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16-1. Determine the structure stiffness matrix K for
the frame. Assume 1) and @) are fixed. Take E = 200 GPa,
I =300(10°) mm*, A = 10(10*) mm? for each member.

Member Stiffness Matrices.

The orgin of the global coordinate system will be set at joint (D).
For member and [2 ], L = 4m

AE 0.01[200(10%)]

_ 6
. 1 500(10°%) N/m
12E1  12[200(10%)][300(107°)
- : 4]3[ L 11.25(10°) N/m
6EI  6[200(10%)][300(107°
o= [200( )iE 0 _ 22.5(10°) N
4EI  4[200(10%)][300(10°°
4E1 _ 41200( )J4[ ao™] _ 60(10% N-m
2EI  2[200(10°)][300(10™°
2B 2200 )14[ Sl 30(10°) N-m
4 — _
For member [1],A, = TO =land ), = 0470 = 0. Thus,
7 8 9 1 2 3
500 0 0  —500 0 0 |7
0 1125 225 0 —1125 225 |8
0 22.5 60 0 -225 30 |9
k| = 6
! -500 0 0 500 0 o |19
0 —1125 -225 0 1125  —225 |2
0 22.5 30 0 -225 60 |
-4 -4 -0
For member ,)\x = v =0and A, = 2 = —1.Thus,
1 2 3 4 5 6
11.25 0 225 -1125 0 225 |1
0 500 0 0 -500 0 |2
. -22. 3
K = 22.5 0 60 25 0 30 (10°)
-1125 0  -225 1125 0 -225 |4
0 =500 0 0 500 0 |5
| 225 0 30 —225 0 60 |6
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16-1. Continued

Structure Stiffness Matrix. 1t is a9 X 9 matrix since the highest code number is 9. Thus,

1 2 3 4 5 6 7 8 9
[511.25 0 225 -1125 0 225 =500 0 0 1
0 51125 -225 0 -500 0 0 —1125 -2225|2
25 225 120 -225 0 30 0 225 30 |3
-1125 0 225 1125 0 -225 0 0 0 |4 Ans
K= 0 —500 0 0 500 0 0 0 0 5 (10°) )
225 0 30 -225 0 60 0 0 0 |6
—500 0 0 0 0 0 500 0 0 |7
0 -1125 225 0 0 0 0 1125 225 |8
L 0 -225 30 0 0 0 0 25.5 60 ]9

16-2. Determine the support reactions at the fixed
supports (U and ). Take E = 200 GPa, I = 300(10°) mm?*,
A = 10(10*) mm? for each member.

Known Nodal Loads and Deflections. The nodal load acting on the
unconstrained degree of freedom (code number 1,2 and 3) are shown in

Fig.a and b.
(074
-5(10% |1 (0) 2
Q=] —24(10°) |2 and D, = ol7
11(10%) |3
(10°) 0ls
109

Loads-Displacement Relation. Applying Q = KD,

[ —5310% ] [ 51125 0 25 | —1125 0 225 -500 0 0 D,
—24(10%) 0 51125 -225 . 0 =500 0 0 —1125 -225 D,
11(10°) 25 25 120 -25 0 30 0 225 30 D,
0, ~1125 0  -225 1125 0 -225 0 0 0 0
0os |=| o 500 0 0 500 0 0 0 0 |ao%| o
o} 2.5 0 30 -25 0 60 0 0 0 0
0, -500 0 0 0 0 0 500 0 0 0
0Os 0 —1125 225 0 0 0 0 1125 225 0
0 | L o -225 30 0 0 0 0 225 60 | L 0
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16-2. Continued

From the matrix partition, Q, = K;D, + K;;Dy,

—5(10%) = (511.25D; + 22.5D5)(10% 1)
—24(10%) = (511.25D, — 22.5D5)(10°) )
11(10%) = (22.5D, — 22.5D, + 120D;)(10°) (3)

Solving Egs. (1) to (3),
D, = —1357(10% m D, = —43.15(10°%m  D; = 86.12(107°) rad

