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11-1. Determine the moments at A, B, and C and then 3k 3k 4k
draw the moment diagram. EI is constant. Assume the
support at B is a roller and A and C are fixed.

.

<

-3 fJG ftJﬁ fi l 101t 10 ft

Fixed End Moments. Referring to the table on the inside back cover

(FEM),p = —2[9)L = —2(3;(9) = —6k-ft
(FEM)p, = % = 2(33(9) = 6k-ft
(FEM)c = —%L = —@ = —10k-ft
(FEM)pc = % = @ = 10k-ft

Slope-Deflection Equations. Applying Eq. 11-8,
My = 2Ek(20y + 07 — 3¢) + (FEM)y

For span AB,
I 2E1
Mas = 26(5)20 + 0, - 300 + ) = (3]0, s 1)
1 4ET1
Mgy = 2E(§) [265 + 0—-3(0)] + 6 = (T) 0 + 6 (2)
For span BC,
I EI
1 EI
Mcp = ZE(ZO) [2(0) + 65 —3(0)] + (10) = (E) 0 + 10 4)
Equilibrium. At Support B,
Mpa + Mpc = 0 ®)
Substitute Eq. 2 and 3 into (5),
AET EI 180
+ 6+ |—)op—10 = = ——
< 9 )03 6 (5 )93 10 0 03 29E]
Substitute this result into Egs. 1 to 4,
Mg = —4.621k-ft = —4.62k-ft Ans.
Mg, = 8759k -ft = 876k-ft Ans.
Mpc = —8759k-ft = —876k-ft Ans.
Mcp = 10.62k-ft = 10.6 k-ft Ans.

The Negative Signs indicate that M, and Mg, have the counterclockwise
rotational sense. Using these results, the shear at both ends of span AB and BC are
computed and shown in Fig. a and b, respectively. Subsequently, the shear and
moment diagram can be plotted, Fig. c and d respectively.
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11-1. Continued

3k 3k
4 éé’; | /0 f¢ 10 f¢ |
/I 3¢ T 3fe | 3¢ 8 7o) kft 5757kft ) 10.62 K-ft
2-5#0k 3460 k 1.907 K. 2.093 k
@) &)
MCk-ft)
V(k)
, : 3.00
254 -—I 1-91 }\(I 2 /[\
6 29
1 X(ft
03 1 [9 w 7 o t— XA
-0460 2.09 —-4--62
—3.46
-876 —10-6
)
)
11-2. Determine the moments at A, B, and C, then draw 2k/ft 30k
the moment diagram for the beam. The moment of inertia
of each span is indicated in the figure. Assume the support l l l l l l l l l l fng
at Bis aroller and A and C are fixed. E = 29(10°) ksi.
A Ly = 900 in.* ;EB Ipe = 1200 i
| 24 ft 81t 1 8 ft—]

Fixed End Moments. Referring to the table on the inside back cover,

wl? 2(24%)
(FEM)4p = ==, = Lo = 96kt
wL?  2(24%)
FEM = — = = k-f
( )BA 2 2 96 k - ft
30(16
(FEM)pc = PR (16) = —60k-ft
8 8
PL 30(16
(FEM)CB = ? = % = 60k-ft
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11-2. Continued

Slope-Deflection Equations. Applying Eq. 11-8,
For span AB,

[ 900in* ]
Mup = 2E| —————|[2(0) + 65 — 3(0)] + [-96(12) k -i
ap = 2E| 3 2(0) + 6y = 30)] + [296(12) k+in]
MAB = 625E93—1152

[ 900 in* ] .
= —_ + — + .
Mg 2E_24(12) in_[zeB 0 — 3(0)] + 96(12) k- in
Mg,y = 125E65 + 1152
For span BC,
[ 1200 in* ]
Mpye = 2E| ————|[265 + 0 — 3(0)] + [-60(12) k-1
BC _16(12)in_[ B (0)] + [-60(12) k - in]

MBC = ZSEOB — 720

(1200 in* ] .
~ = _ “+ —_ + .
Mg 2E» 16(12) in_[2(0) 65 — 3(0)] + 60(12) k - in

MCB = 125E03 + 720

Equilibrium. At Support B,
Mgy + Mpc =0
Substitute Egs. 3(2) and (3) into (5),
125E05 + 1152 + 25E6 — 720 = 0
s
’ E
Substitute this result into Egs. (1) to (4),

Mag = —1224k-in = —102k - ft
My, = 1008k -in = 84k - ft
Mpye = —1008k-in = —84 k- ft
Mcp = 576k-in = 48 k- ft

2024) k.

102 k-ft “‘ [2ft I2ft 2325k
RAT5k.
(a)

30k

1

N
Y
N

@) B4kt 1T 48 Kkt

725K 1275 k
b)

®)

4)

®)

Ans.
Ans.
Ans.
Ans.

The negative signs indicate that M, ; and My have counterclockwise rotational
senses. Using these results, the shear at both ends of spans AB and BC are computed
and shown in Fig. a and b, respectively. Subsequently, the shear and moment

diagram can be plotted, Fig. ¢ and d respectively.
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11-2. Continued

V(k)
M(k-ft)
A1 1725 500 54
\ % TN A /N4 X(ft)
o ‘ XF) ° 12375 /=
12375 24 / | 48
-127¢ —/0R -84
X325
(o)
(c)
11-3. Determine the moments at the supports A and C, 25 kN 15 kN/m
then draw the moment diagram. Assume joint B is a roller.
EI is constant. )
A B .
3m———3m—F——4m :
Voo Var
My = 2E( )(ZGN + 6 — 3¢) + (FEM)y
MM (tt 1) M.c
2E1 25)(6 277277
Map = 7(0 0p) — (5# 8,
2E1 25)(6
Mpy = 7(2 B) + ( ;( ) 25 kA boxd
18.60 kavm 'ngu.n-—-.l»--..
2EI (as)(4y? (ﬂ‘ 1 \( 20-3l5k-m
Mpc = 7(293) - 1‘ (I 1)
2E (15)(4) 2 eza‘lu 2972 kn
Mcp = 1 \93) + B 12:375 kd 12
Equilibrium. Mkam)
Mgy + Mpe=0 18-6
BA " ) /\ 102
2E1 25(6 15(4
2B gy + B0 4 2l gy - B g AL xim)
8 12 ° T
0.75 ]
5= Bl 935 . 204
M,z = —185kN-m Ans.
Mcg = 20.375kN-m = 20.4 kN -m Ans.
MBA = 19.25kN-m Ans.
Mpc = —1925kN-m Ans.
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*11-4. Determine the moments at the supports, then draw
the moment diagram. Assume B is a roller and A and C are

fixed. E1 is constant.

