− ( ε2(ω)
ε1

)2
k0

(3.57)

α2 =

√√√√ ( ε2(ω)
ε1

)2(µ1ε1 − µ2(ω)ε2(ω))

1− ( ε2(ω)
ε1

)2
k0 (3.58)

And similarly, for the TE mode using (3.50) and a δ given by: :

δ =
(µ2(ω)

µ1
)2µ1ε1 − µ2(ω)ε2(ω)

1− (µ2(ω)
µ1

)2
(3.59)

We have,

α1 =

√
ε1µ1 − µ2(ω)ε2(ω)

1− (µ2(ω)
µ1

)2
k0 (3.60)

And,

α2 =

√√√√ (µ2(ω)
µ1

)2(µ1ε1 − µ2(ω)ε2(ω))

1− (µ2(ω)
µ1

)2
k0 (3.61)

The graphical representation of the above attenuation constants is repre-

sented in Figure 3.6 and Figure 3.7.
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Figure 3.6: Attenuation constants α1 and α2 for the TM mode for the lossless
LDM
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Figure 3.7: Attenuation constants α1 and α2 for the TE mode for the lossless
LDM
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3.1.2.2 Lossy Lorentz Dispersive Model

To a more realistic study, we will include losses on the complex structure using

the LDM. Using (3.36) and (3.37), with ΓL = 0.05ωpe, the permittivity and

permeability on the DNG medium can be graphically by Figure 3.8.
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Figure 3.8: Lossy Lorentz Dispersive model for εr,L and µr,L

The three regions (DNG, ENG and DPS) occur at almost the same frequen-

cies than in the lossless model due to the use of small value of ΓL.The �negative�

damping present on the LDM results in the positive imaginary parts.

Now for lossy relative refraction index, given by (3.38) we obtain the follow-

ing graphical result:
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Figure 3.9: Relative refraction index for DPS and DNG medium using the lossy
LDM

In Figure 3.9 we can observe the already mentioned three regions. Where

the DNG region has a negative refraction index and the DPS region has positive

refraction index. These were the expected results, but from the ENG region,

since it has a negative real refraction index, we can conclude that a DNGmedium

is always a Negative Refraction Index (NRI) but a NRI medium does not mean

a DNG medium if we consider losses and dispersion.
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Figure 3.10: Lossy dispersion relation β for the TE modes
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Figure 3.11: Lossy dispersion relation β for the TM modes
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The graphical representation of the attenuation constants for the TE modes,

Figure 3.12: Attenuation constants α1 and α2 for the TE modes for the lossy
LDM

And for the TM modes,

Figure 3.13: Attenuation constants α1 and α2 for the TM modes for the lossly
LDM

We can also have a graphical representation of the electric �eld's variation
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along the x-axis dimension. The variation of the �eld shows us that the �eld

intensity increases as we approach x = 0, as we expected, because this is a

representation of the �eld in the interface (which is at x = 0) and the attenuation

as we get further from it.
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Figure 3.14: Variation of the normalized Electric Field for f = 1.10GHz
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Figure 3.15: Variation of the normalized Electric Field for f = 1.20GHz
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Figure 3.16: Variation of the normalized Electric Field for a frequency range of
f : [1, 10]GHz with 100MHz intervals.

Since we use the Lorentz Dispersive Model, both the permittivity ε and

permeability µ, as seen on Figure 3.8, from certain value of the frequency f ,

tends asymptotically to a value, 1. This �stability� has direct in�uence on the

electric �eld Ey of Figure 3.16 where, for higher values of f , Ey also tends tends

asymptotically.
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3.2 Existence of Solution Bands

The key issue for the practical implementation of a DNG metamaterial has to do

with necessity to assure that the resonances of ε(ω) and µ(ω) are close enough

to each other. An acceptable model lossless model is studied in the present

section.

Considering the interface between air and a metamaterial at x = 0, with the

metamaterial medium characterized by the following constitutive relations,

D = ε0ε(ω)E (3.62)

B = µ0µ(ω)H (3.63)

With,


ε(ω) = 1− ω2

p

ω2

µ(ω) = 1− F ω2

ω2−ω2
0

(3.64)

As seen in Figure 3.1, the air, de�ned as 1, occupies the region x > 0

while the metamaterial medium is de�ned as 2 and occupies the region x < 0.