Using these results and applying Q, = Ky, D, + Ky,)Dy,

Q, = —11.25(10%)(—13.57)(107°) + (—22.5)(10°)(86.12)(107%) = —1.785 kN
Qs = —500(10°)(—43.15)(107%) = 21.58 kN

Qg = 22.5(10%)(—13.57)(107%) + 30(10°)(86.12)(107°%) = 2.278 kN -m

Q; = —500(10°)(—13.57)(107°%) = 6.785 kN

Qg = —11.25(10%)(—43.15)(107%) + 22.5(10°)(86.12)(107°) = 2.423 kN

Qy = —22.5(10%)(—43.15)(107%) + 30(10°)(86.12)(107°) = 3.555kNm

Superposition these results to those of FEM shown in Fig. a,

Ry = —1785+5=3214kN =321 kN — Ans.
Rs = 21.58 + 0 = 21.58 kN = 21.6 kN 1 Ans.
Re=2278 —5=—-272kN-m =272kN'm ) Ans.
R; = 6785 +0=678kN = 6.79kN — Ans.
Rg = 2423 + 24 = 2642 kN = 26.4 kN 1 Ans.
Ry =3555+ 16 =1955kN'm = 19.6kN-m O Ans.

10(4) _
g =oKkim /é;—5»=/m)-\wi4 K
243 j2kelm 5Ky .
¢ — !
N 5
16 kn-m @ @
24 kI IZ
TG
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16-3. Determine the structure stiffness matrix K for
the frame. Assume (). is pinned and (. is fixed. Take
E =200 MPa, I = 300(10°) mm*, A = 21(10°) mm? for

each member.

For member 1

5

AE _ (0020)@00)(10)

Lo

A, A, =0

~ (12)(200)(10°)(300)(10)

12E1
3

i s = 840000 = o = 5760
6(200)(10°)(300)(107° 2(200)(10%)(300)(107°
6E1 _ 6(200)(10°)(300)(107) 14400 2E1 _ 2(200)(10°)(300)( ):24000
L? 52 5
4(200)(10°)(300)(10°°
4EI _ 4(200)(10°)(300)(107°) 43000
L 5
[ 840000 0 0 —840000 0 0 ]
0 5760 14400 0 —5760 14400
o 0 14400 48000 0 —14400 24000
! —840000 0 0 840000 0 0
0 —5760  —14400 0 5760  —14400
0 14400 24000 0 —14400 48000 |
For member 2
0— (—4)
A, =0 A, = - 1
AE  (0.021)(200)(10° 12EI  (12)(200)(10%)(300)(107°
AE _( )(200)(10%) 1050000 L (12)(200)( 3)( )(107) 11250
L 5 L 4
6(200)(10°)(300)(10°° 2(200)(10°)(300)(10°°
6E1 _ 6(200)(10°)(300)(107°) 5500 2EI _ 2(200)(10°)(300)(107°) 30000
12 42 L 4
4(200)(10°)(300)(107°
AEL _ 4(200)(10°)(300)(107°) 60000
L 4
[ 11250 0 —22500 —11250 0 —22500]
0 1050000 0 0 —1050000 0
o _ —22500 0 60000 22500 0 30000
2 —11250 0 22500 11250 0 22500
0 —1050000 0 0 1050000 0
| —22500 0 30000 22500 0 60000 |
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16-3. Continued

Structure Stiffness Matrix.

[ 851250 0 22500 22500  —11250 0 —840000 0 0
0 1055760 —14400 0 0 —1050000 0 —5760  —14400
22500 —14400 108000 30000  —22500 0 0 144000 24000
22500 0 30000 60000  —22500 0 0 0 0
K=| —11250 0 —22500 —22500 11250 0 0 0 0 Ans.
0 — 1050000 0 0 0 1050000 0 0 0
—840000 0 0 0 0 0 840000 0 0
0 —5760 14400 0 0 0 0 5760 14400
. 0 —14400 24000 0 0 0 0 14400 48000 |
*16-4. Determine the support reactions at (L. and 3.
Take E = 200 MPa, I = 300(10°) mm*, A = 21(10%) mm?
for each member.
g 0
D = g Qe = 380
Lo, '
07 [ 851250 0 22500 22500  —11250 0 —840000 0 0 1[D]
0 0 1055760  —14400 0 0 —1050000 0 —5760 —14400 || D,
300 22500 —14400 108000 30000  —22500 0 0 14400 24000 D;
0 22500 0 30000 60000  —22500 0 0 0 0 D,
Os | =| —11250 0 —22500 —22500 11250 0 0 0 0 0
Qs 0 —1050000 0 0 0 1050000 0 0 0 0
Oy —840000 0 0 0 0 0 840000 0 0 0
Og 0 —5760 14400 0 0 0 0 5760 14400 0
LOQy] L O —14400 24000 0 0 0 0 1440 48000 || 0 |
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16-4. Continued