11(25)(6)?
(FEM) 5 = —————— = —51.5625kN -m
192
5(25)(6)*
(FEM)gy = — " = 234375kN-m
192
—5(15)(8)
(FEM)pc = — -~ = =375kN-m

1

My = ZE(Z)(ZBN + 0y — 3%) + (FEM)y
1

Mg = 2E(g)(2(0) + 65 — 0) — 51.5625

El0,

I
My, = ZE(E)(ZOB +0 — 0) + 234375

2EI0,
Mg, = + 23.4375

1
My = 2E<§)(263 +0 - 0) — 375

Elf,
MBC = - 375
2

1

Mcp = 2E<§)(2(0) + 65 — 0) + 375

Elf,
MCB = 4 + 375

Equilibrium.

MBA + MBC = 0

Solving:

12054
B EI

My p = —47.5kN-m
MBA = 315kN'm
MBC = _315 kN-m
Mcp = 40.5kN-m

M

()

®)

(4)

©)

15kN 15kN 15kN
25 kN/m

i
A, md _1B

C
6 m*;{‘Z m--2 mJ‘Z mJ’Z m

Mg
C jM‘C
8
¢
KN
47;m,,?5 IEKA 1510 15KA
r--l—--g 315 10.m 4o5.m
| N
e
o) (F o
589 KA 1o 1kn 214100 R36 KN
2 8
2 o7 o 3 690 ;4
Ll I (| } } XxXim)
) / /T; \1/ é o 12
235]
~3).5 ~40.5
~475]
Ans.
Ans.
Ans.
Ans.
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11-5. Determine the moment at A, B, C and D, then draw
the moment diagram for the beam. Assume the supports at
A and D are fixed and B and C are rollers. E1 is constant.

20 kN/m

Fixed End Moments. Referring to the table on the inside back cover,
(FEM),3=0  (FEM)gs =0  (FEM)cp=0  (FEM)pc =0

wl? 20(3%)

(FEM)pe = — 5 = — _15KkN-m 2454 KN

12 12
(FEM)¢p = WTI; = 201(;2) = 15kN-m (@ )
091 kY 11 %285 0.
Ll m— VP

Slope-Deflection Equation. Applying Eq. 11-8,

My = 2EkQ20y + 0p — 3¢) + (FEM)y Ca ) ,2-4—54—1‘/‘j
For span AB,

Mg = 2E(§)[2(0) + 65 — 3(0)] + 0 = (ZSE> 0y (1) 20(3) kA
My, = 2E(§)[293 +0-30)]+0= (“%)93 )

30kT™ 20K

For span BC, gll .
Mye = 2E(§) 205 + 6c — 3(0)] + (~15) = (@)03 + (E)Oc ~15 3 Blezk I/‘.5m’|‘/'5m’| 81682 km

3 3
Mep = 2E(§)[20C + 05— 3(0)] + 15 = (gﬂ)oc + (2%)93 +15 ) (b)
For span CD,
Mcp = 2E(§>[20C + 0-3(0)] + 0 = (%)GC (5)
Mpe = 2E(§>[2(0) + 6c-3(0)] + 0 = (2%)% (6)

Equilibrium. At Support B,
MBA + MBC =0

4E1 4E1 2E1
? 0p + ? 0p + ? O — 15

32E1 2E1
(?)93 + <?)0C =15 (7)

At Support C,

Il
o

MCB+MCD:0

4E1 2E1 4E1
<?)0C + (?>93 + 15 + (?>9C =0

411




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

11-5. Continued

2E1 32E1
<T)63 + (T)GC = —15 (8)

Solving Egs. (7) and (8)

225 225

Op = —— - ==
B 2EI ¢ 2E]I

Substitute these results into Egs. (1) to (6),

My p = 4.091 kKN-m = 4.09 kN-m Ans.
Mgy = 8182kN-m = 8.18kN-m Ans.
Mpe = —8182kN-m = —8.18kN-m Ans.
Mcp = 8182kN-m = 818 kN-m Ans.
Mcp = —8182kN:m = —8.18 kN-m Ans.
Mpc = —4.091kN-m = —4.09 kN -m Ans.

The negative sign indicates that Mg, M-, and Mp- have counterclockwise
rotational sense. Using these results, the shear at both ends of spans AB, BC, and
CD are computed and shown in Fig. a, b, and ¢ respectively. Subsequently, the shear
and moment diagram can be plotted, Fig. d, and e respectively.

, kn)
T "
5m 30

5| \es 2454

0 L X(m)
245440 A kN =245 8 I3
<)

-30
()
MCKA:m)

4.2

4.09

409 . 1

5
! 1
0 \l/ &5

-818 -816

X(m)

S\

F

)
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11-6. Determine the moments at A, B, C and D, then
draw the moment diagram for the beam. Assume the
supports at A and D are fixed and B and C are rollers. EI is
constant.