Considering the propagation modes TE and TM in the form exp[i (β z − ω t)]

along this interface.

Assuming,

X =
ω2
p

ω2
(3.65)
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a =
ω2

0

ω2
p

(3.66)

We get, after applying (3.65) and (3.66) on (3.64),


ε(X) = 1−X

µ(X) = 1− F 1
1−aX

(3.67)

Where F , 0 < F < 1, is the �lling factor for the model and a the square

of the relation between the magnetic resonance frequency, ω0, and the plasma

frequency, ωp .

There are some points of interest, like the resonance of µ(X) at X = 1/a and

the root at X = (1−F )/a. µ(X) has the same root as ε(X) when F/(1−a) = 1

. Therefore, we can now characterize this interface in di�erent combinations of

media regions, depending of the values of F or a.

Fixing the value of a = 0.36, to study the interface by regions of medium

classi�cation, we have, according to Figure 2.1, the following

0 < X < 1 DPS

1 < X < 1−F
a ENG

1−F
a < X < 1

a DNG
X > 1

a ENG

Table 3.2: Classi�cation of the metamaterial's regions for various 0 < F < 0.64

0 < X < 1 DPS
1 < X < 1

a DNG
X > 1 ENG

Table 3.3: Classi�cation of the metamaterial's regions for various F = 0.64
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0 < X < 1−F
a DPS

1−F
a < X < 1 MNG
1 < X < 1

a DNG
X > 1

a ENG

Table 3.4: Classi�cation of the metamaterial's regions for various 0.64 < F < 1.0

After simulating ε(X) and µ(X) for some values of F with ω ≥ 0 (and

therefore X ≥ 0) and a = 0.36, we obtained the following,
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Figure 3.17: ε− vs− µ representation for F = 0.40
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Figure 3.18: ε− vs− µ representation for F = 0.64
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Figure 3.19: ε− vs− µ representation for F = 0.70
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Figure 3.20: ε− vs− µ representation for F = 0.85
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Figure 3.21: ε− vs− µ representation for F = 1.0
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If, instead of having a �xed value of a, we consider the �xed value of F = 0.56,

we have the following medium classi�cation

0 < X < 1 DPS

1 < X < 1−F
a ENG

1−F
a < X < 1

a DNG
X > 1

a ENG

Table 3.5: Classi�cation of the metamaterial's regions for 0 < a < 0.44

0 < X < 1 DPS
1 < X < 1

a DNG
X > 1 ENG

Table 3.6: Classi�cation of the metamaterial's regions for a = 0.44

0 < X < 1−F
a DPS

1−F
a < X < 1 MNG
1 < X < 1

a DNG
X > 1

a ENG

Table 3.7: Classi�cation of the metamaterial's regions for various a > 0.44

After simulating ε(X) and µ(X) for some values of a with ω ≥ 0 and F =

0.56, we obtain the following,
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Figure 3.22: ε− vs− µ representation for a = 0.16
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Figure 3.23: ε− vs− µ representation for a = 0.36
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Figure 3.24: ε− vs− µ representation for F = 0.44
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Figure 3.25: ε− vs− µ representation for F = 0.64
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3.3 Modal Refraction Index n̄

In this section, we will study the relation between n̄ , the modal refraction index,

and ε and µ, where n is given by,

n =
β

k0
(3.68)

The sourceless Maxwell equations can be, in this case, reduced to,



−iβEy = iωµ0µ(x)Hx

iβEx − ∂EZ
∂x = iωµ0µ(x)Hy

∂Ey
∂x = iωµ0µ(x)Hz

(3.69)



−iβHy = −iωε0µ(x)Ex

iβHx − ∂HZ
∂x = −iωε0ε(x)Ey

∂Hy
∂x = −iωε0ε(x)Hz

(3.70)

For TE modes, the only non-zero components are Ey, Hx and Hz. For TM

modes the only non-zero components are Hy, Ex and Ez. Therefore, for the TE

mode we have,


Hx = − β

ωµ0µ(x)Ey

Hz = −i 1
ωµ0µ(x)

∂Ey
∂x

(3.71)
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And, similarly, for the TM mode,


Ex = β

ωε0ε(x)Hy

Ez = i 1
ωε0ε(x)

∂Ey
∂x

(3.72)

For both cases, the di�erential equation for the �support� component has

the form,

{
∂2

∂x2
+
[
ε(x)µ(x)k2

0 + β
]} Ey

Hy

 = 0 (3.73)