o | 5m ‘E];}?aom-m
71.07A'Nm|
44-37 Kl
4m
Partition matrix 3é-30m
0 851250 0 22500 22500 || D, 0 M
0] 0 1055760  —14400 0 D, N 0
300 22500  —14400 108000 30000 || Ds 0
0 22500 0 30000 60000 | | Dy 0
0 = 851250D, + 22500D; + 22500D,
0 = 1055760D, — 14400D;
300 = 22500D, — 14400D, + 108000D5 + 30000D,
0 = 22500D, + 30000D; + 60000D,
Solving.
D, = —0.00004322 m D, = 0.00004417 m D3 = 0.00323787 rad
D, = —0.00160273 rad
Os —11250 0 —22500 —22500 —0.00004322 0
Os 0 —1050000 0 0 0.00004417 0
0; | = | —840000 0 0 0 ’ 0
0.00323787
Os 0 —5760 14400 0 —0.00160273 0
Qo 0 —14400 24000 0 ' 0
Qs = —363kN Ans.
Q¢ = —46.4 kN Ans.
07 = 36.3kN Ans.
s = 46.4 kN Ans.
Q9 =771 kN-m Ans.
Check equilibrium

COF,=0; 3630 — 3630 = 0 (Check)
+13F,=0; 4637 — 4637 = 0 (Check)

C+ My =0; 300+ 77.07 — 36.30(4) — 46.37(5) = 0 (Check)
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16-5. Determine the structure stiffness matrix K for the frame. 9
Take E = 200 GPa, I = 350(10°) mm* A = 15(10°) mm?
for each member. Joints at 1) and 3 are pins.

60 kN 2

Member Stiffness Matrices. The origin of the global coordinate system will be set at joint (0.

For member and [2],L = 4m.
AE  0.015[200(10%)]

i n = 750(10°) N/m
9 —6
12;:1 _ 12[200(10 1]3[350(10 )] _ 13.125(10 N/m
(] —6
615721 _ 4[200(10 )]£350(10 )] 2625(10°) N
L 4
(¢ —6
4E1 _ 4[200(10%)][350(10°°)] _ 700109 N-m
L 4
(] —6
% _ 2[200(10 )]4[350(10 )] _ 35(10° N-m

For member [1],A, = - land A, = - 0. Thus,

8
[ 750
0
0
—750
0
0

9
0
13.125
26.25
0
—13.125
26.25

For member [2 ], A, =

1
[ 13.125
0
26.25
-13.125
0

| 2625

2
0
750
0
0
=750
0

4 —

4-0 0-0
5 1 2
0 -750 0
26.25 0 —13.125
70 0 -26.25
0 750 0
-26.25 0 13.125
35 0 —26.25
4 =0,and A, = _44_ 0
3 6 7
2625 —13.125 0
0 0 -750
70 —26.25 0
-26.25 13.125 0
0 0 750
35 -26.25 0

3
0
26.25
35
0
—26.25
70

L
W N = L O ®

(10

(106)

A9 LW N
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16-5. Continued

Structure Stiffness Matrix. 1t is a9 X 9 matrix since the highest code number is 9. Thus