Fixed End Moments. Referring to the table on the inside back cover,

(FEM) 45 = —%2 = —2(115)2 = —37.5k-ft
(FEM)ga = %2 = 2(52) = 37.5k-ft
(FEM)gc = (FEM)cp = 0

(FEM)cp = 729P L_ 2(9);15) = —30k-ft
(FEM)pc = % = w =30k-ft

Slope-Deflection Equation. Applying Eq. 11-8,
My = 2Ek(20y + 07 —3¢) + (FEM)y

For span AB,

1 2EI
M, = 2E(E)[2(O) + 05 — 3(0)] + (—37.5) = (?)03 - 375
Mgy = 2E(L)[263 + 0 — 3(0)] + 375 = (@)03 + 375

15 15
For span BC,

1 4E1 2EI

1 4E1 2E1
Mcp = 2E(E>[20C + 0 — 3(0)] +0= (?)OC + (?)93

aREL

2k /ft

H—
H—

oA

)

00l

!
PRINTEN
o O

a4 B !gc b :L“
E 15 ft l 15 ft l 5ft*L fJ‘S ftJ .
(1)
()
3)
4)
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11-6. Continued

For span CD,
1 2FE1
Mpe = ZE(E)[Z(O) + 6c — 3(0)] + 30 = (?)ec + 30 (6)
Equilibrium. At Support B,
MBA + MBC = O
4E1 4E1 2E1
— + 375+ (—— + (== =
(420, + 315 + (Y, + (2L o
8EI 2E1
—— 0 + |~ )0c = —=37.
(S0, 4 (2E0)y, - 375 o

At Support C,
Mcp + Mcp =0

(451)9 . (251)0 ) (4E1>9 a0
15 )¢ 15 )8 15 )¢ B

SEI 2E]
— o+ | == )5 =
( s )ec ( 5 )93 30 (8)

Solving Egs. (7) and (8),

_7875 %0
¢ EI B EI

Substitute these results into Egs. (1) to (6),

Myup = —495k-ft Ans.
Mpy =135k ft Ans.
Mpe = —135k-ft Ans.
Mcp =9k-ft Ans.
Mcp = —9k-ft Ans.
Mpc =405k ft Ans.

The negative signs indicate that M, Mg and M, have counterclockwise
rotational sense. Using these results, the shear at both ends of spans AB, BC, and
CD are computed and shown in Fig. a, b, and ¢ respectively. Subsequently, the shear
and moment diagram can be plotted, Fig. d, and e respectively.

v (k) M k-fe)

174
o2 255
690 .
15 Oé , 3540 45 X (ft) ﬂ\/ 5/ le‘la X(ff)
e o 2 R A
.00
Yo 7y a5 7 405

)
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11-7. Determine the moment at B, then draw the moment
diagram for the beam. Assume the supports at A and C are r
pins and B is a roller. EI is constant.

o

Fixed End Moments. Referring to the table on the inside back cover,

(FEM)g, = (5)(% + ”z—b) = (4—0){62(2) + 22;6)} =525kN m

L? 2 8
_3PL . 320)8)

Slope-Deflection Equations. Applying Eq. 11-10 Since one of the end’s
support for spans AB and BC is a pin.

For span AB,
Mgy = SE(é)(OB —-0) +525= (%)93 + 52.5 (1)
For span BC,
Mpc = 3E<é)(03 - 0) + (30) = (%)63 - 30 ()

Equilibrium. At support B,

MBA+MBC:O

EI
(3—)93 - 225

4
30
by = —7;
V(ka)
152
+04 /'é, xm)
° 2 Ts 2787
352

©)

40k
41.25 kN-m
=
[ ém 2m | 35,15

484 kn
(a)

ROKN
41.25 kn-m

— ]

4+m 4+m
1546 Kl 484 K

(b)
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11-7. Continued

Substitute this result into Egs. (1) and (2)
MBA = 4125kN-m Ans.
Mpe = —41.25kN-m Ans.

The negative sign indicates that M~ has counterclockwise rotational sense. Using
this result, the shear at both ends of spans AB and BC are computed and shown in
Fig. a and b respectively. Subsequently, the shear and Moment diagram can be
plotted, Fig. ¢ and d respectively.

M(Kka-m)

*11-8. Determine the moments at A, B, and C, then draw
the moment diagram. E7 is constant. Assume the support at
Bis aroller and A and C are fixed.

k 0.5 k/ft

8 ft

L
(FEM) 3 = ——— = —12,  (FEM)pe = — = = —13.5
8 12
PL L?

04 =0c=Yap=Ypc=0
1
My = 2E(z)(29,\, + 05 — 39) + (FEM)y

2E1
Map = Y(GB) - 12

2EI
MBA = ?(203) + 12

2E1
MBC = K(ZBB) - 13.5

2EI
MCB = K(HB) + 135

Moment equilibrium at B:

MBA+MBC:0

2EI 2EI

el +12 + = - 135 =

16 (208) + 12+ (265) — 135 =0
3.1765

B EI

8 ft l 18 ft
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11-8. Continued

Thus
Mqp = —11.60 = —11.6 k- ft Ans.
Mpy =1279 = 12.8 k- ft Ans.
Mpe = —12.79 = —12.8 k- ft Ans.
Mcp = 13.853 = 139k - ft Ans.
Left Segment
C+X My =0; —11.60 + 6(8) + 12.79 — Vg, (16) = 0

VL = 3.0744 k
+1YF, =0 Ay = 29256k
Right Segment
C+HDOMp=0; —12.79 + 9(9) — C,(18) + 13.85 =0

C, = 45588k
+13F, =0 Vi = 4412k
At B

B, = 3.0744 + 44412 = 7.52k

11-9. Determine the moments at each support, then draw Akt 12k
the moment diagram. Assume A is fixed. £/ is constant. / l

5 C | D

| Spr ft ]

My = 2E(é)(29,\, + 0p — 3P) + (FEM)y

2EI 4(20)?
M yp = T(Z(O) + 05— 0) — 0
2EI 4(20)*
Mpy 20 (265 + 0 —0) D
2FE1
MBC :?(203 + 0C - O) + O
2E1
MCB = ?(ZGC + OB - 0) + 0

MN=3E({)anwy+&EMm

3EI 3(12)16

aloc —0) =

M =
0 16

417




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

11-9. Continued

Equilibrium.
Mps + Mpc =0
Mcp+ Mcp =0
Solving

~178.08
¢ EI

_336.60
B El

MAB = —167 k- ft

MBA 660k'ft
MBC = —66.0 k- ft
MCB = 2.61k-ft

MCD = —2.61k-ft

Ans.
Ans.
Ans.
Ans.
Ans.