With,

k2
0 = ω2ε0µ0 =

(ω
c

)2

(3.74)

This way, we got

[
∂2

∂x2
− α2(x)

] Ey

Hy

 = 0 (3.75)

α2(x) = β2 − ε(x)µ(x)k2
0 (3.76)

Where,


α2

1 = β2 − k2
0 , x > 0

α2
2 = β2 − ε(x)µ(x)k2

0 , x < 0

(3.77)

So, for the TE modes,
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Ey(x) =


exp(−α1x) , x > 0

exp(α2x) , x > 0

(3.78)

And, for the TM modes,

Hy(x) =


exp(−α1x) , x > 0

exp(α2x) , x > 0

(3.79)

Although the continuity is assured for the support component, for TE modes

the continuity is yet to be imposed to Hz at x = 0:

1

µ(ω)

∂Ey
∂x
|x=0− =

∂Ey
∂x
|x=0+ → µ(ω)α1 + α2 = 0 (3.80)

In the TM modes, we need to impose the continuity of Ez at x = 0:

1

ε(ω)

∂Hy

∂x
|x=0− =

∂Hy

∂x
|x=0+ → ε(ω)α1 + α2 = 0 (3.81)

This way, the TE modes only occurs in regions where µ(X) < 0 and the TM

modes only occur in regions where ε(X) > 0. When the metamaterial is DNG,

both TE and TM modes can propagate.

So, for the TE modes, we got

µ2(ω)α2
1 = α2

2 → µ2(ω)(β2 − k2
0) = β2 − ε(ω)µ(ω)k2

0 (3.82)

β2 =
ε(ω)µ(ω)− µ2(ω)

1− µ2(ω)
k2

0 (3.83)
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µ(ω) = − |µ(ω)| (3.84)

TE 7−→ n2 =

(
β

k0

)2

=
µ(ω)

1 + µ(ω)

ε(ω)− µ(ω)

1− µ(ω)
= |µ(ω)| |µ(ω)|+ ε(ω)

µ2(ω)− 1
(3.85)

for the TM modes, we got

ε2(ω)α2
1 = α2

2 → ε2(ω)(β2 − k2
0) = β2 − ε(ω)µ(ω)k2

0 (3.86)

β2 =
ε(ω)µ(ω)− ε2(ω)

1− ε2(ω)
k2

0 (3.87)

ε(ω) = − |ε(ω)| (3.88)

TM 7−→ n2 =

(
β

k0

)2

=
ε(ω)

1 + ε(ω)

µ(ω)− ε(ω)

1− ε(ω)
= |ε(ω)| |ε(ω)|+ µ(ω)

ε2(ω)− 1
(3.89)

3.4 Super�cial Modes

Since the cuto� of the super�cial modes is always veri�ed when n = 1, the

dispersion diagram must always have values n ≥ 1. If we consider F = 0.56 and

X =
1 +
√

1− 4 aF

2a
=

2− F
2 a

= 2 (3.90)

Then,
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ε(X) = −1

µ(X) = −1

(3.91)

ε(X)µ(X) = 1 (3.92)

Leading us to

X =
2− F

2 a
= 2 (3.93)


n2 = − 1

2 TE Modes

n2 = − 1
2 TM Modes

(3.94)

With this result, we can easily conclude that we can't have n = ∞. There-

fore, this value of X cannot allow propagation both of the TE and the TM

modes. It's important to underline that, for the chosen values (a = 0.36 and

F = 0.56), we get

2− F = 1 +
√

1− 4 aF (3.95)

And for

aX = 1− 2 a→ X =
1−
√

1− 4 aF

2 a
=

F

2 a
=

1

a
= 0.7778 (3.96)

ε(X) = µ(X) = 1−X = 1− F

2 a
= 3− 1

a
= 0.2222 (3.97)
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Leading to

X =
1−
√

1− 4 aF

2 a
=

1

a
− 2 (3.98)


n = 0 TE Modes

n = 0 TM Modes

(3.99)

That, once again, does not correspond to any propagation.

In fact, as seen before, the TE propagation is only possible when µ(X) < 0

and n > 1. While for a = 0.36 the TE modes are impossible, for other values of

a, there is TE propagation.

