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*8§-1. Determine the equations of the elastic curve for the P P
beam using the x; and x, coordinates. Specify the slope at a a
A and the maximum deflection. E is constant. v ¥
—
7)(1 4,‘
X2
L
d*v
EIW = M(x)
For M (x) = Px;
d2’U1
El—— = Px
dX1
dvl PX%
EITxl = T + Cy (1)
Px?
EIU] = TC]X] + C] (2)
P
For M,(x) = Pa :31) M,(x)= PX,
d*v A\E
EI“"L = Pa p o yf
dX1
dv; )H‘(X)'Pq
EIT)Q = Paxl + Cl (3) _1 a < -a
P 2
Pax}
El’l)l = ) = C3X1 + C4 (4)

Boundary conditions:

vy =0 at x =0
From Eq. (2)
C2 =0

Due to symmetry:

d'l)l L
dx; an= 5
From Eq. (3)
L
0 = Pa- + C
a2 3
Pal
Cx: =
} 2

Continuity conditions:

Vi = U, at x; = xp, = a

Pd’ Pa®  PdL
— + = — - +

6 TCa=7 , TG

Pa®  Pa’L

Ca-Cy = —|—— 5

1a°Cy 2 2 &)
d’Ul dvz
TJQ = dixz at x; = xp, = a
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8-1. Continued

Pd’ PaL
o TG = Pa® - -
Pa®> PaL

C, = ——
! 2 2

Substitute C; into Eq. (5)

1%

C":6

do, _ P
dx,  2EI

dvl
GA = —/
dxl

(x} + & —al)

_ Pa(a-L)
-0 2EI

Ans.

X1 )
= 2 + - .
vy 6E1[x1 3a(a-L)] Ans
_ Pa 2
V2 = pl + (Bxy(x;— L) + a°) Ans.

Pa

Vici=V2 co1 24EI

(4a*-3L% Ans.

8-2. The bar is supported by a roller constraint at B, which
allows vertical displacement but resists axial load and
moment. If the bar is subjected to the loading shown,
determine the slope at A and the deflection at C. EI is Al B
constant.

— T
a

N~
l\)‘[\

o
|
s
[
|

dv, PL
EI->="""x, + C
d)Cz 2 2 3

PL
EI V) = Tx% + C3)C3 + C4
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8-2. Continued

Boundary conditions:
At X1 = 0, v = 0
0=0+0+ Cz; C2 =0

d'l)z
Atx, = 0, TXZ =0

0+C3:0,C3:0

L
At X1 = E,

Ans.

Ans.

e e e

___.)"

p
M= PX|

=

P 1

P _
=12
--.&...4-‘ b
Yy |
e B -

=

8-3. Determine the deflection at B of the bar in Prob. 8-2.

dz’l)]
EIF = M1 = PX1
X1

PG
dxl 2 !

Px
EIQ)] = —

d*v, PL
El—= = M, = —
de 2 2

d’l)2 PL
El——x, + C
dX2 2 2 3

PL
El Vy = Tx% + C3X2 + C4

I\J‘p

N~
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8-3. Continued

Boundary conditions: P
Atx; = 0, v = 0 . l _ﬂ)ﬁ:
- _ ' M TR d g
0=0+0+0Cy C =0 p 4y |
dv PX . pL #
At x2 O’ avy -0 M4= ] ”L‘

)%

d)CZ '\(
X

11

L L dv, dv, P
Alxp = o X = 05 v = d ©  dn
L 3 2
(3) n(3)
Zova()- e
6 N2/ 4 !
LY’ L
(3) 3)
2l ¢ 2 C, = -2pL
2 b 2 0 P8
11
= —PL’
T
At Xy = 0,
1rL’
Vp = ~ 48E] Ans.
*8-4. Determine the equations of the elastic curve using w
the coordinates x; and x,, specify the slope and deflection l l l l l l c
at B. EI is constant. A
i |
IR B
2 “ ‘
d
EI*Y = M(x) * | x5
dx L |
w o, wa®
For M(x) = — —x1 + wax; — ——
2 2
d*v, 5 wa?
Eldix% = — —x] + wax; — 7
dv, w wa wa?
El—— = — —xi+ —x} — —x; + 1
dxy X T o T G 1

270




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

8-4. Continued

2
Elv, = —%x‘l‘ + %x%—%x% + Cixy + G, (2)
d2U2
For My(x) = 0, El——= =0
dX2
dvz w
El— = C 3 a
de 3 ( )
EI Vy = C3X2 + C4 (4) z(" . -
.. \!L BT |
Boundary conditions: W A tan T zoa
dvl
At =0, — =0
1 dX1

From Eq.(1), C; = 0 wa® W,
r-F=-s
Atx, = 0, v =0 ”('t—_ébm,cx)v‘
0 A
wa

From Eq.(2): C, =

¥
Sa&
+F

ax — W
e,

Continuity conditions:

At = _ g B dw wa
X1 = a, Xy = a; dx1 = dx2
From Egs. (1) and (3),
3 3 3 3
wa wa wa wa
_  — - — = C. C = -
6 2 2 S 6

From Egs. (2) and (4),

Atxy, = a, x, = a v, = vy
4 4 4 4 4
wa wa wa wa wa
-+ = —— = ——— + Cy4 = —
24 6 4 6 Co Co= 7y
The slope, from Eq. (3),
dUz wa3
gy = L2 _ wa Ans.
B~ 4x,  6EI ns
The elastic curve:
v = v —xt + dax}-6ax3 Ans.
24E1
v, = Lf( 4x, + ) Ans,
27 qEl\ A .
) ) wa’ ( 4L + ) Ans,
= = - a .
VUL oL 24EL
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8-5. Determine the equations of the elastic curve using
the coordinates x; and x3;, and specify the slope and
deflection at point B. EI is constant.

