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PREFACE

This series of physics problems and solutions, which consists of seven
parts — Mechanics, Electromagnetism, Optics, Atomic, Nuclear and Parti-
cle Physice, Thermodynamics and Statistical Physics, Quantum Mechanics,
Solid State Physics ~ contains a selection of 2550 problems from the grad-
uate school entrance and qualifying examination papers of seven U. S. uni-
versities — California University Berkeley Campus, Columbia University,
Chicago University, Massachusetts Institute of Technology, New York State
University Buffalo Campus, Princeton University, Wisconsin University —
as well as the CUSPEA and C. C. Ting’s papers for selection of Chinese
students for further studies in U.S.A. and their solutions which represent
the effort of more than 70 Chinese physicists.

The series is remarkable for its comprehensive coverage. In each area
the problems span a wide spectrum of topics while many problems overlap
several areas. The problems themselves are remarkable for their versatil-
ity in applying the physical laws and principles, their uptodate realistic
situations, and their scanty demand on mathematical skills. Many of the
problems involve order of magnitude calculations which one often requires
in an experimental situation for estimating a quantity from a simple model.
In short, the exercises blend together the objectives of enhancement of one’s
understanding of the physical principles and practical applicability.

The solutions as presented generally just provide a guidance to solving
the probelms rather than step by step manipulation and leave much to the
student to work out for him/herself, of whom much is demanded of the
basic knowledge in physics. Thus the series would provide an invaluable
complement to the textbooks.

In editing no attempt has been made to unify the physxcal terms and
symbols. Rather, they are left to the setters’ and solvers’ own preference
80 as to reflect the realistic situation of the usage today.
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The present volume for Optics consists of three parts: Geometrical
Optics, Physical Optics, Quantum Optics, and comprises 160 problems.

Lim Yung-kuo
Editor




INTRODUCTION

Solving problems in school work is the exercise of mental faculties, and
examination problems are usually the pick of the problems in school work.
Working out problems is a necessary and important aspect of the learning
of Physics.

The American Unsversity Ph. D. Qualifying Questions and Solutions is
a series of seven volumes. The subjects of the volumes and their respective
referees (in parentheses) are as follows:

1. Mechanics (Qiang Yuan-qi, Gu En-pu, Cheng Jia-fu, Li Ze-hua, Yang

De-tian)

2. Electromagnetism (Zhao Shu-ping, You Jun-han, Zhu Jun-jie)
Optics (Bai Gui-ru, Guo Guang-can)
4. Atomic, Nuclear and Particle Physics (Jin Huai-cheng, Yang Bao-
shong, Fan Yang-mei)
5. Thermodynamics and Statistical Physics {Zheng Jiu-ren)
Quantum Mechanics (Zhang Yong-de, Zhu Dong-pei, Fan Hong-yi)
7. Solid State Physics and Comprehensive Topics (Zhang Jia-li, Zhou

You-yuan, Zhang Shi-ling)

These books cover almost all aspects of university physics and contain
2550 problems, most of which are solved in detail.

These problems have been carefully chosen from a collection of 3100
problems some of which came from the China-U.S.A. Physics Examination
and Application Programme and Ph.D. Qualifying Examination on Exper-
imental High Energy Physics sponsored by Chao Chong Ting, while the
others from the graduate preliminary or qualifying examination questions
of the following seven top American universities during the last decade:
Columbia University, University of California at Berkeley, Massachusetts
Institute of Technology, University of Wisconsin, University of Chicago,
Princeton University, State University of New York at Buffalo.

In general, examination problems on physics in American universities
do not involve too much mathematics. Rather, they can be categorized into
the following three types. Many of the problems that involve the various
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viii Introduction

frontier subjects and overlapping domains of science have been selected by
the professors directly from their own research and show a “modern style”.
Some of the problems involve a wide field and require a quick mind to
analyse, while the others are often simple to solve but are practical and
require a full “touch of physics.” We think it reasonable to take these
problems as a reflection, to some extent, of the characteristics of American
science and culture, as well as the tenet of American education.

This being so0, we believe it worthwhile to collect and solve these prob-
lems and then introduce them to the students and teachers, even though
the effort involved is formidable. Nearly a hundred teachers and graduate
students took part in this time-consuming task.

There are 160 problems in this volume, which is divided into three
parts: part I consists of 41 problems in geometric optics, part II consists
of 89 problems in wave optics, part III consists of 30 problems in quantum
optics.

The depth of knowledge involved in solving these problems is not be-
yond the contents of common textbooks on optics used in colleges and
universities in China, although the scope of the knowledge and techniques
needed in solving some of the problems go beyond what we are usually
familiar with. Furthermore, some new scientific research results (e.g. some
newly developed lasers} are introduced in the problems. This will not only
enhance the understanding of the established theories and knowledge, but
also encourage the interaction between teaching and research which cannot
but enliven academic thoughts and excite the mind.

The physicists who contributed to solving the problems in this volume
are Shi De-xiu, Yao Kun, Lu Hong-jun, Chen Xiang-li, Gu Chun, Han Wen-
hai and Wu Zhi-qiang. The initial translation from Chinese into English
was carried out by Xuan Zhi-hua. Some revisions have been made in this
English edition bv the compilers. the translator and the editor.
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PART 1 GEOMETRICAL OPTICS







1001
A rainbow is produced by:
(a) refraction of sunlight by water droplets in the atmosphere.
(b) reflection of sunlight by clouds.
(c) refraction of sunlight in the human eye.

(cem)
Solution:

The answer is (a).

1002

A horizontal ray of light passes through a priem of index 1.50 and apex
angle 4° and then strikes a vertical mirror, as shown in the figure. Through
what angle must the mirror be rotated if after reflection the ray is to be
horisontal?

( Wisconasin)

prism

mirror
s

4
/
/
/

Fig. 1.1

Solution:
As the apex angle is very small (a = 4°), the angle of deviation é can
be obtained approximately:
b=(n—1)a=(15-1)x4°=2°.

From Fig. 1.2 we see that if the reflected ray is to be horizontal, the mirror
must be rotated clockwise through an angle  given by

J
2

y==-=1°.
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Fig. 1.2

10038

A narrow beam of light is incident on a 30° — 60° — 90° prism as shown
(Fig. 1.3). The index of refraction of the prism is n = 2.1. Show that the
entire beam emerges either from the right-hand face, or back along the

incident path.
( Wisconssn)

60

incident beam direction
Fig. 1.3 Fig. 1.4
Solution:
As seen from Fig. 1.4, for normal incidence at the bottom face the

angle of incidence at B is 30°, and that at C is 60°, both of which are
larger than the critical angle of the prism,

1
f. =sin~! = = 28°26¢' .
n

Hence the ray is totally reflected at B and C. Also, the ray is partially
reflected back at the bottom and the right-hand faces. Therefore, the entire
beam emerges either from the right-hand face, or back along the incident
path.
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1004
N

{.' ; ?{; i

2

Fig. 1.5

A glass cube has a refractive index of 1.5. A light beam enters the top
face obliquely and then strikes the side of the cube. Does light emerge from
this side? Explain your answer.

( Wisconsin)

Solution:
Assume that the angles of incidence and refraction at the top face are
11 and ¢} respectively. According to Snell's law of refraction,

sind; = nsini} .

From the geometry (see Fig. 1.5) :{ + 12 = 90°, where 1 is the angle of
incidence at the right side. Thus, we have

sint; = ncosiz ,

. _1 [sinty
2 = cO08 — .
n

When 1; = 90°, ¢ has the minimum value

or

. 1 . .
tp = cos™ ! 15> 48°10' > 1, = 42° (critical angle) .

Hence no light emerges from this side.

1005

A glass rod of rectangular cross-section is bent into the shape shown
in the Fig. 1.6. A parallel beam of light falls perpendicularly on the flat
surface A. Determine the minimum value of the ratio R/d for which all light
entering the glass through surface A will emerge from the glass through
surface B. The index of refraction of the glass is 1.5.

( Wisconsin)
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Fig. 1.6 Fig. 1.7

Solution:

Consider the representative rays shown in Fig. 1.7. A ray entering the
glass through surface A and passing along the inner side of the rod will be
reflected by the outer side with the smallest angle «, at which the reflected
ray is tangent to the inner side. We have to consider the conditions under
which the ray will undergo total internal reflection before reaching B.

If a > 6., the critical angle, at which total internal reflection occurs,
all the incident beam will emerge through the surface B. Hence we require

. 1
siIna > — .
n
The geometry gives
. R
sina = ®+4d)
Therefore R 1
TS 2
R+d ™ n’
or
R _ .1 __1 _,
4/ n-1 15-1
1006

A small fish, four feet below the surface of Lake Mendota is viewed
through a simple thin converging lens with focal length 30 feet. If the lens
is 2 feet above the water surface (Fig. 1.8), where is the image of the fish
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seen by the observer? Assume the fish lies on the optical axis of the lens
and that nae = 1.0, nyater = 1.33.
( Wisconsin)

n=l O}zﬂ

n=133 }: "
tish D>

Fig. 1.8

Solution:

An object at P in water appears to be at P/ as seen by an observer in
air, as Fig. 1.9 shows. The paraxial light emitted by P is refracted at the
water surface, for which

1.33sins; = sins, .

As 11, 5 are very small, we have the approximation 1.33¢; = 1;. Also,

Hence, we have

— 1 —
= . = R
OP 133 OP =31t

Let the distance between the apparent location of the fish and the
center of the lens be u, then

u=24+0P =5ft.

From } =14 ;‘;, we have

u

v=—-6ft.

Therefore, the image of the fish is still where the fish is, four feet below the
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1007

The index of refraction of glass can be increased by diffusing in im-
purities. It is then possible to make a lens of constant thickness. Given
a disk of radius a and thickness d, find the radial variation of the index
of refraction n(r) which will produce a lens with focal length F. You may
assume a thin lens (d < a).