67 k- ft
// S

b

8

re———

..... < 6e0k:

Vz&
I% Mﬂ.p

(.I?)(

Veo C

re

423K
it 2.61k4t

45.06K

o
g —

495Kk 4

M(k-ft)

(]

L.
Z73 (‘ T

23Kk Gk 54

-1y

11-10. Determine the moments at A and B, then draw the
moment diagram for the beam. E/ is constant.

200 Ib/ft

2400 Ib

l

—

30 ft

(FEM) 4 =

2EI

Mag =250+ 65 — 0) — 15
AB 30( 0 — 0)

M —E(za +
BA — 30 B

EMB =0;

Solving,

0-0)+ 15

675

5 =1

Mg = —105k-ft
Mpy = 24k-1t

B_..L_._
10 ft—

1 1
—E(w)(Lz) = —5(200)(302) = —15k-ft

Ans.
Ans.

" N(K)

418




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

11-11. Determine the moments at A, B, and C, then draw | 6k 6k
the moment diagram for the beam. Assume the support at
A is fixed, B and C are rollers, and D is a pin. EI is constant.

Fixed End Moments. Referring to the table on the inside back cover,

(FEM) 2PL _ 2002 _ gy 24 4K ffk ok
AB 9 9 . A

2PL _ 2(6)(12)

(FEM)p, = 9 = 9 = 16k-ft QC
2
(FEM)gc = (FEM)¢c3 = 0 (FEM)cp = _wLr_302) 54K ft
i4}’£

0-923K-ft

8 8

Slope-Deflection Equations. Applying Eq. 11-8, for spans AB and BC. 8 //5k 3. 885 k
My = 2Ek(20y + 6 — 3) + (FEM)y

For span AB, (ﬂ )

My = ZE( )[2(0) + 65 — 3(0)] + (—16) = (%)93 - 16 (1)

O3 kft 2723k
My, = 2E(é)[203 +0—3(0)] + 16 = (%)03 16 @ Z~34£k 7 :

For span BC, : l AIT
Mye = 2E< ! >[203 + 60— 3(0)] + (ﬂ)og + (%)oc 3) /B ’

1 EI EI
Mcp = 2E| — |[26¢c + 65 — +0=|— + | — 4
cB (12>[ bc + 05 = 3(0)] + 0 ( 3 )96 ( 6 )93 (4) 2:2346K
Applying Eq. 11-10 for span CD,

Mcp = 3E( )(HC —0) + (—54) = (E41)0C — 54 5)

Equilibrium. At support B,
MBA + MBC =0

El El El

(0%, + (£ = 16 .

At support C,

MCB+ MCD:()

El El El
(5 Yoc + (B o + (B Joc - 54 =0

(0 + (E0)oy - 5 0
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11-11. Continued

Solving Egs. (6) and (7)

1392 660
€T 13EI BT 13EI

Substitute these results into Eq. (1) to (5)

Mg = 2446k ft = —245k-ft Ans.
Mpya = —0.9231 k- ft = —0.923 k- ft Ans.
Mpye = 09231 k- ft = 0.923 k- ft Ans.
Meg = 2723k -ft = 272k -ft Ans.
Mep = —2723k-ft = =272k ft Ans.

The negative signs indicates that M5, Mp,, and M, have counterclockwise
rotational sense. Using these results, the shear at both ends of spans AB, BC, and
CD are computed and shown in Fig. a, b, and ¢ respectively. Subsequently, the shear
and moment diagram can be plotted, Fig. d and e respectively.

V(K)
203

812

212 /?9, .5.6 X(f‘t)

> o= i

-157

442
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#*11-12. Determine the moments acting at A and B.
Assume A is fixed supported, B is a roller, and C is a pin.
El is constant.

wl? 3PL
S0 —54, (FEM)ge = e - -90

(FEM) 45

wL?
FEM = —
( )BA 20

81

Applying Eqgs. 11-8 and 11-10,

2E1
Map = T(OB) — 54

2EI
MBA = 7(203) + 81

3EI
Mpe = T(GB) - 90

Moment equilibrium at B:
Mps + Mpc =0

4E1 El
T(BB) + 81 + 703 -9 =0

9.529
0 = EI
Thus,
M, p = —51.9kN-m
Mgy = 852kN-m

MBC = —852kN-m

20 kN/m

80 kN

Ans.
Ans.
Ans.

(¥

11-13. Determine the moments at A, B, and C, then draw
the moment diagram for each member. Assume all joints
are fixed connected. EI is constant.

—4(18)?
(FEM) 45 = T = —108 k- ft

(FEM)y, = 108 k- ft
(FEM)pc = (FEM)cp = 0

4k/ft

18 ft
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11-13. Continued

I

M,p = 215(@)(2(0) + 65 — 0) — 108

M 45 = 0.1111E165 — 108 (1)
I

Mg, = 0.2222E16; + 108 (2)
I

Mpc = 0.4444E16, 3)

Mcg = 0.2222E160, 4)
Equilibrium
MBA + MBC =0 (5)

Solving Egs. 1-5:

g _ —1620
B EI
Mg = —126k-ft Ans.
MBA:72k'ft AnS.
Mpc = —T2k-ft Ans.
Mcp = —36k-ft Ans.
Maa
F;Mlc
72 &
ekt ___ _1___ 641 Kft
20kt
f2.0k }7 A ‘
N o
N I e .
3.0k 2ok ‘ g4.75f¢ ~72.0 t‘.k
-72.0 kft
%t
~126 k-ft
T 360k ft

330x
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11-14. Determine the moments at the supports, then draw
the moment diagram. The members are fixed connected at
the supports and at joint B. The moment of inertia of each
member is given in the figure. Take E = 29(10%)ksi.

