
wave equation 
𝜕2𝜓

𝜕𝑥2 =
1

𝑣2

𝜕2𝜓

𝜕𝑡2   

𝜓 =  sin(𝑘𝑥 ± 𝜔𝑡)  

𝑘 =
2𝜋

𝜆
 𝜔 =

2𝜋

𝑇
 

𝜔

𝑘
= 𝑣 

Phasors and addition of waves 

𝑦1 = 𝐴1𝑒
𝑖𝜙1  𝑦2 = 𝐴2𝑒

𝑖𝜙2  𝛿 = 𝜙2 − 𝜙1 

𝑦𝑟 = 𝑦1 + 𝑦2 𝑦𝑟 = |𝑦𝑟|𝑒
𝑖𝜙  

 

|𝑦𝑟| = 𝐴1
2 + 𝐴2

2 + 2𝐴1𝐴2 cos 𝛿  
tan𝜙 =

𝐴1 sin𝜙1 + 𝐴2 sin𝜙2

𝐴1 cos𝜙1 + 𝐴2 cos𝜙2
 

 

Spherical waves Cylindrical waves 

𝐸⃑ (𝑥, 𝑦, 𝑧, 𝑡) =
𝐸0

𝑟

⃑⃑⃑⃑ 
𝑒(𝑘⃑ .𝑟 −𝜔𝑡) 𝐸⃑ (𝑥, 𝑦, 𝑧, 𝑡) =

𝐸0

√𝑟

⃑⃑⃑⃑  ⃑
𝑒(𝑘⃑ .𝑟 −𝜔𝑡) 

Electromagnetic theory 

∇⃑⃑ . 𝐷⃑⃑ = 𝜌 
∇⃑⃑ × 𝐸⃑ = −

𝜕𝐵⃑ 

𝜕𝑡
 

∇⃑⃑ . 𝐵 = 0 
∇⃑⃑ × 𝐻⃑⃑ = 𝑗 +

𝜕𝐷⃑⃑ 

𝜕𝑡
 

 

𝐷⃑⃑ = 𝜖0𝐸⃑ + 𝑃⃑ = 𝜖0(1 + 𝑥)𝐸⃑ = 𝜖𝐸⃑ = 𝜖0𝑛
2𝐸⃑  𝐵⃑ = 𝜇0𝐻⃑⃑ + 𝑀⃑⃑  

𝑛 = √
𝜖

𝜖0  
 

𝐽 = 𝜎𝐸⃑   

Electromagnetic wave equation 

∇2𝐸⃑ = 𝜇𝜖
𝜕2𝐸⃑ 

𝜕𝑡2
 

𝑣 =
1

√𝜇𝜖
=

𝑐

𝑛
 𝑘⃑ . 𝐸⃑ = 0 𝐾⃑⃑ × 𝐸⃑ = 𝑤𝐵⃑  |𝐵⃑ | =

𝑛

𝑐
|𝐸⃑ | |𝐸⃑ |

|𝐻⃑⃑ |
= √

𝜇

𝜖
= 𝑍  

 

Energy and momentum 

𝑆 = 𝐸⃑ × 𝐻⃑⃑                           pointing vector 

𝐼 = |〈𝑆 〉| =
1

2
𝐸0𝐻0 =

1

2
𝑐𝜖0𝐸0

2 = 𝑐〈𝑢〉  𝐼: irradiance, 〈𝑢〉: average energy density 

〈𝐹 〉 = 〈
𝑑𝑃⃑ 

𝑑𝑡
〉 = 𝑘̂𝑞〈𝑣𝑥𝐵〉 〈

𝑑𝑈

𝑑𝑡
〉 = 𝑐𝑞〈𝑣𝑥𝐵〉 〈

𝑑𝑃⃑ 

𝑑𝑡
〉 =

1

𝑐
〈
𝑑𝑈

𝑑𝑡
〉 

Damped oscillator model  

𝑚(𝑥̈ + 𝛾𝑥̇ + 𝜔0
2𝑥) = 𝑞𝐸0𝑒

𝑖𝜔𝑡  

𝑥0 =
𝑞𝐸0

𝑚(𝜔0
2−𝜔2+𝑖𝛾𝜔)