(Chicago)

Solution:

Let the refractive index of the material of the disk be n and the radial
distribution of the refractive index of the impurity-diffused disk be repre-
sented by n(r), with n(0) = no. Incident plane waves entering the lens
refract and converge at the focus F as shown in Fig. 1.10. We have

[n(r) = nold= —VF2 42 + F

ie.,
VF24+y2 - F
n(r) =no — —
For F' » r, we obtain
n(r) =no — i
T T 4R

1
i

o~

Fig. 1.10

1008

The index of refraction of air at 300 K and 1 atmosphere pressure
is 1.0003 in the middle of the visible spectrum. Assuming an isothermal
atmosphere at 300 K, calculate by what factor the earth’s atmosphere would
have to be more dense to cause light to bend around the earth with the
earth’s curvature at sea level. (In cloudless skies we could then watch
sunset all night, in principle, but with an image of the sun drastically
compressed vertically.) You may assume that the index of refraction n has
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the property that n — 1 is proportional to the density. (Hint: Think of
Fermat's Principle.) The 1/e¢ height of this isothermal atmosphere is 8700

metres.
(UG, Berkeley)

Solution:
We are given that

n(r) — 1= pe~ i |

where R = 6400 % 10° m is the earth’s radius and p is the density coefficient
of air. Then

n(r) = 1+ pe~ 88, ()

) (1) = — e ®

It is also given that air is so dense that it makes light bend around the
earth with the earth’s curvature at s:a level, as shown in Fig. 1.11.

A\
&

Fig. 1.11

The optical path length from A to B is
{=n(r)rd .

According to Fermat’s Principle, the optical path length from A to B should
be an extremum. Therefore,

d_ ., N
& = W)+ n(rle =0,

i.e.,

wir) = =20 (3)

Substituting (3) into (2) yields

el = 2 ©

g700”°
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At sea level, r = R = 6400 x 10® m. This with (1) and (4) yields

px8400x10°
8700 =i
giving

p = 0.00136.

At sea level, i.e., at 300 K and 1 atmosphere pressure, ngp—1 = pp = 0.0003.
Therefore

£ = 453,

Po

Thus only if the air were 4.53 times as dense as the real air would light
bend around the earth with the earth’s curvature at sea level.

1009

Incident parallel rays make an angle of 5° with the axis of a diverging
lens —20 cm in focal length. Locate the image.
( Wisconsin)

Solution:

20 x tan 5° = 1.75 cm. The image is a virtual point image in the focal
plane 1.75 cm off the optical axis.

1010

A thin lens with index of refraction n and radii of curvature R; and R,
is located between 2 media with indices of refraction n, and n; as shown
(Fig. 1.12). If S; and S, are the object and image distances respectively,
and f1 and f; the respective focal lengths, show that

fH, fa _
S1+SZ—1.

( Wisconain)
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m n2
Ry R2
5 S2
Fig. 1.12 Fig. 1.18
Solution:

First we study the relation between f;, f; and R;, Ry, ny,na,n. As
Fig. 1.18 shows, a ray parallel to the axis is refracted at Q and crosses the
axis at the second focal point F3; a ray along the axis passes through F»
also. As the optical lengths of the two rays are equal, we have

n1P'1Q + naQF3 = nP1P3 + naP3F3 . (1)

As QO3 = P10; = Ry, we have

- R
Pz 3 ﬁ
Hence P, P; = %’- (,—zl; + '1%;) . As P/Q =P,0,
e A3
=M+ fl1+—5],
2f3
—_— S h2
PyF; = fa — P20 = f3 - 2R,
substituting into (1) yields
12.=n-—n1+n-—ng‘ (2)

Similarly we obtain
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Let A and A’ be a pair of conjugate points. We have

2

— h —== h?
AQ=(h2+5SH) 2~ 5 (1+-2—s—12) yAQ=58; (1+@) s

2 h2
AP2=32—2—R—2.

Substituting these in the optical path equation

niAQ + naA’Q = nAP; +nP P + ny AP,

yields
ni n2 _ n—n; n—ne
A + 5. ® + I (4)

Combining (2), (3} and (4) yields

1011

A line object 5 mm long is located 50 cm in front of a camera lens.
The image is focussed on the film plate and iz 1 mm long. If the film plate
is moved back 1 cm the width of the image blurs to 1 mm wide. What is
the F-number of the lens?

{ Wisconsin)

Solution:
Substituting ¥ = 50 cm and £ = é in the Gaussian lens formula

+

&I
S |
]

Sty |

gives f = 8.33 cm, v = 10 cm. From the similar triangles in Fig. 1.14 we

have
D 0.1

v 1’

or D =0.1v = 1 cm. Therefore, F = f/D = 8.33.
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1012

For a camera lens, “depth of field” is how far a point object can be
away from the position where it would be precisely in focus and still have
the light from it fall on the film within a “circle of confusion” of some
diameter, say I. For a given picture derive a relation for the depth of field,
Ag, as a function of the object distance g, the focal length of the lens, the f
stop and . (You may consider the object distance to be much larger than

the focal length.) (Wi )
1sconsin

D
~—Aq
q q a9~
Fig. 1.15
Solution:
The Gaussian lens formula
1,11
g ¢ f
’ '] 2
gives %’q- = - %— . Thus for a small deviation of the object distance

(depth of field), Ag, the deviation-of the image distance, is

ad| =~ Jagl (£ )2 .

q
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By geometry (Fig. 1.15),

Ad _(d+Aq) ¢
l D D’
where D is the diameter of the lens. As ¢ > f,¢ = f, we obtain

i (a\® if (a\? 1 (q)\?
WB(?) “‘5(?) 7(7) ’

where F = —l} is the f stop of the lens.

1013

IMustrate by a sketch the position and orientation of the image of the
3-arrow object (Fig. 1.18). The length of each arrow is 1/2 unit and the
point O is located 3/2 F from the center of the convex lens, (F=1 unit).
Work out the length of the image arrows.

( Wisconsin)

Solution:

The image of arrow a is shown in Fig. 1.17. From the geometry we get
the length of the image, which is 1 unit. By symmetry, the length of the
image arrow b is the same as that of itself. The arrowhead of arrow c is
just at the focal point F; therefore, its image extends from O’ to infinity.
Fig. 1.16 shows the positions and orientation of these images arrows.

Fig. 1.17

1014
A 55 year old man can focus objects clearly from 100 cm to 300 cm.
Representing the eye as a simple lens 2 cm from the retina,
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(a) What is the focal length of the lens at the far point (focussed at
300 ¢cm)?
(b) What is the focal length of the lens at the near point (focussed at
100 cm)?
(c) What strength lens (focal length) must he wear in the lower part
of his bifocal eyeglasses to focus at 25 cm?
( Wisconsin)

Solution:
()"L -4 1 Ugar = 300 cm, v = 2 cm.

v?
Solving the equatfon yields frar = 1.987 cm.
b) A =141

near Upear v ) Ynear = 100 cm, v=2 cm.
Solving the equation yields fyear = 1.961 cm.

{c) In order to see an object at 25 cm clearly, the dioptric power should

be 1 1 1 1
q>=; ;=-0—2-§+m-54 diopters ,

and the combined power is the sum of the powers of the eye and the glasses,
®= Qeye + lennel .

Thus Bglasses = B — Peye = 54 — 551567 = 3 diopters (Peye = M“) He
must wear 300° far-sighted eyeglasses. The corresponding focal { ngth is

1 1
fglaues = 3'—— =-m=2333cm.
glasses

1016

A retro-reflector is an optical device which reflects light back directly
whence it came. The most familiar retro-reflector is the reflecting corner
cube, but recently the 3M Company invented “Scotchlite” spheres.

(a) Calculate the index of refraction n and any other relevant para-
meters which enable a sphere to retro-reflect light.

(b) Sketch how you think Scotchlite works, and discuss qualitatively
the factors which might determine the reflective efficiency of Scotchlite.

(UC, Berkeley)
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Solution:

(a) The “Scotchlite” sphere is a ball of index of refraction n, whose
rear semi-spherical interface is a reflecting surface. The focal length in the
image space, f, for a single refractive interface is given by

where r i8 the radius of the sphere. The index of refraction of air is unity.
The index of refraction of the glass is chosen so that the back focal point
of the front semi-spherical interface coincides with the apex of the rear
semi-gpherical interface (see Fig. 1.18), i.e.,

f=2r,

Hence n = 2.

(b) The rear semi-spherical interface of the “Scotchlite” sphere reflects
the in-coming light partially, its retro-reflectance efficiency n being given
by

n= T?R )

where T is the transparency of the front semi-spherical interface at which
light is refracted twice, being

4n

T=m§=0.89,

and R is the reflectance of the rear semi-spherical interface. Here we have
assumed that no absorption occurs. For silver coating, R = 0.95, we have

n =0.89% x 0.95 = 75% .

1016

A beaded screen (Fig. 1.19) returns light back to the source if light
focusses on its back surface. For use by skindivers in water (n = g), of
what index material should the beads be made ideally?

( Wisconsin)
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N 2
o,

Fig. 1.19 Fig. 1.20

n=b/3

Solution:

Let the required index of refraction be n', (see Fig. 1.20). If a pencil of
paraxial rays which are parallel to the axis, OP, strikes at P, the reflected
rays will return back parallel to OP. Snell’s law of refraction n'sintg =
nsint; for small angles 1, and ;3 becomes n'i; = ni;. As i3 = 1, i3 = 245,

we have ¢, = 2¢;. Therefore, n' = 2n = §.

1017

A ray of light enters a spherical drop of water of index n as shown
(Fig. 1.21).

(1) What is the angle of incidence a of the ray on the back surface?
Will this ray be totally or partially reflected?

(2) Find an expression for the angle of deflection 6.
(3) Find the angle ¢ which produces minimum deflection.

Hint - dain_lz_ 1 )
int : = a3

(CUSPEA)
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Fig. 1.21 Fig. 1.22

Solution:

(1) Figure 1.22 shows the angles ¢, @, ¢ — a, z, 6. a is given by Snell’s
law nsina = sin¢. Since sina = 1sing < 1, i.e., the angle of incidence
a i8 smaller than the critical angle sin™* i, the incident light is reflected
partially at the back spherical surface.

(2) Asa = (¢—a)+z,0rz =2a—¢, wehave §=n—2r=n- 4a+2¢

(8) For minimum deflection, we require $3 4, 4““ +2=0,0r 2% = 1.

As )
o =sin"! (— sin¢) s
n

— 1 cos g
we have 92 oy ¢ n cose and the above gives

| 4
1————sin2¢=-—~§cosz¢ s
n n

2

o I
1= oz + 2 cos? ¢ ,

giving

os? n? -1

c —

3
1018

It was once suggested that the mirror for an astronomical telescope
could be produced by rotating a flat disk of mercury at a prescribed angular
velocity w about a vertical axis.

(a) What is the equation of the reflection (free) surface so obtained?

(b) How fast must the disk be rotated to produce a 10 ¢m focal length
mirror?