-20(16)

(FEM)ap = —— = —40k-ft
(FEM)BA =40k-ft

~15(12)
(FEM)pe = — ¢ = —225k-ft
(FEM)cp = 22.5k - ft

My = ZE(%)(%N + 0p — 39) + (FEM)y

2(29)(10%)(800)
e — + p— -
AB 16(144) (2(0) + 65 — 0) — 40
M 45 = 20,138.890; — 40
2(29)(10%)(800)
=220, + 0 — 0) + 4
Ba 16(144) (205 +0 = 0) +40
MBA = 40,2777893 + 40
2(29)(10%)(1200)
BC = W(ZOB +0—0)—225
M e = 80,555.5505 — 22.5
2(29)(10%)(1200)
CB = W(Z(O) + 65 — 0) + 225

Mcg = 40,277.7705 + 22.5

Equilibrium.

Mgy + Mpc =0

Solving Egs. 1-5:

0 = —0.00014483
M p = —429k-ft
Mgy =342k -ft
Mpe = —342k-ft
Mcg = 16.7k-ft

M

(@)

®)

(4)

©)

Ans.

Ans.

20K 9'45 Kk
. 4290 k-H 1 Q
3%k, v
’£‘| + " 34064t
I 8 < 81 (
1055 896k
ot
—15 k.
ot
o4k 1
ﬁ//g. b7kft
945k
45 k-ft
-34.2 K-.f"
~92-9k-f1 T plerk
o7 AT
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11-15. Determine the moment at B, then draw the moment
diagram for each member of the frame. Assume the support
at A is fixed and Cis pinned. ET is constant.

Fixed End Moments. Referring to the table on the inside back cover,

wL? 2(3%)
(FEM) 5 = =" = =772 = ~1.50kN-m
wL?  2(3%)
(FEM), = "= = =77 = 150kN-m
(FEM)pc = 0

Slope-Deflection Equations. Applying Eq. 11-8 for member AB,

My = 2E(§)[2(0) + 05 — 3(0)] + (—1.50) = (zﬂ)e,, ~1.50 (1)
My, = 2E(§)[293 +0 - 3(0)] + 1.50 = (43&)93 + 1.50 )

Applying Eq. 11-10 for member BC,

Myc = 3E(£)(63 —0)+0= (3?71)03 3)

Equilibrium. At Joint B,
MBA + MBC =0

4E1 El
<T)03 + 1.50 + <3T)03 =0

072

= e

Substitute this result into Egs. (1) to (3)

M4 p = —1.98 kN -m Ans.
Mg, = 0.540 kN -m Ans.
Mpe = —0.540 kN - m Ans.

The negative signs indicate that M, and My have counterclockwise rotational
sense. Using these results, the shear at both ends of member AB and BC are
computed and shown in Fig. a and b respectively. Subsequently, the shear and
moment diagram can be plotted, Fig. ¢ and d respectively.

I74m |1.26m [-74m |/ -26m

2kN/m

4 m
Cl.| v
198 kn-m ’za)kNo.&wmm
7 ;
348’ /emV/:5m 2'5_2“
()
252 knl
0:540 kN-m
&> =035 kil
4m
2
~ 0435 kN
2.52 kN

(b)

2481 ’ '05”‘},'\
\ 0135 kN 1

4m

|
/_F /).540/0\1
2‘5‘2'(” l'?g kNm
4m
Cc) LL_()--/L35/<N
(4)
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*11-16. Determine the moments at B and D, then draw
the moment diagram. Assume A and C are pinned and B
and D are fixed connected. £ is constant.

(FEM)p4 = 0

(FEM)pp = (FEM)pp = 0

My = 3E(%)(9N — ) + (FEM)y

Mpy = 3E(%)(93 ~0)+0

Mpa = 02EI0

My = 3E<i>(03 —-0) - 30
20

My = 0.15EI65 — 30

Mgp = 2E(é>(293 +0-0)+0
My = 0.3333E10,

Mpg = ZE(é)(Z(O) +05—0)+0
Mpg = 0.1667E10;

Equilibrium.
MBA +MBC+MBD:0
Solving Egs. 1-5:

43.90
= e

My, = 878k ft
Mpge = 2341k - ft
Mpyp = 1463k ft
Mpg = 732k - ft

(M

(@)

)

(4)

)

Ans.
Ans.
Ans.
Ans.

8k
| 15 ft } 10 ft 10 ft—
5 -
A C
= s
'Bc
|
Mep
13
8.78k: 9.4:-!!. l
3 132
Z7n O
| 14-6 kS 4 SIS
0585 o585k —1‘.03 bs-mt 283k
1284
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11-17. Determine the moment that each member exerts
on the joint at B, then draw the moment diagram for each
member of the frame. Assume the support at A is fixed and

C s a pin. EI is constant.

Fixed End Moments. Referring to the table on the inside back cover,

PL  10(12
(FEM) 5 = —¢ = ——(8 ) _ i5k-ft (FEMY,, - DL
2 2(15?
(FEM) ¢ = —% = - (8 ) 5625kt

PL  10(12)

8

Slope Reflection Equations. Applying Eq. 11-8 for member AB,

My = 2Ek(20y + 0p — 3i) + (FEM)y
EI

Mg = 2E<é)[2(0) + 05 — 3(0)] + (-15) = (—)93 -15

6
1

For member BC, applying Eq. 11-10

I EI
Mpe = 3E(E)(03 —0) + (—56.25) = (?)03 — 5625

Equilibrium. At joint B,

MBA+MBC:0

EI EI
<7)93 +15 + <?>93 ~5625=0

_77.34375
b EI
Substitute this result into Egs. (1) to (3)
My p=—-2109k-ft = =211k - ft

Mpa = 4078k -ft = 40.8k - ft

Mpe = —40.78 k- ft = —40.8 k - ft

8

10k

2 k/ft

Lyl

=15k-ft

(M

@

)

Ans.
Ans.
Ans.