d*
El— =M
dx, (x)
w wa?
For My(x) = — —x{ + wax; —
2 2
d*v, w wa?
EITX% = *Ex% + waxq *7
dv, w wa wa?
El-— = ——xj + —x{——x +
dx, 6T Tyt G
2
w wa wa
Elv, = —ﬁx‘f + ?x?—Tx% + C]X] + C2
d2”1)3
For My(x) = 0; EI——F =0
dX3
e - ¢
dX3 B 3
El V3 = C3X3 + C4
Boundary conditions:
Aty =0,
X1 " dx
From Eq. (1),
0=-0+0-0+Cy; C, =0
Atxy = 0, v =0
From Eq. (2),
0=-0-0-0+0+Cy, C, =0
Continuity conditions:
At . - L . dU1 o dU3
Xy = a, X3 = —a, dx1 = d_x3
3 3 3 3
wa wa —wa wa
- — - - = —C3; C3 = +—
6 2 2 > 6
Atx1 = a X3 = L—a V1 = Uy
4 4 4 3 4
wa wa wa wa wa
-+ — = — = —(L — + Cyy Cy = — -
4 6 4 o L@+ Ca Gu=ry
The slope
dv; B wa’
dx;  6EI
dys wa’
Op = —= = =
dy3 |x,=0 6E1

The elastic curve:

2
WXy
v = 24EI< —x} + dax, — 6a2)

3
wa
- dxs + a — 4L
Y3 24E1( T )

3
wa
= — 4L
=0 24E1<“ >

Vo,=V;3

w

NRNENY

i
I ‘ B

a \

1

2 | ‘« X3
t \
)
(2)
Wk,
( 19 Moy oot i, - s
3) wa !l X
@ of —=
3
Ans.
Ans.
Ans.
Ans.
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8-6. Determine the maximum deflection between the
supports A and B. EI is constant. Use the method of
integration.

Elastic curve and slope:

d*
El— = M(x
dx? *)
—wx?
For M(x) = >
dlv _ 2
gl o v
dxl 2
o _ et +C
dx, 6 !
wxi
Elv, = —H + Cix; + G
—wLx,
For M,(x) = ———
2
d*v —wlx
El—— = ——2
d)C3 2
dv, —wLx%
El— = C
de 4 3
wax%
E]’Uz = 412 + C3X3 + C4

Boundary conditions:

’1)2:0 at X2:0

From Eq. (4):

C4 =0

Uy, = 0 at Xy = L

From Eq. (4):
—wL?

= +

0 1 CsL
wL?

Y

vy = 0 at x; = L

From Eq. (2):
wL*
O = 7? + ClL + Cz

i
L L
w
(1) - 0°
X, f XJ.‘#
S R
@ P~ z
- ")M.(x)*“g
P
1=
Myty) = - Wg *!—x:r%{;
3)
)
)
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8-6. Continued

Continuity conditions:

do _ dwm L
dxl B —dx2 a R

From Egs. (1) and (3)

_wL __(_Lﬁ+LL3)
6 ! 4 12
wlL?
C =
! 3

Substitute C, into Eq. (5)

TwL*
C, =
2 24
d”l)l w
- = 2L3_ 3
dx, ~ eEr L )
d'l)z
— = ——(L’-3Lx3 6
dv, ~ 1261 %) ©)
dvl dvz WL3
0, =" =_—Z = =
dxl 0= dv3 X3=, 6E1
v = L(—x“ + 8L3x, —7L%
LYY o AN !
—TwL*
(vl)max = W(xl = 0)

The negative sign indicates downward displacement

wlL
vy = @(szz - x%) o
(V2)max OCCUrs when i -
From Eq. (6)
LP-3Lx3 = 0
L
Xy = —~=

V3

Substitute x, into Eq. (7),

WL4
(v2)max = Ans.

18V3EI
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8-7. Determine the elastic curve for the simply supported
beam using the x coordinate 0 = x = L/2. Also, determine
the slope at A and the maximum deflection of the beam.
EI is constant.

d*
EIW = M(x)
x
FWes
dv w,L w
EI— - %t + C 1 Iy N
dx 8 120" ! M e {‘
[
wol W, s 1
Elv = —x° — + + 2
v 24 X 60Lx Clx C2 ( ) 17/2’ ' ‘/b
. Wl pht
Boundary conditions: = 4
Due to symmetry, at x = £ dv_ 0 i(&r"-"x))\
2" dx
From Eq. (1), y o = '1) Moo = S5 - 22
woL( L w, (L w,L
) ) e o =
8 4 12L\ 16 192
Wl
Atx =0, v=0 4
From Eq. (2),
0=0-0+0+Cy C, =0
From Eq. (1),
Ao Mo o420 — 164t — 5L%)
dx 192E1L
. dy o Sw, L Sw,L? A
AT A |vo  192EI T 192EI s
From Eq. (2),
WoXx
= — 7 —(40L%x* — 16x* — 25L° Ans.
g60 L 0L T 16x ) s
B B w,L* _ w,L* A
Pmax =) 0 T T120EI T 120E1 e
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*8-8. Determine the equations of the elastic curve using
the coordinates x; and x,, and specify the slope at C and
displacement at B. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(c) and (c).
Slope and Elastic Curve:

d*
Elﬁ = M(x)
3 2
For M(x;) = wax; — v;a ,
d* 3wa?
Eliz1 = wax; — va
dxl 2
dv, wa 3wad®
EIT)Q = 7)(% —Txl + Cl
3 2
Elv, = %x% - vza ¥+ Cix; + C,
For M(x,) = *%X%,
dz'Uz w
El— = —_x3
dx3 2x2
d’l)z w
ElI-— = ——x3 + C
dx, 62 3
w
EIUZ = axz + C3X2 + C4
Boundary Conditions:
Wty =0, FromEq.[ll, G = 0
dx; = Uatxy =0, rom Eq. [1], 1=
vy = 0atx; = 0 From Eq. [2], C, =0
Continuity Conditions:
Atx, = aandx, = dor v o Egs [1] and [3]
xy = aandx, = a, de, ~ d, rom Egs. [1] an ,
3 3 3 3
wa 3wa wa Twa
- = —| —— + =
2 2 ( 6 C3> G 6
Atx; = gaandx, = a, v = v, From Egs. [2] and [4],
wa' 3wat wa* Swat
— = = —— + + C Cy =
6 4 24 6 ¢ !
The Slope: Substituting into Eq. [1],
dvy waxy
—-— = -3
dx, ~ 2E1 %139
dv, wa’
0 = — - _ra
de X =a EI

The Elastic Curve: Substituting the values of C;, C,, C5,and C,
into Egs. [2] and [4], respectively

v = Waxl(Zx% — 9ax;)
12E1
w 4 3 4
= (- +2 ~ 41
vy 24E1( X5 8a’x, a®)
e — v _ 4 wa*
L PR 24EI

w
| C
A : B
[
a a
X1 ‘ “*h*
X3 ‘
wWa
a. T
o (e
|
(1) RN S
2 2
(a)
2)
wa V)
3 M&"
%@QTﬁlpmww—%
X
)
3)
4)
Wi,
A
MG.F-%’(J
Ve RIAPS
) 2 2
_41wa4
8
Ans.
Ans.
Ans.
Ans.
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8-9. Determine the equations of the elastic curve using
the coordinates x; and x3, and specify the slope at B and
deflection at C. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b) and (c).
Slope and Elastic Curve:

w
C
A - B
a a
] [
X3 ‘
Wa
Wa SN N
2 H H
(1) E ,
2 l —
2 Ta a Ta
@ NERE:
wa Vi)
3ua’ 1
©) 2 (e e v - 28
xl
)
4)
W(x-a)

d*
El— = M(x
dx? ()
3 2
For M(x) = wax; — v;a ,
d*v, 3wa?
El-— = -
e wax, >
dv; wa 3wad®
El-—— = —xi — +C
dy, 271 2 M !
wa 3wd® 2
Elvlzfl— X1+C]X]+C2
6 4
- W 3 2
For M(x3) = 2wax; — Exz - 2wa’,
d*v, W 2
EITX% = 2wax; — 5)(3 — 2wa
dv
EI-— = wax} — Kx% — 2wa’x; + C;
dX3 6
wa w
Elvy = ?xg — ﬁxg‘ — wa’x3 + Cyx; + Cy
Boundary Conditions:
WGty =0, FromEq.[ll, G = 0
dx, atx; = 0, rom Eq. [1], 1=
v = 0 atx; = 0, From Eq. [2], C, =0
Continuity Conditions:
Atx, = aandx; = dor A% om Egs [1] and [3
x; = aand x3 = a, dx, ~ dxs rom Egs. [1] and [3],
3 3w 3 3
e
Atx; = aand x3 = q, v = s, From Eqs.[2] and [4],
wa' _3wdt _owa' a0 owa
6 4 3 24 6 ¢
The Slope: Substituting the value of C; into Eq. [3],
d”l):; w
d7x3 = E(&zx% — x% — 12[12)63 + a3)
_dvs _7wa3
B dX3 x3=2a 6E1

The Elastic Curve: Substituting the values of C;, C,, C5,and C,
into Egs. [2] and [4], respectively,
wax,

v = 12EI(ZX% — 9ax;)
o = _ Twa®
R R 12E1
w
v; = ﬁ( —x} + 8axi — 24a’x} + 4a’x; — a*)

Wll4

C4:_7

24

Ans.

Ans.

Ans.

Ans.

v) "

| £
Mixp=2Naxy — -2wa’
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8-10. Determine the slope at B and the maximum
displacement of the beam. Use the moment-area theorems.
Take E = 29(10°) ksi, I = 500 in*. |4

|-
|

—_
W
~

N

‘c

R =

6 ft

M
Using the El diagram and the elastic curve shown in Fig. a and b, respectively,

Theorem 1 and 2 give

1/90k-ft
0p = 10g/al = (7)(6 ft)

2\ EI
270 k - ft* 270 (144) k - in?
= 70EI L. (k) = = 0.00268 rad N Ans.
[29(103)7} (500 in*)
m
1/90k - ft 2
Amax = Ac = ltgjal = {5( 5l )(6ft)H6ft + §(6ft)}
2700k - ft?
EI

2700 (1728) k - in®

{29(103)%2}(500 in)

= 0.322in | Ans.
M
EL
0 ) /R
{ +— X )

(&)
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8-11. Solve Prob. 8-10 using the conjugate-beam method. 15k

|4
- =
\

6 ft : 6 ft

The real beam and conjugate beam are shown in Fig. b and c, respectively.