1 2 3 4 5 6 7 8 9
[ 763.125 0 26.25 26.25 0 —-13.125 0 =750 0 1
0 763.125 —26.25 0 —26.25 0 =750 0 —13.125 |2
26.25 —26.25 140 35 35 —26.25 0 0 2625 |3
26.25 0 35 70 0 —26.25 0 0 0 4
k=1 -2625 35 0 70 0 0 o 2605 |50 Ans.
—13.125 0 —26.25 —26.25 0 13.125 0 0 0 6
0 =750 0 0 0 0 750 0 0 7
=750 0 0 0 0 0 0 750 0 8
L 0 —13.125  26.25 0 26.25 0 0 0 13125 |9
16-6. Determine the support reactions at pins 4 and ®. 9 60 kN 2
Take E = 200 GPa, I = 350(10°) mm*, A = 15(10*) mm?
for each member.
4m
Known Nodal Loads and Deflections. The nodal load acting on
the unconstrained degree of freedom (code numbers 1,2, 3,4, and 5)
are shown in Fig. a and Fig. b.
0 1
—41.25(10%) |2 8 g
Q =| 4510 |3 and D, = ols
0 4 olo
0 5
Loads-Displacement Relation. Applying Q = KD,
0 ] [ 763.125 0 26.25 26.25 0 —13.125 0 =750 0 [ D,
—41.25(10%) 0 763.125  —26.25 0 —26.25 0 —750 0 —13.125 D,
45(10%) 2625  —2625 140 35 35 2625 0 0 26.25 D,
0 26.25 0 35 70 0 —26.25 0 0 0 D,
0 = 0 ~2625 35 0 70 0 0 0 2625 | (10% | Ds
Qs —13.125 0 -26.25 —26.25 0 13.125 0 0 0 0
0, 0 =750 0 0 0 0 750 0 0 0
Os =750 0 0 0 0 0 0 750 0 0
. 0 | L o —13.125  26.25 0 26.25 0 0 0 13.125 | L0
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16-6. Continued

From the matrix partition, Q, = KD, + K;;Dy,

0 = (763.125D; + 26.25D5 + 26.25D,)(10°) 1)
—41.25(10% = (763.125D, — 26.25D; — 26.25D5)(10°) 2)
45(10%) = (26.25D; — 26.25D, + 140D5 + 35D, + 35Ds)(10%) (3)

0 = (26.25D; + 35D + 70D,)(10%) (4)

0 = (—26.25D, + 35D + 70D5)(10°) %)

Solving Egs. (1) to (5)

D, = —7.3802(10%) D, = —47.3802(10°%) D5 = 423.5714(107%)

Dy = —209.0181(107%) D5 = —229.5533(107°)

Using these results and applying Q,, = K,D,, + K»Dy,
O = (—13.125)(10%) — 7.3802(107%) — 26.25(10°)423.5714(10°) — 26.25(10%) — 209.0181(107°) + 0 = —5.535kN

07 = —750(10%) — 47.3802(107%) + 0 = 35.535kN
Qg = —750(10%) — 7.3802(10°%) + 0 = 5.535kN
0y = —13.125(10°%) — 47.3802(107%) + 26.25(10°%) + 423.5714(107%) + 26.25(10°) — 229.5533(107°) + 0 = 5.715kN

Superposition these results to those of FEM shown in Fig. a,

R¢ = —5.535kN + 0 = 5.54 kN Ans.
R; = 35535 + 0 = 35.5kN Ans.
Rg = 5.535 + 0 = 5.54kN Ans.
Ry = 5.715 + 18.75 = 24.5kN Ans.

60 kn 4125 kKN

N2 54‘5M'm
hA —t TI]
T
Zm | 2m | 4125 KN 2
1875 kN

(@)
6
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16-7. Determine the structure stiffness matrix K for 2
the frame. Take E = 29(10°) ksi, I = 650in*, A = 20 in® T
for each member. 6k
3
4 k<—®
(1] @)
=
Member 1. 121t l 2]
10 — 0
M= =1 A =0
AE  20(29)(10%) 12EI  12(29)(10%)(650)
T 483333 = = 130.90 ©
L 10(12) L3 10Y(12)° =
6EI  6(29)(10%)(650) 4ET  4(29)(10%)(650) 10 ft
= = 785417 = T = 628333.33
L? (10)%(12)? L (10)(12)
2EI  2(29)(10%)(650)
= S T = 314166.67
L (10)(12)
[ 483333 0 0 —4833.33 0 0
0 130.90  7854.17 0 —130.90  7854.17
K 0 7854.17  628333.33 0 —7854.17 314166.67
! —4833.33 0 0 4833.33 0 0
0 -130.90 —7854.17 0 130.90  —7854.17
L 0 785417 314166.67 0 —7854.17 62833333 |
Member 2.
-12-0
/\x = 0 )\y = T = —1