From (3.85) and (3.64),

n2 =
1− F

1−aX

1 + (1− F
1−aX )

(1−X)− (1− F
1−aX )

1− (1− F
1−aX )

= (3.100)

n2 =
(aX + F − 1)(aX2 −X + F )

2F (aX + 1
2 (F − 2))

(3.101)

Where X = −(0.5/a)(F − 2) is the only resonance and, for our problem,

aX2+(F−1)X−F has the only valid root inX = ((1−F )+
√

(F − 1)2 + 4 aF )/(2 a).

These results lead us to,

0 < a < 0.36

]
(1−F )+

√
(F−1)2+4 aF

2 a ; − 1
2
F−2
a

[
a = 0.36 The TE modes are impossible for this value of a

a > 0.36

]
− 1

2
F−2
a ;

(1−F )+
√

(F−1)2+4 aF

2 a

[
Table 3.8: Existence of TE modes for various values of a

And, these same results can be seen in the following �gures after simulation
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for some important values of a,
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Figure 3.26: TE modes possibility for a = 0.16
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Figure 3.27: TE modes are impossible to propagate for a = 0.36
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Figure 3.28: TE modes possibility for a = 0.64
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Figure 3.29: TE modes possibility for a = 1.0

If, instead of having a �xed value of F we consider a = 0.36, we have,
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0 < F < 0.56

]
−(F−1)+

√
(F−1)2+4 aF

2 a ; − 1
2
F−2
a

[
F = 0.56 The TE modes are impossible for this value of F

0.56 < F < 1

]
− 1

2
F−2
a ;

−(F−1)+
√

(F−1)2+4 aF

2 a

[
Table 3.9: Existence of TE modes for various values of F
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Figure 3.30: TE modes possibility for F = 0.40
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Figure 3.31: TE modes possibility for F = 0.56
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Figure 3.32: TE modes possibility for F = 0.64

73



From Table 3.8, Table 3.9 and the above simulations, we can conclude that

there is always one TE mode propagating except when a = 0.36 and F = 0.56,

where there aren't any TE modes propagating. This is a forward TE mode since

it propagates in the DPS region.

The same analysis will be done for the TM modes, where propagation is

only possible when ε(X) < 0 and n > 1. From (3.89) and (3.64) we have

n2 =

(
1−X

1 + (1−X)

)(
1− F 1

1−aX − (1−X)

1− (1−X)

)
(3.102)

n2 =
(X − 1)

(
aX2 −X + F

)
X (X − 2) (aX − 1)

(3.103)

There are three resonances in (3.103), X = 0, X = 2 and X = 1/a, but only

the last two are valid to our problem since we don't consider a null frequency.

The positive root is given by X = ((1− F ) +
√

(F − 1)2 + 4 aF )/(2 a)

For F = 0.56, we only have TM modes for:

0 < a < 0.36

]
2 ;

(1−F )+
√

(F−1)2+4 aF

2 a

[
and

]
1
a ; +∞

[
a = 0.36

]
1
a ; +∞

[
0.36 < a < 1

]
(1−F )+

√
(F−1)2+4 aF

2 a ; 1
a

[
and ] 2 ; +∞[

a ≥ 1 ] 2 ; +∞[

Table 3.10: Existence of TM modes for various values of a
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Figure 3.33: TM modes possibility for a = 0.16
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Figure 3.34: TM modes are impossible to propagate for a = 0.36
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Figure 3.35: TM modes possibility for a = 0.64
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Figure 3.36: TM modes possibility for a = 1.0

From Table 3.10 and the above simulations, we can conclude that there are
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two TM modes propagating when, 0 < a < 0.36 or 0.36 < a < 1, both ranges

with F = 0.56. For values of a equal to 0.36 or greater than 1, just one TM

mode propagates.

If, instead of having a �xed value of F we consider a = 0.36, we have,

0 < F < 0.56
]

2 ; (1−F )+
√
F 2−2F+4aF+1

2 a

[
and

]
1
a ; +∞

[
F = 0.56

]
1
a ; +∞

[
0.56 < F < 1

]
(1−F )+

√
F 2−2F+4aF+1

2 a ; 2
[
and

]
1
a ; +∞

[
Table 3.11: Existence of TM modes for various values of F
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Figure 3.37: TM modes possibility for F = 0.40
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Figure 3.38: TM modes possibility for F = 0.56
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Figure 3.39: TM modes possibility for F = 0.64
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Again, from Table 3.11 and the above simulations, we can conclude that there

are two TM modes propagating when F 6= 0.56 and one TM mode propagating

when F = 0.56. The forward TM mode appears in the DPS region and the

backward TM mode propagates in the DNG region.
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Chapter 4