( Wisconsin)
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P4

«(D

supporting
force

centri-~
petal
forcg 8

- r
V] gravity

Fig. 1.28

Solution:

(a) Owing to the symmetry of the reflecting surface, we need only to
consider the situation in a meridian plane. Let the equation of the reflecting
surface be represented by (Fig. 1.23)

z= f(r) .
From dynamical considerations we have for a volume element dV
S cosd = pgdV

Ssinf = pwirdV

where p and S represent the density of mercury and the supporting force
on dV respectively. Thus

2
tanf = =L
As d
2z
tanf = I
we obtain the differential equation for the reflecting surface,
2
dz =Y rdr '
g
Integrating and putting 2z = 0 for r = 0, we have
w3r?
z= 29

For a spherical surface of radius R,

2
z——:R-—-VR’—raes-;—ﬁ
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if r € R. The focal length of the rotating mercury surface is then

f=§= g

2 2w2’

For f = 10 cm, we require w = 7 rad/s.

1019

A spherical concave shaving mirror has a radius of curvature of 12
inches. What is the magnification when the face is 4 inches from the vertex
of the mirror? Include a ray diagram of the image formation.

( Wisconsin)

Solution:

The focal length of the spherical concave mirror is f = 7 = 6 inches,
the object distance is ¥ = 4 inches.

Using the formula } = ;‘; + f;, we get the image distance v = —12
inches.

The minus sign signifies that the image is virtual. The magnification
is v

m= l—l = 3.
4

The ray diagram of the image formation is shown in Fig. 1.24.

1020

(a} A curved mirror brings collimated light to focus at z = 20 cm.

(b) Then it is filled with water n = # and illuminated through a pinhole
in a white card (Fig. 1.25). A sharp image will be formed on the card at
what distance, X7

( Wisconssn)
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eY) (2

Fig. 1.28

Solution:

From (a), we find that the focal length of the mirror is f, = 20 cm (in
air).
Suppose the focal length is f, when the mirror is filled with water.
When paraxial rays are refracted at a plane surface, the object distance y
and the image distance y' are related by

n'y
L. w——

y = n )

where n and n' are the refractive indices of the two media (see 1006). As

nowy = fa,n' =1,n =133, we have f = y' = o = (2° = 15 cm. For a

concave mirror, if the object distance is equal to the image distance then it

is twice the focal length, i.e.,

X=2f,=30 cm.

1021

Given two identical watch glasses glued together, the rear one silvered.
Using autocollimation as sketched (Fig. 1.26), sharp focus is obtained for
L = 20 cm. Find L for sharp focus when the space between the glasses is
subsequently filled with water, n = §.

( Wisconsin)




22 Problems & Solutions on Optics

screen

:,éi lamp

water

Fig. 1.26

Solution:

With air between the glasses, only the silvered watch glass reflects and
converges the rays to form an image, i.e., the system acts as a concave
mirror. The formula for a concave mirror

gives for 4 = v = 20 cm, r = 20 cm.

With water between the glasses, the incident light is refracted twice
at A and reflected once at B before forming the final image. Note that the
first image formed by A falls behind the mirror B and becomes a virtual
object to B. Similarly the image formed by B is a virtual object to A. We
therefore have

1 n n-1
Itz=""20
1.1 1
2Ty 10
n l_n-l
vytIT 0

which yield L = 12 cm.
Thus, a sharp image will be formed at L = 12 cm.

1022

An object is placed 10 cm in front of a convering lens of focal length
10 cm. A diverging lens of focal length —15 ¢m is placed 5 cm behind the
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converging lens (Fig. 1.27). Find the position, size and character of the

final image.
( Wisconsin)

fi=10cm f=-15¢cm fi=10emf2=~15 cm

| I\ e | , /\ -
’ 10 cm \/Scm | lOcmﬁ‘leocm\écm

r ! 225cm

Fig. 1.27 Fig. 1.28

Solution:

For the first lens, the object distance is u; = 10 cm. As f; = 10 cm
also, the image distance is v; = oo. Then for the second lens, the object
distance is ug = oc. As f, = —15 c¢m, v = —15 cm. Hence, the image
coincides with the object.

Now consider the sise and character of the final image. The focal
length of the combined lens system is f = — {2, with A =d— f; — f,. As
d=8cm, f; = 10 cm, f; = —15 cm, we have f = 15 cm; also, as shown in
Fig. 1.28,

FF = —fg= —22.5 cm
2 A ’
Using Newton’s formula, zz’ = f2, we have for z = ~10 cm
z' =-22.5cm.

The negative sign indicates that the image is to the left of F'. The magnifi-
cation is m = -'-';’- = 1.5. Then the image is upright, virtual and magnified
1.5 times.
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1023

As shown in Fig. 1.29, the image which would be cast by the converging
lens alone has a distance of 0.5 cm between top and bottom. Calculate the
position and size of the final image. Draw a ray diagram showing image
formation for a point on the image not on the axis of the lenses. Using at
least 2 rays. (The rays need not be the same for both lenses.) Explain how

1

you arrive at the ray diagram.
object of
finite size at
o'’ on the \ /
lens axis
15¢m
f=20cm f=-10cm

( Wisconasin)

Fig. 1.29

Solution:

An object infinite distance away finds its image on the back focal plane
of the converging lens, i.e., at 20 — 15 = 5§ cm behind the diverging lens.
The Gaussian lens formula

-

L1 1

u f

applied to the diverging lens then gives for ¥ = —5 cm and f = —10 cm,
v = 10 cm. The lateral magnification is

<

h 10
= =—=2,
MER TS
Hence the size of the final image is
0.5x2=1cm.

Fig. 1.30 gives the ray diagram:
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Fig. 1.0

1024

Find and describe a combination of two converging lenses which pro-
duces an inverted, virtual image at the position of the object and of the
same sise. By a sketch of image formation make it clear that your scheme
will work.

(Wisconsin)

Solution:

L3, Ly represent two converging lenses, and f;,u;, v1, fa, 42, v2 repre-
sent the focal lengths, object distances and image distances in the sequential
formation of images, respectively, as shown in Fig. 1.31.

Consider L; first. The object of Lz must be within the focal length to
form a virtual image. If B, the image of L;, or the object of Ly, iz at a
distance of 121 in front of L3, the final image C would be at a distance of
vg = —f3 in front of Ly, where the real object A is placed, and would be
twice as large as B.

Now, we have to insert L; between A and B so that C, which is twice the
sise of B, is as large as A. Thusu; = 2v;. Furthermore, as fz = u; +v; +ug
we obtain

]
Uy =, V1 = /.
3 6
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The Gaussian lens formula then gives 9f; = f5.
The converging lenses L; and Lz, with focal lengths fo = 9f;, and the
object should be arranged as in Fig. 1.31.

12
f
l %
A } I}
- '_’-—-
1 Py A R
Ly L2
Fig. 1.31
10256

Two positive thin lenses L; and Lz of equal focal length are separated
by a distance of half their focal length (Fig. 1.32):

Ly L2

Fig. 1.32

(a) Locate the image position for an object placed at distance 4f to
the left of L;.
(b) Locate the focal points of this lens combination treated as a single
thick lens.
(c) Locate the principal planes for this lens combination treated as a
single thick lens.
( Wisconain)

Solution:

(a) Let u;, vy, uz, va represent object and image distances for L; and
L, respectively. 5As U = 4f, - = 4 - o = Taf,vl 5= 3f. Then as
u3=§—vl=—§f,wehave%=-}-—;1;=%oruz=1{
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Hence the final image is at $£ right of L.
(b) Consider a beam of parallel light falling on L, from the left, then
u = f and

[ IS
SRS

Ug = -y = -

Therefore

=~ -+ —Eoru *lf
= _f’ 2—3-

Snf
N

1
v2

By symmetry, the two local points of the lens combination lie 'g to the left
of Ly and £ to the right of L;.

(¢) On the principal planes, the lateral magnification = 1. By symme-
try, the image of an object on the left principal plane formed by L; must
coincide with the image of the same object on the right principal plane
formed by L;, and both must be at the mid-point between the two lenses.

Let the left principal plane be at z left of L. Then u; = z,u; =
1(£) = 1f, and from b=+t + Wwe obtain z = —1f.

Therefore, the two principal planes are at é to the right of L; and g—
to the left of L.

1026

A self-luminous object of height h is 40 cm to the left of a converging
lens with a focal length of 10 cm. A second converging lens with a focal
length of 20 cm is 30 cm to the right of the first lens.

(a) Calculate the position of the final image.

(b) Calculate the ratio of the height of the final image to the height A
of the object.

(c) Draw a ray diagram, being careful to show just those rays needed
to locate the final image starting from the self-luminous object.

( Wisconain)

Solution:

(a) From -}; = ;k + ;1-‘-, where fi = 10 cm, u; = 40 cm, we obtain
v = 18% em.

From 7‘; = ﬁ + ;,1;, where f; = 20 cm, up = (30 — 42) cm, we obtain
vg = —100 cm, i.e., the final image is 100 cm to the left of the second lens.
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(b) The ratio of the final image height to the height h of the object
can be calculated from

v
m=m2xm1=<&2—) <——1-)=—2.
Uz Uy

The minus sign signifies an inverted image.
(c) Fig. 1.33 shows the ray diagram.

L ‘-2
30 . 40 ‘
L Holiy 20 | 20
h \ﬁ"fz
e
=T ___ ,..._..——T——-
Fig. 1.33
1027

(a) What is the minimum index of refraction for the plastic rod
(Fig. 1.34) which will insure that any ray entering at the end will always
be totally reflected in the rod?

Fig. 1.34

(b) Draw a ray diagram showing image formation for the lenses and
object as shown (Fig. 1.35). Choose the focal length of the second lens so
that the final image will be at infinity. Use the arrow head as the object
and draw at least 2 rays to show image formation. Explain briefly how you
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arrive at the ray diagram.
[
T

Ly L2
Fig. 1.35

Do all the refracting at planes 1 and 2.

(c) How would you change the position of the second (diverging) lens
to make the combination a telephoto lens?

