Data Structure: Lectures Note 2015 Prepared by: Dr. Mamoun Nawahdah

(Lecture xx) Red-Black Trees (Optional)

Left-leaning red-black BSTs (Guibas-Sedgewick 1979 and Sedgewick 2007): LLRB
1. Represent 2-3 tree as a BST.
2. Use "internal" left-leaning links as "glue" for 3—nodes.

3-node @ —————— larger key is root

less between greater arr i
S reafer
than a aandb than b g

than b
less between

than a aandb

Example:

black links connect
2-nodes and 3-nodes

nodes within a 3-node /

red links "glue”

2-3 tree corresponding red-black BST

An equivalent definition:
A BST such that:
« No node has two red links connected to it.

« Every path from root to null link has the same number of black links.
« Red links lean left. N

"perfect black balance"

Key property. 1-1 correspondence between 2-3 and LLRB.

red—black tree

2-3 tree

To be continue.
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(Lecture 21) B-Trees
An M-ary search tree allows M-way branching.
As branching increases, the depth decreases.
B-trees (Bayer-McCreight, 1972)
B-tree. Generalize 2-3 trees by allowing up to M - 1 key-link pairs per node.

+ At least 2 key-link pairs at root. N ouse K sl e as nassiblesn
» At least M /2 key-link pairs in other nodes. that Mlinks fitin a page, e.g., M = 1024
» External nodes contain client keys.

« Internal nodes contain copies of keys to guide search.
Nodes must be half full to guarantee that the tree does not degenerate into a simple binary tree.

Example: A 5-ary tree of 31 nodes has only three levels:

Example:

et node

sentinel key / ;rmrrmf 3-node

each red key is a copy

of min key in subtree KiQU

external
‘”“*fl / \\ external w-f!mﬁ’ HHHJ/ \\ﬂ!t’r?mi 4-node

|*BC |[DIEF |[HI ] ][KMNOP |IQR T | [uw XY

client kevs (Black) all nodes except the root are 3-, 4- or 5-nodes
are in external nodes
Anatomy of a B-tree set (M = 6)

Searching in a B-tree
e Start atroot.
e Find interval for search key and take corresponding link.
e Search terminates in external node.

searching for E

* 1K
follow this link because

E is between * mly

*D|H

follow this link because

e E isbetween D and H

search for E in 3

this external node

Searching in a B-tree set (M = 6)
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Insertion in a B-tree

* Search for new key.
* Insert at bottom.
+ Split nodes with M key-link pairs on the way up the tree.

inserting A

*HIK|Q|U
[*[B]CIEIF /] [H][T]] [[KMNOP J[QRT J[U W X |
*A|BICIEIF
mew key (A) eauses * CIH K l-— m'wkc_','{(:'j'mu:_r:.
overflow and split / : overflow and split
|* A B |[CIEIF |
" K
*IC|H roof split causes s | 4 [lo ] B¢
T anewrootto be created

o R S Bl .

Inserting a new key into a B-tree set

Balance in B-tree

Proposition. A search or an insertion in a B-tree of order M with N keys
requires between logy-1 N and log m2 N probes.

Pf. All internal nodes (besides root) have between M /2 and M - 1 links.

In practice. Number of probes is at most 4. <—— M=1024; N =62 billion
logmzN < 4

Optimization. Always keep root page in memory.

The B-tree is the most popular data structure for disk bound searching.
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Example: A B-tree of order 5
41 87
v ; ¥ v
8 (18|26, 35 48,51 (|54 72 83 921,97

h r Y h 4 h 4 r r h 4 Y h v r h 4 h b
2|18 ||18||26|[35(|41||48||51||54 66||72(|78(]|83 921197
4 1/10||20||28||36(|42||49||52||56 6873|179 |84 93|98
6 ||12||22||30|[37||44||50||53||58 6974|8185 951|199

14|(24||131||38||46 59 701176

16 32139

Insertion: insert 57

e |[f the leaf contains room for a new item, we insert it and are done.

If the leaf is full, we can insert a new item by splitting the leaf and forming two half-empty nodes.

The B-tree after insertion of 57

41 87
v “r + v
8 |,|18]|26|,|35 | 48 | 51 | 54 | 72|,178|,| 83 i 97
v v v A r l l i l h 4 r h 4 l h J
2 B ||18||26||35(|41||48(|51||54 66||72(|78]||83 92|97
4 ((10]120]|28||36(|42|(49 (|52 ||56 68(173(|79]| |84 93|98
6 ||12||22||30(|37|(44||50||53||57 69|74 85 95|99
14((24||31||38| |46 58 70|76
16 32|39 59
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Insertion: insert 40

2015

e Node splitting creates an extra child for the leaf’s parent.
e [f the parent already has a full number of children, we split the parent.

e We may have to continue splitting all the way up the tree (though this possibility is unlikely).
e Inthe worst case, we split the root, creating a new root with two children.

Prepared by: Dr. Mamoun Nawahdah

IZE 41/|,|66 B?I
1 [
$ + hd + ¢
|B|1B| |35 38 |48|5'I|54|5? |?2I?’B!BB |92|9?
W w
28|18 26(]|35]|38 41|(48||51||54||57||66||72||78||83 87119297
4 ([10]]|20 2836|139 421(49||52||55||58||68||73([79||B4 891193||98
6 ||12]||22 30|137]|40 44|(50||53(|56||59||69||74|(81||85 90119599
14|24 31 46 70|76
16 32

Insertion of 40 causes a split into two leaves and then a split of the parent node.

Deletion works in reverse: remove 99:

e If aleaf loses a child, it may need to combine with another leaf.
e Combining of nodes may continue all the way up the tree, though this possibility is unlikely.
e Inthe worst case, the root loses one of its two children. Then we delete the root and use the other

child as the new root.

| 261(,141|,|66],/83 |

| |
v f I’ i !

8 [,|18 35|,(38 | | 481,151(,|54],|57 721,178 | 87 | 92

w L 4 r r w v r h 4 h 4 k4 r . r
2 8 (|18 2613538 4111481151 ||54||57||66||72|]|78 8318792
4 (11020 2813639 4211491152155 ||58||68||73(]|79 841891193
6(|12]]|22 3013740 4411501153156 |59|(69]||74|]|81 85(|1901|195
14124 31 46 701176 a7
16 32 98

The B-tree after deletion of 99 from the tree
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