  

𝑝 = 𝑞𝑥 =
𝑁𝑞2𝐸0𝑒𝑖𝜔𝑡

𝑚(𝑤0
2−𝑤2+𝑖𝛾𝜔)

   

dipole moment for N oscillator per unit volume (macroscopic polarization) 

𝑛 = 1 +
𝑁𝑞2

2𝑚𝜖0(𝜔0
2 − 𝜔2 + 𝑖𝛾𝜔)

= 𝑛′ + 𝑖𝑛′′ 

𝑛′ = 1 +
𝑁𝑞2

2𝑚𝜖0

𝜔0
2 − 𝜔2

(𝜔0
2 − 𝜔2)2 + 𝛾2𝜔2

 𝑛′′ =
𝑁𝑞2

2𝑚𝜖0

𝛾𝜔

(𝜔0
2 − 𝜔2)2 + 𝛾2𝜔2

 

For 𝜔0 ≪ 𝜔: 

𝑛′ = 1 +
𝑁𝑞2

2𝑚𝜖0𝜔0

𝜔0 − 𝜔

(𝜔0 − 𝜔)2 + (
𝛾
2
)2

 𝑛′′ =
𝑁𝑞2

8𝑚𝜖0𝜔0

𝛾

(𝜔0 − 𝜔)2 + (
𝛾
2
)2

 

Refraction 

𝑟⊥ =
𝐸0𝑟

𝐸0𝑖
=

𝑛𝑖 cos 𝜃𝑖 − 𝑛𝑡 cos 𝜃𝑡

𝑛𝑖 cos 𝜃𝑖 + 𝑛𝑡 cos 𝜃𝑡
 𝑡⊥ =

𝐸0𝑡

𝐸0𝑖
=

2𝑛𝑖 cos 𝜃𝑖

𝑛𝑖 cos 𝜃𝑖 + 𝑛𝑡 cos𝜃𝑡
 

𝑟∥ =
𝐸0𝑟

𝐸0𝑖
=

𝑛𝑖 cos 𝜃𝑡 − 𝑛𝑡 cos 𝜃𝑖

𝑛𝑖 cos 𝜃𝑡 + 𝑛𝑡 cos 𝜃𝑖
 𝑡∥ =

𝐸0𝑡

𝐸0𝑖
=

2𝑛𝑖 cos 𝜃𝑖

𝑛𝑖 cos 𝜃𝑡 + 𝑛𝑡 cos 𝜃𝑖
 

 

𝜃𝐵𝑟𝑜𝑠𝑡𝑒𝑟 = tan−1
𝑛𝑡

𝑛𝑖
 𝜃𝐶𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = sin−1

𝑛𝑡

𝑛𝑖
 

 

Reflected power  Transmittance power  

𝑅 =
𝐼𝑟𝐴𝑟

𝐼𝑖𝐴𝑖
= 𝑟2 𝑇 =

𝐼𝑡𝐴𝑡

𝐼𝑖𝐴𝑖
=

𝑛𝑡 cos 𝜃𝑡

𝑛𝑖 cos 𝜃𝑖
𝑡2 𝐼 =

𝑛𝜖0𝑐0

2
|𝐸0|

2 



Lenses 

Refracting prisms Spherical  Convex lens  

𝑛𝑝𝑟𝑖𝑠𝑚

𝑛0
= sin

1
2
(𝐴 + 𝐷)

sin
1
2
𝐴

 

 