The negative signs indicate that M, and Mg have counterclockwise rotational
sense. Using these results, the shear at both ends of member AB and BC are
computed and shown in Fig. a and b respectively. Subsequently, the shear and

Moment diagram can be plotted, Fig. ¢ and d respectively.
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11-17. Continued

— B.223k. 205) k
8-223K ) jr_g-_zzak.
40-75bftfl 75fe | 75ft 1]2.28k
1772 K

pii b)

886t 614t

77k} ﬂ\
\ oft | z/fo-a k-fl
oh N 4

bt - 211kt
(4)

S 1 g
4

[-78 k. ()
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11-18. Determine the moment that each member exerts
on the joint at B, then draw the moment diagram for each
member of the frame. Assume the supports at A, C, and D
are pins. EI is constant.

12kN/m

Fixed End Moments. Referring to the table on the inside back cover,

wL?  12(8%)
(FEM)BA = ? = 8

=96kN-m (FEM)gzc = (FEM)g, = 0

Slope-Reflection Equation. Since the far end of each members are pinned, Eq. 11-10
can be applied

My = 3Ek(Oy — ) + (FEM)y

For member AB,

Mgy = 3E<é)(03 —0) +9 = (%)03 + 96 (1)

For member BC,
Mpe = SE(é)(GB -0)+0= (%)93 (2)

For member BD,
Mpgp = SE(é)(OB -0)+0= %03 (3)

Equilibrium. At joint B,
MBA + MBC+ MBD =0

3E1 EI El
<?)03 + 96 + <7>93 + 703 =0

g 168
B 11EI

Substitute this result into Egs. (1) to (3)

Mgy = 69.82kN-m = 69.8 kN -m Ans.
Mpe = —3491kN-m = —349kN-m Ans.
Mpp = —3491kN-m = —349kN-m Ans.

The negative signs indicate that My~ and My, have counterclockwise rotational
sense. Using these results, the shear at both ends of members AB, BC, and BD are
computed and shown in Fig. a, b and c respectively. Subsequently, the shear and
moment diagrams can be plotted, Fig. d and e respectively.

428




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

11-18. Continued

Aq6982knm 34.91kN-m
= 56-73kN ____ém |

5.818 knl (b 5.816kN
12(8) KN 34.9/ kN

————————

L bom Gn’b 5l
I: 5.82 kN ;IF I

567 KN

473m

327 m

L .
393k
()
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11-19. Determine the moment at joints D and C, then 3k/ft
draw the moment diagram for each member of the frame. l l l l l l l
Assume the supports at A and B are pins. E/ is constant. D ¢

12 ft

A B_v

: , - st } 10 ft —sn
Fixed End Moments. Referring to the table on the inside back cover,
wL?  3(10%) wL?  3(10%)
(FEM)pc = T T 25k-ft  (FEM)¢p = o - 1 25k-ft

(FEM)ps = (FEM)cp = 0
Slope-Deflection Equations. For member CD, applying Eq. 11-8

Mpc = 25(1)[200 + 0c — 3(0)] + (-25) = (%)OD + (ﬂ)oc -25 (1)

10 5 5
1 2EI EI
For members AD and BC, applying Eq. 11-10
1 3EI
1 3EI
= - — +0=(—7
Mcp 3E<13)(6C 0)+0 ( 3 >9c (4)

Equilibrium. At joint D,
MDC + MDA =0

2E1 El 3E1
= op+ | —)oc—25+ (= )op =
(oo + (B Joc 25 + (3 Yoo = 0

41E1 El

[ + P —

(450, + (EY -2 .
Atjoint C,

Mcp + Mcp =0

2E1 El 3EI
o+ (= )op + 25+ (= )oc =
( 5 >9C (5 )OD 25 (13 >9C 0
41E1 El
I + _— = —
( & )OC ( 5 )OD 25 (6)
Solving Egs. (5) and (6)

1625 1625

O =g %= “ospr

Substitute these results into Eq. (1) to (4)

Mpe = 1339k -ft = —13.4 k- ft Ans.
Mep = 1339k-ft = 134k - ft Ans.
Mpy = 1339k -ft = 134 k- ft Ans.
Mep = —1339k-ft = —13.4 k- ft Ans.
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11-19. Continued

The negative signs indicate that M~ and M5 have counterclockwise rotational
sense. Using these results, the shear at both ends of members AD, CD, and BC are
computed and shown in Fig. a, b, and c respectively. Subsequently, the shear and
moment diagrams can be plotted, Fig. d and e respectively.

30) k.
13-39 k-ft 13:37 Kft

~1-03k_
Z/-O.Sk., \
13f¢
Ok
1339 K-ft 5
/.030 k.

/370‘5 [.03 K

L 5ft ’Jl‘l Sht

13§t
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*11-20. Determine the moment that each member 12 kN/m )
exerts on the joints at B and D, then draw the moment
diagram for each member of the frame. Assume the 10kN Y V V) )

\ /

supports at A, C, and E are pins. EI is constant.

4m
ISKN |
Fixed End Moments. Referring to the table on the inside back cover,
(FEM)p4 = (FEM)pp = (FEM)pp = 0 4m
L? 16(3%
(FEM)pe = —— = - G) - iskNm
8 8
L2 12(3°
(FEM)p = f% = - ; ) L 135KN-m

Slope-Deflection Equations. For member AB, BC, and ED, applying Eq. 11-10.

My, = 3E(£)(93 —0)+0= (3%)03 (1)
(I
Myc = 3E 5)(03 —0) + (~18) = EI9; — 18 )
(I
Mpy = 3E 5)(00 —0) + (-135) = EIf,, — 135 3)

For member BD, applying Eq. 11-8
My = 2Ek(20y + 0 — 3¢) + (FEM)y

Mpyp = 2E<£)[263 +0p —3(0)] + 0= Elfg + <%>9D (4)

1 EI
Equilibrium. At Joint B,

MBA+MBC+MBD:O

3E1 EI

(1{#)03 + (b;l)e,) =18 (6)

Atjoint D,
MDB + MDE =0

El

EI
2EIf, + (7)03 =135 (7)

Solving Egs. (6) and (7)

39 75

O0p= — @, = ——
5791 P 14EI
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11-20. Continued

Substitute these results into Egs. (1) to (5), 4 177 ku'm
Mg, = 4179kN-m = 418 kN-m Ans. 1045 kN
Mpe = —1243kN-m = —12.4kN-m Ans. I
Mpg = —8143kN-+-m = —8.14 kN -m Ans.
Mpyp = 825kN-m Ans.
Mpp = 8.143kN-m = 8.14kN-m Ans.