Referring to Fig. c, ) 6 Ft 6t

1/90k-ft -
+ — - R V4 —

T>F, =0 Vi 2( o )(6ft) 0
) 270 k - ft?
Os=Vi= ——p]
270 (12%) k - in®
_ ( - VRAn®  o0268rad N Ans. 9 ka 1%
[29(103)7} (500 in*) L= (b)
in ET

Referring to Fig. d,

C+ SMc =0 My + B(%gﬁ)m ft)} {6& + %(6 ft)} =0 , %(6&) l ,
2700 k - £® — |y Ms
Do = Bc = Mg = —=22 | //1 ?
_ 20 (11<2‘) i 03 | Ans. I R Va
{29(103)7}(500 in) L
m Y
A s 9ok ft
Py ( ET )<éﬁ)
5k @)
15k
Jorft € | 2 C o
| | Mc
I G ft 6% ¥ - —] )
| -~
M A g !
E L//’ VC
4
| ,
) 6 /2 z( ZOEJ’%/—IL )(6ft)
! —2(ft)
()
_ ok ft
ET

(a)
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*8-12. Determine the slope and displacement at C. EI is 15k
constant. Use the moment-area theorems. l
=
a—= B
} 30 ft } 15 ft—

M
Using the I diagram and the elastic curve shown in Fig. a and b, respectively,

Theorem 1 and 2 give

1/ 225k-ft 5062.5k-ft>  5062.5 k - ft
= === = — = N
bca 2< EI >(45 ) EI EI
1/225k - ft 1 33750 k - ft’
|ZB/A| = {E(T)(:‘;O ft)“:g(:‘;() ft)} = T
1/225k - ft 1 1/225k - ft 2
= | — + = + ol N
ltcal {2< il )(30ft)H15ft 3(30&)} [2( £l )(15ft)H3(15ft)}
_ 101250k - f¢?
EI
Then,

45 (33750 k- ft3) 50625k - ft?

45
Ar = —(t = =
3054) = 30 EI EI

) tyjal 33750 k-f6/E1 _ 1125k-12
AT Lap 30 ft ~ EI

"rD HC = GA + GC/A

_ -1125k - ft N 50625k -ft*  3937.5 k- ft?

CTTEI EI EI A Ans.
101250 k- ft* 50625 k - ft’
Ac = Jiga|—A" = EI S EI :
L3
_ 50622 ;( ft ! Ans.
5k
» X
| 1
AN
304 " /5f
75 K. za-5k
M
EL
30
Q | f— X(ft)
T 226 Kk ft
EL

(a)
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8-13. Solve Prob. 8-12 using the conjugate-beam method.

lik
A B 9 ‘C
| 30 ft } 15 ft—
The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c,
C+ DM, =0, By(30ft) — B (%)(30 ft)} (20 ft)
, 2250 k-ft?
By ="
Referring to Fig. d,
, 1(225k-ft 2250k ft
+T>F, =0, -V 2( £l )(15 ft) £l
. 3937.5k-ft*>  3937.5k-ft?
GC = VC = - El = El Q Ans.
, 1/225k-ft 2250 k - ft
C+ DMe=0; M¢+ {Z(T)(ls ft)}(lo ft) + (T)as ft)
50625 k- ft> 50625 k - ft®
Ac = Mp = i v i ! Ans.
15K
" JQ '
| I — 3 ]
: 7 30 4 ) /5ft
75 K, z2:5k
M
EI
30
2 ! — XGt)
B/
Z R25 kft A{‘f’ 5{1_ 'ﬁ' y
EL / A 58 |y Ve
A 2of /04t |
(@) )M’
C
L = =
~< 1 s
\\\ } ! /’
>~ 1 | 4
~4 n\\\ ! ] //
R 4 o v A 2 /O}t
15 k-
1 /225 kft L rRA5 kAt (/5{¢
Z(_—EI )(30ff) Z ( ET ) f )

) | )
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8-14. Determine the value of a so that the slope at A is
equal to zero. EI is constant. Use the moment-area theorems.

M
Using the £l diagram and the elastic curve shown in Fig. a and b,

respectively, Theorem 1 and 2 give

O = %(%)(L) + %(— %)(a )

SR ORECET

_ PL’  Pal’
16EI  6EI

Then
_pjp  PL*  PaL

B~ I T 16EI 6EI

Here, it is required that

0p = 04/
PL> Pal PL*> Pd*> Pal

24a* + 16La — 3L* = 0
Choose the position root,

a = 0153L

| —=
a

|

L ‘ L |
2 2

—a—

EL
PL
4FT
.
2 [ = | x
| atL
L
iy ark
ET
(@)
Ans.

Tang

(b)
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8-15. Solve Prob. 8-14 using the conjugate-beam method.

|[——"
a

|
o

L
La | 2

A

Sl

The real beam and conjugate beam are shown in Fig. a and b,
respectively. Referring to Fig. d,

e+ B -0 i+ |5 (g)o (51) - [ )0 () -

, _ PL*>  PaL
Y 16EI  3EI

It is required that Vy = 6,4 = 0, Referring to Fig. c,
PL*>  Pal  Pd’

T2 F =00 e~ 3Er ~ 2Er ~°
244> + 16La — 3L> = 0
Choose the position root,
a = 0.153L Ans.
P P
YW
i t=t)
a 'L T L
2 2
P P
S5(2at3L) s (L-ka)
EL
L
4FEI
\ |
a e
N ! : | X 4
atL —
| Yz 2 v
pa. G Dy g ’ ;;
- P 1/
z ! Z/CEI)L
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*8-16. Determine the value of a so that the displacement
at C is equal to zero. EI is constant. Use the moment-area
theorems.

|[——"

|
-

A ==
4] L L
a— a3 \ 5 \
Using the % diagram and the elastic curve shown in Fig. a and b,
respectively, Theorem 2 gives
1/ PL L 1/ Pa L
o= [0 (5) + BE)w |(5)
_ PL’  Pal’
- 16EI  6EI
rou = [3(i)(3)[3(5)] + (252 (3)5(5)
B~ 12\4e1)\ 2 /)]13\2 2\ 2E1)\2/][3\2
_ PL’  Pal’
~ 96EI  48EI
It is required that
te/p = EZD/B
PL’  Pal’ 1 { PL’ PaLz}
96EI  48EI  2|16EI  6EI
a= % Ans.
P D
I
Y
I ===
o L L
2 2
p P
S5(zat3L) 77 (L-Ra)
EL tanc
PL
4FT tan D
N
a (7 e
2 | : | X -t
| atL Dl
+L
— Pa, a o