Propagation on a DNG Slab

In this chapter we shall study the propagation of electromagnetic waves on a

DNG slab waveguide. This structure is composed by a slab of DNG media,

limited on the x axis, which is between two semi-in�nite DPS media, like the

following �gure,

Figure 4.1: A DNG slab waveguide immersed on a DPS media
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4.1 Modal Equations

As seen in the previous chapter, for the TE modes, the homogenous wave

equation is given by,

∂2

∂x2
E + (k2

0 n
2
i + β2)E = 0 (4.1)

In the DNG medium, the solutions for this equation can take the following

form,

Ey(x) = E0e cos(h2 x) + E0osin(h2 x) (4.2)

With the transverse propagation constant h2,

h2 = ω2µ2ε2 + β2 (4.3)

We can easily see that there are two kind of solutions in (4.2):

• An odd solution for sin(h2 x) term;

• An even solution for cos(h2 x) term.

Similarly to the previous chapter, we want the electric �eld decaying with the

distance to x axis, so the evanescence of the electric �eld can be represented, in

the DPS media, by,

Ey(x) =


E01exp(i h1 x) , x ≥ d

E02exp(−i h1 x) , x ≤ −d

(4.4)

With the transverse wave number given by,
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hi = i αi (4.5)

And the attenuation constant, αi, is de�ned by,

α2
i = β2 + k2

0 n
2
i (4.6)

Placing the attenuation constant in 4.4 we can establish for the evanescent

�elds the following expressions,

Ey(x) =


E01exp(−α1 x) , x ≥ d

E02exp(α1 x) , x ≤ −d

(4.7)

If we consider the beginning of the DPS medium as |d| we can re-write (4.4)

as

Ey(x) =


E01exp[−α1 (x− d)] , x ≥ d

E02exp[α1 (x+ d)] , x ≤ −d

(4.8)

For the odd mode the electric �elds has the relations,

Ey =



E01exp[−α1 (x− d)] , x ≥ d

E0osin(h2 x) , x ≤ |d|

E02exp[α1 (x+ d)] , x ≤ −d

(4.9)
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Since we chose the odd mode,

E0o = −E01 (4.10)

To obtain the expression for the magnetic �eld, we use the Maxwell�Faraday

equation,

∇×E = iωµH (4.11)

With, as known,

∂

∂z
, i β

We have,

∇×E = − i

ωµ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

x̂ ŷ ẑ

∂
∂x 0 i β

0 Ey 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4.12)

And therefore

H = − i

ωµ
(−i β Eyx̂+

∂Ey
∂x

ẑ) (4.13)

Applying 4.13 in 4.9,
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Hx = − β

ω µ



E01exp[−α1 (x− d)] , x ≥ d

E0osin(h2 x) , x ≤ |d|

E02exp[α1 (x+ d)] , x ≤ −d

(4.14)

Hz = − i

ω µ



−E01α1exp[−α1 (x− d)] , x ≥ d

E0oh2cos(h2 x) , x ≤ |d|

E02α1exp[α1 (x+ d)] , x ≤ −d

(4.15)

To assure the continuity of the �elds, we apply the boundary conditions at

the interface x = d, and obtain,

Ey(x = d−) = Ey(x = d+) (4.16)

Hz(x = d−) = Hz(x = d+) (4.17)

Leading to,

E0osin(h2d) = E01 (4.18)

1

µ2
E0oh2cos(h2d) = −E01

µ1
α1 (4.19)
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sin(h2d) −1

h2cos(h2d)
µ2

α1

µ1



E0o

E01

 = 0 (4.20)

α1

µ1
sin(h2d) +

h2

µ2
cos(h2d) = 0 (4.21)

Giving us the asymmetric or odd TE modal equation,

α1 = −h2
µ2

µ1
cot(h2d) (4.22)

Similarly, to the even solution of the wave equation, we obtain the even or

symmetric TE modal equation,

α1 = h2
µ2

µ1
tan(h2d) (4.23)

We obtain the modal equations for the slab for both TE modes,


α1 = −h2

µ1

µ2
cot(h2d) (Odd Modes)