The negative signs indicate that M- and M, have counterclockwise rotational
sense. Using these results, the shear at both ends of members AB, BC, BD and DE
are computed and shown on Fig. a, b, ¢ and d respectively. Subsequently, the shear
and moment diagram can be plotted, Fig. e and f.

gskem | 4.098

7\

/'5m— ®
28.1 A
(b)

[-726M | [, 274m

19-66 kn 4m 1 )

| [726m |[-274m

P Ees g4 knm|

20TKN] \ 8.25 KN |

T N T ‘

8-l k-1

15:3 kN

4m [759m,, - 241"
{28 ke

% 4.10 kN

/\T

19-9KkN

K
-

104 kN
e)
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11-21. Determine the moment at joints C and D, then
draw the moment diagram for each member of the frame.
Assume the supports at A and B are pins. E/ is constant.

8 kN/m
Fixed End Moments. Referring to the table on the inside back cover,

wl? _ 8(6%)
8 8

(FEM)py = =36kN-m

=]

BEh 1

(FEM)pc = (FEM)cp = (FEM)cp = 0
Slope-Deflection Equations. Here, yip, = icp = Y and ypc = pep = 0
For member CD, applying Eq. 11-8,

My =2Ek 20y + 0 — 3¢) + (FEM)y

AET 2E1

&
q

;g
S ES

R

PR SR
By

MRS
S ageR yiedly

ISR PR

R
apeS pieal

1

Sm

|
g

Mpc = 2E<§)[20D +0c —3(0)] +0 = (?)90 + (?

4EI) (ZEI

Mcp = ZE(é)[Zﬂc +0p = 3(0)] + 0= (

5

5

For member AD and BC, applying Eq. 11-10
My = 3Ek (Oy — ) + (FEM)y

Mpa = 3E<é)(90 — ) + 36 = (2)90 _ (%

2
1 El El
= - — +0=[(— — [ ==
Mcp 3E(6)(96 ¥) +0 ( ) )90 ) )'/f
Equilibrium. At joint D,
MDA + MDC = O

(%0 = (Yo + 36 () + (Yo =0
2 )P WA 5 )P 5 )¢
13EI0) + 0.4EI0. — 0.5ELy = -36

Atjoint C,
Mcp + Mcp =0

(5 (2 (e (o

5 5 2 2
04E10p + 1.3E10c — 0.5EIy =0

Consider the horizontal force equilibrium for the entire frame

ENF, =0, 86) —V4—Vs=0

Referring to the FBD of member AD and BC in Fig. a,

C+XMp=0; 8(6)(3) — Mpy — Va(6) =0

Mp,
V=24 -
A 6
and
C+XMc=0; —Mcp— Vg(6) =0
Mcp
Vg =2 =0
B 6

J
o

¥+ 36

€)

®)

(6)

o o e e e e e e e

IJ;

4
i

v

[OQ
Y
S

¥

ém

3467 kN
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11-21. Continued

Thus,

o (-5) - (5 =0

Mpy+ Mcep = —144

El El El El

0.5EI0), + 05EI0 — EIy = —180

Solving of Egs. (5), (6) and (7)
80 40 240

=% T E VT E
Substitute these results into Egs. (1) to (4),
Mpe = 64.0kN-m
Mcp = 80.0 kN -m
Mps = —64.0kN-m

Mcp = —80.0kN-m

The negative signs indicate that M, and M5 have counterclockwise rotational
sense. Using these results, the shear at both ends of members AD, CD, and BC are

64.0 kN-m

5m

80.0 kN-m

z8-8 kn
)

™)

Ans.
Ans.
Ans.
Ans.

288K

80.0 kN'm
13.33 kN

em

computed and shown in Fig. b, ¢, and d, respectively. Subsequently, the shear and

moment diagram can be plotted, Fig. e and f respectively.

‘ P {’3'5'“' C ,13.3kN
.67m|2&- 8K /
1T
4.33m
4 |
8

18.33 kN

a4)

5m

64.04m)]

80.0 H-Q

(e

167m

4.33m

75| KN-m
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11-22. Determine the moment at joints A, B, C, and D, /J —
then draw the moment diagram for each member of the D C
frame. Assume the supports at A and B are fixed. EI is
constant.
3m

Fixed End Moments. Referring to the table on the inside back cover, A B

w2 30(3%) 30 kN /m —
FEM)p= ——— = — = 13.5kN-
(FEM)4p 20 20 m 1 3m |

wL?  30(3%)

FEM =—= = 9kN-
( )DA 30 30 m

(FEM)pc = (FEM)¢cp = (FEM)cp = (FEM)ge = 0

Slope-Deflection Equations. Here,  y\p = Yps = Ypc = e = ¥
and ycp = ¢pc = 0

Applying Eq. 11-8,

For member AD,
Mip = 2E(§>[2(0) + 6p — 3y] + (—=13.5) = <23£)OD —2EIy — 135 (1)
Mpy = 2E<§)(20D +0—-3p)+9 = (%)90 —2El§ + 9 (2)

For member CD,

For member BC,
Mpc = 2E<§)[2(0) +6c—3Y] +0= (23&)% — 2EL) (5)
Mg = 2E(§>[20C +0-3)]+0= (43ﬂ)ﬂc — 2EILy (6)

Equilibrium. At Joint D,

MDA+MDC:O

(43&)00 —2EIy + 9 + (gﬂ)ol) + (%ﬂ)ec =0

(?)% + <2]35—’)9C o 7)

Atjoint C,

Mcp + Mcp =0

4E1 2EI 4ET
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11-22. Continued

Consider the horizontal force equilibrium for the entire frame,
1

L3 F, =0 5(30)(3) - V,4=-Vg=0

Referring to the FBD of members AD and BC in Fig. a

C+IMp =0 GBI = Mps — Map = V() = 0

Mp, M 4p
V=30 — -
A 3 3
and
C+DXMc=0; —Mcg— Mpe —Vp(3) =0
Mcp M pc
Vp= — B S
B 3 3
Thus,
1 Mpa MAD) < Mcp MBC) _
S30)3) <30 ; ; ; 7<) =0