( Wisconsin)-
Solution:
(a) As shown in Fig. 1.36, a ray would be totally reflected in the rod if

1 {1
fs > aa =sin 1(;),

9

Fig. 1.36

where a is the critical angle, n is the index of refraction of the plastic,
assuming the index of refraction of air to be unity. Thus we require that

=T _ LIS S }
03—2 03<2 sin (n)’

sinf; = nsind; < nsin (1 —gin!? (l))
P n
1
= ncos (sin'1 —) .
n

As 8; < %, or sinf; < 1, we require ncos(sin"!(2)) > 1 for all rays to be
totally reflected in the rod. Hence the condition for total reflection is

or

-1, 1 1
sin 1(;) <cos~}(=),or n>2=1414.

n
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(b) First let us consider the effect of the first lens, L, alone (see
Fig. 1.37). From A draw a ray parallel to the axis, which is refracted by L,
and passes through F/. Draw another ray from A passing through O, the
center of L;. This ray is not refracted by L; and intersects the previous
ray at A’, forming the image. Draw A'F; perpendicular to the axis. If
F; is the focal point of L3, the rays AA’ and F{ A’ will be refracted by L,
and become parallel to O2A’, which means that the final image will be at
infinity.

A
T 0y Fy

Fig. 1.87

(c) To form a telephoto lens we place the second lens between the firat
lens and F} so that F coincides with F3. Note that we require O2F,; <O;F}
(see Fig. 1.38). Rays entering the system with angular spread a will become
rays with angular spread o’ with o’ > o after passing through the optical
system. Such a system is commonly known as the Galilean telescope.
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1028

A thin, positive lens L; forms a real image of an object located very
far way, as shown in Fig. 1.39. The image is located at a distance 4/ and
has height hA. A negative lens Ly, of focal length ! is placed 2! from L;. A
positive lens, of focal length 21, is placed 3! from L,, as shown in Fig. 1.40.

Fig. 1.39
4

LT
i

Fig. 1.40

5 d/

(a) Find the distance from L; of the resultant image.
(b) Find the image height.

(Columbia)
Solution:

(a) Use the Gaussian lens formula 1 + 1 = } Referring to Fig. 1.41
we have

Li:v =4l
Ly: f2=—1,u3=—(4-2){ = -2, giving vy = ~2[;
Ls: fa=2l,us =2l+1=3l, giving vz = 6.

Hence, the distance from L; of the resultant image is 3{ + 61 = 9l.

(b) The transverse magnification is m = %2 - ¥ = 2, 30 the final image
height is h' = mh = 2h.

uz Uy




82 Problems & Solutions on Optics

L
0 (a)
1
—
Sy =4t |
1
y
L1 L2 L3

1029

For the combination of one prism and 2 lenses shown (Fig. 1.42), find
the location and size of the final image when the object, length 1 cm, is

located as shown in the figure.
( Wisconsin)

GTM, 10cm 1 S5cm
45 n =15 T }\ \]l]
6cm
< v oA

Fig. 1.42

Solution:

For the right-angle prism, n = 1.5, the critical angle a = sin™?! (%) =
42°, which is smaller than the angle of incidence, 45°, at the hypotenuse of
the prism. Therefore total internal reflection occurs, which forms a virtual
image. The prism, equivalent to a glass plate of thickness 6 cm, would
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cause a image shift of
1
AL=6(1— —) =2cm.
n

Thus the effective object distance for the first lens is
u; =10+6+(6 —2) =20 cm.

As u; = fi, we have v; = oo. Then for the second lens, u; = co. With
fz = —10 cm, we get
vy = fa = —10 cm.

Hence the final image is inverted and virtual, 10 cm to the left of the second
lens.
The sise of the image is

A -1=0.5 cm.

f

12=

1030
A 35 mm camera lens of focal length 50 mm is made into a telephoto

lens by placing a negative lens between it and the film, as shown (Fig. 1.43).
L; = camera lens, f; = 50 mm; L2 = negative lens, f = —~100 mm.
Ly Ly film

20 mm X

Fig. 1.43

(a) What is the distance z if the system is focused at an object 50 cm
in front of L1?
(b) What is the magnification produced by the lens combination?
( Wisconsin)
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Solution:
Let uy, v, f1, g, V2, fa represent the object distances, image distances
and focal lengths for lenses L; and Lo, respectively.

a) u; = 50 cm = 500 mm. The lens formula & = 1 — 1 gives v, = 820
v 7 u 9

mm and up; = 20 mm —v; = —% mm. It then gives

1 1 1 29
—_— = - — = — = vg = 55.2 .
v -T2 w1600 or T = vy mm

(b) The magnification of the lens combination is the product of that

of each lens:
[(ng ;goo)]
x

M=|2x |2 =
"y ug [(500xszo)]
°
5
= —=0.17.
29
1031

In a compound microscope the focal length of the objective is 0.5 cm
and that of the eyepiece is 2 cm. If the distance between lenses is 22 cm,
what should the distance from the object to the objective be if the observer
focuses for image at co? What is the magnifying power? Answer within
10%. Derive all necessary formulae from the lens equation ; + 3 = .
Normal near point of eye is 15 cm.

( Wisconasin)

Solution:
Apply the lens equation 2 + 1 = 4. For the eyepiece (subscript 2),

g2 = 00, we get p2 = fa =2 cm.
For the objective (subscript 1),

@1 =d—pz =20 cm,

where d is the distance between the lenses. With f; = 0.5 cm, we get
pr1 = 0.51 cm. Hence, the object is located 0.51 cm in front of the objective,

To find the magnifying power, let the object length be y. The length
of the image formed by the objective is

!
y=-"v.
P1




Geometrical Optics 35
The angle subtended at the eye by the final image is then

)

a = =£—y-

L
fa pfa
The angle subtended at the eye by the object without use of microscope is

Y

a=15.

Hence the magnifying power of the microscope is

!
=21 ex107
a pfs
1032

Consider the diagram as shown (Fig. 1.44). A slit source is to be
imaged on a screen. The light is to be parallel between the lenses. The
index of refra.ctlon of the prism is n(A) 1.5 + 0.02(A — Aq)/ Ao, where

Ao = 5000A System is aligned on 5000 A light.

(a) What are the focal lengths of the lenses?

(b) What is the linear and angular magnification of the slit at the
screen? Is the image inverted? Make a ray diagram.

(c) What is the displacement off axis of light from source of A = 50501?
Approximate where possible.

(Wisconsin)

10 cm

0
’\Q
Arecn
¢ = 0.1 rad.

Fig. 1.44

slit source
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Solution:

(a) As the light emerging from the first lens L, is parallel, the slit must
be on the front focal plane of L, i.e.,

f1 =25 cm.

As the parallel light is imaged by the second lens L; on the screen, we
have

fg =10 cm.

(b) Consider the diagram shown in Fig. 1.45, which represents a co-
axial optical system equivalent to the original one. For a prism with small
apex angle (¢ = 0.1rad) the angular deviation is very small, § = p(n—1) =
0.05 rad, and we can consider d, the distance between L; and L3, to be
w5 10 cm. The positions of the cardinal points of the combination can be
calculated as follows,

f= %fz:mcm,

A;H = %:10 cm,

AH = ~ﬁ=—4 cm,
h

_ 2

1F=%=_25 cm,

2

F',‘,F'———'f—2=4cm

Thus F' iz 4 cm in front of the screen, i.e., 2’ = 4 ¢cm, so the linear magni-
fication is

The negative sign shows that the image is inverted. The ray diagram is
shown in Fig. 1.45.
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Ly L
A z
_....1.\.:-1
B
Fla, G
—]
Y |4

Fig. 1.45

The angular magnification, which is the ratio of the tangents of the
slopes of conjugate rays to the axis, is given by

—1 1 \!

(c) The angular derivation § is a function of wavelength A through

6 = [n(A) — 1]p.
Hence
_odn,, 0.02 B .
Af = p=m A = 0.1x = x (5050 — 5000) = 2 x 10~°.
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Consider the following simple telescope configuration made up of thin
lenses as follows:

L;: f1 =10 cm, Diameter =4 cm
Ly:fo=2cm, D=12cm
Ly: fs=2cm, D=12cm

(a) Trace a typical bundle of rays through the system.
(b) Calculate the position of the exit pupil and the diameter of the
exit pupil.
(c) What is the function of the lens L3?
(d) Is the instrument a good match to the eye? (Explain).
( Wisconasn)

Solution:

(a) Let us consider a bundle of parallel rays falling normally on L,
as shown in Fig. 1.47. We are given that the back focal point of L; and
the front focal point of L3 coincide with the center of L3, so the bundle of
parallel rays suffers no refraction at Lo.

\toz 103

0 F
1R

Fig. 1.47

(b) The lens L; functions as the aperture and the entrance pupil of the
telescope. The image of the aperture of L; formed by the following lenses
is the exit pupil of the telescope, the position of which can be calculated
using the lens formula twice:

1,11
S 83 f’
1,11
S Sy fa’

where S2 = 10 cm, f2 = f3 =2 em.
Solving the two equations in turn, we have

Sy=25cm, S3=2—-25=-05cm,

and hence
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S§=0.4 cm,

i.e., the exit pupil is located 0.4 cm behind Ls. From the similar triangles
we have 9— = ;‘-, so that the diameter of the exit pupil is

D = ;SD 0.8cm.

(c) The lens L3 placed at the front focal point of Lg is called the field
lens and serves as the field stop in the configuration. Its function is to
converge the rays before they enter the eye lens Lg, so that one can get
a comfortable image with a smaller eye lens. Furthermore, the use of a
system of Ly and Ly of the same glass separated by (f2 + f3)/2, which
has the same focal length for all colors, as the ocular eliminates lateral
chromatic observation.

(d) In addition to having a large aperture objective to give the neces-
sary resolving power, the objects will only be resolved if the magnification
is sufficiently large to present the necessary separation to the eye. For this
purpose the minimum magnification required is

60
Mo = 140
D

where D is in centimeters. However, for comfort of the eye the actual
magnification should be 1.5 to 2 times the minimum, i.e.,
"= 120D —34
140
with D = 4 cm as given.
The magnification for the given system is

h
fs

=5>m.

Hence, as far as magnification is concerned the system is quite up to the
standard. On the other hand, for a good optical system, the exit pupil
should be designed to coincide with the eye and the distance between the
exit pupil and the last optical surface of the eye lens should not be less than
5 mm. Such distance for this system is only 4 mm, which would make the
eyelash touch the optical surface. Moreover, the size of the exit pupil of a
telescope should be as large as the eye, i.e., 2-4 mm. The diameter of the
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exit pupil of this system is 8 mm, so the light emerging from the telescope
will not all enter the eye.
For these reasons, the telescope is not a good match to the eye.

1034

Two telescopes have the same objective lens with focal length f5. One
telescope has a converging lens for an eyepiece with focal length f.. The
other has a diverging lens for an eyepiece with focal length —f3. The
magnification for these two telescopes is the same for objects at infinity.
What is the ratio of the lengths of these two telescopes in terms of the
magnification M7 Give a good reason why one might choose to use the
longer telescope for a given M.