α1 = h2
µ1

µ2
tan(h2d) (Even Modes)

(4.24)

Repeating the same kind of procedure to the TM modes,


α1 = −h2

ε1
ε2

cot(h2d) (Odd Modes)

α1 = h2
ε1
ε2

tan(h2d) (Even Modes)

(4.25)

Considering,

a = α1d (4.26)
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b = h2d (4.27)

We can simplify the modal equations. For the TE mode,


a = −b µ1

µ2
cot(b) (assymetric mode)

a = b µ1

µ2
tan(b) (symmetric mode)

(4.28)

And for the TM mode,


a = −b ε1ε2 cot(b) (assymetric mode)

a = b ε1ε2 tan(b) (symmetric mode)

(4.29)

The relation between the normalized propagation's constants is given by:

a2 + b2 = V 2 (4.30)

Where V , the normalized frequency, is given by,

V = k0d
√
ε2µ2 − ε1µ1 (4.31)

The intersection of the curve (4.30) with the modal equations will represent

the modal solutions for these modes in the slab.

4.2 Surface Mode Propagation

In this section we shall analyze the surface modes on the DNG slab. From (4.3),

h2 is real when,
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β < ω
√
ε2µ2 (4.32)

And has imaginary values when,

β > ω
√
ε2µ2 (4.33)

If we assume either imaginary or real values of h2, in the analysis of the DNG

slab, we still maintain the surface mode conditions where the wave diminishes

with the distance away from the slab. If we consider the following relations,

tan(i x) = i tanh(x) (4.34)

cot(i x) = −i coth(x) (4.35)

And assuming that

B = −i b (4.36)

We are able to rewrite equations (4.28) and (4.30) to,


a = −B µ1

µ2
coth(B) (Assymetric mode)

a = −B µ1

µ2
tanh(B) (Symmetric mode)

(4.37)

And

a2 = B2 + V 2 (4.38)

The numerical solutions of the equations can be found, both in plane (b, a)

or (B, a), through the intersection of the corresponding modal curves and the
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ones representing equations (4.30) and (4.38).

First we will study the DPS situation with ε1 = 1, µ1 = 1, ε2 = 2 and

µ2 = 2.

Figure 4.2: The modal solutions (red dots) for a conventional DPS dielectric
slab with ε1 = 1, µ1 = 1, ε2 = 2 and µ2 = 2.

The horizontal positive semi-axis represents the transverse wave number, b,

while the negative semi-axis represents the imaginary part, previously called B.

As expected, in a DPS slab, there are only modal solutions with real b.

However, if we consider a DNG slab, there are solutions with imaginary b.

This result can be seen in Figure 4.3.

These modes are called super-slow modes since the phase velocity, given

by vp = ω/β, is lower than the speed of light in the outer medium,

vp <
c

√
ε1µ1

(4.39)

Then again, with a real value of b, the super�cial modes are called slow
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Figure 4.3: The modal solutions (red dots) for a DNG slab with ε1 = 1, µ1 = 1,
ε2 = −1.5, µ2 = −1.5 and V = 0.5.

modes, and one easily verify that the phase velocity assumes a value within

c
√
ε2µ2

< vp <
c

√
ε1µ1

(4.40)

Since we have a DNG medium in the slab, the sign of the right hand side

of the TE modal equations changes due to µ2 < 0. This inversion in the signal

of the modal equations causes a change in the slope of the branches of tangent

and cotangent function and, for a given range of frequencies, we also have some

slow-modes that can have more than one solution for the same h2d, as we can

see on Figure 4.4. Has seen before, the electric �eld Ey of the even slow modes

varies with a cosine function. On the other hand, the electric �eld Ey of the odd

slow modes varies with the a sine function. But, if we have an imaginary wave

number, both trigonometric functions become hyperbolic functions. When the

inner medium is more dense than the outer medium, there are slow modes and,
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Figure 4.4: The modal solutions (red dots) for a DNG slab with ε1 = 1, µ1 = 1,
ε2 = −1.5, µ2 = −1.5 and V = 3

given a DNG metamaterial inner medium, also originates super slow modes.