£1 'fd/l B (b )
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8-17. Solve Prob. 8-16 using the conjugate-beam method

|
"

A —LD
L | L ‘ L ‘
“ 2 2 !
The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c,
1 1( Pa L P F
+ My =0 — )| =) - ByL) =
cozmmn (Ew](5) - B [(5) - s -0
g - PL_ Pal #, i;
Y 16EI  6EI - ,?
Here, it is required that M- = Ac = 0. Referring to Fig. d o L L |
1/ PL\(L 1/ L z B
cozue-o - [E)G)EG) £
2\4E1)\ 2/ 1[3\2 ;’[Z)—(Zm‘.ﬂ) zr(L-Ra)
) (355 &
2\2E1)\2 3\2 EL
[PLZ B PaLKé) 0
16EI  6EI \2) 451
PL’ _ Pal’  PL’  Pal’ l
96EI 48EI 32EI 12EI P ol‘
1
L a L a GH’L
%6 48 32 12 " ]
at=
-P
£l

1(52)%) 57
()

285




© 2012 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

8-18. Determine the slope and the displacement at C. EI P
is constant. Use the moment-area theorems. l

M
Using the I diagram and the elastic curve shown in Fig. a and b, respectively,

Theorem 1 and 2 give

o= 3{557)0 | Ge) -
B(zm) Ka i %“) - ffgj

0 ( Pa ) (a ) Pa?
v =\ 2E1 4EI

Then,

Pa’
Gc = OC/D = m /{ Ans.

5Pd° Pd’ _ Pd’

M=t = oo = o~ 6p1 ~ 4Bl | Ans.
P
X,
3|
i ) |
P
£ £
M /(T'_'an C
ET % tong O
A
| It
X D
CET B
5 N e 2 tan
a 20 3a 9@
z
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8-19. Solve Prob. 8-18 using the conjugate-beam method.

l

The real beam and conjugate beam are shown in Fig. a and b, respectively.

Referring to Fig. c,
C+ XM, =0

Referring to Fig. d

Pd?

1

2

Pa

2
2EI)(Za)}(a) — By(2a) =0 B = P

 4EI

El

Pd?

+ F.=0: - — I = = = — A Ans.
TXF, =0 AE] c=0 6c=Ve¢ AE] ns
a? Pd’

+ =0 L = = = 3
¢ EMC 0, M¢ 4E1(a) 0 Ac C = 4E] 1 Ans

P

o)
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*8-20. Determine the slope and the displacement at the

8 kN
end C of the beam. E = 200 GPa, I = 70(10°) mm*. Use AKN
the moment-area theorems. i i
Il o —
Using the £l diagram and the elastic curve shown in Fig. a and b, ‘D B‘*" ‘
| |
respectively, Theorem 1 and 2 give ! 3m ! 3m ! 3m !
12 kN -m 12 kN ‘m
e = S Yo my + 3= EAR o m
_ _18kN-m _ 18kN-m <
El El
1/12kN-m 1 12 kN 1
= [ Jom Jom + [3(- 25 Jom [Som 8k .
~ 36kN-m’

EI o L %

=3 m o+ [ 85em o+ em)]

3m 3m 3m
[(-=r=)pmLion) e
. M
EI
I 12 kN-m
Then -y
tgia  36kN-m?/EI  6kN-m?2
9A=L7/= 6m/ T Em ! ! H—xam
s o 3 |
A= 9 _9(36KN-m’) S4kN-m’ .
_6tB/A_6 £ = Z] _ /2 KN-m
2 2 EFT
6 kN -m 18 kN -m
+ =0, + = + ~
D BC GA GC/A EI El C )
. 24(10%) N - m?
_ 24kN-m” (107 - =000171rad N Ans.
El [200(10%) N/m?][70(10°%) m*]
54 kN -m?
Ac = A" — =
Cc Ic/a EI
omd 54(10%)N - m?
_ J4KN-m” _ (10N - m —~ 0.00386 m
El [200(10%) N/m?][70(10°%) m*]

=38 mm | Ans.

‘tanb {ZMC

\ &

fo
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8-21. Solve Prob. 8-20 using the conjugate-beam method.

The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c

e Sy =0 mem + (AN )om) |am

e [em]

6 kN - m?
By = Elm
Referring to Fig. d,
C+ SFy=0;, —Vi - “NT'I“IZ - %(%) Gm) = (b)
o — v _24kN-m’ _ 24(10°) N - m?
< ¢ EI [(200(10°) N/m?)] [(70(10~°) m*] n ( /2 k,) m ZAD)
= 0.00171rad X Ans.
3m H\ 3am
Cr =0 me + [ (R [ 2 m] N
6 kN - m> // \\\
+ (7“ )(3m) -0 ,H!\ h
Ao S54kN-m® 54 (10 N-m? \\\\\\\ l
c T EI  [200(10°N/m?] [70(10~%)m"] T~~~
~ 0.00386m = 3.86mm | Ans. AI( S@m) ¥ K
] {i FEEEE ) om)
8k 4 ©
&
= L i
[ 3m “am 3m
Z KN 10 KN
M
El 12 kN'm
ELT
| ¢ g
- i i }—x(m)
_ /ZI KN-m
EL
(A)
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8-22. At what distance a should the bearing supports at A P P
and B be placed so that the displacement at the center of
the shaft is equal to the deflection at its ends? The bearings
exert only vertical reactions on the shaft. £/ is constant. Use | P |
the moment-area theorems. allds 4 == p

M
Using the EI diagram and the elastic curve shown in Fig. a and b, respectively.