( Wisconssin)

Solution:

The magnification, usually the angular magnification, of a visual in-
strument is defined as the ratio of the angles w’ and w which are made by
the chief rays from the top of the object with the axis at the aided and
unaided eyes respectively:

For a telescope

e
where fo and f. are the focal lengths of the objective lens and the eyepiece
respectively. A telescope system uses a converging or a diverging lens as
the eyepiece. A telescope with converging eyepiece is called a Keplerian
telescope, while that with diverging eyepiece is called a Galilean telescape.
For the Keplerian and Galilean telescopes given the magnifications are

=
and

_ =l _ 1o

MG—_fd_fd

respectively, where the minus sign corresponds to an inverted image and
the plus an erect one. We are given that

~-My=Mg=M,

hence
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fe=1fa.

For a telescope, the secondary focal point of the objective coincides
with the primary focal point of the eyepiece. Thus the length of a telescope
isL=fo+fe-

For the two telescopes given, we have

Lk = fo + fc, Le=fo— fa-
Obviously,
LK > Lg )

Ly _ (fotfe) _ ((fo/f)+1) _ (M+1)

Ic (fo-fa) ((f/f-1) (M-1)°

Comparing with the Galilean telescope, the advantages of the Keple-
rian telescope are as follows:

(a) Between the objective lens and the eyepiece, there is a real im-
age plane where a graticule can be placed as reference mark for making
measurements.

(b) A field stop can be placed in the image plane, so that the entrance
window overlaps the object plane at infinity. This makes a higher quality
image with a larger field of view and no vignetting.

However, the Keplerian telescope has the disadvantage that it forms an
inverted image, which is inconvenient for the observer. Adding an image-
inverter could eliminate this defect. Therefore, although the length of a
Keplerian telescope is longer than that of a Galilean one for the same mag-
nification, the former is still to be preferred to the latter.

1085

(a) Derive the lens makers’ formula for a thin lens

| 1 1
?—(n—l) (E‘F‘RT) .
(b) Crown and flint glass lenses are cemented together to form an

achromatic lens. Show that the focal lengths of the crown and flint compo-
nents satisfy the equation

A, D
= 4+==0
fc ff ’
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1 dn
=asia

and # is the value of the index of refraction of the glass at the center of the

visible spectrum and A\ the wavelength spread (~ 3000:\) of the visible
spectrum.

(c) For crown glass A. = 0.0169 and for flint glass A; = 0.0384. Show
that one must use a converging crown glass lens cemented to a diverging
flint glass lens to get a converging achromatic lens.

(Columbsa)

Solution:

(a) Please refer to any standard textbook.
(b) For the compound lens formed by cementing the two component
lenses together, the focal length f satisfies the equation

1 1 1
_—= =4 = 1
f fc f! ( )
Taking derivatives with respect to X yields
1 df _ 1 dfc 1 dff
fsz‘f.?(dA>+f? (%) @
Differentiating the lens makers’ formula
1 1 1
t=e-0(3+ %), (3

we have

or, making use of (3),

or,

So we have

and
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2N T AXNfS

Substituting these expressions into (2) and noting that % = 0 for an achro-
matic lens, we have

—=+==0. (4)

Given that A. < A¢ and the requirement f > 0, we have
fe>0 and f1 <0.

Therefore, to get a converging achromatic lens one must use a converging
crown glass lens cemented to a diverging flint glass lens.

1036

A common piece of optical equipment is the viewgraph machine used in
physics colloquia and seminars. A rough sketch is shown below (Fig. 1.48).

Fig. 1.48

One or more optical elements are located at positions A, B, C, and

D. Describe each element and explain how the elements are used in the

operation of the viewgraph machine. Write down the relations which must

be satisfied by the distances between the elements. Which element in this
device was not available at reasonable cost in 19007

(Princeton)
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Solution:

There are two types of viewgraph machines, transmission and reflec-
tion. The equipment shown belongs to the former type.

A is the illumination system and consists of a lamp and a couple of
condensing lenses. B is a transparency to be projected. C is the image for-
mation and projection system consisting of an objective lens and a mirror.
D is the screen.

The light, emitted by the lamp and condensed by the condensing lenses,
illuminates the “object” — the transpareney, on which there are words or
drawings. The object is imaged by the objective lens and then reflected and
projected by the mirror onto the screen to form an enlarged image.

The objective lens is the key element, upon which the quality of the
resultant image depends. The objective lens has to be specially designed
and manufactured in order to eliminate, as much as possible, spherical and
chromatic aberrations, astigmatism and field curvature. Sometimes one
even employs a camera objective lens for this purpose. So the objective
must have been very expensive in 1900.

The image plane of the source formed by the condensing lenses should
coincide with the pupil of the objective lens. That is to say, the lamp
and the pupil of the objective lens are conjugate for the condenser. The
transparency and the screen should also be a pair of conjugate object and
image for the objective lens. The distance between the transparency and
the objective lens, the distance between the objective lens and the screen
(including the distance from the objective lens to the center of the mirror
and that from the center of the mirror to the screen) and the focal length
of the objective lens should satisfy the lens makers’ formula.

1087

A lens (of focal length f) gives the image of the sun on its focal plane.
Prove that the brightness of the image (W/cm?) is near that of the surface
of the sun.

(Columbia)

Solution:

The sun may be considered a Lambert source with apparent luminance,
or brightness, L and area S. The power radiated into the lens (of area A

and focal length f) is

o= LSA

R’
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where R is the distance between the sun and the earth. All of the power
collected is directed through S’ (the image of S).
The apparent luminance L' of the image is

o' =L's'd,
where d{}' is the solid angle subtended by the lens at the image, i.e.,

A

dﬂ'=f—2.

If we neglect attenuation in the atmosphere and the lens, then @ = @', i.e.,

LSA L'AS'
R ~———f2 .

As S/R? = 5'/f?, we have
Ls L.

1038

(It is impoasible to increase the apparent brightness of an extended
(large solid angle) diffuse light source with lenses. This problem illustrates
that fact for a single lens.} A light source of brightness S subtends a solid
angle that is larger than the acceptance solid angle {1 of a telescope that
observes it. The source emits S units of optical energy per unit area per
unit solid angle per second isotropically. The objective lens of the telescope
has area A and is a thin lens.

(8) Show that the energy entering the telescope per second is SQA.

(b) Show that the product of the area of the image formed by the
objective lens and the solid angle subtended by the objective lens at the
image is (1A,

(c) Explain why the above results show that the apparent brightness
of the extended source is not changed by the objective lens of the telescope.

(UG, Berkeley)

Solution:
(s) The light flux entering the telescope per second is given by

é =/(Sd2 dr' cosfcos' [r?),
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where dX is an area element of the source surface and dX' is an area element
of the telescope lens, # is the angle which the telescope axis makes with the
normal to dX, #' is the angle which the axis makes with the normal to
dY', r is the distance between dT and dX’. As [(dL/r?), the solid angle
subtended by the source, is larger than the acceptance solid angle f1 of
the telescope, only light emitted from an effective area {1r? enters into the
telescope, i.e., [(dL/r?) = Q1. Then as [ dE' = A, we have

®=S50A.
Here we have assumed that the distance between the source and the tele-
scope is very large and that the telescope observes directly, so that both
cos§ and cos ' are each equal to unity.
(b) The area of the image, o', is given by
o =077,

where f is the focal length of the objective lens of the telescope. The solid
angle () subtended by the lens at the image is

2
o ().
where D is the diameter of the lens. Therefore we have
o’ =— Qff=—.0=4-1Q.
(c) The light flux in the image area is
&' = xS'0"sin? u',

where S’ is the brightness of the image, u' is the angular semi-aperture of
the lens, given by sinu’ = 22,—. Hence

2
& = x5'(0f?) (%) — 5'04.

As the transmission coefficient of the lens is smaller than unity, i.e., ' < ®,
we get S’ < §. That is, it is impossible to increase the apparent brightness
of an extended diffuse source with a telescope.
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1039

When the sun is overhead, a flat white surface has a certain luminous
flux. A lens of radius r and focal length f is now used to focus the sun’s
image on the sheet. How much greater is the flux in the image area? For
a given r, what must f be so that the lens gives no increase in flux in
the image? From the earth the diameter of the sun subtends about 0.01
radians. The only light in the image is through the lens.

(UC, Berkeley)

Solutjon:
The luminous flux reaching the earth is given by

® = Bs'dQ

where B is the brightness of the sun, regarded as a Lambert radiator, ¢’ is
the area illuminated on the earth, df} is the solid angle subtended by the
sun at o’ and is given by

d = ra?,

a being the angular aperture of the sun, equal to about 0.01 radians.
The luminous flux on the image area behind the lens is

2
®' = xBo' sin’u' = xBo' (%)

where u' is the semi-angular aperture of the lens, r and f are the radius
and focal length of the lens respectively. Consider the ratio

@ 7Bo'(fr) 104

® xBo'(0.01)3 f2 '

where we have taken the transparency of the lens glass to be unity. Thus
the luminous flux on the image area is 104r?/f? times that on a surface of
the same area on the earth without the lens.

For ®'/® < 1, we have f > 10%r. Hence, for f > 100r the lens will
give no increase in flux in the image area.

1040

(a) Three identical positive lenses, of focal length f, are aligned and
separated by a distance f from each other, as shown in Fig. 1.49. An
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object is located f/2 in front of the leftmost lens. Find the position and
the magnification power of the resultant image by using tracing method.
(b) Looking through a small hole is a wellknown method to improve
sight. If your eyes are near-sighted and can focus an object 20 cm away with-
out using any glasses, estimate the required diameter of the hole through
which you would have good sight for objects far away.
(Columbia)

Fig. 1.49

Solution:

(a) We construct the image using two rays passing through the top of
the object, one parallel to the axis, the other through the front focal point
of L,, as shown in Fig. 1.50. The resultant image is found at a distance
f/2 behind the rightmost lens. The magnification is —1.

} 3

] :

Fig. 1.50

(b) Inside the human eye the distance between the crystalline lens and
the retina is 20 mm. Using the lens formula 1 + 1 = }, we get f =19 cm
for the image distance 2.0 cm and the object 20 cm away.

e - |,
 ——

Fig. 1.51

As Fig. 1.51 shows, a lens focuses an object infinitely far away at the
focal point F and forms a disk AB on the retina 1.0 cm behind F. An opéning
placed in front of the eye lens determines the diameter of the beam of light
entering the eye. From the geometry, d = CD = 19 AB. On account of the
resolving angular limitation of the eye, which is about 1' = 3 x 10~4 rad,
we get a transverse resolving limitation of AB,, = 3x 1074 x 20 =6x10~2
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mm. If the diameter of the opening d < 19 X 6 X 1072 = 0.12 mm, we
would have good sight for objects far away.