To describe the transitions between the slow modes and the the super slow

modes, we have the following relations. For the even modes,

cos2(b) +

(
µ1

|µ2|

)2 [
sin2(b) + b tan(b)

]
= 0 (4.41)

And, for odd modes, we have,

sin2(b) +

(
µ1

|µ2|

)2 [
cos2(b) + b cot(b)

]
= 0 (4.42)

The representation of the dispersion diagram for the TE modes of the DNG

dielectric slab, with ε1 = 1, µ1 = 1, ε2 = −1.5, µ2 = −1.5, is shown in Figure

4.5. The dashed lines, de�ned by k0 as a function of βd, represent the transition

limits. The �rst one, with a higher slope, de�ned by

k0d =
βd
√
ε1µ1

(4.43)

represents the cuto� condition of the surface modes on the slab, where h1d =
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0. The second dashed line, whith lower slope, given by

k0d =
βd
√
ε2µ2

(4.44)

expresses the transition between the super slow modes and the slow modes.

Figure 4.5: Dispersion diagram for the TE modes of the DNG slab with ε1 = 1,
µ1 = 1, ε2 = −2 and µ2 = −2

Two degenerated modes are excited in the dielectric slab, a conventional

mode and a limited conventional mode has we can verify in Figure 4.5.

The odd super-slow mode is the fundamental mode, which is the �rst one

since because it's excited from null frequency, and becomes a slow mode when

V = µ1/ |µ2| and propagates until V = π/2.
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Figure 4.6: Electric Field for odd TE modes with ε1 = 1, µ1 = 1, ε2 = −2 and
µ2 = −2 for (i) Odd slow mode 1 (ii) Odd slow mode 2 (iii) Odd super-slow
mode
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Figure 4.7: Electric Field for even TE modes with ε1 = 1, µ1 = 1, ε2 = −2 and
µ2 = −2 for (i) Even slow mode 1 (ii) Even slow mode 2

With this DNG slab structure, where we assumed µ1ε1 < µ2ε2, we can

conclude that there is a direct relation between the constitutive parameters and
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the resultant dispersive diagram, as the point from which the fundamental mode

transitions from a super-slow mode to a slow-mode depends on the value of both

µ1 and µ2. But if we consider the case µ1ε1 < µ2ε2, when slab's inner medium

is less dense than the outer medium, there are several important results.

Using the expression of the relation for the outer medium,

α2
1 = β2 − ω2ε1µ1

and ensuring a ≥ 0 for the electric slab, we get the following inequality,

B2 + V 2 ≥ 0 (4.45)

Where, from expression (4.31), we obtain

V 2 < 0 (4.46)

Although the expression (4.45) is only veri�ed when we have a super-slow

mode, otherwise we would get −b2 +
∣∣v2
∣∣ ≥ 0, which is always untrue. With

this result, while still considering the situation where the outer medium is more

dense than the slab's inner medium, we have from (4.30),

a2 + b2 < 0 (4.47)

We can conclude, from equations (4.46) and (4.47), that the following rela-

tion must be veri�ed in order to have propagation in the slab,

b2 < 0 (4.48)
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Figure 4.8: DNG dielectric slab dispersion diagram with ε1 = 2, µ1 = 1, ε2 = −1
and µ2 = −1.5

Figure 4.9: DNG dielectric slab dispersion diagram with ε1 = 2, µ1 = 2, ε2 = −1
and µ2 = −1.5

Only in the presence of super-slow modes, these conditions are valid. This
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result can be veri�ed on Figure 4.8, where we verify (4.45), (4.47) and (4.48).

As expressed in (4.46), the propagation in a less dense medium is only possible

if we are in the presence of super-slow modes. This is only satis�ed using a

DNG dielectric slab.

In the case of a less dense inner medium, we can have two di�erent dispersion

diagram cases:

• One where |µ2| > µ1, shown in Figure 4.8;

• One where |µ2| < µ1, shown in Figure 4.9.

In the �rst case, 4.8, there is propagation of an even and an odd super-slow

mode. Both this modes have a null cuto� frequency and a longitudinal wave

number, β, that tends to the same value while increasing the frequency.

In the second case, Figure 4.9, only the even super slow mode propagates

and it's limited by frequency. While on this frequency band, there are always

two solutions that tend to the same value. The point where the double-solutions

intersect represents the limit from which there is no surface mode propagation

on the DNG slab. We can also conclude that there are propagation conditions

for super slow modes, for all values of k0.
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Chapter 5

Conclusions

Being this the �nal chapter, we shall gather the main conclusions of the present

work. Some suggestions for future work is presented and potential applications

as well.