AE  (20)(29)(10%) 12E1 _ 12(29)(10%)(650)

= = 4027.78 = 7575
L (12)(12) L (12)3(12)°
6EI  6(29)(10%)(650) 4EI  4(29)(10%)(650)
= = 545408 — =~ = 523611.11
L (12)%(12)* L (12)(12)
2ET  2(29)(10%)(650)
=~ = 261805.
I (12)(12) 61805.55
[ 7575 0 545428  —75.75 0 5454.28 |
0 4027.78 0 0 —4027.78 0
L o | 45428 0 523611.11 —5454.28 0 261805.55
2 ~75.75 0 —545428 7575 0 —5454.28
0 —4027.78 0 0 4027.78 0
| 5454.28 0 261805.55 —5454.28 0 523611.11 |
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16-7. Continued

Structure Stiffness Matrix.

[ 483333 0 0 —4833.33 0 0 0 0 0
0 130.90 7854.17 0 —130.90 7854.17 0 0 0
0 7854.17  628333.33 0 —7854.17  314166.67 0 0 0
—4833.33 0 0 4909.08 0 5454.28 =75.75 0 5454.28
K = 0 —130.90 —7854.17 0 4158.68 —7854.37 0 —4027.78 0 Ans.
0 7854.17 314166.67  5454.28  —7854.17 1151944.44 —5454.28 0 261805.55
0 0 0 =75.75 0 —5454.28 75.75 0 —5454.28
0 0 0 0 —4027.78 0 0 4027.78 0
. 0 0 0 5454.28 0 261805.55  —5454.28 0 523611.11 |
*16-8. Determine the components of displacement at (L. 2
Take E = 29(10°)ksi, I = 650in*, A = 20in® for each |
member. 6 kl 3
4k D=
1]
—
12 ft
F4]
0 -6 10 ft
D,=|0 Q, = (0)
0
0
L O
[(—47 [ 4833.33 0 0 —4833.33 0 0 0 0 0 [D]
-6 0 130.90 7854.17 0 —130.90 7854.17 0 0 0 D,
0 0 7854.17  628333.33 0 —7854.17  314166.67 0 0 0 D;
0 —4833.33 0 0 4909.08 0 5454.28 =75.75 0 5454.28 D,
0 |= 0 —130.90 —7854.17 0 4158.68 —7854.17 0 —4027.78 0 Ds
0 0 7854.17 314166.67 545428  —7854.17 1151944.44 —5454.28 0 261805.55 | | Dg
o) 0 0 0 =75.75 0 —5454.28 75.75 0 —5454.28 0
Og 0 0 0 0 —4027.78 0 0 4027.78 0 0
1 Qo] [ O 0 0 5454.28 0 261805.55  —5454.28 0 52361111 | O
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16-8. Continued

Partition Matrix.

47 [ 483333 0 0 483333 0 0 D, 0
-6 0 13090  7854.17 0 ~13090 785417 || D, 0
0, 0 785417 62833333 0 ~7854.17 31416667 || Dy | |0
0 —4833.33 0 0 4909.08 0 545428 || D, 0
0 0 ~130.90 —7854.17 0 415868  —7854.17 || D;s 0
o] | o 785417 314166.67 545428  —7854.17 1151944.44 || Ds | |0

—4 = 4833.33D, — 4833.33D,
—6 = 130.90D, + 7854.17D5 — 130.90D5 + 7854.17D;

0 = 7854.17D, + 628333.33D; — 7854.17D5 + 314166.67D;

0 = —4833.33D; + 4909.08D, + 5454.28D;

0 = —130.90D, — 7854.17D; + 4158.68D5 — 7854.17D¢

0 = 7854.17D, + 314166.67D; + 5454.28D, — 7854.17Ds + 1151944.44Dg

Solving the above equations yields

D; = —0.608 in. Ans.
D, = —1.12in. Ans.
D5 = 0.0100 rad Ans.
D4 = —0.6076 in.