1041

One side of a disk, 1 cm? area, radiates uniformly and isotropically (a
Lambert’s law radiator) with a brightness of 1 watt - cm™2 steradian™! at
a single frequency in the visible.

(s) What is the total rate at which energy is radiated from this face of
the disk?

(b) Given a fused quarts lens (n = 1.5) whose diameter is 10 cm and
whose focal length i 13 100 cm, show how to image the radiator onto a disk
whose area is 1 cm?,

(¢) Eltlmate the total energy flux reaching the 1 cm? disk to within a
few percent.

(d) By changing n and the dimensions of the lens, you may increase the
energy flux reaching the l cm? disk. By what reasoning might you deter-
mine the maximum energy flux into the 1 cm? disk that can be achieved?

(CUSPEA)

Solution:

(s) ® = BS [2"dp [) sinfcosfdf = xBS =3.14 W,
where B is the brightness of the source, S the area of the source, ¢ the angle
between the direction of the emitted light and the normal to the surface of
the source.

(b) The magnification is given by

(s}
m—B—(E) -—0.5,

where D', D, S' and S are the diameters and the areas of the image and
the object respectively. As m = £ = 0.5, we have u = 2v.

The lens equation then gwes u=3f=300cm, v= %L = 150 ecm.
Therefore, if the object and image distances are 300 cm and 150 cm respec-
tively, the lens images the source onto a disk of area 0.25 cm.

(c) If the lens does not cause attenuation, the energy flux reaching
the 1“ cm? disk would be equal to that reaching the lens. The solid angle
subtended by the lens at the source is

nr3
a="r.
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The total energy flux reaching the lens is then

2
<I"=BSﬂ=lx1xr£.§=8.7x 1074W.

(d) According to the second law of thermodynamics, the brightness of
the image cannot exceed that of the object. So the maximum energy flux
into the % cm? disk is
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2001

The width of a certain spectral line at 500 nm is 2 X 10~% nm. Ap-
proximately what is the largest path difference for which interference fringes
produced by this light are clearly visible?

( Wisconsin)

Solution:
The coherence length I is given by

32 -3
A = z—x‘-"— 1.25x 107° em.

If the optical path difference is about a quarter of I.,3 X 1074 cm, we can
observe the fringes clearly.

2002

A point source S located at the origin of a coordinate system emits
a spherical sinusoidal wave in which the electric field E, is given by E; =
A(R)cos(wt — 272}, where r is the distance from S. In addition, there is a
plane wave propagating along the z-axis. This wave is given by

E2=Acos(wt—2—::5).

(Note that we treat both E; and E; as scalar waves in this problem.) Both
waves are incident on a flat screen perpendicular to the z-axis and at a
distance D from the origin, as shown in the figure (Fig. 2.1). Compute the
resultant intensity I at the screen as a function of the distance y from the
z-axis for values of y small compared with D. Express I in terms of y, D, A
and the intensity I at y = 0.

( Wisconssn)

y
!
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Solution:
The electric field E at a point, distance r from the origin, on the screen
is given by

E=E1+E2=A[—?—cos<wt——2¥>+cos<wt—2—:£>]

s A |co wt—m + cos wt_21r_:c
® ) )

where we have used the approximation r s D.
For y « D, we have

r=(02+y2)*~p(1+i>

2D?
and thus
2
2nD (1 +3p ) 9xD
E=A|cos (wt— ——r—) + cos (wt— T)
2 2

_ Tyt 21I'D(1 + z%f)

= 2A cos DX cos (wt 3 .
Hence

2
I « E?  cos? % .

Let I = Iy at y = 0; we then have

2
I = I cos? (%) .

As the distance from the centre increases, the fringes become closer.
This is similar to Fresnel’s zone plate.

2003
A two-slit Young’s interference experiment is arranged as illustrated
o
(Fig. 2.2); A = 5000 A. When a thin film of a transparent material is put
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behind one of the slits, the zero order fringe moves to the position previously
occupied by the 4th order bright fringe. The index of refraction of the film
is n = 1.2, Calculate the thickness of the film.

( Wisconasin)
Solution:

Intensity maxima occur when the optical path difference is A = mA.
Thus
6A =Aém.

When the film is inserted as shown in Fig. 2.2, the optical path changes by
§A=t(n-1),

where ¢ is the thickness of the film. As the interference pattern shifts by 4
fringes,

Sm=4.
Hence t(n — 1) = 4), giving
4
t= A =10 pm
n—1
n=12

A=5000A
Fig. 2.2

2004

Consider the interference pattern from the three slits illustrated
(Fig. 2.3). Assume the openings of the individual slits are the same ($3).

(a) At what value of § is the first principal maximum? (i.e., the
wavelets from all three slits are in phase).

(b) The result for (a) can be called ;. The flux in the direction of
seroth order maximum (6 = 0) is Fo. What is the flux (in units of Fp) in
the direction 7 (Assume A < d.)

( Wisconsin)




56 Problems 8 Solutions on Optics

:
jrﬂ//(

(3/3}116
;

Fig. 2.3

Solution:
(a) The electric field E(f) on the screen is the sum of the fields pro-
duced by the slits individually:

E(6) = Es + Ez+ Es = A + Ac® + Ac'Y?

where
2xd
= —sinf.

A
Then the total intensity at 4 is

HOEBR O NOEY.S {3 + 2[cos§ + cos (%) + cos (%)] } .
For § = 0, we have
I(0) ~94%2.

The expression for I(#) shows that the first principal maximum occurs

at § =4, ie,,
(2%1) sinf; = 4w,

6y s s8inf; ~ %\-

or

(b)

I(%) ~ A%[3 + 2(cos 27 + cos 37 + cos 57)] = A% ~ -I%)l .
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2005

An opaque screen with two parallel slits is placed in front of a lens and
illuminated with light from a distant point source.

(a) Sketch the interference pattern produced. (Make a rough graph of
the intensity distribution in the focal plane of the lens.)

(b) Indicate with a second graph and a brief explanation the effect of
moving the slits further apart.

(c) Indicate with a third graph and explanation the effect of increasing
the sise of the source so that it subtends a finite angle at the lens.

( Wisconsin)

Solution:

(a) The interference picture is shown in Fig. 2.4. The spacing of fringes
is Az = ‘\;}, where d is the distance between the two slits, f the focal length
of the lens.

(b) As d increases, Az decreases, fringes become denser. The interfer-
ence pattern is shown in Fig. 2.5.

(c) Superposition of all incoherent, double-slit interference patterns
produced by individual parts of the source decreases the contrast of the
resultant pattern, as shown in Fig. 2.6.

I

/
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2008

Consider the Young’s interference experiment shown in the diagram
(Fig. 2.7).
0
Assume that the wavelength of the light is 6000 A, the slit widths pre
all the same, S; = §; = §2 = 0.2 mm, the slit separation d = 2.0 mm, and

Li =3.0m.
(a) About how long must Lo be in order to produce a well-defined

interference pattern on the screen?
(b) What is the distance between the central and first bright fringe on

the screen?
{ Wisconain)

screen
extended P

igj _LIS’ x

b d

ah lfO TlSz
7o

—{u

Ope—-— X%

Fig. 2.7 Fig. 2.8

Solution:
(a) According to the Van Cittert Zernike theorem, the lateral coherence
length of an extended slit source is given by

where §, is the angle subtended by the slit at the point concerned in radians.
In order to get a clear interference pattern, the distance between S; and
Sz should be less than , i.e.,

d<l,,
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A
0, < 'J .
As
S
0, = L_(())’
we require that
d 2x 104 -3
L0>ASO_6000X10—10>(2><10 =0.67 m.

(b) Referring to Fig. 2.8, consider the sum of the contributions to the
amplitude at P of the screen of width elements dy at the points y and —y
of the slits S; and S; respectively. As d » S, 3, it is proportional to

[eik(z—y 3in 8) + eik(=+y sin 0)] dy = otk= cos(ky sin 0)dy,

where k = Zf
Then the total amplitude at P is

A /§+* ky sin 6)d
o — cos(ky sin )dy

as 8 =85;=S5. Withsinf =~ f;, we have

in Z&-S
A(z) = 2408 (s____m ALLZ Y . con (——Iz d),
1

.- 2
AL s

where Ag = constant. The intensity I(x) is therefore

a(1e
I(z) o cos (/\Ll d) .
For f-ﬁ = x, the first maximum occurs, corresponding to

z='\—51-=0.9 mm.

Therefore, the first bright fringe is 0.9 mm away from the center of the
interference pattern.
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2007

A two-slit diffraction pattern is produced by the arrangement shown
in Fig. 2.9. A discharge tube produces light of wavelength A which passes
through a small slit S immediately in front of the tube. The centers of the
two slits of width w are at distance D apart. Find the condition that a
maximum intensity be observed at the screen a distance ! from the central
plane. Assume that D <« L,l <« L, and that w is very small. How large
may w be before the interference pattern is washed out? As w increases,
do the maxima and minima wash out first near the midplane or further
away? What is the effect on the intensity and sharpness of the pattern of
increasing the width S of the slit at the source?

( Wisconsin)

Discharge
tube

i
O
y

Fig. 2.9

Solution:

The intensity distribution on the screen produced by the elemental slit
of width dy of the slit sources is given by

. 2
dI = 21, (’“;’9) (1 + cos 6)dy,
where g = L,\_VII,‘ = mweind with sinf = £,6 = 6, + 6, with

61 =2xDsind/X, 63 =2xDy/)z,
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and Jp is a constant. Integration yields the intensity distribution produced
by the slit source:

. 2 4
I=2I (ll;ﬂ) / (1 + cos 5)dy

=2Ios(d%ﬂ){ '(‘,f )) s(’:\Dsino)}.

If 2xDsind/)A = 2xDI/)L = 2nx, ie., | = TL, where n is an integer,
maximum intensity is observed on the screen at distance ! from the central
plane.

The interference pattern is washed out for the first time if sin§ = 0,
or f=nwl/(AL) =, ie,w= "—,L- D. In general, w= 2, orn= 2, As
w increases, n decreases. That is to say, the maxima and minima will first
wash out further away from the midplane.