𝑛1

𝑠01
+

𝑛2

𝑠𝑖1
=

𝑛2−𝑛1

𝑅1
  1

𝑠01
+

1

𝑠𝑖1
= (

𝑛𝑙

𝑛𝑚
− 1)(

1

𝑅1
−

1

𝑅2
) =

1

𝑓
 

Mirror 

−
ℎ0

ℎ𝑖
=

𝑑0

𝑑𝑖
 

1

𝑑0
+

1

𝑑𝑖
=

2

𝑅
=

1

𝑓
 𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 =

ℎ𝑖

ℎ0
 

Simple telescope 

𝑀 =
𝜃′

𝜃
=

𝑓0

𝑓𝑒
  

Compound lens 
1

𝑓
=

1

𝑓1
+

1

𝑓2
−

𝑑

𝑓1𝑓2
  

Ray tracing  

Translation Refraction 
𝑥2

𝛾2
= [

1 𝑑
0 1

]
𝑥1

𝛾1
 𝑥2

𝛾2
= [

1 𝑑

0
𝑛2

𝑛1

]
𝑥1

𝛾1
 

Curved lens 

n1 to n2 n2 to n3 

𝑥2

𝛾2
= [

1 0
𝑛1 − 𝑛2

𝑛2𝑅1

𝑛1

𝑛2

]
𝑥1

𝛾1
 

𝑥3

𝛾3
= [

1 0
𝑛2 − 𝑛3

𝑛3𝑅2

𝑛2

𝑛3

]
𝑥2

𝛾2
 

Thin lens 

𝑥3

𝛾3
= [

1 0
𝑛2−𝑛3

𝑛3𝑅2
+

𝑛1−𝑛2

𝑛3𝑅1

𝑛1

𝑛3

]
𝑥1

𝛾1
  

For 𝑛1 = 𝑛3 = 1 and 𝑅1 = −𝑅2: 

𝑥3

𝛾3
= [

1 0

−
1

𝑓
1]

𝑥1

𝛾1
  

𝑓 =
𝑅

2(𝑛−1)
  

 

Imaging by thin lens 

𝑥𝑖

𝛾𝑖
= [

1 −
𝑠𝑖

𝑓
𝑠0 + 𝑠𝑖 −

𝑠0𝑠𝑖

𝑓

−
1

𝑓
1 −

𝑠0

𝑓

]
𝑥0

𝛾0
  

𝑠0 + 𝑠𝑖 −
𝑠0𝑠𝑖

𝑓
= 0 →

1

𝑠0
+

1

𝑠𝑖
=

1

𝑓
  

𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 

𝛽𝑙 = 1 −
𝑠𝑖

𝑓
 𝛽𝛾 = 1 −

𝑠0

𝑓
 

 

𝛽𝑙𝛽𝛾 = 1 𝑥𝑖𝛾𝑖 = 𝑥0𝛾0 

Thick lens and lenses system 

𝑀 = [
1 0

𝑛2 − 𝑛3

𝑛3𝑅2

𝑛2

𝑛3

] [
1 𝑑
0 1

] [
1 0

𝑛1 − 𝑛2

𝑛2𝑅1

𝑛1

𝑛2

] = [
𝐴 𝐵
𝐶 𝐷

] 

𝐴 = 1 +
𝑛1 − 𝑛2

𝑛2𝑅1
𝑑 

𝐵 =
𝑛1

𝑛2
𝑑 

𝐶 =
1

𝑛3
(
𝑛2 − 𝑛3

𝑅2
+

𝑛1 − 𝑛2

𝑅1
+

𝑛1 − 𝑛2

𝑛2𝑅1

𝑛2 − 𝑛3

𝑅2
𝑑) 

𝐷 =
𝑛1

𝑛3
(1 +

𝑛2 − 𝑛3

𝑛2𝑅2
𝑑) 

Thin lens 
Take: 𝑛1 = 𝑛3 and 𝑑 = 0 

𝐴 = 1 𝐵 = 0 
𝐶 =

1

𝑛1
(
𝑛2 − 𝑛1

𝑅2
+

𝑛1 − 𝑛2

𝑅1
) 

𝐷 = 1 

At −𝑅1 = 𝑅2 = −𝑅: 

𝐶 = −
2

𝑛1
(
𝑛2−𝑛1

𝑅
)  

At 𝑛1 = 1: 𝐶 = −
1

𝑓
 



 