Ds = —0.001490 in.

Dg = 0.007705 rad

16-9. Determine the stiffness matrix K for the frame. Take
E = 29(10%) ksi, I = 300in*, A = 10 in* for each member.

Member Stiffness Matrices. The origin of the global coordinate system will be set at
10 -0

. 0-0
joint U. For member [1|,L = 10ft,A, = ——— = 0 and Ay =

10 10 !
AE  10[29(10°)] ‘ 12EI  12[29(10%)](300) '
= T~ 041667k = = 60.4167 k
i 10(12) 6.67 k/in i [0(12)] 60.4167 k/in
6[29(10%)](300 4129(10%)](300
—6EZI _ 6[29(107](300) )](2 ) _ 3625 k 4EL _ 4[2901091300) 290000 k - in
L [10(12)] L 10(12)
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16-9. Continued

21 _ 229010)]300)

T— 10(12) = 145000 k - in
8 9 5 1 2 3
60.4167 0 —-3625 —60.4167 0 —-3625 | 8
0 2416.67 0 0 —2416.67 0 |9
k, =| -3625 0 290000 3625 0 145000 | 5
—60.4167 0 3625  60.4167 0 3625 |1
0 —2416.67 0 0 2416.67 0 |2
L —3625 0 145000 3625 0 290000 | 3
20 — 10 — 1
For member [2 |, L = 20 ft, A, = 0-0_ 1and A =u=0.
20 Y 20
10[29(10° 12[29(10%)](300
AE _ 1029009] _ 1208.33 k/in 12E31 _ 122 )](3 ) _ 7.5521 k/in
L 20(12) L [20(12)]
6EI  6[29(10%)](300) 4ET  4[29(10%)](300) .
— = = 90625k — == = 145000 k -
L2 [20(12)2 L 20(12) n
2EI  2[29(10%)](300) .
. - 20(12) = 72500 k - in
1 2 3 6 7 4
1208.33 0 0 —1208.33 0 0 1
0 75521 906.25 0 75521 90625 |2
o — 0 906.25 145000 0 —906.25 72500 |3
: —1208.33 0 0 1208.33 0 0 6
0 —7.5521  —906.25 0 75521 —906.25 |7
L 0 90625 72500 0 —906.25 145000 |4

Structure Stiffness Matrix. Tt is a9 X 9 matrix since the highest code number is 9. Thus,