5.1 Summary

In the �rst chapter, a brief historical background and framework about DNG

metamaterials is introduced and the �rst experimental demonstrations of the

electromagnetic properties of DNGmetamaterials is presented as well. The state

of the art follows describing some present works and current investigation. The

motivation to this work and objectives of this dissertation are revealed, where

the interest for this subject is explained. Finally, the original contributions of

the present dissertation to the subject are described.

In the second chapter we made a media classi�cation, based on the per-

meability and permittivity, and studied electromagnetic proprieties of a DNG

metamaterial. A DNG medium presents negative permeability and negative

permittivity. These leads to negative refraction index and to existence of waves
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that have wave vector and energy �ow propagating in an antiparallel direction,

these waves are known has Backward Waves. If both the permeability and the

permittivity are negative, we have fundamental problems since we can't have

negative energy density, this proves that a DNG medium is necessarily disper-

sive due to the de�nition of electromagnetic energy. Therefore a study to the

dispersion and to the Lorentz Dispersive Model is done. Since the dispersion

is intrinsically connected to loses, we also concluded that, not only the group

velocity has di�erent value of the phase velocity, but also has opposite direction

in a DNG media.

In the third chapter we studied and analyzed and unbounded interface be-

tween a DNG medium and a DPS medium. The Maxwell's equations are applied

to the plane waves propagating in the isotropic and unbounded DNG medium

and some results, like the homogeneous wave equations, are shown. The con-

stitutive relations for this medium were calculated and then a modal analysis

is done, revealing that this interface allows both TE and TM surface modes

wave propagation. These propagation modes are not possible in an ordinary

DPS wave guiding structure. The dispersion in the DNG metamaterial is in-

cluded recurring to the Lorentz Dispersive Model. In the lossless case, when

µ2/µ1 = −1 and ε2/ε1 = −1, for TE mode and TM mode, respectively, there is

no physical solution since the dispersion relation tends to in�nitive. However,

when considering a dispersive lossy model, physical solutions arise. The electric

�eld, as function of frequency and distance, for TE modes, is shown, revealing

that the electric �eld in the DNG medium is greatly a�ected by the variation of

frequency. In both cases, the DNG and the DPS, the electric �elds decays with

considerable attenuation with the distance.

For a more practical view of the DNG-DPS interface, a less theoretical prob-

lem is studied. The problem is formulated assuring that resonances of both the
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permeability and permittivity are close enough, which is one of the main prob-

lems when creating these new materials. Some simulations are obtained for

various values of �lling factor, leading, in speci�c cases, to two TM modes, one

forward in the DPS zone and one backward in the DNG zone.

In the fourth chapter an analysis to the guided propagation on a DNG slab is

done. This chapter has special interest since the construction of guided waveg-

uides may be one of the greatest applications to DNG metamaterials. Like in

the previous chapter, this structure also reveled the possibility of having surface

wave mode propagation. However, the most important result is the propagation

of super-slow modes, a consequence of the phase velocity in the inner medium

(DNG medium) being smaller than in the outer medium (DPS medium). The

surface slow modes reveal a double solution for a restricted frequency domain.

The existence of these super-slow modes allows the propagation on the DNG

slab even when a less dense medium for the slab is used, compared to the outer

medium, µ1ε1 > µ2ε2. This phenomenon can only be veri�ed on double negative

materials. Analyzing the dispersion relation diagrams when the slab medium

is less dense than the outer medium, we could see that, for a medium with

|µ2| < µ1, there are two super-slow modes. For a medium with |µ2| > µ1, in a

limited frequency band, only one super-slow mode propagates, however, in this

band, there are always two possible modal solutions.

5.2 Future Work

The introduction of metamaterials in the electromagnetic panorama, brought

new problems never before deemed possible.

Studying inde�nite media, also considered metamaterials, should be consid-

ered since they are more general than DNG metamaterials, which are isotropic

media. This would allow to study anisotropic metamaterials.
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The present work analyzed two simple waveguiding structures with DNG

media but there is a set of other structures with DNG, a set at least as large

as the number of DPS structures. Their analysis should include the study of

re�ection and transmission factors.

One of the main applications DNGmetamaterais are the lenses, from �at lens

to superlenses, which can have a spatial resolution below that of the wavelength.

Lenses with DNG media are very useful for high-gain antennas.
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