MDA+ MAD+ MCB+ MBC: —45

(%)% —2EIy +9 + <2%)0D —2ELp — 135 + (4%)90 ~2Ely

+ (213571)% —2EIy = —45

2EI0p + 2EI6. — 8EIy = —40.5 9)
Solving of Egs. (7), (8) and (9)
261 9 351

%= Seer """ seer VT sokd
Substitute these results into Eq. (1) to (6),
Myp = -2593kN-m = —259kN-m Ans.
Mpy = —3321kN-m = —=332kN-'m Ans.
Mpc =3321kN-m = 332kN-'m Ans.
Mcp = 6321kN-m = 6.32kN-m Ans.
Mpe = —9429kN-m = —943kN-m Ans.
Mcp = —6321kN-m = —6.32kN-m Ans.

The negative signs indicate that M, M, ., M~ and M- have counterclockwise
rotational sense.Using these results, the shear at both ends of members AD, CD and
BC are computed and shown on Fig. b, ¢ and d, respectively. Subsequently, the shear

and moment diagram can be plotted, Fig. e and d respectively.
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11-22. Continued

Mo
MC&
- ; t‘
/
2m //
GO | 3m
lﬂl /’
/
L v
/8= A
(@)
6.321 kA-m
w( M 1
3.2/4 kN |
3321 kKN.M 3.214-kA
()
am
D A 5.25KN c (5,25[0,
1 Ve
S
/'98m
C “ Bb
3975 (e )

32 kN-m
A
525, )\‘
1 f
]
!
Am II
]
L /
(30)(: bl;
Z 5)__: ,I
Im I,'
Sl 397040
25:93 kN.m
(b)
| 6321 kN-m
525 kal
: =
3m
“p== 526 kN
\{/%429 kn-m
@)
3m
RHK c
’ \ -,( 6.32 kn-m
D )
1.02m
—+ T
— 6.9 1 kN+m
/-96m \
. 4 |
Vel
A 259 kN-m 39.43k/o-m
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11-23. Determine the moments acting at the supports A 4k fft
and D of the battered-column frame. Take £ = 29(10°)ksi,
I = 600 in*. B vyvyvyC
6k
20 ft
A D |
}—; 15 ft 20 ft 15 ft —

2 2

FEM) e = — 5 — 1600 k-in.  (FEM)ep = 55 — 1600 k -in.
BC 12 CB 12
OA = BD = 0
_. _A
Yap = ep = 25
124
5% 0

Wpc = —15¢cp = —1.5¢4p
= =154 (where ¢ = e, ¥ = Yap = ¥ep)

600
= +05—3Y)+0= -
Map 2E( s 2))(0 05 — 30) + 0 = 116,00005 — 348,004
Mgy = 2E( 600 >(20 + 0 — 3¢) + 0 = 232,00005 — 348,000y
BA 25(12) B ,0000 5 )
Mpe = 2E( 600 )(2@ + 6 — 3(—1.5¢)) — 1600
BC 20(12) B T Oc Sy

= 290,00005 + 145,000 + 652,500¢ — 1600

600
=2FE(—— + 05 — 3(—1.5¢)) +
My 2E< 200 12))(29C 05 — 3(—1.5¢)) + 1600
= 290,0000 + 14500005 + 652,500 — 1600
600
= +0 - +
Mcp 2E(20(12))(20C 0—3y) +0

= 232,0000 — 348,000y

600
25(12)

= 116,0000. — 348,000

MDCZZE( )(0+0c_3l,[l)+0

Moment equilibrium at B and C:
Mgy + Mpe =0
522,00005 + 145,0000- + 304,500 = 1600 (1)
Mcp+ Mcp =0
145,00005 + 522,0000, + 304,500 = —1600 2)
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11-23. Continued

using the FBD of the frame,

C+> My =0;
Mgy + M
Mg+ Mpe — (W}mmm(lz)
Mpc + Mcp _
—<W>(41.667)(12) ~ 6(13.333)(12) = 0

—0.667M 45 — 0.667M pc — 1.667Mp, — 1.667Mcp — 960 = 0
464,00005 + 464,0000 — 1,624,000y = —960
Solving Egs. (1), (2) and (3),
65 = 0.004030 rad
0c = —0.004458 rad
= 0.0004687 in.
M p = 254k-ft Ans.
64.3 k- ft

5
N
Il

Mpe = —643 k- ft

Mcg = 99.8 k- ft

Mcp = —99.8k - ft

Mpc = —56.7k-ft Ans.
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*11-24. 'Wind loads are transmitted to the frame at joint E.
If A, B, E, D, and F are all pin connected and C is fixed
connected, determine the moments at joint C and draw the
bending moment diagrams for the girder BCE. EI is constant.

Wpc = Yce =0
Yap=Ycp = Ycr =¥
Applying Eq. 11-10,

3E1

MCB = T(BC - 0) + 0
3EI

Mcg = T(BC -0)+0
3EI

MCD:T(OC_‘/’)"'O

Moment equilibrium at C:
MCB + MCE + MCD =0

3EL, 4 3EL, 3
6 \Yc 4 Wce ]

(bc —¢) =0
Y = 4.3336,

From FBDs of members AB and EF:

C+DXMp=0; Vp=0

E
[ [ W |-— 12 kN

‘ 6m

e
) A

) el A

Since AB and FE are two-force members, then for the entire frame:

ENFp=0, V), —12=0; V,=12kN

From FBD of member CD:
C+EMC =0; Mcp—12(8) =0

Mcp = 96 kN-m
From Eq. (1),

3
96 = SEI(Bc — 43330c)

5. - ~768
¢ El
From Eq. (2),
. —332.8
El

Thus,
MCB = —38.4kN-in
MCE = —57.6 kN-m

ey
Ans. 8 "
4 1240

Ans.

Ans.
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