[ 1268.75
0
3625
0
3625
—1208.33
0
—60.4167
0

0
242422
906.25
906.25
0
0
—7.5521
0
—2416.67

3625
906.25
435000
72500
145000

0
—906.25
—3625
0

0 3625  —1208.33
906.25 0 0
72500 145000 0
145000 0 0

0 290000 0

0 0 1208.33

—906.25 0 0

0 —3625 0

0 0 0

0 —60.4167
—7.5521 0
—906.25 —3625
—906.25 0

0 —3625

0 0

7.5521 0
0 60.4167
0 0

0
—2416.67
0

o O o O

0
2416.67 |
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16-10. Determine the support reactions at ) and (). Take 2k/ft A7
E =29(10%) ksi, I = 300in*, A = 10 in? for each member. l*l l l l l l l l l l 4
e 6
i 2 g ;
3 —>u ® ‘
20 ft ‘
1]
9
>
Known Nodal Loads and Deflections. The nodal loads acting on the unconstrained
degree of freedom (code number 1,2,3,4,5, and 6) are shown in Fig. a and b.
o0 1
=25 |2
—1200 |3 017
Q, = 0 4 and D, =|0|8
019
0 5
L 0 |6
Loads-Displacement Relation. Applying Q = KD.
0 ] [ 126875 0 3625 0 3625  —1208.33 0 —60.4167 0 D]
=25 0 242422 906.25 906.25 0 0 —17.5521 0 —2416.67 || D,
—1200 3625 906.25 435000 72500 145000 0 =906.25  —3625 0 D,
0 0 906.25 72500 145000 0 0 —906.25 0 0 D,
0 = 3625 0 145000 0 290000 0 0 —3625 0 D5
0 —1208.33 0 0 0 0 1208.33 0 0 0 Dy
0 0 =7.5521  —906.25 —906.25 0 0 7.5521 0 0 0
Og —60.4167 0 —3625 0 —3625 0 0 60.4167 0 0
L O | L 0 —2416.67 0 0 0 0 0 0 2416.37 || 0 |
20 = —2416.67D,
D, = —8.275862071(103)
5 = —7.5521(—8.2758)(107%) — 906.25D5 — 906.25D,
0 = 906.25(—8.2758)(10"%) + 72500D; + 145000D,
4.937497862 = —906.25D; — 906.25D,
From the matrix partition, Q;, = K;D, + K;,D;,
0 = 1268.75D; + 3625D; + 3625D5 — 1208.33D¢ (1)
—25 = 2424.22D, + 906.25D;3 + 906.25D4 (2)
—1200 = 3625D, + 906.25D, + 435000D3 + 72500D, + 145000D5 3)
0 = 906.25D, + 72500D; + 145000D, (4)
0 = 3625D; + 145000D5 + 290000D; (5)
0 = —1208.33D; + 1208.33 D (6)
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16-10. Continued

Solving Egs. (1) to (6)

D, =132 D, = —0.008276 D; = —0.011 D4 = 0.005552
Ds = —0.011 Dg =132

Using these results and applying Q, = K,,D, + K,,D,

07 = —7.5521(—0.008276) — 906.25(—0.011) — 906.25(0.005552) = 5

Qs
Q¢ = —2416.67(—0.008276) = 20

60.4167(1.32)—3625(—0.011)—3625(—0.011) = 0

Superposition these results to those of FEM shown in Fig. a.

R;,=5+15=20k Ans.
Rg=0+0=0 Ans.
Ry =20+ 0 =20k Ans.

RE k
1200 k-in
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16-11. Determine the structure stiffness matrix K for the
frame. Take E = 29(10°) ksi, I = 700in*, A = 20in> for

each member.

ET 16 ft
20k
al,2
5 12t 12t
Member Stiffness Matrices. The origin of the global coordinate system %" -
. L B 24-0 el / 1]
will be setoat_Jo(;nt (L. Formember [ 1], L = 241t A, = T 1 o_-:f@
and )‘y = 7 =0
20[29(10° 12[29(10%*)](700
AE 2029009 _ 2013.89 k/in 1251 _ 122 )](3 ) _ 10.1976 k/in
L 24(12) L [24(12)]
6EI  6[29(10%)](700) 4ET  4[29(10%](700) )
=S 2 = 146846 k = = 281944 k-
L? [24(12)]? L [24(12)] "
2EI  2[29(10%)](700) .
L~ ] 140972 k - in
8 9 5 1 2 3
2013.89 0 0 —2013.89 0 0 8
0 10.1976  1468.46 0 -10.1976  1468.46 |9
k, = 0 1468.46 281944 0 —1468.46 140972 |5
—2013.89 0 0 2013.89 0 0 1
0 —-10.1976  —1468.46 0 10.1976  —1468.46 |2
L 0 1468.46 140972 0 —1468.46 281944 |3
24 — 24 16 — 0
For member ,L =16ft, A, = 16 =0and A, = 16 =1.
20[29(10° 12[29(10%)](700
AE _ 2029009] _ 3020.83 k/in. 1251 _ 122 )](3 ) _ 34.4170 k/in
L 16(12) L [16(12)]
6EI  6[29(10%)](700) 4ET  4[29(10%](700) )
=2 = 3304.04 k = = 422917 k-
L’ [16(12)]? L [16(12)] n
2[29(10%)](700

L [16(12)]
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16-11. Continued

1 2 3 6 7 4
[ 34.4170 0 —3304.04 —34.4170 0 —3304.04 |1
0 3020.83 0 0 —3020.83 0 2
k, = | —3304.04 0 422917 3304.04 0 211458 |3
—34.4170 0 3304.04  34.4170 0 3304.04 |6
0 —3020.83 0 0 3020.83 0 7
| —3304.04 0 211458  3304.04 0 422917 |4

Structure Stiffness Matrix. It is a9 X 9 matrix since the highest code number is 9.