The visibility of the fringes is determined by

Imax - Imin)
V= (mex—" ‘min) _
(Imax + Imin
where Inax and Ip,i, are the intensities at the maxima and minima of the
fringe pattern. If xDS/(Az) = nx, where n is an integer, then V =
Within S; = Az/D, as S increases, the visibility of the fringes decreases.

From the expression for I, it is obvious that the intensity on the screen
is proportional to the width S of the slit at the source.

DS
sin —!

DS
Az

2008

Fresnel biprism. A Fresnel biprism of refractive index n and small
equal base angles o is constructed as shown in the sketch (Fig. 2.10).

(a) A ray of light incident from the left normal to the base of the prism
may enter either the upper or lower half. Obtain the angular deviation ¢
for the two cases. Assume « small. Draw and label a sketch.

(b) A plane wave is incident normal to the base of the prism, illu-
minating the entire prism. Fringes are observed in the transmitted light
falling on a screen parallel to the base of the prism. What is the origin of
these fringes? Obtain an expression for the fringe separation in terms of
the angle of deviation 4 of an incident ray. Draw and label a sketch.
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(c) With a glass biprism in yellow light a fringe separation of 100
pm (102 cm) is observed. Estimate in degrees the base angles a of the
prism. Indicate and justify your choice of refractive index and wavelength

of yellow light.
(UC, Berkeley)

y
~>—
&
—>— -
-
Fig. 2.10 Fig. 2.11

Solution:

(a) A beam of light incident normal on the base undergoes refraction
at the side surfaces. A ray of light emerging from the upper half of the
prism travels obliquely downwards, and by symmetry, one from the lower
half travels obliquely upwards, as shown in Fig. 2.11. The magnitudes of
the angular deviation for the two cases are the same, being given for small
a by

f=(n-1)a.

(b) The two parallel beams of light emerging symmetrically from the
upper and lower halves of the prism meet and interfere with each other and
interference fringes along the z axis appear on the screen. The spacing of
the fringes is given by

Aum 2 A X
Y= 2sin0 " 260 2(n—1)a’

[
(c) For yellow light of A = 6000 A and biprism of index of refraction
n= 1.5, Ay = 100um gives @ = 6 x 10~ 3rad = 21’

2009

A Lloyd’s mirror (see Fig. 2.12) can be used to obtain interference
fringes on the screen from a single source as shown. Construct (draw) a
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two (coherent) source system which is equivalent. The first fringe (at the
point 0) is dark. What does this imply?
( Wisconastn)

screen
N
\ . screen
\ point source e
| \ b
s ' N
r'd =
0 -
l glass plate virtual image of point source
Fig. 2.12 Fig. 2.18
Solution:

A two-source system equivalent to the Lloyd’s mirror is shown in
Fig. 2.13. The dark fringe at the point 0 implies that the beam reflected
from the mirror surface undergoes a phase change of 7 on reflection.

2010

A Michelson interferometer is adjusted to give a fringe pattern of con-
centric circles when illuminated by an extended source of light of A =

50001. How far must the movable arm be displaced for 1000 fringes to
emerge from the center of the bullseye? If the center is bright, calculate
the angular radius of the first dark ring in terms of the path length differ-
ence between the two arms and the wavelength A.

( Wisconsin)

Solution:

Concentric circles, called fringes of equal inclination, are obtained when
the two reflecting mirrors are exactly mutually perpendicular. The optical
path length difference A between the two arms is given by

A =2ndcosf = 2n(ly — I3} cosf,

where n is the index of refraction of the medium (for air, n = 1),d =1, — I3
is the path length difference (OPD) between the arms of lengths [; and I3,
6 is the angle of incidence of light at the mirrors.

(1) For 1000 fringes to emerge from the center of the bullseye, the OPD
A must undergo a change of 1000A. Thus 2d = 1000, or d = 500\ = 0.25
mm, i.e., the movable arm is displaced by 0.25 mm.
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(2) If the center is bright, we have
2d =mA,

where m is an integer.
For the first dark ring, we have

1

2dcosf = (m

Subtracting yields
2d{1 — cosf) = -;1 .

For small 0, cosf s 1 — -’;—;—, hence

8 m4/2/2d rad.

For d = 0.25 mm, we obtain ¢ = 0.032 rad = 1.8°.

2011
Find the thickness of a soap film that gives constructive second order

o
interference of reflected red light (A = 7000A). The index of refraction of
the film is 1.33. Assume a parallel beam of incident light directed at 30°
to the normal.
(Chscago)
Solution:
Within a limited region the film can be considered as a parallel-sided

slab of n = 1.33. The optical path difference of the beams reflected at the
upper and the lower surfaces is

A=2ndcosﬂ+%,

For constructive second-order interference, we have

A=2),
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3
" 4ncosf’

where 9 is the angle of refraction inside the film. From Snell’s law, we have

sinfp = nsind,

i.e.,
sinf = lsinﬂo = -—1—,
n 2n
or
1\?
cosf=4/1— (-2—;) ,
which yields
d=4260A.
2012

A vertical soap film is viewed horisontally by reflected sodium light

(A = 589 x 10~° m). The top of the film is so thin that it looks black in

all colors. There are five bright fringes, the center of the fifth being at the

bottom. How thick is the soap film at the bottom? The index of refraction
of water is 1.33.

( Wisconsin)

es—————
cvnn———
e 1

A 2

— d —
Fig. 2.14

Solution:

The thickness at the top of the film is much less than 1/(4n), where
X is the average wavelength of the visible spectrum of about 550 nm, and
can be neglected. The phase difference between the rays (marked 1 and
2 in Fig. 2.14) reflected at the left and right surfaces then approaches »
(additional phase shift on reflection), and the film appears black by reflected
light.
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The phase difference between the two beams at the bottom is

5=1r+-2%é~21r,

where d is the thickness. For the centre of the fifth fringe, we have
§=10~x.
Using the given values of A and n, we get

d=10pm,

2013
White light is incident normally on a thin film which has n = 1.5

]
and a thickness of 5000 A. For what wavelengths in the visible spectrum

{4000 — 7000 j\) will the intensity of the reflected light be a maximum?
( Wisconasin)

Solution:
Constructive interference occurs for

OPD=2nt=kz\+i,

where t is the thickness of the film, k an integer. Hence for maximum
reflection the wavelengths are

Ant _{60003~ for k = 2
2k +1 4285A fork=3.

2014
A lens is to be coated with a thin film with an index of refraction of

1.2 in order to reduce the reflection from its surface at A = 5000 R The
glass of the lens has an index of refraction of 1.4, as shown in Fig. 2.15.
{a) What is the minimum thickness of the coating that will minimige
the intensity of the reflected light?
(b) In the above case the intensity of the reflected light is small but
not sero. Explain. What needs to be changed, and by how much, to make
the intensity of the reflected light zero?

( Wisconsin)
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n0= 1.0

AHARRARRARRRD n' el2
77728277 727777777777
( n2=\.1.

{ens

Fig. 2.15

Solution:

(a) If the light beams reflected from the two surfaces of the coating
film are in antiphase,
ant = /\/2,

or t = A/(4n;) = 0.10 pm, the intensity of the reflected light will be mini-
mised.

(b) When light is incident normally from medium A of refractive index
na into medium B of ng, the coefficient of reflection R is given by

R = [(na —ns)/(na +np)|*.

The coefficients of reflection at the upper and lower surfaces of the coating

are respectively
B = (M) (L)’
1= ni +no “\11

ny —njz 2 1 2
Fa = ("1+"2) - (ﬁ) '
Because R; # R3, the intensities of the light beams reflected from the two
surfaces of the film are not identical and the intensity of the resultant light

is not sero even though destructive interference occurs. If the index of
refraction of the coating is n} so that Ry = Ry, i.e.,

' 2 ’ ]
nl — nNo = nl —n3
""1 + ng ﬂi + ng !
the intensity of the resultant reflected light would be zero. This requires
that

and

n’ =4/Non3g = 1.18.
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2015

A thin glass sheet has a thickness of 1.2 X 107® m and an index of
refraction n = 1.50. Visible light with wavelengths between 400 nm and
700 nm is normally incident on the glass sheet. What wavelengths are most
intensified in the light reflected from the sheet? (nm= 10~° m)

( Wisconsin)

Solution:

Constructive interference occurs for
A
OPD = 2nd + 3 = kA,

where d is the thickness of the film, k an integer. Hence for maximum

reflection,
2nd

k-1-

A=

In the wavelength range 400 to 700 nm, the most intensive reflected wave-
lengths are A; = 424 nm (for k = 9), A; = 480 nm (for k = 8), A3 = 554
nm (for k = 7), Ay = 655 nm (for k = 6).

2016

A TiO; film of index 2.5 is placed on glass of index 1.5 to increase
the reflection in the visible. Choosing a suitable value for wavelength, how
thick a layer in microns would you want, and what reflectivity would this
give you?

( Wisconsin)

Solution:

Let ng,n; and ny, and d represent repectively the indices of refraction
of air, TiO; film and glass, and the thickness of the film. Destructive
interference between the reflected light occurs for

A 1
OPD-—2nd-—-2-~ (k—-z—)/\,

where k is an integer, and the additional half wavelength is caused by the
phase shift at the air-TiO; interface.
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For k=0 and A = 5500.1, we have d = A/(4n;) = 0.055 um. Hence
the reflectivity is

nly\ 2

ng — ;“

Ry, = —Lﬁ = 0.376.
no + na

2017

A soap film (n = 4/3) of thickness d is illuminated at normal incidence
by light of wavelength 500 nm. Calculate the approximate intensities of
interference maxima and minima relative to the incident intensity as d is
varied, when viewed in reflected light.

/

11 \R1g

( Wisconsin)

RIy

Fig. 2.16

Solution:
The reflectivity at each surface of the soap film is given by

e- [f2l] - [ o

For a film of low reflectivity R, the intensity of the reflected light at
either surface can be approximately represented by RI,, where I is the
intensity of the incident light. The intensity of the interference pattern is
therefore

I=2RI, (1+ cosé),

where § is the phase difference between the beams of reflected light at the
two surfaces of the soap film given by

6 being the angle of incidence.
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Hence

I max /Iy = 4R = 0.08,
Imin/Io = 0.

2018

Explain how the colored rings in the demonstration experiment shown
in Fig. 2.17 are formed, and show that the estimated size of the rings is
consistent with your explanation. Why are the rings so bright?