Theorem 2 gives

Pa L —2a\/L — 2a Pa

tge = | —— = - (L — 2a)?

B/C < E1>< 2 )( 4 ) SEI @)

- (2N 552 - (ke

bjc El 2 “ 4 2\ T E ) \3¢
Pa  _, ) PaT

= | 22— +

{8EI(L 4) *+ 3E

It is required that

tpic = 2tpic

Pa

3
SEI(L2—4a2) , Pa 2{ﬁ - (L - 2a)2}

3EI 8EI
7Pa’ _ Pa’L  Pal’ _
6EI  EI  8EI

56a> — 48La + 61> = 0

Choose
a=0152 L Ans.

P
l
< )
ac L—-Zﬂ. 1 a
P P
M
EL
5 L-a IL )C
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8-23. Solve Prob. 8-22 using the conjugate-beam method. P P
i A |
ol s A =9 B
a 4" ‘ a
L

The real beam and conjugate beam are shown in Fig. a and b,
respectively. Referring to Fig. c,

Pa L-2a

+ >M, =0, By(L-—2a) — |—(L-2 =0

Q E A 5 y( a) {El( a)}( B ) P IO

, _ Pa
B, = TEI(L_M)

Referring to Fig. d,

My + %(L — 2a)(a) + B (%)(a)} @a) =0

Pa* PaT
Ap=Mp=—|—2(L - 2a) + —
D D {2151( 9 *3ET

Referring to Fig. e,

Pa L — 2a Pa/ L — 2a L — 2a .
E(L”“)(T)*E( > )( 4 )*Mc—o

Pa
Ac = M'c =@(L—2a)2

It is required that

|AD| = AC
Pd? Pd’ Pa 5
iy SO +— = —(L-
2er =20 F3gr = g (E20

7Pa’ _ PaL  Pal’
6E1 El 8EI

564> —48La + 6L% =0

Choose

a=0152L
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*8-24. Determine the displacement at C and the slope 4 kN 4 kKN
at B. El is constant. Use the moment-area theorems.

A_ella =2- B
3m l 1.5mHF1.5mH<—3m——
. M . . g .
Using the El diagram and elastic curve shown in Fig. a and b, respectively,
Theorem 1 and 2 give
12kN-m 18 kN -m’
o= (N s <N
12kN-m 1 135kN-m’
= || —-—— J(1. —(1. = —
5/ K El )( Sm)Mz( Sm)} EI
12kN-m 1 1/ 12kN-m 2
=[l-—F-— ) (1. + + o - =
te/p K Zl )(15m)M2(15m) Sm} {2( El )(3m)“3(3m)}
_ 103.5kN-m’
El
Then,
18 kN - m’
= = ——— X .
05 =050 £l Ans
A =Lt — ltwm] = 1035kN-m’  13.5kN-m’
c c/p B/D El El
90 kN - m’
=5 l Ans.
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8-25. Solve Prob. 8-24 using the conjugate-beam method. 4 kN 4 kKN

[ A

A_alla
3m l 15mHF15mH<—3m——
The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c,
12kN-
C+ SM, = 0; B,(3m) — (Tm )(3 m)(1.5m) =
, 18 kN - m?

B, = 0y = T N Ans.

Referring to Fig.d,
18 kN -m 12kN-m 2
o e~ (B [ 2
90 kN - m’ kN -m’

AC=M’C=—0 m’ _ 90 LI Ans.

El El

4 kN 4 kN

M ,
133 Ay By |
lom | 1.5 By
6 g 3m
0 3} = | x(m) = ' Mé;
|| BB =)
(2 KN\m |2 KN-M 1 i/’; Ve
S (2, L
@) EL z (2R )(3m)
(D
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8-26. Determine the displacement at C and the slope at B.
EI is constant. Use the moment-area theorems.

Using the £l diagram and elastic curve shown in Fig. a and b, respectively,

Theorem 1 and 2 give

= 3o (e o

e [AEOIC) - [l + ) [+ 2

_ 9P’
4E1
Then
7Pa?
93 = GB/C = 4E] /{ Ans.
9P’
Ac = tgc = AE] l Ans.
D
L D P
A / 2
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8-27. Determine the displacement at C and the slope at B.
El is constant. Use the conjugate-beam method.

C B

The real beam and conjugate beam are shown in Fig. a and b, respectively. Referring a ‘ a l a
to Fig. c,

1/ Pa 2 1

+ =0; == “a) +
G 2Ma =0 {2 (EI)(“)Ks") {2 (2E1)( )K )
Pa
+ — |(2a) + 2a) (2
(2)ea + 3 )ea) o
—B, = (4a) =
7Pa’
b = B, = 4EaI N Ans.
3Pa

Referring to Fig. d, ZETL fa

crsme=o M@ |(2a)+ | (20 )](4)
' B(ZEI)( >K§) - 11;‘}2(2@

~Me=0 a | a e |
) )
Ae=Me= "5 = 4pr
(L)(zmm(za)cw
z&)a ¢ )
_‘D_ D _E / T/ - _ 4 _\_‘z.f\
~ ' 51 4/’// i J= R
n —— ()
UL TS —ai

fa
EI‘I J,D% 24 )@
| | { (d)
2 o d 4a - MCC
(a ) \/6, PO 1
'_ 7Fa*
gy 4£T
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*8-28. Determine the force F at the end of the beam C so
that the displacement at C is zero. EI is constant. Use the P
moment-area theorems.