Thus,
[ 2048.31 0 —3304.04 —3304.04 0 —34.4170 0 —2013.89 0 ]
0 3031.03  —1468.46 0 —1468.46 0 —3020.83 0 -10.1976
—3304.04 —1468.46 704861 211458 140972 3304.04 0 0 1468.46
—3304.04 0 211458 422917 0 3304.04 0 0 0
K= 0 —1468.46 140972 0 281944 0 0 0 1468.46
—34.4170 0 3304.04 3304.04 0 34.4170 0 0 0
0 —3020.83 0 0 0 0 3020.83 0 0
—2013.89 0 0 0 0 0 0 2013.89 0
L 0 —10.1976  1468.46 0 1468.46 0 0 0 10.1976 |

*¥16-12. Determine the support reactions at the pins @
and 3. Take E = 29(10%) ksi, I = 700 in*, A = 20 in? for
each member.

Known Nodal Loads and Deflections. The nodal loads acting on the
unconstrained degree of freedom (code number 1,2, 3,4, and 5) are
shown in Fig. a and b.

0o 1
~13.75 |2 g g
Q. =| 1080 (3 andDy =| ‘|
0 |4
09
0 5
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16-12. Continued

Loads-Displacement Relation. Applying Q = KD,

0 [ 204831 0 ~3304.04 —3304.04 0 ~34.4170 0 ~2013.89 0 D,
~13.75 0 3031.03  —1468.46 0 ~1468.46 0 ~3020.83 0 ~10.1976 | | D,
90 —3304.04 —1468.46 704861 211458 140972 = 3304.04 0 0 1468.46 || Ds

0 ~3304.04 0 211458 422917 0 3304.04 0 0 0 D,

0 |= 0 —146846 140972 0 281944 0 0 0 146846 || Ds

Qs ~34.4170 0 330404  3304.04 0 34.4170 0 0 0 0

0 0 ~3020.83 0 0 0 0 3020.83 0 0 0

Os ~2013.89 0 0 0 0 0 0 2013.89 0 0
Lo | L o ~10.1976  1468.46 0 1468.46 0 0 0 10.1976 || 0

From the matrix partition, Q, = K;D, + K;,D;,

0 = 2048.31D, — 3304.04D; — 3304.04D, (1)
—13.75 = 3031.03D, — 1468.46D; — 1468.46Ds 2)
90 = —3304.04D, — 1468.46D, + 704861D; + 211458D, + 140972Ds 3)
0 = —3304.04D; + 211458D; + 422917D, (4)
0 = —1468.46D, + 140972D; + 281944Ds5 5)

Solving Egs. (1) to (5),

D, = 0.001668 D, = —0.004052 D; = 0.002043 D, = —0.001008 D5 = —0.001042
Using these results and applying Q, = Ky, D,, + KDy,

Qs = —34.4170(0.001668) + 3304.04(0.002043) + 3304.04(—0.001008) = 3.360

0; = —3020.83(—0.004052) = 12.24

Qg = —2013.89(0.001668) = —3.360

Q¢ = —10.1976(—0.004052) + 1468.46(0.002043) + 1468.46(—0.001008) = 1.510

Superposition these results to those of FEM shown in Fig. a.

Rg = 3360 + 0 =336k Ans.
R; =1224 + 0 =122k Ans.
Rg = —3.360 + 0 = =336k Ans.
Ry = 1.510 + 6.25 = 7.76 k Ans.

20k L%Qﬂ:gokft—. (0%0k - in-
2]
T mﬁ 4 /
Y 24 | a5k %' : o] ) 70 kft
©25K. (a ) l
(b) 1375 K
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