Hint: Mirror problems involve “folded optics”, unfold this problem.
(Princeton)

point source

color rings  back reflecting

surface
lamp
observer's y :
eye
chatk dust mirror
particles

Fig. 2.17 Fig. 2.18

Solution:

Consider two coherent rays leaving a point source as shown in Fig. 2.18.
Ray 1 is reflected by the mirror and then scattered by a grain towards a
certain point in space. Ray 2 is first scattered by the grain towards the
mirror and then reflected back towards the abovementioned point.

The resulting OPD determines the interference at the point. At normal
incidence, the pattern is a series of concentric rings of radii r:

1
. nmia2b? |’
T \d(a?2 -3}
where n is the index of refraction of the glass, d the thickness of the glass
slab, A the wavelength of light, a the distance between the slab and the
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point source, b the distance between the slab and the interference point, m
an integer.

For white light source, color rings appear as different frequencies give
rise to different rings.

The rings are bright because of constructive interference.

2019

A 85 mm thick glass window 2 cm in diameter is claimed to have each
surface flat to within 1/4 wave of mercury green light (A = 546 nm), and the
pair of surfaces parallel to within 5 seconds of arc (1 arc sec = 4.85 x 10~
radians). How would you measure these properties to verify the manufac-
turer’s specifications? Your may assume the refractive index of the glass is
n = 1.500.

(Wisconsin)

Solution:

To test the flatness of a surface, we place a plano-convex lens of long
focal length on it with the convex side down. We then illuminate it from
above with the mercury green light as shown in Fig. 2.19 and observe the
Newton’s rings formed. The spacing between adjacent rings corresponds
to a change of thickness of the air gap of % For flatness to within %, the
distortion of a ring should be less than one-half of the spacing.

To test the parallelness of the surfaces of the glass window we consider
it as a wedge of glass of refractive index n = 1.500. Illuminating it from
the above, we shall observe interference fringes such that in going from one
fringe to the next, the thickness d changes by 5*'—' For a wedge angle 6, the
spacing is

For 655 X 4.85 x 10~ rad, we require that

546 x 10~7
s =0.76 cm.
R X 15 x24.25 x 10-6 em

Both of the above conditions should be met to justify the manufac-
turer’s claims,
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b
7=~

| )

Fig. 2.19

2020
The radius of curvature of the convex surface of a plano-convex lens is
30 cm. The lens is placed with its convex side down on a plane glass plate,
and illuminated from above with red light of wavelength 650 nm (Fig. 2.20).
(a) Find the diameter of the third bright ring in the interference pat-
tern.
(b) Show that for large R this diameter is approximately proportional
to R1/2,
(SUNY, Buffalo)

\

R=30cm

N

Fig. 2.20

Solution:
(a) The radii of the bright Newton’s rings are given by the following

formula,
. A .
r,-=\/(2_1+1)5R (9=0,1,2,...).

For the third bright ring, 7 = 2, and the radius is

10-7
r=\/(4+1)x&x2——x30=0.7mm,
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i.e., the diameter is
d=2r =14 mm.

(b) From the formula we see that d = 2r < v/R. It should be noted
that in deriving the formula we have already used an approximation based
on large R.

2021

A double-slit interference is produced by plane parallel light of wave-
length A passing through two slits of unequal widths, say w; = 20\ and
wg = 40, their centers being 1000\ apart. If the observation is made on a
screen very far away from the slits, i.e., at a distance L » 1000, determine
the following features:

(a) Separation 6z between adjacent maxima.

(b) Widths Az; and Az, of the central maxima of the diffraction
patterns of the two slits individually (i.e., distances between the first zeros).

(c) Hence, the number of fringes produced by the overlap of these
central maxima.

(d) The intensity ratio between intensity maximum and minimum in
the center of the pattern.

(¢) An analytic expression for the intensity on the screen as a function
of z when z = 0 is at the exact center of the pattern.

Show your reasoning.

(UG, Berkeley)

l I
P—IOOOK——I
W2=40k | : W]‘ZOK

M

Fig. 2.21

Solution:

(a) As w3 = 2w;,L > w;,w;, we may take the amplitudes of the
electric field vectors produced by the slits S; and S; individually on the
screen to be E and 2FE respectively. Since I o« E?, the corresponding
intensities are I) = Iy, say, I3 = 4.
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For double-slit interference the resultant amplitude is given by the
vector sum of F; and E; making an angle § equal to the phase difference.
Hence

I=05L+I,+2\/I1Izco86
= Iy + 4l + 41 cos(2x dsin8/)) = 51 + 41 cos (20007 sin §) ,

where d is the separation of the centres of the slits, being equal to 10004,
sinf s~ ¥, z being the distance on the screen from the centre of the in-
terference pattern. As L > z,sinf ~ 0 and adjacent maxima occur when
20007660 = 2x, or 60 = ﬁ(,, giving
L
bz =Lé0 = —.
’ 1000
(b) The diffraction intensity distribution due to a slit of width w is
given by ~ ('—'%3)2, where # = Z¥ sin . Thus

I = Iy (sin B, /B;)?, where ) = nw;sind/\ = 20xsin¥,
I, = 4], (sinﬂz/ﬂ2)2 , where f2 = mwa8infd/X = 40xsind .

The first zeros occur at angular distances from the centre of 8; and 63 given
by

. 1 1
207rsinf; ~ 2070, =x, or 0; = 20" and 2 = o
Hence the angular widths of the central maxima are
1

Aﬁ] =291 = '1—0,
1

Aby = —.

272

The corresponding widths are then

Aa:l = L01 = L/lO,
Axg = Lag = L/20.

(¢} The width of the overlap of these central maxima is L/20, and the
number of fringes is (L/20)/{L/1000)=50.

(d) The intensity maximum and minimum in the center of the pattern
are given by cos § = 1 and cos § = —1 respectively. Hence we have the ratio
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(¢) Taking diffraction effect into account gives the fields produced by
S1 and S3 respectively as

E1 = Eo(Sin ﬂl/ﬁl) '
E; = 2Eo(5in ﬂ2/ﬂ2) ’

where E; is a constant.
With §; = 28;, we have

sin B,

5 (5 +4cos6)?
1

E=IE1+E2|=E0

The intensity is therefore

Iz)=1I (%)2(5-{- 4cos 2002‘”:) .

2022

The diagram (Fig. 2.22) shows a double-slit experiment in which coher-
ent monochromatic light of wavelength A from a distant source is incident
upon the two slits, each of width w(w > 1), and the interference pattern
is viewed on a distant screen. A thin piece of glass of thickness §, index of
refraction n, is placed between one of the slits and the screen perpendicular
to the light path, and the intensity at the central point P is required as a
function of thickness §. Assume that the glass does not absorb or reflect
any light. If the intensity for § = O is given by I:
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(a) What is the intensity at point P as a function of thickness §7

(b) For what values of § is the intensity at P a minimum?

(c) Suppose the width w of one of the slits is now increased to 2w, the
other width remaining unchanged. What is the intensity at point P as a
function of 67

(Columbia)
Solution:

(a) For the double slit system, the intensity at a point on the screen is

given by )
I~ 4a2<§-l%é) cos® (g) ,

where a is the amplitude due to each individual slit, 4a%(sin §/8)? ia the
single-slit diffraction term, cos?(p/2) is the interference term, with

p=-2:\1-r-(n—1)6

being the phase difference between the waves originated from the two slits,
n the index of refraction of the glass and § the thickness of the glass plate.
The intensity at the central point P is given by § — 0, for which !-1%2 -1,
as

I ~ 4a? cos?® (-}(n— 1)é),
or

I = Iy cos? (;\E(n - 1)6) )
where Iy is the intensity at P for § = 0.

(b) For xé(n — 1)/A = (2k + 1)x/2,k = 0,%1,%2,... , or

_(2k+1)2
b= 2(n—1)’

the intensity at P would be a minimum. In particular for k = 0, we get

A
6mln = STy

2(n~1)"

Note that the intensity at the minima will not be exactly zero as the slits
have finite width.
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(c) As the width of one of the slits is increased to 2w, the amplitude
due to the slit will become 2a. The intensity of the resultant wave at P is
now given by

I~ a} + a3 +2a,a3c08
= a? + (2a)? + 2a - (2a) cos
= a2(5 + 4 cos p) = a?[5 + 4 cos(2x(n — 1)6/1)].

For § = 0, the intensity at P is the maximum I} = 9a2. Comparing with
(a), we have

] 902
0
L= =225
Io 4a2 2.2
2023

A Young double-slit interferometer receives light from a stellar object
which is focused at the plane shown in Fig. 2.23.

(a) Determine the interference pattern as a function of z.

(b) If the interferometer is pointed at a stellar object subtending, at
the earth, an angle greater than f,,;,, the pattern disappears. Explain why
and find Opnin.

(Columbia)

Fig. 2.28

Solution:

(a) Let the width of each slit be a and the angular size of the star
be 4. To good approximation the intensity distribution of the interference
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pattern is given by the result of Question 2007:

sin 8 2 sin o
I(z,0)~<7-) (1+ > cos'y)

Taz _ =df _ 2ndz

B= YA AT
(b) The visibility of the pattern is given by

where

V = Imax - Imin
Imax + Imin '

where I, and I,;, are the intensities at the neighboring maximum and
minimum respectively. Thus
sin o

V= .
a

As @ increases from 0 to 0,,;,,V decreases from 1 to 0, where 6,,;, is given
by
Admin A

3 =1r,or0m;n=z.

The pattern also appears when § > 0,i,. Actually, beyond 6,,;, the pattern
may reappear and then disappear again many times but the fluctuation of
V around 0 becomes smaller and smaller.

2024

A two-slit diffraction system is illuminated normally with coherent
light of wavelength A. The separation between the slits is a. The intensity
of light detected at a distant screen (far compared with a), when one of the
slits is covered, is Ip.

(a) For the situation where both slits are open, calculate and sketch the
response of the detector as a function of the angle 6, where 6 is measured
away from the normal to the system.

(b) Now assume that the slit separation “jitters” such that the spacing
a between the slits changes on a timescale large compared to the period
of the light but short compared with the response time of the intensity
detector. Assume that the spacing a has a Gaussian probability distribution
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of width A and average value a@. Assume that 2 > A > A. Without
performing a detailed calculation, sketch the intensity pattern measured by
the detector for this situation.

(MIT)

-
N

in @

al>

Fig. 2.34 Fig. 2.26
Solution:

(a) Assume the widths of the slits are much smaller than ), then one
need not consider the diffraction produced by each slit. Only the interfer-
ence between beams from differen<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>