C

M
Using the £l diagram and elastic curve shown in Fig. a and b, respectively,

Theorem 2 gives

Pa Fa 1 Pd’ 2Fd®
tba = {7(2191)(2“)} { ( E)(za)ﬂg(z“)} T 2EI  3EI
Fa 1
= + |z (- = = +
en = [ enlen + [H(-2)ea] ten -
1 Fa 2
+ — P p
[2( EI)(”)L(”)}
Pa®  2Fd
T 2EI 3EI
It is required that
3
fcja = EIB/A
Pa’  2Fa 3{Pa B 2Fa3}
EI EI ~ 2|2EI 3EI
F = % Ans.

e
<
A
LN

G L -{_—an 6 ‘t’anc

|

tC/A

(b)

tan A
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8-29. Determine the force F at the end of the beam C so
that the displacement at C is zero. EI is constant. Use the P
conjugate-beam method.

C

The real beam and conjugate beam are shown in Fig. a and b, respectively. Referring

to Fig. c,
C+D M, =0 B (2%)(2@}(61) - E (%)(2@“2 (2a)} — B} (2a) =0
, _ Pd* 2Fd?
By =4kl " 3EI

Here, it is required that A = M- = 0. Referring to Fig. d,

c+3me=0 [L(E)w |2 @] - (fe - 2L -0

Lid
4

F =

Ans.

a

|

14

Ry
®
»

N
o
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8-30. Determine the slope at B and the displacement at C.
EI is constant. Use the moment-area theorems.

lP
|

a | a | a |
M
Using the £l diagram and elastic curve shown in Fig. a and b, P IO
Theorem 1 and 2 give
1( Pa Pa®  Pd i
e i -2 _% v y
O/ 2( El)(”) 2EI ~ 2EI
1( Pa 1 Pa’
= (2@ | @] - -2 ) J
a
en= [+ (-2)0a) | = —E2 - Ty
a= o\ "Er )0 @ = gy 0
en
3 2
- ltgal _ Paf6EL _ Pa EL
Lag 2a 12E1

, 3 3( Pa\ _ Pa a ) sa
AT= 5 ltmal =5 <6E1) 4l 2 | I — x

63 = GA + GB/A |

Pa® Pa>  5Pd’

+ = — _— = .
Ct 0= ~pr T 2El T 12ED Ans 02,
Mo = ligpl — ar=PE _Pa _3Pa EI

¢~ Ve T EI  4EI  4EI s

(4)
Tan A
7 QB/A
/ —
A tB O
t' y /A\L
/A l“,.:v..q' D
17
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8-31. Determine the slope at B and the displacement at C.
El is constant. Use the conjugate-beam method.

|
n

B=f=
a | a

The real beam and conjugate beam are shown in Fig. ¢ and d, respectively.
Referring to Fig. d,

1( Pa 2
+ =0, |=| = +>a)— B, =
C+DXM,u=0; {Z(El)(a)}(a 3a) B, (2a) = 0

5Pa’
=B, = 4 .

0p = B, 12EI Ans

Referring to Fig. c,
1(Pa 2 5Pa’
+ =0, ~Mc— |z Sal— =
CrSue=0 -me— L2 (2a) - (2 ) = 0
) 3Pa®  3Pd’
e = Me==pr ~ Ans.
P P x a
. A
.4 5
—
M fa
0 FL

(b)

o a 2a 3a
{ } F— < AN
/
Mc c
_pPa '
EL
(a) .

7+ (£&)(a)
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*8-32. Determine the maximum displacement and the slope M,
at A. El is constant. Use the moment-area theorems. N
il = i
B

-
|
|

Y

. M . - .
Using the El diagram and the elastic curve shown in Fig. a and b, respectively,

Theorem 1 and 2 give

_l M, _ M, 2
9D/A_2<E1Lx>(x)_2E1Lx
o= G )5 G)] - e
Bla =1 2\2E1 )\ 2 )3\ 2 48EI
Then,

Clgal MGLY4S8ED ML
AT L L/2  24EI

N Ans.

Here 6 = 0. Thus,
OD = 0A + GD/A

Mol | Mo L oass7r
4El " 2EILY YT N\

1 (0.21131\40

Amax = Ap = tgp = b £ )(0.2113L)M%(0.2113L)}

C+ 0= -

N~

0.2887M
[(T‘))(o.znu)}g(o.m13L)}
~0.00802M,L2
= T l Ans.
Mo
55; < I
3 ~4
L L i
_ 2
Mo Mo
L L
M
EL
Mo My
FIL ZEL
l [
I L | )Q
0 ‘——>| L i
xX
_M
REL
(@)
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8-33. Determine the maximum displacement at B and the M,
slope at A. EI is constant. Use the conjugate-beam method. ‘\)
/.
Bl -
B
| L | L |
| 2 ! 2 !
The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. ¢ MD
B
1 M() L L s I (l
+ — () ’ _ i A = = —
G 2 M =0 AL {2 (251)(2)} (3) * 4
ML i L g L
A, =0, = Ans. = z A
y A Vo Z
24E1 MO MO
Here it is required that 6p = V, = 0. Referring to Fig. d, L L
_o LMo Mol _ M
TXF =0 2<E1Lx)(x) T EL
x = L MO x MQ
V12 EIL ZEL

C+ DXMp=0; Mp+ (%)(\%)

AR s

Mo
0.00802M,L> ZFT
Amax = Al) = D = _T
0.00802M L2 (&)
= =0 ] Ans.

El

L
A 3
-
I Tl
- {
- [}
bt i
L
g //’/
! P 2
L
T AEEY ey
f€ L |
()
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8-34. Determine the slope and displacement at C. EI is
constant. Use the moment-area theorems.

M
Using the I diagram and the elastic curve shown in Fig. a and b, respectively,
Theorem 1 and 2 give

O0c = 10c/al = %(%)(a) + (%)(a) + %(%)(a) _ 3}153;12 < Ans,
et Lol 3 (ke
[ (F))Ge) o

25Pa°
= 6El ) Ans.

-0

Q

(@) (b)
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8-35. Determine the slope and displacement at C. EI is
constant. Use the conjugate-beam method.

The real beam and conjugate beam are shown in Fig. a and b, respectively.

Referring to Fig. c,

13m0 v -1 ()@ - (22 )@ - 3 (5e ) - 0

Pd? Pd?
3a:3a N Ans.
EI EI

(2ol e) < 2+
(oo 20)-o

) 25Pa®>  25Pd’
= ~%El = 61 Ans.

BC:V’:_

C+ SMc =0, My + {
1
2

‘|

-0

— | «
M

I

P
- —
CT —
3ta ‘
E

o
R

_3P. -2Pa  EI
EI
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*8-36. Determine the displacement at C. Assume A is a 25 kN
fixed support, B is a pin, and D is a roller. EI is constant.
Use the moment-area theorems.

C
_iD
3m } 3m
Using the % diagram and the elastic curve shown in Fig. a and b, respectively,
Theorem 1 and 2 give
1(/37.5kN- 2 112.5kN - m?
Ap = |13/A| = {E<Tm)(3 m)Mg@ m)} = Tm l
1/37.5kN- 1 56.25 kN - m®
te/p = {E(Tm>(3 m)“g@ m)} = Tm
1(/37.5kN" 337.5kN-m?
tpp = [E(Tm)@ m)}(3 m) = Tm
Then
Ap +igp  1125kN-m*/EI + 337.5kN-m*/EI 75 kN -m?
0p = 3 = G = T, ¥ Ans.
B/D m
1
Ac +itepp = E(AB + tp/p)
L 5625kN-m’ _ 1(112.5 KN-m* 3375 kN-m3)
¢ EI T2 EI EI
L3
Ac = 1691{% ! Ans.
25 kN
f(g Ts i =] ¥
375 kil :
' [ 3m 3Am 3m ‘s
5 KN nB.
2= f ‘ 12:5 kN
3
M A= UZZ KM tanc
R A O
( Cee ®
37.5 kA-m R : —
ET
. &,
|
. / & §—x(m) ’ Z’C/D
375 M
=3 tanp

@) (b)
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8-37. Determine the displacement at C. Assume A is a 25 kN
fixed support, B is a pin, and D is a roller. EI is constant.
Use the conjugate-beam method.

The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c,

ey = 0 (T ) om) | m

0p = D, = ——— V¥ Ans.

Referring to Fig. d,

CrSme=o YT o m) o m

,(775 kgl'm )(3 m)— Mg =0
A = _168.75E kIN-m3 _ 168.75E kIN-m3 l Ans. e
IL;= ad >
25 kN i j )r
\ZM L 3m ¥
5% DY
4 , ‘L( )(3m)
A= s “
315 k\m 3m | 3m 3m
.5 KN
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8-38. Determine the displacement at D and the slope at 6k
D. Assume A is a fixed support, B is a pin, and C'is a roller.
Use the moment-area theorems.

} 12 ft
. M . . - .
Using the Bl diagram and elastic curve shown in Fig. a and b, respectively,
Theorem 1 and 2 give
1/72k-ft 2 3456 k - ft
Ap = == 12ft) [|[Z(12ft) | = ———
B = Ip/a {2( El )( t)M?’( t)} El )
1/ 72k-ft 864 k-ft> 864 k- ft?
= - 24 ft) = — = N
00/ 2( EI )( 0 EI EI
1/ 72k-ft 1 1728 k - ft?
te/p = {5(— £ )(12ft)“§(12ft)} = i
1/ 72k-ft 10368 k - ft>
tpp = b(— o )(24 ft)}(lZ ft) = T
Then,
) 3456 k - ft 1728k-ft3> 3456 k - ft
A" = 2 iyl = 2( EI ~  EI  EI
A’ 3456 k - ft*/ET 144 k - 2
GBR = — = = Y
Lgp 24 ft EI
0p = Opr + Op/B
2 L2 L2
6, = 144k-f¢ 864k-f _ 1008k-f o Ans.
EI EI EI
Ap = |fD/B| + A" Ay
_ 10368k-ft*  3456k-ft’ 3456 k-ft
EI EI EI
10368k - ft’ . A
= El ns.
bk
ZLan BL
TR kAt d en=lp
i | N| g I fanA
\ Vi
12t l2ft l2ft
12 kK
M
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T2k ft (B (Ve J(A
EL A -
\ 2 et xXGt) fp3 ! \fangk
! ' 3456 kit '&le
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8-39. Determine the displacement at D and the slope at
D. Assume A is a fixed support, B is a pin, and C is a roller.
Use the conjugate-beam method.

The real beam and conjugate beam are shown in Fig. a and b, respectively.
Referring to Fig. c,

172K f
C+ My = 0; cy'(lzft)—[—(7 t)(12ft)}(16ft)
2\ Er
_
576 k - ft?

C, =
Y EI

Referring to Fig. d,

. 172k ft 576 k - ft?
+1 > F, =0 _VD_E( o )(12ﬁ)—T =0
1008 k- ft> 1008 k - ft?
0p = Vp = — = N Ans.

El El

C+ XMc = 0; Mp + B(%)(Uft)}@ft) + (%j’ﬂz)(lzﬁ) =0
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Mp = Ap = £l = £ ! Ans.
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