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35()$&(�

3XUSRVH�*RDOV�

7KLV�ERRN�GHVFULEHV�GDWD�VWUXFWXUHV��PHWKRGV�RI�RUJDQL]LQJ�ODUJH�DPRXQWV�RI�GDWD��
DQG�DOJRULWKP�DQDO\VLV��WKH�HVWLPDWLRQ�RI�WKH�UXQQLQJ�WLPH�RI�DOJRULWKPV��$V�
FRPSXWHUV�EHFRPH�IDVWHU�DQG�IDVWHU��WKH�QHHG�IRU�SURJUDPV�WKDW�FDQ�KDQGOH�ODUJH�
DPRXQWV�RI�LQSXW�EHFRPHV�PRUH�DFXWH��3DUDGR[LFDOO\��WKLV�UHTXLUHV�PRUH�FDUHIXO�
DWWHQWLRQ�WR�HIILFLHQF\��VLQFH�LQHIILFLHQFLHV�LQ�SURJUDPV�EHFRPH�PRVW�REYLRXV�
ZKHQ�LQSXW�VL]HV�DUH�ODUJH��%\�DQDO\]LQJ�DQ�DOJRULWKP�EHIRUH�LW�LV�DFWXDOO\�
FRGHG��VWXGHQWV�FDQ�GHFLGH�LI�D�SDUWLFXODU�VROXWLRQ�ZLOO�EH�IHDVLEOH��)RU�
H[DPSOH��LQ�WKLV�WH[W�VWXGHQWV�ORRN�DW�VSHFLILF�SUREOHPV�DQG�VHH�KRZ�FDUHIXO�
LPSOHPHQWDWLRQV�FDQ�UHGXFH�WKH�WLPH�FRQVWUDLQW�IRU�ODUJH�DPRXQWV�RI�GDWD�IURP����
\HDUV�WR�OHVV�WKDQ�D�VHFRQG��7KHUHIRUH��QR�DOJRULWKP�RU�GDWD�VWUXFWXUH�LV�
SUHVHQWHG�ZLWKRXW�DQ�H[SODQDWLRQ�RI�LWV�UXQQLQJ�WLPH��,Q�VRPH�FDVHV��PLQXWH�
GHWDLOV�WKDW�DIIHFW�WKH�UXQQLQJ�WLPH�RI�WKH�LPSOHPHQWDWLRQ�DUH�H[SORUHG���

2QFH�D�VROXWLRQ�PHWKRG�LV�GHWHUPLQHG��D�SURJUDP�PXVW�VWLOO�EH�ZULWWHQ��$V�
FRPSXWHUV�KDYH�EHFRPH�PRUH�SRZHUIXO��WKH�SUREOHPV�WKH\�VROYH�KDYH�EHFRPH�ODUJHU�
DQG�PRUH�FRPSOH[��WKXV�UHTXLULQJ�GHYHORSPHQW�RI�PRUH�LQWULFDWH�SURJUDPV�WR�VROYH�
WKH�SUREOHPV��7KH�JRDO�RI�WKLV�WH[W�LV�WR�WHDFK�VWXGHQWV�JRRG�SURJUDPPLQJ�DQG�
DOJRULWKP�DQDO\VLV�VNLOOV�VLPXOWDQHRXVO\�VR�WKDW�WKH\�FDQ�GHYHORS�VXFK�SURJUDPV�
ZLWK�WKH�PD[LPXP�DPRXQW�RI�HIILFLHQF\���

7KLV�ERRN�LV�VXLWDEOH�IRU�HLWKHU�DQ�DGYDQFHG�GDWD�VWUXFWXUHV��&6���FRXUVH�RU�D�
ILUVW�\HDU�JUDGXDWH�FRXUVH�LQ�DOJRULWKP�DQDO\VLV��6WXGHQWV�VKRXOG�KDYH�VRPH�
NQRZOHGJH�RI�LQWHUPHGLDWH�SURJUDPPLQJ��LQFOXGLQJ�VXFK�WRSLFV�DV�SRLQWHUV�DQG�
UHFXUVLRQ��DQG�VRPH�EDFNJURXQG�LQ�GLVFUHWH�PDWK���

$SSURDFK�

,�EHOLHYH�LW�LV�LPSRUWDQW�IRU�VWXGHQWV�WR�OHDUQ�KRZ�WR�SURJUDP�IRU�WKHPVHOYHV��
QRW�KRZ�WR�FRS\�SURJUDPV�IURP�D�ERRN��2Q�WKH�RWKHU�KDQG��LW�LV�YLUWXDOO\�
LPSRVVLEOH�WR�GLVFXVV�UHDOLVWLF�SURJUDPPLQJ�LVVXHV�ZLWKRXW�LQFOXGLQJ�VDPSOH�FRGH��
)RU�WKLV�UHDVRQ��WKH�ERRN�XVXDOO\�SURYLGHV�DERXW�KDOI�WR�WKUHH�TXDUWHUV�RI�DQ�
LPSOHPHQWDWLRQ��DQG�WKH�VWXGHQW�LV�HQFRXUDJHG�WR�VXSSO\�WKH�UHVW���

7KH�DOJRULWKPV�LQ�WKLV�ERRN�DUH�SUHVHQWHG�LQ�$16,�&��ZKLFK��GHVSLWH�VRPH�IODZV��
LV�DUJXDEO\�WKH�PRVW�SRSXODU�V\VWHPV�SURJUDPPLQJ�ODQJXDJH��7KH�XVH�RI�&�LQVWHDG�
RI�3DVFDO�DOORZV�WKH�XVH�RI�G\QDPLFDOO\�DOORFDWHG�DUUD\V��VHH�IRU�LQVWDQFH�
UHKDVKLQJ�LQ�&K������,W�DOVR�SURGXFHV�VLPSOLILHG�FRGH�LQ�VHYHUDO�SODFHV��XVXDOO\�
EHFDXVH�WKH�DQG�(&&)�RSHUDWLRQ�LV�VKRUW�FLUFXLWHG���

0RVW�FULWLFLVPV�RI�&�FHQWHU�RQ�WKH�IDFW�WKDW�LW�LV�HDV\�WR�ZULWH�FRGH�WKDW�LV�
EDUHO\�UHDGDEOH��6RPH�RI�WKH�PRUH�VWDQGDUG�WULFNV��VXFK�DV�WKH�VLPXOWDQHRXV�
DVVLJQPHQW�DQG�WHVWLQJ�DJDLQVW���YLD��

LI��[ \��

DUH�JHQHUDOO\�QRW�XVHG�LQ�WKH�WH[W��VLQFH�WKH�ORVV�RI�FODULW\�LV�FRPSHQVDWHG�E\�

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV
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RQO\�D�IHZ�NH\VWURNHV�DQG�QR�LQFUHDVHG�VSHHG��,�EHOLHYH�WKDW�WKLV�ERRN�
GHPRQVWUDWHV�WKDW�XQUHDGDEOH�FRGH�FDQ�EH�DYRLGHG�E\�H[HUFLVLQJ�UHDVRQDEOH�FDUH���

2YHUYLHZ�

&KDSWHU���FRQWDLQV�UHYLHZ�PDWHULDO�RQ�GLVFUHWH�PDWK�DQG�UHFXUVLRQ��,�EHOLHYH�WKH�
RQO\�ZD\�WR�EH�FRPIRUWDEOH�ZLWK�UHFXUVLRQ�LV�WR�VHH�JRRG�XVHV�RYHU�DQG�RYHU��
7KHUHIRUH��UHFXUVLRQ�LV�SUHYDOHQW�LQ�WKLV�WH[W��ZLWK�H[DPSOHV�LQ�HYHU\�FKDSWHU�
H[FHSW�&KDSWHU�����

&KDSWHU���GHDOV�ZLWK�DOJRULWKP�DQDO\VLV��7KLV�FKDSWHU�H[SODLQV�DV\PSWRWLF�
DQDO\VLV�DQG�LWV�PDMRU�ZHDNQHVVHV��0DQ\�H[DPSOHV�DUH�SURYLGHG��LQFOXGLQJ�DQ�LQ�
GHSWK�H[SODQDWLRQ�RI�ORJDULWKPLF�UXQQLQJ�WLPH��6LPSOH�UHFXUVLYH�SURJUDPV�DUH�
DQDO\]HG�E\�LQWXLWLYHO\�FRQYHUWLQJ�WKHP�LQWR�LWHUDWLYH�SURJUDPV��0RUH�FRPSOLFDWHG�
GLYLGH�DQG�FRQTXHU�SURJUDPV�DUH�LQWURGXFHG��EXW�VRPH�RI�WKH�DQDO\VLV��VROYLQJ�
UHFXUUHQFH�UHODWLRQV��LV�LPSOLFLWO\�GHOD\HG�XQWLO�&KDSWHU����ZKHUH�LW�LV�
SHUIRUPHG�LQ�GHWDLO���

&KDSWHU���FRYHUV�OLVWV��VWDFNV��DQG�TXHXHV��7KH�HPSKDVLV�KHUH�LV�RQ�FRGLQJ�WKHVH�
GDWD�VWUXFWXUHV�XVLQJ�ADTS��IDVW�LPSOHPHQWDWLRQ�RI�WKHVH�GDWD�VWUXFWXUHV��DQG�
DQ�H[SRVLWLRQ�RI�VRPH�RI�WKHLU�XVHV��7KHUH�DUH�DOPRVW�QR�SURJUDPV��MXVW�
URXWLQHV���EXW�WKH�H[HUFLVHV�FRQWDLQ�SOHQW\�RI�LGHDV�IRU�SURJUDPPLQJ�DVVLJQPHQWV��

&KDSWHU���FRYHUV�WUHHV��ZLWK�DQ�HPSKDVLV�RQ�VHDUFK�WUHHV��LQFOXGLQJ�H[WHUQDO�
VHDUFK�WUHHV��%�WUHHV���7KH�UNIX�ILOH�V\VWHP�DQG�H[SUHVVLRQ�WUHHV�DUH�XVHG�DV�
H[DPSOHV��AVL�WUHHV�DQG�VSOD\�WUHHV�DUH�LQWURGXFHG�EXW�QRW�DQDO\]HG��6HYHQW\�
ILYH�SHUFHQW�RI�WKH�FRGH�LV�ZULWWHQ��OHDYLQJ�VLPLODU�FDVHV�WR�EH�FRPSOHWHG�E\�WKH�
VWXGHQW��$GGLWLRQDO�FRYHUDJH�RI�WUHHV��VXFK�DV�ILOH�FRPSUHVVLRQ�DQG�JDPH�WUHHV��
LV�GHIHUUHG�XQWLO�&KDSWHU�����'DWD�VWUXFWXUHV�IRU�DQ�H[WHUQDO�PHGLXP�DUH�
FRQVLGHUHG�DV�WKH�ILQDO�WRSLF�LQ�VHYHUDO�FKDSWHUV���

&KDSWHU���LV�D�UHODWLYHO\�VKRUW�FKDSWHU�FRQFHUQLQJ�KDVK�WDEOHV��6RPH�DQDO\VLV�LV�
SHUIRUPHG�DQG�H[WHQGLEOH�KDVKLQJ�LV�FRYHUHG�DW�WKH�HQG�RI�WKH�FKDSWHU���

&KDSWHU���LV�DERXW�SULRULW\�TXHXHV��%LQDU\�KHDSV�DUH�FRYHUHG��DQG�WKHUH�LV�
DGGLWLRQDO�PDWHULDO�RQ�VRPH�RI�WKH�WKHRUHWLFDOO\�LQWHUHVWLQJ�LPSOHPHQWDWLRQV�RI�
SULRULW\�TXHXHV���

&KDSWHU���FRYHUV�VRUWLQJ��,W�LV�YHU\�VSHFLILF�ZLWK�UHVSHFW�WR�FRGLQJ�GHWDLOV�DQG�
DQDO\VLV��$OO�WKH�LPSRUWDQW�JHQHUDO�SXUSRVH�VRUWLQJ�DOJRULWKPV�DUH�FRYHUHG�DQG�
FRPSDUHG��7KUHH�DOJRULWKPV�DUH�DQDO\]HG�LQ�GHWDLO��LQVHUWLRQ�VRUW��6KHOOVRUW��DQG�
TXLFNVRUW��([WHUQDO�VRUWLQJ�LV�FRYHUHG�DW�WKH�HQG�RI�WKH�FKDSWHU���

&KDSWHU���GLVFXVVHV�WKH�GLVMRLQW�VHW�DOJRULWKP�ZLWK�SURRI�RI�WKH�UXQQLQJ�WLPH��
7KLV�LV�D�VKRUW�DQG�VSHFLILF�FKDSWHU�WKDW�FDQ�EH�VNLSSHG�LI�.UXVNDO
V�DOJRULWKP�
LV�QRW�GLVFXVVHG���

&KDSWHU���FRYHUV�JUDSK�DOJRULWKPV��$OJRULWKPV�RQ�JUDSKV�DUH�LQWHUHVWLQJ�QRW�RQO\�
EHFDXVH�WKH\�IUHTXHQWO\�RFFXU�LQ�SUDFWLFH�EXW�DOVR�EHFDXVH�WKHLU�UXQQLQJ�WLPH�LV�
VR�KHDYLO\�GHSHQGHQW�RQ�WKH�SURSHU�XVH�RI�GDWD�VWUXFWXUHV��9LUWXDOO\�DOO�RI�WKH�
VWDQGDUG�DOJRULWKPV�DUH�SUHVHQWHG�DORQJ�ZLWK�DSSURSULDWH�GDWD�VWUXFWXUHV��
SVHXGRFRGH��DQG�DQDO\VLV�RI�UXQQLQJ�WLPH��7R�SODFH�WKHVH�SUREOHPV�LQ�D�SURSHU�

义ⷕˈ���6WUXFWXUHV��$OJRULWKP�$QDO\VLV��35()$&(

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



FRQWH[W��D�VKRUW�GLVFXVVLRQ�RQ�FRPSOH[LW\�WKHRU\��LQFOXGLQJ�13�FRPSOHWHQHVV�DQG�
XQGHFLGDELOLW\��LV�SURYLGHG���

&KDSWHU����FRYHUV�DOJRULWKP�GHVLJQ�E\�H[DPLQLQJ�FRPPRQ�SUREOHP�VROYLQJ�
WHFKQLTXHV��7KLV�FKDSWHU�LV�KHDYLO\�IRUWLILHG�ZLWK�H[DPSOHV��3VHXGRFRGH�LV�XVHG�
LQ�WKHVH�ODWHU�FKDSWHUV�VR�WKDW�WKH�VWXGHQW
V�DSSUHFLDWLRQ�RI�DQ�H[DPSOH�
DOJRULWKP�LV�QRW�REVFXUHG�E\�LPSOHPHQWDWLRQ�GHWDLOV���

&KDSWHU����GHDOV�ZLWK�DPRUWL]HG�DQDO\VLV��7KUHH�GDWD�VWUXFWXUHV�IURP�&KDSWHUV���
DQG���DQG�WKH�)LERQDFFL�KHDS��LQWURGXFHG�LQ�WKLV�FKDSWHU��DUH�DQDO\]HG���

&KDSWHUV�����SURYLGH�HQRXJK�PDWHULDO�IRU�PRVW�RQH�VHPHVWHU�GDWD�VWUXFWXUHV�
FRXUVHV��,I�WLPH�SHUPLWV��WKHQ�&KDSWHU����FDQ�EH�FRYHUHG��$�JUDGXDWH�FRXUVH�RQ�
DOJRULWKP�DQDO\VLV�FRXOG�FRYHU�&KDSWHUV�������7KH�DGYDQFHG�GDWD�VWUXFWXUHV�
DQDO\]HG�LQ�&KDSWHU����FDQ�HDVLO\�EH�UHIHUUHG�WR�LQ�WKH�HDUOLHU�FKDSWHUV��7KH�
GLVFXVVLRQ�RI�13�FRPSOHWHQHVV�LQ�&KDSWHU���LV�IDU�WRR�EULHI�WR�EH�XVHG�LQ�VXFK�D�
FRXUVH��*DUH\�DQG�-RKQVRQ
V�ERRN�RQ�13�FRPSOHWHQHVV�FDQ�EH�XVHG�WR�DXJPHQW�WKLV�
WH[W���

([HUFLVHV�

([HUFLVHV��SURYLGHG�DW�WKH�HQG�RI�HDFK�FKDSWHU��PDWFK�WKH�RUGHU�LQ�ZKLFK�PDWHULDO�
LV�SUHVHQWHG��7KH�ODVW�H[HUFLVHV�PD\�DGGUHVV�WKH�FKDSWHU�DV�D�ZKROH�UDWKHU�WKDQ�D�
VSHFLILF�VHFWLRQ��'LIILFXOW�H[HUFLVHV�DUH�PDUNHG�ZLWK�DQ�DVWHULVN��DQG�PRUH�
FKDOOHQJLQJ�H[HUFLVHV�KDYH�WZR�DVWHULVNV���

$�VROXWLRQV�PDQXDO�FRQWDLQLQJ�VROXWLRQV�WR�DOPRVW�DOO�WKH�H[HUFLVHV�LV�DYDLODEOH�
VHSDUDWHO\�IURP�7KH�%HQMDPLQ�&XPPLQJV�3XEOLVKLQJ�&RPSDQ\���

5HIHUHQFHV�

5HIHUHQFHV�DUH�SODFHG�DW�WKH�HQG�RI�HDFK�FKDSWHU��*HQHUDOO\�WKH�UHIHUHQFHV�HLWKHU�
DUH�KLVWRULFDO��UHSUHVHQWLQJ�WKH�RULJLQDO�VRXUFH�RI�WKH�PDWHULDO��RU�WKH\�
UHSUHVHQW�H[WHQVLRQV�DQG�LPSURYHPHQWV�WR�WKH�UHVXOWV�JLYHQ�LQ�WKH�WH[W��6RPH�
UHIHUHQFHV�UHSUHVHQW�VROXWLRQV�WR�H[HUFLVHV���

$FNQRZOHGJPHQWV�

,�ZRXOG�OLNH�WR�WKDQN�WKH�PDQ\�SHRSOH�ZKR�KHOSHG�PH�LQ�WKH�SUHSDUDWLRQ�RI�WKLV�
DQG�SUHYLRXV�YHUVLRQV�RI�WKH�ERRN��7KH�SURIHVVLRQDOV�DW�%HQMDPLQ�&XPPLQJV�PDGH�P\�
ERRN�D�FRQVLGHUDEO\�OHVV�KDUURZLQJ�H[SHULHQFH�WKDQ�,�KDG�EHHQ�OHG�WR�H[SHFW��,
G�
OLNH�WR�WKDQN�P\�SUHYLRXV�HGLWRUV��$ODQ�$SW�DQG�-RKQ�7KRPSVRQ��DV�ZHOO�DV�&DUWHU�
6KDQNOLQ��ZKR�KDV�HGLWHG�WKLV�YHUVLRQ��DQG�&DUWHU
V�DVVLVWDQW��9LYLDQ�0F'RXJDO��
IRU�DQVZHULQJ�DOO�P\�TXHVWLRQV�DQG�SXWWLQJ�XS�ZLWK�P\�GHOD\V��*DLO�&DUULJDQ�DW�
%HQMDPLQ�&XPPLQJV�DQG�0HOLVVD�*��0DGVHQ�DQG�/DXUD�6Q\GHU�DW�3XEOLFDWLRQ�6HUYLFHV�
GLG�D�ZRQGHUIXO�MRE�ZLWK�SURGXFWLRQ��7KH�&�YHUVLRQ�ZDV�KDQGOHG�E\�-RH�+HDWKZDUG�
DQG�KLV�RXWVWDQGLQJ�VWDII��ZKR�ZHUH�DEOH�WR�PHHW�WKH�SURGXFWLRQ�VFKHGXOH�GHVSLWH�
WKH�GHOD\V�FDXVHG�E\�+XUULFDQH�$QGUHZ���

,�ZRXOG�OLNH�WR�WKDQN�WKH�UHYLHZHUV��ZKR�SURYLGHG�YDOXDEOH�FRPPHQWV��PDQ\�RI�
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ZKLFK�KDYH�EHHQ�LQFRUSRUDWHG�LQWR�WKH�WH[W��$OSKDEHWLFDOO\��WKH\�DUH�9LFNL�$OODQ�
�8WDK�6WDWH�8QLYHUVLW\���+HQU\�%DXHU��8QLYHUVLW\�RI�:\RPLQJ���$OH[�%LOLULV�
�%RVWRQ�8QLYHUVLW\���-DQ�&DUUROO��8QLYHUVLW\�RI�1RUWK�7H[DV���'DQ�+LUVFKEHUJ�
�8QLYHUVLW\�RI�&DOLIRUQLD��,UYLQH���-XOLD�+RGJHV��0LVVLVVLSSL�6WDWH�8QLYHUVLW\���
%LOO�.UD\QHN��)ORULGD�,QWHUQDWLRQDO�8QLYHUVLW\���5D\QR�'��1LHPL��5RFKHVWHU�
,QVWLWXWH�RI�7HFKQRORJ\���5REHUW�2��3HWWXV��8QLYHUVLW\�RI�6RXWK�&DUROLQD���5REHUW�
3UREDVFR��8QLYHUVLW\�RI�,GDKR���&KDUOHV�:LOOLDPV��*HRUJLD�6WDWH�8QLYHUVLW\���DQG�
&KULV�:LOVRQ��8QLYHUVLW\�RI�2UHJRQ���,�ZRXOG�SDUWLFXODUO\�OLNH�WR�WKDQN�9LFNL�
$OODQ��ZKR�FDUHIXOO\�UHDG�HYHU\�GUDIW�DQG�SURYLGHG�YHU\�GHWDLOHG�VXJJHVWLRQV�IRU�
LPSURYHPHQW���

$W�),8��PDQ\�SHRSOH�KHOSHG�ZLWK�WKLV�SURMHFW��;LQZHL�&XL�DQG�-RKQ�7VR�SURYLGHG�PH�
ZLWK�WKHLU�FODVV�QRWHV��,
G�OLNH�WR�WKDQN�%LOO�.UD\QHN��:HV�0DFNH\��-DL�1DYODNKD��
DQG�:HL�6XQ�IRU�XVLQJ�GUDIWV�LQ�WKHLU�FRXUVHV��DQG�WKH�PDQ\�VWXGHQWV�ZKR�VXIIHUHG�
WKURXJK�WKH�VNHWFK\�HDUO\�GUDIWV��0DULD�)LRUHQ]D��(GXDUGR�*RQ]DOH]��$QFLQ�3HWHU��
7LP�5LOH\��-HIUH�5LVHU��DQG�0DJDO\�6RWRORQJR�UHSRUWHG�VHYHUDO�HUURUV��DQG�0LNH�
+DOO�FKHFNHG�WKURXJK�DQ�HDUO\�GUDIW�IRU�SURJUDPPLQJ�HUURUV��$�VSHFLDO�WKDQNV�JRHV�
WR�<X]KHQJ�'LQJ��ZKR�FRPSLOHG�DQG�WHVWHG�HYHU\�SURJUDP�LQ�WKH�RULJLQDO�ERRN��
LQFOXGLQJ�WKH�FRQYHUVLRQ�RI�SVHXGRFRGH�WR�3DVFDO��,
G�EH�UHPLVV�WR�IRUJHW�&DUORV�
,EDUUD�DQG�6WHYH�/XLV��ZKR�NHSW�WKH�SULQWHUV�DQG�WKH�FRPSXWHU�V\VWHP�ZRUNLQJ�DQG�
VHQW�RXW�WDSHV�RQ�D�PLQXWH
V�QRWLFH���

7KLV�ERRN�LV�D�SURGXFW�RI�D�ORYH�IRU�GDWD�VWUXFWXUHV�DQG�DOJRULWKPV�WKDW�FDQ�EH�
REWDLQHG�RQO\�IURP�WRS�HGXFDWRUV��,
G�OLNH�WR�WDNH�WKH�WLPH�WR�WKDQN�%RE�+RSNLQV��
(��&��+RUYDWK��DQG�5LFK�0HQGH]��ZKR�WDXJKW�PH�DW�&RRSHU�8QLRQ��DQG�%RE�6HGJHZLFN��
.HQ�6WHLJOLW]��DQG�%RE�7DUMDQ�IURP�3ULQFHWRQ���

)LQDOO\��,
G�OLNH�WR�WKDQN�DOO�P\�IULHQGV�ZKR�SURYLGHG�HQFRXUDJHPHQW�GXULQJ�WKH�
SURMHFW��,Q�SDUWLFXODU��,
G�OLNH�WR�WKDQN�0LFKHOH�'RUFKDN��$UYLQ�3DUN��DQG�7LP�
6Q\GHU�IRU�OLVWHQLQJ�WR�P\�VWRULHV��%LOO�.UD\QHN��$OH[�3HOLQ��DQG�1RUPDQ�3HVWDLQD�
IRU�EHLQJ�FLYLO�QH[W�GRRU��RIILFH��QHLJKERUV��HYHQ�ZKHQ�,�ZDVQ
W��/\QQ�DQG�7RE\�
%HUN�IRU�VKHOWHU�GXULQJ�$QGUHZ��DQG�WKH�+70&�IRU�ZRUN�UHOLHI���

$Q\�PLVWDNHV�LQ�WKLV�ERRN�DUH��RI�FRXUVH��P\�RZQ��,�ZRXOG�DSSUHFLDWH�UHSRUWV�RI�
DQ\�HUURUV�\RX�ILQG��P\�H�PDLO�DGGUHVV�LV�ZHLVV#ILX�HGX���

0�$�:���

0LDPL��)ORULGD��

6HSWHPEHU�������

*R�WR�&KDSWHU���5HWXUQ�WR�7DEOH�RI�&RQWHQWV��
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�

�

�

SURYLQJ�WKH�WKHRUHP��

�

3URRI�E\�&RXQWHUH[DPSOH
�
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7KH�VWDWHPHQW�)N� �N��LV�IDOVH��7KH�HDVLHVW�ZD\�WR�SURYH�WKLV�LV�WR�FRPSXWH�)��� �����!���
���

�

3URRI�E\�&RQWUDGLFWLRQ
�

3URRI�E\�FRQWUDGLFWLRQ�SURFHHGV�E\�DVVXPLQJ�WKDW�WKH�WKHRUHP�LV�IDOVH�DQG�VKRZLQJ�WKDW�WKLV�

DVVXPSWLRQ�LPSOLHV�WKDW�VRPH�NQRZQ�SURSHUW\�LV�IDOVH��DQG�KHQFH�WKH�RULJLQDO�DVVXPSWLRQ�ZDV�
HUURQHRXV��$�FODVVLF�H[DPSOH�LV�WKH�SURRI�WKDW�WKHUH�LV�DQ�LQILQLWH�QXPEHU�RI�SULPHV��7R�SURYH�
WKLV��ZH�DVVXPH�WKDW�WKH�WKHRUHP�LV�IDOVH��VR�WKDW�WKHUH�LV�VRPH�ODUJHVW�SULPH�SN��/HW�S���S�����

������SN�EH�DOO�WKH�SULPHV�LQ�RUGHU�DQG�FRQVLGHU��

1� �S�S�S�
������SN����

�

&OHDUO\��1�LV�ODUJHU�WKDQ�SN��VR�E\�DVVXPSWLRQ�1�LV�QRW�SULPH��+RZHYHU��QRQH�RI�S���S�����������

SN�GLYLGH�1�H[DFWO\��EHFDXVH�WKHUH�ZLOO�DOZD\V�EH�D�UHPDLQGHU�RI����7KLV�LV�D�FRQWUDGLFWLRQ��

EHFDXVH�HYHU\�QXPEHU�LV�HLWKHU�SULPH�RU�D�SURGXFW�RI�SULPHV��+HQFH��WKH�RULJLQDO�DVVXPSWLRQ��WKDW�
SN�LV�WKH�ODUJHVW�SULPH��LV�IDOVH��ZKLFK�LPSOLHV�WKDW�WKH�WKHRUHP�LV�WUXH���

LQW

�

I��LQW�[��

�

^

�

����������LI���[�� ����

�

�����������������UHWXUQ���

�

HOVH

�

�����������������UHWXUQ���I�[������[[���

�

`

�

)LJXUH�����$�UHFXUVLYH�IXQFWLRQ

�

�����$�%ULHI�,QWURGXFWLRQ�WR�5HFXUVLRQ
�

0RVW�PDWKHPDWLFDO�IXQFWLRQV�WKDW�ZH�DUH�IDPLOLDU�ZLWK�DUH�GHVFULEHG�E\�D�VLPSOH�IRUPXOD��)RU�

LQVWDQFH��ZH�FDQ�FRQYHUW�WHPSHUDWXUHV�IURP�)DKUHQKHLW�WR�&HOVLXV�E\�DSSO\LQJ�WKH�IRUPXOD��

&� ���)��������

�

*LYHQ�WKLV�IRUPXOD��LW�LV�WULYLDO�WR�ZULWH�D�&�IXQFWLRQ��ZLWK�GHFODUDWLRQV�DQG�EUDFHV�UHPRYHG��
WKH�RQH�OLQH�IRUPXOD�WUDQVODWHV�WR�RQH�OLQH�RI�&���

0DWKHPDWLFDO�IXQFWLRQV�DUH�VRPHWLPHV�GHILQHG�LQ�D�OHVV�VWDQGDUG�IRUP��$V�DQ�H[DPSOH��ZH�FDQ�
GHILQH�D�IXQFWLRQ�I��YDOLG�RQ�QRQQHJDWLYH�LQWHJHUV��WKDW�VDWLVILHV�I���� ���DQG�I�[�� ��I�[������

��[���)URP�WKLV�GHILQLWLRQ�ZH�VHH�WKDW�I���� ����I���� ����I���� �����DQG�I���� �����$�IXQFWLRQ�
WKDW�LV�GHILQHG�LQ�WHUPV�RI�LWVHOI�LV�FDOOHG�UHFXUVLYH��&�DOORZV�IXQFWLRQV�WR�EH�UHFXUVLYH��,W�
LV�LPSRUWDQW�WR�UHPHPEHU�WKDW�ZKDW�&�SURYLGHV�LV�PHUHO\�DQ�DWWHPSW�WR�IROORZ�WKH�UHFXUVLYH�
VSLULW��1RW�DOO�PDWKHPDWLFDOO\�UHFXUVLYH�IXQFWLRQV�DUH�HIILFLHQWO\��RU�FRUUHFWO\��LPSOHPHQWHG�E\�
&
V�VLPXODWLRQ�RI�UHFXUVLRQ��7KH�LGHD�LV�WKDW�WKH�UHFXUVLYH�IXQFWLRQ�I RXJKW�WR�EH�H[SUHVVLEOH�LQ�
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RQO\�D�IHZ�OLQHV��MXVW�OLNH�D�QRQ�UHFXUVLYH�IXQFWLRQ��)LJXUH�����VKRZV�WKH�UHFXUVLYH�
LPSOHPHQWDWLRQ�RI�I���

8VLQJ�UHFXUVLRQ�IRU�QXPHULFDO�FDOFXODWLRQV�LV�XVXDOO\�D�EDG�LGHD��:H�KDYH�GRQH�VR�WR�LOOXVWUDWH�
WKH�EDVLF�SRLQWV���

/LQHV���DQG���KDQGOH�ZKDW�LV�NQRZQ�DV�WKH�EDVH�FDVH��WKDW�LV��WKH�YDOXH�IRU�ZKLFK�WKH�IXQFWLRQ�LV�

GLUHFWO\�NQRZQ�ZLWKRXW�UHVRUWLQJ�WR�UHFXUVLRQ��-XVW�DV�GHFODULQJ�I�[�� ���I�[��������[��LV�
PHDQLQJOHVV��PDWKHPDWLFDOO\��ZLWKRXW�LQFOXGLQJ�WKH�IDFW�WKDW�I����� ����WKH�UHFXUVLYH�&�IXQFWLRQ�
GRHVQ
W�PDNH�VHQVH�ZLWKRXW�D�EDVH�FDVH��/LQH���PDNHV�WKH�UHFXUVLYH�FDOO���

7KHUH�DUH�VHYHUDO�LPSRUWDQW�DQG�SRVVLEO\�FRQIXVLQJ�SRLQWV�DERXW�UHFXUVLRQ��$�FRPPRQ�TXHVWLRQ�LV��
,VQ
W�WKLV�MXVW�FLUFXODU�ORJLF"�7KH�DQVZHU�LV�WKDW�DOWKRXJK�ZH�DUH�GHILQLQJ�D�IXQFWLRQ�LQ�WHUPV�
RI�LWVHOI��ZH�DUH�QRW�GHILQLQJ�D�SDUWLFXODU�LQVWDQFH�RI�WKH�IXQFWLRQ�LQ�WHUPV�RI�LWVHOI��,Q�RWKHU�
ZRUGV��HYDOXDWLQJ�I����E\�FRPSXWLQJ�I����ZRXOG�EH�FLUFXODU��(YDOXDWLQJ�I����E\�FRPSXWLQJ�I����LV�
QRW�FLUFXODU��XQOHVV��RI�FRXUVH�I����LV�HYDOXDWHG�E\�HYHQWXDOO\�FRPSXWLQJ�I�����7KH�WZR�PRVW�
LPSRUWDQW�LVVXHV�DUH�SUREDEO\�WKH�KRZ�DQG�ZK\�TXHVWLRQV��,Q�&KDSWHU����WKH�KRZ�DQG�ZK\�LVVXHV�DUH�
IRUPDOO\�UHVROYHG��:H�ZLOO�JLYH�DQ�LQFRPSOHWH�GHVFULSWLRQ�KHUH���

,W�WXUQV�RXW�WKDW�UHFXUVLYH�FDOOV�DUH�KDQGOHG�QR�GLIIHUHQWO\�IURP�DQ\�RWKHUV��,I�I�LV�FDOOHG�ZLWK�
WKH�YDOXH�RI����WKHQ�OLQH���UHTXLUHV�WKH�FRPSXWDWLRQ�RI����I�������� ���7KXV��D�FDOO�LV�PDGH�WR�

FRPSXWH�I�����7KLV�UHTXLUHV�WKH�FRPSXWDWLRQ�RI����I������������7KHUHIRUH��DQRWKHU�FDOO�LV�PDGH�

WR�FRPSXWH�I�����7KLV�PHDQV�WKDW����I�����������PXVW�EH�HYDOXDWHG��7R�GR�VR��I����LV�FRPSXWHG�

DV����I������������1RZ��I����PXVW�EH�HYDOXDWHG��6LQFH�WKLV�LV�D�EDVH�FDVH��ZH�NQRZ�D�SULRUL�

WKDW�I���� ����7KLV�HQDEOHV�WKH�FRPSOHWLRQ�RI�WKH�FDOFXODWLRQ�IRU�I�����ZKLFK�LV�QRZ�VHHQ�WR�EH�
���7KHQ�I�����I�����DQG�ILQDOO\�I����FDQ�EH�GHWHUPLQHG��$OO�WKH�ERRNNHHSLQJ�QHHGHG�WR�NHHS�WUDFN�
RI�SHQGLQJ�IXQFWLRQ�FDOOV��WKRVH�VWDUWHG�EXW�ZDLWLQJ�IRU�D�UHFXUVLYH�FDOO�WR�FRPSOHWH���DORQJ�
ZLWK�WKHLU�YDULDEOHV��LV�GRQH�E\�WKH�FRPSXWHU�DXWRPDWLFDOO\��$Q�LPSRUWDQW�SRLQW��KRZHYHU��LV�WKDW�
UHFXUVLYH�FDOOV�ZLOO�NHHS�RQ�EHLQJ�PDGH�XQWLO�D�EDVH�FDVH�LV�UHDFKHG��)RU�LQVWDQFH��DQ�DWWHPSW�WR�
HYDOXDWH�I�����ZLOO�UHVXOW�LQ�FDOOV�WR�I������I������DQG�VR�RQ��6LQFH�WKLV�ZLOO�QHYHU�JHW�WR�D�
EDVH�FDVH��WKH�SURJUDP�ZRQ
W�EH�DEOH�WR�FRPSXWH�WKH�DQVZHU��ZKLFK�LV�XQGHILQHG�DQ\ZD\���
2FFDVLRQDOO\��D�PXFK�PRUH�VXEWOH�HUURU�LV�PDGH��ZKLFK�LV�H[KLELWHG�LQ�)LJXUH������7KH�HUURU�LQ�
WKH�SURJUDP�LQ�)LJXUH�����LV�WKDW�EDG����LV�GHILQHG��E\�OLQH����WR�EH�EDG�����2EYLRXVO\��WKLV�
GRHVQ
W�JLYH�DQ\�FOXH�DV�WR�ZKDW�EDG����DFWXDOO\�LV��7KH�FRPSXWHU�ZLOO�WKXV�UHSHDWHGO\�PDNH�FDOOV�
WR�EDG����LQ�DQ�DWWHPSW�WR�UHVROYH�LWV�YDOXHV��(YHQWXDOO\��LWV�ERRNNHHSLQJ�V\VWHP�ZLOO�UXQ�RXW�RI�
VSDFH��DQG�WKH�SURJUDP�ZLOO�FUDVK��*HQHUDOO\��ZH�ZRXOG�VD\�WKDW�WKLV�IXQFWLRQ�GRHVQ
W�ZRUN�IRU�
RQH�VSHFLDO�FDVH�EXW�LV�FRUUHFW�RWKHUZLVH��7KLV�LVQ
W�WUXH�KHUH��VLQFH�EDG����FDOOV�EDG�����7KXV��
EDG����FDQQRW�EH�HYDOXDWHG�HLWKHU��)XUWKHUPRUH��EDG�����EDG�����DQG�EDG����DOO�PDNH�FDOOV�WR�EDG
�����6LQFH�EDG����LV�XQHYDOXDEOH��QRQH�RI�WKHVH�YDOXHV�DUH�HLWKHU��,Q�IDFW��WKLV�SURJUDP�GRHVQ
W�
ZRUN�IRU�DQ\�YDOXH�RI�Q��H[FHSW����:LWK�UHFXUVLYH�SURJUDPV��WKHUH�LV�QR�VXFK�WKLQJ�DV�D��VSHFLDO�
FDVH����

7KHVH�FRQVLGHUDWLRQV�OHDG�WR�WKH�ILUVW�WZR�IXQGDPHQWDO�UXOHV�RI�UHFXUVLRQ��

�

���%DVH�FDVHV��<RX�PXVW�DOZD\V�KDYH�VRPH�EDVH�FDVHV��ZKLFK�FDQ�EH�VROYHG�ZLWKRXW�UHFXUVLRQ��

�

���0DNLQJ�SURJUHVV��)RU�WKH�FDVHV�WKDW�DUH�WR�EH�VROYHG�UHFXUVLYHO\��WKH�UHFXUVLYH�FDOO�PXVW�
DOZD\V�EH�WR�D�FDVH�WKDW�PDNHV�SURJUHVV�WRZDUG�D�EDVH�FDVH���

7KURXJKRXW�WKLV�ERRN��ZH�ZLOO�XVH�UHFXUVLRQ�WR�VROYH�SUREOHPV��$V�DQ�H[DPSOH�RI�D�QRQPDWKHPDWLFDO�
XVH��FRQVLGHU�D�ODUJH�GLFWLRQDU\��:RUGV�LQ�GLFWLRQDULHV�DUH�GHILQHG�LQ�WHUPV�RI�RWKHU�ZRUGV��:KHQ�
ZH�ORRN�XS�D�ZRUG��ZH�PLJKW�QRW�DOZD\V�XQGHUVWDQG�WKH�GHILQLWLRQ��VR�ZH�PLJKW�KDYH�WR�ORRN�XS�
ZRUGV�LQ�WKH�GHILQLWLRQ��/LNHZLVH��ZH�PLJKW�QRW�XQGHUVWDQG�VRPH�RI�WKRVH��VR�ZH�PLJKW�KDYH�WR�
FRQWLQXH�WKLV�VHDUFK�IRU�D�ZKLOH��$V�WKH�GLFWLRQDU\�LV�ILQLWH��HYHQWXDOO\�HLWKHU�ZH�ZLOO�FRPH�WR�
D�SRLQW�ZKHUH�ZH�XQGHUVWDQG�DOO�RI�WKH�ZRUGV�LQ�VRPH�GHILQLWLRQ��DQG�WKXV�XQGHUVWDQG�WKDW�
GHILQLWLRQ�DQG�UHWUDFH�RXU�SDWK�WKURXJK�WKH�RWKHU�GHILQLWLRQV���RU�ZH�ZLOO�ILQG�WKDW�WKH�
GHILQLWLRQV�DUH�FLUFXODU�DQG�ZH�DUH�VWXFN��RU�WKDW�VRPH�ZRUG�ZH�QHHG�WR�XQGHUVWDQG�D�GHILQLWLRQ�
LV�QRW�LQ�WKH�GLFWLRQDU\���
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LQW�

EDG��XQVLJQHG�LQW�Q��

�

^

�

�

���������������UHWXUQ���

�

HOVH

�

���������������UHWXUQ��EDG��Q����������Q�������

�

`

�

)LJXUH�����$�QRQWHUPLQDWLQJ�UHFXUVLYH�SURJUDP

�

2XU�UHFXUVLYH�VWUDWHJ\�WR�XQGHUVWDQG�ZRUGV�LV�DV�IROORZV��,I�ZH�NQRZ�WKH�PHDQLQJ�RI�D�ZRUG��WKHQ�
ZH�DUH�GRQH��RWKHUZLVH��ZH�ORRN�WKH�ZRUG�XS�LQ�WKH�GLFWLRQDU\��,I�ZH�XQGHUVWDQG�DOO�WKH�ZRUGV�LQ�
WKH�GHILQLWLRQ��ZH�DUH�GRQH��RWKHUZLVH��ZH�ILJXUH�RXW�ZKDW�WKH�GHILQLWLRQ�PHDQV�E\�UHFXUVLYHO\�
ORRNLQJ�XS�WKH�ZRUGV�ZH�GRQ
W�NQRZ��7KLV�SURFHGXUH�ZLOO�WHUPLQDWH�LI�WKH�GLFWLRQDU\�LV�ZHOO�
GHILQHG�EXW�FDQ�ORRS�LQGHILQLWHO\�LI�D�ZRUG�LV�HLWKHU�QRW�GHILQHG�RU�FLUFXODUO\�GHILQHG���

3ULQWLQJ�2XW�1XPEHUV
�

6XSSRVH�ZH�KDYH�D�SRVLWLYH�LQWHJHU��Q��WKDW�ZH�ZLVK�WR�SULQW�RXW��2XU�URXWLQH�ZLOO�KDYH�WKH�

KHDGLQJ�SULQWBRXW�Q���$VVXPH�WKDW�WKH�RQO\�,�2�URXWLQHV�DYDLODEOH�ZLOO�WDNH�D�VLQJOH�GLJLW�QXPEHU�
DQG�RXWSXW�LW�WR�WKH�WHUPLQDO��:H�ZLOO�FDOO�WKLV�URXWLQH�SULQWBGLJLW��IRU�H[DPSOH��SULQWBGLJLW����
ZLOO�RXWSXW�D���WR�WKH�WHUPLQDO���

5HFXUVLRQ�SURYLGHV�D�YHU\�FOHDQ�VROXWLRQ�WR�WKLV�SUREOHP��7R�SULQW�RXW��������ZH�QHHG�WR�ILUVW�
SULQW�RXW������DQG�WKHQ�SULQW�RXW����7KH�VHFRQG�VWHS�LV�HDVLO\�DFFRPSOLVKHG�ZLWK�WKH�VWDWHPHQW�
SULQWBGLJLW�Q������EXW�WKH�ILUVW�GRHVQ
W�VHHP�DQ\�VLPSOHU�WKDQ�WKH�RULJLQDO�SUREOHP��,QGHHG�LW�LV�
YLUWXDOO\�WKH�VDPH�SUREOHP��VR�ZH�FDQ�VROYH�LW�UHFXUVLYHO\�ZLWK�WKH�VWDWHPHQW�SULQWBRXW�Q�������

7KLV�WHOOV�XV�KRZ�WR�VROYH�WKH�JHQHUDO�SUREOHP��EXW�ZH�VWLOO�QHHG�WR�PDNH�VXUH�WKDW�WKH�SURJUDP�
GRHVQ
W�ORRS�LQGHILQLWHO\��6LQFH�ZH�KDYHQ
W�GHILQHG�D�EDVH�FDVH�\HW��LW�LV�FOHDU�WKDW�ZH�VWLOO�

KDYH�VRPHWKLQJ�WR�GR��2XU�EDVH�FDVH�ZLOO�EH�SULQWBGLJLW�Q��LI��� �Q�������1RZ�SULQWBRXW�Q��LV�
GHILQHG�IRU�HYHU\�SRVLWLYH�QXPEHU�IURP���WR����DQG�ODUJHU�QXPEHUV�DUH�GHILQHG�LQ�WHUPV�RI�D�
VPDOOHU�SRVLWLYH�QXPEHU��7KXV��WKHUH�LV�QR�F\FOH��7KH�HQWLUH�SURFHGXUH�LV�VKRZQ�)LJXUH�������

7KH�WHUP�SURFHGXUH�UHIHUV�WR�D�IXQFWLRQ�WKDW�UHWXUQV�YRLG��

�

:H�KDYH�PDGH�QR�HIIRUW�WR�GR�WKLV�HIILFLHQWO\��:H�FRXOG�KDYH�DYRLGHG�XVLQJ�WKH�PRG�URXWLQH��ZKLFK�

LV�YHU\�H[SHQVLYH��EHFDXVH�Q���� �Q��� n��� ������

�

5HFXUVLRQ�DQG�,QGXFWLRQ
�

/HW�XV�SURYH��VRPHZKDW��ULJRURXVO\�WKDW�WKH�UHFXUVLYH�QXPEHU�SULQWLQJ�SURJUDP�ZRUNV��7R�GR�VR��

ZH
OO�XVH�D�SURRI�E\�LQGXFWLRQ���

7+(25(0�����

�
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7KH�UHFXUVLYH�QXPEHU�SULQWLQJ�DOJRULWKP�LV�FRUUHFW�IRU�Q� ����

�

3522)��

�

)LUVW��LI�Q�KDV�RQH�GLJLW��WKHQ�WKH�SURJUDP�LV�WULYLDOO\�FRUUHFW��VLQFH�LW�PHUHO\�PDNHV�D�FDOO�WR�
SULQWBGLJLW��$VVXPH�WKHQ�WKDW�SULQWBRXW�ZRUNV�IRU�DOO�QXPEHUV�RI�N�RU�IHZHU�GLJLWV��$�QXPEHU�RI�N
����GLJLWV�LV�H[SUHVVHG�E\�LWV�ILUVW�N�GLJLWV�IROORZHG�E\�LWV�OHDVW�VLJQLILFDQW�GLJLW��%XW�WKH�

QXPEHU�IRUPHG�E\�WKH�ILUVW�N�GLJLWV�LV�H[DFWO\� n��� ��ZKLFK��E\�WKH�LQGLFDWHG�K\SRWKHVLV�
LV�FRUUHFWO\�SULQWHG��DQG�WKH�ODVW�GLJLW�LV�Q�PRG����VR�WKH�SURJUDP�SULQWV�RXW�DQ\��N������GLJLW�
QXPEHU�FRUUHFWO\��7KXV��E\�LQGXFWLRQ��DOO�QXPEHUV�DUH�FRUUHFWO\�SULQWHG���

YRLG

�

SULQWBRXW��XQVLJQHG�LQW�Q�����SULQW�QRQQHJDWLYH�Q��

�

^

�

LI��Q�����

�

SULQWBGLJLW��Q���

�

HOVH

�

^

�

SULQWBRXW��Q������

�

SULQWBGLJLW��Q������

�

`

�

`

�

)LJXUH�����5HFXUVLYH�URXWLQH�WR�SULQW�DQ�LQWHJHU

�

7KLV�SURRI�SUREDEO\�VHHPV�D�OLWWOH�VWUDQJH�LQ�WKDW�LW�LV�YLUWXDOO\�LGHQWLFDO�WR�WKH�DOJRULWKP�
GHVFULSWLRQ��,W�LOOXVWUDWHV�WKDW�LQ�GHVLJQLQJ�D�UHFXUVLYH�SURJUDP��DOO�VPDOOHU�LQVWDQFHV�RI�WKH�
VDPH�SUREOHP��ZKLFK�DUH�RQ�WKH�SDWK�WR�D�EDVH�FDVH��PD\�EH�DVVXPHG�WR�ZRUN�FRUUHFWO\��7KH�
UHFXUVLYH�SURJUDP�QHHGV�RQO\�WR�FRPELQH�VROXWLRQV�WR�VPDOOHU�SUREOHPV��ZKLFK�DUH��PDJLFDOO\��
REWDLQHG�E\�UHFXUVLRQ��LQWR�D�VROXWLRQ�IRU�WKH�FXUUHQW�SUREOHP��7KH�PDWKHPDWLFDO�MXVWLILFDWLRQ�
IRU�WKLV�LV�SURRI�E\�LQGXFWLRQ��7KLV�JLYHV�WKH�WKLUG�UXOH�RI�UHFXUVLRQ���

���'HVLJQ�UXOH��$VVXPH�WKDW�DOO�WKH�UHFXUVLYH�FDOOV�ZRUN��

�

7KLV�UXOH�LV�LPSRUWDQW�EHFDXVH�LW�PHDQV�WKDW�ZKHQ�GHVLJQLQJ�UHFXUVLYH�SURJUDPV��\RX�JHQHUDOO\�
GRQ
W�QHHG�WR�NQRZ�WKH�GHWDLOV�RI�WKH�ERRNNHHSLQJ�DUUDQJHPHQWV��DQG�\RX�GRQ
W�KDYH�WR�WU\�WR�
WUDFH�WKURXJK�WKH�P\ULDG�RI�UHFXUVLYH�FDOOV��)UHTXHQWO\��LW�LV�H[WUHPHO\�GLIILFXOW�WR�WUDFN�GRZQ�
WKH�DFWXDO�VHTXHQFH�RI�UHFXUVLYH�FDOOV��2I�FRXUVH��LQ�PDQ\�FDVHV�WKLV�LV�DQ�LQGLFDWLRQ�RI�D�JRRG�
XVH�RI�UHFXUVLRQ��VLQFH�WKH�FRPSXWHU�LV�EHLQJ�DOORZHG�WR�ZRUN�RXW�WKH�FRPSOLFDWHG�GHWDLOV���

7KH�PDLQ�SUREOHP�ZLWK�UHFXUVLRQ�LV�WKH�KLGGHQ�ERRNNHHSLQJ�FRVWV��$OWKRXJK�WKHVH�FRVWV�DUH�DOPRVW�
DOZD\V�MXVWLILDEOH��EHFDXVH�UHFXUVLYH�SURJUDPV�QRW�RQO\�VLPSOLI\�WKH�DOJRULWKP�GHVLJQ�EXW�DOVR�
WHQG�WR�JLYH�FOHDQHU�FRGH��UHFXUVLRQ�VKRXOG�QHYHU�EH�XVHG�DV�D�VXEVWLWXWH�IRU�D�VLPSOH�IRU�ORRS��
:H
OO�GLVFXVV�WKH�RYHUKHDG�LQYROYHG�LQ�UHFXUVLRQ�LQ�PRUH�GHWDLO�LQ�6HFWLRQ�������

:KHQ�ZULWLQJ�UHFXUVLYH�URXWLQHV��LW�LV�FUXFLDO�WR�NHHS�LQ�PLQG�WKH�IRXU�EDVLF�UXOHV�RI�UHFXUVLRQ��
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���%DVH�FDVHV��<RX�PXVW�DOZD\V�KDYH�VRPH�EDVH�FDVHV��ZKLFK�FDQ�EH�VROYHG�ZLWKRXW�UHFXUVLRQ���

���0DNLQJ�SURJUHVV��)RU�WKH�FDVHV�WKDW�DUH�WR�EH�VROYHG�UHFXUVLYHO\��WKH�UHFXUVLYH�FDOO�PXVW�
DOZD\V�EH�WR�D�FDVH�WKDW�PDNHV�SURJUHVV�WRZDUG�D�EDVH�FDVH���

���'HVLJQ�UXOH��$VVXPH�WKDW�DOO�WKH�UHFXUVLYH�FDOOV�ZRUN��

�

���&RPSRXQG�LQWHUHVW�UXOH��1HYHU�GXSOLFDWH�ZRUN�E\�VROYLQJ�WKH�VDPH�LQVWDQFH�RI�D�SUREOHP�LQ�
VHSDUDWH�UHFXUVLYH�FDOOV���

7KH�IRXUWK�UXOH��ZKLFK�ZLOO�EH�MXVWLILHG��DORQJ�ZLWK�LWV�QLFNQDPH��LQ�ODWHU�VHFWLRQV��LV�WKH�

UHDVRQ�WKDW�LW�LV�JHQHUDOO\�D�EDG�LGHD�WR�XVH�UHFXUVLRQ�WR�HYDOXDWH�VLPSOH�PDWKHPDWLFDO�
IXQFWLRQV��VXFK�DV�WKH�)LERQDFFL�QXPEHUV��$V�ORQJ�DV�\RX�NHHS�WKHVH�UXOHV�LQ�PLQG��UHFXUVLYH�
SURJUDPPLQJ�VKRXOG�EH�VWUDLJKWIRUZDUG���

6XPPDU\
�

7KLV�FKDSWHU�VHWV�WKH�VWDJH�IRU�WKH�UHVW�RI�WKH�ERRN��7KH�WLPH�WDNHQ�E\�DQ�DOJRULWKP�FRQIURQWHG�
ZLWK�ODUJH�DPRXQWV�RI�LQSXW�ZLOO�EH�DQ�LPSRUWDQW�FULWHULRQ�IRU�GHFLGLQJ�LI�LW�LV�D�JRRG�
DOJRULWKP���2I�FRXUVH��FRUUHFWQHVV�LV�PRVW�LPSRUWDQW���6SHHG�LV�UHODWLYH��:KDW�LV�IDVW�IRU�RQH�
SUREOHP�RQ�RQH�PDFKLQH�PLJKW�EH�VORZ�IRU�DQRWKHU�SUREOHP�RU�D�GLIIHUHQW�PDFKLQH��:H�ZLOO�EHJLQ�WR�
DGGUHVV�WKHVH�LVVXHV�LQ�WKH�QH[W�FKDSWHU�DQG�ZLOO�XVH�WKH�PDWKHPDWLFV�GLVFXVVHG�KHUH�WR�HVWDEOLVK�
D�IRUPDO�PRGHO���

([HUFLVHV
�

����:ULWH�D�SURJUDP�WR�VROYH�WKH�VHOHFWLRQ�SUREOHP��/HW�N� �Q����'UDZ�D�WDEOH�VKRZLQJ�WKH�UXQQLQJ�

WLPH�RI�\RXU�SURJUDP�IRU�YDULRXV�YDOXHV�RI�Q���

����:ULWH�D�SURJUDP�WR�VROYH�WKH�ZRUG�SX]]OH�SUREOHP��

�

����:ULWH�D�SURFHGXUH�WR�RXWSXW�DQ�DUELWUDU\�UHDO�QXPEHU��ZKLFK�PLJKW�EH�QHJDWLYH��XVLQJ�RQO\�

SULQWBGLJLW�IRU�,�2���

����&�DOORZV�VWDWHPHQWV�RI�WKH�IRUP�

�

�LQFOXGH�ILOHQDPH

�

ZKLFK�UHDGV�ILOHQDPH�DQG�LQVHUWV�LWV�FRQWHQWV�LQ�SODFH�RI�WKH�LQFOXGH�VWDWHPHQW��,QFOXGH�
VWDWHPHQWV�PD\�EH�QHVWHG��LQ�RWKHU�ZRUGV��WKH�ILOH�ILOHQDPH�PD\�LWVHOI�FRQWDLQ�DQ�LQFOXGH�
VWDWHPHQW��EXW��REYLRXVO\��D�ILOH�FDQ
W�LQFOXGH�LWVHOI�LQ�DQ\�FKDLQ��:ULWH�D�SURJUDP�WKDW�UHDGV�
LQ�D�ILOH�DQG�RXWSXWV�WKH�ILOH�DV�PRGLILHG�E\�WKH�LQFOXGH�VWDWHPHQWV���

����3URYH�WKH�IROORZLQJ�IRUPXODV��

�

D��ORJ�[���[�IRU�DOO�[�!���

�

E��ORJ�DE�� �E�ORJ�D�

�

����(YDOXDWH�WKH�IROORZLQJ�VXPV��

�
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����(VWLPDWH�

�
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�

����:KDW�LV�������PRG���"�

�

����/HW�)L�EH�WKH�)LERQDFFL�QXPEHUV�DV�GHILQHG�LQ�6HFWLRQ������3URYH�WKH�IROORZLQJ��

�

�

�

F��*LYH�D�SUHFLVH�FORVHG�IRUP�H[SUHVVLRQ�IRU�)Q��

�

�����3URYH�WKH�IROORZLQJ�IRUPXODV��

�

�

�

5HIHUHQFHV
�

7KHUH�DUH�PDQ\�JRRG�WH[WERRNV�FRYHULQJ�WKH�PDWKHPDWLFV�UHYLHZHG�LQ�WKLV�FKDSWHU��$�VPDOO�VXEVHW�
LV�>�@��>�@��>�@��>��@��>��@��DQG�>��@��5HIHUHQFH�>��@ LV�VSHFLILFDOO\�JHDUHG�WRZDUG�WKH�DQDO\VLV�

RI�DOJRULWKPV��,W�LV�WKH�ILUVW�YROXPH�RI�D�WKUHH�YROXPH�VHULHV�WKDW�ZLOO�EH�FLWHG�WKURXJKRXW�WKLV�
WH[W��0RUH�DGYDQFHG�PDWHULDO�LV�FRYHUHG�LQ�>�@���

7KURXJKRXW�WKLV�ERRN�ZH�ZLOO�DVVXPH�D�NQRZOHGJH�RI�&�>��@��2FFDVLRQDOO\��ZH�DGG�D�IHDWXUH�ZKHUH�
QHFHVVDU\�IRU�FODULW\��:H�DOVR�DVVXPH�IDPLOLDULW\�ZLWK�SRLQWHUV�DQG�UHFXUVLRQ��WKH�UHFXUVLRQ�
VXPPDU\�LQ�WKLV�FKDSWHU�LV�PHDQW�WR�EH�D�TXLFN�UHYLHZ���:H�ZLOO�DWWHPSW�WR�SURYLGH�KLQWV�RQ�WKHLU�
XVH�ZKHUH�DSSURSULDWH�WKURXJKRXW�WKH�WH[WERRN��5HDGHUV�QRW�IDPLOLDU�ZLWK�WKHVH�VKRXOG�FRQVXOW�
>�@��>�@��>��@��RU�DQ\�JRRG�LQWHUPHGLDWH�SURJUDPPLQJ�WH[WERRN���
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*HQHUDO�SURJUDPPLQJ�VW\OH�LV�GLVFXVVHG�LQ�VHYHUDO�ERRNV��6RPH�RI�WKH�FODVVLFV�DUH�>�@��>�@��DQG�
>�@���

���0��2��$OEHUWVRQ�DQG�-��3��+XWFKLQVRQ��'LVFUHWH�0DWKHPDWLFV�ZLWK�$OJRULWKPV��-RKQ�:LOH\�	�6RQV��
1HZ�<RUN���������

���=��%DYHO��0DWK�&RPSDQLRQ�IRU�&RPSXWHU�6FLHQFH��5HVWRQ�3XEOLVKLQJ�&RPSDQ\��5HVWRQ��9D���������

�

���5��$��%UXDOGL��,QWURGXFWRU\�&RPELQDWRULFV��1RUWK�+ROODQG��1HZ�<RUN��������

�

���:��+��%XUJH��5HFXUVLYH�3URJUDPPLQJ�7HFKQLTXHV��$GGLVRQ�:HVOH\��5HDGLQJ��0DVV���������

�

���(��:��'LMNVWUD��$�'LVFLSOLQH�RI�3URJUDPPLQJ��3UHQWLFH�+DOO��(QJOHZRRG�&OLIIV��1�-���������

�

���5��/��*UDKDP��'��(��.QXWK��DQG�2��3DWDVKQLN��&RQFUHWH�0DWKHPDWLFV��$GGLVRQ�:HVOH\��5HDGLQJ��

0DVV����������

���'��*ULHV��7KH�6FLHQFH�RI�3URJUDPPLQJ��6SULQJHU�9HUODJ��1HZ�<RUN��������

�

���3��+HOPDQ�DQG�5��9HURII��:DOOV�DQG�0LUURUV��,QWHUPHGLDWH�3UREOHP�6ROYLQJ�DQG�'DWD�6WUXFWXUHV��

�G�HG���%HQMDPLQ�&XPPLQJV�3XEOLVKLQJ��0HQOR�3DUN��&DOLI����������

���%��:��.HUQLJKDQ�DQG�3��-��3ODXJHU��7KH�(OHPHQWV�RI�3URJUDPPLQJ�6W\OH���G�HG���0F*UDZ��+LOO��

1HZ�<RUN���������

����%��:��.HUQLJKDQ�DQG�'��0��5LWFKLH��7KH�&�3URJUDPPLQJ�/DQJXDJH���G�HG���3UHQWLFH�+DOO��

(QJOHZRRG�&OLIIV��1�-����������

����'��(��.QXWK��7KH�$UW�RI�&RPSXWHU�3URJUDPPLQJ��9RO�����)XQGDPHQWDO�$OJRULWKPV���G�HG���

$GGLVRQ�:HVOH\��5HDGLQJ��0DVV����������

����(��5REHUWV��7KLQNLQJ�5HFXUVLYHO\��-RKQ�:LOH\�	�6RQV��1HZ�<RUN��������

�

����)��6��5REHUWV��$SSOLHG�&RPELQDWRULFV��3UHQWLFH�+DOO��(QJOHZRRG�&OLIIV��1�-���������

�

����$��7XFNHU��$SSOLHG�&RPELQDWRULFV���G�HG���-RKQ�:LOH\�	�6RQV��1HZ�<RUN��������

�

*R�WR�&KDSWHU���5HWXUQ�WR�7DEOH�RI�&RQWHQWV�

�
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&+$37(5����
$/*25,7+0�$1$/<6,6�

$Q�DOJRULWKP�LV�D�FOHDUO\�VSHFLILHG�VHW�RI�VLPSOH�LQVWUXFWLRQV�WR�EH�IROORZHG�WR�
VROYH�D�SUREOHP��2QFH�DQ�DOJRULWKP�LV�JLYHQ�IRU�D�SUREOHP�DQG�GHFLGHG��VRPHKRZ��
WR�EH�FRUUHFW��DQ�LPSRUWDQW�VWHS�LV�WR�GHWHUPLQH�KRZ�PXFK�LQ�WKH�ZD\�RI�
UHVRXUFHV��VXFK�DV�WLPH�RU�VSDFH��WKH�DOJRULWKP�ZLOO�UHTXLUH��$Q�DOJRULWKP�WKDW�
VROYHV�D�SUREOHP�EXW�UHTXLUHV�D�\HDU�LV�KDUGO\�RI�DQ\�XVH��/LNHZLVH��DQ�DOJRULWKP�
WKDW�UHTXLUHV�D�JLJDE\WH�RI�PDLQ�PHPRU\�LV�QRW��FXUUHQWO\��XVHIXO���

,Q�WKLV�FKDSWHU��ZH�VKDOO�GLVFXVV��

�+RZ�WR�HVWLPDWH�WKH�WLPH�UHTXLUHG�IRU�D�SURJUDP���

�+RZ�WR�UHGXFH�WKH�UXQQLQJ�WLPH�RI�D�SURJUDP�IURP�GD\V�RU�\HDUV�WR�IUDFWLRQV�
RI�D�VHFRQG���

�7KH�UHVXOWV�RI�FDUHOHVV�XVH�RI�UHFXUVLRQ���

�9HU\�HIILFLHQW�DOJRULWKPV�WR�UDLVH�D�QXPEHU�WR�D�SRZHU�DQG�WR�FRPSXWH�WKH�
JUHDWHVW�FRPPRQ�GLYLVRU�RI�WZR�QXPEHUV���

�����0DWKHPDWLFDO�%DFNJURXQG�

7KH�DQDO\VLV�UHTXLUHG�WR�HVWLPDWH�WKH�UHVRXUFH�XVH�RI�DQ�DOJRULWKP�LV�JHQHUDOO\�D�
WKHRUHWLFDO�LVVXH��DQG�WKHUHIRUH�D�IRUPDO�IUDPHZRUN�LV�UHTXLUHG��:H�EHJLQ�ZLWK�
VRPH�PDWKHPDWLFDO�GHILQLWLRQV���

7KURXJKRXW�WKH�ERRN�ZH�ZLOO�XVH�WKH�IROORZLQJ�IRXU�GHILQLWLRQV���

'(),1,7,21��7�Q�� �2�I�Q���LI�WKHUH�DUH�FRQVWDQWV�F�DQG�Q��VXFK�WKDW�7�Q�� �FI�

�Q��ZKHQ�Q� �Q���
�

'(),1,7,21��7�Q�� � �J�Q���LI�WKHUH�DUH�FRQVWDQWV�F�DQG�Q��VXFK�WKDW�7�Q�� �

FJ�Q��ZKHQ�Q� �Q���
�

'(),1,7,21��7�Q�� � �K�Q���LI�DQG�RQO\�LI�7�Q�� �2�K�Q���DQG�7�Q�� � �K�Q����

'(),1,7,21��7�Q�� �R�S�Q���LI�7�Q�� �2�S�Q���DQG�7�Q�� � �S�Q�����

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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7KH�LGHD�RI�WKHVH�GHILQLWLRQV�LV�WR�HVWDEOLVK�D�UHODWLYH�RUGHU�DPRQJ�IXQFWLRQV��
*LYHQ�WZR�IXQFWLRQV��WKHUH�DUH�XVXDOO\�SRLQWV�ZKHUH�RQH�IXQFWLRQ�LV�VPDOOHU�WKDQ�
WKH�RWKHU�IXQFWLRQ��VR�LW�GRHV�QRW�PDNH�VHQVH�WR�FODLP��IRU�LQVWDQFH��I�Q����J
�Q���7KXV��ZH�FRPSDUH�WKHLU�UHODWLYH�UDWHV�RI�JURZWK��:KHQ�ZH�DSSO\�WKLV�WR�WKH�
DQDO\VLV�RI�DOJRULWKPV��ZH�VKDOO�VHH�ZK\�WKLV�LV�WKH�LPSRUWDQW�PHDVXUH���

$OWKRXJK������Q�LV�ODUJHU�WKDQ�Q��IRU�VPDOO�YDOXHV�RI�Q��Q��JURZV�DW�D�IDVWHU�

UDWH��DQG�WKXV�Q��ZLOO�HYHQWXDOO\�EH�WKH�ODUJHU�IXQFWLRQ��7KH�WXUQLQJ�SRLQW�LV�Q�
 �������LQ�WKLV�FDVH��7KH�ILUVW�GHILQLWLRQ�VD\V�WKDW�HYHQWXDOO\�WKHUH�LV�VRPH�

SRLQW�Q��SDVW�ZKLFK�F� �I��Q��LV�DOZD\V�DW�OHDVW�DV�ODUJH�DV�7�Q���VR�WKDW�LI�

FRQVWDQW�IDFWRUV�DUH�LJQRUHG��I�Q��LV�DW�OHDVW�DV�ELJ�DV�7�Q���,Q�RXU�FDVH��ZH�

KDYH�7�Q�� ������Q��I�Q�� �Q���Q�� ��������DQG�F� ����:H�FRXOG�DOVR�XVH�Q�� ����

DQG�F� ������7KXV��ZH�FDQ�VD\�WKDW������Q� �2�Q����RUGHU�Q�VTXDUHG���7KLV�
QRWDWLRQ�LV�NQRZQ�DV�%LJ�2K�QRWDWLRQ��)UHTXHQWO\��LQVWHDG�RI�VD\LQJ��RUGHU�������
���RQH�VD\V��%LJ�2K�����������

,I�ZH�XVH�WKH�WUDGLWLRQDO�LQHTXDOLW\�RSHUDWRUV�WR�FRPSDUH�JURZWK�UDWHV��WKHQ�WKH�
ILUVW�GHILQLWLRQ�VD\V�WKDW�WKH�JURZWK�UDWH�RI�7�Q��LV�OHVV�WKDQ�RU�HTXDO�WR��

��WKDW�RI�I�Q���7KH�VHFRQG�GHILQLWLRQ��7�Q�� � �J�Q����SURQRXQFHG��RPHJD����

VD\V�WKDW�WKH�JURZWK�UDWH�RI�7�Q��LV�JUHDWHU�WKDQ�RU�HTXDO�WR�� ��WKDW�RI�J

�Q���7KH�WKLUG�GHILQLWLRQ��7�Q�� � �K�Q����SURQRXQFHG��WKHWD����VD\V�WKDW�WKH�
JURZWK�UDWH�RI�7�Q��HTXDOV��� ���WKH�JURZWK�UDWH�RI�K�Q���7KH�ODVW�GHILQLWLRQ��7
�Q�� �R�S�Q����SURQRXQFHG��OLWWOH�RK����VD\V�WKDW�WKH�JURZWK�UDWH�RI�7�Q��LV�OHVV�
WKDQ�����WKH�JURZWK�UDWH�RI�S�Q���7KLV�LV�GLIIHUHQW�IURP�%LJ�2K��EHFDXVH�%LJ�2K�
DOORZV�WKH�SRVVLELOLW\�WKDW�WKH�JURZWK�UDWHV�DUH�WKH�VDPH���

7R�SURYH�WKDW�VRPH�IXQFWLRQ�7�Q�� �2�I�Q����ZH�XVXDOO\�GR�QRW�DSSO\�WKHVH�
GHILQLWLRQV�IRUPDOO\�EXW�LQVWHDG�XVH�D�UHSHUWRLUH�RI�NQRZQ�UHVXOWV��,Q�JHQHUDO��
WKLV�PHDQV�WKDW�D�SURRI��RU�GHWHUPLQDWLRQ�WKDW�WKH�DVVXPSWLRQ�LV�LQFRUUHFW��LV�D�
YHU\�VLPSOH�FDOFXODWLRQ�DQG�VKRXOG�QRW�LQYROYH�FDOFXOXV��H[FHSW�LQ�H[WUDRUGLQDU\�
FLUFXPVWDQFHV��QRW�OLNHO\�WR�RFFXU�LQ�DQ�DOJRULWKP�DQDO\VLV����

:KHQ�ZH�VD\�WKDW�7�Q�� �2�I�Q����ZH�DUH�JXDUDQWHHLQJ�WKDW�WKH�IXQFWLRQ�7�Q��JURZV�
DW�D�UDWH�QR�IDVWHU�WKDQ�I�Q���WKXV�I�Q��LV�DQ�XSSHU�ERXQG�RQ�7�Q���6LQFH�WKLV�

LPSOLHV�WKDW�I�Q�� � �7�Q����ZH�VD\�WKDW�7�Q��LV�D�ORZHU�ERXQG�RQ�I�Q����

$V�DQ�H[DPSOH��Q��JURZV�IDVWHU�WKDQ�Q���VR�ZH�FDQ�VD\�WKDW�Q�� �2�Q���RU�Q�� �

�Q����I�Q�� �Q��DQG�J�Q�� ��Q��JURZ�DW�WKH�VDPH�UDWH��VR�ERWK�I�Q�� �2�J�Q���DQG�

I�Q�� � �J�Q���DUH�WUXH��:KHQ�WZR�IXQFWLRQV�JURZ�DW�WKH�VDPH�UDWH��WKHQ�WKH�

GHFLVLRQ�ZKHWKHU�RU�QRW�WR�VLJQLI\�WKLV�ZLWK� ���FDQ�GHSHQG�RQ�WKH�SDUWLFXODU�

FRQWH[W��,QWXLWLYHO\��LI�J�Q�� ��Q���WKHQ�J�Q�� �2�Q����J�Q�� �2�Q����DQG�J�Q�� �

2�Q���DUH�DOO�WHFKQLFDOO\�FRUUHFW��EXW�REYLRXVO\�WKH�ODVW�RSWLRQ�LV�WKH�EHVW�

DQVZHU��:ULWLQJ�J�Q�� � �Q���VD\V�QRW�RQO\�WKDW�J�Q�� �2�Q����EXW�DOVR�WKDW�
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WKH�UHVXOW�LV�DV�JRRG��WLJKW��DV�SRVVLEOH���

7KH�LPSRUWDQW�WKLQJV�WR�NQRZ�DUH��

58/(�����

,I�7��Q�� �2�I�Q���DQG�7��Q�� �2�J�Q����WKHQ

�

�D��7��Q����7��Q�� �PD[��2�I�Q����2�J�Q����

�

�E��7��Q���7��Q�� �2�I�Q���J�Q���

�

)XQFWLRQ�����1DPH�

���������������������

��F��������&RQVWDQW�

��ORJQ�����/RJDULWKPLF�

��ORJ�Q����/RJ�VTXDUHG

�

��Q��������/LQHDU�

��Q�ORJ�Q�

��Q��������4XDGUDWLF

�

��Q��������&XELF

�

���Q�������([SRQHQWLDO

�

)LJXUH�����7\SLFDO�JURZWK�UDWHV�

58/(�����

,I�7�[��LV�D�SRO\QRPLDO�RI�GHJUHH�Q��WKHQ�7�[�� � �[Q���

�

58/(�����

ORJN�Q� �2�Q��IRU�DQ\�FRQVWDQW�N��7KLV�WHOOV�XV�WKDW�ORJDULWKPV�JURZ�YHU\�VORZO\��

7R�VHH�WKDW�UXOH���D��LV�FRUUHFW��QRWH�WKDW�E\�GHILQLWLRQ�WKHUH�H[LVW�IRXU�

FRQVWDQWV�F���F���Q���DQG�Q��VXFK�WKDW�7��Q�� �F��I�Q��IRU�Q� �Q��DQG�7��Q��

�F�J�Q��IRU�Q� �Q���/HW�Q�� �PD[�Q���Q����7KHQ��IRU�Q� �Q���7��Q�� �F�I

�Q��DQG�7��Q�� �F�J�Q���VR�WKDW�7��Q����7��Q�� �F�I�Q����F�J�Q���/HW�F�� �PD[

�F���F����7KHQ���
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�����������7��Q����7��Q�� �F�I�Q����F�J�Q�

�

������������������������� �F��I�Q����J�Q��

�

������������������������� ��F��PD[�I�Q���J�Q��

�

������������������������� �F�PD[�I�Q���J�Q���

IRU�F� ��F��DQG�Q� �Q���

�

:H�OHDYH�SURRIV�RI�WKH�RWKHU�UHODWLRQV�JLYHQ�DERYH�DV�H[HUFLVHV�IRU�WKH�UHDGHU��
7KLV�LQIRUPDWLRQ�LV�VXIILFLHQW�WR�DUUDQJH�PRVW�RI�WKH�FRPPRQ�IXQFWLRQV�E\�JURZWK�
UDWH��VHH�)LJ���������

6HYHUDO�SRLQWV�DUH�LQ�RUGHU��)LUVW��LW�LV�YHU\�EDG�VW\OH�WR�LQFOXGH�FRQVWDQWV�RU�

ORZ�RUGHU�WHUPV�LQVLGH�D�%LJ�2K��'R�QRW�VD\�7�Q�� �2��Q���RU�7�Q�� �2�Q����Q���,Q�

ERWK�FDVHV��WKH�FRUUHFW�IRUP�LV�7�Q�� �2�Q����7KLV�PHDQV�WKDW�LQ�DQ\�DQDO\VLV�
WKDW�ZLOO�UHTXLUH�D�%LJ�2K�DQVZHU��DOO�VRUWV�RI�VKRUWFXWV�DUH�SRVVLEOH��/RZHU�
RUGHU�WHUPV�FDQ�JHQHUDOO\�EH�LJQRUHG��DQG�FRQVWDQWV�FDQ�EH�WKURZQ�DZD\��
&RQVLGHUDEO\�OHVV�SUHFLVLRQ�LV�UHTXLUHG�LQ�WKHVH�FDVHV���

6HFRQGO\��ZH�FDQ�DOZD\V�GHWHUPLQH�WKH�UHODWLYH�JURZWK�UDWHV�RI�WZR�IXQFWLRQV�I�Q��

DQG�J�Q��E\�FRPSXWLQJ�OLPQ �I�Q��J�Q���XVLQJ�/
+ôSLWDO
V�UXOH�LI�
QHFHVVDU\���

/
+ôSLWDO
V�UXOH�VWDWHV�WKDW�LI�OLPQ �I�Q�� � �DQG�OLPQ �J�Q�� �

��WKHQ�OLPQ �I�Q��J�Q�� �OLPQ �I
�Q����J
�Q���ZKHUH�I
�Q��DQG�J
�Q��

DUH�WKH�GHULYDWLYHV�RI�I�Q��DQG�J�Q���UHVSHFWLYHO\���

7KH�OLPLW�FDQ�KDYH�IRXU�SRVVLEOH�YDOXHV���

�7KH�OLPLW�LV����7KLV�PHDQV�WKDW�I�Q�� �R�J�Q�����

�7KH�OLPLW�LV�F� ����7KLV�PHDQV�WKDW�I�Q�� � �J�Q�����

�7KH�OLPLW�LV� ��7KLV�PHDQV�WKDW�J�Q�� �R�I�Q�����

�7KH�OLPLW�RVFLOODWHV��7KHUH�LV�QR�UHODWLRQ��WKLV�ZLOO�QRW�KDSSHQ�LQ�RXU�
FRQWH[W����
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8VLQJ�WKLV�PHWKRG�DOPRVW�DOZD\V�DPRXQWV�WR�RYHUNLOO��8VXDOO\�WKH�UHODWLRQ�EHWZHHQ�
I�Q��DQG�J�Q��FDQ�EH�GHULYHG�E\�VLPSOH�DOJHEUD��)RU�LQVWDQFH��LI�I�Q�� �Q�ORJ�Q�

DQG�J�Q�� �Q�����WKHQ�WR�GHFLGH�ZKLFK�RI�I�Q��DQG�J�Q��JURZV�IDVWHU��RQH�UHDOO\�

QHHGV�WR�GHWHUPLQH�ZKLFK�RI�ORJ�Q�DQG�Q����JURZV�IDVWHU��7KLV�LV�OLNH�GHWHUPLQLQJ�

ZKLFK�RI�ORJ��Q�RU�Q�JURZV�IDVWHU��7KLV�LV�D�VLPSOH�SUREOHP��EHFDXVH�LW�LV�
DOUHDG\�NQRZQ�WKDW�Q�JURZV�IDVWHU�WKDQ�DQ\�SRZHU�RI�D�ORJ��7KXV��J�Q��JURZV�
IDVWHU�WKDQ�I�Q����

2QH�VW\OLVWLF�QRWH��,W�LV�EDG�WR�VD\�I�Q�� �2�J�Q����EHFDXVH�WKH�LQHTXDOLW\�LV�

LPSOLHG�E\�WKH�GHILQLWLRQ��,W�LV�ZURQJ�WR�ZULWH�I�Q�� �2�J�Q����ZKLFK�GRHV�QRW�
PDNH�VHQVH���

�����0RGHO�

,Q�RUGHU�WR�DQDO\]H�DOJRULWKPV�LQ�D�IRUPDO�IUDPHZRUN��ZH�QHHG�D�PRGHO�RI�
FRPSXWDWLRQ��2XU�PRGHO�LV�EDVLFDOO\�D�QRUPDO�FRPSXWHU��LQ�ZKLFK�LQVWUXFWLRQV�DUH�
H[HFXWHG�VHTXHQWLDOO\��2XU�PRGHO�KDV�WKH�VWDQGDUG�UHSHUWRLUH�RI�VLPSOH�
LQVWUXFWLRQV��VXFK�DV�DGGLWLRQ��PXOWLSOLFDWLRQ��FRPSDULVRQ��DQG�DVVLJQPHQW��EXW��
XQOLNH�UHDO�FRPSXWHUV��LW�WDNHV�H[DFWO\�RQH�WLPH�XQLW�WR�GR�DQ\WKLQJ��VLPSOH���7R�
EH�UHDVRQDEOH��ZH�ZLOO�DVVXPH�WKDW��OLNH�D�PRGHUQ�FRPSXWHU��RXU�PRGHO�KDV�IL[HG�
VL]H��VD\����ELW��LQWHJHUV�DQG�WKDW�WKHUH�DUH�QR�IDQF\�RSHUDWLRQV��VXFK�DV�PDWUL[�
LQYHUVLRQ�RU�VRUWLQJ��WKDW�FOHDUO\�FDQQRW�EH�GRQH�LQ�RQH�WLPH�XQLW��:H�DOVR�
DVVXPH�LQILQLWH�PHPRU\���

7KLV�PRGHO�FOHDUO\�KDV�VRPH�ZHDNQHVVHV��2EYLRXVO\��LQ�UHDO�OLIH��QRW�DOO�
RSHUDWLRQV�WDNH�H[DFWO\�WKH�VDPH�WLPH��,Q�SDUWLFXODU��LQ�RXU�PRGHO�RQH�GLVN�UHDG�
FRXQWV�WKH�VDPH�DV�DQ�DGGLWLRQ��HYHQ�WKRXJK�WKH�DGGLWLRQ�LV�W\SLFDOO\�VHYHUDO�
RUGHUV�RI�PDJQLWXGH�IDVWHU��$OVR��E\�DVVXPLQJ�LQILQLWH�PHPRU\��ZH�QHYHU�ZRUU\�
DERXW�SDJH�IDXOWLQJ��ZKLFK�FDQ�EH�D�UHDO�SUREOHP��HVSHFLDOO\�IRU�HIILFLHQW�
DOJRULWKPV��7KLV�FDQ�EH�D�PDMRU�SUREOHP�LQ�PDQ\�DSSOLFDWLRQV���

�����:KDW�WR�$QDO\]H�

7KH�PRVW�LPSRUWDQW�UHVRXUFH�WR�DQDO\]H�LV�JHQHUDOO\�WKH�UXQQLQJ�WLPH��6HYHUDO�
IDFWRUV�DIIHFW�WKH�UXQQLQJ�WLPH�RI�D�SURJUDP��6RPH��VXFK�DV�WKH�FRPSLOHU�DQG�
FRPSXWHU�XVHG��DUH�REYLRXVO\�EH\RQG�WKH�VFRSH�RI�DQ\�WKHRUHWLFDO�PRGHO��VR��
DOWKRXJK�WKH\�DUH�LPSRUWDQW��ZH�FDQQRW�GHDO�ZLWK�WKHP�KHUH��7KH�RWKHU�PDLQ�
IDFWRUV�DUH�WKH�DOJRULWKP�XVHG�DQG�WKH�LQSXW�WR�WKH�DOJRULWKP���

7\SLFDOO\��WKH�VL]H�RI�WKH�LQSXW�LV�WKH�PDLQ�FRQVLGHUDWLRQ��:H�GHILQH�WZR�
IXQFWLRQV��7DYJ�Q��DQG�7ZRUVW�Q���DV�WKH�DYHUDJH�DQG�ZRUVW�FDVH�UXQQLQJ�WLPH��

UHVSHFWLYHO\��XVHG�E\�DQ�DOJRULWKP�RQ�LQSXW�RI�VL]H�Q��&OHDUO\��7DYJ�Q�� �

7ZRUVW�Q���,I�WKHUH�LV�PRUH�WKDQ�RQH�LQSXW��WKHVH�IXQFWLRQV�PD\�KDYH�PRUH�WKDQ�

RQH�DUJXPHQW���

:H�UHPDUN�WKDW�JHQHUDOO\�WKH�TXDQWLW\�UHTXLUHG�LV�WKH�ZRUVW�FDVH�WLPH��XQOHVV�
RWKHUZLVH�VSHFLILHG��2QH�UHDVRQ�IRU�WKLV�LV�WKDW�LW�SURYLGHV�D�ERXQG�IRU�DOO�
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LQSXW��LQFOXGLQJ�SDUWLFXODUO\�EDG�LQSXW��WKDW�DQ�DYHUDJH�FDVH�DQDO\VLV�GRHV�QRW�
SURYLGH��7KH�RWKHU�UHDVRQ�LV�WKDW�DYHUDJH�FDVH�ERXQGV�DUH�XVXDOO\�PXFK�PRUH�
GLIILFXOW�WR�FRPSXWH��,Q�VRPH�LQVWDQFHV��WKH�GHILQLWLRQ�RI��DYHUDJH��FDQ�DIIHFW�
WKH�UHVXOW���)RU�LQVWDQFH��ZKDW�LV�DYHUDJH�LQSXW�IRU�WKH�IROORZLQJ�SUREOHP"���

$V�DQ�H[DPSOH��LQ�WKH�QH[W�VHFWLRQ��ZH�VKDOO�FRQVLGHU�WKH�IROORZLQJ�SUREOHP���

0$;,080�68%6(48(1&(�680�352%/(0���

*LYHQ��SRVVLEO\�QHJDWLYH��LQWHJHUV�D���D�����������DQ��ILQG�WKH�PD[LPXP�YDOXH�RI�

���)RU�FRQYHQLHQFH��WKH�PD[LPXP�VXEVHTXHQFH�VXP�LV���LI�DOO�WKH�LQWHJHUV�
DUH�QHJDWLYH����

([DPSOH���

)RU�LQSXW�������������������������WKH�DQVZHU�LV�����D��WKURXJK�D����
�

7KLV�SUREOHP�LV�LQWHUHVWLQJ�PDLQO\�EHFDXVH�WKHUH�DUH�VR�PDQ\�DOJRULWKPV�WR�VROYH�
LW��DQG�WKH�SHUIRUPDQFH�RI�WKHVH�DOJRULWKPV�YDULHV�GUDVWLFDOO\��:H�ZLOO�GLVFXVV�
IRXU�DOJRULWKPV�WR�VROYH�WKLV�SUREOHP��7KH�UXQQLQJ�WLPH�RQ�VRPH�FRPSXWHU��WKH�
H[DFW�FRPSXWHU�LV�XQLPSRUWDQW��IRU�WKHVH�DOJRULWKPV�LV�JLYHQ�LQ�)LJXUH�������

7KHUH�DUH�VHYHUDO�LPSRUWDQW�WKLQJV�ZRUWK�QRWLQJ�LQ�WKLV�WDEOH��)RU�D�VPDOO�DPRXQW�
RI�LQSXW��WKH�DOJRULWKPV�DOO�UXQ�LQ�D�EOLQN�RI�WKH�H\H��VR�LI�RQO\�D�VPDOO�DPRXQW�
RI�LQSXW�LV�H[SHFWHG��LW�PLJKW�EH�VLOO\�WR�H[SHQG�D�JUHDW�GHDO�RI�HIIRUW�WR�
GHVLJQ�D�FOHYHU�DOJRULWKP��2Q�WKH�RWKHU�KDQG��WKHUH�LV�D�ODUJH�PDUNHW�WKHVH�GD\V�
IRU�UHZULWLQJ�SURJUDPV�WKDW�ZHUH�ZULWWHQ�ILYH�\HDUV�DJR�EDVHG�RQ�D�QR�ORQJHU�
YDOLG�DVVXPSWLRQ�RI�VPDOO�LQSXW�VL]H��7KHVH�SURJUDPV�DUH�QRZ�WRR�VORZ��EHFDXVH�
WKH\�XVHG�SRRU�DOJRULWKPV��)RU�ODUJH�DPRXQWV�RI�LQSXW��$OJRULWKP���LV�FOHDUO\�WKH�
EHVW�FKRLFH��DOWKRXJK�$OJRULWKP���LV�VWLOO�XVDEOH����

6HFRQG��WKH�WLPHV�JLYHQ�GR�QRW�LQFOXGH�WKH�WLPH�UHTXLUHG�WR�UHDG�WKH�LQSXW��)RU�
$OJRULWKP����WKH�WLPH�PHUHO\�WR�UHDG�LQ�WKH�LQSXW�IURP�D�GLVN�LV�OLNHO\�WR�EH�DQ�
RUGHU�RI�PDJQLWXGH�ODUJHU�WKDQ�WKH�WLPH�UHTXLUHG�WR�VROYH�WKH�SUREOHP��7KLV�LV�
W\SLFDO�RI�PDQ\�HIILFLHQW�DOJRULWKPV��5HDGLQJ�WKH�GDWD�LV�JHQHUDOO\�WKH�
ERWWOHQHFN��RQFH�WKH�GDWD�DUH�UHDG��WKH�SUREOHP�FDQ�EH�VROYHG�TXLFNO\��)RU�
LQHIILFLHQW�DOJRULWKPV�WKLV�LV�QRW�WUXH��DQG�VLJQLILFDQW�FRPSXWHU�UHVRXUFHV�PXVW�
EH�XVHG��7KXV��LW�LV�LPSRUWDQW�WKDW��ZKHUH�SRVVLEOH��DOJRULWKPV�EH�HIILFLHQW�
HQRXJK�QRW�WR�EH�WKH�ERWWOHQHFN�RI�D�SUREOHP���

������$OJRULWKP���������������������������������������������

������������������������������������������������������������

���������7LPH�����������2�Q��������2�Q����2�Q�ORJ�Q����Q���

�

�������������������������������������������������������������

��,QSXW��Q� �������������������������������������������������

��6L]H���Q� �������������������������������������������������
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���������Q� �������������������������������������������������

���������Q� �������������1$����������������������������������

���������Q� �������������1$���������1$�����������������������

)LJXUH�����5XQQLQJ�WLPH�RI�VHYHUDO�DOJRULWKPV�IRU�PD[LPXP�VXEVHTXHQFH�VXP��LQ�
VHFRQGV��

)LJXUH�����VKRZV�WKH�JURZWK�UDWHV�RI�WKH�UXQQLQJ�WLPHV�RI�WKH�IRXU�DOJRULWKPV��
(YHQ�WKRXJK�WKLV�JUDSK�HQFRPSDVVHV�RQO\�YDOXHV�RI�Q�UDQJLQJ�IURP����WR������WKH�
UHODWLYH�JURZWK�UDWHV�DUH�VWLOO�HYLGHQW��$OWKRXJK�WKH�JUDSK�IRU�$OJRULWKP���VHHPV�
OLQHDU��LW�LV�HDV\�WR�YHULI\�WKDW�LW�LV�QRW��E\�XVLQJ�D�VWUDLJKWHGJH��RU�SLHFH�RI�
SDSHU���)LJXUH�����VKRZV�WKH�SHUIRUPDQFH�IRU�ODUJHU�YDOXHV��,W�GUDPDWLFDOO\�
LOOXVWUDWHV�KRZ�XVHOHVV�LQHIILFLHQW�DOJRULWKPV�DUH�IRU�HYHQ�PRGHUDWHO\�ODUJH�
DPRXQWV�RI�LQSXW���

��

)LJXUH�����3ORW��Q�YV��PLOOLVHFRQGV��RI�YDULRXV�PD[LPXP�VXEVHTXHQFH�VXP�
DOJRULWKPV�

��

)LJXUH�����3ORW��Q�YV��VHFRQGV��RI�YDULRXV�PD[LPXP�VXEVHTXHQFH�VXP�DOJRULWKPV�
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�����5XQQLQJ�7LPH�&DOFXODWLRQV�

7KHUH�DUH�VHYHUDO�ZD\V�WR�HVWLPDWH�WKH�UXQQLQJ�WLPH�RI�D�SURJUDP��7KH�SUHYLRXV�
WDEOH�ZDV�REWDLQHG�HPSLULFDOO\��,I�WZR�SURJUDPV�DUH�H[SHFWHG�WR�WDNH�VLPLODU�
WLPHV��SUREDEO\�WKH�EHVW�ZD\�WR�GHFLGH�ZKLFK�LV�IDVWHU�LV�WR�FRGH�WKHP�ERWK�XS�
DQG�UXQ�WKHP���

*HQHUDOO\��WKHUH�DUH�VHYHUDO�DOJRULWKPLF�LGHDV��DQG�ZH�ZRXOG�OLNH�WR�HOLPLQDWH�
WKH�EDG�RQHV�HDUO\��VR�DQ�DQDO\VLV�LV�XVXDOO\�UHTXLUHG��)XUWKHUPRUH��WKH�DELOLW\�
WR�GR�DQ�DQDO\VLV�XVXDOO\�SURYLGHV�LQVLJKW�LQWR�GHVLJQLQJ�HIILFLHQW�DOJRULWKPV��
7KH�DQDO\VLV�DOVR�JHQHUDOO\�SLQSRLQWV�WKH�ERWWOHQHFNV��ZKLFK�DUH�ZRUWK�FRGLQJ�
FDUHIXOO\���

7R�VLPSOLI\�WKH�DQDO\VLV��ZH�ZLOO�DGRSW�WKH�FRQYHQWLRQ�WKDW�WKHUH�DUH�QR�
SDUWLFXODU�XQLWV�RI�WLPH��7KXV��ZH�WKURZ�DZD\�OHDGLQJ�FRQVWDQWV��:H�ZLOO�DOVR�
WKURZ�DZD\�ORZ�RUGHU�WHUPV��VR�ZKDW�ZH�DUH�HVVHQWLDOO\�GRLQJ�LV�FRPSXWLQJ�D�%LJ�
2K�UXQQLQJ�WLPH��6LQFH�%LJ�2K�LV�DQ�XSSHU�ERXQG��ZH�PXVW�EH�FDUHIXO�WR�QHYHU�
XQGHUHVWLPDWH�WKH�UXQQLQJ�WLPH�RI�WKH�SURJUDP��,Q�HIIHFW��WKH�DQVZHU�SURYLGHG�LV�
D�JXDUDQWHH�WKDW�WKH�SURJUDP�ZLOO�WHUPLQDWH�ZLWKLQ�D�FHUWDLQ�WLPH�SHULRG��7KH�
SURJUDP�PD\�VWRS�HDUOLHU�WKDQ�WKLV��EXW�QHYHU�ODWHU���

�������$�6LPSOH�([DPSOH�

+HUH�LV�D�VLPSOH�SURJUDP�IUDJPHQW�WR�FDOFXODWH� ��

XQVLJQHG�LQW�

VXP��LQW�Q���

^�

XQVLJQHG�LQW�L��SDUWLDOBVXP��

����������SDUWLDOBVXP� ����

����������IRU��L ���L� Q��L�����

���������������SDUWLDOBVXP�� �LLL��

����������UHWXUQ��SDUWLDOBVXP����

`�

7KH�DQDO\VLV�RI�WKLV�SURJUDP�LV�VLPSOH��7KH�GHFODUDWLRQV�FRXQW�IRU�QR�WLPH��/LQHV�
��DQG���FRXQW�IRU�RQH�XQLW�HDFK��/LQH���FRXQWV�IRU�WKUHH�XQLWV�SHU�WLPH�H[HFXWHG�
�WZR�PXOWLSOLFDWLRQV�DQG�RQH�DGGLWLRQ��DQG�LV�H[HFXWHG�Q�WLPHV��IRU�D�WRWDO�RI��Q

XQLWV��/LQH���KDV�WKH�KLGGHQ�FRVWV�RI�LQLWLDOL]LQJ�L��WHVWLQJ�L� �Q��DQG�
LQFUHPHQWLQJ�L��7KH�WRWDO�FRVW�RI�DOO�WKHVH�LV���WR�LQLWLDOL]H��Q�����IRU�DOO�WKH�
WHVWV��DQG�Q�IRU�DOO�WKH�LQFUHPHQWV��ZKLFK�LV��Q������:H�LJQRUH�WKH�FRVWV�RI�
FDOOLQJ�WKH�IXQFWLRQ�DQG�UHWXUQLQJ��IRU�D�WRWDO�RI��Q �����7KXV��ZH�VD\�WKDW�WKLV�
IXQFWLRQ�LV�2��Q����
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,I�ZH�KDG�WR�SHUIRUP�DOO�WKLV�ZRUN�HYHU\�WLPH�ZH�QHHGHG�WR�DQDO\]H�D�SURJUDP��WKH�
WDVN�ZRXOG�TXLFNO\�EHFRPH�LQIHDVLEOH��)RUWXQDWHO\��VLQFH�ZH�DUH�JLYLQJ�WKH�DQVZHU�
LQ�WHUPV�RI�%LJ�2K��WKHUH�DUH�ORWV�RI�VKRUWFXWV�WKDW�FDQ�EH�WDNHQ�ZLWKRXW�
DIIHFWLQJ�WKH�ILQDO�DQVZHU��)RU�LQVWDQFH��OLQH���LV�REYLRXVO\�DQ�2�����VWDWHPHQW�
�SHU�H[HFXWLRQ���VR�LW�LV�VLOO\�WR�FRXQW�SUHFLVHO\�ZKHWKHU�LW�LV�WZR��WKUHH��RU�
IRXU�XQLWV����LW�GRHV�QRW�PDWWHU��/LQH���LV�REYLRXVO\�LQVLJQLILFDQW�FRPSDUHG�WR�
WKH�IRU�ORRS��VR�LW�LV�VLOO\�WR�ZDVWH�WLPH�KHUH��7KLV�OHDGV�WR�VHYHUDO�REYLRXV�
JHQHUDO�UXOHV���

�������*HQHUDO�5XOHV�

58/(���)25�/2236���

7KH�UXQQLQJ�WLPH�RI�D�IRU�ORRS�LV�DW�PRVW�WKH�UXQQLQJ�WLPH�RI�WKH�VWDWHPHQWV�
LQVLGH�WKH�IRU�ORRS��LQFOXGLQJ�WHVWV��WLPHV�WKH�QXPEHU�RI�LWHUDWLRQV���

58/(���1(67('�)25�/2236���

$QDO\]H�WKHVH�LQVLGH�RXW��7KH�WRWDO�UXQQLQJ�WLPH�RI�D�VWDWHPHQW�LQVLGH�D�JURXS�RI�
QHVWHG�IRU�ORRSV�LV�WKH�UXQQLQJ�WLPH�RI�WKH�VWDWHPHQW�PXOWLSOLHG�E\�WKH�SURGXFW�
RI�WKH�VL]HV�RI�DOO�WKH�IRU�ORRSV���

$V�DQ�H[DPSOH��WKH�IROORZLQJ�SURJUDP�IUDJPHQW�LV�2�Q����

�

IRU��L ���L�Q��L�����

IRU��M ���M�Q��M�����

N����

58/(���&216(&87,9(�67$7(0(176���

7KHVH�MXVW�DGG��ZKLFK�PHDQV�WKDW�WKH�PD[LPXP�LV�WKH�RQH�WKDW�FRXQWV����VHH���D��
RQ�SDJH�������

$V�DQ�H[DPSOH��WKH�IROORZLQJ�SURJUDP�IUDJPHQW��ZKLFK�KDV�2�Q��ZRUN�IROORZHG�E\�2�

�Q���ZRUN��LV�DOVR�2��Q�����

IRU��L ���L�Q��L����

D>L@� ����

IRU��L ���L�Q��L�����

IRU��M ���M�Q��M�����

D>L@�� �D>M@���L���M��

58/(���O)�(/6(���

)RU�WKH�IUDJPHQW��

LI��FRQG���
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6��

HOVH�

6��

WKH�UXQQLQJ�WLPH�RI�DQ�LI�HOVH�VWDWHPHQW�LV�QHYHU�PRUH�WKDQ�WKH�UXQQLQJ�WLPH�RI�
WKH�WHVW�SOXV�WKH�ODUJHU�RI�WKH�UXQQLQJ�WLPHV�RI�6��DQG�6����

&OHDUO\��WKLV�FDQ�EH�DQ�RYHU�HVWLPDWH�LQ�VRPH�FDVHV��EXW�LW�LV�QHYHU�DQ�XQGHU�
HVWLPDWH���

2WKHU�UXOHV�DUH�REYLRXV��EXW�D�EDVLF�VWUDWHJ\�RI�DQDO\]LQJ�IURP�WKH�LQVLGH��RU�
GHHSHVW�SDUW��RXW�ZRUNV��,I�WKHUH�DUH�IXQFWLRQ�FDOOV��REYLRXVO\�WKHVH�PXVW�EH�
DQDO\]HG�ILUVW��,I�WKHUH�DUH�UHFXUVLYH�SURFHGXUHV��WKHUH�DUH�VHYHUDO�RSWLRQV��,I�
WKH�UHFXUVLRQ�LV�UHDOO\�MXVW�D�WKLQO\�YHLOHG�IRU�ORRS��WKH�DQDO\VLV�LV�XVXDOO\�
WULYLDO��)RU�LQVWDQFH��WKH�IROORZLQJ�IXQFWLRQ�LV�UHDOO\�MXVW�D�VLPSOH�ORRS�DQG�LV�
REYLRXVO\�2��Q����

XQVLJQHG�LQW�

IDFWRULDO��XQVLJQHG�LQW�Q���

^�

LI��Q�� �����

UHWXUQ����

HOVH�

UHWXUQ��Q��IDFWRULDO�Q�������

`�

7KLV�H[DPSOH�LV�UHDOO\�D�SRRU�XVH�RI�UHFXUVLRQ��:KHQ�UHFXUVLRQ�LV�SURSHUO\�XVHG��
LW�LV�GLIILFXOW�WR�FRQYHUW�WKH�UHFXUVLRQ�LQWR�D�VLPSOH�ORRS�VWUXFWXUH��,Q�WKLV�
FDVH��WKH�DQDO\VLV�ZLOO�LQYROYH�D�UHFXUUHQFH�UHODWLRQ�WKDW�QHHGV�WR�EH�VROYHG��7R�
VHH�ZKDW�PLJKW�KDSSHQ��FRQVLGHU�WKH�IROORZLQJ�SURJUDP��ZKLFK�WXUQV�RXW�WR�EH�D�
KRUULEOH�XVH�RI�UHFXUVLRQ���

��&RPSXWH�)LERQDFFL�QXPEHUV�DV�GHVFULEHG�&KDSWHU�����

XQVLJQHG�LQW�

ILE��XQVLJQHG�LQW�Q���

^�

����������LI��Q�� �����

���������������UHWXUQ����

HOVH�
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���������������UHWXUQ��ILE�Q������ILE�Q�������

`�

$W�ILUVW�JODQFH��WKLV�VHHPV�OLNH�D�YHU\�FOHYHU�XVH�RI�UHFXUVLRQ��+RZHYHU��LI�WKH�
SURJUDP�LV�FRGHG�XS�DQG�UXQ�IRU�YDOXHV�RI�Q�DURXQG�����LW�EHFRPHV�DSSDUHQW�WKDW�
WKLV�SURJUDP�LV�WHUULEO\�LQHIILFLHQW��7KH�DQDO\VLV�LV�IDLUO\�VLPSOH��/HW�7�Q��EH�
WKH�UXQQLQJ�WLPH�IRU�WKH�IXQFWLRQ�ILE�Q���,I�Q� ���RU�Q� ����WKHQ�WKH�UXQQLQJ�
WLPH�LV�VRPH�FRQVWDQW�YDOXH��ZKLFK�LV�WKH�WLPH�WR�GR�WKH�WHVW�DW�OLQH���DQG�
UHWXUQ��:H�FDQ�VD\�WKDW�7���� �7���� ����VLQFH�FRQVWDQWV�GR�QRW�PDWWHU��7KH�
UXQQLQJ�WLPH�IRU�RWKHU�YDOXHV�RI�Q�LV�WKHQ�PHDVXUHG�UHODWLYH�WR�WKH�UXQQLQJ�WLPH�
RI�WKH�EDVH�FDVH��)RU�Q�!����WKH�WLPH�WR�H[HFXWH�WKH�IXQFWLRQ�LV�WKH�FRQVWDQW�
ZRUN�DW�OLQH���SOXV�WKH�ZRUN�DW�OLQH����/LQH���FRQVLVWV�RI�DQ�DGGLWLRQ�DQG�WZR�
IXQFWLRQ�FDOOV��6LQFH�WKH�IXQFWLRQ�FDOOV�DUH�QRW�VLPSOH�RSHUDWLRQV��WKH\�PXVW�EH�
DQDO\]HG�E\�WKHPVHOYHV��7KH�ILUVW�IXQFWLRQ�FDOO�LV�ILE�Q������DQG�KHQFH��E\�WKH�
GHILQLWLRQ�RI�7��UHTXLUHV�7�Q������XQLWV�RI�WLPH��$�VLPLODU�DUJXPHQW�VKRZV�WKDW�
WKH�VHFRQG�IXQFWLRQ�FDOO�UHTXLUHV�7�Q�� ���XQLWV�RI�WLPH��7KH�WRWDO�WLPH�UHTXLUHG�
LV�WKHQ�7�Q��������7�Q�����������ZKHUH�WKH���DFFRXQWV�IRU�WKH�ZRUN�DW�OLQH���SOXV�

WKH�DGGLWLRQ�DW�OLQH����7KXV��IRU�Q� ���ZH�KDYH�WKH�IROORZLQJ�IRUPXOD�IRU�WKH�
UXQQLQJ�WLPH�RI�ILE�Q����

7�Q�� �7�Q��������7�Q����������

6LQFH�ILE�Q�� �ILE�Q��������ILE�Q�������LW�LV�HDV\�WR�VKRZ�E\�LQGXFWLRQ�WKDW�7�Q��

�ILE�Q���,Q�6HFWLRQ��������ZH�VKRZHG�WKDW�ILE�Q������������$�VLPLODU�

FDOFXODWLRQ�VKRZV�WKDW�ILE�Q�� ���������DQG�VR�WKH�UXQQLQJ�WLPH�RI�WKLV�
SURJUDP�JURZV�H[SRQHQWLDOO\��7KLV�LV�DERXW�DV�EDG�DV�SRVVLEOH��%\�NHHSLQJ�D�
VLPSOH�DUUD\�DQG�XVLQJ�D�IRU�ORRS��WKH�UXQQLQJ�WLPH�FDQ�EH�UHGXFHG�VXEVWDQWLDOO\��

7KLV�SURJUDP�LV�VORZ�EHFDXVH�WKHUH�LV�D�KXJH�DPRXQW�RI�UHGXQGDQW�ZRUN�EHLQJ�
SHUIRUPHG��YLRODWLQJ�WKH�IRXUWK�PDMRU�UXOH�RI�UHFXUVLRQ��WKH�FRPSRXQG�LQWHUHVW�
UXOH���ZKLFK�ZDV�GLVFXVVHG�LQ�6HFWLRQ������1RWLFH�WKDW�WKH�ILUVW�FDOO�RQ�OLQH����
ILE�Q�������DFWXDOO\�FRPSXWHV�ILE�Q������DW�VRPH�SRLQW��7KLV�LQIRUPDWLRQ�LV�
WKURZQ�DZD\�DQG�UHFRPSXWHG�E\�WKH�VHFRQG�FDOO�RQ�OLQH����7KH�DPRXQW�RI�
LQIRUPDWLRQ�WKURZQ�DZD\�FRPSRXQGV�UHFXUVLYHO\�DQG�UHVXOWV�LQ�WKH�KXJH�UXQQLQJ�
WLPH��7KLV�LV�SHUKDSV�WKH�ILQHVW�H[DPSOH�RI�WKH�PD[LP��'RQ
W�FRPSXWH�DQ\WKLQJ�
PRUH�WKDQ�RQFH��DQG�VKRXOG�QRW�VFDUH�\RX�DZD\�IURP�XVLQJ�UHFXUVLRQ��7KURXJKRXW�
WKLV�ERRN��ZH�VKDOO�VHH�RXWVWDQGLQJ�XVHV�RI�UHFXUVLRQ���

������6ROXWLRQV�IRU�WKH�0D[LPXP�6XEVHTXHQFH�6XP�
3UREOHP�

:H�ZLOO�QRZ�SUHVHQW�IRXU�DOJRULWKPV�WR�VROYH�WKH�PD[LPXP�VXEVHTXHQFH�VXP�SUREOHP�
SRVHG�HDUOLHU��7KH�ILUVW�DOJRULWKP�LV�GHSLFWHG�LQ�)LJXUH������7KH�LQGLFHV�LQ�WKH�
IRU�ORRSV�UHIOHFW�WKH�IDFW�WKDW��LQ�&��DUUD\V�EHJLQ�DW����LQVWHDG�RI����$OVR��WKH�
DOJRULWKP�FRPSXWHV�WKH�DFWXDO�VXEVHTXHQFHV��QRW�MXVW�WKH�VXP���DGGLWLRQDO�FRGH�LV�
UHTXLUHG�WR�WUDQVPLW�WKLV�LQIRUPDWLRQ�WR�WKH�FDOOLQJ�URXWLQH���

&RQYLQFH�\RXUVHOI�WKDW�WKLV�DOJRULWKP�ZRUNV��WKLV�VKRXOG�QRW�WDNH�PXFK���7KH�
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UXQQLQJ�WLPH�LV�2�Q���DQG�LV�HQWLUHO\�GXH�WR�OLQHV���DQG����ZKLFK�FRQVLVW�RI�DQ�2
����VWDWHPHQW�EXULHG�LQVLGH�WKUHH�QHVWHG�IRU ORRSV��7KH�ORRS�DW�OLQH���LV�RI�VL]H�
Q���

LQW�

PD[BVXEVHTXHQFHBVXP��LQW�D>@��XQVLJQHG�LQW�Q���

^�

LQW�WKLVBVXP��PD[BVXP��EHVWBL��EHVWBM��L��M��N��

����������PD[BVXP� ����EHVWBL� �EHVWBM� �����

����������IRU��L ���L�Q��L�����

��������������IRU��M L��M�Q��M�����

^�

�������������������WKLVBVXP ���

�������������������IRU��N� �L��N� M��N�����

������������������������WKLVBVXP�� �D>N@��

�������������������LI��WKLVBVXP�!�PD[BVXP���

^������XSGDWH�PD[BVXP��EHVWBL��EHVWBM���

�������������������������PD[BVXP� �WKLVBVXP��

�������������������������EHVWBL� �L��

�������������������������EHVWBM� �M��

`�

`�

����������UHWXUQ��PD[BVXP����

`�

)LJXUH�����$OJRULWKP���

7KH�VHFRQG�ORRS�KDV�VL]H�Q���L������ZKLFK�FRXOG�EH�VPDOO��EXW�FRXOG�DOVR�EH�RI�
VL]H�Q��:H�PXVW�DVVXPH�WKH�ZRUVW��ZLWK�WKH�NQRZOHGJH�WKDW�WKLV�FRXOG�PDNH�WKH�
ILQDO�ERXQG�D�ELW�KLJK��7KH�WKLUG�ORRS�KDV�VL]H�M���L������ZKLFK��DJDLQ��ZH�PXVW�

DVVXPH�LV�RI�VL]H�Q��7KH�WRWDO�LV�2��� �Q� �Q� �Q�� �2�Q����6WDWHPHQW���

WDNHV�RQO\�2����WRWDO��DQG�VWDWHPHQWV���WR����WDNH�RQO\�2�Q���WRWDO��VLQFH�WKH\�
DUH�HDV\�VWDWHPHQWV�LQVLGH�RQO\�WZR�ORRSV���

,W�WXUQV�RXW�WKDW�D�PRUH�SUHFLVH�DQDO\VLV��WDNLQJ�LQWR�DFFRXQW�WKH�DFWXDO�VL]H�RI�
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WKHVH�ORRSV��VKRZV�WKDW�WKH�DQVZHU�LV� �Q����DQG�WKDW�RXU�HVWLPDWH�DERYH�ZDV�D�
IDFWRU�RI���WRR�KLJK��ZKLFK�LV�DOO�ULJKW��EHFDXVH�FRQVWDQWV�GR�QRW�PDWWHU���7KLV�
LV�JHQHUDOO\�WUXH�LQ�WKHVH�NLQGV�RI�SUREOHPV��7KH�SUHFLVH�DQDO\VLV�LV�REWDLQHG�

IURP�WKH�VXP� ����ZKLFK�WHOOV�KRZ�PDQ\�WLPHV�OLQH���LV�H[HFXWHG��
7KH�VXP�FDQ�EH�HYDOXDWHG�LQVLGH�RXW��XVLQJ�IRUPXODV�IURP�6HFWLRQ��������,Q�
SDUWLFXODU��ZH�ZLOO�XVH�WKH�IRUPXODV�IRU�WKH�VXP�RI�WKH�ILUVW�Q�LQWHJHUV�DQG�
ILUVW�Q�VTXDUHV��)LUVW�ZH�KDYH��

��

1H[W�ZH�HYDOXDWH��

��

7KLV�VXP�LV�FRPSXWHG�E\�REVHUYLQJ�WKDW�LW�LV�MXVW�WKH�VXP�RI�WKH�ILUVW�Q���L�����
LQWHJHUV��7R�FRPSOHWH�WKH�FDOFXODWLRQ��ZH�HYDOXDWH��

��

:H�FDQ�DYRLG�WKH�FXELF�UXQQLQJ�WLPH�E\�UHPRYLQJ�D�IRU�ORRS��2EYLRXVO\��WKLV�LV�
QRW�DOZD\V�SRVVLEOH��EXW�LQ�WKLV�FDVH�WKHUH�DUH�DQ�DZIXO�ORW�RI�XQQHFHVVDU\�
FRPSXWDWLRQV�SUHVHQW�LQ�WKH�DOJRULWKP��7KH�LQHIILFLHQF\�WKDW�WKH�LPSURYHG�

DOJRULWKP�FRUUHFWV�FDQ�EH�VHHQ�E\�QRWLFLQJ�WKDW� �VR�WKH�
FRPSXWDWLRQ�DW�OLQHV���DQG���LQ�$OJRULWKP���LV�XQGXO\�H[SHQVLYH��)LJXUH�����VKRZV�

DQ�LPSURYHG�DOJRULWKP��$OJRULWKP���LV�FOHDUO\�2�Q����WKH�DQDO\VLV�LV�HYHQ�VLPSOHU�
WKDQ�EHIRUH���

7KHUH�LV�D�UHFXUVLYH�DQG�UHODWLYHO\�FRPSOLFDWHG�2�Q�ORJ�Q��VROXWLRQ�WR�WKLV�
SUREOHP��ZKLFK�ZH�QRZ�GHVFULEH��,I�WKHUH�GLGQ
W�KDSSHQ�WR�EH�DQ�2�Q���OLQHDU��
VROXWLRQ��WKLV�ZRXOG�EH�DQ�H[FHOOHQW�H[DPSOH�RI�WKH�SRZHU�RI�UHFXUVLRQ��7KH�
DOJRULWKP�XVHV�D��GLYLGH�DQG�FRQTXHU��VWUDWHJ\��7KH�LGHD�LV�WR�VSOLW�WKH�SUREOHP�
LQWR�WZR�URXJKO\�HTXDO�VXESUREOHPV��HDFK�RI�ZKLFK�LV�KDOI�WKH�VL]H�RI�WKH�
RULJLQDO��7KH�VXESUREOHPV�DUH�WKHQ�VROYHG�UHFXUVLYHO\��7KLV�LV�WKH��GLYLGH��SDUW��
7KH��FRQTXHU��VWDJH�FRQVLVWV�RI�SDWFKLQJ�WRJHWKHU�WKH�WZR�VROXWLRQV�RI�WKH�
VXESUREOHPV��DQG�SRVVLEO\�GRLQJ�D�VPDOO�DPRXQW�RI�DGGLWLRQDO�ZRUN��WR�DUULYH�DW�D�
VROXWLRQ�IRU�WKH�ZKROH�SUREOHP���

LQW�

PD[BVXEVHTXHQFHBVXP��LQW�D>@��XQVLJQHG�LQW�Q���
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^�

LQW�WKLVBVXP��PD[BVXP��EHVWBL��EHVWBM��L��M��N��

����������PD[BVXP� ����EHVWBL� �EHVWBM� �����

����������IRU��L ���L�Q��L�����

^�

���������������WKLVBVXP� ����

���������������IRU��M L��M�Q��M�����

^�

��������������������WKLVBVXP�� �D>M@��

��������������������LI��WKLVBVXP�!�PD[BVXP���

��XSGDWH�PD[BVXP��EHVWBL��EHVWBM����

`�

`�

����������UHWXUQ��PD[BVXP����

`�

)LJXUH�����$OJRULWKP���

,Q�RXU�FDVH��WKH�PD[LPXP�VXEVHTXHQFH�VXP�FDQ�EH�LQ�RQH�RI�WKUHH�SODFHV��(LWKHU�LW�
RFFXUV�HQWLUHO\�LQ�WKH�OHIW�KDOI�RI�WKH�LQSXW��RU�HQWLUHO\�LQ�WKH�ULJKW�KDOI��RU�
LW�FURVVHV�WKH�PLGGOH�DQG�LV�LQ�ERWK�KDOYHV��7KH�ILUVW�WZR�FDVHV�FDQ�EH�VROYHG�
UHFXUVLYHO\��7KH�ODVW�FDVH�FDQ�EH�REWDLQHG�E\�ILQGLQJ�WKH�ODUJHVW�VXP�LQ�WKH�
ILUVW�KDOI�WKDW�LQFOXGHV�WKH�ODVW�HOHPHQW�LQ�WKH�ILUVW�KDOI�DQG�WKH�ODUJHVW�VXP�
LQ�WKH�VHFRQG�KDOI�WKDW�LQFOXGHV�WKH�ILUVW�HOHPHQW�LQ�WKH�VHFRQG�KDOI��7KHVH�WZR�
VXPV�FDQ�WKHQ�EH�DGGHG�WRJHWKHU��$V�DQ�H[DPSOH��FRQVLGHU�WKH�IROORZLQJ�LQSXW���

�����)LUVW�+DOI������������6HFRQG�+DOI�

�����������������������������������������

�����������������������������������������

7KH�PD[LPXP�VXEVHTXHQFH�VXP�IRU�WKH�ILUVW�KDOI�LV����HOHPHQWV�D��WKURXJK�D����DQG�

IRU�WKH�VHFRQG�KDOI�LV����HOHPHQWV�D��WKURXJK�D�����

7KH�PD[LPXP�VXP�LQ�WKH�ILUVW�KDOI�WKDW�LQFOXGHV�WKH�ODVW�HOHPHQW�LQ�WKH�ILUVW�
KDOI�LV����HOHPHQWV�D��WKURXJK�D����DQG�WKH�PD[LPXP�VXP�LQ�WKH�VHFRQG�KDOI�WKDW�

LQFOXGHV�WKH�ILUVW�HOHPHQW�LQ�WKH�VHFRQG�KDOI�LV����HOHPHQWV�D��WKRXJK�D����7KXV��

WKH�PD[LPXP�VXP�WKDW�VSDQV�ERWK�KDOYHV�DQG�JRHV�WKURXJK�WKH�PLGGOH�LV������� ����
�HOHPHQWV�D��WKURXJK�D�����
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:H�VHH��WKHQ��WKDW�DPRQJ�WKH�WKUHH�ZD\V�WR�IRUP�D�ODUJH�PD[LPXP�VXEVHTXHQFH��IRU�
RXU�H[DPSOH��WKH�EHVW�ZD\�LV�WR�LQFOXGH�HOHPHQWV�IURP�ERWK�KDOYHV��7KXV��WKH�
DQVZHU�LV�����)LJXUH�����VKRZV�DQ�LPSOHPHQWDWLRQ�RI�WKLV�VWUDWHJ\���

LQW�

PD[BVXEBVHTXHQFHBVXP��LQW�D>@��XQVLJQHG�LQW�Q���

^�

UHWXUQ�PD[BVXEBVXP��D�����Q������

`�

LQW�

PD[BVXEBVXP��LQW�D>@��LQW�OHIW��LQW�ULJKW���

^�

LQW�PD[BOHIWBVXP��PD[BULJKWBVXP��

LQW�PD[BOHIWBERUGHUBVXP��PD[BULJKWBERUGHUBVXP��

LQW�OHIWBERUGHUBVXP��ULJKWBERUGHUBVXP��

LQW�FHQWHU��L��

����������LI���OHIW�  �ULJKW����������%DVH�&DVH���

���������������LI��D>OHIW@�!�����

��������������������UHWXUQ�D>OHIW@��

HOVH�

�������������������UHWXUQ����

����������FHQWHU� ��OHIW���ULJKW������

����������PD[BOHIWBVXP� �PD[BVXEBVXP��D��OHIW��FHQWHU����

����������PD[BULJKWBVXP� �PD[BVXEBVXP��D��FHQWHU����ULJKW����

����������PD[BOHIWBERUGHUBVXP� ����OHIWBERUGHUBVXP� ����

����������IRU��L FHQWHU��L! OHIW��L�����

^�

���������������OHIWBERUGHUBVXP�� �D>L@��

���������������LI��OHIWBERUGHUBVXP�!�PD[BOHIWBERUGHUBVXP���

��������������������PD[BOHIWBERUGHUBVXP� �OHIWBERUGHUBVXP��
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`�

����������PD[BULJKWBERUGHUBVXP� ����ULJKWBERUGHUBVXP� ����

����������IRU��L FHQWHU����L� ULJKW��L�����

^�

���������������ULJKWBERUGHUBVXP�� �D>L@��

���������������LI��ULJKWBERUGHUBVXP�!�PD[BULJKWBERUGHUBVXP���

��������������������PD[BULJKWBERUGHUBVXP� �ULJKWBERUGHUBVXP��

`�

����������UHWXUQ�PD[���PD[BOHIWBVXP��PD[BULJKWBVXP��

PD[BOHIWBERUGHUBVXP���PD[BULJKWBERUGHUBVXP����

`�

)LJXUH�����$OJRULWKP���

7KH�FRGH�IRU�$OJRULWKP���GHVHUYHV�VRPH�FRPPHQW��7KH�JHQHUDO�IRUP�RI�WKH�FDOO�IRU�
WKH�UHFXUVLYH�SURFHGXUH�LV�WR�SDVV�WKH�LQSXW�DUUD\�DORQJ�ZLWK�WKH�OHIW�DQG�ULJKW�
ERUGHUV��ZKLFK�GHOLPLW�WKH�SRUWLRQ�RI�WKH�DUUD\�WKDW�LV�RSHUDWHG�XSRQ��$�RQH�OLQH�
GULYHU�SURJUDP�VHWV�WKLV�XS�E\�SDVVLQJ�WKH�ERUGHUV���DQG�Q����DORQJ�ZLWK�WKH�
DUUD\���

/LQHV���WR���KDQGOH�WKH�EDVH�FDVH��,I�OHIW�  �ULJKW��WKHQ�WKHUH�LV�RQH�HOHPHQW��
DQG�WKLV�LV�WKH�PD[LPXP�VXEVHTXHQFH�LI�WKH�HOHPHQW�LV�QRQQHJDWLYH��7KH�FDVH�OHIW�
!�ULJKW�LV�QRW�SRVVLEOH�XQOHVV�Q LV�QHJDWLYH��DOWKRXJK�PLQRU�SHUWXUEDWLRQV�LQ�WKH�
FRGH�FRXOG�PHVV�WKLV�XS���/LQHV���DQG���SHUIRUP�WKH�WZR�UHFXUVLYH�FDOOV��:H�FDQ�
VHH�WKDW�WKH�UHFXUVLYH�FDOOV�DUH�DOZD\V�RQ�D�VPDOOHU�SUREOHP�WKDQ�WKH�RULJLQDO��
DOWKRXJK��RQFH�DJDLQ��PLQRU�SHUWXUEDWLRQV�LQ�WKH�FRGH�FRXOG�GHVWUR\�WKLV�
SURSHUW\��/LQHV���WR����DQG�WKHQ����WR����FDOFXODWH�WKH�WZR�PD[LPXP�VXPV�WKDW�
WRXFK�WKH�FHQWHU�GLYLGHU��7KH�VXP�RI�WKHVH�WZR�YDOXHV�LV�WKH�PD[LPXP�VXP�WKDW�
VSDQV�ERWK�KDOYHV��7KH�SVHXGRURXWLQH�PD[��UHWXUQV�WKH�ODUJHVW�RI�WKH�WKUHH�
SRVVLELOLWLHV���

$OJRULWKP���FOHDUO\�UHTXLUHV�PRUH�HIIRUW�WR�FRGH�WKDQ�HLWKHU�RI�WKH�WZR�SUHYLRXV�
DOJRULWKPV��+RZHYHU��VKRUWHU�FRGH�GRHV�QRW�DOZD\V�PHDQ�EHWWHU�FRGH��$V�ZH�KDYH�
VHHQ�LQ�WKH�HDUOLHU�WDEOH�VKRZLQJ�WKH�UXQQLQJ�WLPHV�RI�WKH�DOJRULWKPV��WKLV�
DOJRULWKP�LV�FRQVLGHUDEO\�IDVWHU�WKDQ�WKH�RWKHU�WZR�IRU�DOO�EXW�WKH�VPDOOHVW�RI�
LQSXW�VL]HV���

7KH�UXQQLQJ�WLPH�LV�DQDO\]HG�LQ�PXFK�WKH�VDPH�ZD\�DV�IRU�WKH�SURJUDP�WKDW�
FRPSXWHV�WKH�)LERQDFFL�QXPEHUV��/HW�7�Q��EH�WKH�WLPH�LW�WDNHV�WR�VROYH�D�PD[LPXP�
VXEVHTXHQFH�VXP�SUREOHP�RI�VL]H�Q��,I�Q  ����WKHQ�WKH�SURJUDP�WDNHV�VRPH�FRQVWDQW�
DPRXQW�RI�WLPH�WR�H[HFXWH�OLQHV���WR����ZKLFK�ZH�VKDOO�FDOO�RQH�XQLW��7KXV��7����
 ����2WKHUZLVH��WKH�SURJUDP�PXVW�SHUIRUP�WZR�UHFXUVLYH�FDOOV��WKH�WZR�IRU�ORRSV�
EHWZHHQ�OLQHV���DQG�����DQG�VRPH�VPDOO�DPRXQW�RI�ERRNNHHSLQJ��VXFK�DV�OLQHV���DQG�
����7KH�WZR�IRU�ORRSV�FRPELQH�WR�WRXFK�HYHU\�HOHPHQW�IURP�D��WR�DQB���DQG�WKHUH�
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LV�FRQVWDQW�ZRUN�LQVLGH�WKH�ORRSV��VR�WKH�WLPH�H[SHQGHG�LQ�OLQHV���WR����LV�2�Q���
7KH�FRGH�LQ�OLQHV���WR�������DQG����LV�DOO�D�FRQVWDQW�DPRXQW�RI�ZRUN�DQG�FDQ�WKXV�
EH�LJQRUHG�ZKHQ�FRPSDUHG�WR�2�Q���7KH�UHPDLQGHU�RI�WKH�ZRUN�LV�SHUIRUPHG�LQ�OLQHV�
��DQG����7KHVH�OLQHV�VROYH�WZR�VXEVHTXHQFH�SUREOHPV�RI�VL]H�Q����DVVXPLQJ�Q�LV�
HYHQ���7KXV��WKHVH�OLQHV�WDNH�7�Q����XQLWV�RI�WLPH�HDFK��IRU�D�WRWDO�RI��7�Q�����
7KH�WRWDO�WLPH�IRU�WKH�DOJRULWKP�WKHQ�LV��7�Q������2�Q���7KLV�JLYHV�WKH�HTXDWLRQV�

7���� ���

7�Q�� ��7�Q������2�Q��

7R�VLPSOLI\�WKH�FDOFXODWLRQV��ZH�FDQ�UHSODFH�WKH�2�Q��WHUP�LQ�WKH�HTXDWLRQ�DERYH�
ZLWK�Q��VLQFH�7�Q��ZLOO�EH�H[SUHVVHG�LQ�%LJ�2K�QRWDWLRQ�DQ\ZD\��WKLV�ZLOO�QRW�
DIIHFW�WKH�DQVZHU��,Q�&KDSWHU����ZH�VKDOO�VHH�KRZ�WR�VROYH�WKLV�HTXDWLRQ�
ULJRURXVO\��)RU�QRZ��LI�7�Q�� ��7�Q������Q��DQG�7���� ����WKHQ�7���� ��� �������
7���� ���� �������7���� ���� �������7����� ���� ��������7KH�SDWWHUQ�WKDW�LV�

HYLGHQW��DQG�FDQ�EH�GHULYHG��LV�WKDW�LI�Q� �����WKHQ�7�Q�� �Q���N������ �Q�ORJ�Q
��Q� �2�Q�ORJ�Q����

7KLV�DQDO\VLV�DVVXPHV�Q�LV�HYHQ��VLQFH�RWKHUZLVH�Q���LV�QRW�GHILQHG��%\�WKH�
UHFXUVLYH�QDWXUH�RI�WKH�DQDO\VLV��LW�LV�UHDOO\�YDOLG�RQO\�ZKHQ�Q�LV�D�SRZHU�RI����
VLQFH�RWKHUZLVH�ZH�HYHQWXDOO\�JHW�D�VXESUREOHP�WKDW�LV�QRW�DQ�HYHQ�VL]H��DQG�WKH�
HTXDWLRQ�LV�LQYDOLG��:KHQ�Q�LV�QRW�D�SRZHU�RI����D�VRPHZKDW�PRUH�FRPSOLFDWHG�
DQDO\VLV�LV�UHTXLUHG��EXW�WKH�%LJ�2K�UHVXOW�UHPDLQV�XQFKDQJHG���

,Q�IXWXUH�FKDSWHUV��ZH�ZLOO�VHH�VHYHUDO�FOHYHU�DSSOLFDWLRQV�RI�UHFXUVLRQ��+HUH��
ZH�SUHVHQW�D�IRXUWK�DOJRULWKP�WR�ILQG�WKH�PD[LPXP�VXEVHTXHQFH�VXP��7KLV�DOJRULWKP�
LV�VLPSOHU�WR�LPSOHPHQW�WKDQ�WKH�UHFXUVLYH�DOJRULWKP�DQG�DOVR�LV�PRUH�HIILFLHQW��
,W�LV�VKRZQ�LQ�)LJXUH�������

LQW�

PD[BVXEVHTXHQFHBVXP��LQW�D>@��XQVLJQHG�LQW�Q����

^�

LQW�WKLVBVXP��PD[BVXP��EHVWBL��EHVWBM��L��M��

����������L� �WKLVBVXP� �PD[BVXP� ����EHVWBL� �EHVWBM� �����

����������IRU��M ���M�Q��M�����

^�

���������������WKLVBVXP�� �D>M@��

���������������LI��WKLVBVXP�!�PD[BVXP���

^���������XSGDWH�PD[BVXP��EHVWBL��EHVWBM���

��������������������PD[BVXP� �WKLVBVXP��

��������������������EHVWBL� �L��

��������������������EHVWBM� �M��
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`�

HOVH�

���������������LI��WKLVBVXP�������

^�

�������������������L� �M������

�������������������WKLVBVXP� ����

`�

`�

����������UHWXUQ��PD[BVXP����

`�

)LJXUH�����$OJRULWKP���

,W�VKRXOG�EH�FOHDU�ZK\�WKH�WLPH�ERXQG�LV�FRUUHFW��EXW�LW�WDNHV�D�OLWWOH�WKRXJKW�
WR�VHH�ZK\�WKH�DOJRULWKP�DFWXDOO\�ZRUNV��7KLV�LV�OHIW�WR�WKH�UHDGHU��$Q�H[WUD�
DGYDQWDJH�RI�WKLV�DOJRULWKP�LV�WKDW�LW�PDNHV�RQO\�RQH�SDVV�WKURXJK�WKH�GDWD��DQG�
RQFH�D>L@�LV�UHDG�DQG�SURFHVVHG��LW�GRHV�QRW�QHHG�WR�EH�UHPHPEHUHG��7KXV��LI�WKH�
DUUD\�LV�RQ�D�GLVN�RU�WDSH��LW�FDQ�EH�UHDG�VHTXHQWLDOO\��DQG�WKHUH�LV�QR�QHHG�WR�
VWRUH�DQ\�SDUW�RI�LW�LQ�PDLQ�PHPRU\��)XUWKHUPRUH��DW�DQ\�SRLQW�LQ�WLPH��WKH�
DOJRULWKP�FDQ�FRUUHFWO\�JLYH�DQ�DQVZHU�WR�WKH�VXEVHTXHQFH�SUREOHP�IRU�WKH�GDWD�LW�
KDV�DOUHDG\�UHDG��WKH�RWKHU�DOJRULWKPV�GR�QRW�VKDUH�WKLV�SURSHUW\���$OJRULWKPV�
WKDW�FDQ�GR�WKLV�DUH�FDOOHG�RQ�OLQH�DOJRULWKPV��$Q�RQ�OLQH�DOJRULWKP�WKDW�
UHTXLUHV�RQO\�FRQVWDQW�VSDFH�DQG�UXQV�LQ�OLQHDU�WLPH�LV�MXVW�DERXW�DV�JRRG�DV�
SRVVLEOH���

������/RJDULWKPV�LQ�WKH�5XQQLQJ�7LPH�

7KH�PRVW�FRQIXVLQJ�DVSHFW�RI�DQDO\]LQJ�DOJRULWKPV�SUREDEO\�FHQWHUV�DURXQG�WKH�
ORJDULWKP��:H�KDYH�DOUHDG\�VHHQ�WKDW�VRPH�GLYLGH�DQG�FRQTXHU�DOJRULWKPV�ZLOO�UXQ�
LQ�2�Q�ORJ�Q��WLPH��%HVLGHV�GLYLGH�DQG�FRQTXHU�DOJRULWKPV��WKH�PRVW�IUHTXHQW�
DSSHDUDQFH�RI�ORJDULWKPV�FHQWHUV�DURXQG�WKH�IROORZLQJ�JHQHUDO�UXOH��$Q�DOJRULWKP�
LV�2�ORJ�Q��LI�LW�WDNHV�FRQVWDQW��2�����WLPH�WR�FXW�WKH�SUREOHP�VL]H�E\�D�

IUDFWLRQ��ZKLFK�LV�XVXDOO\� ���2Q�WKH�RWKHU�KDQG��LI�FRQVWDQW�WLPH�LV�UHTXLUHG�
WR�PHUHO\�UHGXFH�WKH�SUREOHP�E\�D�FRQVWDQW�DPRXQW��VXFK�DV�WR�PDNH�WKH�SUREOHP�
VPDOOHU�E\�����WKHQ�WKH�DOJRULWKP�LV�2�Q����

6RPHWKLQJ�WKDW�VKRXOG�EH�REYLRXV�LV�WKDW�RQO\�VSHFLDO�NLQGV�RI�SUREOHPV�FDQ�EH�2
�ORJ�Q���)RU�LQVWDQFH��LI�WKH�LQSXW�LV�D�OLVW�RI�Q�QXPEHUV��DQ�DOJRULWKP�PXVW�

WDNH� �Q��PHUHO\�WR�UHDG�WKH�LQSXW�LQ��7KXV�ZKHQ�ZH�WDON�DERXW�2�ORJ�Q��
DOJRULWKPV�IRU�WKHVH�NLQGV�RI�SUREOHPV��ZH�XVXDOO\�SUHVXPH�WKDW�WKH�LQSXW�LV�
SUHUHDG��:H�SURYLGH�WKUHH�H[DPSOHV�RI�ORJDULWKPLF�EHKDYLRU���

%LQDU\�6HDUFK�
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7KH�ILUVW�H[DPSOH�LV�XVXDOO\�UHIHUUHG�WR�DV�ELQDU\�VHDUFK���

%,1$5<�6($5&+���

*LYHQ�DQ�LQWHJHU�[�DQG�LQWHJHUV�D���D�����������DQ��ZKLFK�DUH�SUHVRUWHG�DQG�

DOUHDG\�LQ�PHPRU\��ILQG�L�VXFK�WKDW�DL� �[��RU�UHWXUQ�L� ���LI�[�LV�QRW�LQ�WKH�

LQSXW���

7KH�REYLRXV�VROXWLRQ�FRQVLVWV�RI�VFDQQLQJ�WKURXJK�WKH�OLVW�IURP�OHIW�WR�ULJKW�DQG�
UXQV�LQ�OLQHDU�WLPH��+RZHYHU��WKLV�DOJRULWKP�GRHV�QRW�WDNH�DGYDQWDJH�RI�WKH�IDFW�
WKDW�WKH�OLVW�LV�VRUWHG�DQG�LV�WKXV�QRW�OLNHO\�WR�EH�EHVW��7KH�EHVW�VWUDWHJ\�LV�
WR�FKHFN�LI�[�LV�WKH�PLGGOH�HOHPHQW��,I�VR��WKH�DQVZHU�LV�DW�KDQG��,I�[�LV�
VPDOOHU�WKDQ�WKH�PLGGOH�HOHPHQW��ZH�FDQ�DSSO\�WKH�VDPH�VWUDWHJ\�WR�WKH�VRUWHG�
VXEDUUD\�WR�WKH�OHIW�RI�WKH�PLGGOH�HOHPHQW��OLNHZLVH��LI�[�LV�ODUJHU�WKDQ�WKH�
PLGGOH�HOHPHQW��ZH�ORRN�WR�WKH�ULJKW�KDOI���7KHUH�LV�DOVR�WKH�FDVH�RI�ZKHQ�WR�
VWRS���)LJXUH�����VKRZV�WKH�FRGH�IRU�ELQDU\�VHDUFK��WKH�DQVZHU�LV�PLG���$V�XVXDO��
WKH�FRGH�UHIOHFWV�&
V�FRQYHQWLRQ�WKDW�DUUD\V�EHJLQ�ZLWK�LQGH[����1RWLFH�WKDW�WKH�
YDULDEOHV�FDQQRW�EH�GHFODUHG�XQVLJQHG��ZK\"���,Q�FDVHV�ZKHUH�WKH�XQVLJQHG�
TXDOLILHU�LV�TXHVWLRQDEOH��ZH�ZLOO�QRW�XVH�LW��$V�DQ�H[DPSOH��LI�WKH�XQVLJQHG�
TXDOLILHU�LV�GHSHQGHQW�RQ�DQ�DUUD\�QRW�EHJLQQLQJ�DW�]HUR��ZH�ZLOO�GLVFDUG�LW���

:H�ZLOO�DOVR�DYRLG�XVLQJ�WKH�XQVLJQHG�W\SH�IRU�YDULDEOHV�WKDW�DUH�FRXQWHUV�LQ�D�
IRU�ORRS��EHFDXVH�LW�LV�FRPPRQ�WR�FKDQJH�WKH�GLUHFWLRQ�RI�D�ORRS�FRXQWHU�IURP�
LQFUHDVLQJ�WR�GHFUHDVLQJ�DQG�WKH�XQVLJQHG�TXDOLILHU�LV�W\SLFDOO\�DSSURSULDWH�IRU�
WKH�IRUPHU�FDVH�RQO\��)RU�H[DPSOH��WKH�FRGH�LQ�([HUFLVH������GRHV�QRW�ZRUN�LI�L�
LV�GHFODUHG�XQVLJQHG���

&OHDUO\�DOO�WKH�ZRUN�GRQH�LQVLGH�WKH�ORRS�LV�2����SHU�LWHUDWLRQ��VR�WKH�DQDO\VLV�
UHTXLUHV�GHWHUPLQLQJ�WKH�QXPEHU�RI�WLPHV�DURXQG�WKH�ORRS��7KH�ORRS�VWDUWV�ZLWK�

KLJK���ORZ� �Q�����DQG�ILQLVKHV�ZLWK�KLJK���ORZ� �����(YHU\�WLPH�WKURXJK�WKH�
ORRS�WKH�YDOXH�KLJK���ORZ�PXVW�EH�DW�OHDVW�KDOYHG�IURP�LWV�SUHYLRXV�YDOXH��WKXV��

WKH�QXPEHU�RI�WLPHV�DURXQG�WKH�ORRS�LV�DW�PRVW� ORJ�Q����� �������$V�DQ�
H[DPSOH��LI�KLJK���ORZ� ������WKHQ�WKH�PD[LPXP�YDOXHV�RI�KLJK���ORZ�DIWHU�HDFK�
LWHUDWLRQ�DUH���������������������������������7KXV��WKH�UXQQLQJ�WLPH�LV�2�ORJ�Q���
(TXLYDOHQWO\��ZH�FRXOG�ZULWH�D�UHFXUVLYH�IRUPXOD�IRU�WKH�UXQQLQJ�WLPH��EXW�WKLV�
NLQG�RI�EUXWH�IRUFH�DSSURDFK�LV�XVXDOO\�XQQHFHVVDU\�ZKHQ�\RX�XQGHUVWDQG�ZKDW�LV�
UHDOO\�JRLQJ�RQ�DQG�ZK\���

%LQDU\�VHDUFK�FDQ�EH�YLHZHG�DV�RXU�ILUVW�GDWD�VWUXFWXUH��,W�VXSSRUWV�WKH�ILQG�
RSHUDWLRQ�LQ�2�ORJ�Q��WLPH��EXW�DOO�RWKHU�RSHUDWLRQV��LQ�SDUWLFXODU�LQVHUW��
UHTXLUH�2�Q��WLPH��,Q�DSSOLFDWLRQV�ZKHUH�WKH�GDWD�DUH�VWDWLF��WKDW�LV��LQVHUWLRQV�
DQG�GHOHWLRQV�DUH�QRW�DOORZHG���WKLV�FRXOG�EH�D�YHU\�XVHIXO�GDWD�VWUXFWXUH��7KH�
LQSXW�ZRXOG�WKHQ�QHHG�WR�EH�VRUWHG�RQFH��EXW�DIWHUZDUG�DFFHVVHV�ZRXOG�EH�IDVW��$Q�
H[DPSOH�FRXOG�EH�D�SURJUDP�WKDW�QHHGV�WR�PDLQWDLQ�LQIRUPDWLRQ�DERXW�WKH�SHULRGLF�
WDEOH�RI�HOHPHQWV��ZKLFK�DULVHV�LQ�FKHPLVWU\�DQG�SK\VLFV���7KLV�WDEOH�LV�
UHODWLYHO\�VWDEOH��DV�QHZ�HOHPHQWV�DUH�DGGHG�LQIUHTXHQWO\��7KH�HOHPHQW�QDPHV�
FRXOG�EH�NHSW�VRUWHG��6LQFH�WKHUH�DUH�RQO\�DERXW�����HOHPHQWV��DW�PRVW�HLJKW�
DFFHVVHV�ZRXOG�EH�UHTXLUHG�WR�ILQG�DQ�HOHPHQW��3HUIRUPLQJ�D�VHTXHQWLDO�VHDUFK�
ZRXOG�UHTXLUH�PDQ\�PRUH�DFFHVVHV���

LQW�
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ELQDU\BVHDUFK��LQSXWBW\SH�D>�@��LQSXWBW\SH�[��XQVLJQHG�LQW�Q���

^�

LQW�ORZ��PLG��KLJK����������&DQ
W�EH�XQVLJQHG��ZK\"���

����������ORZ� ����KLJK� �Q������

����������ZKLOH��ORZ�� �KLJK���

^�

���������������PLG� ��ORZ���KLJK�����

���������������LI��D>PLG@���[���

��������������������ORZ� �PLG������

HOVH�

��������������LI���D>PLG@���[���

��������������������KLJK� �PLG������

HOVH�

�������������������UHWXUQ��PLG�������IRXQG���

`�

����������UHWXUQ��127B)281'����

`�

)LJXUH�����%LQDU\�VHDUFK��

(XFOLG
V�$OJRULWKP�

$�VHFRQG�H[DPSOH�LV�(XFOLG
V�DOJRULWKP�IRU�FRPSXWLQJ�WKH�JUHDWHVW�FRPPRQ�GLYLVRU��
7KH�JUHDWHVW�FRPPRQ�GLYLVRU��JFG��RI�WZR�LQWHJHUV�LV�WKH�ODUJHVW�LQWHJHU�WKDW�
GLYLGHV�ERWK��7KXV��JFG���������� ����7KH�DOJRULWKP�LQ�)LJXUH������FRPSXWHV�JFG

�P��Q���DVVXPLQJ�P� �Q���,I�Q�!�P��WKH�ILUVW�LWHUDWLRQ�RI�WKH�ORRS�VZDSV�
WKHP����

7KH�DOJRULWKP�ZRUNV�E\�FRQWLQXDOO\�FRPSXWLQJ�UHPDLQGHUV�XQWLO���LV�UHDFKHG��7KH�
ODVW�QRQ]HUR�UHPDLQGHU�LV�WKH�DQVZHU��7KXV��LI�P� �������DQG�Q� ��������WKHQ�WKH�
VHTXHQFH�RI�UHPDLQGHUV�LV��������������������7KHUHIRUH��JFG�������������� ����$V�
WKH�H[DPSOH�VKRZV��WKLV�LV�D�IDVW�DOJRULWKP���

$V�EHIRUH��WKH�HQWLUH�UXQQLQJ�WLPH�RI�WKH�DOJRULWKP�GHSHQGV�RQ�GHWHUPLQLQJ�KRZ�
ORQJ�WKH�VHTXHQFH�RI�UHPDLQGHUV�LV��$OWKRXJK�ORJ�Q�VHHPV�OLNH�D�JRRG�DQVZHU��LW�
LV�QRW�DW�DOO�REYLRXV�WKDW�WKH�YDOXH�RI�WKH�UHPDLQGHU�KDV�WR�GHFUHDVH�E\�D�
FRQVWDQW�IDFWRU��VLQFH�ZH�VHH�WKDW�WKH�UHPDLQGHU�ZHQW�IURP�����WR�RQO\�����LQ�WKH�
H[DPSOH��,QGHHG��WKH�UHPDLQGHU�GRHV�QRW�GHFUHDVH�E\�D�FRQVWDQW�IDFWRU�LQ�RQH�
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LWHUDWLRQ��+RZHYHU��ZH�FDQ�SURYH�WKDW�DIWHU�WZR�LWHUDWLRQV��WKH�UHPDLQGHU�LV�DW�
PRVW�KDOI�RI�LWV�RULJLQDO�YDOXH��7KLV�ZRXOG�VKRZ�WKDW�WKH�QXPEHU�RI�LWHUDWLRQV�LV�
DW�PRVW���ORJ�Q� �2�ORJ�Q��DQG�HVWDEOLVK�WKH�UXQQLQJ�WLPH��7KLV�SURRI�LV�HDV\��VR�
ZH�LQFOXGH�LW�KHUH��,W�IROORZV�GLUHFWO\�IURP�WKH�IROORZLQJ�WKHRUHP���

XQVLJQHG�LQW�

JFG��XQVLJQHG�LQW�P��XQVLJQHG�LQW�Q���

^�

XQVLJQHG�LQW�UHP��

����������ZKLOH��Q�!�����

^�

���������������UHP� �P���Q��

���������������P� �Q��

���������������Q� �UHP��

`�

����������UHWXUQ��P����

`�

)LJXUH������(XFOLG
V�DOJRULWKP��

7+(25(0�������

,I�P�!�Q��WKHQ�PPRG�Q���P�����

3522)���

7KHUH�DUH�WZR�FDVHV��,I�Q� �P����WKHQ�REYLRXVO\��VLQFH�WKH�UHPDLQGHU�LV�
VPDOOHU�WKDQ�Q��WKH�WKHRUHP�LV�WUXH�IRU�WKLV�FDVH��7KH�RWKHU�FDVH�LV�Q�!�P����%XW�
WKHQ�Q�JRHV�LQWR�P�RQFH�ZLWK�D�UHPDLQGHU�P���Q���P����SURYLQJ�WKH�WKHRUHP���

2QH�PLJKW�ZRQGHU�LI�WKLV�LV�WKH�EHVW�ERXQG�SRVVLEOH��VLQFH���ORJ�Q�LV�DERXW����
IRU�RXU�H[DPSOH��DQG�RQO\�VHYHQ�RSHUDWLRQV�ZHUH�SHUIRUPHG��,W�WXUQV�RXW�WKDW�WKH�
FRQVWDQW�FDQ�EH�LPSURYHG�VOLJKWO\��WR�URXJKO\������ORJ�Q��LQ�WKH�ZRUVW�FDVH�
�ZKLFK�LV�DFKLHYDEOH�LI�P�DQG�Q�DUH�FRQVHFXWLYH�)LERQDFFL�QXPEHUV���7KH�DYHUDJH�
FDVH�SHUIRUPDQFH�RI�(XFOLG
V�DOJRULWKP�UHTXLUHV�SDJHV�DQG�SDJHV�RI�KLJKO\�
VRSKLVWLFDWHG�PDWKHPDWLFDO�DQDO\VLV��DQG�LW�WXUQV�RXW�WKDW�WKH�DYHUDJH�QXPEHU�RI�

LWHUDWLRQV�LV�DERXW� ���

([SRQHQWLDWLRQ�

2XU�ODVW�H[DPSOH�LQ�WKLV�VHFWLRQ�GHDOV�ZLWK�UDLVLQJ�DQ�LQWHJHU�WR�D�SRZHU��ZKLFK�
LV�DOVR�DQ�LQWHJHU���1XPEHUV�WKDW�UHVXOW�IURP�H[SRQHQWLDWLRQ�DUH�JHQHUDOO\�TXLWH�
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ODUJH��VR�DQ�DQDO\VLV�RQO\�ZRUNV�LI�ZH�FDQ�DVVXPH�WKDW�ZH�KDYH�D�PDFKLQH�WKDW�FDQ�
VWRUH�VXFK�ODUJH�LQWHJHUV��RU�D�FRPSLOHU�WKDW�FDQ�VLPXODWH�WKLV���:H�ZLOO�FRXQW�
WKH�QXPEHU�RI�PXOWLSOLFDWLRQV�DV�WKH�PHDVXUHPHQW�RI�UXQQLQJ�WLPH���

LQW�

SRZ��LQW�[��XQVLJQHG�LQW�Q��

^�

����������LI��Q�  �����

��������������UHWXUQ����

����������LI��Q�  �����

��������������UHWXUQ�[��

����������LI��HYHQ��Q�����

��������������UHWXUQ��SRZ��[[��Q�������

�

HOVH�

��������������UHWXUQ��SRZ��[[��Q������[���

�

`�

)LJXUH������(IILFLHQW�H[SRQHQWLDWLRQ�

7KH�REYLRXV�DOJRULWKP�WR�FRPSXWH�[Q�XVHV�Q�� ��PXOWLSOHV��7KH�UHFXUVLYH�DOJRULWKP�
LQ�)LJXUH������GRHV�EHWWHU��/LQHV���WR���KDQGOH�WKH�EDVH�FDVH�RI�WKH�UHFXUVLRQ��

2WKHUZLVH��LI�Q�LV�HYHQ��ZH�KDYH�[Q� �[Q�����[Q����DQG�LI�Q�LV�RGG��[� �[�Q������

�[�Q������ �[��
�

)RU�LQVWDQFH��WR�FRPSXWH�[����WKH�DOJRULWKP�GRHV�WKH�IROORZLQJ�FDOFXODWLRQV��
ZKLFK�LQYROYHV�RQO\�QLQH�PXOWLSOLFDWLRQV���

[�� ��[��[���[�� ��[���[���[��� ��[���[���[��� ��[����[���[��� ��[����
�

7KH�QXPEHU�RI�PXOWLSOLFDWLRQV�UHTXLUHG�LV�FOHDUO\�DW�PRVW���ORJ�Q��EHFDXVH�DW�PRVW�WZR�

PXOWLSOLFDWLRQV��LI�Q�LV�RGG��DUH�UHTXLUHG�WR�KDOYH�WKH�SUREOHP��$JDLQ��D�UHFXUUHQFH�IRUPXOD�FDQ�

EH�ZULWWHQ�DQG�VROYHG��6LPSOH�LQWXLWLRQ�REYLDWHV�WKH�QHHG�IRU�D�EUXWH�IRUFH�DSSURDFK��

,W�LV�VRPHWLPHV�LQWHUHVWLQJ�WR�VHH�KRZ�PXFK�WKH�FRGH�FDQ�EH�WZHDNHG�ZLWKRXW�DIIHFWLQJ�
FRUUHFWQHVV��,Q�)LJXUH�������OLQHV���WR���DUH�DFWXDOO\�XQQHFHVVDU\��EHFDXVH�LI�Q�LV����WKHQ�OLQH�
��GRHV�WKH�ULJKW�WKLQJ��/LQH���FDQ�DOVR�EH�UHZULWWHQ�DV��

������UHWXUQ��SRZ��[��Q������[���

�

ZLWKRXW�DIIHFWLQJ�WKH�FRUUHFWQHVV�RI�WKH�SURJUDP��,QGHHG��WKH�SURJUDP�ZLOO�VWLOO�UXQ�LQ�2�ORJ�Q���
EHFDXVH�WKH�VHTXHQFH�RI�PXOWLSOLFDWLRQV�LV�WKH�VDPH�DV�EHIRUH��+RZHYHU��DOO�RI�WKH�IROORZLQJ�
DOWHUQDWLYHV�IRU�OLQH���DUH�EDG��HYHQ�WKRXJK�WKH\�ORRN�FRUUHFW���
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��D����UHWXUQ��SRZ��SRZ��[�������Q��������

��E����UHWXUQ��SRZ��SRZ��[��Q������������

�

��F����UHWXUQ��SRZ��[��Q������SRZ��[��Q�������

�

%RWK�OLQHV��D�DQG��E�DUH�LQFRUUHFW�EHFDXVH�ZKHQ�Q�LV����RQH�RI�WKH�UHFXUVLYH�FDOOV�WR�SRZ�KDV���
DV�WKH�VHFRQG�DUJXPHQW��7KXV��QR�SURJUHVV�LV�PDGH��DQG�DQ�LQILQLWH�ORRS�UHVXOWV��LQ�DQ�HYHQWXDO�
FUDVK����

8VLQJ�OLQH��F�DIIHFWV�WKH�HIILFLHQF\��EHFDXVH�WKHUH�DUH�QRZ�WZR�UHFXUVLYH�FDOOV�RI�VL]H�Q���
LQVWHDG�RI�RQO\�RQH��$Q�DQDO\VLV�ZLOO�VKRZ�WKDW�WKH�UXQQLQJ�WLPH�LV�QR�ORQJHU�2�ORJ�Q���:H�OHDYH�
LW�DV�DQ�H[HUFLVH�WR�WKH�UHDGHU�WR�GHWHUPLQH�WKH�QHZ�UXQQLQJ�WLPH���

������&KHFNLQJ�<RXU�$QDO\VLV
�

2QFH�DQ�DQDO\VLV�KDV�EHHQ�SHUIRUPHG��LW�LV�GHVLUDEOH�WR�VHH�LI�WKH�DQVZHU�LV�FRUUHFW�DQG�DV�JRRG�

DV�SRVVLEOH��2QH�ZD\�WR�GR�WKLV�LV�WR�FRGH�XS�WKH�SURJUDP�DQG�VHH�LI�WKH�HPSLULFDOO\�REVHUYHG�
UXQQLQJ�WLPH�PDWFKHV�WKH�UXQQLQJ�WLPH�SUHGLFWHG�E\�WKH�DQDO\VLV��:KHQ�Q GRXEOHV��WKH�UXQQLQJ�WLPH�
JRHV�XS�E\�D�IDFWRU�RI���IRU�OLQHDU�SURJUDPV����IRU�TXDGUDWLF�SURJUDPV��DQG���IRU�FXELF�SURJUDPV��
3URJUDPV�WKDW�UXQ�LQ�ORJDULWKPLF�WLPH�WDNH�RQO\�DQ�DGGLWLYH�FRQVWDQW�ORQJHU�ZKHQ�Q�GRXEOHV��DQG�
SURJUDPV�WKDW�UXQ�LQ�2�Q�ORJ�Q��WDNH�VOLJKWO\�PRUH�WKDQ�WZLFH�DV�ORQJ�WR�UXQ�XQGHU�WKH�VDPH�
FLUFXPVWDQFHV��7KHVH�LQFUHDVHV�FDQ�EH�KDUG�WR�VSRW�LI�WKH�ORZHU�RUGHU�WHUPV�KDYH�UHODWLYHO\�ODUJH�
FRHIILFLHQWV�DQG�Q�LV�QRW�ODUJH�HQRXJK��$Q�H[DPSOH�LV�WKH�MXPS�IURP�Q� ����WR�Q� �����LQ�WKH�
UXQQLQJ�WLPH�IRU�WKH�YDULRXV�LPSOHPHQWDWLRQV�RI�WKH�PD[LPXP�VXEVHTXHQFH�VXP�SUREOHP��,W�DOVR�FDQ�
EH�YHU\�GLIILFXOW�WR�GLIIHUHQWLDWH�OLQHDU�SURJUDPV�IURP�2�Q�ORJ�Q��SURJUDPV�SXUHO\�RQ�HPSLULFDO�
HYLGHQFH���

$QRWKHU�FRPPRQO\�XVHG�WULFN�WR�YHULI\�WKDW�VRPH�SURJUDP�LV�2�I�Q���LV�WR�FRPSXWH�WKH�YDOXHV�7�Q���

I�Q��IRU�D�UDQJH�RI�Q��XVXDOO\�VSDFHG�RXW�E\�IDFWRUV�RI�����ZKHUH�7�Q��LV�WKH�HPSLULFDOO\�
REVHUYHG�UXQQLQJ�WLPH��,I�I�Q��LV�D�WLJKW�DQVZHU�IRU�WKH�UXQQLQJ�WLPH��WKHQ�WKH�FRPSXWHG�YDOXHV�
FRQYHUJH�WR�D�SRVLWLYH�FRQVWDQW��,I�I�Q��LV�DQ�RYHU�HVWLPDWH��WKH�YDOXHV�FRQYHUJH�WR�]HUR��,I�I
�Q��LV�DQ�XQGHU�HVWLPDWH�DQG�KHQFH�ZURQJ��WKH�YDOXHV�GLYHUJH���

$V�DQ�H[DPSOH��WKH�SURJUDP�IUDJPHQW�LQ�)LJXUH������FRPSXWHV�WKH�SUREDELOLW\�WKDW�WZR�GLVWLQFW�
SRVLWLYH�LQWHJHUV��OHVV�WKDQ�RU�HTXDO�WR�Q�DQG�FKRVHQ�UDQGRPO\��DUH�UHODWLYHO\�SULPH���$V�Q�JHWV�

ODUJH��WKH�DQVZHU�DSSURDFKHV��� ����

�

<RX�VKRXOG�EH�DEOH�WR�GR�WKH�DQDO\VLV�IRU�WKLV�SURJUDP�LQVWDQWDQHRXVO\��)LJXUH������VKRZV�WKH�
DFWXDO�REVHUYHG�UXQQLQJ�WLPH�IRU�WKLV�URXWLQH�RQ�D�UHDO�FRPSXWHU��7KH�WDEOH�VKRZV�WKDW�WKH�ODVW�
FROXPQ�LV�PRVW�OLNHO\��DQG�WKXV�WKH�DQDO\VLV�WKDW�\RX�VKRXOG�KDYH�JRWWHQ�LV�SUREDEO\�FRUUHFW��

1RWLFH�WKDW�WKHUH�LV�QRW�D�JUHDW�GHDO�RI�GLIIHUHQFH�EHWZHHQ�2�Q���DQG�2�Q��ORJ�Q���VLQFH�
ORJDULWKPV�JURZ�VR�VORZO\���

�������$�*UDLQ�RI�6DOW
�

6RPHWLPHV�WKH�DQDO\VLV�LV�VKRZQ�HPSLULFDOO\�WR�EH�DQ�RYHU�HVWLPDWH��,I�WKLV�LV�WKH�FDVH��WKHQ�
HLWKHU�WKH�DQDO\VLV�QHHGV�WR�EH�WLJKWHQHG��XVXDOO\�E\�D�FOHYHU�REVHUYDWLRQ���RU�LW�PD\�EH�WKH�
FDVH�WKDW�WKH�DYHUDJH�UXQQLQJ�WLPH�LV�VLJQLILFDQWO\�OHVV�WKDQ�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�DQG�QR�
LPSURYHPHQW�LQ�WKH�ERXQG�LV�SRVVLEOH��7KHUH�DUH�PDQ\�FRPSOLFDWHG�DOJRULWKPV�IRU�ZKLFK�WKH�ZRUVW�
FDVH�ERXQG�LV�DFKLHYDEOH�E\�VRPH�EDG�LQSXW�EXW�LV�XVXDOO\�DQ�RYHU�HVWLPDWH�LQ�SUDFWLFH��
8QIRUWXQDWHO\��IRU�PRVW�RI�WKHVH�SUREOHPV��DQ�DYHUDJH�FDVH�DQDO\VLV�LV�H[WUHPHO\�FRPSOH[��LQ�PDQ\�
FDVHV�VWLOO�XQVROYHG���DQG�D�ZRUVW�FDVH�ERXQG��HYHQ�WKRXJK�RYHUO\�SHVVLPLVWLF��LV�WKH�EHVW�
DQDO\WLFDO�UHVXOW�NQRZQ���

UHO� ����WRW� ���

�

IRU��L ���L� Q��L����

�
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)LJXUH������(VWLPDWH�WKH�SUREDELOLW\�WKDW�WZR�UDQGRP�QXPEHUV�DUH�UHODWLYHO\�SULPH

�
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)LJXUH������(PSLULFDO�UXQQLQJ�WLPHV�IRU�SUHYLRXV�URXWLQH

�

6XPPDU\
�

7KLV�FKDSWHU�JLYHV�VRPH�KLQWV�RQ�KRZ�WR�DQDO\]H�WKH�FRPSOH[LW\�RI�SURJUDPV��8QIRUWXQDWHO\��LW�LV�

QRW�D�FRPSOHWH�JXLGH��6LPSOH�SURJUDPV�XVXDOO\�KDYH�VLPSOH�DQDO\VHV��EXW�WKLV�LV�QRW�DOZD\V�WKH�
FDVH��$V�DQ�H[DPSOH��ZH�VKDOO�VHH��ODWHU�LQ�WKH�WH[W��D�VRUWLQJ�DOJRULWKP��6KHOOVRUW��&KDSWHU����
DQG�DQ�DOJRULWKP�IRU�PDLQWDLQLQJ�GLVMRLQW�VHWV��&KDSWHU����HDFK�RI�ZKLFK�UHTXLUHV�DERXW����OLQHV�
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RI�FRGH��7KH�DQDO\VLV�RI�6KHOOVRUW�LV�VWLOO�QRW�FRPSOHWH��DQG�WKH�GLVMRLQW�VHW�DOJRULWKP�KDV�DQ�
DQDO\VLV�WKDW�LV�H[WUHPHO\�GLIILFXOW�DQG�UHTXLUHV�SDJHV�DQG�SDJHV�RI�LQWULFDWH�FDOFXODWLRQV��0RVW�
RI�WKH�DQDO\VLV�WKDW�ZH�ZLOO�HQFRXQWHU�KHUH�ZLOO�EH�VLPSOH�DQG�LQYROYH�FRXQWLQJ�WKURXJK�ORRSV���

$Q�LQWHUHVWLQJ�NLQG�RI�DQDO\VLV��ZKLFK�ZH�KDYH�QRW�WRXFKHG�XSRQ��LV�ORZHUERXQG�DQDO\VLV��:H�ZLOO�

VHH�DQ�H[DPSOH�RI�WKLV�LQ�&KDSWHU����ZKHUH�LW�LV�SURYHG�WKDW�DQ\�DOJRULWKP�WKDW�VRUWV�E\�XVLQJ�

RQO\�FRPSDULVRQV�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV�LQ�WKH�ZRUVW�FDVH��/RZHU�ERXQG�SURRIV�DUH�
JHQHUDOO\�WKH�PRVW�GLIILFXOW��EHFDXVH�WKH\�DSSO\�QRW�WR�DQ�DOJRULWKP�EXW�WR�D�FODVV�RI�DOJRULWKPV�
WKDW�VROYH�D�SUREOHP���

:H�FORVH�E\�PHQWLRQLQJ�WKDW�VRPH�RI�WKH�DOJRULWKPV�GHVFULEHG�KHUH�KDYH�UHDO�OLIH�DSSOLFDWLRQ��7KH�

JFG�DOJRULWKP�DQG�WKH�H[SRQHQWLDWLRQ�DOJRULWKP�DUH�ERWK�XVHG�LQ�FU\SWRJUDSK\��6SHFLILFDOO\��D�
����GLJLW�QXPEHU�LV�UDLVHG�WR�D�ODUJH�SRZHU��XVXDOO\�DQRWKHU�����GLJLW�QXPEHU���ZLWK�RQO\�WKH�ORZ�
����RU�VR�GLJLWV�UHWDLQHG�DIWHU�HDFK�PXOWLSOLFDWLRQ��6LQFH�WKH�FDOFXODWLRQV�UHTXLUH�GHDOLQJ�ZLWK�
����GLJLW�QXPEHUV��HIILFLHQF\�LV�REYLRXVO\�LPSRUWDQW��7KH�VWUDLJKWIRUZDUG�DOJRULWKP�IRU�

H[SRQHQWLDWLRQ�ZRXOG�UHTXLUH�DERXW�������PXOWLSOLFDWLRQV��ZKHUHDV�WKH�DOJRULWKP�SUHVHQWHG�
UHTXLUHV�RQO\�DERXW���������

([HUFLVHV
�

����2UGHU�WKH�IROORZLQJ�IXQFWLRQV�E\�JURZWK�UDWH��Q�� ��Q�����Q���Q�ORJ�Q��Q�ORJ�ORJ�Q��Q�ORJ��

Q��Q�ORJ�Q������Q�������Q��������Q��ORJ�Q��Q���,QGLFDWH�ZKLFK�IXQFWLRQV�JURZ�DW�WKH�VDPH�UDWH���

����6XSSRVH�7O�Q�� �2�I�Q���DQG�7��Q�� �2�I�Q����:KLFK�RI�WKH�IROORZLQJ�DUH�WUXH"�

�

D��7��Q����7��Q�� �2�I�Q���

�

E��7��Q����7��Q�� �R�I�Q���

�

�

�

G��7��Q�� �2�7��Q���

�

����:KLFK�IXQFWLRQ�JURZV�IDVWHU��Q�ORJ�Q�RU�Q�� �� � �!���"

�

�

����3URYH�WKDW�IRU�DQ\�FRQVWDQW��N��ORJNQ� �R�Q���

�

����)LQG�WZR�IXQFWLRQV�I�Q��DQG�J�Q��VXFK�WKDW�QHLWKHU� �Q�� �2�J�Q���QRU�J�Q�� �2�I�Q����

�

����)RU�HDFK�RI�WKH�IROORZLQJ�VL[�SURJUDP�IUDJPHQWV��

�

D��*LYH�DQ�DQDO\VLV�RI�WKH�UXQQLQJ�WLPH��%LJ�2K�ZLOO�GR���

�

E��,PSOHPHQW�WKH�FRGH�LQ�WKH�ODQJXDJH�RI�\RXU�FKRLFH��DQG�JLYH�WKH�UXQQLQJ�WLPH�IRU�VHYHUDO�
YDOXHV�RI�Q���
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7KLV�FKDSWHU�GLVFXVVHV�WKUHH�RI�WKH�PRVW�VLPSOH�DQG�EDVLF�GDWD�VWUXFWXUHV��
9LUWXDOO\�HYHU\�VLJQLILFDQW�SURJUDP�ZLOO�XVH�DW�OHDVW�RQH�RI�WKHVH�VWUXFWXUHV�
H[SOLFLWO\��DQG�D�VWDFN�LV�DOZD\V�LPSOLFLWO\�XVHG�LQ�\RXU�SURJUDP��ZKHWKHU�RU�QRW�
\RX�GHFODUH�RQH��$PRQJ�WKH�KLJKOLJKWV�RI�WKLV�FKDSWHU��ZH�ZLOO��

�,QWURGXFH�WKH�FRQFHSW�RI�$EVWUDFW�'DWD�7\SHV��ADTV����

�6KRZ�KRZ�WR�HIILFLHQWO\�SHUIRUP�RSHUDWLRQV�RQ�OLVWV���

�,QWURGXFH�WKH�VWDFN�ADT�DQG�LWV�XVH�LQ�LPSOHPHQWLQJ�UHFXUVLRQ���

�,QWURGXFH�WKH�TXHXH�ADT�DQG�LWV�XVH�LQ�RSHUDWLQJ�V\VWHPV�DQG�DOJRULWKP�
GHVLJQ���

%HFDXVH�WKHVH�GDWD�VWUXFWXUHV�DUH�VR�LPSRUWDQW��RQH�PLJKW�H[SHFW�WKDW�WKH\�DUH�
KDUG�WR�LPSOHPHQW��,Q�IDFW��WKH\�DUH�H[WUHPHO\�HDV\�WR�FRGH�XS��WKH�PDLQ�
GLIILFXOW\�LV�NHHSLQJ�HQRXJK�GLVFLSOLQH�WR�ZULWH�JRRG�JHQHUDO�SXUSRVH�FRGH�IRU�
URXWLQHV�WKDW�DUH�JHQHUDOO\�RQO\�D�IHZ�OLQHV�ORQJ���

�����$EVWUDFW�'DWD�7\SHV��$'7V��

2QH�RI�WKH�EDVLF�UXOHV�FRQFHUQLQJ�SURJUDPPLQJ�LV�WKDW�QR�URXWLQH�VKRXOG�HYHU�
H[FHHG�D�SDJH��7KLV�LV�DFFRPSOLVKHG�E\�EUHDNLQJ�WKH�SURJUDP�GRZQ�LQWR�PRGXOHV��
(DFK�PRGXOH�LV�D�ORJLFDO�XQLW�DQG�GRHV�D�VSHFLILF�MRE��,WV�VL]H�LV�NHSW�VPDOO�E\�
FDOOLQJ�RWKHU�PRGXOHV��0RGXODULW\�KDV�VHYHUDO�DGYDQWDJHV��)LUVW��LW�LV�PXFK�
HDVLHU�WR�GHEXJ�VPDOO�URXWLQHV�WKDQ�ODUJH�URXWLQHV��6HFRQG��LW�LV�HDVLHU�IRU�
VHYHUDO�SHRSOH�WR�ZRUN�RQ�D�PRGXODU�SURJUDP�VLPXOWDQHRXVO\��7KLUG��D�ZHOO�ZULWWHQ�
PRGXODU�SURJUDP�SODFHV�FHUWDLQ�GHSHQGHQFLHV�LQ�RQO\�RQH�URXWLQH��PDNLQJ�FKDQJHV�
HDVLHU��)RU�LQVWDQFH��LI�RXWSXW�QHHGV�WR�EH�ZULWWHQ�LQ�D�FHUWDLQ�IRUPDW��LW�LV�
FHUWDLQO\�LPSRUWDQW�WR�KDYH�RQH�URXWLQH�WR�GR�WKLV��,I�SULQWLQJ�VWDWHPHQWV�DUH�
VFDWWHUHG�WKURXJKRXW�WKH�SURJUDP��LW�ZLOO�WDNH�FRQVLGHUDEO\�ORQJHU�WR�PDNH�
PRGLILFDWLRQV��7KH�LGHD�WKDW�JOREDO�YDULDEOHV�DQG�VLGH�HIIHFWV�DUH�EDG�LV�
GLUHFWO\�DWWULEXWDEOH�WR�WKH�LGHD�WKDW�PRGXODULW\�LV�JRRG���

$Q�DEVWUDFW�GDWD�W\SH��ADT��LV�D�VHW�RI�RSHUDWLRQV��$EVWUDFW�GDWD�W\SHV�DUH�
PDWKHPDWLFDO�DEVWUDFWLRQV��QRZKHUH�LQ�DQ�ADT
V�GHILQLWLRQ�LV�WKHUH�DQ\�PHQWLRQ�
RI�KRZ�WKH�VHW�RI�RSHUDWLRQV�LV�LPSOHPHQWHG��7KLV�FDQ�EH�YLHZHG�DV�DQ�H[WHQVLRQ�
RI�PRGXODU�GHVLJQ���

2EMHFWV�VXFK�DV�OLVWV��VHWV��DQG�JUDSKV��DORQJ�ZLWK�WKHLU�RSHUDWLRQV��FDQ�EH�
YLHZHG�DV�DEVWUDFW�GDWD�W\SHV��MXVW�DV�LQWHJHUV��UHDOV��DQG�ERROHDQV�DUH�GDWD�
W\SHV��,QWHJHUV��UHDOV��DQG�ERROHDQV�KDYH�RSHUDWLRQV�DVVRFLDWHG�ZLWK�WKHP��DQG�VR�
GR�DEVWUDFW�GDWD�W\SHV��)RU�WKH�VHW�ADT��ZH�PLJKW�KDYH�VXFK�RSHUDWLRQV�DV�XQLRQ��

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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LQWHUVHFWLRQ��VL]H��DQG�FRPSOHPHQW��$OWHUQDWHO\��ZH�PLJKW�RQO\�ZDQW�WKH�WZR�
RSHUDWLRQV�XQLRQ�DQG�ILQG��ZKLFK�ZRXOG�GHILQH�D�GLIIHUHQW�ADT�RQ�WKH�VHW���

7KH�EDVLF�LGHD�LV�WKDW�WKH�LPSOHPHQWDWLRQ�RI�WKHVH�RSHUDWLRQV�LV�ZULWWHQ�RQFH�LQ�
WKH�SURJUDP��DQG�DQ\�RWKHU�SDUW�RI�WKH�SURJUDP�WKDW�QHHGV�WR�SHUIRUP�DQ�RSHUDWLRQ�
RQ�WKH�ADT�FDQ�GR�VR�E\�FDOOLQJ�WKH�DSSURSULDWH�IXQFWLRQ��,I�IRU�VRPH�UHDVRQ�
LPSOHPHQWDWLRQ�GHWDLOV�QHHG�WR�FKDQJH��LW�VKRXOG�EH�HDV\�WR�GR�VR�E\�PHUHO\�
FKDQJLQJ�WKH�URXWLQHV�WKDW�SHUIRUP�WKH�ADT RSHUDWLRQV��7KLV�FKDQJH��LQ�D�SHUIHFW�
ZRUOG��ZRXOG�EH�FRPSOHWHO\�WUDQVSDUHQW�WR�WKH�UHVW�RI�WKH�SURJUDP���

7KHUH�LV�QR�UXOH�WHOOLQJ�XV�ZKLFK�RSHUDWLRQV�PXVW�EH�VXSSRUWHG�IRU�HDFK�ADT��
WKLV�LV�D�GHVLJQ�GHFLVLRQ��(UURU�KDQGOLQJ�DQG�WLH�EUHDNLQJ��ZKHUH�DSSURSULDWH��
DUH�DOVR�JHQHUDOO\�XS�WR�WKH�SURJUDP�GHVLJQHU��7KH�WKUHH�GDWD�VWUXFWXUHV�WKDW�ZH�
ZLOO�VWXG\�LQ�WKLV�FKDSWHU�DUH�SULPDU\�H[DPSOHV�RI�ADTs��:H�ZLOO�VHH�KRZ�HDFK�
FDQ�EH�LPSOHPHQWHG�LQ�VHYHUDO�ZD\V��EXW�LI�WKH\�DUH�GRQH�FRUUHFWO\��WKH�SURJUDPV�
WKDW�XVH�WKHP�ZLOO�QRW�QHHG�WR�NQRZ�ZKLFK�LPSOHPHQWDWLRQ�ZDV�XVHG���

�����7KH�/LVW�$'7�

:H�ZLOO�GHDO�ZLWK�D�JHQHUDO�OLVW�RI�WKH�IRUP�D���D���D�����������DQ��:H�VD\�WKDW�

WKH�VL]H�RI�WKLV�OLVW�LV�Q��:H�ZLOO�FDOO�WKH�VSHFLDO�OLVW�RI�VL]H���D�QXOO�OLVW��

)RU�DQ\�OLVW�H[FHSW�WKH�QXOO�OLVW��ZH�VD\�WKDW�DL�O�IROORZV��RU�VXFFHHGV��DL��L ��

Q��DQG�WKDW�DL���SUHFHGHV�DL��L�!�����7KH�ILUVW�HOHPHQW�RI�WKH�OLVW�LV�D���DQG�

WKH�ODVW�HOHPHQW�LV�DQ��:H�ZLOO�QRW�GHILQH�WKH�SUHGHFHVVRU�RI�D��RU�WKH�VXFFHVVRU�

RI�DQ��7KH�SRVLWLRQ�RI�HOHPHQW�DL�LQ�D�OLVW�LV�L��7KURXJKRXW�WKLV�GLVFXVVLRQ��ZH�

ZLOO�DVVXPH��WR�VLPSOLI\�PDWWHUV��WKDW�WKH�HOHPHQWV�LQ�WKH�OLVW�DUH�LQWHJHUV��EXW�
LQ�JHQHUDO��DUELWUDULO\�FRPSOH[�HOHPHQWV�DUH�DOORZHG���

$VVRFLDWHG�ZLWK�WKHVH��GHILQLWLRQV��LV�D�VHW�RI�RSHUDWLRQV�WKDW�ZH�ZRXOG�OLNH�WR�
SHUIRUP�RQ�WKH�OLVW�ADT��6RPH�SRSXODU�RSHUDWLRQV�DUH�SULQWBOLVW�DQG�PDNHBQXOO��
ZKLFK�GR�WKH�REYLRXV�WKLQJV��ILQG��ZKLFK�UHWXUQV�WKH�SRVLWLRQ�RI�WKH�ILUVW�
RFFXUUHQFH�RI�D�NH\��LQVHUW�DQG�GHOHWH��ZKLFK�JHQHUDOO\�LQVHUW�DQG�GHOHWH�VRPH�
NH\�IURP�VRPH�SRVLWLRQ�LQ�WKH�OLVW��DQG�ILQGBNWK��ZKLFK�UHWXUQV�WKH�HOHPHQW�LQ�
VRPH�SRVLWLRQ��VSHFLILHG�DV�DQ�DUJXPHQW���,I�WKH�OLVW�LV���������������������WKHQ�
ILQG�����PLJKW�UHWXUQ����LQVHUW�[����PLJKW�PDNH�WKH�OLVW�LQWR�������������[������
����LI�ZH�LQVHUW�DIWHU�WKH�SRVLWLRQ�JLYHQ���DQG�GHOHWH����PLJKW�WXUQ�WKDW�OLVW�
LQWR���������[�����������

2I�FRXUVH��WKH�LQWHUSUHWDWLRQ�RI�ZKDW�LV�DSSURSULDWH�IRU�D�IXQFWLRQ�LV�HQWLUHO\�
XS�WR�WKH�SURJUDPPHU��DV�LV�WKH�KDQGOLQJ�RI�VSHFLDO�FDVHV��IRU�H[DPSOH��ZKDW�GRHV�
ILQG����UHWXUQ�DERYH"���:H�FRXOG�DOVR�DGG�RSHUDWLRQV�VXFK�DV�QH[W�DQG�SUHYLRXV��
ZKLFK�ZRXOG�WDNH�D�SRVLWLRQ�DV�DUJXPHQW�DQG�UHWXUQ�WKH�SRVLWLRQ�RI�WKH�VXFFHVVRU�
DQG�SUHGHFHVVRU��UHVSHFWLYHO\���

�������6LPSOH�$UUD\�,PSOHPHQWDWLRQ�RI�/LVWV�

2EYLRXVO\�DOO�RI�WKHVH�LQVWUXFWLRQV�FDQ�EH�LPSOHPHQWHG�MXVW�E\�XVLQJ�DQ�DUUD\��
(YHQ�LI�WKH�DUUD\�LV�G\QDPLFDOO\�DOORFDWHG��DQ�HVWLPDWH�RI�WKH�PD[LPXP�VL]H�RI�
WKH�OLVW�LV�UHTXLUHG��8VXDOO\�WKLV�UHTXLUHV�D�KLJK�RYHU�HVWLPDWH��ZKLFK�ZDVWHV�
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FRQVLGHUDEOH�VSDFH��7KLV�FRXOG�EH�D�VHULRXV�OLPLWDWLRQ��HVSHFLDOO\�LI�WKHUH�DUH�
PDQ\�OLVWV�RI�XQNQRZQ�VL]H���

$Q�DUUD\�LPSOHPHQWDWLRQ�DOORZV�SULQWBOLVW�DQG�ILQG�WR�EH�FDUULHG�RXW�LQ�OLQHDU�
WLPH��ZKLFK�LV�DV�JRRG�DV�FDQ�EH�H[SHFWHG��DQG�WKH�ILQGBNWK�RSHUDWLRQ�WDNHV�
FRQVWDQW�WLPH��+RZHYHU��LQVHUWLRQ�DQG�GHOHWLRQ�DUH�H[SHQVLYH��)RU�H[DPSOH��
LQVHUWLQJ�DW�SRVLWLRQ����ZKLFK�DPRXQWV�WR�PDNLQJ�D�QHZ�ILUVW�HOHPHQW��UHTXLUHV�
ILUVW�SXVKLQJ�WKH�HQWLUH�DUUD\�GRZQ�RQH�VSRW�WR�PDNH�URRP��ZKHUHDV�GHOHWLQJ�WKH�
ILUVW�HOHPHQW�UHTXLUHV�VKLIWLQJ�DOO�WKH�HOHPHQWV�LQ�WKH�OLVW�XS�RQH��VR�WKH�ZRUVW�
FDVH�RI�WKHVH�RSHUDWLRQV�LV�2�Q���2Q�DYHUDJH��KDOI�WKH�OLVW�QHHGV�WR�EH�PRYHG�IRU�
HLWKHU�RSHUDWLRQ��VR�OLQHDU�WLPH�LV�VWLOO�UHTXLUHG��0HUHO\�EXLOGLQJ�D�OLVW�E\�Q�
VXFFHVVLYH�LQVHUWV�ZRXOG�UHTXLUH�TXDGUDWLF�WLPH���

%HFDXVH�WKH�UXQQLQJ�WLPH�IRU�LQVHUWLRQV�DQG�GHOHWLRQV�LV�VR�VORZ�DQG�WKH�OLVW�
VL]H�PXVW�EH�NQRZQ�LQ�DGYDQFH��VLPSOH�DUUD\V�DUH�JHQHUDOO\�QRW�XVHG�WR�LPSOHPHQW�
OLVWV���

�������/LQNHG�/LVWV�

,Q�RUGHU�WR�DYRLG�WKH�OLQHDU�FRVW�RI�LQVHUWLRQ�DQG�GHOHWLRQ��ZH�QHHG�WR�HQVXUH�
WKDW�WKH�OLVW�LV�QRW�VWRUHG�FRQWLJXRXVO\��VLQFH�RWKHUZLVH�HQWLUH�SDUWV�RI�WKH�
OLVW�ZLOO�QHHG�WR�EH�PRYHG��)LJXUH�����VKRZV�WKH�JHQHUDO�LGHD�RI�D�OLQNHG�OLVW���

7KH�OLQNHG�OLVW�FRQVLVWV�RI�D�VHULHV�RI�VWUXFWXUHV��ZKLFK�DUH�QRW�QHFHVVDULO\�
DGMDFHQW�LQ�PHPRU\��(DFK�VWUXFWXUH�FRQWDLQV�WKH�HOHPHQW�DQG�D�SRLQWHU�WR�D�
VWUXFWXUH�FRQWDLQLQJ�LWV�VXFFHVVRU��:H�FDOO�WKLV�WKH�QH[W�SRLQWHU��7KH�ODVW�
FHOO
V�QH[W�SRLQWHU�SRLQWV�WR���WKLV�YDOXH�LV�GHILQHG�E\�&�DQG�FDQQRW�EH�FRQIXVHG�
ZLWK�DQRWKHU�SRLQWHU��$16,�&�VSHFLILHV�WKDW�LV�]HUR���

5HFDOO�WKDW�D�SRLQWHU�YDULDEOH�LV�MXVW�D�YDULDEOH�WKDW�FRQWDLQV�WKH�DGGUHVV�ZKHUH�
VRPH�RWKHU�GDWD�LV�VWRUHG��7KXV��LI�S LV�GHFODUHG�WR�EH�D�SRLQWHU�WR�D�VWUXFWXUH��
WKHQ�WKH�YDOXH�VWRUHG�LQ�S�LV�LQWHUSUHWHG�DV�WKH�ORFDWLRQ��LQ�PDLQ�PHPRU\��ZKHUH�
D�VWUXFWXUH�FDQ�EH�IRXQG��$�ILHOG�RI�WKDW�VWUXFWXUH�FDQ�EH�DFFHVVHG�E\�S

ILHOGBQDPH��ZKHUH�ILHOGBQDPH�LV�WKH�QDPH�RI�WKH�ILHOG�ZH�ZLVK�WR�H[DPLQH��
)LJXUH�����VKRZV�WKH�DFWXDO�UHSUHVHQWDWLRQ�RI�WKH�OLVW�LQ�)LJXUH������7KH�OLVW�
FRQWDLQV�ILYH�VWUXFWXUHV��ZKLFK�KDSSHQ�WR�UHVLGH�LQ�PHPRU\�ORFDWLRQV������������
����������DQG�����UHVSHFWLYHO\��7KH�QH[W�SRLQWHU�LQ�WKH�ILUVW�VWUXFWXUH�KDV�WKH�
YDOXH������ZKLFK�SURYLGHV�WKH�LQGLFDWLRQ�RI�ZKHUH�WKH�VHFRQG�VWUXFWXUH�LV��7KH�
RWKHU�VWUXFWXUHV�HDFK�KDYH�D�SRLQWHU�WKDW�VHUYHV�D�VLPLODU�SXUSRVH��2I�FRXUVH��LQ�
RUGHU�WR�DFFHVV�WKLV�OLVW��ZH�QHHG�WR�NQRZ�ZKHUH�WKH�ILUVW�FHOO�FDQ�EH�IRXQG��$�
SRLQWHU�YDULDEOH�FDQ�EH�XVHG�IRU�WKLV�SXUSRVH��,W�LV�LPSRUWDQW�WR�UHPHPEHU�WKDW�D�
SRLQWHU�LV�MXVW�D�QXPEHU��)RU�WKH�UHVW�RI�WKLV�FKDSWHU��ZH�ZLOO�GUDZ�SRLQWHUV�
ZLWK�DUURZV��EHFDXVH�WKH\�DUH�PRUH�LOOXVWUDWLYH���

��

)LJXUH�����$�OLQNHG�OLVW�
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��

)LJXUH�����/LQNHG�OLVW�ZLWK�DFWXDO�SRLQWHU�YDOXHV�

��

)LJXUH�����'HOHWLRQ�IURP�D�OLQNHG�OLVW�

��

)LJXUH�����,QVHUWLRQ�LQWR�D�OLQNHG�OLVW�

7R�H[HFXWH�SULQWBOLVW�/��RU�ILQG�/�NH\���ZH�PHUHO\�SDVV�D�SRLQWHU�WR�WKH�ILUVW�
HOHPHQW�LQ�WKH�OLVW�DQG�WKHQ�WUDYHUVH�WKH�OLVW�E\�IROORZLQJ�WKH�QH[W�SRLQWHUV��
7KLV�RSHUDWLRQ�LV�FOHDUO\�OLQHDU�WLPH��DOWKRXJK�WKH�FRQVWDQW�LV�OLNHO\�WR�EH�
ODUJHU�WKDQ�LI�DQ�DUUD\�LPSOHPHQWDWLRQ�ZHUH�XVHG��7KH�ILQGBNWK�RSHUDWLRQ�LV�QR�
ORQJHU�TXLWH�DV�HIILFLHQW�DV�DQ�DUUD\�LPSOHPHQWDWLRQ��ILQGBNWK�/�L��WDNHV�2�L��
WLPH�DQG�ZRUNV�E\�WUDYHUVLQJ�GRZQ�WKH�OLVW�LQ�WKH�REYLRXV�PDQQHU��,Q�SUDFWLFH��
WKLV�ERXQG�LV�SHVVLPLVWLF��EHFDXVH�IUHTXHQWO\�WKH�FDOOV�WR�ILQGBNWK�DUH�LQ�VRUWHG�
RUGHU��E\�L���$V�DQ�H[DPSOH��ILQGBNWK�/�����ILQGBNWK�/�����ILQGBNWK�/�����
ILQGBNWK�/����FDQ�DOO�EH�H[HFXWHG�LQ�RQH�VFDQ�GRZQ�WKH�OLVW���

7KH�GHOHWH�FRPPDQG�FDQ�EH�H[HFXWHG�LQ�RQH�SRLQWHU�FKDQJH��)LJXUH�����VKRZV�WKH�
UHVXOW�RI�GHOHWLQJ�WKH�WKLUG�HOHPHQW�LQ�WKH�RULJLQDO�OLVW���

7KH�LQVHUW�FRPPDQG�UHTXLUHV�REWDLQLQJ�D�QHZ�FHOO�IURP�WKH�V\VWHP�E\�XVLQJ�DQ�
PDOORF�FDOO��PRUH�RQ�WKLV�ODWHU��DQG�WKHQ�H[HFXWLQJ�WZR�SRLQWHU�PDQHXYHUV��7KH�
JHQHUDO�LGHD�LV�VKRZQ�LQ�)LJXUH������7KH�GDVKHG�OLQH�UHSUHVHQWV�WKH�ROG�SRLQWHU��

�������3URJUDPPLQJ�'HWDLOV�

7KH�GHVFULSWLRQ�DERYH�LV�DFWXDOO\�HQRXJK�WR�JHW�HYHU\WKLQJ�ZRUNLQJ��EXW�WKHUH�DUH�
VHYHUDO�SODFHV�ZKHUH�\RX�DUH�OLNHO\�WR�JR�ZURQJ��)LUVW�RI�DOO��WKHUH�LV�QR�UHDOO\�
REYLRXV�ZD\�WR�LQVHUW�DW�WKH�IURQW�RI�WKH�OLVW�IURP�WKH�GHILQLWLRQV�JLYHQ��
6HFRQG��GHOHWLQJ�IURP�WKH�IURQW�RI�WKH�OLVW�LV�D�VSHFLDO�FDVH��EHFDXVH�LW�FKDQJHV�
WKH�VWDUW�RI�WKH�OLVW��FDUHOHVV�FRGLQJ�ZLOO�ORVH�WKH�OLVW��$�WKLUG�SUREOHP�
FRQFHUQV�GHOHWLRQ�LQ�JHQHUDO��$OWKRXJK�WKH�SRLQWHU�PRYHV�DERYH�DUH�VLPSOH��WKH�
GHOHWLRQ�DOJRULWKP�UHTXLUHV�XV�WR�NHHS�WUDFN�RI�WKH�FHOO�EHIRUH�WKH�RQH�WKDW�ZH�
ZDQW�WR�GHOHWH���
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��

)LJXUH�����/LQNHG�OLVW�ZLWK�D�KHDGHU�

,W�WXUQV�RXW�WKDW�RQH�VLPSOH�FKDQJH�VROYHV�DOO�WKUHH�SUREOHPV��:H�ZLOO�NHHS�D�
VHQWLQHO�QRGH��ZKLFK�LV�VRPHWLPHV�UHIHUUHG�WR�DV�D�KHDGHU�RU�GXPP\�QRGH��7KLV�LV�
D�FRPPRQ�SUDFWLFH��ZKLFK�ZH�ZLOO�VHH�VHYHUDO�WLPHV�LQ�WKH�IXWXUH��2XU�FRQYHQWLRQ�
ZLOO�EH�WKDW�WKH�KHDGHU�LV�LQ�SRVLWLRQ����)LJXUH�����VKRZV�D�OLQNHG�OLVW�ZLWK�D�
KHDGHU�UHSUHVHQWLQJ�WKH�OLVW�D���D�����������D����

7R�DYRLG�WKH�SUREOHPV�DVVRFLDWHG�ZLWK�GHOHWLRQV��ZH�QHHG�WR�ZULWH�D�URXWLQH�
ILQGBSUHYLRXV��ZKLFK�ZLOO�UHWXUQ�WKH�SRVLWLRQ�RI�WKH�SUHGHFHVVRU�RI�WKH�FHOO�ZH�
ZLVK�WR�GHOHWH��,I�ZH�XVH�D�KHDGHU��WKHQ�LI�ZH�ZLVK�WR�GHOHWH�WKH�ILUVW�HOHPHQW�
LQ�WKH�OLVW��ILQGBSUHYLRXV�ZLOO�UHWXUQ�WKH�SRVLWLRQ�RI�WKH�KHDGHU��7KH�XVH�RI�D�
KHDGHU�QRGH�LV�VRPHZKDW�FRQWURYHUVLDO��6RPH�SHRSOH�DUJXH�WKDW�DYRLGLQJ�VSHFLDO�
FDVHV�LV�QRW�VXIILFLHQW�MXVWLILFDWLRQ�IRU�DGGLQJ�ILFWLWLRXV�FHOOV��WKH\�YLHZ�WKH�
XVH�RI�KHDGHU�QRGHV�DV�OLWWOH�PRUH�WKDQ�ROG�VW\OH�KDFNLQJ��(YHQ�VR��ZH�ZLOO�XVH�
WKHP�KHUH��SUHFLVHO\�EHFDXVH�WKH\�DOORZ�XV�WR�VKRZ�WKH�EDVLF�SRLQWHU�
PDQLSXODWLRQV�ZLWKRXW�REVFXULQJ�WKH�FRGH�ZLWK�VSHFLDO�FDVHV��2WKHUZLVH��ZKHWKHU�
RU�QRW�D�KHDGHU�VKRXOG�EH�XVHG�LV�D�PDWWHU�RI�SHUVRQDO�SUHIHUHQFH���

$V�H[DPSOHV��ZH�ZLOO�ZULWH�DERXW�KDOI�RI�WKH�OLVW�ADT�URXWLQHV��)LUVW��ZH�QHHG�
RXU�GHFODUDWLRQV��ZKLFK�DUH�JLYHQ�LQ�)LJXUH�������

7KH�ILUVW�IXQFWLRQ�WKDW�ZH�ZLOO�ZULWH�WHVWV�IRU�DQ�HPSW\�OLVW��:KHQ�ZH�ZULWH�FRGH�
IRU�DQ\�GDWD�VWUXFWXUH�WKDW�LQYROYHV�SRLQWHUV��LW�LV�DOZD\V�EHVW�WR�GUDZ�D�
SLFWXUH�ILUVW��)LJXUH�����VKRZV�DQ�HPSW\�OLVW��IURP�WKH�ILJXUH�LW�LV�HDV\�WR�
ZULWH�WKH�IXQFWLRQ�LQ�)LJXUH�������

7KH�QH[W�IXQFWLRQ��ZKLFK�LV�VKRZQ�LQ�)LJXUH������WHVWV�ZKHWKHU�WKH�FXUUHQW�
HOHPHQW��ZKLFK�E\�DVVXPSWLRQ�H[LVWV��LV�WKH�ODVW�RI�WKH�OLVW���

W\SHGHI�VWUXFW�QRGH�QRGHBSWU��

VWUXFW�QRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

QRGHBSWU�QH[W��

`��

W\SHGHI�QRGHBSWU�/,67��

W\SHGHI�QRGHBSWU�SRVLWLRQ��

)LJXUH�����7\SH�GHFODUDWLRQV�IRU�OLQNHG�OLVWV�
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��

)LJXUH�����(PSW\�OLVW�ZLWK�KHDGHU�

LQW�

LVBHPSW\��/,67�/���

^�

UHWXUQ��/�!QH[W�  �18//����

`�

)LJXUH�����)XQFWLRQ�WR�WHVW�ZKHWKHU�D�OLQNHG�OLVW�LV�HPSW\�

LQW�

LVBODVW��SRVLWLRQ�S��/,67�/���

^�

UHWXUQ��S�!QH[W�  �18//����

`�

)LJXUH�����)XQFWLRQ�WR�WHVW�ZKHWKHU�FXUUHQW�SRVLWLRQ�LV�WKH�ODVW�LQ�D�OLQNHG�OLVW

7KH�QH[W�URXWLQH�ZH�ZLOO�ZULWH�LV�ILQG��)LQG��VKRZQ�LQ�)LJXUH�������UHWXUQV�WKH�
SRVLWLRQ�LQ�WKH�OLVW�RI�VRPH�HOHPHQW��/LQH���WDNHV�DGYDQWDJH�RI�WKH�IDFW�WKDW�WKH�
DQG��		��RSHUDWLRQ�LV�VKRUW�FLUFXLWHG��LI�WKH�ILUVW�KDOI�RI�WKH�DQG�LV�IDOVH��WKH�
UHVXOW�LV�DXWRPDWLFDOO\�IDOVH�DQG�WKH�VHFRQG�KDOI�LV�QRW�H[HFXWHG���

��5HWXUQ�SRVLWLRQ�RI�[�LQ�/��18//�LI�QRW�IRXQG���

SRVLWLRQ�

ILQG���HOHPHQWBW\SH�[��/,67�/���

^�

SRVLWLRQ�S��

�����������S� �/�!QH[W��

�����������ZKLOH���S�� �18//��		��S�!HOHPHQW�� �[����

�����������S� �S�!QH[W��

�����������UHWXUQ�S��
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`�

)LJXUH������)LQG�URXWLQH�

6RPH�SURJUDPPHUV�ILQG�LW�WHPSWLQJ�WR�FRGH�WKH�ILQG�URXWLQH�UHFXUVLYHO\��SRVVLEO\�
EHFDXVH�LW�DYRLGV�WKH�VORSS\�WHUPLQDWLRQ�FRQGLWLRQ��:H�VKDOO�VHH�ODWHU�WKDW�WKLV�
LV�D�YHU\�EDG�LGHD�DQG�VKRXOG�EH�DYRLGHG�DW�DOO�FRVWV���

2XU�IRXUWK�URXWLQH�ZLOO�GHOHWH�VRPH�HOHPHQW�[�LQ�OLVW�/��:H�QHHG�WR�GHFLGH�ZKDW�
WR�GR�LI�[�RFFXUV�PRUH�WKDQ�RQFH�RU�QRW�DW�DOO��2XU�URXWLQH�GHOHWHV�WKH�ILUVW�
RFFXUUHQFH�RI�[�DQG�GRHV�QRWKLQJ�LI�[�LV�QRW�LQ�WKH�OLVW��7R�GR�WKLV��ZH�ILQG�S��
ZKLFK�LV�WKH�FHOO�SULRU�WR�WKH�RQH�FRQWDLQLQJ�[��YLD�D�FDOO�WR�ILQGBSUHYLRXV��7KH�
FRGH�WR�LPSOHPHQW�WKLV�LV�VKRZQ�LQ�)LJXUH�������7KH�ILQGBSUHYLRXV�URXWLQH�LV�
VLPLODU�WR�ILQG�DQG�LV�VKRZQ�LQ�)LJXUH��������

7KH�ODVW�URXWLQH�ZH�ZLOO�ZULWH�LV�DQ�LQVHUWLRQ�URXWLQH��:H�ZLOO�SDVV�DQ�HOHPHQW�
WR�EH�LQVHUWHG�DORQJ�ZLWK�WKH�OLVW�/�DQG�D�SRVLWLRQ�S��2XU�SDUWLFXODU�LQVHUWLRQ�
URXWLQH�ZLOO�LQVHUW�DQ�HOHPHQW�DIWHU�WKH�SRVLWLRQ�LPSOLHG�E\�S��7KLV�GHFLVLRQ�LV�
DUELWUDU\�DQG�PHDQW�WR�VKRZ�WKDW�WKHUH�DUH�QR�VHW�UXOHV�IRU�ZKDW�LQVHUWLRQ�GRHV��
,W�LV�TXLWH�SRVVLEOH�WR�LQVHUW�WKH�QHZ�HOHPHQW�LQWR�SRVLWLRQ�S��ZKLFK�PHDQV�
EHIRUH�WKH�HOHPHQW�FXUUHQWO\�LQ�SRVLWLRQ�S���EXW�GRLQJ�WKLV�UHTXLUHV�NQRZOHGJH�RI�
WKH�HOHPHQW�EHIRUH�SRVLWLRQ�S��7KLV�FRXOG�EH�REWDLQHG�E\�D�FDOO�WR�ILQGBSUHYLRXV��
,W�LV�WKXV�LPSRUWDQW�WR�FRPPHQW�ZKDW�\RX�DUH�GRLQJ��7KLV�KDV�EHHQ�GRQH�LQ�)LJXUH�
�������

1RWLFH�WKDW�ZH�KDYH�SDVVHG�WKH�OLVW�WR�WKH�LQVHUW�DQG�LVBODVW�URXWLQHV��HYHQ�
WKRXJK�LW�ZDV�QHYHU�XVHG��:H�GLG�WKLV�EHFDXVH�DQRWKHU�LPSOHPHQWDWLRQ�PLJKW�QHHG�
WKLV�LQIRUPDWLRQ��DQG�VR�QRW�SDVVLQJ�WKH�OLVW�ZRXOG�GHIHDW�WKH�LGHD�RI�XVLQJ�
ADTs���

�7KLV�LV�OHJDO��EXW�VRPH�FRPSLOHUV�ZLOO�LVVXH�D�ZDUQLQJ���

��'HOHWH�IURP�D�OLVW��&HOO�SRLQWHG���

��WR�E\�S�!QH[W�LV�ZLSHG�RXW����

��$VVXPH�WKDW�WKH�SRVLWLRQ�LV�OHJDO����

��$VVXPH�XVH�RI�D�KHDGHU�QRGH����

YRLG�

GHOHWH��HOHPHQWBW\SH�[��/,67�/���

^�

SRVLWLRQ�S��WPSBFHOO��

S� �ILQGBSUHYLRXV��[��/����

LI��S�!QH[W�� �18//������,PSOLFLW�DVVXPSWLRQ�RI�KHDGHU�XVH���

^������������������������[�LV�IRXQG��GHOHWH�LW���
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WPSBFHOO� �S�!QH[W��

S�!QH[W� �WPSBFHOO�!QH[W����E\SDVV�WKH�FHOO�WR�EH�GHOHWHG���

IUHH��WPSBFHOO����

`�

`�

)LJXUH������'HOHWLRQ�URXWLQH�IRU�OLQNHG�OLVWV�

��8VHV�D�KHDGHU��,I�HOHPHQW�LV�QRW�IRXQG��WKHQ�QH[W�ILHOG���

��RI�UHWXUQHG�YDOXH�LV�18//���

SRVLWLRQ�

ILQGBSUHYLRXV��HOHPHQWBW\SH�[��/,67�/���

^�

SRVLWLRQ�S��

�����S� �/��

�����ZKLOH���S�!QH[W�� �18//��		��S�!QH[W�!HOHPHQW�� �[����

����������S� �S�!QH[W��

�����UHWXUQ�S��

`�

)LJXUH������)LQGBSUHYLRXV��WKH�ILQG�URXWLQH�IRU�XVH�ZLWK�GHOHWH�

��,QVHUW��DIWHU�OHJDO�SRVLWLRQ�S����

��+HDGHU�LPSOHPHQWDWLRQ�DVVXPHG����

YRLG�

LQVHUW��HOHPHQWBW\SH�[��/,67�/��SRVLWLRQ�S���

^�

SRVLWLRQ�WPSBFHOO��

�����������WPSBFHOO� ��SRVLWLRQ��PDOORF��VL]HRI��VWUXFW�QRGH�����

�����������LI��WPSBFHOO�  �18//���

�����������������IDWDOBHUURU��2XW�RI�VSDFH�������

HOVH�
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^�

�����������������WPSBFHOO�!HOHPHQW� �[��

�����������������WPSBFHOO�!QH[W� �S�!QH[W��

�����������������S�!QH[W� �WPSBFHOO��

`�

`�

)LJXUH������,QVHUWLRQ�URXWLQH�IRU�OLQNHG�OLVWV�

:LWK�WKH�H[FHSWLRQ�RI�WKH�ILQG�DQG�ILQGBSUHYLRXV�URXWLQHV��DOO�RI�WKH�RSHUDWLRQV�
ZH�KDYH�FRGHG�WDNH�2����WLPH��7KLV�LV�EHFDXVH�LQ�DOO�FDVHV�RQO\�D�IL[HG�QXPEHU�RI�
LQVWUXFWLRQV�DUH�SHUIRUPHG��QR�PDWWHU�KRZ�ODUJH�WKH�OLVW�LV��)RU�WKH�ILQG�DQG�
ILQGBSUHYLRXV�URXWLQHV��WKH�UXQQLQJ�WLPH�LV�2�Q��LQ�WKH�ZRUVW�FDVH��EHFDXVH�WKH�
HQWLUH�OLVW�PLJKW�QHHG�WR�EH�WUDYHUVHG�LI�WKH�HOHPHQW�LV�HLWKHU�QRW�IRXQG�RU�LV�
ODVW�LQ�WKH�OLVW��2Q�DYHUDJH��WKH�UXQQLQJ�WLPH�LV�2�Q���EHFDXVH�RQ�DYHUDJH��KDOI�
WKH�OLVW�PXVW�EH�WUDYHUVHG���

:H�FRXOG�ZULWH�DGGLWLRQDO�URXWLQHV�WR�SULQW�D�OLVW�DQG�WR�SHUIRUP�WKH�QH[W�
IXQFWLRQ��7KHVH�DUH�IDLUO\�VWUDLJKWIRUZDUG��:H�FRXOG�DOVR�ZULWH�D�URXWLQH�WR�
LPSOHPHQW�SUHYLRXV��:H�OHDYH�WKHVH�DV�H[HUFLVHV���

�������&RPPRQ�(UURUV�

7KH�PRVW�FRPPRQ�HUURU�WKDW�\RX�ZLOO�JHW�LV�WKDW�\RXU�SURJUDP�ZLOO�FUDVK�ZLWK�D�
QDVW\�HUURU�PHVVDJH�IURP�WKH�V\VWHP��VXFK�DV��PHPRU\�DFFHVV�YLRODWLRQ��RU�
�VHJPHQWDWLRQ�YLRODWLRQ���7KLV�PHVVDJH�XVXDOO\�PHDQV�WKDW�D�SRLQWHU�YDULDEOH�
FRQWDLQHG�D�ERJXV�DGGUHVV��2QH�FRPPRQ�UHDVRQ�LV�IDLOXUH�WR�LQLWLDOL]H�WKH�
YDULDEOH��)RU�LQVWDQFH��LI�OLQH���LQ�)LJXUH������LV�RPLWWHG��WKHQ�S�LV�XQGHILQHG�
DQG�LV�QRW�OLNHO\�WR�EH�SRLQWLQJ�DW�D�YDOLG�SDUW�RI�PHPRU\��$QRWKHU�W\SLFDO�HUURU�
ZRXOG�EH�OLQH���LQ�)LJXUH�������,I�S�LV���WKHQ�WKH�LQGLUHFWLRQ�LV�LOOHJDO��7KLV�
IXQFWLRQ�NQRZV�WKDW�S�LV�QRW���VR�WKH�URXWLQH�LV�2.��2I�FRXUVH��\RX�VKRXOG�
FRPPHQW�WKLV�VR�WKDW�WKH�URXWLQH�WKDW�FDOOV�LQVHUW�ZLOO�LQVXUH�WKLV��:KHQHYHU�\RX�
GR�DQ�LQGLUHFWLRQ��\RX�PXVW�PDNH�VXUH�WKDW�WKH�SRLQWHU�LV�QRW�18//��6RPH�&�
FRPSOLHUV�ZLOO�LPSOLFLW\�GR�WKLV�FKHFN�IRU�\RX��EXW�WKLV�LV�QRW�SDUW�RI�WKH�&�
VWDQGDUG��:KHQ�\RX�SRUW�D�SURJUDP�IURP�RQH�FRPSLOHU�WR�DQRWKHU��\RX�PD\�ILQG�WKDW�
LW�QR�ORQJHU�ZRUNV��7KLV�LV�RQH�RI�WKH�FRPPRQ�UHDVRQV�ZK\���

7KH�VHFRQG�FRPPRQ�PLVWDNH�FRQFHUQV�ZKHQ�DQG�ZKHQ�QRW�WR�XVH�PDOORF�WR�JHW�D�QHZ�
FHOO��<RX�PXVW�UHPHPEHU�WKDW�GHFODULQJ�D�SRLQWHU�WR�D�VWUXFWXUH�GRHV�QRW�FUHDWH�
WKH�VWUXFWXUH�EXW�RQO\�JLYHV�HQRXJK�VSDFH�WR�KROG�WKH�DGGUHVV�ZKHUH�VRPH�
VWUXFWXUH�PLJKW�EH��7KH�RQO\�ZD\�WR�FUHDWH�D�UHFRUG�WKDW�LV�QRW�DOUHDG\�GHFODUHG�
LV�WR�XVH�WKH�PDOORF�FRPPDQG��7KH�FRPPDQG�PDOORF�VL]HBS��KDV�WKH�V\VWHP�FUHDWH��
PDJLFDOO\��D�QHZ�VWUXFWXUH�DQG�UHWXUQ�D�SRLQWHU�WR�LW��,I��RQ�WKH�RWKHU�KDQG��\RX�
ZDQW�WR�XVH�D�SRLQWHU�YDULDEOH�WR�UXQ�GRZQ�D�OLVW��WKHUH�LV�QR�QHHG�WR�GHFODUH�D�
QHZ�VWUXFWXUH��LQ�WKDW�FDVH�WKH�PDOORF�FRPPDQG�LV�LQDSSURSULDWH��$�W\SH�FDVW�LV�
XVHG�WR�PDNH�ERWK�VLGHV�RI�WKH�DVVLJQPHQW�RSHUDWRU�FRPSDWLEOH��7KH�&�OLEUDU\�
SURYLGHV�RWKHU�YDULDWLRQV�RI�PDOORF�VXFK�DV�FDOORF���
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YRLG�

GHOHWHBOLVW��/,67�/���

^�

SRVLWLRQ�S��

�����������S� �/�!QH[W�����������KHDGHU�DVVXPHG���

�����������/�!QH[W� �18//��

�����������ZKLOH��S�� �18//���

^�

����������������IUHH��S����

����������������S� �S�!QH[W��

`�

`�

)LJXUH������,QFRUUHFW�ZD\�WR�GHOHWH�D�OLVW�

:KHQ�WKLQJV�DUH�QR�ORQJHU�QHHGHG��\RX�FDQ�LVVXH�D�IUHH�FRPPDQG�WR�LQIRUP�WKH�
V\VWHP�WKDW�LW�PD\�UHFODLP�WKH�VSDFH��$�FRQVHTXHQFH�RI�WKH�IUHH�S��FRPPDQG�LV�
WKDW�WKH�DGGUHVV�WKDW�S�LV�SRLQWLQJ�WR�LV�XQFKDQJHG��EXW�WKH�GDWD�WKDW�UHVLGHV�DW�
WKDW�DGGUHVV�LV�QRZ�XQGHILQHG���

,I�\RX�QHYHU�GHOHWH�IURP�D�OLQNHG�OLVW��WKH�QXPEHU�RI�FDOOV�WR�PDOORF�VKRXOG�
HTXDO�WKH�VL]H�RI�WKH�OLVW��SOXV���LI�D�KHDGHU�LV�XVHG��$Q\�OHVV��DQG�\RX�FDQQRW�
SRVVLEO\�KDYH�D�ZRUNLQJ�SURJUDP��$Q\�PRUH��DQG�\RX�DUH�ZDVWLQJ�VSDFH�DQG�SUREDEO\�
WLPH��2FFDVLRQDOO\��LI�\RXU�SURJUDP�XVHV�D�ORW�RI�VSDFH��WKH�V\VWHP�PD\�EH�XQDEOH�
WR�VDWLVI\�\RXU�UHTXHVW�IRU�D�QHZ�FHOO��,Q�WKLV�FDVH�D�SRLQWHU�LV�UHWXUQHG���

$IWHU�D�GHOHWLRQ�LQ�D�OLQNHG�OLVW��LW�LV�XVXDOO\�D�JRRG�LGHD�WR�IUHH�WKH�FHOO��
HVSHFLDOO\�LI�WKHUH�DUH�ORWV�RI�LQVHUWLRQV�DQG�GHOHWLRQV�LQWHUPLQJOHG�DQG�PHPRU\�
PLJKW�EHFRPH�D�SUREOHP��<RX�QHHG�WR�NHHS�D�WHPSRUDU\�YDULDEOH�VHW�WR�WKH�FHOO�WR�
EH�GLVSRVHG�RI��EHFDXVH�DIWHU�WKH�SRLQWHU�PRYHV�DUH�ILQLVKHG��\RX�ZLOO�QRW�KDYH�D�
UHIHUHQFH�WR�LW��$V�DQ�H[DPSOH��WKH�FRGH�LQ�)LJXUH����� LV�QRW�WKH�FRUUHFW�ZD\�WR�
GHOHWH�DQ�HQWLUH�OLVW��DOWKRXJK�LW�PD\�ZRUN�RQ�VRPH�V\VWHPV����

)LJXUH������VKRZV�WKH�FRUUHFW�ZD\�WR�GR�WKLV��'LVSRVDO�LV�QRW�QHFHVVDULO\�D�IDVW�
WKLQJ��VR�\RX�PLJKW�ZDQW�WR�FKHFN�WR�VHH�LI�WKH�GLVSRVDO�URXWLQH�LV�FDXVLQJ�DQ\�
VORZ�SHUIRUPDQFH�DQG�FRPPHQW�LW�RXW�LI�WKLV�LV�WKH�FDVH��7KLV�DXWKRU�KDV�ZULWWHQ�
D�SURJUDP��VHH�WKH�H[HUFLVHV��WKDW�ZDV�PDGH����WLPHV�IDVWHU�E\�FRPPHQWLQJ�RXW�WKH�
GLVSRVDO��RI��������QRGHV���,W�WXUQHG�RXW�WKDW�WKH�FHOOV�ZHUH�IUHHG�LQ�D�UDWKHU�
SHFXOLDU�RUGHU�DQG�DSSDUHQWO\�FDXVHG�DQ�RWKHUZLVH�OLQHDU�SURJUDP�WR�VSHQG�2�Q ORJ�
Q��WLPH�WR�GLVSRVH�RI�Q�FHOOV���

2QH�ODVW�ZDUQLQJ��PDOORF�VL]HRI�QRGHBSWU��LV�OHJDO��EXW�LW�GRHVQ
W�DOORFDWH�
HQRXJK�VSDFH�IRU�D�VWUXFWXUH��,W�DOORFDWHV�VSDFH�RQO\�IRU�D�SRLQWHU���
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YRLG�

GHOHWHBOLVW��/,67�/���

^�

SRVLWLRQ�S��WPS��

�����������S� �/�!QH[W������KHDGHU�DVVXPHG��

�

�����������/�!QH[W� �18//��

�����������ZKLOH��S�� �18//���

^�

����������������WPS� �S�!QH[W��

����������������IUHH��S����

����������������S� �WPS��

`�

`�

)LJXUH������&RUUHFW�ZD\�WR�GHOHWH�D�OLVW�

��

)LJXUH������$�GRXEO\�OLQNHG�OLVW�

�������'RXEO\�/LQNHG�/LVWV�

6RPHWLPHV�LW�LV�FRQYHQLHQW�WR�WUDYHUVH�OLVWV�EDFNZDUGV��7KH�VWDQGDUG�
LPSOHPHQWDWLRQ�GRHV�QRW�KHOS�KHUH��EXW�WKH�VROXWLRQ�LV�VLPSOH��0HUHO\�DGG�DQ�
H[WUD�ILHOG�WR�WKH�GDWD�VWUXFWXUH��FRQWDLQLQJ�D�SRLQWHU�WR�WKH�SUHYLRXV�FHOO��7KH�
FRVW�RI�WKLV�LV�DQ�H[WUD�OLQN��ZKLFK�DGGV�WR�WKH�VSDFH�UHTXLUHPHQW�DQG�DOVR�
GRXEOHV�WKH�FRVW�RI�LQVHUWLRQV�DQG�GHOHWLRQV�EHFDXVH�WKHUH�DUH�PRUH�SRLQWHUV�WR�
IL[��2Q�WKH�RWKHU�KDQG��LW�VLPSOLILHV�GHOHWLRQ��EHFDXVH�\RX�QR�ORQJHU�KDYH�WR�
UHIHU�WR�D�NH\�E\�XVLQJ�D�SRLQWHU�WR�WKH�SUHYLRXV�FHOO��WKLV�LQIRUPDWLRQ�LV�QRZ�
DW�KDQG��)LJXUH������VKRZV�D�GRXEO\�OLQNHG�OLVW���

�������&LUFXODUO\�/LQNHG�/LVWV�

$�SRSXODU�FRQYHQWLRQ�LV�WR�KDYH�WKH�ODVW�FHOO�NHHS�D�SRLQWHU�EDFN�WR�WKH�ILUVW��
7KLV�FDQ�EH�GRQH�ZLWK�RU�ZLWKRXW�D�KHDGHU��LI�WKH�KHDGHU�LV�SUHVHQW��WKH�ODVW�
FHOO�SRLQWV�WR�LW���DQG�FDQ�DOVR�EH�GRQH�ZLWK�GRXEO\�OLQNHG�OLVWV��WKH�ILUVW�
FHOO
V�SUHYLRXV�SRLQWHU�SRLQWV�WR�WKH�ODVW�FHOO���7KLV�FOHDUO\�DIIHFWV�VRPH�RI�
WKH�WHVWV��EXW�WKH�VWUXFWXUH�LV�SRSXODU�LQ�VRPH�DSSOLFDWLRQV��)LJXUH����� VKRZV�D�
GRXEOH�FLUFXODUO\�OLQNHG�OLVW�ZLWK�QR�KHDGHU���
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�������([DPSOHV�

:H�SURYLGH�WKUHH�H[DPSOHV�WKDW�XVH�OLQNHG�OLVWV��7KH�ILUVW�LV�D�VLPSOH�ZD\�WR�
UHSUHVHQW�VLQJOH�YDULDEOH�SRO\QRPLDOV��7KH�VHFRQG�LV�D�PHWKRG�WR�VRUW�LQ�OLQHDU�
WLPH��IRU�VRPH�VSHFLDO�FDVHV��)LQDOO\��ZH�VKRZ�D�FRPSOLFDWHG�H[DPSOH�RI�KRZ�
OLQNHG�OLVWV�PLJKW�EH�XVHG�WR�NHHS�WUDFN�RI�FRXUVH�UHJLVWUDWLRQ�DW�D�XQLYHUVLW\��

7KH�3RO\QRPLDO�$'7�

:H�FDQ�GHILQH�DQ�DEVWUDFW�GDWD�W\SH�IRU�VLQJOH�YDULDEOH�SRO\QRPLDOV��ZLWK�

QRQQHJDWLYH�H[SRQHQWV��E\�XVLQJ�D�OLVW��/HW� ��,I�PRVW�RI�WKH�
FRHIILFLHQWV�DL�DUH�QRQ]HUR��ZH�FDQ�XVH�D�VLPSOH�DUUD\�WR�VWRUH�WKH�FRHIILFLHQWV��

:H�FRXOG�WKHQ�ZULWH�URXWLQHV�WR�SHUIRUP�DGGLWLRQ��VXEWUDFWLRQ��PXOWLSOLFDWLRQ��
GLIIHUHQWLDWLRQ��DQG�RWKHU�RSHUDWLRQV�RQ�WKHVH�SRO\QRPLDOV��,Q�WKLV�FDVH��ZH�
PLJKW�XVH�WKH�W\SH�GHFODUDWLRQV�JLYHQ�LQ�)LJXUH�������:H�FRXOG�WKHQ�ZULWH�
URXWLQHV�WR�SHUIRUP�YDULRXV�RSHUDWLRQV��7ZR�SRVVLELOLWLHV�DUH�DGGLWLRQ�DQG�
PXOWLSOLFDWLRQ��7KHVH�DUH�VKRZQ�LQ�)LJXUHV������WR�������,JQRULQJ�WKH�WLPH�WR�
LQLWLDOL]H�WKH�RXWSXW�SRO\QRPLDOV�WR�]HUR��WKH�UXQQLQJ�WLPH�RI�WKH�PXOWLSOLFDWLRQ�
URXWLQH�LV�SURSRUWLRQDO�WR�WKH�SURGXFW�RI�WKH�GHJUHH�RI�WKH�WZR�LQSXW�
SRO\QRPLDOV��7KLV�LV�DGHTXDWH�IRU�GHQVH�SRO\QRPLDOV��ZKHUH�PRVW�RI�WKH�WHUPV�DUH�

SUHVHQW��EXW�LI�S��[�� ���[
��������[�������DQG�S��[�� ��[

��������[���������[������

WKHQ�WKH�UXQQLQJ�WLPH�LV�OLNHO\�WR�EH�XQDFFHSWDEOH��2QH�FDQ�VHH�WKDW�PRVW�RI�WKH�
WLPH�LV�VSHQW�PXOWLSO\LQJ�]HURV�DQG�VWHSSLQJ�WKURXJK�ZKDW�DPRXQWV�WR�QRQH[LVWHQW�
SDUWV�RI�WKH�LQSXW�SRO\QRPLDOV��7KLV�LV�DOZD\V�XQGHVLUDEOH���

��

)LJXUH������$�GRXEOH�FLUFXODUO\�OLQNHG�OLVW�

W\SHGHI�VWUXFW�

^�

LQW�FRHIIBDUUD\>�0$;B'(*5((���@��

XQVLJQHG�LQW�KLJKBSRZHU��

`�32/<120,$/��

)LJXUH������7\SH�GHFODUDWLRQV�IRU�DUUD\�LPSOHPHQWDWLRQ�RI�WKH�SRO\QRPLDO�ADT�

$Q�DOWHUQDWLYH�LV�WR�XVH�D�VLQJO\�OLQNHG�OLVW��(DFK�WHUP�LQ�WKH�SRO\QRPLDO�LV�
FRQWDLQHG�LQ�RQH�FHOO��DQG�WKH�FHOOV�DUH�VRUWHG�LQ�GHFUHDVLQJ�RUGHU�RI�H[SRQHQWV��
)RU�LQVWDQFH��WKH�OLQNHG�OLVWV�LQ�)LJXUH������UHSUHVHQW�S��[��DQG�S��[���:H�FRXOG�

WKHQ�XVH�WKH�GHFODUDWLRQV�LQ�)LJXUH��������

YRLG�
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Radi Jarrar

Radi Jarrar

Radi Jarrar

Radi Jarrar

Radi Jarrar



]HURBSRO\QRPLDO��32/<120,$/�SRO\���

^�

XQVLJQHG�LQW�L��

IRU��L ���L� 0$;B'(*5((��L�����

SRO\�!FRHIIBDUUD\>L@� ����

SRO\�!KLJKBSRZHU� ����

`�

)LJXUH������3URFHGXUH�WR�LQLWLDOL]H�D�SRO\QRPLDO�WR�]HUR�

YRLG�

DGGBSRO\QRPLDO��32/<120,$/�SRO\���32/<120,$/�SRO\���

32/<120,$/�SRO\BVXP���

^�

LQW�L��

]HURBSRO\QRPLDO��SRO\BVXP����

SRO\BVXP�!KLJKBSRZHU� �PD[��SRO\��!KLJKBSRZHU��

SRO\��!KLJKBSRZHU���

IRU��L SRO\BVXP�!KLJKBSRZHU��L! ���L�����

SRO\BVXP�!FRHIIBDUUD\>L@� �SRO\��!FRHIIBDUUD\>L@�

��SRO\��!FRHIIBDUUD\>L@��

`�

)LJXUH������3URFHGXUH�WR�DGG�WZR�SRO\QRPLDOV�

YRLG�

PXOWBSRO\QRPLDO��32/<120,$/�SRO\���32/<120,$/�SRO\���

32/<120,$/�SRO\BSURG���

^�

XQVLJQHG�LQW�L��M��

]HURBSRO\QRPLDO��SRO\BSURG����

SRO\BSURG�!KLJKBSRZHU� �SRO\��!KLJKBSRZHU�
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��SRO\��!KLJKBSRZHU��

LI��SRO\BSURG�!KLJKBSRZHU�!�0$;B'(*5((���

HUURU��([FHHGHG�DUUD\�VL]H����

HOVH�

IRU��L ���L� SRO\�!KLJKBSRZHU��L�����

IRU��M ���M� SRO\��!KLJKBSRZHU��M�����

SRO\BSURG�!FRHIIBDUUD\>L�M@�� �

SRO\��!FRHIIBDUUD\>L@��SRO\��!FRHIIBDUUD\>M@��

`�

)LJXUH������3URFHGXUH�WR�PXOWLSO\�WZR�SRO\QRPLDOV�

��

)LJXUH������/LQNHG�OLVW�UHSUHVHQWDWLRQV�RI�WZR�SRO\QRPLDOV�

W\SHGHI�VWUXFW�QRGH�QRGHBSWU�

�

VWUXFW�QRGH�

^�

LQW�FRHIILFLHQW��

LQW�H[SRQHQW��

QRGHBSWU�QH[W��

`���

W\SHGHI�QRGHBSWU�32/<120,$/����NHHS�QRGHV�VRUWHG�E\�H[SRQHQW��

�

)LJXUH������7\SH�GHFODUDWLRQ�IRU�OLQNHG�OLVW�LPSOHPHQWDWLRQ�RI�WKH�3RO\QRPLDO�
ADT�

7KH�RSHUDWLRQV�ZRXOG�WKHQ�EH�VWUDLJKWIRUZDUG�WR�LPSOHPHQW��7KH�RQO\�SRWHQWLDO�
GLIILFXOW\�LV�WKDW�ZKHQ�WZR�SRO\QRPLDOV�DUH�PXOWLSOLHG��WKH�UHVXOWDQW�SRO\QRPLDO�
ZLOO�KDYH�WR�KDYH�OLNH�WHUPV�FRPELQHG��7KHUH�DUH�VHYHUDO�ZD\V�WR�GR�WKLV��EXW�ZH�
ZLOO�OHDYH�WKLV�DV�DQ�H[HUFLVH���
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5DGL[�6RUW�

$�VHFRQG�H[DPSOH�ZKHUH�OLQNHG�OLVWV�DUH�XVHG�LV�FDOOHG�UDGL[�VRUW��5DGL[�VRUW�LV�
VRPHWLPHV�NQRZQ�DV�FDUG�VRUW��EHFDXVH�LW�ZDV�XVHG��XQWLO�WKH�DGYHQW�RI�PRGHUQ�
FRPSXWHUV��WR�VRUW�ROG�VW\OH�SXQFK�FDUGV���

,I�ZH�KDYH�Q�LQWHJHUV�LQ�WKH�UDQJH���WR�P��RU���WR�P���������ZH�FDQ�XVH�WKLV�
LQIRUPDWLRQ�WR�REWDLQ�D�IDVW�VRUW�NQRZQ�DV�EXFNHW�VRUW��:H�NHHS�DQ�DUUD\�FDOOHG�
FRXQW��RI�VL]H�P��ZKLFK�LV�LQLWLDOL]HG�WR�]HUR��7KXV��FRXQW�KDV�P�FHOOV��RU�
EXFNHWV���ZKLFK�DUH�LQLWLDOO\�HPSW\��:KHQ�DL�LV�UHDG��LQFUHPHQW��E\�RQH��FRXQW

>DL@��$IWHU�DOO�WKH�LQSXW�LV�UHDG��VFDQ�WKH�FRXQW�DUUD\��SULQWLQJ�RXW�D�

UHSUHVHQWDWLRQ�RI�WKH�VRUWHG�OLVW��7KLV�DOJRULWKP�WDNHV�2�P���Q���WKH�SURRI�LV�

OHIW�DV�DQ�H[HUFLVH��,I�P� � �Q���WKHQ�EXFNHW�VRUW�LV�2�Q����

5DGL[�VRUW�LV�D�JHQHUDOL]DWLRQ�RI�WKLV��7KH�HDVLHVW�ZD\�WR�VHH�ZKDW�KDSSHQV�LV�E\�
H[DPSOH��6XSSRVH�ZH�KDYH����QXPEHUV��LQ�WKH�UDQJH���WR������WKDW�ZH�ZRXOG�OLNH�WR�

VRUW��,Q�JHQHUDO��WKLV�LV�Q�QXPEHUV�LQ�WKH�UDQJH���WR�QS�����IRU�VRPH�FRQVWDQW�S�
2EYLRXVO\��ZH�FDQQRW�XVH�EXFNHW�VRUW��WKHUH�ZRXOG�EH�WRR�PDQ\�EXFNHWV��7KH�WULFN�
LV�WR�XVH�VHYHUDO�SDVVHV�RI�EXFNHW�VRUW��7KH�QDWXUDO�DOJRULWKP�ZRXOG�EH�WR�
EXFNHW�VRUW�E\�WKH�PRVW�VLJQLILFDQW��GLJLW���GLJLW�LV�WDNHQ�WR�EDVH�Q���WKHQ�QH[W�
PRVW�VLJQLILFDQW��DQG�VR�RQ��7KDW�DOJRULWKP�GRHV�QRW�ZRUN��EXW�LI�ZH�SHUIRUP�
EXFNHW�VRUWV�E\�OHDVW�VLJQLILFDQW��GLJLW��ILUVW��WKHQ�WKH�DOJRULWKP�ZRUNV��2I�
FRXUVH��PRUH�WKDQ�RQH�QXPEHU�FRXOG�IDOO�LQWR�WKH�VDPH�EXFNHW��DQG��XQOLNH�WKH�
RULJLQDO�EXFNHW�VRUW��WKHVH�QXPEHUV�FRXOG�EH�GLIIHUHQW��VR�ZH�NHHS�WKHP�LQ�D�
OLVW��1RWLFH�WKDW�DOO�WKH�QXPEHUV�FRXOG�KDYH�VRPH�GLJLW�LQ�FRPPRQ��VR�LI�D�VLPSOH�
DUUD\�ZHUH�XVHG�IRU�WKH�OLVWV��WKHQ�HDFK�DUUD\�ZRXOG�KDYH�WR�EH�RI�VL]H�Q��IRU�D�

WRWDO�VSDFH�UHTXLUHPHQW�RI� �Q����
�

7KH�IROORZLQJ�H[DPSOH�VKRZV�WKH�DFWLRQ�RI�UDGL[�VRUW�RQ����QXPEHUV��7KH�LQSXW�LV�
������������������������������������������WKH�ILUVW�WHQ�FXEHV�DUUDQJHG�UDQGRPO\���
7KH�ILUVW�VWHS�EXFNHW�VRUWV�E\�WKH�OHDVW�VLJQLILFDQW�GLJLW��,Q�WKLV�FDVH�WKH�PDWK�
LV�LQ�EDVH�����WR�PDNH�WKLQJV�VLPSOH���EXW�GR�QRW�DVVXPH�WKLV�LQ�JHQHUDO��7KH�
EXFNHWV�DUH�DV�VKRZQ�LQ�)LJXUH�������VR�WKH�OLVW��VRUWHG�E\�OHDVW�VLJQLILFDQW�
GLJLW��LV�������������������������������������������7KHVH�DUH�QRZ�VRUWHG�E\�WKH�
QH[W�OHDVW�VLJQLILFDQW�GLJLW��WKH�WHQV�GLJLW�KHUH���VHH�)LJ���������3DVV���JLYHV�
RXWSXW�������������������������������������������7KLV�OLVW�LV�QRZ�VRUWHG�ZLWK�
UHVSHFW�WR�WKH�WZR�OHDVW�VLJQLILFDQW�GLJLWV��7KH�ILQDO�SDVV��VKRZQ�LQ�)LJXUH�
������EXFNHW�VRUWV�E\�PRVW�VLJQLILFDQW�GLJLW��7KH�ILQDO�OLVW�LV������������������
��������������������������

7R�VHH�WKDW�WKH�DOJRULWKP�ZRUNV��QRWLFH�WKDW�WKH�RQO\�SRVVLEOH�IDLOXUH�ZRXOG�
RFFXU�LI�WZR�QXPEHUV�FDPH�RXW�RI�WKH�VDPH�EXFNHW�LQ�WKH�ZURQJ�RUGHU��%XW�WKH�
SUHYLRXV�SDVVHV�HQVXUH�WKDW�ZKHQ�VHYHUDO�QXPEHUV�HQWHU�D�EXFNHW��WKH\�HQWHU�LQ�
VRUWHG�RUGHU��7KH�UXQQLQJ�WLPH�LV�2�S�Q���E���ZKHUH�S�LV�WKH�QXPEHU�RI�SDVVHV��Q�
LV�WKH�QXPEHU�RI�HOHPHQWV�WR�VRUW��DQG�E�LV�WKH�QXPEHU�RI�EXFNHWV��,Q�RXU�FDVH��E
 �Q���

�������������������������������������������

��������������������������������������������
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�������������������������������������������

)LJXUH������%XFNHWV�DIWHU�ILUVW�VWHS�RI�UDGL[�VRUW�

��������������

��������������

�����������������������������

���������������������������������������

��������������������������������������

)LJXUH������%XFNHWV�DIWHU�WKH�VHFRQG�SDVV�RI�UDGL[�VRUW�

�����

�����

�����

�����

������������������������������������

�������������������������������������������

������������������������������������������

)LJXUH������%XFNHWV�DIWHU�WKH�ODVW�SDVV�RI�UDGL[�VRUW�

$V�DQ�H[DPSOH��ZH�FRXOG�VRUW�DOO�LQWHJHUV�WKDW�DUH�UHSUHVHQWDEOH�RQ�D�FRPSXWHU�

����ELWV��E\�UDGL[�VRUW��LI�ZH�GLG�WKUHH�SDVVHV�RYHU�D�EXFNHW�VL]H�RI������7KLV�
DOJRULWKP�ZRXOG�DOZD\V�EH�2�Q��RQ�WKLV�FRPSXWHU��EXW�SUREDEO\�VWLOO�QRW�DV�
HIILFLHQW�DV�VRPH�RI�WKH�DOJRULWKPV�ZH�VKDOO�VHH�LQ�&KDSWHU����EHFDXVH�RI�WKH�
KLJK�FRQVWDQW�LQYROYHG��UHPHPEHU�WKDW�D�IDFWRU�RI�ORJ�Q LV�QRW�DOO�WKDW�KLJK��DQG�
WKLV�DOJRULWKP�ZRXOG�KDYH�WKH�RYHUKHDG�RI�PDLQWDLQLQJ�OLQNHG�OLVWV����

0XOWLOLVWV�

2XU�ODVW�H[DPSOH�VKRZV�D�PRUH�FRPSOLFDWHG�XVH�RI�OLQNHG�OLVWV��$�XQLYHUVLW\�ZLWK�
�������VWXGHQWV�DQG�������FRXUVHV�QHHGV�WR�EH�DEOH�WR�JHQHUDWH�WZR�W\SHV�RI�
UHSRUWV��7KH�ILUVW�UHSRUW�OLVWV�WKH�FODVV�UHJLVWUDWLRQ�IRU�HDFK�FODVV��DQG�WKH�
VHFRQG�UHSRUW�OLVWV��E\�VWXGHQW��WKH�FODVVHV�WKDW�HDFK�VWXGHQW�LV�UHJLVWHUHG�IRU��

7KH�REYLRXV�LPSOHPHQWDWLRQ�PLJKW�EH�WR�XVH�D�WZR�GLPHQVLRQDO�DUUD\��6XFK�DQ�DUUD\�
ZRXOG�KDYH�����PLOOLRQ�HQWULHV��7KH�DYHUDJH�VWXGHQW�UHJLVWHUV�IRU�DERXW�WKUHH�
FRXUVHV��VR�RQO\���������RI�WKHVH�HQWULHV��RU�URXJKO\�����SHUFHQW��ZRXOG�DFWXDOO\�
KDYH�PHDQLQJIXO�GDWD���

:KDW�LV�QHHGHG�LV�D�OLVW�IRU�HDFK�FODVV��ZKLFK�FRQWDLQV�WKH�VWXGHQWV�LQ�WKH�
FODVV��:H�DOVR�QHHG�D�OLVW�IRU�HDFK�VWXGHQW��ZKLFK�FRQWDLQV�WKH�FODVVHV�WKH�
VWXGHQW�LV�UHJLVWHUHG�IRU��)LJXUH������VKRZV�RXU�LPSOHPHQWDWLRQ���
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$V�WKH�ILJXUH�VKRZV��ZH�KDYH�FRPELQHG�WZR�OLVWV�LQWR�RQH��$OO�OLVWV�XVH�D�KHDGHU�
DQG�DUH�FLUFXODU��7R�OLVW�DOO�RI�WKH�VWXGHQWV�LQ�FODVV�&���ZH�VWDUW�DW�&��DQG�
WUDYHUVH�LWV�OLVW��E\�JRLQJ�ULJKW���7KH�ILUVW�FHOO�EHORQJV�WR�VWXGHQW�6���
$OWKRXJK�WKHUH�LV�QR�H[SOLFLW�LQIRUPDWLRQ�WR�WKLV�HIIHFW��WKLV�FDQ�EH�GHWHUPLQHG�
E\�IROORZLQJ�WKH�VWXGHQW
V�OLQNHG�OLVW�XQWLO�WKH�KHDGHU�LV�UHDFKHG��2QFH�WKLV�LV�
GRQH��ZH�UHWXUQ�WR�&�
V�OLVW��ZH�VWRUHG�WKH�SRVLWLRQ�ZH�ZHUH�DW�LQ�WKH�FRXUVH�
OLVW�EHIRUH�ZH�WUDYHUVHG�WKH�VWXGHQW
V�OLVW��DQG�ILQG�DQRWKHU�FHOO��ZKLFK�FDQ�EH�
GHWHUPLQHG�WR�EHORQJ�WR�6���:H�FDQ�FRQWLQXH�DQG�ILQG�WKDW�6��DQG�6��DUH�DOVR�LQ�
WKLV�FODVV��,Q�D�VLPLODU�PDQQHU��ZH�FDQ�GHWHUPLQH��IRU�DQ\�VWXGHQW��DOO�RI�WKH�
FODVVHV�LQ�ZKLFK�WKH�VWXGHQW�LV�UHJLVWHUHG���

��

)LJXUH������0XOWLOLVW�LPSOHPHQWDWLRQ�IRU�UHJLVWUDWLRQ�SUREOHP�

8VLQJ�D�FLUFXODU�OLVW�VDYHV�VSDFH�EXW�GRHV�VR�DW�WKH�H[SHQVH�RI�WLPH��,Q�WKH�
ZRUVW�FDVH��LI�WKH�ILUVW�VWXGHQW�ZDV�UHJLVWHUHG�IRU�HYHU\�FRXUVH��WKHQ�HYHU\�
HQWU\�ZRXOG�QHHG�WR�EH�H[DPLQHG�LQ�RUGHU�WR�GHWHUPLQH�DOO�WKH�FRXUVH�QDPHV�IRU�
WKDW�VWXGHQW��%HFDXVH�LQ�WKLV�DSSOLFDWLRQ�WKHUH�DUH�UHODWLYHO\�IHZ�FRXUVHV�SHU�
VWXGHQW�DQG�IHZ�VWXGHQWV�SHU�FRXUVH��WKLV�LV�QRW�OLNHO\�WR�KDSSHQ��,I�LW�ZHUH�
VXVSHFWHG�WKDW�WKLV�FRXOG�FDXVH�D�SUREOHP��WKHQ�HDFK�RI�WKH��QRQKHDGHU��FHOOV�
FRXOG�KDYH�SRLQWHUV�GLUHFWO\�EDFN�WR�WKH�VWXGHQW�DQG�FODVV�KHDGHU��7KLV�ZRXOG�
GRXEOH�WKH�VSDFH�UHTXLUHPHQW��EXW�VLPSOLI\�DQG�VSHHG�XS�WKH�LPSOHPHQWDWLRQ���

�������&XUVRU�,PSOHPHQWDWLRQ�RI�/LQNHG�/LVWV�

0DQ\�ODQJXDJHV��VXFK�DV�BASIC�DQG�FORTRAN��GR�QRW�VXSSRUW�SRLQWHUV��,I�OLQNHG�
OLVWV�DUH�UHTXLUHG�DQG�SRLQWHUV�DUH�QRW�DYDLODEOH��WKHQ�DQ�DOWHUQDWH�
LPSOHPHQWDWLRQ�PXVW�EH�XVHG��7KH�DOWHUQDWH�PHWKRG�ZH�ZLOO�GHVFULEH�LV�NQRZQ�DV�D�
FXUVRU�LPSOHPHQWDWLRQ���

7KH�WZR�LPSRUWDQW�LWHPV�SUHVHQW�LQ�D�SRLQWHU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV�DUH��
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���7KH�GDWD�LV�VWRUHG�LQ�D�FROOHFWLRQ�RI�VWUXFWXUHV��(DFK�VWUXFWXUH�FRQWDLQV�WKH�
GDWD�DQG�D�SRLQWHU�WR�WKH�QH[W�VWUXFWXUH���

���$�QHZ�VWUXFWXUH�FDQ�EH�REWDLQHG�IURP�WKH�V\VWHP
V�JOREDO�PHPRU\�E\�D�FDOO�WR�
PDOORF�DQG�UHOHDVHG�E\�D�FDOO�WR�IUHH���

2XU�FXUVRU�LPSOHPHQWDWLRQ�PXVW�EH�DEOH�WR�VLPXODWH�WKLV��7KH�ORJLFDO�ZD\�WR�
VDWLVI\�FRQGLWLRQ���LV�WR�KDYH�D�JOREDO�DUUD\�RI�VWUXFWXUHV��)RU�DQ\�FHOO�LQ�WKH�
DUUD\��LWV�DUUD\�LQGH[�FDQ�EH�XVHG�LQ�SODFH�RI�DQ�DGGUHVV��)LJXUH������JLYHV�WKH�
W\SH�GHFODUDWLRQV�IRU�D�FXUVRU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV���

:H�PXVW�QRZ�VLPXODWH�FRQGLWLRQ���E\�DOORZLQJ�WKH�HTXLYDOHQW�RI�PDOORF�DQG�IUHH�
IRU�FHOOV�LQ�WKH�&85625B63$&(�DUUD\��7R�GR�WKLV��ZH�ZLOO�NHHS�D�OLVW��WKH�
IUHHOLVW��RI�FHOOV�WKDW�DUH�QRW�LQ�DQ\�OLVW��7KH�OLVW�ZLOO�XVH�FHOO���DV�D�
KHDGHU��7KH�LQLWLDO�FRQILJXUDWLRQ�LV�VKRZQ�LQ�)LJXUH��������

$�YDOXH�RI���IRU�QH[W�LV�WKH�HTXLYDOHQW�RI�D�SRLQWHU��7KH�LQLWLDOL]DWLRQ�RI�
&85625B63$&(�LV�D�VWUDLJKWIRUZDUG�ORRS��ZKLFK�ZH�OHDYH�DV�DQ�H[HUFLVH��7R�SHUIRUP�
DQ�PDOORF��WKH�ILUVW�HOHPHQW��DIWHU�WKH�KHDGHU��LV�UHPRYHG�IURP�WKH�IUHHOLVW���

W\SHGHI�XQVLJQHG�LQW�QRGHBSWU��

VWUXFW�QRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

QRGHBSWU�QH[W��

`��

W\SHGHI�QRGHBSWU�/,67��

W\SHGHI�QRGHBSWU�SRVLWLRQ��

VWUXFW�QRGH�&85625B63$&(>�63$&(B6,=(�@��

)LJXUH������'HFODUDWLRQV�IRU�FXUVRU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV�

��6ORW��(OHPHQW��1H[W�

�����������������������

���������������������

���������������������

���������������������

���������������������

���������������������

���������������������
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���������������������

���������������������

���������������������

���������������������

)LJXUH������$Q�LQLWLDOL]HG�&85625B63$&(�

7R�SHUIRUP�D�IUHH��ZH�SODFH�WKH�FHOO�DW�WKH�IURQW�RI�WKH�IUHHOLVW��)LJXUH������
VKRZV�WKH�FXUVRU�LPSOHPHQWDWLRQ�RI�PDOORF�DQG�IUHH��1RWLFH�WKDW�LI�WKHUH�LV�QR�
VSDFH�DYDLODEOH��RXU�URXWLQH�GRHV�WKH�FRUUHFW�WKLQJ�E\�VHWWLQJ�S� ����7KLV�
LQGLFDWHV�WKDW�WKHUH�DUH�QR�PRUH�FHOOV�OHIW��DQG�DOVR�PDNHV�WKH�VHFRQG�OLQH�RI�
FXUVRUBQHZ�D�QRQRSHUDWLRQ��QR�RS����

*LYHQ�WKLV��WKH�FXUVRU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV�LV�VWUDLJKWIRUZDUG��)RU�
FRQVLVWHQF\��ZH�ZLOO�LPSOHPHQW�RXU�OLVWV�ZLWK�D�KHDGHU�QRGH��$V�DQ�H[DPSOH��LQ�
)LJXUH�������LI�WKH�YDOXH�RI�/�LV���DQG�WKH�YDOXH�RI�0�LV����WKHQ�/�UHSUHVHQWV�
WKH�OLVW�D��E��H��DQG�0�UHSUHVHQWV�WKH�OLVW�F��G��I���

SRVLWLRQ�

FXUVRUBDOORF��YRLG���

^�

SRVLWLRQ�S��

S� �&85625B63$&(>2@�QH[W��

&85625B63$&(>�@�QH[W� �&85625B63$&(>S@�QH[W��

UHWXUQ�S��

`�

YRLG�

FXUVRUBIUHH��SRVLWLRQ�S��

^�

&85625B63$&(>S@�QH[W� �&85625B63$&(>2@�QH[W��

&85625B63$&(>2@�QH[W� �S��

`�

)LJXUH������5RXWLQHV��FXUVRU�DOORF�DQG�FXUVRU�IUHH�

��6ORW��(OHPHQW��1H[W�

�����������������������
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���������KHDGHU������

���������������������

���������KHDGHU������

���������������������

�����������F���������

�����������G���������

�����������H���������

�����������D���������

)LJXUH������([DPSOH�RI�D�FXUVRU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV�

7R�ZULWH�WKH�IXQFWLRQV�IRU�D�FXUVRU�LPSOHPHQWDWLRQ�RI�OLQNHG�OLVWV��ZH�PXVW�SDVV�
DQG�UHWXUQ�WKH�LGHQWLFDO�SDUDPHWHUV�DV�WKH�SRLQWHU�LPSOHPHQWDWLRQ��7KH�URXWLQHV�
DUH�VWUDLJKWIRUZDUG��)LJXUH������LPSOHPHQWV�D�IXQFWLRQ�WR�WHVW�ZKHWKHU�D�OLVW�LV�
HPSW\��)LJXUH������LPSOHPHQWV�WKH�WHVW�RI�ZKHWKHU�WKH�FXUUHQW�SRVLWLRQ�LV�WKH�
ODVW�LQ�D�OLQNHG�OLVW���

7KH�IXQFWLRQ�ILQG�LQ�)LJXUH������UHWXUQV�WKH�SRVLWLRQ�RI�[�LQ�OLVW�/���

7KH�FRGH�WR�LPSOHPHQW�GHOHWLRQ�LV�VKRZQ�LQ�)LJXUH�������$JDLQ��WKH�LQWHUIDFH�IRU�
WKH�FXUVRU�LPSOHPHQWDWLRQ�LV�LGHQWLFDO�WR�WKH�SRLQWHU�LPSOHPHQWDWLRQ��)LQDOO\��
)LJXUH������VKRZV�D�FXUVRU�LPSOHPHQWDWLRQ�RI�LQVHUW���

7KH�UHVW�RI�WKH�URXWLQHV�DUH�VLPLODUO\�FRGHG��7KH�FUXFLDO�SRLQW�LV�WKDW�WKHVH�
URXWLQHV�IROORZ�WKH�ADT VSHFLILFDWLRQ��7KH\�WDNH�VSHFLILF�DUJXPHQWV�DQG�SHUIRUP�
VSHFLILF�RSHUDWLRQV��7KH�LPSOHPHQWDWLRQ�LV�WUDQVSDUHQW�WR�WKH�XVHU��7KH�FXUVRU�
LPSOHPHQWDWLRQ�FRXOG�EH�XVHG�LQVWHDG�RI�WKH�OLQNHG�OLVW�LPSOHPHQWDWLRQ��ZLWK�
YLUWXDOO\�QR�FKDQJH�UHTXLUHG�LQ�WKH�UHVW�RI�WKH�FRGH���

LQW�

LVBHPSW\��/,67�/������XVLQJ�D�KHDGHU�QRGH���

^�

UHWXUQ��&85625B63$&(>/@�QH[W�  ���

`�

)LJXUH������)XQFWLRQ�WR�WHVW�ZKHWKHU�D�OLQNHG�OLVW�LV�HPSW\��FXUVRU�
LPSOHPHQWDWLRQ�
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LQW�

LVBODVW��SRVLWLRQ�S��/,67�/�����XVLQJ�D�KHDGHU�QRGH���

^�

UHWXUQ��&85625B63$&(>S@�QH[W�  ���

`�

)LJXUH������)XQFWLRQ�WR�WHVW�ZKHWKHU�S�LV�ODVW�LQ�D�OLQNHG�OLVW��FXUVRU�
LPSOHPHQWDWLRQ�

SRVLWLRQ�

ILQG��HOHPHQWBW\SH�[��/,67�/����XVLQJ�D�KHDGHU�QRGH���

^�

SRVLWLRQ�S��

����������S� �&85625B63$&(>/@�QH[W��

����������ZKLOH��S�		�&85625B63$&(>S@�HOHPHQW�� �[���

����������������S� �&85625B63$&(>S@�QH[W��

����������UHWXUQ�S��

`�

)LJXUH������)LQG�URXWLQH��FXUVRU�LPSOHPHQWDWLRQ�

YRLG�

GHOHWH��HOHPHQWBW\SH�[��/,67�/���

^�

SRVLWLRQ�S��WPSBFHOO��

S� �ILQGBSUHYLRXV��[��/����

LI���LVBODVW��S��/����

^�

WPSBFHOO� �&85625B63$&(>S@�QH[W��

&85625B63$&(>S@�QH[W� �&85625B63$&(>WPSBFHOO@�QH[W��

FXUVRUBIUHH��WPSBFHOO����

`�

`�
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)LJXUH������'HOHWLRQ�URXWLQH�IRU�OLQNHG�OLVWV��FXUVRU�LPSOHPHQWDWLRQ�

��,QVHUW��DIWHU�OHJDO�SRVLWLRQ�S�����

��KHDGHU�LPSOHPHQWDWLRQ�DVVXPHG���

YRLG�

LQVHUW��HOHPHQWBW\SH�[��/,67�/��SRVLWLRQ�S���

^�

SRVLWLRQ�WPSBFHOO��

����������WPSBFHOO� �FXUVRUBDOORF����

����������LI��WPSBFHOO�  ����

����������IDWDOBHUURU��2XW�RI�VSDFH�������

HOVH�

^�

���������������&85625B63$&(>WPSBFHOO@�HOHPHQW� �[��

���������������&85625B63$&(>WPSBFHOO@�QH[W� �&85625B63$&(>S@�QH[W��

���������������&85625B63$&(>S@�QH[W� �WPSBFHOO��

`�

`�

)LJXUH������,QVHUWLRQ�URXWLQH�IRU�OLQNHG�OLVWV��FXUVRU�LPSOHPHQWDWLRQ�

7KH�IUHHOLVW�UHSUHVHQWV�DQ�LQWHUHVWLQJ�GDWD�VWUXFWXUH�LQ�LWV�RZQ�ULJKW��7KH�FHOO�
WKDW�LV�UHPRYHG�IURP�WKH�IUHHOLVW�LV�WKH�RQH�WKDW�ZDV�PRVW�UHFHQWO\�SODFHG�WKHUH�
E\�YLUWXH�RI�IUHH��7KXV��WKH�ODVW�FHOO�SODFHG�RQ�WKH�IUHHOLVW�LV�WKH�ILUVW�FHOO�
WDNHQ�RII��7KH�GDWD�VWUXFWXUH�WKDW�DOVR�KDV�WKLV�SURSHUW\�LV�NQRZQ�DV�D�VWDFN��
DQG�LV�WKH�WRSLF�RI�WKH�QH[W�VHFWLRQ���

�����7KH�6WDFN�$'7�

�������6WDFN�0RGHO�

$�VWDFN�LV�D�OLVW�ZLWK�WKH�UHVWULFWLRQ�WKDW�LQVHUWV�DQG�GHOHWHV�FDQ�EH�SHUIRUPHG�
LQ�RQO\�RQH�SRVLWLRQ��QDPHO\�WKH�HQG�RI�WKH�OLVW�FDOOHG�WKH�WRS��7KH�IXQGDPHQWDO�
RSHUDWLRQV�RQ�D�VWDFN�DUH�SXVK��ZKLFK�LV�HTXLYDOHQW�WR�DQ�LQVHUW��DQG�SRS��ZKLFK�
GHOHWHV�WKH�PRVW�UHFHQWO\�LQVHUWHG�HOHPHQW��7KH�PRVW�UHFHQWO\�LQVHUWHG�HOHPHQW�
FDQ�EH�H[DPLQHG�SULRU�WR�SHUIRUPLQJ�D�SRS�E\�XVH�RI�WKH�WRS�URXWLQH��$�SRS�RU�WRS
RQ�DQ�HPSW\�VWDFN�LV�JHQHUDOO\�FRQVLGHUHG�DQ�HUURU�LQ�WKH�VWDFN�ADT��2Q�WKH�
RWKHU�KDQG��UXQQLQJ�RXW�RI�VSDFH�ZKHQ�SHUIRUPLQJ�D�SXVK�LV�DQ�LPSOHPHQWDWLRQ�
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HUURU�EXW�QRW�DQ�ADT�HUURU���

6WDFNV�DUH�VRPHWLPHV�NQRZQ�DV�LIFO��ODVW�LQ��ILUVW�RXW��OLVWV��7KH�PRGHO�
GHSLFWHG�LQ�)LJXUH������VLJQLILHV�RQO\�WKDW�SXVKHV�DUH�LQSXW�RSHUDWLRQV�DQG�SRSV�
DQG�WRSV�DUH�RXWSXW��7KH�XVXDO�RSHUDWLRQV�WR�PDNH�HPSW\�VWDFNV�DQG�WHVW�IRU�
HPSWLQHVV�DUH�SDUW�RI�WKH�UHSHUWRLUH��EXW�HVVHQWLDOO\�DOO�WKDW�\RX�FDQ�GR�WR�D�
VWDFN�LV�SXVK�DQG�SRS���

)LJXUH������VKRZV�DQ�DEVWUDFW�VWDFN�DIWHU�VHYHUDO�RSHUDWLRQV��7KH�JHQHUDO�PRGHO�
LV�WKDW�WKHUH�LV�VRPH�HOHPHQW�WKDW�LV�DW�WKH�WRS�RI�WKH�VWDFN��DQG�LW�LV�WKH�RQO\�
HOHPHQW�WKDW�LV�YLVLEOH���

��

)LJXUH������6WDFN�PRGHO��LQSXW�WR�D�VWDFN�LV�E\�SXVK��RXWSXW�LV�E\�SRS�

��

)LJXUH������6WDFN�PRGHO��RQO\�WKH�WRS�HOHPHQW�LV�DFFHVVLEOH�

�������,PSOHPHQWDWLRQ�RI�6WDFNV�

2I�FRXUVH��VLQFH�D�VWDFN�LV�D�OLVW��DQ\�OLVW�LPSOHPHQWDWLRQ�ZLOO�GR��:H�ZLOO�JLYH�
WZR�SRSXODU�LPSOHPHQWDWLRQV��2QH�XVHV�SRLQWHUV�DQG�WKH�RWKHU�XVHV�DQ�DUUD\��EXW��
DV�ZH�VDZ�LQ�WKH�SUHYLRXV�VHFWLRQ��LI�ZH�XVH�JRRG�SURJUDPPLQJ�SULQFLSOHV�WKH�
FDOOLQJ�URXWLQHV�GR�QRW�QHHG�WR�NQRZ�ZKLFK�PHWKRG�LV�EHLQJ�XVHG���

/LQNHG�/LVW�,PSOHPHQWDWLRQ�RI�6WDFNV�

7KH�ILUVW�LPSOHPHQWDWLRQ�RI�D�VWDFN�XVHV�D�VLQJO\�OLQNHG�OLVW��:H�SHUIRUP�D�SXVK�
E\�LQVHUWLQJ�DW�WKH�IURQW�RI�WKH�OLVW��:H�SHUIRUP�D�SRS�E\�GHOHWLQJ�WKH�HOHPHQW�
DW�WKH�IURQW�RI�WKH�OLVW��$�WRS�RSHUDWLRQ�PHUHO\�H[DPLQHV�WKH�HOHPHQW�DW�WKH�
IURQW�RI�WKH�OLVW��UHWXUQLQJ�LWV�YDOXH��6RPHWLPHV�WKH�SRS�DQG�WRS�RSHUDWLRQV�DUH�
FRPELQHG�LQWR�RQH��:H�FRXOG�XVH�FDOOV�WR�WKH�OLQNHG�OLVW�URXWLQHV�RI�WKH�SUHYLRXV�
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VHFWLRQ��EXW�ZH�ZLOO�UHZULWH�WKH�VWDFN�URXWLQHV�IURP�VFUDWFK�IRU�WKH�VDNH�RI�
FODULW\���

)LUVW��ZH�JLYH�WKH�GHILQLWLRQV�LQ�)LJXUH�������:H�LPSOHPHQW�WKH�VWDFN�XVLQJ�D�
KHDGHU��7KHQ�)LJXUH������VKRZV�WKDW�DQ�HPSW\�VWDFN�LV�WHVWHG�IRU�LQ�WKH�VDPH�
PDQQHU�DV�DQ�HPSW\�OLVW���

&UHDWLQJ�DQ�HPSW\�VWDFN�LV�DOVR�VLPSOH��:H�PHUHO\�FUHDWH�D�KHDGHU�QRGH��PDNHBQXOO
VHWV�WKH�QH[W�SRLQWHU�WR�18//��VHH�)LJ���������7KH�SXVK�LV�LPSOHPHQWHG�DV�DQ�
LQVHUWLRQ�LQWR�WKH�IURQW�RI�D�OLQNHG�OLVW��ZKHUH�WKH�IURQW�RI�WKH�OLVW�VHUYHV�DV�
WKH�WRS�RI�WKH�VWDFN��VHH�)LJ���������7KH�WRS�LV�SHUIRUPHG�E\�H[DPLQLQJ�WKH�
HOHPHQW�LQ�WKH�ILUVW�SRVLWLRQ�RI�WKH�OLVW��VHH�)LJ���������)LQDOO\��ZH�LPSOHPHQW�
SRS�DV�D�GHOHWH�IURP�WKH�IURQW�RI�WKH�OLVW��VHH�)LJ����������

,W�VKRXOG�EH�FOHDU�WKDW�DOO�WKH�RSHUDWLRQV�WDNH�FRQVWDQW�WLPH��EHFDXVH�QRZKHUH�LQ�
DQ\�RI�WKH�URXWLQHV�LV�WKHUH�HYHQ�D�UHIHUHQFH�WR�WKH�VL]H�RI�WKH�VWDFN��H[FHSW�
IRU�HPSWLQHVV���PXFK�OHVV�D�ORRS�WKDW�GHSHQGV�RQ�WKLV�VL]H��7KH�GUDZEDFN�RI�WKLV�
LPSOHPHQWDWLRQ�LV�WKDW�WKH�FDOOV�WR�PDOORF�DQG�IUHH�DUH�H[SHQVLYH��HVSHFLDOO\�LQ�
FRPSDULVRQ�WR�WKH�SRLQWHU�PDQLSXODWLRQ�URXWLQHV��6RPH�RI�WKLV�FDQ�EH�DYRLGHG�E\�
XVLQJ�D�VHFRQG�VWDFN��ZKLFK�LV�LQLWLDOO\�HPSW\��:KHQ�D�FHOO�LV�WR�EH�GLVSRVHG�
IURP�WKH�ILUVW�VWDFN��LW�LV�PHUHO\�SODFHG�RQ�WKH�VHFRQG�VWDFN��7KHQ��ZKHQ�QHZ�
FHOOV�DUH�QHHGHG�IRU�WKH�ILUVW�VWDFN��WKH�VHFRQG�VWDFN�LV�FKHFNHG�ILUVW���

$UUD\�,PSOHPHQWDWLRQ�RI�6WDFNV�

$Q�DOWHUQDWLYH�LPSOHPHQWDWLRQ�DYRLGV�SRLQWHUV�DQG�LV�SUREDEO\�WKH�PRUH�SRSXODU�
VROXWLRQ��7KH�RQO\�SRWHQWLDO�KD]DUG�ZLWK�WKLV�VWUDWHJ\�LV�WKDW�ZH�QHHG�WR�GHFODUH�
DQ�DUUD\�VL]H�DKHDG�RI�WLPH��*HQHUDOO\�WKLV�LV�QRW�D�SUREOHP��EHFDXVH�LQ�W\SLFDO�
DSSOLFDWLRQV��HYHQ�LI�WKHUH�DUH�TXLWH�D�IHZ�VWDFN�RSHUDWLRQV��WKH�DFWXDO�QXPEHU�
RI�HOHPHQWV�LQ�WKH�VWDFN�DW�DQ\�WLPH�QHYHU�JHWV�WRR�ODUJH��,W�LV�XVXDOO\�HDV\�WR�
GHFODUH�WKH�DUUD\�WR�EH�ODUJH�HQRXJK�ZLWKRXW�ZDVWLQJ�WRR�PXFK�VSDFH��,I�WKLV�LV�
QRW�SRVVLEOH��WKHQ�D�VDIH�FRXUVH�ZRXOG�EH�WR�XVH�D�OLQNHG�OLVW�LPSOHPHQWDWLRQ���

,I�ZH�XVH�DQ�DUUD\�LPSOHPHQWDWLRQ��WKH�LPSOHPHQWDWLRQ�LV�WULYLDO��$VVRFLDWHG�ZLWK�
HDFK�VWDFN�LV�WKH�WRS�RI�VWDFN��WRV��ZKLFK�LV����IRU�DQ�HPSW\�VWDFN��WKLV�LV�KRZ�
DQ�HPSW\�VWDFN�LV�LQLWLDOL]HG���7R�SXVK�VRPH�HOHPHQW�[�RQWR�WKH�VWDFN��ZH�
LQFUHPHQW�WRV�DQG�WKHQ�VHW�67$&.>WRV@� �[��ZKHUH�67$&.�LV�WKH�DUUD\�UHSUHVHQWLQJ�
WKH�DFWXDO�VWDFN��7R�SRS��ZH�VHW�WKH�UHWXUQ�YDOXH�WR�67$&.>WRV@�DQG�WKHQ�
GHFUHPHQW�WRV��2I�FRXUVH��VLQFH�WKHUH�DUH�SRWHQWLDOO\�VHYHUDO�VWDFNV��WKH�67$&.�
DUUD\�DQG�WRV�DUH�SDUW�RI�RQH�VWUXFWXUH�UHSUHVHQWLQJ�D�VWDFN��,W�LV�DOPRVW�DOZD\V�
D�EDG�LGHD�WR�XVH�JOREDO�YDULDEOHV�DQG�IL[HG�QDPHV�WR�UHSUHVHQW�WKLV��RU�DQ\��
GDWD�VWUXFWXUH��EHFDXVH�LQ�PRVW�UHDO�OLIH�VLWXDWLRQV�WKHUH�ZLOO�EH�PRUH�WKDQ�RQH�
VWDFN��:KHQ�ZULWLQJ�\RXU�DFWXDO�FRGH��\RX�VKRXOG�DWWHPSW�WR�IROORZ�WKH�PRGHO�DV�
FORVHO\�DV�SRVVLEOH��VR�WKDW�QR�SDUW�RI�\RXU�FRGH��H[FHSW�IRU�WKH�VWDFN�URXWLQHV��
FDQ�DWWHPSW�WR�DFFHVV�WKH�DUUD\�RU�WRS�RI�VWDFN�YDULDEOH�LPSOLHG�E\�HDFK�VWDFN��
7KLV�LV�WUXH�IRU�DOO�ADT�RSHUDWLRQV��0RGHUQ�ODQJXDJHV�VXFK�DV�$GD�DQG�&���FDQ�
DFWXDOO\�HQIRUFH�WKLV�UXOH���

W\SHGHI�VWUXFW�QRGH�QRGHBSWU�

�

VWUXFW�QRGH�

^�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����/,676��67$&.6��$1'�48(8(6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



HOHPHQWBW\SH�HOHPHQW��

QRGHBSWU�QH[W��

`��

W\SHGHI�QRGHBSWU�67$&.��

��6WDFN�LPSOHPHQWDWLRQ�ZLOO�XVH�D�KHDGHU���

�

)LJXUH������7\SH�GHFODUDWLRQ�IRU�OLQNHG�OLVW�LPSOHPHQWDWLRQ�RI�WKH�VWDFN�ADT�

LQW�

LVBHPSW\��67$&.�6���

^�

UHWXUQ��6�!QH[W�  �18//����

`�

)LJXUH������5RXWLQH�WR�WHVW�ZKHWKHU�D�VWDFN�LV�HPSW\�OLQNHG�OLVW�LPSOHPHQWDWLRQ�

67$&.�

FUHDWHBVWDFN��YRLG���

^�

67$&.�6��

6� ��67$&.��PDOORF��VL]HRI��VWUXFW�QRGH������

LI��6�  �18//���

IDWDOBHUURU��2XW�RI�VSDFH�������

UHWXUQ�6��

`�

YRLG�

PDNHBQXOO��67$&.�6���

^�

LI��6�� �18//���

6�!QH[W� �18//��

HOVH�

HUURU��0XVW�XVH�FUHDWHBVWDFN�ILUVW����
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`�

)LJXUH������5RXWLQH�WR�FUHDWH�DQ�HPSW\�VWDFN�OLQNHG�OLVW�LPSOHPHQWDWLRQ�

YRLG�

SXVK��HOHPHQWBW\SH�[��67$&.�6���

^�

QRGHBSWU�WPSBFHOO��

WPSBFHOO� ��QRGHBSWU��PDOORF��VL]HRI���VWUXFW�QRGH������

LI��WPSBFHOO�  �18//���

IDWDOBHUURU��2XW�RI�VSDFH�������

HOVH�

^�

WPSBFHOO�!HOHPHQW� �[��

WPSBFHOO�!QH[W� �6�!QH[W��

6�!QH[W� �WPSBFHOO��

`�

`�

)LJXUH������5RXWLQH�WR�SXVK�RQWR�D�VWDFN�OLQNHG�OLVW�LPSOHPHQWDWLRQ�

HOHPHQWBW\SH�

WRS��67$&.�6���

^�

LI��LVBHPSW\��6�����

HUURU��(PSW\�VWDFN����

HOVH�

UHWXUQ�6�!QH[W�!HOHPHQW��

`�

)LJXUH������5RXWLQH�WR�UHWXUQ�WRS�HOHPHQW�LQ�D�VWDFN��OLQNHG�OLVW�LPSOHPHQWDWLRQ�

YRLG�

SRS��67$&.�6���
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^�

QRGHBSWU�ILUVWBFHOO��

LI��LVBHPSW\��6�����

HUURU��(PSW\�VWDFN����

HOVH�

^�

ILUVWBFHOO� �6�!QH[W��

6�!QH[W� �6�!QH[W�!QH[W��

IUHH��ILUVWBFHOO����

`�

`�

)LJXUH������5RXWLQH�WR�SRS�IURP�D�VWDFN��OLQNHG�OLVW�LPSOHPHQWDWLRQ�

1RWLFH�WKDW�WKHVH�RSHUDWLRQV�DUH�SHUIRUPHG�LQ�QRW�RQO\�FRQVWDQW�WLPH��EXW�YHU\�
IDVW�FRQVWDQW�WLPH��2Q�VRPH�PDFKLQHV��SXVKHV�DQG�SRSV��RI�LQWHJHUV��FDQ�EH�
ZULWWHQ�LQ�RQH�PDFKLQH�LQVWUXFWLRQ��RSHUDWLQJ�RQ�D�UHJLVWHU�ZLWK�DXWR�LQFUHPHQW�
DQG�DXWR�GHFUHPHQW�DGGUHVVLQJ��7KH�IDFW�WKDW�PRVW�PRGHUQ�PDFKLQHV�KDYH�VWDFN�
RSHUDWLRQV�DV�SDUW�RI�WKH�LQVWUXFWLRQ�VHW�HQIRUFHV�WKH�LGHD�WKDW�WKH�VWDFN�LV�
SUREDEO\�WKH�PRVW�IXQGDPHQWDO�GDWD�VWUXFWXUH�LQ�FRPSXWHU�VFLHQFH��DIWHU�WKH�
DUUD\���

2QH�SUREOHP�WKDW�DIIHFWV�WKH�HIILFLHQF\�RI�LPSOHPHQWLQJ�VWDFNV�LV�HUURU�WHVWLQJ��
2XU�OLQNHG�OLVW�LPSOHPHQWDWLRQ�FDUHIXOO\�FKHFNHG�IRU�HUURUV��$V�GHVFULEHG�DERYH��
D�SRS�RQ�DQ�HPSW\�VWDFN�RU�D�SXVK�RQ�D�IXOO�VWDFN�ZLOO�RYHUIORZ�WKH�DUUD\�ERXQGV�
DQG�FDXVH�D�FUDVK��7KLV�LV�REYLRXVO\�XQGHVLUDEOH��EXW�LI�FKHFNV�IRU�WKHVH�
FRQGLWLRQV�ZHUH�SXW�LQ�WKH�DUUD\�LPSOHPHQWDWLRQ��WKH\�ZRXOG�OLNHO\�WDNH�DV�PXFK�
WLPH�DV�WKH�DFWXDO�VWDFN�PDQLSXODWLRQ��)RU�WKLV�UHDVRQ��LW�KDV�EHFRPH�D�FRPPRQ�
SUDFWLFH�WR�VNLPS�RQ�HUURU�FKHFNLQJ�LQ�WKH�VWDFN�URXWLQHV��H[FHSW�ZKHUH�HUURU�
KDQGOLQJ�LV�FUXFLDO��DV�LQ�RSHUDWLQJ�V\VWHPV���$OWKRXJK�\RX�FDQ�SUREDEO\�JHW�DZD\�
ZLWK�WKLV�LQ�PRVW�FDVHV�E\�GHFODULQJ�WKH�VWDFN�WR�EH�ODUJH�HQRXJK�QRW�WR�RYHUIORZ�
DQG�HQVXULQJ�WKDW�URXWLQHV�WKDW�XVH�SRS�QHYHU�DWWHPSW�WR�SRS DQ�HPSW\�VWDFN��WKLV�
FDQ�OHDG�WR�FRGH�WKDW�EDUHO\�ZRUNV�DW�EHVW��HVSHFLDOO\�ZKHQ�SURJUDPV�JHW�ODUJH�
DQG�DUH�ZULWWHQ�E\�PRUH�WKDQ�RQH�SHUVRQ�RU�DW�PRUH�WKDQ�RQH�WLPH��%HFDXVH�VWDFN�
RSHUDWLRQV�WDNH�VXFK�IDVW�FRQVWDQW�WLPH��LW�LV�UDUH�WKDW�D�VLJQLILFDQW�SDUW�RI�
WKH�UXQQLQJ�WLPH�RI�D�SURJUDP�LV�VSHQW�LQ�WKHVH�URXWLQHV��7KLV�PHDQV�WKDW�LW�LV�
JHQHUDOO\�QRW�MXVWLILDEOH�WR�RPLW�HUURU�FKHFNV��<RX�VKRXOG�DOZD\V�ZULWH�WKH�HUURU�
FKHFNV��LI�WKH\�DUH�UHGXQGDQW��\RX�FDQ�DOZD\V�FRPPHQW�WKHP�RXW�LI�WKH\�UHDOO\�
FRVW�WRR�PXFK�WLPH��+DYLQJ�VDLG�DOO�WKLV��ZH�FDQ�QRZ�ZULWH�URXWLQHV�WR�LPSOHPHQW�
D�JHQHUDO�VWDFN�XVLQJ�DUUD\V���

$�67$&.�LV�GHILQHG�LQ�)LJXUH������DV�D�SRLQWHU�WR�D�VWUXFWXUH��7KH�VWUXFWXUH�
FRQWDLQV�WKH�WRSBRIBVWDFN�DQG�VWDFNBVL]H�ILHOGV��2QFH�WKH�PD[LPXP�VL]H�LV�NQRZQ��
WKH�VWDFN�DUUD\�FDQ�EH�G\QDPLFDOO\�DOORFDWHG��)LJXUH������FUHDWHV�D�VWDFN�RI�D�
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JLYHQ�PD[LPXP�VL]H��/LQHV�����DOORFDWH�WKH�VWDFN�VWUXFWXUH��DQG�OLQHV�����
DOORFDWH�WKH�VWDFN�DUUD\��/LQHV���DQG����LQLWLDOL]H�WKH�WRSBRIBVWDFN�DQG�
VWDFNBVL]H�ILHOGV��7KH�VWDFN�DUUD\�GRHV�QRW�QHHG�WR�EH�LQLWLDOL]HG��7KH�VWDFN�LV�
UHWXUQHG�DW�OLQH������

7KH�URXWLQH�GLVSRVHBVWDFN�VKRXOG�EH�ZULWWHQ�WR�IUHH�WKH�VWDFN�VWUXFWXUH��7KLV�
URXWLQH�ILUVW�IUHHV�WKH�VWDFN�DUUD\�DQG�WKHQ�WKH�VWDFN�VWUXFWXUH��6HH�)LJXUH�
�������6LQFH�FUHDWHBVWDFN�UHTXLUHV�DQ�DUJXPHQW�LQ�WKH�DUUD\�LPSOHPHQWDWLRQ��EXW�
QRW�LQ�WKH�OLQNHG�OLVW�LPSOHPHQWDWLRQ��WKH�URXWLQH�WKDW�XVHV�D�VWDFN�ZLOO�QHHG�WR�
NQRZ�ZKLFK�LPSOHPHQWDWLRQ�LV�EHLQJ�XVHG�XQOHVV�D�GXPP\�SDUDPHWHU�LV�DGGHG�IRU�WKH�
ODWHU�LPSOHPHQWDWLRQ��8QIRUWXQDWHO\��HIILFLHQF\�DQG�VRIWZDUH�LGHDOLVP�RIWHQ�
FUHDWH�FRQIOLFWV���

VWUXFW�VWDFNBUHFRUG�

^�

XQVLJQHG�LQW�VWDFNBVL]H��

LQW�WRSBRIBVWDFN��

HOHPHQWBW\SH�VWDFNBDUUD\��

`��

W\SHGHI�VWUXFW�VWDFNBUHFRUG�67$&.��

�GHILQH�(037<B726��������6LJQLILHV�DQ�HPSW\�VWDFN���

)LJXUH������67$&.�GHILQLWLRQ��DUUD\�LPSOHPHQWDLRQ�

67$&.�

FUHDWHBVWDFN��XQVLJQHG�LQW�PD[BHOHPHQWV���

^�

67$&.�6��

����������LI��PD[BHOHPHQWV���0,1B67$&.B6,=(���

���������������HUURU��6WDFN�VL]H�LV�WRR�VPDOO����

����������6� ��67$&.��PDOORF��VL]HRI��VWUXFW�VWDFNBUHFRUG������

����������LI��6�  �18//���

���������������IDWDOBHUURU��2XW�RI�VSDFH�������

����������6�!VWDFNBDUUD\� ��HOHPHQWBW\SH���

PDOORF��VL]HRI��HOHPHQWBW\SH����PD[BHOHPHQWV����

����������LI��6�!VWDFNBDUUD\�  �18//���

���������������IDWDOBHUURU��2XW�RI�VSDFH�������
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����������6�!WRSBRIBVWDFN� �(037<B726��

����������6�!VWDFNBVL]H� �PD[BHOHPHQWV��

����������UHWXUQ��6����

`�

)LJXUH������6WDFN�FUHDWLRQ��DUUD\�LPSOHPHQWDLRQ�

YRLG�

GLVSRVHBVWDFN��67$&.�6���

^�

LI��6�� �18//���

^�

IUHH��6�!VWDFNBDUUD\����

IUHH��6����

`�

`�

)LJXUH������5RXWLQH�IRU�IUHHLQJ�VWDFN��DUUD\�LPSOHPHQWDWLRQ�

:H�KDYH�DVVXPHG�WKDW�DOO�VWDFNV�GHDO�ZLWK�WKH�VDPH�W\SH�RI�HOHPHQW��,Q�PDQ\�
ODQJXDJHV��LI�WKHUH�DUH�GLIIHUHQW�W\SHV�RI�VWDFNV��WKHQ�ZH�QHHG�WR�UHZULWH�D�QHZ�
YHUVLRQ�RI�WKH�VWDFN�URXWLQHV�IRU�HDFK�GLIIHUHQW�W\SH��JLYLQJ�HDFK�YHUVLRQ�D�
GLIIHUHQW�QDPH��$�FOHDQHU�DOWHUQDWLYH�LV�SURYLGHG�LQ�&����ZKLFK�DOORZV�RQH�WR�
ZULWH�D�VHW�RI�JHQHULF�VWDFN�URXWLQHV�DQG�HVVHQWLDOO\�SDVV�WKH�W\SH�DV�DQ�
DUJXPHQW��&���DOVR�DOORZV�VWDFNV�RI�VHYHUDO�GLIIHUHQW�W\SHV�WR�UHWDLQ�WKH�VDPH�
SURFHGXUH�DQG�IXQFWLRQ�QDPHV��VXFK�DV�SXVK�DQG�SRS���7KH�FRPSLOHU�GHFLGHV�ZKLFK�
URXWLQHV�DUH�LPSOLHG�E\�FKHFNLQJ�WKH�W\SH�RI�WKH�FDOOLQJ�URXWLQH���

7KLV�LV�VRPHZKDW�RI�DQ�RYHUVLPSOLILFDWLRQ���

+DYLQJ�VDLG�DOO�WKLV��ZH�ZLOO�QRZ�UHZULWH�WKH�IRXU�VWDFN�URXWLQHV��,Q�WUXH�ADT�
VSLULW��ZH�ZLOO�PDNH�WKH�IXQFWLRQ�DQG�SURFHGXUH�KHDGLQJ�ORRN�LGHQWLFDO�WR�WKH�
OLQNHG�OLVW�LPSOHPHQWDWLRQ��7KH�URXWLQHV�WKHPVHOYHV�DUH�YHU\�VLPSOH�DQG�IROORZ�
WKH�ZULWWHQ�GHVFULSWLRQ�H[DFWO\��VHH�)LJV�������WR���������

3RS�LV�RFFDVLRQDOO\�ZULWWHQ�DV�D�IXQFWLRQ�WKDW�UHWXUQV�WKH�SRSSHG�HOHPHQW��DQG�
DOWHUV�WKH�VWDFN���$OWKRXJK�FXUUHQW�WKLQNLQJ�VXJJHVWV�WKDW�IXQFWLRQV�VKRXOG�QRW�
FKDQJH�WKHLU�LQSXW�YDULDEOHV��)LJXUH������LOOXVWUDWHV�WKDW�WKLV�LV�WKH�PRVW�
FRQYHQLHQW�PHWKRG�LQ�&���

LQW�

LVBHPSW\��67$&.�6���
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^�

UHWXUQ��6�!WRSBRIBVWDFN�  �(037<B726����

`�

)LJXUH������5RXWLQH�WR�WHVW�ZKHWKHU�D�VWDFN�LV�HPSW\��DUUD\�LPSOHPHQWDWLRQ�

YRLG�

PDNHBQXOO��67$&.�6���

^�

6�!WRSBRIBVWDFN� �(037<B726��

`�

)LJXUH������5RXWLQH�WR�FUHDWH�DQ�HPSW\�VWDFN��DUUD\�LPSOHPHQWDWLRQ�

YRLG�

SXVK��HOHPHQWBW\SH�[��67$&.�6���

^�

LI��LVBIXOO��6�����

HUURU��)XOO�VWDFN����

HOVH�

6�!VWDFNBDUUD\>���6�!WRSBRIBVWDFN�@� �[��

`�

)LJXUH������5RXWLQH�WR�SXVK�RQWR�D�VWDFN��DUUD\�LPSOHPHQWDWLRQ�

HOHPHQWBW\SH�

WRS��67$&.�6���

^�

LI��LVBHPSW\��6�����

HUURU��(PSW\�VWDFN����

HOVH�

UHWXUQ�6�!VWDFNBDUUD\>�6�!WRSBRIBVWDFN�@��

`�

)LJXUH������5RXWLQH�WR�UHWXUQ�WRS�RI�VWDFN��DUUD\�LPSOHPHQWDWLRQ�
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YRLG�

SRS��67$&.�6���

^�

LI��LVBHPSW\��6�����

HUURU��(PSW\�VWDFN����

HOVH�

6�!WRSBRIBVWDFN����

`�

)LJXUH������5RXWLQH�WR�SRS�IURP�D�VWDFN��DUUD\�LPSOHPHQWDWLRQ�

HOHPHQWBW\SH�

SRS��67$&.�6���

^�

LI��LVBHPSW\��6�����

HUURU��(PSW\�VWDFN����

HOVH�

UHWXUQ�6�!VWDFNBDUUD\>�6�!WRSBRIBVWDFN���@��

`�

)LJXUH������5RXWLQH�WR�JLYH�WRS�HOHPHQW�DQG�SRS�D�VWDFN��DUUD\�LPSOHPHQWDWLRQ�

�������$SSOLFDWLRQV�

,W�VKRXOG�FRPH�DV�QR�VXUSULVH�WKDW�LI�ZH�UHVWULFW�WKH�RSHUDWLRQV�DOORZHG�RQ�D�
OLVW��WKRVH�RSHUDWLRQV�FDQ�EH�SHUIRUPHG�YHU\�TXLFNO\��7KH�ELJ�VXUSULVH��KRZHYHU��
LV�WKDW�WKH�VPDOO�QXPEHU�RI�RSHUDWLRQV�OHIW�DUH�VR�SRZHUIXO�DQG�LPSRUWDQW��:H�
JLYH�WKUHH�RI�WKH�PDQ\�DSSOLFDWLRQV�RI�VWDFNV��7KH�WKLUG�DSSOLFDWLRQ�JLYHV�D�GHHS�
LQVLJKW�LQWR�KRZ�SURJUDPV�DUH�RUJDQL]HG���

%DODQFLQJ�6\PEROV�

&RPSLOHUV�FKHFN�\RXU�SURJUDPV�IRU�V\QWD[�HUURUV��EXW�IUHTXHQWO\�D�ODFN�RI�RQH�
V\PERO��VXFK�DV�D�PLVVLQJ�EUDFH�RU�FRPPHQW�VWDUWHU��ZLOO�FDXVH�WKH�FRPSLOHU�WR�
VSLOO�RXW�D�KXQGUHG�OLQHV�RI�GLDJQRVWLFV�ZLWKRXW�LGHQWLI\LQJ�WKH�UHDO�HUURU���

$�XVHIXO�WRRO�LQ�WKLV�VLWXDWLRQ�LV�D�SURJUDP�WKDW�FKHFNV�ZKHWKHU�HYHU\WKLQJ�LV�
EDODQFHG��7KXV��HYHU\�ULJKW�EUDFH��EUDFNHW��DQG�SDUHQWKHVLV�PXVW�FRUUHVSRQG�WR�
WKHLU�OHIW�FRXQWHUSDUWV��7KH�VHTXHQFH�>��@�LV�OHJDO��EXW�>�@��LV�ZURQJ��
2EYLRXVO\��LW�LV�QRW�ZRUWKZKLOH�ZULWLQJ�D�KXJH�SURJUDP�IRU�WKLV��EXW�LW�WXUQV�RXW�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����/,676��67$&.6��$1'�48(8(6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



WKDW�LW�LV�HDV\�WR�FKHFN�WKHVH�WKLQJV��)RU�VLPSOLFLW\��ZH�ZLOO�MXVW�FKHFN�IRU�
EDODQFLQJ�RI�SDUHQWKHVHV��EUDFNHWV��DQG�EUDFHV�DQG�LJQRUH�DQ\�RWKHU�FKDUDFWHU�
WKDW�DSSHDUV���

7KH�VLPSOH�DOJRULWKP�XVHV�D�VWDFN�DQG�LV�DV�IROORZV���

0DNH�DQ�HPSW\�VWDFN��5HDG�FKDUDFWHUV�XQWLO�HQG�RI�ILOH��,I�WKH�FKDUDFWHU�LV�DQ�
RSHQ�DQ\WKLQJ��SXVK�LW�RQWR�WKH�VWDFN��,I�LW�LV�D�FORVH�DQ\WKLQJ��WKHQ�LI�WKH�
VWDFN�LV�HPSW\�UHSRUW�DQ�HUURU��2WKHUZLVH��SRS�WKH�VWDFN��,I�WKH�V\PERO�SRSSHG�LV�
QRW�WKH�FRUUHVSRQGLQJ�RSHQLQJ�V\PERO��WKHQ�UHSRUW�DQ�HUURU��$W�HQG�RI�ILOH��LI�
WKH�VWDFN�LV�QRW�HPSW\�UHSRUW�DQ�HUURU���

<RX�VKRXOG�EH�DEOH�WR�FRQYLQFH�\RXUVHOI�WKDW�WKLV�DOJRULWKP�ZRUNV��,W�LV�FOHDUO\�
OLQHDU�DQG�DFWXDOO\�PDNHV�RQO\�RQH�SDVV�WKURXJK�WKH�LQSXW��,W�LV�WKXV�RQ�OLQH�DQG�
TXLWH�IDVW��([WUD�ZRUN�FDQ�EH�GRQH�WR�DWWHPSW�WR�GHFLGH�ZKDW�WR�GR�ZKHQ�DQ�HUURU�
LV�UHSRUWHG��VXFK�DV�LGHQWLI\LQJ�WKH�OLNHO\�FDXVH���

3RVWIL[�([SUHVVLRQV�

6XSSRVH�ZH�KDYH�D�SRFNHW�FDOFXODWRU�DQG�ZRXOG�OLNH�WR�FRPSXWH�WKH�FRVW�RI�D�
VKRSSLQJ�WULS��7R�GR�VR��ZH�DGG�D�OLVW�RI�QXPEHUV�DQG�PXOWLSO\�WKH�UHVXOW�E\�
������WKLV�FRPSXWHV�WKH�SXUFKDVH�SULFH�RI�VRPH�LWHPV�ZLWK�ORFDO�VDOHV�WD[�DGGHG��
,I�WKH�LWHPV�DUH�������������DQG�������WKHQ�D�QDWXUDO�ZD\�WR�HQWHU�WKLV�ZRXOG�EH�
WKH�VHTXHQFH��

������������������������� 

�

'HSHQGLQJ�RQ�WKH�FDOFXODWRU��WKLV�SURGXFHV�HLWKHU�WKH�LQWHQGHG�DQVZHU���������RU�
WKH�VFLHQWLILF�DQVZHU���������0RVW�VLPSOH�IRXU�IXQFWLRQ�FDOFXODWRUV�ZLOO�JLYH�WKH�
ILUVW�DQVZHU��EXW�EHWWHU�FDOFXODWRUV�NQRZ�WKDW�PXOWLSOLFDWLRQ�KDV�KLJKHU�
SUHFHGHQFH�WKDQ�DGGLWLRQ���

2Q�WKH�RWKHU�KDQG��VRPH�LWHPV�DUH�WD[DEOH�DQG�VRPH�DUH�QRW��VR�LI�RQO\�WKH�ILUVW�
DQG�ODVW�LWHPV�ZHUH�DFWXDOO\�WD[DEOH��WKHQ�WKH�VHTXHQFH��

������������������������������� 

�

ZRXOG�JLYH�WKH�FRUUHFW�DQVZHU���������RQ�D�VFLHQWLILF�FDOFXODWRU�DQG�WKH�ZURQJ�
DQVZHU���������RQ�D�VLPSOH�FDOFXODWRU��$�VFLHQWLILF�FDOFXODWRU�JHQHUDOO\�FRPHV�
ZLWK�SDUHQWKHVHV��VR�ZH�FDQ�DOZD\V�JHW�WKH�ULJKW�DQVZHU�E\�SDUHQWKHVL]LQJ��EXW�
ZLWK�D�VLPSOH�FDOFXODWRU�ZH�QHHG�WR�UHPHPEHU�LQWHUPHGLDWH�UHVXOWV���

$�W\SLFDO�HYDOXDWLRQ�VHTXHQFH�IRU�WKLV�H[DPSOH�PLJKW�EH�WR�PXOWLSO\������DQG�
������VDYLQJ�WKLV�DQVZHU�DV�D���:H�WKHQ�DGG������DQG�D���VDYLQJ�WKH�UHVXOW�LQ�D���

:H�PXOWLSO\������DQG�������VDYLQJ�WKH�DQVZHU�LQ�D���DQG�ILQLVK�E\�DGGLQJ�DO�DQG�

D���OHDYLQJ�WKH�ILQDO�DQVZHU�LQ�DO��:H�FDQ�ZULWH�WKLV�VHTXHQFH�RI�RSHUDWLRQV�DV�

IROORZV���

������������������������������

�

7KLV�QRWDWLRQ�LV�NQRZQ�DV�SRVWIL[�RU�UHYHUVH�3ROLVK�QRWDWLRQ�DQG�LV�HYDOXDWHG�
H[DFWO\�DV�ZH�KDYH�GHVFULEHG�DERYH��7KH�HDVLHVW�ZD\�WR�GR�WKLV�LV�WR�XVH�D�VWDFN��
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:KHQ�D�QXPEHU�LV�VHHQ��LW�LV�SXVKHG�RQWR�WKH�VWDFN��ZKHQ�DQ�RSHUDWRU�LV�VHHQ��WKH�
RSHUDWRU�LV�DSSOLHG�WR�WKH�WZR�QXPEHUV��V\PEROV��WKDW�DUH�SRSSHG�IURP�WKH�VWDFN�
DQG�WKH�UHVXOW�LV�SXVKHG�RQWR�WKH�VWDFN��)RU�LQVWDQFH��WKH�SRVWIL[�H[SUHVVLRQ��

�������������������

�

LV�HYDOXDWHG�DV�IROORZV��7KH�ILUVW�IRXU�V\PEROV�DUH�SODFHG�RQ�WKH�VWDFN��7KH�UHVXOWLQJ�VWDFN�LV�

�

�

1H[W�D�
�
�LV�UHDG��VR���DQG���DUH�SRSSHG�IURP�WKH�VWDFN�DQG�WKHLU�VXP�����LV�SXVKHG��

�

�

�

1H[W���LV�SXVKHG��

�

�

�

1RZ�D�

�LV�VHHQ��VR���DQG���DUH�SRSSHG�DV������ ����LV�SXVKHG��

�

�

�

1H[W�D�
�
�LV�VHHQ��VR����DQG���DUH�SRSSHG�DQG�������� ����LV�SXVKHG��

�

�

�

1RZ����LV�SXVKHG��

�
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�

�

1H[W�
�
�SRSV���DQG����DQG�SXVKHV�������� �����

�

�

�

)LQDOO\��D�

�LV�VHHQ�DQG����DQG���DUH�SRSSHG��WKH�UHVXOW������� �����LV�SXVKHG��

�

�

�

7KH�WLPH�WR�HYDOXDWH�D�SRVWIL[�H[SUHVVLRQ�LV�2�Q���EHFDXVH�SURFHVVLQJ�HDFK�HOHPHQW�LQ�WKH�LQSXW�
FRQVLVWV�RI�VWDFN�RSHUDWLRQV�DQG�WKXV�WDNHV�FRQVWDQW�WLPH��7KH�DOJRULWKP�WR�GR�VR�LV�YHU\�VLPSOH��
1RWLFH�WKDW�ZKHQ�DQ�H[SUHVVLRQ�LV�JLYHQ�LQ�SRVWIL[�QRWDWLRQ��WKHUH�LV�QR�QHHG�WR�NQRZ�DQ\�
SUHFHGHQFH�UXOHV��WKLV�LV�DQ�REYLRXV�DGYDQWDJH���

,QIL[�WR�3RVWIL[�&RQYHUVLRQ
�

1RW�RQO\�FDQ�D�VWDFN�EH�XVHG�WR�HYDOXDWH�D�SRVWIL[�H[SUHVVLRQ��EXW�ZH�FDQ�DOVR�XVH�D�VWDFN�WR�
FRQYHUW�DQ�H[SUHVVLRQ�LQ�VWDQGDUG�IRUP��RWKHUZLVH�NQRZQ�DV�LQIL[��LQWR�SRVWIL[��:H�ZLOO�
FRQFHQWUDWH�RQ�D�VPDOO�YHUVLRQ�RI�WKH�JHQHUDO�SUREOHP�E\�DOORZLQJ�RQO\�WKH�RSHUDWRUV������DQG�

������DQG�LQVLVWLQJ�RQ�WKH�XVXDO�SUHFHGHQFH�UXOHV��:H�ZLOO�IXUWKHU�DVVXPH�WKDW�WKH�H[SUHVVLRQ�LV�
OHJDO��6XSSRVH�ZH�ZDQW�WR�FRQYHUW�WKH�LQIL[�H[SUHVVLRQ��

D���E��F�����G��H���I����J

�

LQWR�SRVWIL[��$�FRUUHFW�DQVZHU�LV�D�E�F����G�H��I���J�����

�

:KHQ�DQ�RSHUDQG�LV�UHDG��LW�LV�LPPHGLDWHO\�SODFHG�RQWR�WKH�RXWSXW��2SHUDWRUV�DUH�QRW�LPPHGLDWHO\�
RXWSXW��VR�WKH\�PXVW�EH�VDYHG�VRPHZKHUH��7KH�FRUUHFW�WKLQJ�WR�GR�LV�WR�SODFH�RSHUDWRUV�WKDW�KDYH�
EHHQ�VHHQ��EXW�QRW�SODFHG�RQ�WKH�RXWSXW��RQWR�WKH�VWDFN��:H�ZLOO�DOVR�VWDFN�OHIW�SDUHQWKHVHV�ZKHQ�
WKH\�DUH�HQFRXQWHUHG��:H�VWDUW�ZLWK�DQ�LQLWLDOO\�HPSW\�VWDFN���

,I�ZH�VHH�D�ULJKW�SDUHQWKHVLV��WKHQ�ZH�SRS�WKH�VWDFN��ZULWLQJ�V\PEROV�XQWLO�ZH�HQFRXQWHU�D�
�FRUUHVSRQGLQJ��OHIW�SDUHQWKHVLV��ZKLFK�LV�SRSSHG�EXW�QRW�RXWSXW���

,I�ZH�VHH�DQ\�RWKHU�V\PERO��
�
�

��
�
����WKHQ�ZH�SRS�HQWULHV�IURP�WKH�VWDFN�XQWLO�ZH�ILQG�DQ�

HQWU\�RI�ORZHU�SULRULW\��2QH�H[FHSWLRQ�LV�WKDW�ZH�QHYHU�UHPRYH�D�
�
�IURP�WKH�VWDFN�H[FHSW�ZKHQ�
SURFHVVLQJ�D�
�
��)RU�WKH�SXUSRVHV�RI�WKLV�RSHUDWLRQ��
�
�KDV�ORZHVW�SULRULW\�DQG�
�
�KLJKHVW��
:KHQ�WKH�SRSSLQJ�LV�GRQH��ZH�SXVK�WKH�RSHUDQG�RQWR�WKH�VWDFN���
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)LQDOO\��LI�ZH�UHDG�WKH�HQG�RI�LQSXW��ZH�SRS�WKH�VWDFN�XQWLO�LW�LV�HPSW\��ZULWLQJ�V\PEROV�RQWR�
WKH�RXWSXW���

7R�VHH�KRZ�WKLV�DOJRULWKP�SHUIRUPV��ZH�ZLOO�FRQYHUW�WKH�LQIL[�H[SUHVVLRQ�DERYH�LQWR�LWV�SRVWIL[�
IRUP��)LUVW��WKH�V\PERO�D�LV�UHDG��VR�LW�LV�SDVVHG�WKURXJK�WR�WKH�RXWSXW��7KHQ�
�
�LV�UHDG�DQG�
SXVKHG�RQWR�WKH�VWDFN��1H[W�E�LV�UHDG�DQG�SDVVHG�WKURXJK�WR�WKH�RXWSXW��7KH�VWDWH�RI�DIIDLUV�DW�
WKLV�MXQFWXUH�LV�DV�IROORZV���

�

�

1H[W�D�

�LV�UHDG��7KH�WRS�HQWU\�RQ�WKH�RSHUDWRU�VWDFN�KDV�ORZHU�SUHFHGHQFH�WKDQ�

��VR�QRWKLQJ�

LV�RXWSXW�DQG�

�LV�SXW�RQ�WKH�VWDFN��1H[W��F�LV�UHDG�DQG�RXWSXW��7KXV�IDU��ZH�KDYH��

�

�

7KH�QH[W�V\PERO�LV�D�
�
��&KHFNLQJ�WKH�VWDFN��ZH�ILQG�WKDW�ZH�ZLOO�SRS�D�

�DQG�SODFH�LW�RQ�WKH�

RXWSXW��SRS�WKH�RWKHU�
�
��ZKLFK�LV�QRW�RI�ORZHU�EXW�HTXDO�SULRULW\��RQ�WKH�VWDFN��DQG�WKHQ�SXVK�
WKH�
�
���

�

�

7KH�QH[W�V\PERO�UHDG�LV�DQ�
�
��ZKLFK��EHLQJ�RI�KLJKHVW�SUHFHGHQFH��LV�SODFHG�RQ�WKH�VWDFN��7KHQ�
G�LV�UHDG�DQG�RXWSXW���

�

�

:H�FRQWLQXH�E\�UHDGLQJ�D�

��6LQFH�RSHQ�SDUHQWKHVHV�GR�QRW�JHW�UHPRYHG�H[FHSW�ZKHQ�D�FORVHG�

SDUHQWKHVLV�LV�EHLQJ�SURFHVVHG��WKHUH�LV�QR�RXWSXW��1H[W��H�LV�UHDG�DQG�RXWSXW���

�

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����/,676��67$&.6��$1'�48(8(6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



7KH�QH[W�V\PERO�UHDG�LV�D�
�
��:H�SRS�DQG�RXWSXW�

�DQG�WKHQ�SXVK�
�
��7KHQ�ZH�UHDG�DQG�RXWSXW�

��

�

�

�

1RZ�ZH�UHDG�D�
�
��VR�WKH�VWDFN�LV�HPSWLHG�EDFN�WR�WKH�
�
��:H�RXWSXW�D�
�
��

�

�

�

:H�UHDG�D�

�QH[W��LW�LV�SXVKHG�RQWR�WKH�VWDFN��7KHQ�J�LV�UHDG�DQG�RXWSXW��

�

�

�

7KH�LQSXW�LV�QRZ�HPSW\��VR�ZH�SRS�DQG�RXWSXW�V\PEROV�IURP�WKH�VWDFN�XQWLO�LW�LV�HPSW\��

�

�

�

$V�EHIRUH��WKLV�FRQYHUVLRQ�UHTXLUHV�RQO\�2�Q��WLPH�DQG�ZRUNV�LQ�RQH�SDVV�WKURXJK�WKH�LQSXW��:H�
FDQ�DGG�VXEWUDFWLRQ�DQG�GLYLVLRQ�WR�WKLV�UHSHUWRLUH�E\�DVVLJQLQJ�VXEWUDFWLRQ�DQG�DGGLWLRQ�HTXDO�
SULRULW\�DQG�PXOWLSOLFDWLRQ�DQG�GLYLVLRQ�HTXDO�SULRULW\��$�VXEWOH�SRLQW�LV�WKDW�WKH�H[SUHVVLRQ�D�
��E���F�ZLOO�EH�FRQYHUWHG�WR�DE���F��DQG�QRW�DEF������2XU�DOJRULWKP�GRHV�WKH�ULJKW�WKLQJ��EHFDXVH�
WKHVH�RSHUDWRUV�DVVRFLDWH�IURP�OHIW�WR�ULJKW��7KLV�LV�QRW�QHFHVVDULO\�WKH�FDVH�LQ�JHQHUDO��VLQFH�

H[SRQHQWLDWLRQ�DVVRFLDWHV�ULJKW�WR�OHIW����3� ���� �����QRW���� �����:H�OHDYH�DV�DQ�H[HUFLVH�WKH�
SUREOHP�RI�DGGLQJ�H[SRQHQWLDWLRQ�WR�WKH�UHSHUWRLUH�RI�DVVLJQPHQWV���

)XQFWLRQ�&DOOV
�

7KH�DOJRULWKP�WR�FKHFN�EDODQFHG�V\PEROV�VXJJHVWV�D�ZD\�WR�LPSOHPHQW�IXQFWLRQ�FDOOV��7KH�SUREOHP�
KHUH�LV�WKDW�ZKHQ�D�FDOO�LV�PDGH�WR�D�QHZ�IXQFWLRQ��DOO�WKH�YDULDEOHV�ORFDO�WR�WKH�FDOOLQJ�
URXWLQH�QHHG�WR�EH�VDYHG�E\�WKH�V\VWHP��VLQFH�RWKHUZLVH�WKH�QHZ�IXQFWLRQ�ZLOO�RYHUZULWH�WKH�
FDOOLQJ�URXWLQH
V�YDULDEOHV��)XUWKHUPRUH��WKH�FXUUHQW�ORFDWLRQ�LQ�WKH�URXWLQH�PXVW�EH�VDYHG�VR�
WKDW�WKH�QHZ�IXQFWLRQ�NQRZV�ZKHUH�WR�JR�DIWHU�LW�LV�GRQH��7KH�YDULDEOHV�KDYH�JHQHUDOO\�EHHQ�
DVVLJQHG�E\�WKH�FRPSLOHU�WR�PDFKLQH�UHJLVWHUV��DQG�WKHUH�DUH�FHUWDLQ�WR�EH�FRQIOLFWV��XVXDOO\�DOO�
SURFHGXUHV�JHW�VRPH�YDULDEOHV�DVVLJQHG�WR�UHJLVWHU������HVSHFLDOO\�LI�UHFXUVLRQ�LV�LQYROYHG��7KH�
UHDVRQ�WKDW�WKLV�SUREOHP�LV�VLPLODU�WR�EDODQFLQJ�V\PEROV�LV�WKDW�D�IXQFWLRQ�FDOO�DQG�IXQFWLRQ�
UHWXUQ�DUH�HVVHQWLDOO\�WKH�VDPH�DV�DQ�RSHQ�SDUHQWKHVLV�DQG�FORVHG�SDUHQWKHVLV��VR�WKH�VDPH�LGHDV�
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VKRXOG�ZRUN���

:KHQ�WKHUH�LV�D�IXQFWLRQ�FDOO��DOO�WKH�LPSRUWDQW�LQIRUPDWLRQ�WKDW�QHHGV�WR�EH�VDYHG��VXFK�DV�
UHJLVWHU�YDOXHV��FRUUHVSRQGLQJ�WR�YDULDEOH�QDPHV��DQG�WKH�UHWXUQ�DGGUHVV��ZKLFK�FDQ�EH�REWDLQHG�
IURP�WKH�SURJUDP�FRXQWHU��ZKLFK�LV�W\SLFDOO\�LQ�D�UHJLVWHU���LV�VDYHG��RQ�D�SLHFH�RI�SDSHU��LQ�DQ�
DEVWUDFW�ZD\�DQG�SXW�DW�WKH�WRS�RI�D�SLOH��7KHQ�WKH�FRQWURO�LV�WUDQVIHUUHG�WR�WKH�QHZ�IXQFWLRQ��
ZKLFK�LV�IUHH�WR�UHSODFH�WKH�UHJLVWHUV�ZLWK�LWV�YDOXHV��,I�LW�PDNHV�RWKHU�IXQFWLRQ�FDOOV��LW�
IROORZV�WKH�VDPH�SURFHGXUH��:KHQ�WKH�IXQFWLRQ�ZDQWV�WR�UHWXUQ��LW�ORRNV�DW�WKH��SDSHU��DW�WKH�WRS�
RI�WKH�SLOH�DQG�UHVWRUHV�DOO�WKH�UHJLVWHUV��,W�WKHQ�PDNHV�WKH�UHWXUQ�MXPS���

&OHDUO\��DOO�RI�WKLV�ZRUN�FDQ�EH�GRQH�XVLQJ�D�VWDFN��DQG�WKDW�LV�H[DFWO\�ZKDW�KDSSHQV�LQ�
YLUWXDOO\�HYHU\�SURJUDPPLQJ�ODQJXDJH�WKDW�LPSOHPHQWV�UHFXUVLRQ��7KH�LQIRUPDWLRQ�VDYHG�LV�FDOOHG�
HLWKHU�DQ�DFWLYDWLRQ�UHFRUG�RU�VWDFN�IUDPH��7KH�VWDFN�LQ�D�UHDO�FRPSXWHU�IUHTXHQWO\�JURZV�IURP�
WKH�KLJK�HQG�RI�\RXU�PHPRU\�SDUWLWLRQ�GRZQZDUGV��DQG�RQ�PDQ\�V\VWHPV�WKHUH�LV�QR�FKHFNLQJ�IRU�
RYHUIORZ��7KHUH�LV�DOZD\V�WKH�SRVVLELOLW\�WKDW�\RX�ZLOO�UXQ�RXW�RI�VWDFN�VSDFH�E\�KDYLQJ�WRR�PDQ\�
VLPXOWDQHRXVO\�DFWLYH�IXQFWLRQV��1HHGOHVV�WR�VD\��UXQQLQJ�RXW�RI�VWDFN�VSDFH�LV�DOZD\V�D�IDWDO�
HUURU���

,Q�ODQJXDJHV�DQG�V\VWHPV�WKDW�GR�QRW�FKHFN�IRU�VWDFN�RYHUIORZ��\RXU�SURJUDP�ZLOO�FUDVK�ZLWKRXW�DQ�
H[SOLFLW�H[SODQDWLRQ��2Q�WKHVH�V\VWHPV��VWUDQJH�WKLQJV�PD\�KDSSHQ�ZKHQ�\RXU�VWDFN�JHWV�WRR�ELJ��
EHFDXVH�\RXU�VWDFN�ZLOO�UXQ�LQWR�SDUW�RI�\RXU�SURJUDP��,W�FRXOG�EH�WKH�PDLQ�SURJUDP��RU�LW�FRXOG�
EH�SDUW�RI�\RXU�GDWD��HVSHFLDOO\�LI�\RX�KDYH�D�ELJ�DUUD\��,I�LW�UXQV�LQWR�\RXU�SURJUDP��\RXU�
SURJUDP�ZLOO�EH�FRUUXSWHG��\RX�ZLOO�KDYH�QRQVHQVH�LQVWUXFWLRQV�DQG�ZLOO�FUDVK�DV�VRRQ�DV�WKH\�DUH�
H[HFXWHG��,I�WKH�VWDFN�UXQV�LQWR�\RXU�GDWD��ZKDW�LV�OLNHO\�WR�KDSSHQ�LV�WKDW�ZKHQ�\RX�ZULWH�
VRPHWKLQJ�LQWR�\RXU�GDWD��LW�ZLOO�GHVWUR\�VWDFN�LQIRUPDWLRQ����SUREDEO\�WKH�UHWXUQ�DGGUHVV��� DQG�
\RXU�SURJUDP�ZLOO�DWWHPSW�WR�UHWXUQ�WR�VRPH�ZHLUG�DGGUHVV�DQG�FUDVK���

,Q�QRUPDO�HYHQWV��\RX�VKRXOG�QRW�UXQ�RXW�RI�VWDFN�VSDFH��GRLQJ�VR�LV�XVXDOO\�DQ�LQGLFDWLRQ�RI�
UXQDZD\�UHFXUVLRQ��IRUJHWWLQJ�D�EDVH�FDVH���2Q�WKH�RWKHU�KDQG��VRPH�SHUIHFWO\�OHJDO�DQG�VHHPLQJO\�
LQQRFXRXV�SURJUDP�FDQ�FDXVH�\RX�WR�UXQ�RXW�RI�VWDFN�VSDFH��7KH�URXWLQH�LQ�)LJXUH�������ZKLFK�
SULQWV�RXW�D�OLQNHG�OLVW��LV�SHUIHFWO\�OHJDO�DQG�DFWXDOO\�FRUUHFW��,W�SURSHUO\�KDQGOHV�WKH�EDVH�
FDVH�RI�DQ�HPSW\�OLVW��DQG�WKH�UHFXUVLRQ�LV�ILQH��7KLV�SURJUDP�FDQ�EH�SURYHQ�FRUUHFW��
8QIRUWXQDWHO\��LI�WKH�OLVW�FRQWDLQV��������HOHPHQWV��WKHUH�ZLOO�EH�D�VWDFN�RI��������DFWLYDWLRQ�
UHFRUGV�UHSUHVHQWLQJ�WKH�QHVWHG�FDOOV�RI�OLQH����$FWLYDWLRQ�UHFRUGV�DUH�W\SLFDOO\�ODUJH�EHFDXVH�
RI�DOO�WKH�LQIRUPDWLRQ�WKH\�FRQWDLQ��VR�WKLV�SURJUDP�LV�OLNHO\�WR�UXQ�RXW�RI�VWDFN�VSDFH���,I�
�������HOHPHQWV�DUH�QRW�HQRXJK�WR�PDNH�WKH�SURJUDP�FUDVK��UHSODFH�WKH�QXPEHU�ZLWK�D�ODUJHU�RQH���

7KLV�SURJUDP�LV�DQ�H[DPSOH�RI�DQ�H[WUHPHO\�EDG�XVH�RI�UHFXUVLRQ�NQRZQ�DV�WDLO�UHFXUVLRQ��7DLO�
UHFXUVLRQ�UHIHUV�WR�D�UHFXUVLYH�FDOO�DW�WKH�ODVW�OLQH��7DLO�UHFXUVLRQ�FDQ�EH�PHFKDQLFDOO\�
HOLPLQDWHG�E\�FKDQJLQJ�WKH�UHFXUVLYH�FDOO�WR�D�JRWR�SUHFHGHG�E\�RQH�DVVLJQPHQW�SHU�IXQFWLRQ�
DUJXPHQW��7KLV�VLPXODWHV�WKH�UHFXUVLYH�FDOO�EHFDXVH�QRWKLQJ�QHHGV�WR�EH�VDYHG����DIWHU�WKH�
UHFXUVLYH�FDOO�ILQLVKHV��WKHUH�LV�UHDOO\�QR�QHHG�WR�NQRZ�WKH�VDYHG�YDOXHV��%HFDXVH�RI�WKLV��ZH�
FDQ�MXVW�JR�WR�WKH�WRS�RI�WKH�IXQFWLRQ�ZLWK�WKH�YDOXHV�WKDW�ZRXOG�KDYH�EHHQ�XVHG�LQ�D�UHFXUVLYH�
FDOO��7KH�SURJUDP�LQ�)LJXUH������VKRZV�WKH�LPSURYHG�YHUVLRQ��.HHS�LQ�PLQG�WKDW�\RX�VKRXOG�XVH�WKH�
PRUH�QDWXUDO�ZKLOH�ORRS�FRQVWUXFWLRQ��7KH�JRWR�LV�XVHG�KHUH�WR�VKRZ�KRZ�D�FRPSLOHU�PLJKW�
DXWRPDWLFDOO\�UHPRYH�WKH�UHFXUVLRQ���

5HPRYDO�RI�WDLO�UHFXUVLRQ�LV�VR�VLPSOH�WKDW�VRPH�FRPSLOHUV�GR�LW�DXWRPDWLFDOO\��(YHQ�VR��LW�LV�
EHVW�QRW�WR�ILQG�RXW�WKDW�\RXUV�GRHV�QRW���

YRLG���������������1RW�XVLQJ�D�KHDGHU��

�

SULQWBOLVW��/,67�/��

�

^

�

����������LI��/�� �18//��

�

^

�
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���������������SULQWBOLVW��/�!QH[W����

`

�

`

�

)LJXUH������$�EDG�XVH�RI�UHFXUVLRQ��SULQWLQJ�D�OLQNHG�OLVW

�

YRLG

�

SULQWBOLVW��/,67�/�����1R�KHDGHU��

�

^

�

WRS�

�

LI��/�� �18//��

�

^

�

SULQWBHOHPHQW��/�!HOHPHQW���

�

/� �/�!QH[W�

�

JRWR�WRS�

�

`

�

`

�

)LJXUH������3ULQWLQJ�D�OLVW�ZLWKRXW�UHFXUVLRQ��D�FRPSLOHU�PLJKW�GR�WKLV��\RX�VKRXOG�QRW�

�

5HFXUVLRQ�FDQ�DOZD\V�EH�FRPSOHWHO\�UHPRYHG��REYLRXVO\��WKH�FRPSLOHU�GRHV�VR�LQ�FRQYHUWLQJ�WR�
DVVHPEO\�ODQJXDJH���EXW�GRLQJ�VR�FDQ�EH�TXLWH�WHGLRXV��7KH�JHQHUDO�VWUDWHJ\�UHTXLUHV�XVLQJ�D�
VWDFN�DQG�LV�REYLRXVO\�ZRUWKZKLOH�RQO\�LI�\RX�FDQ�PDQDJH�WR�SXW�RQO\�WKH�EDUH�PLQLPXP�RQ�WKH�
VWDFN��:H�ZLOO�QRW�GZHOO�RQ�WKLV�IXUWKHU��H[FHSW�WR�SRLQW�RXW�WKDW�DOWKRXJK�QRQUHFXUVLYH�SURJUDPV�
DUH�FHUWDLQO\�JHQHUDOO\�IDVWHU�WKDQ�UHFXUVLYH�SURJUDPV��WKH�VSHHG�DGYDQWDJH�UDUHO\�MXVWLILHV�WKH�
ODFN�RI�FODULW\�WKDW�UHVXOWV�IURP�UHPRYLQJ�WKH�UHFXUVLRQ���

�����7KH�4XHXH�$'7
�

/LNH�VWDFNV��TXHXHV�DUH�OLVWV��:LWK�D�TXHXH��KRZHYHU��LQVHUWLRQ�LV�GRQH�DW�RQH�HQG��ZKHUHDV�
GHOHWLRQ�LV�SHUIRUPHG�DW�WKH�RWKHU�HQG���

�������4XHXH�0RGHO

�

7KH�EDVLF�RSHUDWLRQV�RQ�D�TXHXH�DUH�HQTXHXH��ZKLFK�LQVHUWV�DQ�HOHPHQW�DW�WKH�HQG�RI�WKH�OLVW�
�FDOOHG�WKH�UHDU���DQG�GHTXHXH��ZKLFK�GHOHWHV��DQG�UHWXUQV��WKH�HOHPHQW�DW�WKH�VWDUW�RI�WKH�OLVW�
�NQRZQ�DV�WKH�IURQW���)LJXUH������VKRZV�WKH�DEVWUDFW�PRGHO�RI�D�TXHXH���

�

�
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)LJXUH������0RGHO�RI�D�TXHXH�

�������$UUD\�,PSOHPHQWDWLRQ�RI�4XHXHV

�

$V�ZLWK�VWDFNV��DQ\�OLVW�LPSOHPHQWDWLRQ�LV�OHJDO�IRU�TXHXHV��/LNH�VWDFNV��ERWK�WKH�OLQNHG�OLVW�
DQG�DUUD\�LPSOHPHQWDWLRQV�JLYH�IDVW�2����UXQQLQJ�WLPHV�IRU�HYHU\�RSHUDWLRQ��7KH�OLQNHG�OLVW�
LPSOHPHQWDWLRQ�LV�VWUDLJKWIRUZDUG�DQG�OHIW�DV�DQ�H[HUFLVH��:H�ZLOO�QRZ�GLVFXVV�DQ�DUUD\�
LPSOHPHQWDWLRQ�RI�TXHXHV���

)RU�HDFK�TXHXH�GDWD�VWUXFWXUH��ZH�NHHS�DQ�DUUD\��48(8(>@��DQG�WKH�SRVLWLRQV�TBIURQW�DQG�TBUHDU��
ZKLFK�UHSUHVHQW�WKH�HQGV�RI�WKH�TXHXH��:H�DOVR�NHHS�WUDFN�RI�WKH�QXPEHU�RI�HOHPHQWV�WKDW�DUH�
DFWXDOO\�LQ�WKH�TXHXH��TBVL]H��$OO�WKLV�LQIRUPDWLRQ�LV�SDUW�RI�RQH�VWUXFWXUH��DQG�DV�XVXDO��
H[FHSW�IRU�WKH�TXHXH�URXWLQHV�WKHPVHOYHV��QR�URXWLQH�VKRXOG�HYHU�DFFHVV�WKHVH�GLUHFWO\��7KH�
IROORZLQJ�ILJXUH�VKRZV�D�TXHXH�LQ�VRPH�LQWHUPHGLDWH�VWDWH��%\�WKH�ZD\��WKH�FHOOV�WKDW�DUH�EODQNV�
KDYH�XQGHILQHG�YDOXHV�LQ�WKHP��,Q�SDUWLFXODU��WKH�ILUVW�WZR�FHOOV�KDYH�HOHPHQWV�WKDW�XVHG�WR�EH�
LQ�WKH�TXHXH���

�

�

7KH�RSHUDWLRQV�VKRXOG�EH�FOHDU��7R�HQTXHXH�DQ�HOHPHQW�[��ZH�LQFUHPHQW�TBVL]H�DQG�TBUHDU��WKHQ�VHW�
48(8(>TBUHDU@� �[��7R�GHTXHXH�DQ�HOHPHQW��ZH�VHW�WKH�UHWXUQ�YDOXH�WR�48(8(>TBIURQW@��GHFUHPHQW�
TBVL]H��DQG�WKHQ�LQFUHPHQW�TBIURQW��2WKHU�VWUDWHJLHV�DUH�SRVVLEOH��WKLV�LV�GLVFXVVHG�ODWHU���:H�
ZLOO�FRPPHQW�RQ�FKHFNLQJ�IRU�HUURUV�SUHVHQWO\���

7KHUH�LV�RQH�SRWHQWLDO�SUREOHP�ZLWK�WKLV�LPSOHPHQWDWLRQ��$IWHU����HQTXHXHV��WKH�TXHXH�DSSHDUV�WR�
EH�IXOO��VLQFH�TBIURQW�LV�QRZ�����DQG�WKH�QH[W�HQTXHXH�ZRXOG�EH�LQ�D�QRQH[LVWHQW�SRVLWLRQ��
+RZHYHU��WKHUH�PLJKW�RQO\�EH�D�IHZ�HOHPHQWV�LQ�WKH�TXHXH��EHFDXVH�VHYHUDO�HOHPHQWV�PD\�KDYH�
DOUHDG\�EHHQ�GHTXHXHG��4XHXHV��OLNH�VWDFNV��IUHTXHQWO\�VWD\�VPDOO�HYHQ�LQ�WKH�SUHVHQFH�RI�D�ORW�
RI�RSHUDWLRQV���

7KH�VLPSOH�VROXWLRQ�LV�WKDW�ZKHQHYHU�TBIURQW�RU�TBUHDU�JHWV�WR�WKH�HQG�RI�WKH�DUUD\��LW�LV�
ZUDSSHG�DURXQG�WR�WKH�EHJLQQLQJ��7KH�IROORZLQJ�ILJXUH�VKRZV�WKH�TXHXH�GXULQJ�VRPH�RSHUDWLRQV��
7KLV�LV�NQRZQ�DV�D�FLUFXODU�DUUD\�LPSOHPHQWDWLRQ���

�

�
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�

�

7KH�H[WUD�FRGH�UHTXLUHG�WR�LPSOHPHQW�WKH�ZUDSDURXQG�LV�PLQLPDO��DOWKRXJK�LW�SUREDEO\�GRXEOHV�WKH�
UXQQLQJ�WLPH���,I�LQFUHPHQWLQJ�HLWKHU�TBUHDU�RU�TBIURQW FDXVHV�LW�WR�JR�SDVW�WKH�DUUD\��WKH�YDOXH�
LV�UHVHW�WR�WKH�ILUVW�SRVLWLRQ�LQ�WKH�DUUD\���

7KHUH�DUH�WZR�ZDUQLQJV�DERXW�WKH�FLUFXODU�DUUD\�LPSOHPHQWDWLRQ�RI�TXHXHV��)LUVW��LW�LV�LPSRUWDQW�
WR�FKHFN�WKH�TXHXH�IRU�HPSWLQHVV��EHFDXVH�D�GHTXHXH�ZKHQ�WKH�TXHXH�LV�HPSW\�ZLOO�UHWXUQ�DQ�
XQGHILQHG�YDOXH��VLOHQWO\���

6HFRQGO\��VRPH�SURJUDPPHUV�XVH�GLIIHUHQW�ZD\V�RI�UHSUHVHQWLQJ�WKH�IURQW�DQG�UHDU�RI�D�TXHXH��)RU�
LQVWDQFH��VRPH�GR�QRW�XVH�DQ�HQWU\�WR�NHHS�WUDFN�RI�WKH�VL]H��EHFDXVH�WKH\�UHO\�RQ�WKH�EDVH�FDVH�
WKDW�ZKHQ�WKH�TXHXH�LV�HPSW\��TBUHDU� �TBIURQW������7KH�VL]H�LV�FRPSXWHG�LPSOLFLWO\�E\�FRPSDULQJ�
TBUHDU�DQG�TBIURQW��7KLV�LV�D�YHU\�WULFN\�ZD\�WR�JR��EHFDXVH�WKHUH�DUH�VRPH�VSHFLDO�FDVHV��VR�EH�
YHU\�FDUHIXO�LI�\RX�QHHG�WR�PRGLI\�FRGH�ZULWWHQ�WKLV�ZD\��,I�WKH�VL]H�LV�QRW�SDUW�RI�WKH�
VWUXFWXUH��WKHQ�LI�WKH�DUUD\�VL]H�LV�$B6,=(��WKH�TXHXH�LV�IXOO�ZKHQ�WKHUH�DUH�$B6,=(����HOHPHQWV��
VLQFH�RQO\�$B6,=(�GLIIHUHQW�VL]HV�FDQ�EH�GLIIHUHQWLDWHG��DQG�RQH�RI�WKHVH�LV����3LFN�DQ\�VW\OH�
\RX�OLNH�DQG�PDNH�VXUH�WKDW�DOO�\RXU�URXWLQHV�DUH�FRQVLVWHQW��6LQFH�WKHUH�DUH�D�IHZ�RSWLRQV�IRU�
LPSOHPHQWDWLRQ��LW�LV�SUREDEO\�ZRUWK�D�FRPPHQW�RU�WZR�LQ�WKH�FRGH��LI�\RX�GRQ
W�XVH�WKH�VL]H�
ILHOG���
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,Q�DSSOLFDWLRQV�ZKHUH�\RX�DUH�VXUH�WKDW�WKH�QXPEHU�RI�HQTXHXHV LV�QRW�ODUJHU�WKDQ�WKH�VL]H�RI�WKH�
TXHXH��REYLRXVO\�WKH�ZUDSDURXQG�LV�QRW�QHFHVVDU\��$V�ZLWK�VWDFNV��GHTXHXHV�DUH�UDUHO\�SHUIRUPHG�
XQOHVV�WKH�FDOOLQJ�URXWLQHV�DUH�FHUWDLQ�WKDW�WKH�TXHXH�LV�QRW�HPSW\��7KXV�HUURU�FDOOV�DUH�
IUHTXHQWO\�VNLSSHG�IRU�WKLV�RSHUDWLRQ��H[FHSW�LQ�FULWLFDO�FRGH��7KLV�LV�JHQHUDOO\�QRW�
MXVWLILDEOH��EHFDXVH�WKH�WLPH�VDYLQJV�WKDW�\RX�DUH�OLNHO\�WR�DFKLHYH�DUH�WRR�PLQLPDO���

:H�ILQLVK�WKLV�VHFWLRQ�E\�ZULWLQJ�VRPH�RI�WKH�TXHXH�URXWLQHV��:H�OHDYH�WKH�RWKHUV�DV�DQ�H[HUFLVH�
WR�WKH�UHDGHU��)LUVW��ZH�JLYH�WKH�W\SH�GHILQLWLRQV�LQ�

)LJXUH�������:H�DGG�D�PD[LPXP�VL]H�ILHOG��
DV�ZDV�GRQH�IRU�WKH�DUUD\�LPSOHPHQWDWLRQ�RI�WKH�VWDFN��TXHXHBFUHDWH�DQG�TXHXHBGLVSRVH�URXWLQHV�
DOVR�QHHG�WR�EH�SURYLGHG��:H�DOVR�SURYLGH�URXWLQHV�WR�WHVW�ZKHWKHU�D�TXHXH�LV�HPSW\�DQG�WR�PDNH�
DQ�HPSW\�TXHXH��)LJV�������DQG��������7KH�UHDGHU�FDQ�ZULWH�WKH�IXQFWLRQ�LVBIXOO��ZKLFK�SHUIRUPV�
WKH�WHVW�LPSOLHG�E\�LWV�QDPH��1RWLFH�WKDW�TBUHDU�LV�SUHLQLWLDOL]HG�WR���EHIRUH�TBIURQW��7KH�ILQDO�
RSHUDWLRQ�ZH�ZLOO�ZULWH�LV�WKH�HQTXHXH�URXWLQH��)ROORZLQJ�WKH�H[DFW�GHVFULSWLRQ�DERYH��ZH�DUULYH�
DW�WKH�LPSOHPHQWDWLRQ�LQ�)LJXUH��������

�������$SSOLFDWLRQV�RI�4XHXHV
�

7KHUH�DUH�VHYHUDO�DOJRULWKPV�WKDW�XVH�TXHXHV�WR�JLYH�HIILFLHQW�UXQQLQJ�WLPHV��6HYHUDO�RI�WKHVH�
DUH�IRXQG�LQ�JUDSK�WKHRU\��DQG�ZH�ZLOO�GLVFXVV�WKHP�ODWHU�LQ�

&KDSWHU����)RU�QRZ��ZH�ZLOO�JLYH�
VRPH�VLPSOH�H[DPSOHV�RI�TXHXH�XVDJH���

VWUXFW�TXHXHBUHFRUG

�

^

�

XQVLJQHG�LQW�TBPD[BVL]H�����0D[LPXP���RI�HOHPHQWV��

�

��XQWLO�4�LV�IXOO��

�

XQVLJQHG�LQW�TBIURQW�

�

XQVLJQHG�LQW�TBUHDU�

�

XQVLJQHG�LQW�TBVL]H���������&XUUHQW���RI�HOHPHQWV�LQ�4��

�

HOHPHQWBW\SH�TBDUUD\�

�

`�

�

W\SHGHI�VWUXFW�TXHXHBUHFRUG��48(8(�

�

)LJXUH������7\SH�GHFODUDWLRQV�IRU�TXHXH��DUUD\�LPSOHPHQWDWLRQ

�

LQW

�

LVBHPSW\��48(8(�4��

�

^

�

UHWXUQ��4�!TBVL]H�  �����

�

`

�

)LJXUH������5RXWLQH�WR�WHVW�ZKHWKHU�D�TXHXH�LV�HPSW\�DUUD\�LPSOHPHQWDWLRQ

�

YRLG

�

PDNHBQXOO���48(8(�4��

�

^

�
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4�!TBVL]H� ����

4�!TBIURQW� ���

�

4�!TBUHDU� ���

�

`

�

)LJXUH������5RXWLQH�WR�PDNH�DQ�HPSW\�TXHXH�DUUD\�LPSOHPHQWDWLRQ

�

XQVLJQHG�LQW

�

VXFF��XQVLJQHG�LQW�YDOXH��48(8(�4��

�

^

�

LI����YDOXH�  �4�!TBPD[BVL]H��

�

YDOXH� ���

�

UHWXUQ�YDOXH�

�

`

�

YRLG

�

HQTXHXH��HOHPHQWBW\SH�[��48(8(�4��

�

^

�

LI��LVBIXOO��4����

�

HUURU��)XOO�TXHXH���

�

HOVH

�

^

�

4�!TBVL]H���

�

4�!TBUHDU� �VXFF��4�!TBUHDU��4���

�

4�!TBDUUD\>�4�!TBUHDU�@� �[�

�

`

�

`

�

)LJXUH������5RXWLQHV�WR�HQTXHXH�DUUD\�LPSOHPHQWDWLRQ

�

:KHQ�MREV�DUH�VXEPLWWHG�WR�D�SULQWHU��WKH\�DUH�DUUDQJHG�LQ�RUGHU�RI�DUULYDO��7KXV��HVVHQWLDOO\��
MREV�VHQW�WR�D�OLQH�SULQWHU�DUH�SODFHG�RQ�D�TXHXH���

:H�VD\�HVVHQWLDOO\�D�TXHXH��EHFDXVH�MREV�FDQ�EH�NLOOHG��7KLV�DPRXQWV�WR�D�GHOHWLRQ�IURP�WKH�
PLGGOH�RI�WKH�TXHXH��ZKLFK�LV�D�YLRODWLRQ�RI�WKH�VWULFW�GHILQLWLRQ���

9LUWXDOO\�HYHU\�UHDO�OLIH�OLQH�LV��VXSSRVHG�WR�EH��D�TXHXH��)RU�LQVWDQFH��OLQHV�DW�WLFNHW�
FRXQWHUV�DUH�TXHXHV��EHFDXVH�VHUYLFH�LV�ILUVW�FRPH�ILUVW�VHUYHG���

$QRWKHU�H[DPSOH�FRQFHUQV�FRPSXWHU�QHWZRUNV��7KHUH�DUH�PDQ\�QHWZRUN�VHWXSV�RI�SHUVRQDO�FRPSXWHUV�
LQ�ZKLFK�WKH�GLVN�LV�DWWDFKHG�WR�RQH�PDFKLQH��NQRZQ�DV�WKH�ILOH�VHUYHU��8VHUV�RQ�RWKHU�PDFKLQHV�
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DUH�JLYHQ�DFFHVV�WR�ILOHV�RQ�D�ILUVW�FRPH�ILUVW�VHUYHG�EDVLV��VR�WKH�GDWD�VWUXFWXUH�LV�D�TXHXH���

)XUWKHU�H[DPSOHV�LQFOXGH�WKH�IROORZLQJ��

�

�&DOOV�WR�ODUJH�FRPSDQLHV�DUH�JHQHUDOO\�SODFHG�RQ�D�TXHXH�ZKHQ�DOO�RSHUDWRUV�DUH�EXV\��

�

�,Q�ODUJH�XQLYHUVLWLHV��ZKHUH�UHVRXUFHV�DUH�OLPLWHG��VWXGHQWV�PXVW�VLJQ�D�ZDLWLQJ�OLVW�LI�DOO�
WHUPLQDOV�DUH�RFFXSLHG��7KH�VWXGHQW�ZKR�KDV�EHHQ�DW�D�WHUPLQDO�WKH�ORQJHVW�LV�IRUFHG�RII�ILUVW��
DQG�WKH�VWXGHQW�ZKR�KDV�EHHQ�ZDLWLQJ�WKH�ORQJHVW�LV�WKH�QH[W�XVHU�WR�EH�DOORZHG�RQ���

$�ZKROH�EUDQFK�RI�PDWKHPDWLFV��NQRZQ�DV�TXHXHLQJ�WKHRU\� GHDOV�ZLWK�FRPSXWLQJ��SUREDELOLVWLFDOO\��
KRZ�ORQJ�XVHUV�H[SHFW�WR�ZDLW�RQ�D�OLQH��KRZ�ORQJ�WKH�OLQH�JHWV��DQG�RWKHU�VXFK�TXHVWLRQV��7KH�
DQVZHU�GHSHQGV�RQ�KRZ�IUHTXHQWO\�XVHUV�DUULYH�WR�WKH�OLQH�DQG�KRZ�ORQJ�LW�WDNHV�WR�SURFHVV�D�XVHU�
RQFH�WKH�XVHU�LV�VHUYHG��%RWK�RI�WKHVH�SDUDPHWHUV�DUH�JLYHQ�DV�SUREDELOLW\�GLVWULEXWLRQ�
IXQFWLRQV��,Q�VLPSOH�FDVHV��DQ�DQVZHU�FDQ�EH�FRPSXWHG�DQDO\WLFDOO\��$Q�H[DPSOH�RI�DQ�HDV\�FDVH�
ZRXOG�EH�D�SKRQH�OLQH�ZLWK�RQH�RSHUDWRU��,I�WKH�RSHUDWRU�LV�EXV\��FDOOHUV�DUH�SODFHG�RQ�D�ZDLWLQJ�
OLQH��XS�WR�VRPH�PD[LPXP�OLPLW���7KLV�SUREOHP�LV�LPSRUWDQW�IRU�EXVLQHVVHV��EHFDXVH�VWXGLHV�KDYH�
VKRZQ�WKDW�SHRSOH�DUH�TXLFN�WR�KDQJ�XS�WKH�SKRQH���

,I�WKHUH�DUH�N�RSHUDWRUV��WKHQ�WKLV�SUREOHP�LV�PXFK�PRUH�GLIILFXOW�WR�VROYH��3UREOHPV�WKDW�DUH�
GLIILFXOW�WR�VROYH�DQDO\WLFDOO\�DUH�RIWHQ�VROYHG�E\�D�VLPXODWLRQ��,Q�RXU�FDVH��ZH�ZRXOG�QHHG�WR�
XVH�D�TXHXH�WR�SHUIRUP�WKH�VLPXODWLRQ��,I�N�LV�ODUJH��ZH�DOVR�QHHG�RWKHU�GDWD�VWUXFWXUHV�WR�GR�
WKLV�HIILFLHQWO\��:H�VKDOO�VHH�KRZ�WR�GR�WKLV�VLPXODWLRQ�LQ�&KDSWHU����:H�FRXOG�WKHQ�UXQ�WKH�
VLPXODWLRQ�IRU�VHYHUDO�YDOXHV�RI�N�DQG�FKRRVH�WKH�PLQLPXP�N WKDW�JLYHV�D�UHDVRQDEOH�ZDLWLQJ�WLPH��

$GGLWLRQDO�XVHV�IRU�TXHXHV�DERXQG��DQG�DV�ZLWK�VWDFNV��LW�LV�VWDJJHULQJ�WKDW�VXFK�D�VLPSOH�GDWD�
VWUXFWXUH�FDQ�EH�VR�LPSRUWDQW���

6XPPDU\
�

7KLV�FKDSWHU�GHVFULEHV�WKH�FRQFHSW�RI�ADTV�DQG�LOOXVWUDWHV�WKH�FRQFHSW�ZLWK�WKUHH�RI�WKH�PRVW�
FRPPRQ�DEVWUDFW�GDWD�W\SHV��7KH�SULPDU\�REMHFWLYH�LV�WR�VHSDUDWH�WKH�LPSOHPHQWDWLRQ�RI�WKH�
DEVWUDFW�GDWD�W\SHV�IURP�WKHLU�IXQFWLRQ��7KH�SURJUDP�PXVW�NQRZ�ZKDW�WKH�RSHUDWLRQV�GR��EXW�LW�LV�
DFWXDOO\�EHWWHU�RII�QRW�NQRZLQJ�KRZ�LW�LV�GRQH���

/LVWV��VWDFNV��DQG�TXHXHV�DUH�SHUKDSV�WKH�WKUHH�IXQGDPHQWDO�GDWD�VWUXFWXUHV�LQ�DOO�RI�FRPSXWHU�
VFLHQFH��DQG�WKHLU�XVH�LV�GRFXPHQWHG�WKURXJK�D�KRVW�RI�H[DPSOHV��,Q�SDUWLFXODU��ZH�VDZ�KRZ�VWDFNV�
DUH�XVHG�WR�NHHS�WUDFN�RI�SURFHGXUH�DQG�IXQFWLRQ�FDOOV�DQG�KRZ�UHFXUVLRQ�LV�DFWXDOO\�LPSOHPHQWHG��
7KLV�LV�LPSRUWDQW�WR�XQGHUVWDQG��QRW�MXVW�EHFDXVH�LW�PDNHV�SURFHGXUDO�ODQJXDJHV�SRVVLEOH��EXW�
EHFDXVH�NQRZLQJ�KRZ�UHFXUVLRQ�LV�LPSOHPHQWHG�UHPRYHV�D�JRRG�GHDO�RI�WKH�P\VWHU\�WKDW�VXUURXQGV�
LWV�XVH��$OWKRXJK�UHFXUVLRQ�LV�YHU\�SRZHUIXO��LW�LV�QRW�DQ�HQWLUHO\�IUHH�RSHUDWLRQ��PLVXVH�DQG�
DEXVH�RI�UHFXUVLRQ�FDQ�UHVXOW�LQ�SURJUDPV�FUDVKLQJ���

([HUFLVHV
�

����:ULWH�D�SURJUDP�WR�SULQW�RXW�WKH�HOHPHQWV�RI�D�VLQJO\�OLQNHG�OLVW��

�

����<RX�DUH�JLYHQ�D�OLQNHG�OLVW��/��DQG�DQRWKHU�OLQNHG�OLVW��3��FRQWDLQLQJ�LQWHJHUV��VRUWHG�LQ�
DVFHQGLQJ�RUGHU��7KH�RSHUDWLRQ�SULQWBORWV�/�3��ZLOO�SULQW�WKH�HOHPHQWV�LQ�/�WKDW�DUH�LQ�SRVLWLRQV�
VSHFLILHG�E\�3��)RU�LQVWDQFH��LI�3� �������������WKH�ILUVW��WKLUG��IRXUWK��DQG�VL[WK�HOHPHQWV�LQ�
/�DUH�SULQWHG��:ULWH�WKH�URXWLQH�SULQWBORWV�/�3���<RX�VKRXOG�XVH�RQO\�WKH�EDVLF�OLVW�RSHUDWLRQV��
:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�URXWLQH"��

����6ZDS�WZR�DGMDFHQW�HOHPHQWV�E\�DGMXVWLQJ�RQO\�WKH�SRLQWHUV��DQG�QRW�WKH�GDWD��XVLQJ�

�
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D��VLQJO\�OLQNHG�OLVWV���

E��GRXEO\�OLQNHG�OLVWV��

�

����*LYHQ�WZR�VRUWHG�OLVWV��/��DQG�/���ZULWH�D�SURFHGXUH�WR�FRPSXWH�/�� �/��XVLQJ�RQO\�WKH�

EDVLF�OLVW�RSHUDWLRQV���

����*LYHQ�WZR�VRUWHG�OLVWV��/��DQG�/���ZULWH�D�SURFHGXUH�WR�FRPSXWH�/�� �/��XVLQJ�RQO\�WKH�

EDVLF�OLVW�RSHUDWLRQV���

����:ULWH�D�IXQFWLRQ�WR�DGG�WZR�SRO\QRPLDOV��'R�QRW�GHVWUR\�WKH�LQSXW��8VH�D�OLQNHG�OLVW�
LPSOHPHQWDWLRQ��,I�WKH�SRO\QRPLDOV�KDYH�P�DQG�Q�WHUPV�UHVSHFWLYHO\��ZKDW�LV�WKH�WLPH�FRPSOH[LW\�
RI�\RXU�SURJUDP"��

����:ULWH�D�IXQFWLRQ�WR�PXOWLSO\�WZR�SRO\QRPLDOV��XVLQJ�D�OLQNHG�OLVW�LPSOHPHQWDWLRQ��<RX�PXVW�
PDNH�VXUH�WKDW�WKH�RXWSXW�SRO\QRPLDO�LV�VRUWHG�E\�H[SRQHQW�DQG�KDV�DW�PRVW�RQH�WHUP�RI�DQ\�SRZHU�

D��*LYH�DQ�DOJRULWKP�WR�VROYH�WKLV�SUREOHP�LQ�2�P�Q���WLPH��

�

E��:ULWH�D�SURJUDP�WR�SHUIRUP�WKH�PXOWLSOLFDWLRQ�LQ�2�P�Q��WLPH��ZKHUH�P�LV�WKH�QXPEHU�RI�WHUPV�
LQ�WKH�SRO\QRPLDO�RI�IHZHU�WHUPV���

F��:ULWH�D�SURJUDP�WR�SHUIRUP�WKH�PXOWLSOLFDWLRQ�LQ�2�PQ�ORJ�PQ���WLPH��

�

G��:KLFK�WLPH�ERXQG�DERYH�LV�WKH�EHVW"�

�

����:ULWH�D�SURJUDP�WKDW�WDNHV�D�SRO\QRPLDO�� �[���DQG�FRPSXWHV�� �[��S��:KDW�LV�WKH�
FRPSOH[LW\�RI�\RXU�SURJUDP"�3URSRVH�DW�OHDVW�RQH�DOWHUQDWLYH�VROXWLRQ�WKDW�FRXOG�EH�FRPSHWLWLYH�

IRU�VRPH�SODXVLEOH�FKRLFHV�RI� �[��DQG�S��

�

����:ULWH�DQ�DUELWUDU\�SUHFLVLRQ�LQWHJHU�DULWKPHWLF�SDFNDJH��<RX�VKRXOG�XVH�D�VWUDWHJ\�VLPLODU�WR�

SRO\QRPLDO�DULWKPHWLF��&RPSXWH�WKH�GLVWULEXWLRQ�RI�WKH�GLJLWV���WR���LQ���������

�����7KH�-RVHSKXV�SUREOHP�LV�WKH�IROORZLQJ�PDVV�VXLFLGH��JDPH���Q�SHRSOH��QXPEHUHG���WR�Q��DUH�
VLWWLQJ�LQ�D�FLUFOH��6WDUWLQJ�DW�SHUVRQ����D�KDQGJXQ�LV�SDVVHG��$IWHU�P�SDVVHV��WKH�SHUVRQ�
KROGLQJ�WKH�JXQ�FRPPLWV�VXLFLGH��WKH�ERG\�LV�UHPRYHG��WKH�FLUFOH�FORVHV�UDQNV��DQG�WKH�JDPH�
FRQWLQXHV�ZLWK�WKH�SHUVRQ�ZKR�ZDV�VLWWLQJ�DIWHU�WKH�FRUSVH�SLFNLQJ�XS�WKH�JXQ��7KH�ODVW�VXUYLYRU�
LV�WULHG�IRU�Q�����FRXQWV�RI�PDQVODXJKWHU��7KXV��LI�P� ���DQG�Q� ����SOD\HUV�DUH�NLOOHG�LQ�RUGHU�
DQG�SOD\HU���VWDQGV�WULDO��,I�P� ���DQG�Q� ����WKH�RUGHU�RI�GHDWK�LV��������������

D��:ULWH�D�SURJUDP�WR�VROYH�WKH�-RVHSKXV�SUREOHP�IRU�JHQHUDO�YDOXHV�RI�P�DQG�Q��7U\�WR�PDNH�\RXU�
SURJUDP�DV�HIILFLHQW�DV�SRVVLEOH��0DNH�VXUH�\RX�GLVSRVH�RI�FHOOV���

E��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�SURJUDP"�

�

F��,I�P� ����ZKDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�SURJUDP"�+RZ�LV�WKH�DFWXDO�VSHHG�DIIHFWHG�E\�WKH�
IUHH�URXWLQH�IRU�ODUJH�YDOXHV�RI�Q��Q�!�������"��

�����:ULWH�D�SURJUDP�WR�ILQG�D�SDUWLFXODU�HOHPHQW�LQ�D�VLQJO\�OLQNHG�OLVW��'R�WKLV�ERWK�
UHFXUVLYHO\�DQG�QRQUHFXUVLYHO\��DQG�FRPSDUH�WKH�UXQQLQJ�WLPHV��+RZ�ELJ�GRHV�WKH�OLVW�KDYH�WR�EH�
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EHIRUH�WKH�UHFXUVLYH�YHUVLRQ�FUDVKHV"��

�����D��:ULWH�D�QRQUHFXUVLYH�SURFHGXUH�WR�UHYHUVH�D�VLQJO\�OLQNHG�OLVW�LQ�2�Q��WLPH��

�

E��:ULWH�D�SURFHGXUH�WR�UHYHUVH�D�VLQJO\�OLQNHG�OLVW�LQ�2�Q��WLPH�XVLQJ�FRQVWDQW�H[WUD�VSDFH��

�

�����<RX�KDYH�WR�VRUW�DQ�DUUD\�RI�VWXGHQW�UHFRUGV�E\�VRFLDO�VHFXULW\�QXPEHU��:ULWH�D�SURJUDP�WR�
GR�WKLV��XVLQJ�UDGL[�VRUW�ZLWK������EXFNHWV�DQG�WKUHH�SDVVHV���

�����:ULWH�D�SURJUDP�WR�UHDG�D�JUDSK�LQWR�DGMDFHQF\�OLVWV�XVLQJ�

�

D��OLQNHG�OLVWV�

�

E��FXUVRUV�

�

�����D��:ULWH�DQ�DUUD\�LPSOHPHQWDWLRQ�RI�VHOI�DGMXVWLQJ�OLVWV��$�VHOI�DGMXVWLQJ�OLVW�LV�OLNH�D�
UHJXODU�OLVW��H[FHSW�WKDW�DOO�LQVHUWLRQV�DUH�SHUIRUPHG�DW�WKH�IURQW��DQG�ZKHQ�DQ�HOHPHQW�LV�
DFFHVVHG�E\�D�ILQG��LW�LV�PRYHG�WR�WKH�IURQW�RI�WKH�OLVW�ZLWKRXW�FKDQJLQJ�WKH�UHODWLYH�RUGHU�RI�
WKH�RWKHU�LWHPV���

E��:ULWH�D�OLQNHG�OLVW�LPSOHPHQWDWLRQ�RI�VHOI�DGMXVWLQJ�OLVWV��

�

F��6XSSRVH�HDFK�HOHPHQW�KDV�D�IL[HG�SUREDELOLW\��SL��RI�EHLQJ�DFFHVVHG��6KRZ�WKDW�WKH�HOHPHQWV�

ZLWK�KLJKHVW�DFFHVV�SUREDELOLW\�DUH�H[SHFWHG�WR�EH�FORVH�WR�WKH�IURQW���

�����6XSSRVH�ZH�KDYH�DQ�DUUD\�EDVHG�OLVW�D>���Q���@�DQG�ZH�ZDQW�WR�GHOHWH�DOO�GXSOLFDWHV��
ODVWBSRVLWLRQ�LV�LQLWLDOO\�Q������EXW�JHWV�VPDOOHU�DV�HOHPHQWV�DUH�GHOHWHG��&RQVLGHU�WKH�
SVHXGRFRGH�SURJUDP�IUDJPHQW�LQ�)LJXUH�������7KH�SURFHGXUH�'(/(7(�GHOHWHV�WKH�HOHPHQW�LQ�SRVLWLRQ�
M�DQG�FROODSVHV�WKH�OLVW���

D��([SODLQ�KRZ�WKLV�SURFHGXUH�ZRUNV��

�

E��5HZULWH�WKLV�SURFHGXUH�XVLQJ�JHQHUDO�OLVW�RSHUDWLRQV��

�

�����IRU��L ���L�ODVWBSRVLWLRQ��L����

�

^

�

����������M� �L�����

�

����������ZKLOH��M�ODVWBSRVLWLRQ��

�

���������������LI��D>L@�  �D>M@

�

��������������������'(/(7(�M��

�

�����������������HOVH

�

��������������������M���

�

`

�

)LJXUH������5RXWLQH�WR�UHPRYH�GXSOLFDWHV�IURP�D�OLVWV��DUUD\�LPSOHPHQWDWLRQ

�

F��8VLQJ�D�VWDQGDUG�DUUD\�LPSOHPHQWDWLRQ��ZKDW�LV�WKH�UXQQLQJ�WLPH�RI�WKLV�SURFHGXUH"�

�
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G��:KDW�LV�WKH�UXQQLQJ�WLPH�XVLQJ�D�OLQNHG�OLVW�LPSOHPHQWDWLRQ"��

H��*LYH�DQ�DOJRULWKP�WR�VROYH�WKLV�SUREOHP�LQ�2�Q�ORJ�Q��WLPH��

�

I��3URYH�WKDW�DQ\�DOJRULWKP�WR�VROYH�WKLV�SUREOHP�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV�LI�RQO\�
FRPSDULVRQV�DUH�XVHG��+LQW��/RRN�WR�

&KDSWHU����
�

J��3URYH�WKDW�LI�ZH�DOORZ�RSHUDWLRQV�EHVLGHV�FRPSDULVRQV��DQG�WKH�NH\V�DUH�UHDO�QXPEHUV��WKHQ�ZH�
FDQ�VROYH�WKH�SUREOHP�ZLWKRXW�XVLQJ�FRPSDULVRQV�EHWZHHQ�HOHPHQWV���

�����$Q�DOWHUQDWLYH�WR�WKH�GHOHWLRQ�VWUDWHJ\�ZH�KDYH�JLYHQ�LV�WR�XVH�OD]\�GHOHWLRQ��7R�GHOHWH�DQ�
HOHPHQW��ZH�PHUHO\�PDUN�LW�GHOHWHG��XVLQJ�DQ�H[WUD�ELW�ILHOG���7KH�QXPEHU�RI�GHOHWHG�DQG�
QRQGHOHWHG�HOHPHQWV�LQ�WKH�OLVW�LV�NHSW�DV�SDUW�RI�WKH�GDWD�VWUXFWXUH��,I�WKHUH�DUH�DV�PDQ\�
GHOHWHG�HOHPHQWV�DV�QRQGHOHWHG�HOHPHQWV��ZH�WUDYHUVH�WKH�HQWLUH�OLVW��SHUIRUPLQJ�WKH�VWDQGDUG�
GHOHWLRQ�DOJRULWKP�RQ�DOO�PDUNHG�QRGHV���

D��/LVW�WKH�DGYDQWDJHV�DQG�GLVDGYDQWDJHV�RI�OD]\�GHOHWLRQ��

�

E��:ULWH�URXWLQHV�WR�LPSOHPHQW�WKH�VWDQGDUG�OLQNHG�OLVW�RSHUDWLRQV�XVLQJ�OD]\�GHOHWLRQ��

�

�����:ULWH�D�SURJUDP�WR�FKHFN�IRU�EDODQFLQJ�V\PEROV�LQ�WKH�IROORZLQJ�ODQJXDJHV��

�

D��3DVFDO��EHJLQ�HQG�������>�@��^�`���

�

E��&������������>�@��^�`���

�

F��([SODLQ�KRZ�WR�SULQW�RXW�DQ�HUURU�PHVVDJH�WKDW�LV�OLNHO\�WR�UHIOHFW�WKH�SUREDEOH�FDXVH��

�

�����:ULWH�D�SURJUDP�WR�HYDOXDWH�D�SRVWIL[�H[SUHVVLRQ��

�

�����D��:ULWH�D�SURJUDP�WR�FRQYHUW�DQ�LQIL[�H[SUHVVLRQ�ZKLFK�LQFOXGHV�
�
��
�
��
�
��
�
��

�DQG�

�
�WR�SRVWIL[���

E��$GG�WKH�H[SRQHQWLDWLRQ�RSHUDWRU�WR�\RXU�UHSHUWRLUH��

�

F��:ULWH�D�SURJUDP�WR�FRQYHUW�D�SRVWIL[�H[SUHVVLRQ�WR�LQIL[��

�

�����:ULWH�URXWLQHV�WR�LPSOHPHQW�WZR�VWDFNV�XVLQJ�RQO\�RQH�DUUD\��<RXU�VWDFN�URXWLQHV�VKRXOG�QRW�
GHFODUH�DQ�RYHUIORZ�XQOHVV�HYHU\�VORW�LQ�WKH�DUUD\�LV�XVHG���

�����D��3URSRVH�D�GDWD�VWUXFWXUH�WKDW�VXSSRUWV�WKH�VWDFN�SXVK�DQG�SRS�RSHUDWLRQV�DQG�D�WKLUG�
RSHUDWLRQ�ILQGBPLQ��ZKLFK�UHWXUQV�WKH�VPDOOHVW�HOHPHQW�LQ�WKH�GDWD�VWUXFWXUH��DOO�LQ�2����ZRUVW�
FDVH�WLPH���

E��3URYH�WKDW�LI�ZH�DGG�WKH�IRXUWK�RSHUDWLRQ�GHOHWHBPLQ�ZKLFK�ILQGV�DQG�UHPRYHV�WKH�VPDOOHVW�

HOHPHQW��WKHQ�DW�OHDVW�RQH�RI�WKH�RSHUDWLRQV�PXVW�WDNH� �ORJQ��WLPH���7KLV�UHTXLUHV�UHDGLQJ�

&KDSWHU������

�����6KRZ�KRZ�WR�LPSOHPHQW�WKUHH�VWDFNV�LQ�RQH�DUUD\��

�

�����,I�WKH�UHFXUVLYH�URXWLQH�LQ�6HFWLRQ�����XVHG�WR�FRPSXWH�)LERQDFFL�QXPEHUV�LV�UXQ�IRU�Q� �����
LV�VWDFN�VSDFH�OLNHO\�WR�UXQ�RXW"�:K\�RU�ZK\�QRW"��
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�����:ULWH�WKH�URXWLQHV�WR�LPSOHPHQW�TXHXHV�XVLQJ�
�

D��OLQNHG�OLVWV�

�

E��DUUD\V�

�

�����$�GHTXH�LV�D�GDWD�VWUXFWXUH�FRQVLVWLQJ�RI�D�OLVW�RI�LWHPV��RQ�ZKLFK�WKH�IROORZLQJ�RSHUDWLRQV�
DUH�SRVVLEOH���

SXVK�[�G���,QVHUW�LWHP�[�RQ�WKH�IURQW�HQG�RI�GHTXH�G��

�

SRS�G���5HPRYH�WKH�IURQW�LWHP�IURP�GHTXH�G�DQG�UHWXUQ�LW��

�

LQMHFW�[�G���,QVHUW�LWHP�[�RQ�WKH�UHDU�HQG�RI�GHTXH�G��

�

HMHFW�G���5HPRYH�WKH�UHDU�LWHP�IURP�GHTXH�G�DQG�UHWXUQ�LW��

�

:ULWH�URXWLQHV�WR�VXSSRUW�WKH�GHTXH�WKDW�WDNH�2����WLPH�SHU�RSHUDWLRQ��

�

*R�WR�
&KDSWHU���5HWXUQ�WR�7DEOH�RI�&RQWHQWV�

�
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&+$37(5����
75((6�

)RU�ODUJH�DPRXQWV�RI�LQSXW��WKH�OLQHDU�DFFHVV�WLPH�RI�OLQNHG�OLVWV�LV�
SURKLELWLYH��,Q�WKLV�FKDSWHU�ZH�ORRN�DW�D�VLPSOH�GDWD�VWUXFWXUH�IRU�ZKLFK�WKH�
UXQQLQJ�WLPH�RI�PRVW�RSHUDWLRQV�LV�2�ORJ�Q��RQ�DYHUDJH��:H�DOVR�VNHWFK�D�
FRQFHSWXDOO\�VLPSOH�PRGLILFDWLRQ�WR�WKLV�GDWD�VWUXFWXUH�WKDW�JXDUDQWHHV�WKH�DERYH�
WLPH�ERXQG�LQ�WKH�ZRUVW�FDVH�DQG�GLVFXVV�D�VHFRQG�PRGLILFDWLRQ�WKDW�HVVHQWLDOO\�
JLYHV�DQ�2�ORJ�Q��UXQQLQJ�WLPH�SHU�RSHUDWLRQ�IRU�D�ORQJ�VHTXHQFH�RI�LQVWUXFWLRQV��

7KH�GDWD�VWUXFWXUH�WKDW�ZH�DUH�UHIHUULQJ�WR�LV�NQRZQ�DV�D�ELQDU\�VHDUFK�WUHH��
7UHHV�LQ�JHQHUDO�DUH�YHU\�XVHIXO�DEVWUDFWLRQV�LQ�FRPSXWHU�VFLHQFH��VR�ZH�ZLOO�
GLVFXVV�WKHLU�XVH�LQ�RWKHU��PRUH�JHQHUDO�DSSOLFDWLRQV��,Q�WKLV�FKDSWHU��ZH�ZLOO��

�6HH�KRZ�WUHHV�DUH�XVHG�WR�LPSOHPHQW�WKH�ILOH�V\VWHP�RI�VHYHUDO�SRSXODU�
RSHUDWLQJ�V\VWHPV���

�6HH�KRZ�WUHHV�FDQ�EH�XVHG�WR�HYDOXDWH�DULWKPHWLF�H[SUHVVLRQV���

�6KRZ�KRZ�WR�XVH�WUHHV�WR�VXSSRUW�VHDUFKLQJ�RSHUDWLRQV�LQ�2�ORJ�Q��DYHUDJH�
WLPH��DQG�KRZ�WR�UHILQH�WKHVH�LGHDV�WR�REWDLQ�2�ORJ�Q��ZRUVW�FDVH�ERXQGV��:H�ZLOO�
DOVR�VHH�KRZ�WR�LPSOHPHQW�WKHVH�RSHUDWLRQV�ZKHQ�WKH�GDWD�LV�VWRUHG�RQ�D�GLVN���

�����3UHOLPLQDULHV�

$�WUHH�FDQ�EH�GHILQHG�LQ�VHYHUDO�ZD\V��2QH�QDWXUDO�ZD\�WR�GHILQH�D�WUHH�LV�
UHFXUVLYHO\��$�WUHH�LV�D�FROOHFWLRQ�RI�QRGHV��7KH�FROOHFWLRQ�FDQ�EH�HPSW\��ZKLFK�
LV�VRPHWLPHV�GHQRWHG�DV�$��2WKHUZLVH��D�WUHH�FRQVLVWV�RI�D�GLVWLQJXLVKHG�QRGH�U��
FDOOHG�WKH�URRW��DQG�]HUR�RU�PRUH��VXE�WUHHV�7���7�����������7N��HDFK�RI�ZKRVH�

URRWV�DUH�FRQQHFWHG�E\�D�GLUHFWHG�HGJH�WR�U���

7KH�URRW�RI�HDFK�VXEWUHH�LV�VDLG�WR�EH�D�FKLOG�RI�U��DQG�U�LV�WKH�SDUHQW�RI�HDFK�
VXEWUHH�URRW��)LJXUH�����VKRZV�D�W\SLFDO�WUHH�XVLQJ�WKH�UHFXUVLYH�GHILQLWLRQ���

)URP�WKH�UHFXUVLYH�GHILQLWLRQ��ZH�ILQG�WKDW�D�WUHH�LV�D�FROOHFWLRQ�RI�Q�QRGHV��
RQH�RI�ZKLFK�LV�WKH�URRW��DQG�Q�����HGJHV��7KDW�WKHUH�DUH�Q�����HGJHV�IROORZV�
IURP�WKH�IDFW�WKDW�HDFK�HGJH�FRQQHFWV�VRPH�QRGH�WR�LWV�SDUHQW��DQG�HYHU\�QRGH�
H[FHSW�WKH�URRW�KDV�RQH�SDUHQW��VHH�)LJ���������

��

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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)LJXUH�����*HQHULF�WUHH�

��

)LJXUH�����$�WUHH�

,Q�WKH�WUHH�RI�)LJXUH������WKH�URRW�LV�$��1RGH�)�KDV�$�DV�D�SDUHQW�DQG�.��/��DQG�
0�DV�FKLOGUHQ��(DFK�QRGH�PD\�KDYH�DQ�DUELWUDU\�QXPEHU�RI�FKLOGUHQ��SRVVLEO\�]HUR��
1RGHV�ZLWK�QR�FKLOGUHQ�DUH�NQRZQ�DV�OHDYHV��WKH�OHDYHV�LQ�WKH�WUHH�DERYH�DUH�%��
&��+��,��3��4��.��/��0��DQG�1��1RGHV�ZLWK�WKH�VDPH�SDUHQW�DUH�VLEOLQJV��WKXV�.��
/��DQG�0�DUH�DOO�VLEOLQJV��*UDQGSDUHQW�DQG�JUDQGFKLOG UHODWLRQV�FDQ�EH�GHILQHG�LQ�
D�VLPLODU�PDQQHU���

$�SDWK�IURP�QRGH�Q��WR�QN�LV�GHILQHG�DV�D�VHTXHQFH�RI�QRGHV�Q���Q�����������QN�

VXFK�WKDW�QL�LV�WKH�SDUHQW�RI�QL���IRU��� �L���N��7KH�OHQJWK�RI�WKLV�SDWK�LV�

WKH�QXPEHU�RI�HGJHV�RQ�WKH�SDWK��QDPHO\�N�����7KHUH�LV�D�SDWK�RI�OHQJWK�]HUR�IURP�
HYHU\�QRGH�WR�LWVHOI��1RWLFH�WKDW�LQ�D�WUHH�WKHUH�LV�H[DFWO\�RQH�SDWK�IURP�WKH�
URRW�WR�HDFK�QRGH���

)RU�DQ\�QRGH�QL��WKH�GHSWK�RI�QL�LV�WKH�OHQJWK�RI�WKH�XQLTXH�SDWK�IURP�WKH�URRW�

WR�QL��7KXV��WKH�URRW�LV�DW�GHSWK����7KH�KHLJKW�RI�QL�LV�WKH�ORQJHVW�SDWK�IURP�QL
WR�D�OHDI��7KXV�DOO�OHDYHV�DUH�DW�KHLJKW����7KH�KHLJKW�RI�D�WUHH�LV�HTXDO�WR�WKH�
KHLJKW�RI�WKH�URRW��)RU�WKH�WUHH�LQ�)LJXUH������(�LV�DW�GHSWK���DQG�KHLJKW����)�
LV�DW�GHSWK���DQG�KHLJKW����WKH�KHLJKW�RI�WKH�WUHH�LV����7KH�GHSWK�RI�D�WUHH�LV�
HTXDO�WR�WKH�GHSWK�RI�WKH�GHHSHVW�OHDI��WKLV�LV�DOZD\V�HTXDO�WR�WKH�KHLJKW�RI�WKH�
WUHH���

,I�WKHUH�LV�D�SDWK�IURP�Q��WR�Q���WKHQ�Q��LV�DQ�DQFHVWRU�RI�Q��DQG�Q��LV�D�

GHVFHQGDQW�RI�Q���,I�Q�� �Q���WKHQ�Q��LV�D�SURSHU�DQFHVWRU�RI�Q��DQG�Q��LV�D�

SURSHU�GHVFHQGDQW�RI�Q����

�������,PSOHPHQWDWLRQ�RI�7UHHV�

2QH�ZD\�WR�LPSOHPHQW�D�WUHH�ZRXOG�EH�WR�KDYH�LQ�HDFK�QRGH��EHVLGHV�LWV�GDWD��D�
SRLQWHU�WR�HDFK�FKLOG�RI�WKH�QRGH��+RZHYHU��VLQFH�WKH�QXPEHU�RI�FKLOGUHQ�SHU�QRGH�
FDQ�YDU\�VR�JUHDWO\�DQG�LV�QRW�NQRZQ�LQ�DGYDQFH��LW�PLJKW�EH�LQIHDVLEOH�WR�PDNH�
WKH�FKLOGUHQ�GLUHFW�OLQNV�LQ�WKH�GDWD�VWUXFWXUH��EHFDXVH�WKHUH�ZRXOG�EH�WRR�PXFK�
ZDVWHG�VSDFH��7KH�VROXWLRQ�LV�VLPSOH��.HHS�WKH�FKLOGUHQ�RI�HDFK�QRGH�LQ�D�OLQNHG�
OLVW�RI�WUHH�QRGHV��7KH�GHFODUDWLRQ�LQ�)LJXUH�����LV�W\SLFDO���
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W\SHGHI�VWUXFW�WUHHBQRGH�WUHHBSWU��

VWUXFW�WUHHBQRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

WUHHBSWU�ILUVWBFKLOG��

WUHHBSWU�QH[WBVLEOLQJ��

`��

)LJXUH�����1RGH�GHFODUDWLRQV�IRU�WUHHV�

��

)LJXUH�����)LUVW�FKLOG�QH[W�VLEOLQJ�UHSUHVHQWDWLRQ�RI�WKH�WUHH�VKRZQ�LQ�)LJXUH�
����

)LJXUH�����VKRZV�KRZ�D�WUHH�PLJKW�EH�UHSUHVHQWHG�LQ�WKLV�LPSOHPHQWDWLRQ��$UURZV�
WKDW�SRLQW�GRZQZDUG�DUH�ILUVWBFKLOG�SRLQWHUV��$UURZV�WKDW�JR�OHIW�WR�ULJKW�DUH�
QH[WBVLEOLQJ�SRLQWHUV��1XOO�SRLQWHUV�DUH�QRW�GUDZQ��EHFDXVH�WKHUH�DUH�WRR�PDQ\���

,Q�WKH�WUHH�RI�)LJXUH������QRGH�(�KDV�ERWK�D�SRLQWHU�WR�D�VLEOLQJ��)��DQG�D�
SRLQWHU�WR�D�FKLOG��,���ZKLOH�VRPH�QRGHV�KDYH�QHLWKHU���

�������7UHH�7UDYHUVDOV�ZLWK�DQ�$SSOLFDWLRQ�

7KHUH�DUH�PDQ\�DSSOLFDWLRQV�IRU�WUHHV��2QH�RI�WKH�SRSXODU�XVHV�LV�WKH�GLUHFWRU\�
VWUXFWXUH�LQ�PDQ\�FRPPRQ�RSHUDWLQJ�V\VWHPV��LQFOXGLQJ�UNIX, VAX/VMS��DQG�DOS��
)LJXUH�����LV�D�W\SLFDO�GLUHFWRU\�LQ�WKH�UNIX�ILOH�V\VWHP���

7KH�URRW�RI�WKLV�GLUHFWRU\�LV��XVU���7KH�DVWHULVN�QH[W�WR�WKH�QDPH�LQGLFDWHV�
WKDW��XVU�LV�LWVHOI�D�GLUHFWRU\����XVU�KDV�WKUHH�FKLOGUHQ��PDUN��DOH[��DQG�ELOO��
ZKLFK�DUH�WKHPVHOYHV�GLUHFWRULHV��7KXV���XVU�FRQWDLQV�WKUHH�GLUHFWRULHV�DQG�QR�
UHJXODU�ILOHV��7KH�ILOHQDPH��XVU�PDUN�ERRN�FK��U�LV�REWDLQHG�E\�IROORZLQJ�WKH�
OHIWPRVW�FKLOG�WKUHH�WLPHV��(DFK���DIWHU�WKH�ILUVW�LQGLFDWHV�DQ�HGJH��WKH�UHVXOW�
LV�WKH�IXOO�SDWKQDPH��7KLV�KLHUDUFKLFDO�ILOH�V\VWHP�LV�YHU\�SRSXODU��EHFDXVH�LW�
DOORZV�XVHUV�WR�RUJDQL]H�WKHLU�GDWD�ORJLFDOO\��)XUWKHUPRUH��WZR�ILOHV�LQ�
GLIIHUHQW�GLUHFWRULHV�FDQ�VKDUH�WKH�VDPH�QDPH��EHFDXVH�WKH\�PXVW�KDYH�GLIIHUHQW�
SDWKV�IURP�WKH�URRW�DQG�WKXV�KDYH�GLIIHUHQW�SDWKQDPHV��$�GLUHFWRU\�LQ�WKH�UNIX�
ILOH�V\VWHP�LV�MXVW�D�ILOH�ZLWK�D�OLVW�RI�DOO�LWV�FKLOGUHQ��VR�WKH�GLUHFWRULHV�

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����75((6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



DUH�VWUXFWXUHG�DOPRVW�H[DFWO\�LQ�DFFRUGDQFH�ZLWK�WKH�W\SH�GHFODUDWLRQ�DERYH��
,QGHHG��LI�WKH�QRUPDO�FRPPDQG�WR�SULQW�D�ILOH�LV�DSSOLHG�WR�D�GLUHFWRU\��WKHQ�WKH�
QDPHV�RI�WKH�ILOHV�LQ�WKH�GLUHFWRU\�FDQ�EH�VHHQ�LQ�WKH�RXWSXW��DORQJ�ZLWK�RWKHU�
QRQ�ASCII�LQIRUPDWLRQ����

*Each directory in the UNIX file system also has one entry that points to itself and another entry that 
points to the parent of the directory. Thus, technically, the UNIX file system is not a tree, but is 
treelike.��

��

)LJXUH�����8QL[�GLUHFWRU\�

YRLG�

OLVWBGLUHFWRU\���'LUHFWRU\BRUBILOH�'���

^�

OLVWBGLU���'�������

`�

YRLG�

OLVWBGLU���'LUHFWRU\BRUBILOH�'��XQVLJQHG�LQW�GHSWK���

^�

�����������LI���'�LV�D�OHJLWLPDWH�HQWU\��

^�

����������������SULQWBQDPH���GHSWK��'����

����������������LI��'�LV�D�GLUHFWRU\���

���������������������IRU�HDFK�FKLOG��F��RI�'�

��������������������������OLVWBGLU��F��GHSWK������

`�

`�
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)LJXUH�����5RXWLQH�WR�OLVW�D�GLUHFWRU\�LQ�D�KLHUDUFKLFDO�ILOH�V\VWHP�

6XSSRVH�ZH�ZRXOG�OLNH�WR�OLVW�WKH�QDPHV�RI�DOO�RI�WKH�ILOHV�LQ�WKH�GLUHFWRU\��2XU�
RXWSXW�IRUPDW�ZLOO�EH�WKDW�ILOHV�WKDW�DUH�GHSWK�G�ZLOO�KDYH�WKHLU�QDPHV�LQGHQWHG�
E\�G�WDEV��2XU�DOJRULWKP�LV�JLYHQ�LQ�)LJXUH�������

7KH�KHDUW�RI�WKH�DOJRULWKP�LV�WKH�UHFXUVLYH�SURFHGXUH�OLVWBGLU��7KLV�URXWLQH�
QHHGV�WR�EH�VWDUWHG�ZLWK�WKH�GLUHFWRU\�QDPH�DQG�D�GHSWK�RI����WR�VLJQLI\�QR�
LQGHQWLQJ�IRU�WKH�URRW��7KLV�GHSWK�LV�DQ�LQWHUQDO�ERRNNHHSLQJ�YDULDEOH��DQG�LV�
KDUGO\�D�SDUDPHWHU�WKDW�D�FDOOLQJ�URXWLQH�VKRXOG�EH�H[SHFWHG�WR�NQRZ�DERXW��7KXV�
WKH�GULYHU�URXWLQH�OLVWBGLUHFWRU\�LV�XVHG�WR�LQWHUIDFH�WKH�UHFXUVLYH�URXWLQH�WR�
WKH�RXWVLGH�ZRUOG���

7KH�ORJLF�RI�WKH�DOJRULWKP�LV�VLPSOH�WR�IROORZ��7KH�DUJXPHQW�WR�OLVWBGLU�LV�VRPH�
VRUW�RI�SRLQWHU�LQWR�WKH�WUHH��$V�ORQJ�DV�WKH�SRLQWHU�LV�YDOLG��WKH�QDPH�LPSOLHG�
E\�WKH�SRLQWHU�LV�SULQWHG�RXW�ZLWK�WKH�DSSURSULDWH�QXPEHU�RI�WDEV��,I�WKH�HQWU\�
LV�D�GLUHFWRU\��WKHQ�ZH�SURFHVV�DOO�FKLOGUHQ�UHFXUVLYHO\��RQH�E\�RQH��7KHVH�
FKLOGUHQ�DUH�RQH�OHYHO�GHHSHU��DQG�WKXV�QHHG�WR�EH�LQGHQWHG�DQ�H[WUD�VSDFH��7KH�
RXWSXW�LV�LQ�)LJXUH�������

7KLV�WUDYHUVDO�VWUDWHJ\�LV�NQRZQ�DV�D�SUHRUGHU�WUDYHUVDO��,Q�D�SUHRUGHU�
WUDYHUVDO��ZRUN�DW�D�QRGH�LV�SHUIRUPHG�EHIRUH��SUH��LWV�FKLOGUHQ�DUH�SURFHVVHG��
:KHQ�WKLV�SURJUDP�LV�UXQ��LW�LV�FOHDU�WKDW�OLQH���LV�H[HFXWHG�H[DFWO\�RQFH�SHU�
QRGH��VLQFH�HDFK�QDPH�LV�RXWSXW�RQFH��6LQFH�OLQH���LV�H[HFXWHG�DW�PRVW�RQFH�SHU�
QRGH��OLQH���PXVW�DOVR�EH�H[HFXWHG�RQFH�SHU�QRGH��)XUWKHUPRUH��OLQH���FDQ�EH�
H[HFXWHG�DW�PRVW�RQFH�IRU�HDFK�FKLOG�RI�HDFK�QRGH��%XW�WKH�QXPEHU�RI�FKLOGUHQ�LV�
H[DFWO\�RQH�OHVV�WKDQ�WKH�QXPEHU�RI�QRGHV��)LQDOO\��WKH�IRU�ORRS�LWHUDWHV�RQFH�
SHU�H[HFXWLRQ�RI�OLQH����SOXV�RQFH�HDFK�WLPH�WKH�ORRS�HQGV��(DFK�IRU�ORRS�
WHUPLQDWHV�RQ�D�18//�SRLQWHU��EXW�WKHUH�LV�DW�PRVW�RQH�RI�WKRVH�SHU�QRGH��7KXV��
WKH�WRWDO�DPRXQW�RI�ZRUN�LV�FRQVWDQW�SHU�QRGH��,I�WKHUH�DUH�Q�ILOH�QDPHV�WR�EH�
RXWSXW��WKHQ�WKH�UXQQLQJ�WLPH�LV�2�Q����

�XVU�

PDUN�

ERRN�

FKU��F�

FKU��F�

FKU��F�

FRXUVH�

FRS�����

IDOO���

V\O�U�

VSU���
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V\O�U�

VXP���

V\O�U�

MXQN�F�

DOH[�

MXQN�F�

ELOO�

ZRUN�

FRXUVH�

FRS�����

IDOO���

JUDGHV�

SURJ��U�

SURJ��U�

IDOO���

SURJ��U�

SURJ��U�

JUDGHV�

)LJXUH�����7KH��SUHRUGHU��GLUHFWRU\�OLVWLQJ�

$QRWKHU�FRPPRQ�PHWKRG�RI�WUDYHUVLQJ�D�WUHH�LV�WKH�SRVWRUGHU�WUDYHUVDO��,Q�D�
SRVWRUGHU�WUDYHUVDO��WKH�ZRUN�DW�D�QRGH�LV�SHUIRUPHG�DIWHU��SRVW��LWV�FKLOGUHQ�
DUH�HYDOXDWHG��$V�DQ�H[DPSOH��)LJXUH�����UHSUHVHQWV�WKH�VDPH�GLUHFWRU\�VWUXFWXUH�
DV�EHIRUH��ZLWK�WKH�QXPEHUV�LQ�SDUHQWKHVHV�UHSUHVHQWLQJ�WKH�QXPEHU�RI�GLVN�EORFNV�
WDNHQ�XS�E\�HDFK�ILOH���

6LQFH�WKH�GLUHFWRULHV�DUH�WKHPVHOYHV�ILOHV��WKH\�KDYH�VL]HV�WRR��6XSSRVH�ZH�ZRXOG�
OLNH�WR�FDOFXODWH�WKH�WRWDO�QXPEHU�RI�EORFNV�XVHG�E\�DOO�WKH�ILOHV�LQ�WKH�WUHH��
7KH�PRVW�QDWXUDO�ZD\�WR�GR�WKLV�ZRXOG�EH�WR�ILQG�WKH�QXPEHU�RI�EORFNV�FRQWDLQHG�
LQ�WKH�VXEGLUHFWRULHV��XVU�PDUN��������XVU�DOH[������DQG��XVU�ELOO�������7KH�
WRWDO�QXPEHU�RI�EORFNV�LV�WKHQ�WKH�WRWDO�LQ�WKH�VXEGLUHFWRULHV������SOXV�WKH�RQH�
EORFN�XVHG�E\��XVU��IRU�D�WRWDO�RI�����7KH�IXQFWLRQ�VL]HBGLUHFWRU\�LQ�)LJXUH�����
LPSOHPHQWV�WKLV�VWUDWHJ\���
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��

)LJXUH�����8QL[�GLUHFWRU\�ZLWK�ILOH�VL]HV�REWDLQHG�YLD�SRVWRUGHU�WUDYHUVDO�

XQVLJQHG�LQW�

VL]HBGLUHFWRU\��'LUHFWRU\BRUBILOH�'���

^�

XQVLJQHG�LQW�WRWDOBVL]H��

������������WRWDOBVL]H� ����

������������LI��'�LV�D�OHJLWLPDWH�HQWU\��

^�

�����������������WRWDOBVL]H� �ILOHBVL]H��'����

�����������������LI��'�LV�D�GLUHFWRU\���

����������������������IRU�HDFK�FKLOG��F��RI�'�

���������������������������WRWDOBVL]H�� �VL]HBGLUHFWRU\��F����

`�

������������UHWXUQ��WRWDOBVL]H����

`�

)LJXUH�����5RXWLQH�WR�FDOFXODWH�WKH�VL]H�RI�D�GLUHFWRU\�

����������������FK��U������������������

����������������FK��U������������������

����������������FK��U������������������

�����������ERRN������������������������

����������������V\O�U������������������

���������������������IDOO��������������
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����������������V\O�U������������������

���������������������VSU���������������

����������������V\O�U������������������

���������������������VXP���������������

����������������FRS��������������������

�����������FRXUVH����������������������

�����������MXQN�F����������������������

������PDUN�����������������������������

�����������MXQN�F����������������������

������DOH[�����������������������������

�����������ZRUN������������������������

�������������������������JUDGHV��������

�������������������������SURJ��U�������

�������������������������SURJ��U�������

��������������������IDOO���������������

�������������������������SURJ��U�������

�������������������������SURJ��U�������

�������������������������JUDGHV��������

��������������������IDOO���������������

���������������FRS���������������������

����������FRXUVH�����������������������

�����ELOO������������������������������

�XVU�����������������������������������

)LJXUH������7UDFH�RI�WKH�VL]H�IXQFWLRQ�

,I�'�LV�QRW�D�GLUHFWRU\��WKHQ�VL]HBGLUHFWRU\�PHUHO\�UHWXUQV�WKH�QXPEHU�RI�EORFNV�
XVHG�E\�'��2WKHUZLVH��WKH�QXPEHU�RI�EORFNV�XVHG�E\�'�LV�DGGHG�WR�WKH�QXPEHU�RI�
EORFNV��UHFXUVLYHO\��IRXQG�LQ�DOO�RI�WKH�FKLOGUHQ��7R�VHH�WKH�GLIIHUHQFH�EHWZHHQ�
WKH�SRVWRUGHU�WUDYHUVDO�VWUDWHJ\�DQG�WKH�SUHRUGHU�WUDYHUVDO�VWUDWHJ\��)LJXUH������
VKRZV�KRZ�WKH�VL]H�RI�HDFK�GLUHFWRU\�RU�ILOH�LV�SURGXFHG�E\�WKH�DOJRULWKP���

�����%LQDU\�7UHHV�
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$�ELQDU\�WUHH�LV�D�WUHH�LQ�ZKLFK�QR�QRGH�FDQ�KDYH�PRUH�WKDQ�WZR�FKLOGUHQ���

)LJXUH������VKRZV�WKDW�D�ELQDU\�WUHH�FRQVLVWV�RI�D�URRW�DQG�WZR�VXEWUHHV��7O�DQG�

7U��ERWK�RI�ZKLFK�FRXOG�SRVVLEO\�EH�HPSW\���

$�SURSHUW\�RI�D�ELQDU\�WUHH�WKDW�LV�VRPHWLPHV�LPSRUWDQW�LV�WKDW�WKH�GHSWK�RI�DQ�
DYHUDJH�ELQDU\�WUHH�LV�FRQVLGHUDEO\�VPDOOHU�WKDQ�Q��$Q�DQDO\VLV�VKRZV�WKDW�WKH�

DYHUDJH�GHSWK�LV� ��DQG�WKDW�IRU�D�VSHFLDO�W\SH�RI�ELQDU\�WUHH��QDPHO\�WKH�
ELQDU\�VHDUFK�WUHH��WKH�DYHUDJH�YDOXH�RI�WKH�GHSWK�LV�2�ORJ�Q���8QIRUWXQDWHO\��
WKH�GHSWK�FDQ�EH�DV�ODUJH�DV�Q�����DV�WKH�H[DPSOH�LQ�)LJXUH������VKRZV���

��

)LJXUH������*HQHULF�ELQDU\�WUHH�

��

)LJXUH������:RUVW�FDVH�ELQDU\�WUHH�

�������,PSOHPHQWDWLRQ�

%HFDXVH�D�ELQDU\�WUHH�KDV�DW�PRVW�WZR�FKLOGUHQ��ZH�FDQ�NHHS�GLUHFW�SRLQWHUV�WR�
WKHP��7KH�GHFODUDWLRQ�RI�WUHH�QRGHV�LV�VLPLODU�LQ�VWUXFWXUH�WR�WKDW�IRU�GRXEO\�
OLQNHG�OLVWV��LQ�WKDW�D�QRGH�LV�D�VWUXFWXUH�FRQVLVWLQJ�RI�WKH�NH\�LQIRUPDWLRQ�
SOXV�WZR�SRLQWHUV��OHIW�DQG�ULJKW��WR�RWKHU�QRGHV��VHH��

W\SHGHI�VWUXFW�WUHHBQRGH�WUHHBSWU��

VWUXFW�WUHHBQRGH�

^�

HOHPHQWBW\SH�HOHPHQW��
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Radi Jarrar



WUHHBSWU�OHIW��

WUHHBSWU�ULJKW��

`��

W\SHGHI�WUHHBSWU�75((��

)LJXUH������%LQDU\�WUHH�QRGH�GHFODUDWLRQV�

0DQ\�RI�WKH�UXOHV�WKDW�DSSO\�WR�OLQNHG�OLVWV�ZLOO�DSSO\�WR�WUHHV�DV�ZHOO��,Q�
SDUWLFXODU��ZKHQ�DQ�LQVHUWLRQ�LV�SHUIRUPHG��D�QRGH�ZLOO�KDYH�WR�EH�FUHDWHG�E\�D�
FDOO�WR�PDOORF��1RGHV�FDQ�EH�IUHHG�DIWHU�GHOHWLRQ�E\�FDOOLQJ�IUHH���

:H�FRXOG�GUDZ�WKH�ELQDU\�WUHHV�XVLQJ�WKH�UHFWDQJXODU�ER[HV�WKDW�DUH�FXVWRPDU\�IRU�
OLQNHG�OLVWV��EXW�WUHHV�DUH�JHQHUDOO\�GUDZQ�DV�FLUFOHV�FRQQHFWHG�E\�OLQHV��
EHFDXVH�WKH\�DUH�DFWXDOO\�JUDSKV��:H�DOVR�GR�QRW�H[SOLFLWO\�GUDZ�18//�SRLQWHUV�
ZKHQ�UHIHUULQJ�WR�WUHHV��EHFDXVH�HYHU\�ELQDU\�WUHH�ZLWK�Q�QRGHV�ZRXOG�UHTXLUH�Q���
��18//�SRLQWHUV���

%LQDU\�WUHHV�KDYH�PDQ\�LPSRUWDQW�XVHV�QRW�DVVRFLDWHG�ZLWK�VHDUFKLQJ��2QH�RI�WKH�
SULQFLSDO�XVHV�RI�ELQDU\�WUHHV�LV�LQ�WKH�DUHD�RI�FRPSLOHU�GHVLJQ��ZKLFK�ZH�ZLOO�
QRZ�H[SORUH���

�������([SUHVVLRQ�7UHHV�

)LJXUH������VKRZV�DQ�H[DPSOH�RI�DQ�H[SUHVVLRQ�WUHH��7KH�OHDYHV�RI�DQ�H[SUHVVLRQ�
WUHH�DUH�RSHUDQGV��VXFK�DV�FRQVWDQWV�RU�YDULDEOH�QDPHV��DQG�WKH�RWKHU�QRGHV�
FRQWDLQ�RSHUDWRUV��7KLV�SDUWLFXODU�WUHH�KDSSHQV�WR�EH�ELQDU\��EHFDXVH�DOO�RI�WKH�
RSHUDWLRQV�DUH�ELQDU\��DQG�DOWKRXJK�WKLV�LV�WKH�VLPSOHVW�FDVH��LW�LV�SRVVLEOH�IRU�
QRGHV�WR�KDYH�PRUH�WKDQ�WZR�FKLOGUHQ��,W�LV�DOVR�SRVVLEOH�IRU�D�QRGH�WR�KDYH�RQO\�
RQH�FKLOG��DV�LV�WKH�FDVH�ZLWK�WKH�XQDU\�PLQXV�RSHUDWRU��:H�FDQ�HYDOXDWH�DQ�
H[SUHVVLRQ�WUHH��7��E\�DSSO\LQJ�WKH�RSHUDWRU�DW�WKH�URRW�WR�WKH�YDOXHV�REWDLQHG�
E\�UHFXUVLYHO\�HYDOXDWLQJ�WKH�OHIW�DQG�ULJKW�VXEWUHHV��,Q�RXU�H[DPSOH��WKH�OHIW�
VXEWUHH�HYDOXDWHV�WR�D����E��F��DQG�WKH�ULJKW�VXEWUHH�HYDOXDWHV�WR���G�H����I��
J��7KH�HQWLUH�WUHH�WKHUHIRUH�UHSUHVHQWV��D����EF��������G��H����I��J����

:H�FDQ�SURGXFH�DQ��RYHUO\�SDUHQWKHVL]HG��LQIL[�H[SUHVVLRQ�E\�UHFXUVLYHO\�
SURGXFLQJ�D�SDUHQWKHVL]HG�OHIW�H[SUHVVLRQ��WKHQ�SULQWLQJ�RXW�WKH�RSHUDWRU�DW�WKH�
URRW��DQG�ILQDOO\�UHFXUVLYHO\�SURGXFLQJ�D�SDUHQWKHVL]HG�ULJKW�H[SUHVVLRQ��7KLV�
JHQHUDO�VWUDWWHJ\���OHIW��QRGH��ULJKW���LV�NQRZQ�DV�DQ�LQRUGHU�WUDYHUVDO��LW�LV�
HDV\�WR�UHPHPEHU�EHFDXVH�RI�WKH�W\SH�RI�H[SUHVVLRQ�LW�SURGXFHV���

$Q�DOWHUQDWH�WUDYHUVDO�VWUDWHJ\�LV�WR�UHFXUVLYHO\�SULQW�RXW�WKH�OHIW�VXEWUHH��WKH�
ULJKW�VXEWUHH��DQG�WKHQ�WKH�RSHUDWRU��,I�ZH�DSSO\�WKLV�VWUDWHJ\�WR�RXU�WUHH�
DERYH��WKH�RXWSXW�LV�D�E�F����G�H��I���J�����ZKLFK�LV�HDVLO\�VHHQ�WR�EH�WKH�
SRVWIL[�UHSUHVHQWDWLRQ�RI�6HFWLRQ��������7KLV�WUDYHUVDO�VWUDWHJ\�LV�JHQHUDOO\�
NQRZQ�DV�D�SRVWRUGHU�WUDYHUVDO��:H�KDYH�VHHQ�WKLV�WUDYHUVDO�VWUDWHJ\�HDUOLHU�LQ�
6HFWLRQ�������
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��

)LJXUH������([SUHVVLRQ�WUHH�IRU��D���E��F������G��H���I����J��

$�WKLUG�WUDYHUVDO�VWUDWHJ\�LV�WR�SULQW�RXW�WKH�RSHUDWRU�ILUVW�DQG�WKHQ�
UHFXUVLYHO\�SULQW�RXW�WKH�OHIW�DQG�ULJKW�VXEWUHHV��7KH�UHVXOWLQJ�H[SUHVVLRQ������
D��E�F�����G�H�I�J��LV�WKH�OHVV�XVHIXO�SUHIL[�QRWDWLRQ�DQG�WKH�WUDYHUVDO�
VWUDWHJ\�LV�D�SUHRUGHU�WUDYHUVDO��ZKLFK�ZH�KDYH�DOVR�VHHQ�HDUOLHU�LQ�6HFWLRQ������
:H�ZLOO�UHWXUQ�WR�WKHVH�WUDYHUVDO�VWUDWHJLHV�RQFH�DJDLQ�ODWHU�LQ�WKH�FKDSWHU���

&RQVWUXFWLQJ�DQ�([SUHVVLRQ�7UHH�

:H�QRZ�JLYH�DQ�DOJRULWKP�WR�FRQYHUW�D�SRVWIL[�H[SUHVVLRQ�LQWR�DQ�H[SUHVVLRQ�WUHH��
6LQFH�ZH�DOUHDG\�KDYH�DQ�DOJRULWKP�WR�FRQYHUW�LQIL[�WR�SRVWIL[��ZH�FDQ�JHQHUDWH�
H[SUHVVLRQ�WUHHV�IURP�WKH�WZR�FRPPRQ�W\SHV�RI�LQSXW��7KH�PHWKRG�ZH�GHVFULEH�
VWURQJO\�UHVHPEOHV�WKH�SRVWIL[�HYDOXDWLRQ�DOJRULWKP�RI�6HFWLRQ��������:H�UHDG�RXU�
H[SUHVVLRQ�RQH�V\PERO�DW�D�WLPH��,I�WKH�V\PERO�LV�DQ�RSHUDQG��ZH�FUHDWH�D�RQH�
QRGH�WUHH�DQG�SXVK�D�SRLQWHU�WR�LW�RQWR�D�VWDFN��,I�WKH�V\PERO�LV�DQ�RSHUDWRU��ZH�
SRS�SRLQWHUV�WR�WZR�WUHHV�7��DQG�7��IURP�WKH�VWDFN��7��LV�SRSSHG�ILUVW��DQG�IRUP�

D�QHZ�WUHH�ZKRVH�URRW�LV�WKH�RSHUDWRU�DQG�ZKRVH�OHIW�DQG�ULJKW�FKLOGUHQ�SRLQW�WR�
7��DQG�7��UHVSHFWLYHO\��$�SRLQWHU�WR�WKLV�QHZ�WUHH�LV�WKHQ�SXVKHG�RQWR�WKH�VWDFN��

$V�DQ�H[DPSOH��VXSSRVH�WKH�LQSXW�LV��

D�E���F�G�H�����

7KH�ILUVW�WZR�V\PEROV�DUH�RSHUDQGV��VR�ZH�FUHDWH�RQH�QRGH�WUHHV�DQG�SXVK�SRLQWHUV�
WR�WKHP�RQWR�D�VWDFN���

)RU�FRQYHQLHQFH��ZH�ZLOO�KDYH�WKH�VWDFN�JURZ�IURP�OHIW�WR�ULJKW�LQ�WKH�GLDJUDPV��

��

1H[W��D�
�
�LV�UHDG��VR�WZR�SRLQWHUV�WR�WUHHV�DUH�SRSSHG��D�QHZ�WUHH�LV�IRUPHG��
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DQG�D�SRLQWHU�WR�LW�LV�SXVKHG�RQWR�WKH�VWDFN�� ��

1H[W��F��G��DQG�H�DUH�UHDG��DQG�IRU�HDFK�D�RQH�QRGH�WUHH�LV�FUHDWHG�DQG�D�SRLQWHU�
WR�WKH�FRUUHVSRQGLQJ�WUHH�LV�SXVKHG�RQWR�WKH�VWDFN���

��

1RZ�D�
�
�LV�UHDG��VR�WZR�WUHHV�DUH�PHUJHG���

��

&RQWLQXLQJ��D�

�LV�UHDG��VR�ZH�SRS�WZR�WUHH�SRLQWHUV�DQG�IRUP�D�QHZ�WUHH�ZLWK�D�


�DV�URRW���
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��

)LQDOO\��WKH�ODVW�V\PERO�LV�UHDG��WZR�WUHHV�DUH�PHUJHG��DQG�D�SRLQWHU�WR�WKH�
ILQDO�WUHH�LV�OHIW�RQ�WKH�VWDFN���

��

�����7KH�6HDUFK�7UHH�$'7�%LQDU\�6HDUFK�
7UHHV�

$Q�LPSRUWDQW�DSSOLFDWLRQ�RI�ELQDU\�WUHHV�LV�WKHLU�XVH�LQ�VHDUFKLQJ��/HW�XV�DVVXPH�
WKDW�HDFK�QRGH�LQ�WKH�WUHH�LV�DVVLJQHG�D�NH\�YDOXH��,Q�RXU�H[DPSOHV��ZH�ZLOO�
DVVXPH�IRU�VLPSOLFLW\�WKDW�WKHVH�DUH�LQWHJHUV��DOWKRXJK�DUELWUDULO\�FRPSOH[�NH\V�
DUH�DOORZHG��:H�ZLOO�DOVR�DVVXPH�WKDW�DOO�WKH�NH\V�DUH�GLVWLQFW��DQG�GHDO�ZLWK�
GXSOLFDWHV�ODWHU���

7KH�SURSHUW\�WKDW�PDNHV�D�ELQDU\�WUHH�LQWR�D�ELQDU\�VHDUFK�WUHH�LV�WKDW�IRU�HYHU\�
QRGH��;��LQ�WKH�WUHH��WKH�YDOXHV�RI�DOO�WKH�NH\V�LQ�WKH�OHIW�VXEWUHH�DUH�VPDOOHU�
WKDQ�WKH�NH\�YDOXH�LQ�;��DQG�WKH�YDOXHV�RI�DOO�WKH�NH\V�LQ�WKH�ULJKW�VXEWUHH�DUH�
ODUJHU�WKDQ�WKH�NH\�YDOXH�LQ�;��1RWLFH�WKDW�WKLV�LPSOLHV�WKDW�DOO�WKH�HOHPHQWV�LQ�
WKH�WUHH�FDQ�EH�RUGHUHG�LQ�VRPH�FRQVLVWHQW�PDQQHU��,Q�)LJXUH�������WKH�WUHH�RQ�
WKH�OHIW�LV�D�ELQDU\�VHDUFK�WUHH��EXW�WKH�WUHH�RQ�WKH�ULJKW�LV�QRW��7KH�WUHH�RQ�
WKH�ULJKW�KDV�D�QRGH�ZLWK�NH\���LQ�WKH�OHIW�VXEWUHH�RI�D�QRGH�ZLWK�NH\����ZKLFK�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����75((6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



KDSSHQV�WR�EH�WKH�URRW����

:H�QRZ�JLYH�EULHI�GHVFULSWLRQV�RI�WKH�RSHUDWLRQV�WKDW�DUH�XVXDOO\�SHUIRUPHG�RQ�
ELQDU\�VHDUFK�WUHHV��1RWH�WKDW�EHFDXVH�RI�WKH�UHFXUVLYH�GHILQLWLRQ�RI�WUHHV��LW�
LV�FRPPRQ�WR�ZULWH�WKHVH�URXWLQHV�UHFXUVLYHO\��%HFDXVH�WKH�DYHUDJH�GHSWK�RI�D�
ELQDU\�VHDUFK�WUHH�LV�2�ORJ�Q���ZH�JHQHUDOO\�GR�QRW�QHHG�WR�ZRUU\�DERXW�UXQQLQJ�
RXW�RI�VWDFN�VSDFH��:H�UHSHDW�RXU�W\SH�GHILQLWLRQ�LQ�)LJXUH�������6LQFH�DOO�WKH�
HOHPHQWV�FDQ�EH�RUGHUHG��ZH�ZLOO�DVVXPH�WKDW�WKH�RSHUDWRUV����!��DQG� �FDQ�EH�
DSSOLHG�WR�WKHP��HYHQ�LI�WKLV�PLJKW�EH�V\QWDFWLFDOO\�HUURQHRXV�IRU�VRPH�W\SHV���

��

)LJXUH������7ZR�ELQDU\�WUHHV��RQO\�WKH�OHIW�WUHH�LV�D�VHDUFK�WUHH��

W\SHGHI�VWUXFW�WUHHBQRGH�WUHHBSWU��

VWUXFW�WUHHBQRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

WUHHBSWU�OHIW��

WUHHBSWU�ULJKW��

`��

W\SHGHI�WUHHBSWU�6($5&+B75((��

)LJXUH������%LQDU\�VHDUFK�WUHH�GHFODUDWLRQV�

�������0DNHBQXOO�

7KLV�RSHUDWLRQ�LV�PDLQO\�IRU�LQLWLDOL]DWLRQ��6RPH�SURJUDPPHUV�SUHIHU�WR�
LQLWLDOL]H�WKH�ILUVW�HOHPHQW�DV�D�RQH�QRGH�WUHH��EXW�RXU�LPSOHPHQWDWLRQ�IROORZV�
WKH�UHFXUVLYH�GHILQLWLRQ�RI�WUHHV�PRUH�FORVHO\��,W�LV�DOVR�D�VLPSOH�URXWLQH��DV�
HYLGHQFHG�E\�)LJXUH��������

�������)LQG�

7KLV�RSHUDWLRQ�JHQHUDOO\�UHTXLUHV�UHWXUQLQJ�D�SRLQWHU�WR�WKH�QRGH�LQ�WUHH�7�WKDW�
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KDV�NH\�[��RU�18//�LI�WKHUH�LV�QR�VXFK�QRGH��7KH�VWUXFWXUH�RI�WKH�WUHH�PDNHV�WKLV�
VLPSOH��,I�7�LV���WKHQ�ZH�FDQ�MXVW�UHWXUQ���2WKHUZLVH��LI�WKH�NH\�VWRUHG�DW�7�LV�
[��ZH�FDQ�UHWXUQ�7��2WKHUZLVH��ZH�PDNH�D�UHFXUVLYH�FDOO�RQ�D�VXEWUHH�RI�7��HLWKHU�
OHIW�RU�ULJKW��GHSHQGLQJ�RQ�WKH�UHODWLRQVKLS�RI�[�WR�WKH�NH\�VWRUHG�LQ�7��7KH�
FRGH�LQ�)LJXUH������LV�DQ�LPSOHPHQWDWLRQ�RI�WKLV�VWUDWHJ\���

6($5&+B75((�

PDNHBQXOO���YRLG���

^�

UHWXUQ�18//��

`�

)LJXUH������5RXWLQH�WR�PDNH�DQ�HPSW\�WUHH�

WUHHBSWU�

ILQG��HOHPHQWBW\SH�[��6($5&+B75((�7���

^�

LI��7�  �18//���

UHWXUQ�18//��

LI��[���7�!HOHPHQW���

UHWXUQ��ILQG��[��7�!OHIW������

HOVH�

LI��[�!�7�!HOHPHQW���

UHWXUQ��ILQG��[��7�!ULJKW������

HOVH�

UHWXUQ�7��

`�

)LJXUH������)LQG�RSHUDWLRQ�IRU�ELQDU\�VHDUFK�WUHHV�

1RWLFH�WKH�RUGHU�RI�WKH�WHVWV��,W�LV�FUXFLDO�WKDW�WKH�WHVW�IRU�DQ�HPSW\�WUHH�EH�
SHUIRUPHG�ILUVW��VLQFH�RWKHUZLVH�WKH�LQGLUHFWLRQV�ZRXOG�EH�RQ�D�18//�SRLQWHU��7KH�
UHPDLQLQJ�WHVWV�DUH�DUUDQJHG�ZLWK�WKH�OHDVW�OLNHO\�FDVH�ODVW��$OVR�QRWH�WKDW�ERWK�
UHFXUVLYH�FDOOV�DUH�DFWXDOO\�WDLO�UHFXUVLRQV�DQG�FDQ�EH�HDVLO\�UHPRYHG�ZLWK�DQ�
DVVLJQPHQW�DQG�D�JRWR��7KH�XVH�RI�WDLO�UHFXUVLRQ�LV�MXVWLILDEOH�KHUH�EHFDXVH�WKH�
VLPSOLFLW\�RI�DOJRULWKPLF�H[SUHVVLRQ�FRPSHQVDWHV�IRU�WKH�GHFUHDVH�LQ�VSHHG��DQG�
WKH�DPRXQW�RI�VWDFN�VSDFH�XVHG�LV�H[SHFWHG�WR�EH�RQO\�2�ORJ�Q����

�������)LQGBPLQ�DQG�ILQGBPD[�
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7KHVH�URXWLQHV�UHWXUQ�WKH�SRVLWLRQ�RI�WKH�VPDOOHVW�DQG�ODUJHVW�HOHPHQWV�LQ�WKH�
WUHH��UHVSHFWLYHO\��$OWKRXJK�UHWXUQLQJ�WKH�H[DFW�YDOXHV�RI�WKHVH�HOHPHQWV�PLJKW�
VHHP�PRUH�UHDVRQDEOH��WKLV�ZRXOG�EH�LQFRQVLVWHQW�ZLWK�WKH�ILQG�RSHUDWLRQ��,W�LV�
LPSRUWDQW�WKDW�VLPLODU�ORRNLQJ�RSHUDWLRQV�GR�VLPLODU�WKLQJV��7R�SHUIRUP�D�
ILQGBPLQ��VWDUW�DW�WKH�URRW�DQG�JR�OHIW�DV�ORQJ�DV�WKHUH�LV�D�OHIW�FKLOG��7KH�
VWRSSLQJ�SRLQW�LV�WKH�VPDOOHVW�HOHPHQW��7KH�ILQGBPD[�URXWLQH�LV�WKH�VDPH��H[FHSW�
WKDW�EUDQFKLQJ�LV�WR�WKH�ULJKW�FKLOG���

7KLV�LV�VR�HDV\�WKDW�PDQ\�SURJUDPPHUV�GR�QRW�ERWKHU�XVLQJ�UHFXUVLRQ��:H�ZLOO�FRGH�
WKH�URXWLQHV�ERWK�ZD\V�E\�GRLQJ�ILQGBPLQ�UHFXUVLYHO\�DQG�ILQGBPD[�QRQUHFXUVLYHO\�
�VHH�)LJV�������DQG���������

1RWLFH�KRZ�ZH�FDUHIXOO\�KDQGOH�WKH�GHJHQHUDWH�FDVH�RI�DQ�HPSW\�WUHH��$OWKRXJK�
WKLV�LV�DOZD\V�LPSRUWDQW�WR�GR��LW�LV�HVSHFLDOO\�FUXFLDO�LQ�UHFXUVLYH�SURJUDPV��
$OVR�QRWLFH�WKDW�LW�LV�VDIH�WR�FKDQJH�7�LQ�ILQGBPD[��VLQFH�ZH�DUH�RQO\�ZRUNLQJ�
ZLWK�D�FRS\��$OZD\V�EH�H[WUHPHO\�FDUHIXO��KRZHYHU��EHFDXVH�D�VWDWHPHQW�VXFK�DV�7�
�!�ULJKW��� 7��!�ULJKW��!�ULJKW�ZLOO�PDNH�FKDQJHV�LQ�PRVW�ODQJXDJHV���

WUHHBSWU�

ILQGBPLQ��6($5&+B75((�7���

^�

LI��7�  �18//���

UHWXUQ�18//��

HOVH�

LI��7�!OHIW�  �18//���

UHWXUQ��7����

HOVH�

UHWXUQ��ILQGBPLQ���7�!OHIW������

`�

)LJXUH������5HFXUVLYH�LPSOHPHQWDWLRQ�RI�ILQGBPLQ�IRU�ELQDU\�VHDUFK�WUHHV�

WUHHBSWU�

ILQGBPD[��6($5&+B75((�7���

^�

LI��7�� �18//���

ZKLOH��7�!ULJKW�� �18//���

7� �7�!ULJKW��

UHWXUQ�7��
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`�

)LJXUH������1RQUHFXUVLYH�LPSOHPHQWDWLRQ�RI�ILQGBPD[�IRU�ELQDU\�VHDUFK�WUHHV�

�������,QVHUW�

7KH�LQVHUWLRQ�URXWLQH�LV�FRQFHSWXDOO\�VLPSOH��7R�LQVHUW�[�LQWR�WUHH�7��SURFHHG�
GRZQ�WKH�WUHH�DV�\RX�ZRXOG�ZLWK�D�ILQG��,I�[�LV�IRXQG��GR�QRWKLQJ��RU��XSGDWH��
VRPHWKLQJ���2WKHUZLVH��LQVHUW�[�DW�WKH�ODVW�VSRW�RQ�WKH�SDWK�WUDYHUVHG��)LJXUH�
�����VKRZV�ZKDW�KDSSHQV��7R�LQVHUW����ZH�WUDYHUVH�WKH�WUHH�DV�WKRXJK�D�ILQG�ZHUH�
RFFXUULQJ��$W�WKH�QRGH�ZLWK�NH\����ZH�QHHG�WR�JR�ULJKW��EXW�WKHUH�LV�QR�VXEWUHH��
VR���LV�QRW�LQ�WKH�WUHH��DQG�WKLV�LV�WKH�FRUUHFW�VSRW���

'XSOLFDWHV�FDQ�EH�KDQGOHG�E\�NHHSLQJ�DQ�H[WUD�ILHOG�LQ�WKH�QRGH�UHFRUG�LQGLFDWLQJ�
WKH�IUHTXHQF\�RI�RFFXUUHQFH��7KLV�DGGV�VRPH�H[WUD�VSDFH�WR�WKH�HQWLUH�WUHH��EXW�
LV�EHWWHU�WKDQ�SXWWLQJ�GXSOLFDWHV�LQ�WKH�WUHH��ZKLFK�WHQGV�WR�PDNH�WKH�WUHH�YHU\�
GHHS���2I�FRXUVH�WKLV�VWUDWHJ\�GRHV�QRW�ZRUN�LI�WKH�NH\�LV�RQO\�SDUW�RI�D�ODUJHU�
UHFRUG��,I�WKDW�LV�WKH�FDVH��WKHQ�ZH�FDQ�NHHS�DOO�RI�WKH�UHFRUGV�WKDW�KDYH�WKH�
VDPH�NH\�LQ�DQ�DX[LOLDU\�GDWD�VWUXFWXUH��VXFK�DV�D�OLVW�RU�DQRWKHU�VHDUFK�WUHH���

��

)LJXUH������%LQDU\�VHDUFK�WUHHV�EHIRUH�DQG�DIWHU�LQVHUWLQJ���

)LJXUH������VKRZV�WKH�FRGH�IRU�WKH�LQVHUWLRQ�URXWLQH��6LQFH�7�SRLQWV�WR�WKH�URRW�
RI�WKH�WUHH��DQG�WKH�URRW�FKDQJHV�RQ�WKH�ILUVW�LQVHUWLRQ��LQVHUW�LV�ZULWWHQ�DV�D�
IXQFWLRQ�WKDW�UHWXUQV�D�SRLQWHU�WR�WKH�URRW�RI�WKH�QHZ�WUHH��/LQHV���DQG����
UHFXUVLYHO\�LQVHUW�DQG�DWWDFK�[�LQWR�WKH�DSSURSULDWH�VXEWUHH���

WUHHBSWU�

LQVHUW��HOHPHQWBW\SH�[��6($5&+B75((�7���

^�

����������LI��7�  �18//���

^����&UHDWH�DQG�UHWXUQ�D�RQH�QRGH�WUHH���

���������������7� ��6($5&+B75((��PDOORF���VL]HRI��VWUXFW�WUHHBQRGH�����

���������������LI��7�  �18//���

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����75((6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�������������������IDWDOBHUURU��2XW�RI�VSDFH�������

HOVH�

^�

�������������������7�!HOHPHQW� �[��

�������������������7�!OHIW� �7�!ULJKW� �18//��

`�

`�

HOVH�

����������LI��[���7�!HOHPHQW���

���������������7�!OHIW� �LQVHUW��[��7�!OHIW����

HOVH�

����������LI��[�!�7�!HOHPHQW���

���������������7�!ULJKW� �LQVHUW��[��7�!ULJKW����

��HOVH�[�LV�LQ�WKH�WUHH�DOUHDG\��:H
OO�GR�QRWKLQJ���

����������UHWXUQ�7����'RQ
W�IRUJHW�WKLV�OLQH�����

`�

)LJXUH������,QVHUWLRQ�LQWR�D�ELQDU\�VHDUFK�WUHH�

�������'HOHWH�

$V�LV�FRPPRQ�ZLWK�PDQ\�GDWD�VWUXFWXUHV��WKH�KDUGHVW�RSHUDWLRQ�LV�GHOHWLRQ��2QFH�
ZH�KDYH�IRXQG�WKH�QRGH�WR�EH�GHOHWHG��ZH�QHHG�WR�FRQVLGHU�VHYHUDO�SRVVLELOLWLHV��

,I�WKH�QRGH�LV�D�OHDI��LW�FDQ�EH�GHOHWHG�LPPHGLDWHO\��,I�WKH�QRGH�KDV�RQH�FKLOG��
WKH�QRGH�FDQ�EH�GHOHWHG�DIWHU�LWV�SDUHQW�DGMXVWV�D�SRLQWHU�WR�E\SDVV�WKH�QRGH��ZH�
ZLOO�GUDZ�WKH�SRLQWHU�GLUHFWLRQV�H[SOLFLWO\�IRU�FODULW\���6HH�)LJXUH�������1RWLFH�
WKDW�WKH�GHOHWHG�QRGH�LV�QRZ�XQUHIHUHQFHG�DQG�FDQ�EH�GLVSRVHG�RI�RQO\�LI�D�
SRLQWHU�WR�LW�KDV�EHHQ�VDYHG���

7KH�FRPSOLFDWHG�FDVH�GHDOV�ZLWK�D�QRGH�ZLWK�WZR�FKLOGUHQ��7KH�JHQHUDO�VWUDWHJ\�LV�
WR�UHSODFH�WKH�NH\�RI�WKLV�QRGH�ZLWK�WKH�VPDOOHVW�NH\�RI�WKH�ULJKW�VXEWUHH��ZKLFK�
LV�HDVLO\�IRXQG��DQG�UHFXUVLYHO\�GHOHWH�WKDW�QRGH��ZKLFK�LV�QRZ�HPSW\���%HFDXVH�
WKH�VPDOOHVW�QRGH�LQ�WKH�ULJKW�VXEWUHH�FDQQRW�KDYH�D�OHIW�FKLOG��WKH�VHFRQG�
GHOHWH�LV�DQ�HDV\�RQH��)LJXUH������VKRZV�DQ�LQLWLDO�WUHH�DQG�WKH�UHVXOW�RI�D�
GHOHWLRQ��7KH�QRGH�WR�EH�GHOHWHG�LV�WKH�OHIW�FKLOG�RI�WKH�URRW��WKH�NH\�YDOXH�LV�
���,W�LV�UHSODFHG�ZLWK�WKH�VPDOOHVW�NH\�LQ�LWV�ULJKW�VXEWUHH������DQG�WKHQ�WKDW�
QRGH�LV�GHOHWHG�DV�EHIRUH���
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Radi Jarrar




��

)LJXUH������'HOHWLRQ�RI�D�QRGH�����ZLWK�RQH�FKLOG��EHIRUH�DQG�DIWHU�

��

)LJXUH������'HOHWLRQ�RI�D�QRGH�����ZLWK�WZR�FKLOGUHQ��EHIRUH�DQG�DIWHU�

7KH�FRGH�LQ�)LJXUH������SHUIRUPV�GHOHWLRQ��,W�LV�LQHIILFLHQW��EHFDXVH�LW�PDNHV�
WZR�SDVVHV�GRZQ�WKH�WUHH�WR�ILQG�DQG�GHOHWH�WKH�VPDOOHVW�QRGH�LQ�WKH�ULJKW�
VXEWUHH�ZKHQ�WKLV�LV�DSSURSULDWH��,W�LV�HDV\�WR�UHPRYH�WKLV�LQHIILFLHQF\��E\�
ZULWLQJ�D�VSHFLDO�GHOHWHBPLQ�IXQFWLRQ��DQG�ZH�KDYH�OHIW�LW�LQ�RQO\�IRU�
VLPSOLFLW\���

,I�WKH�QXPEHU�RI�GHOHWLRQV�LV�H[SHFWHG�WR�EH�VPDOO��WKHQ�D�SRSXODU�VWUDWHJ\�WR�
XVH�LV�OD]\�GHOHWLRQ��:KHQ�DQ�HOHPHQW�LV�WR�EH�GHOHWHG��LW�LV�OHIW�LQ�WKH�WUHH�
DQG�PHUHO\�PDUNHG�DV�EHLQJ�GHOHWHG��7KLV�LV�HVSHFLDOO\�SRSXODU�LI�GXSOLFDWH�NH\V�
DUH�SUHVHQW��EHFDXVH�WKHQ�WKH�ILHOG�WKDW�NHHSV�FRXQW�RI�WKH�IUHTXHQF\�RI�
DSSHDUDQFH�FDQ�EH�GHFUHPHQWHG��,I�WKH�QXPEHU�RI�UHDO�QRGHV�LQ�WKH�WUHH�LV�WKH�
VDPH�DV�WKH�QXPEHU�RI��GHOHWHG��QRGHV��WKHQ�WKH�GHSWK�RI�WKH�WUHH�LV�RQO\�
H[SHFWHG�WR�JR�XS�E\�D�VPDOO�FRQVWDQW��ZK\"���VR�WKHUH�LV�D�YHU\�VPDOO�WLPH�
SHQDOW\�DVVRFLDWHG�ZLWK�OD]\�GHOHWLRQ��$OVR��LI�D�GHOHWHG�NH\�LV�UHLQVHUWHG��WKH�
RYHUKHDG�RI�DOORFDWLQJ�D�QHZ�FHOO�LV�DYRLGHG���

WUHHBSWU�

GHOHWH��HOHPHQWBW\SH�[��6($5&+B75((�7���

^�
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WUHHBSWU�WPSBFHOO��FKLOG��

LI��7�  �18//���

HUURU��(OHPHQW�QRW�IRXQG����

HOVH�

LI��[���7�!HOHPHQW������*R�OHIW���

7�!OHIW� �GHOHWH��[��7�!OHIW����

HOVH�

LI��[�!�7�!HOHPHQW������*R�ULJKW���

7�!ULJKW� �GHOHWH��[��7�!ULJKW����

HOVH��������)RXQG�HOHPHQW�WR�EH�GHOHWHG���

LI��7�!OHIW�		�7�!ULJKW������7ZR�FKLOGUHQ���

^��������5HSODFH�ZLWK�VPDOOHVW�LQ�ULJKW�VXEWUHH���

WPSBFHOO� �ILQGBPLQ��7�!ULJKW����

7�!HOHPHQW� �WPSBFHOO�!HOHPHQW��

7�!ULJKW� �GHOHWH��7�!HOHPHQW��7�!ULJKW����

`�

HOVH��������2QH�FKLOG���

`�

WPSBFHOO� �7��

LI��7�!OHIW�  �18//����������2QO\�D�ULJKW�FKLOG���

FKLOG� �7�!ULJKW��

LI��7�!ULJKW�  �18//���������2QO\�D�OHIW�FKLOG���

FKLOG� �7�!OHIW��

IUHH��WPSBFHOO����

UHWXUQ�FKLOG��

`�

UHWXUQ�7��

`�

)LJXUH������'HOHWLRQ�URXWLQH�IRU�ELQDU\�VHDUFK�WUHHV�
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�������$YHUDJH�&DVH�$QDO\VLV�

,QWXLWLYHO\��ZH�H[SHFW�WKDW�DOO�RI�WKH�RSHUDWLRQV�RI�WKH�SUHYLRXV�VHFWLRQ��H[FHSW�
PDNHBQXOO��VKRXOG�WDNH�2�ORJ�Q��WLPH��EHFDXVH�LQ�FRQVWDQW�WLPH�ZH�GHVFHQG�D�OHYHO�
LQ�WKH�WUHH��WKXV�RSHUDWLQJ�RQ�D�WUHH�WKDW�LV�QRZ�URXJKO\�KDOI�DV�ODUJH��,QGHHG��
WKH�UXQQLQJ�WLPH�RI�DOO�WKH�RSHUDWLRQV��H[FHSW�PDNHBQXOO��LV�2�G���ZKHUH�G LV�WKH�
GHSWK�RI�WKH�QRGH�FRQWDLQLQJ�WKH�DFFHVVHG�NH\���

:H�SURYH�LQ�WKLV�VHFWLRQ�WKDW�WKH�DYHUDJH�GHSWK�RYHU�DOO�QRGHV�LQ�D�WUHH�LV�2�ORJ�
Q��RQ�WKH�DVVXPSWLRQ�WKDW�DOO�WUHHV�DUH�HTXDOO\�OLNHO\���

7KH�VXP�RI�WKH�GHSWKV�RI�DOO�QRGHV�LQ�D�WUHH�LV�NQRZQ�DV�WKH�LQWHUQDO�SDWK�
OHQJWK��:H�ZLOO�QRZ�FDOFXODWH�WKH�DYHUDJH�LQWHUQDO�SDWK�OHQJWK�RI�D�ELQDU\�VHDUFK�
WUHH��ZKHUH�WKH�DYHUDJH�LV�WDNHQ�RYHU�DOO�SRVVLEOH�ELQDU\�VHDUFK�WUHHV���

/HW�'�Q��EH�WKH�LQWHUQDO�SDWK�OHQJWK�IRU�VRPH�WUHH�7�RI�Q�QRGHV��'���� ����$Q�Q�
QRGH�WUHH�FRQVLVWV�RI�DQ�L�QRGH�OHIW�VXEWUHH�DQG�DQ��Q���L������QRGH�ULJKW�

VXEWUHH��SOXV�D�URRW�DW�GHSWK�]HUR�IRU��� �L���Q��'�L��LV�WKH�LQWHUQDO�SDWK�
OHQJWK�RI�WKH�OHIW�VXEWUHH�ZLWK�UHVSHFW�WR�LWV�URRW��,Q�WKH�PDLQ�WUHH��DOO�WKHVH�
QRGHV�DUH�RQH�OHYHO�GHHSHU��7KH�VDPH�KROGV�IRU�WKH�ULJKW�VXEWUHH��7KXV��ZH�JHW�
WKH�UHFXUUHQFH��

'�Q�� �'�L����'�Q���L�������Q����

,I�DOO�VXEWUHH�VL]HV�DUH�HTXDOO\�OLNHO\��ZKLFK�LV�WUXH�IRU�ELQDU\�VHDUFK�WUHHV�
�VLQFH�WKH�VXEWUHH�VL]H�GHSHQGV�RQO\�RQ�WKH�UHODWLYH�UDQN�RI�WKH�ILUVW�HOHPHQW�
LQVHUWHG�LQWR�WKH�WUHH���EXW�QRW�ELQDU\�WUHHV��WKHQ�WKH�DYHUDJH�YDOXH�RI�ERWK�'

�L��DQG�'�Q���L�����LV� ��7KLV�\LHOGV��

��

7KLV�UHFXUUHQFH�ZLOO�EH�HQFRXQWHUHG�DQG�VROYHG�LQ�&KDSWHU����REWDLQLQJ�DQ�DYHUDJH�
YDOXH�RI�'�Q�� �2�Q�ORJ�Q���7KXV��WKH�H[SHFWHG�GHSWK�RI�DQ\�QRGH�LV�2�ORJ�Q���$V�
DQ�H[DPSOH��WKH�UDQGRPO\�JHQHUDWHG�����QRGH�WUHH�VKRZQ�LQ�)LJXUH������KDV�QRGHV�
DW�H[SHFWHG�GHSWK��������

,W�LV�WHPSWLQJ�WR�VD\�LPPHGLDWHO\�WKDW�WKLV�UHVXOW�LPSOLHV�WKDW�WKH�DYHUDJH�
UXQQLQJ�WLPH�RI�DOO�WKH�RSHUDWLRQV�GLVFXVVHG�LQ�WKH�SUHYLRXV�VHFWLRQ�LV�2�ORJ�Q���
EXW�WKLV�LV�QRW�HQWLUHO\�WUXH��7KH�UHDVRQ�IRU�WKLV�LV�WKDW�EHFDXVH�RI�GHOHWLRQV��
LW�LV�QRW�FOHDU�WKDW�DOO�ELQDU\�VHDUFK�WUHHV�DUH�HTXDOO\�OLNHO\��,Q�SDUWLFXODU��
WKH�GHOHWLRQ�DOJRULWKP�GHVFULEHG�DERYH�IDYRUV�PDNLQJ�WKH�OHIW�VXEWUHHV�GHHSHU�
WKDQ�WKH�ULJKW��EHFDXVH�ZH�DUH�DOZD\V�UHSODFLQJ�D�GHOHWHG�QRGH�ZLWK�D�QRGH�IURP�
WKH�ULJKW�VXEWUHH��7KH�H[DFW�HIIHFW�RI�WKLV�VWUDWHJ\�LV�VWLOO�XQNQRZQ��EXW�LW�
VHHPV�RQO\�WR�EH�D�WKHRUHWLFDO�QRYHOW\��,W�KDV�EHHQ�VKRZQ�WKDW�LI�ZH�DOWHUQDWH�

LQVHUWLRQV�DQG�GHOHWLRQV� �Q���WLPHV��WKHQ�WKH�WUHHV�ZLOO�KDYH�DQ�H[SHFWHG�

GHSWK�RI� ��$IWHU�D�TXDUWHU�PLOOLRQ�UDQGRP�LQVHUW�GHOHWH�SDLUV��WKH�WUHH�
WKDW�ZDV�VRPHZKDW�ULJKW�KHDY\�LQ�)LJXUH������ORRNV�GHFLGHGO\�XQEDODQFHG��DYHUDJH�
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GHSWK� ���������6HH�)LJXUH��������

��

)LJXUH������$�UDQGRPO\�JHQHUDWHG�ELQDU\�VHDUFK�WUHH�

:H�FRXOG�WU\�WR�HOLPLQDWH�WKH�SUREOHP�E\�UDQGRPO\�FKRRVLQJ�EHWZHHQ�WKH�VPDOOHVW�
HOHPHQW�LQ�WKH�ULJKW�VXEWUHH�DQG�WKH�ODUJHVW�LQ�WKH�OHIW�ZKHQ�UHSODFLQJ�WKH�
GHOHWHG�HOHPHQW��7KLV�DSSDUHQWO\�HOLPLQDWHV�WKH�ELDV�DQG�VKRXOG�NHHS�WKH�WUHHV�
EDODQFHG��EXW�QRERG\�KDV�DFWXDOO\�SURYHG�WKLV��,Q�DQ\�HYHQW��WKLV�SKHQRPHQRQ�
DSSHDUV�WR�EH�PRVWO\�D�WKHRUHWLFDO�QRYHOW\��EHFDXVH�WKH�HIIHFW�GRHV�QRW�VKRZ�XS�

DW�DOO�IRU�VPDOO�WUHHV��DQG�VWUDQJHU�VWLOO��LI�R�Q���LQVHUW�GHOHWH�SDLUV�DUH�
XVHG��WKHQ�WKH�WUHH�VHHPV�WR�JDLQ�EDODQFH���

��

)LJXUH������%LQDU\�VHDUFK�WUHH�DIWHU�2�Q�) insert/delete pairs
�

7KH�PDLQ�SRLQW�RI�WKLV�GLVFXVVLRQ�LV�WKDW�GHFLGLQJ�ZKDW��DYHUDJH��PHDQV�LV�
JHQHUDOO\�H[WUHPHO\�GLIILFXOW�DQG�FDQ�UHTXLUH�DVVXPSWLRQV�ZKLFK�PD\�RU�PD\�QRW�EH�
YDOLG��,Q�WKH�DEVHQFH�RI�GHOHWLRQV��RU�ZKHQ�OD]\�GHOHWLRQ�LV�XVHG��LW�FDQ�EH�
VKRZQ�WKDW�DOO�ELQDU\�VHDUFK�WUHHV�DUH�HTXDOO\�OLNHO\�DQG�ZH�FDQ�FRQFOXGH�WKDW�
WKH�DYHUDJH�UXQQLQJ�WLPHV�RI�WKH�RSHUDWLRQV�DERYH�DUH�2�ORJ�Q���([FHSW�IRU�
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VWUDQJH�FDVHV�OLNH�WKH�RQH�GLVFXVVHG�DERYH��WKLV�UHVXOW�LV�YHU\�FRQVLVWHQW�ZLWK�
REVHUYHG�EHKDYLRU���

,I�WKH�LQSXW�FRPHV�LQWR�D�WUHH�SUHVRUWHG��WKHQ�D�VHULHV�RI�LQVHUWV�ZLOO�WDNH�
TXDGUDWLF�WLPH�DQG�JLYH�D�YHU\�H[SHQVLYH�LPSOHPHQWDWLRQ�RI�D�OLQNHG�OLVW��VLQFH�
WKH�WUHH�ZLOO�FRQVLVW�RQO\�RI�QRGHV�ZLWK�QR�OHIW�FKLOGUHQ��2QH�VROXWLRQ�WR�WKH�
SUREOHP�LV�WR�LQVLVW�RQ�DQ�H[WUD�VWUXFWXUDO�FRQGLWLRQ�FDOOHG�EDODQFH��QR�QRGH�LV�
DOORZHG�WR�JHW�WRR�GHHS���

7KHUH�DUH�TXLWH�D�IHZ�JHQHUDO�DOJRULWKPV�WR�LPSOHPHQW�EDODQFHG�WUHHV��0RVW�DUH�
TXLWH�D�ELW�PRUH�FRPSOLFDWHG�WKDQ�D�VWDQGDUG�ELQDU\�VHDUFK�WUHH��DQG�DOO�WDNH�
ORQJHU�RQ�DYHUDJH��7KH\�GR��KRZHYHU��SURYLGH�SURWHFWLRQ�DJDLQVW�WKH�
HPEDUUDVVLQJO\�VLPSOH�FDVHV��%HORZ��ZH�ZLOO�VNHWFK�RQH�RI�WKH�ROGHVW�IRUPV�RI�
EDODQFHG�VHDUFK�WUHHV��WKH�AVL�WUHH���

$�VHFRQG��QHZHU��PHWKRG�LV�WR�IRUHJR�WKH�EDODQFH�FRQGLWLRQ�DQG�DOORZ�WKH�WUHH�WR�
EH�DUELWUDULO\�GHHS��EXW�DIWHU�HYHU\�RSHUDWLRQ��D�UHVWUXFWXULQJ�UXOH�LV�DSSOLHG�
WKDW�WHQGV�WR�PDNH�IXWXUH�RSHUDWLRQV�HIILFLHQW��7KHVH�W\SHV�RI�GDWD�VWUXFWXUHV�
DUH�JHQHUDOO\�FODVVLILHG�DV�VHOI�DGMXVWLQJ��,Q�WKH�FDVH�RI�D�ELQDU\�VHDUFK�WUHH��
ZH�FDQ�QR�ORQJHU�JXDUDQWHH�DQ�2�ORJ�Q��ERXQG�RQ�DQ\�VLQJOH�RSHUDWLRQ��EXW�FDQ�
VKRZ�WKDW�DQ\�VHTXHQFH�RI�P�RSHUDWLRQV�WDNHV�WRWDO�WLPH�2�P�ORJ�Q��LQ�WKH�ZRUVW�
FDVH��7KLV�LV�JHQHUDOO\�VXIILFLHQW�SURWHFWLRQ�DJDLQVW�D�EDG�ZRUVW�FDVH��7KH�GDWD�
VWUXFWXUH�ZH�ZLOO�GLVFXVV�LV�NQRZQ�DV�D�VSOD\�WUHH��LWV�DQDO\VLV�LV�IDLUO\�
LQWULFDWH�DQG�LV�GLVFXVVHG�LQ�&KDSWHU������

�����$9/�7UHHV�

$Q�AVL��$GHOVRQ�9HOVNLL�DQG�/DQGLV��WUHH�LV�D�ELQDU\�VHDUFK�WUHH�ZLWK�D�EDODQFH�
FRQGLWLRQ��7KH�EDODQFH�FRQGLWLRQ�PXVW�EH�HDV\�WR�PDLQWDLQ��DQG�LW�HQVXUHV�WKDW�
WKH�GHSWK�RI�WKH�WUHH�LV�2�ORJ�Q���7KH�VLPSOHVW�LGHD�LV�WR�UHTXLUH�WKDW�WKH�OHIW�
DQG�ULJKW�VXEWUHHV�KDYH�WKH�VDPH�KHLJKW��$V�)LJXUH����� VKRZV��WKLV�LGHD�GRHV�QRW�
IRUFH�WKH�WUHH�WR�EH�VKDOORZ���

��

)LJXUH������$�EDG�ELQDU\�WUHH��5HTXLULQJ�EDODQFH�DW�WKH�URRW�LV�QRW�HQRXJK��

$QRWKHU�EDODQFH�FRQGLWLRQ�ZRXOG�LQVLVW�WKDW�HYHU\�QRGH�PXVW�KDYH�OHIW�DQG�ULJKW�
VXEWUHHV�RI�WKH�VDPH�KHLJKW��,I�WKH�KHLJKW�RI�DQ�HPSW\�VXEWUHH�LV�GHILQHG�WR�EH��

���DV�LV�XVXDO���WKHQ�RQO\�SHUIHFWO\�EDODQFHG�WUHHV�RI��N�� ��QRGHV�ZRXOG�VDWLVI\�
WKLV�FULWHULRQ��7KXV��DOWKRXJK�WKLV�JXDUDQWHHV�WUHHV�RI�VPDOO�GHSWK��WKH�EDODQFH�
FRQGLWLRQ�LV�WRR�ULJLG�WR�EH�XVHIXO�DQG�QHHGV�WR�EH�UHOD[HG���
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$Q�AVL�WUHH�LV�LGHQWLFDO�WR�D�ELQDU\�VHDUFK�WUHH��H[FHSW�WKDW�IRU�HYHU\�QRGH�LQ�
WKH�WUHH��WKH�KHLJKW�RI�WKH�OHIW�DQG�ULJKW�VXEWUHHV�FDQ�GLIIHU�E\�DW�PRVW�����7KH�
KHLJKW�RI�DQ�HPSW\�WUHH�LV�GHILQHG�WR�EH������,Q�)LJXUH����� WKH�WUHH�RQ�WKH�OHIW�
LV�DQ�AVL�WUHH��EXW�WKH�WUHH�RQ�WKH�ULJKW�LV�QRW��+HLJKW�LQIRUPDWLRQ�LV�NHSW�IRU�
HDFK�QRGH��LQ�WKH�QRGH�VWUXFWXUH���,W�LV�HDV\�WR�VKRZ�WKDW�WKH�KHLJKW�RI�DQ�AVL�
WUHH�LV�DW�PRVW�URXJKO\������ORJ�Q��������������EXW�LQ�SUDFWLFH�LW�LV�DERXW�ORJ�Q
�������������DOWKRXJK�WKH�ODWWHU�FODLP�KDV�QRW�EHHQ�SURYHQ���$V�DQ�H[DPSOH��WKH�
AVL�WUHH�RI�KHLJKW���ZLWK�WKH�IHZHVW�QRGHV�������LV�VKRZQ�LQ�)LJXUH�������7KLV�
WUHH�KDV�DV�D�OHIW�VXEWUHH�DQ�AVL�WUHH�RI�KHLJKW���RI�PLQLPXP�VL]H��7KH�ULJKW�
VXEWUHH�LV�DQ�AVL�WUHH�RI�KHLJKW���RI�PLQLPXP�VL]H��7KLV�WHOOV�XV�WKDW�WKH�
PLQLPXP�QXPEHU�RI�QRGHV��1�K���LQ�DQ�AVL�WUHH�RI�KHLJKW�K�LV�JLYHQ�E\�1�K�� �1�K
������1�K�����������)RU�K� ����1�K�� ����)RU�K� ����1�K�� ����7KH�IXQFWLRQ�1�K��
LV�FORVHO\�UHODWHG�WR�WKH�)LERQDFFL�QXPEHUV��IURP�ZKLFK�WKH�ERXQG�FODLPHG�DERYH�
RQ�WKH�KHLJKW�RI�DQ�AVL�WUHH�IROORZV���

7KXV��DOO�WKH�WUHH�RSHUDWLRQV�FDQ�EH�SHUIRUPHG�LQ�2�ORJ�Q��WLPH��H[FHSW�SRVVLEO\�
LQVHUWLRQ��ZH�ZLOO�DVVXPH�OD]\�GHOHWLRQ���:KHQ�ZH�GR�DQ�LQVHUWLRQ��ZH�QHHG�WR�
XSGDWH�DOO�WKH�EDODQFLQJ�LQIRUPDWLRQ�IRU�WKH�QRGHV�RQ�WKH�SDWK�EDFN�WR�WKH�URRW��
EXW�WKH�UHDVRQ�WKDW�LQVHUWLRQ�LV�SRWHQWLDOO\�GLIILFXOW�LV�WKDW�LQVHUWLQJ�D�QRGH�

FRXOG�YLRODWH�WKH�AVL�WUHH�SURSHUW\���)RU�LQVWDQFH��LQVHUWLQJ� �LQWR�WKH�AVL
WUHH�LQ�)LJXUH������ZRXOG�GHVWUR\�WKH�EDODQFH�FRQGLWLRQ�DW�WKH�QRGH�ZLWK�NH\�����
,I�WKLV�LV�WKH�FDVH��WKHQ�WKH�SURSHUW\�KDV�WR�EH�UHVWRUHG�EHIRUH�WKH�LQVHUWLRQ�
VWHS�LV�FRQVLGHUHG�RYHU��,W�WXUQV�RXW�WKDW�WKLV�FDQ�DOZD\V�EH�GRQH�ZLWK�D�VLPSOH�
PRGLILFDWLRQ�WR�WKH�WUHH��NQRZQ�DV�D�URWDWLRQ��:H�GHVFULEH�URWDWLRQV�LQ�WKH�
IROORZLQJ�VHFWLRQ���

��

)LJXUH������7ZR�ELQDU\�VHDUFK�WUHHV��2QO\�WKH�OHIW�WUHH�LV�AVL.�
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)LJXUH������6PDOOHVW�AVL tree of height 9�

�������6LQJOH�5RWDWLRQ��

�������'RXEOH�5RWDWLRQ��

�������6LQJOH�5RWDWLRQ�

7KH�WZR�WUHHV�LQ�)LJXUH������FRQWDLQ�WKH�VDPH�HOHPHQWV�DQG�DUH�ERWK�ELQDU\�VHDUFK�
WUHHV��)LUVW�RI�DOO��LQ�ERWK�WUHHV�N����N���6HFRQG��DOO�HOHPHQWV�LQ�WKH�VXEWUHH�;

DUH�VPDOOHU�WKDQ�N��LQ�ERWK�WUHHV��7KLUG��DOO�HOHPHQWV�LQ�VXEWUHH�=�DUH�ODUJHU�

WKDQ�N���)LQDOO\��DOO�HOHPHQWV�LQ�VXEWUHH�<�DUH�LQ�EHWZHHQ�N��DQG�N���7KH�

FRQYHUVLRQ�RI�RQH�RI�WKH�DERYH�WUHHV�WR�WKH�RWKHU�LV�NQRZQ�DV�D�URWDWLRQ��$�
URWDWLRQ�LQYROYHV�RQO\�D�IHZ�SRLQWHU�FKDQJHV��ZH�VKDOO�VHH�H[DFWO\�KRZ�PDQ\�
ODWHU���DQG�FKDQJHV�WKH�VWUXFWXUH�RI�WKH�WUHH�ZKLOH�SUHVHUYLQJ�WKH�VHDUFK�WUHH�
SURSHUW\���

7KH�URWDWLRQ�GRHV�QRW�KDYH�WR�EH�GRQH�DW�WKH�URRW�RI�D�WUHH��LW�FDQ�EH�GRQH�DW�
DQ\�QRGH�LQ�WKH�WUHH��VLQFH�WKDW�QRGH�LV�WKH�URRW�RI�VRPH�VXEWUHH��,W�FDQ�
WUDQVIRUP�HLWKHU�WUHH�LQWR�WKH�RWKHU��7KLV�JLYHV�D�VLPSOH�PHWKRG�WR�IL[�XS�DQ�
AVL�WUHH�LI�DQ�LQVHUWLRQ�FDXVHV�VRPH�QRGH�LQ�DQ�AVL�WUHH�WR�ORVH�WKH�EDODQFH�
SURSHUW\��'R�D�URWDWLRQ�DW�WKDW�QRGH��7KH�EDVLF�DOJRULWKP�LV�WR�VWDUW�DW�WKH�QRGH�
LQVHUWHG�DQG�WUDYHO�XS�WKH�WUHH��XSGDWLQJ�WKH�EDODQFH�LQIRUPDWLRQ�DW�HYHU\�QRGH�
RQ�WKH�SDWK��,I�ZH�JHW�WR�WKH�URRW�ZLWKRXW�KDYLQJ�IRXQG�DQ\�EDGO\�EDODQFHG�QRGHV��
ZH�DUH�GRQH��2WKHUZLVH��ZH�GR�D�URWDWLRQ�DW�WKH�ILUVW�EDG�QRGH�IRXQG��DGMXVW�LWV�
EDODQFH��DQG�DUH�GRQH��ZH�GR�QRW�KDYH�WR�FRQWLQXH�JRLQJ�WR�WKH�URRW���,Q�PDQ\�
FDVHV��WKLV�LV�VXIILFLHQW�WR�UHEDODQFH�WKH�WUHH��)RU�LQVWDQFH��LQ�)LJXUH�������

DIWHU�WKH�LQVHUWLRQ�RI�WKH� �LQ�WKH�RULJLQDO�AVL�WUHH�RQ�WKH�OHIW��QRGH���
EHFRPHV�XQEDODQFHG��7KXV��ZH�GR�D�VLQJOH�URWDWLRQ�EHWZHHQ���DQG����REWDLQLQJ�WKH�
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WUHH�RQ�WKH�ULJKW���

��

)LJXUH������6LQJOH�URWDWLRQ�

��

)LJXUH������AVL property destroyed by insertion of , then fixed by a rotation�

/HW�XV�ZRUN�WKURXJK�D�UDWKHU�ORQJ�H[DPSOH��6XSSRVH�ZH�VWDUW�ZLWK�DQ�LQLWLDOO\�
HPSW\�AVL�WUHH�DQG�LQVHUW�WKH�NH\V���WKURXJK���LQ�VHTXHQWLDO�RUGHU��7KH�ILUVW�
SUREOHP�RFFXUV�ZKHQ�LW�LV�WLPH�WR�LQVHUW�NH\����EHFDXVH�WKH�AVL�SURSHUW\�LV�
YLRODWHG�DW�WKH�URRW��:H�SHUIRUP�D�VLQJOH�URWDWLRQ�EHWZHHQ�WKH�URRW�DQG�LWV�ULJKW�
FKLOG�WR�IL[�WKH�SUREOHP��7KH�WUHH�LV�VKRZQ�LQ�WKH�IROORZLQJ�ILJXUH��EHIRUH�DQG�
DIWHU�WKH�URWDWLRQ���

��

7R�PDNH�WKLQJV�FOHDUHU��D�GDVKHG�OLQH�LQGLFDWHV�WKH�WZR�QRGHV�WKDW�DUH�WKH�
VXEMHFW�RI�WKH�URWDWLRQ��1H[W��ZH�LQVHUW�WKH�NH\����ZKLFK�FDXVHV�QR�SUREOHPV��EXW�
WKH�LQVHUWLRQ�RI���FUHDWHV�D�YLRODWLRQ�DW�QRGH����ZKLFK�LV�IL[HG�E\�D�VLQJOH�
URWDWLRQ��%HVLGHV�WKH�ORFDO�FKDQJH�FDXVHG�E\�WKH�URWDWLRQ��WKH�SURJUDPPHU�PXVW�
UHPHPEHU�WKDW�WKH�UHVW�RI�WKH�WUHH�PXVW�EH�LQIRUPHG�RI�WKLV�FKDQJH��+HUH��WKLV�
PHDQV�WKDW��
V�ULJKW�FKLOG�PXVW�EH�UHVHW�WR�SRLQW�WR���LQVWHDG�RI����7KLV�LV�HDV\�
WR�IRUJHW�WR�GR�DQG�ZRXOG�GHVWUR\�WKH�WUHH����ZRXOG�EH�LQDFFHVVLEOH����
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��

1H[W��ZH�LQVHUW����7KLV�FDXVHV�D�EDODQFH�SUREOHP�IRU�WKH�URRW��VLQFH�LWV�OHIW�
VXEWUHH�LV�RI�KHLJKW����DQG�LWV�ULJKW�VXEWUHH�ZRXOG�EH�KHLJKW����7KHUHIRUH��ZH�
SHUIRUP�D�VLQJOH�URWDWLRQ�DW�WKH�URRW�EHWZHHQ���DQG�����

��

7KH�URWDWLRQ�LV�SHUIRUPHG�E\�PDNLQJ���D�FKLOG�RI���DQG�PDNLQJ��
V�RULJLQDO�OHIW�
VXEWUHH�WKH�QHZ�ULJKW�VXEWUHH�RI����(YHU\�NH\�LQ�WKLV�VXEWUHH�PXVW�OLH�EHWZHHQ���
DQG����VR�WKLV�WUDQVIRUPDWLRQ�PDNHV�VHQVH��7KH�QH[W�NH\�ZH�LQVHUW�LV����ZKLFK�
FDXVHV�DQRWKHU�URWDWLRQ���

��

�������'RXEOH�5RWDWLRQ�

7KH�DOJRULWKP�GHVFULEHG�LQ�WKH�SUHFHGLQJ�SDUDJUDSKV�KDV�RQH�SUREOHP��7KHUH�LV�D�
FDVH�ZKHUH�WKH�URWDWLRQ�GRHV�QRW�IL[�WKH�WUHH��&RQWLQXLQJ�RXU�H[DPSOH��VXSSRVH�ZH�
LQVHUW�NH\V���WKURXJK����LQ�UHYHUVH�RUGHU��,QVHUWLQJ����LV�HDV\��VLQFH�LW�GRHV�
QRW�GHVWUR\�WKH�EDODQFH�SURSHUW\��EXW�LQVHUWLQJ����FDXVHV�D�KHLJKW�LPEDODQFH�DW�
QRGH�����
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��

$V�WKH�GLDJUDP�VKRZV��WKH�VLQJOH�URWDWLRQ�KDV�QRW�IL[HG�WKH�KHLJKW�LPEDODQFH��7KH�
SUREOHP�LV�WKDW�WKH�KHLJKW�LPEDODQFH�ZDV�FDXVHG�E\�D�QRGH�LQVHUWHG�LQWR�WKH�WUHH�
FRQWDLQLQJ�WKH�PLGGOH�HOHPHQWV��WUHH�<�LQ�)LJ��������DW�WKH�VDPH�WLPH�DV�WKH�
RWKHU�WUHHV�KDG�LGHQWLFDO�KHLJKWV��7KH�FDVH�LV�HDV\�WR�FKHFN�IRU��DQG�WKH�
VROXWLRQ�LV�FDOOHG�D�GRXEOH�URWDWLRQ��ZKLFK�LV�VLPLODU�WR�D�VLQJOH�URWDWLRQ�EXW�
LQYROYHV�IRXU�VXEWUHHV�LQVWHDG�RI�WKUHH��,Q�)LJXUH�������WKH�WUHH�RQ�WKH�OHIW�LV�
FRQYHUWHG�WR�WKH�WUHH�RQ�WKH�ULJKW��%\�WKH�ZD\��WKH�HIIHFW�LV�WKH�VDPH�DV�
URWDWLQJ�EHWZHHQ�N��DQG�N��DQG�WKHQ�EHWZHHQ�N��DQG�N���7KHUH�LV�D�V\PPHWULF�FDVH��

ZKLFK�LV�DOVR�VKRZQ��VHH�)LJ����������

��

)LJXUH�������5LJKW�OHIW��GRXEOH�URWDWLRQ�

��

)LJXUH�������/HIW�ULJKW��GRXEOH�URWDWLRQ�

,Q�RXU�H[DPSOH��WKH�GRXEOH�URWDWLRQ�LV�D�ULJKW�OHIW�GRXEOH�URWDWLRQ�DQG�LQYROYHV�
�������DQG�����+HUH��N��LV�WKH�QRGH�ZLWK�NH\����N��LV�WKH�QRGH�ZLWK�NH\�����DQG�

N��LV�WKH�QRGH�ZLWK�NH\�����6XEWUHHV�$��%��&��DQG�'�DUH�DOO�HPSW\���
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��

1H[W�ZH�LQVHUW�����ZKLFK�UHTXLUHV�D�GRXEOH�URWDWLRQ��+HUH�WKH�GRXEOH�URWDWLRQ�LV�
DJDLQ�D�ULJKW�OHIW�GRXEOH�URWDWLRQ�WKDW�ZLOO�LQYROYH��������DQG���DQG�ZLOO�
UHVWRUH�WKH�WUHH��,Q�WKLV�FDVH��N��LV�WKH�QRGH�ZLWK�NH\����N��LV�WKH�QRGH�ZLWK�

NH\�����DQG�N��LV�WKH�QRGH�ZLWK�NH\����6XEWUHH�$�LV�WKH�WUHH�URRWHG�DW�WKH�QRGH�

ZLWK�NH\����VXEWUHH�%�LV�WKH�HPSW\�VXEWUHH�WKDW�ZDV�RULJLQDOO\�WKH�OHIW�FKLOG�RI�
WKH�QRGH�ZLWK�NH\����VXEWUHH�&�LV�WKH�WUHH�URRWHG�DW�WKH�QRGH�ZLWK�NH\�����DQG�
ILQDOO\��VXEWUHH�'�LV�WKH�WUHH�URRWHG�DW�WKH�QRGH�ZLWK�NH\������

��

,I����LV�QRZ�LQVHUWHG��WKHUH�LV�DQ�LPEDODQFH�DW�WKH�URRW��6LQFH����LV�QRW�EHWZHHQ�
��DQG����ZH�NQRZ�WKDW�WKH�VLQJOH�URWDWLRQ�ZLOO�ZRUN���

��

,QVHUWLRQ�RI����ZLOO�UHTXLUH�D�VLQJOH�URWDWLRQ���
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��

7R�LQVHUW�����D�VLQJOH�URWDWLRQ�QHHGV�WR�EH�SHUIRUPHG��DQG�WKH�VDPH�LV�WUXH�IRU�
WKH�VXEVHTXHQW�LQVHUWLRQ�RI����:H�LQVHUW���ZLWKRXW�D�URWDWLRQ��FUHDWLQJ�WKH�
DOPRVW�SHUIHFWO\�EDODQFHG�WUHH�WKDW�IROORZV���

��

)LQDOO\��ZH�LQVHUW� �WR�VKRZ�WKH�V\PPHWULF�FDVH�RI�WKH�GRXEOH�URWDWLRQ��

1RWLFH�WKDW� �FDXVHV�WKH�QRGH�FRQWDLQLQJ���WR�EHFRPH�XQEDODQFHG��6LQFH� �

LV�EHWZHHQ���DQG����ZKLFK�LV��
V�FKLOG�RQ�WKH�SDWK�WR� ��D�GRXEOH�URWDWLRQ�
QHHGV�WR�EH�SHUIRUPHG��\LHOGLQJ�WKH�IROORZLQJ�WUHH���
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��

7KH�UHDGHU�FDQ�YHULI\�WKDW�DQ\�LPEDODQFH�FDXVHG�E\�DQ�LQVHUWLRQ�LQWR�DQ�AVL WUHH�
FDQ�DOZD\V�EH�IL[HG�E\�HLWKHU�D�VLQJOH�RU�GRXEOH�URWDWLRQ��7KH�SURJUDPPLQJ�
GHWDLOV�DUH�IDLUO\�VWUDLJKWIRUZDUG��H[FHSW�WKDW�WKHUH�DUH�VHYHUDO�FDVHV��7R�
LQVHUW�D�QHZ�QRGH�ZLWK�NH\�[�LQWR�DQ�AVL�WUHH�7��ZH�UHFXUVLYHO\�LQVHUW�[�LQWR�
WKH�DSSURSULDWH�VXEWUHH�RI�7��OHW�XV�FDOO�WKLV�7OU���,I�WKH�KHLJKW�RI�7OU�GRHV�

QRW�FKDQJH��WKHQ�ZH�DUH�GRQH��2WKHUZLVH��LI�D�KHLJKW�LPEDODQFH�DSSHDUV�LQ�7��ZH�
GR�WKH�DSSURSULDWH�VLQJOH�RU�GRXEOH�URWDWLRQ�GHSHQGLQJ�RQ�[�DQG�WKH�NH\V�LQ�7 DQG�
7OU��XSGDWH�WKH�KHLJKWV��PDNLQJ�WKH�FRQQHFWLRQ�IURP�WKH�UHVW�RI�WKH�WUHH�DERYH���

DQG�DUH�GRQH��6LQFH�RQH�URWDWLRQ�DOZD\V�VXIILFHV��D�FDUHIXOO\�FRGHG�QRQUHFXUVLYH�
YHUVLRQ�JHQHUDOO\�WXUQV�RXW�WR�EH�VLJQLILFDQWO\�IDVWHU�WKDQ�WKH�UHFXUVLYH�
YHUVLRQ��+RZHYHU��QRQUHFXUVLYH�YHUVLRQV�DUH�TXLWH�GLIILFXOW�WR�FRGH�FRUUHFWO\��VR�
PDQ\�SURJUDPPHUV�LPSOHPHQW�AVL�WUHHV�UHFXUVLYHO\���

$QRWKHU�HIILFLHQF\�LVVXH�FRQFHUQV�VWRUDJH�RI�WKH�KHLJKW�LQIRUPDWLRQ��6LQFH�DOO�
WKDW�LV�UHDOO\�UHTXLUHG�LV�WKH�GLIIHUHQFH�LQ�KHLJKW��ZKLFK�LV�JXDUDQWHHG�WR�EH�
VPDOO��ZH�FRXOG�JHW�E\�ZLWK�WZR�ELWV��WR�UHSUHVHQW������������LI�ZH�UHDOO\�WU\��
'RLQJ�VR�ZLOO�DYRLG�UHSHWLWLYH�FDOFXODWLRQ�RI�EDODQFH�IDFWRUV�EXW�UHVXOWV�LQ�VRPH�
ORVV�RI�FODULW\��7KH�UHVXOWLQJ�FRGH�LV�VRPHZKDW�PRUH�FRPSOLFDWHG�WKDQ�LI�WKH�
KHLJKW�ZHUH�VWRUHG�DW�HDFK�QRGH��,I�D�UHFXUVLYH�URXWLQH�LV�ZULWWHQ��WKHQ�VSHHG�LV�
SUREDEO\�QRW�WKH�PDLQ�FRQVLGHUDWLRQ��,Q�WKLV�FDVH��WKH�VOLJKW�VSHHG�DGYDQWDJH�
REWDLQHG�E\�VWRULQJ�EDODQFH�IDFWRUV�KDUGO\�VHHPV�ZRUWK�WKH�ORVV�RI�FODULW\�DQG�
UHODWLYH�VLPSOLFLW\��)XUWKHUPRUH��VLQFH�PRVW�PDFKLQHV�ZLOO�DOLJQ�WKLV�WR�DW�OHDVW�
DQ���ELW�ERXQGDU\�DQ\ZD\��WKHUH�LV�QRW�OLNHO\�WR�EH�DQ\�GLIIHUHQFH�LQ�WKH�DPRXQW�
RI�VSDFH�XVHG��(LJKW�ELWV�ZLOO�DOORZ�XV�WR�VWRUH�DEVROXWH�KHLJKWV�RI�XS�WR������
6LQFH�WKH�WUHH�LV�EDODQFHG��LW�LV�LQFRQFHLYDEOH�WKDW�WKLV�ZRXOG�EH�LQVXIILFLHQW�
�VHH�WKH�H[HUFLVHV����

:LWK�DOO�WKLV��ZH�DUH�UHDG\�WR�ZULWH�WKH�AVL URXWLQHV��:H�ZLOO�GR�RQO\�D�SDUWLDO�
MRE�DQG�OHDYH�WKH�UHVW�DV�DQ�H[HUFLVH��)LUVW��ZH�QHHG�WKH�GHFODUDWLRQV��7KHVH�DUH�
JLYHQ�LQ�)LJXUH�������:H�DOVR�QHHG�D�TXLFN�IXQFWLRQ�WR�UHWXUQ�WKH�KHLJKW�RI�D�
QRGH��7KLV�IXQFWLRQ�LV�QHFHVVDU\�WR�KDQGOH�WKH�DQQR\LQJ�FDVH�RI�D�18//�SRLQWHU��
7KLV�LV�VKRZQ�LQ�)LJXUH�������7KH�EDVLF�LQVHUWLRQ�URXWLQH�LV�HDV\�WR�ZULWH��VLQFH�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����75((6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



LW�FRQVLVWV�PRVWO\�RI�IXQFWLRQ�FDOOV��VHH�)LJ����������

W\SHGHI�VWUXFW�DYOBQRGH�DYOBSWU��

VWUXFW�DYOBQRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

DYOBSWU�OHIW��

DYOBSWU�ULJKW��

LQW�KHLJKW��

`��

W\SHGHI�DYOBSWU�6($5&+B75((��

)LJXUH������1RGH�GHFODUDWLRQ�IRU�AVL trees�

LQW�

KHLJKW��DYOBSWU�S���

^�

LI��S�  �18//���

UHWXUQ�����

HOVH�

UHWXUQ�S�!KHLJKW��

`�

)LJXUH������)XQFWLRQ�WR�FRPSXWH�KHLJKW�RI�DQ�AVL node�

)RU�WKH�WUHHV�LQ�)LJXUH�������VBURWDWHBOHIW�FRQYHUWV�WKH�WUHH�RQ�WKH�OHIW�WR�WKH�
WUHH�RQ�WKH�ULJKW��UHWXUQLQJ�D�SRLQWHU�WR�WKH�QHZ�URRW��VBURWDWHBULJKW�LV�
V\PPHWULF��7KH�FRGH�LV�VKRZQ�LQ�)LJXUH��������

7KH�ODVW�IXQFWLRQ�ZH�ZLOO�ZULWH�ZLOO�SHUIRUP�WKH�GRXEOH�URWDWLRQ�SLFWXUHG�LQ�
)LJXUH�������IRU�ZKLFK�WKH�FRGH�LV�VKRZQ�LQ�)LJXUH��������

'HOHWLRQ�LQ�AVL�WUHHV�LV�VRPHZKDW�PRUH�FRPSOLFDWHG�WKDQ�LQVHUWLRQ��/D]\�GHOHWLRQ�
LV�SUREDEO\�WKH�EHVW�VWUDWHJ\�LI�GHOHWLRQV�DUH�UHODWLYHO\�LQIUHTXHQW���

�����6SOD\�7UHHV�

:H�QRZ�GHVFULEH�D�UHODWLYHO\�VLPSOH�GDWD�VWUXFWXUH��NQRZQ�DV�D�VSOD\�WUHH��WKDW�
JXDUDQWHHV�WKDW�DQ\�P�FRQVHFXWLYH�WUHH�RSHUDWLRQV�WDNH�DW�PRVW�2�P�ORJ�Q��WLPH��
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$OWKRXJK�WKLV�JXDUDQWHH�GRHV�QRW�SUHFOXGH�WKH�SRVVLELOLW\�WKDW�DQ\�VLQJOH�
RSHUDWLRQ�PLJKW�WDNH�2�Q��WLPH��DQG�WKXV�WKH�ERXQG�LV�QRW�DV�VWURQJ�DV�DQ�2�ORJ�
Q��ZRUVW�FDVH�ERXQG�SHU�RSHUDWLRQ��WKH�QHW�HIIHFW�LV�WKH�VDPH��7KHUH�DUH�QR�EDG�
LQSXW�VHTXHQFHV��*HQHUDOO\��ZKHQ�D�VHTXHQFH�RI�P�RSHUDWLRQV�KDV�WRWDO�ZRUVW�FDVH�
UXQQLQJ�WLPH�RI�2�P�I�Q����ZH�VD\�WKDW�WKH�DPRUWL]HG�UXQQLQJ�WLPH�LV�2�I�Q����
7KXV��D�VSOD\�WUHH�KDV�2�ORJ�Q��DPRUWL]HG�FRVW�SHU�RSHUDWLRQ��2YHU�D�ORQJ�
VHTXHQFH�RI�RSHUDWLRQV��VRPH�PD\�WDNH�PRUH��VRPH�OHVV���

6SOD\�WUHHV�DUH�EDVHG�RQ�WKH�IDFW�WKDW�WKH�2�Q��ZRUVW�FDVH�WLPH�SHU�RSHUDWLRQ�IRU�
ELQDU\�VHDUFK�WUHHV�LV�QRW�EDG��DV�ORQJ�DW�LW�RFFXUV�UHODWLYHO\�LQIUHTXHQWO\��$Q\�
RQH�DFFHVV��HYHQ�LI�LW�WDNHV�2�Q���LV�VWLOO�OLNHO\�WR�EH�H[WUHPHO\�IDVW��7KH�
SUREOHP�ZLWK�ELQDU\�VHDUFK�WUHHV�LV�WKDW�LW�LV�SRVVLEOH��DQG�QRW�XQFRPPRQ��IRU�D�
ZKROH�VHTXHQFH�RI�EDG�DFFHVVHV�WR�WDNH�SODFH��7KH�FXPXODWLYH�UXQQLQJ�WLPH�WKHQ�
EHFRPHV�QRWLFHDEOH��$�VHDUFK�WUHH�GDWD�VWUXFWXUH�ZLWK�2�Q��ZRUVW�FDVH�WLPH��EXW�D�
JXDUDQWHH�RI�DW�PRVW�2�P�ORJ�Q��IRU�DQ\�P�FRQVHFXWLYH�RSHUDWLRQV��LV�FHUWDLQO\�
VDWLVIDFWRU\��EHFDXVH�WKHUH�DUH�QR�EDG�VHTXHQFHV���

,I�DQ\�SDUWLFXODU�RSHUDWLRQ�LV�DOORZHG�WR�KDYH�DQ�2�Q��ZRUVW�FDVH�WLPH�ERXQG��DQG�
ZH�VWLOO�ZDQW�DQ�2�ORJ�Q��DPRUWL]HG�WLPH�ERXQG��WKHQ�LW�LV�FOHDU�WKDW�ZKHQHYHU�D�
QRGH�LV�DFFHVVHG��LW�PXVW�EH�PRYHG��2WKHUZLVH��RQFH�ZH�ILQG�D�GHHS�QRGH��ZH�FRXOG�
NHHS�SHUIRUPLQJ�ILQGV�RQ�LW��,I�WKH�QRGH�GRHV�QRW�FKDQJH�ORFDWLRQ��DQG�HDFK�

DFFHVV�FRVWV�2�Q���WKHQ�D�VHTXHQFH�RI�P�DFFHVVHV�ZLOO�FRVW�2�P� �Q����

6($5&+B75((�

LQVHUW��HOHPHQWBW\SH�[��6($5&+B75((�7���

^�

UHWXUQ�LQVHUW���[��7��18//����

`�

6($5&+B75((�

LQVHUW���HOHPHQWBW\SH�[��6($5&+B75((�7��DYOBSWU�SDUHQW���

^�

DYOBSWU�URWDWHGBWUHH��

LI��7�  �18//���

^����&UHDWH�DQG�UHWXUQ�D�RQH�QRGH�WUHH���

7� ��6($5&+B75((��PDOORF���VL]HRI��VWUXFW�DYOBQRGH�����

LI��7�  �18//���

IDWDOBHUURU��2XW�RI�VSDFH�������

HOVH�

^�
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7�!HOHPHQW� �[��7�!KHLJKW� ����

7�!OHIW� �7�!ULJKW� �18//��

`�

`�

HOVH�

^�

LI��[���7�!HOHPHQW���

^�

7�!OHIW� �LQVHUW���[��7�!OHIW��7����

LI����KHLJKW��7�!OHIW�����KHLJKW��7�!ULJKW�����  ���

^�

LI��[���7�!OHIW�!HOHPHQW���

URWDWHGBWUHH� �VBURWDWHBOHIW��7����

HOVH�

URWDWHGBWUHH� �GBURWDWHBOHIW��7����

LI��SDUHQW�!OHIW�  �7���

SDUHQW�!OHIW� �URWDWHGBWUHH��

HOVH�

SDUHQW�!ULJKW� �URWDWHGBWUHH��

`�

HOVH�

7�!KHLJKW� �PD[��KHLJKW�7�!OHIW���KHLJKW�7�!ULJKW���������

`�

HOVH�

��6\PPHWULF�&DVH�IRU�ULJKW�VXEWUHH����

��(OVH�[�LV�LQ�WKH�WUHH�DOUHDG\��:H
OO�GR�QRWKLQJ���

`�

UHWXUQ�7��

`�
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)LJXUH������,QVHUWLRQ�LQWR�DQ�AVL tree�

��

)LJXUH������

��7KLV�IXQFWLRQ�FDQ�EH�FDOOHG�RQO\�LI�N��KDV�D�OHIW�FKLOG����

��3HUIRUP�D�URWDWH�EHWZHHQ�D�QRGH��N���DQG�LWV�OHIW�FKLOG����

��8SGDWH�KHLJKWV����

��7KHQ�UHWXUQ�QHZ�URRW����

DYOBSWU�

VBURWDWHBOHIW��DYOBSWU�N����

^�

DYOBSWU�N���

N�� �N��!OHIW��

N��!OHIW� �N��!ULJKW��

N��!ULJKW� �N���

N��!KHLJKW� �PD[��KHLJKW�N��!OHIW���KHLJKW�N��!ULJKW���������

N��!KHLJKW� �PD[��KHLJKW�N��!OHIW���N��!KHLJKW��������

UHWXUQ�N������1HZ�URRW���

`�

)LJXUH������5RXWLQH�WR�SHUIRUP�VLQJOH�URWDWLRQ�

��

)LJXUH������
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��7KLV�IXQFWLRQ�FDQ�EH�FDOOHG�RQO\�LI�N��KDV�D�OHIW�FKLOG���

��DQG�N�
V�OHIW�FKLOG�KDV�D�ULJKW�FKLOG���

��'R�WKH�OHIW�ULJKW�GRXEOH�URWDWLRQ��8SGDWH�KHLJKWV���

DYOBSWU�

GBURWDWHBOHIW��DYOBSWU�N����

^�

��URWDWH�EHWZHHQ�N��DQG�N����

N��!OHIW� �VBURWDWHBULJKW��N��!OHIW����

��URWDWH�EHWZHHQ�N��DQG�N����

UHWXUQ��VBURWDWHBOHIW��N�������

`�

)LJXUH������5RXWLQH�WR�SHUIRUP�GRXEOH�URWDWLRQ�

7KH�EDVLF�LGHD�RI�WKH�VSOD\�WUHH�LV�WKDW�DIWHU�D�QRGH�LV�DFFHVVHG��LW�LV�SXVKHG�
WR�WKH�URRW�E\�D�VHULHV�RI�AVL�WUHH�URWDWLRQV��1RWLFH�WKDW�LI�D�QRGH�LV�GHHS��
WKHUH�DUH�PDQ\�QRGHV�RQ�WKH�SDWK�WKDW�DUH�DOVR�UHODWLYHO\�GHHS��DQG�E\�
UHVWUXFWXULQJ�ZH�FDQ�PDNH�IXWXUH�DFFHVVHV�FKHDSHU�RQ�DOO�WKHVH�QRGHV��7KXV��LI�
WKH�QRGH�LV�XQGXO\�GHHS��WKHQ�ZH�ZDQW�WKLV�UHVWUXFWXULQJ�WR�KDYH�WKH�VLGH�HIIHFW�
RI�EDODQFLQJ�WKH�WUHH��WR�VRPH�H[WHQW���%HVLGHV�JLYLQJ�D�JRRG�WLPH�ERXQG�LQ�
WKHRU\��WKLV�PHWKRG�LV�OLNHO\�WR�KDYH�SUDFWLFDO�XWLOLW\��EHFDXVH�LQ�PDQ\�
DSSOLFDWLRQV�ZKHQ�D�QRGH�LV�DFFHVVHG��LW�LV�OLNHO\�WR�EH�DFFHVVHG�DJDLQ�LQ�WKH�
QHDU�IXWXUH��6WXGLHV�KDYH�VKRZQ�WKDW�WKLV�KDSSHQV�PXFK�PRUH�RIWHQ�WKDQ�RQH�ZRXOG�
H[SHFW��6SOD\�WUHHV�DOVR�GR�QRW�UHTXLUH�WKH�PDLQWHQDQFH�RI�KHLJKW�RU�EDODQFH�
LQIRUPDWLRQ��WKXV�VDYLQJ�VSDFH�DQG�VLPSOLI\LQJ�WKH�FRGH�WR�VRPH�H[WHQW�
�HVSHFLDOO\�ZKHQ�FDUHIXO�LPSOHPHQWDWLRQV�DUH�ZULWWHQ����

�������$�6LPSOH�,GHD��7KDW�'RHV�1RW�:RUN���

�������6SOD\LQJ��

�������$�6LPSOH�,GHD��7KDW�'RHV�1RW�:RUN��

2QH�ZD\�RI�SHUIRUPLQJ�WKH�UHVWUXFWXULQJ�GHVFULEHG�DERYH�LV�WR�SHUIRUP�VLQJOH�
URWDWLRQV��ERWWRP�XS��7KLV�PHDQV�WKDW�ZH�URWDWH�HYHU\�QRGH�RQ�WKH�DFFHVV�SDWK�
ZLWK�LWV�SDUHQW��$V�DQ�H[DPSOH��FRQVLGHU�ZKDW�KDSSHQV�DIWHU�DQ�DFFHVV��D�ILQG��RQ�
N��LQ�WKH�IROORZLQJ�WUHH���
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��

7KH�DFFHVV�SDWK�LV�GDVKHG��)LUVW��ZH�ZRXOG�SHUIRUP�D�VLQJOH�URWDWLRQ�EHWZHHQ�N��

DQG�LWV�SDUHQW��REWDLQLQJ�WKH�IROORZLQJ�WUHH���

��

7KHQ��ZH�URWDWH�EHWZHHQ�N��DQG�N���REWDLQLQJ�WKH�QH[W�WUHH��
�

��

7KHQ�WZR�PRUH�URWDWLRQV�DUH�SHUIRUPHG�XQWLO�ZH�UHDFK�WKH�URRW���

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����75((6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



��

7KHVH�URWDWLRQV�KDYH�WKH�HIIHFW�RI�SXVKLQJ�N��DOO�WKH�ZD\�WR�WKH�URRW��VR�WKDW�

IXWXUH�DFFHVVHV�RQ�N��DUH�HDV\��IRU�D�ZKLOH���8QIRUWXQDWHO\��LW�KDV�SXVKHG�

DQRWKHU�QRGH��N���DOPRVW�DV�GHHS�DV�N��XVHG�WR�EH��$Q�DFFHVV�RQ�WKDW�QRGH�ZLOO�

WKHQ�SXVK�DQRWKHU�QRGH�GHHS��DQG�VR�RQ��$OWKRXJK�WKLV�VWUDWHJ\�PDNHV�IXWXUH�
DFFHVVHV�RI�N��FKHDSHU��LW�KDV�QRW�VLJQLILFDQWO\�LPSURYHG�WKH�VLWXDWLRQ�IRU�WKH�

RWKHU�QRGHV�RQ�WKH��RULJLQDO��DFFHVV�SDWK��,W�WXUQV�RXW�WKDW�LW�LV�SRVVLEOH�WR�
SURYH�WKDW�XVLQJ�WKLV�VWUDWHJ\��WKHUH�LV�D�VHTXHQFH�RI�P�RSHUDWLRQV�UHTXLULQJ�

�P� �Q��WLPH��VR�WKLV�LGHD�LV�QRW�TXLWH�JRRG�HQRXJK��7KH�VLPSOHVW�ZD\�WR�
VKRZ�WKLV�LV�WR�FRQVLGHU�WKH�WUHH�IRUPHG�E\�LQVHUWLQJ�NH\V������������������Q�
LQWR�DQ�LQLWLDOO\�HPSW\�WUHH��ZRUN�WKLV�H[DPSOH�RXW���7KLV�JLYHV�D�WUHH�
FRQVLVWLQJ�RI�RQO\�OHIW�FKLOGUHQ��7KLV�LV�QRW�QHFHVVDULO\�EDG��WKRXJK��VLQFH�WKH�
WLPH�WR�EXLOG�WKLV�WUHH�LV�2�Q��WRWDO��7KH�EDG�SDUW�LV�WKDW�DFFHVVLQJ�WKH�QRGH�
ZLWK�NH\���WDNHV�Q����XQLWV�RI�WLPH��$IWHU�WKH�URWDWLRQV�DUH�FRPSOHWH��DQ�DFFHVV�
RI�WKH�QRGH�ZLWK�NH\���WDNHV�Q�� ��XQLWV�RI�WLPH��7KH�WRWDO�IRU�DFFHVVLQJ�DOO�WKH�

NH\V�LQ�RUGHU�LV� ��$IWHU�WKH\�DUH�DFFHVVHG��WKH�WUHH�UHYHUWV�WR�LWV�
RULJLQDO�VWDWH��DQG�ZH�FDQ�UHSHDW�WKH�VHTXHQFH���

�������6SOD\LQJ�

7KH�VSOD\LQJ�VWUDWHJ\�LV�VLPLODU�WR�WKH�URWDWLRQ�LGHD�DERYH��H[FHSW�WKDW�ZH�DUH�D�
OLWWOH�PRUH�VHOHFWLYH�DERXW�KRZ�URWDWLRQV�DUH�SHUIRUPHG��:H�ZLOO�VWLOO�URWDWH�
ERWWRP�XS�DORQJ�WKH�DFFHVV�SDWK��/HW�[�EH�D��QRQURRW��QRGH�RQ�WKH�DFFHVV�SDWK�DW�
ZKLFK�ZH�DUH�URWDWLQJ��,I�WKH�SDUHQW�RI�[�LV�WKH�URRW�RI�WKH�WUHH��ZH�PHUHO\�
URWDWH�[�DQG�WKH�URRW��7KLV�LV�WKH�ODVW�URWDWLRQ�DORQJ�WKH�DFFHVV�SDWK��
2WKHUZLVH��[�KDV�ERWK�D�SDUHQW��S��DQG�D�JUDQGSDUHQW��J���DQG�WKHUH�DUH�WZR�
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FDVHV��SOXV�V\PPHWULHV��WR�FRQVLGHU��7KH�ILUVW�FDVH�LV�WKH�]LJ�]DJ�FDVH��VHH�)LJ��
�������+HUH�[�LV�D�ULJKW�FKLOG�DQG�S�LV�D�OHIW�FKLOG��RU�YLFH�YHUVD���,I�WKLV�LV�
WKH�FDVH��ZH�SHUIRUP�D�GRXEOH�URWDWLRQ��H[DFWO\�OLNH�DQ�AVL�GRXEOH�URWDWLRQ��
2WKHUZLVH��ZH�KDYH�D�]LJ�]LJ�FDVH��[�DQG�S�DUH�HLWKHU�ERWK�OHIW�FKLOGUHQ�RU�ERWK�
ULJKW�FKLOGUHQ��,Q�WKDW�FDVH��ZH�WUDQVIRUP�WKH�WUHH�RQ�WKH�OHIW�RI�)LJXUH����� WR�
WKH�WUHH�RQ�WKH�ULJKW���

��

)LJXUH������=LJ�]DJ�

��

)LJXUH������=LJ�]LJ�

$V�DQ�H[DPSOH��FRQVLGHU�WKH�WUHH�IURP�WKH�ODVW�H[DPSOH��ZLWK�D�ILQG�RQ�N���
�

��

7KH�ILUVW�VSOD\�VWHS�LV�DW�N���DQG�LV�FOHDUO\�D�]LJ�]DJ��VR�ZH�SHUIRUP�D�VWDQGDUG�

AVL�GRXEOH�URWDWLRQ�XVLQJ�N���N���DQG�N���7KH�UHVXOWLQJ�WUHH�IROORZV���
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��

7KH�QH[W�VSOD\�VWHS�DW�N��LV�D�]LJ�]LJ��VR�ZH�GR�WKH�]LJ�]LJ�URWDWLRQ�ZLWK�N���

N���DQG�N���REWDLQLQJ�WKH�ILQDO�WUHH���

��

$OWKRXJK�LW�LV�KDUG�WR�VHH�IURP�VPDOO�H[DPSOHV��VSOD\LQJ�QRW�RQO\�PRYHV�WKH�
DFFHVVHG�QRGH�WR�WKH�URRW��EXW�DOVR�KDV�WKH�HIIHFW�RI�URXJKO\�KDOYLQJ�WKH�GHSWK�
RI�PRVW�QRGHV�RQ�WKH�DFFHVV�SDWK��VRPH�VKDOORZ�QRGHV�DUH�SXVKHG�GRZQ�DW�PRVW�WZR�
OHYHOV����

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�DW�QRGH���

7R�VHH�WKH�GLIIHUHQFH�WKDW�VSOD\LQJ�PDNHV�RYHU�VLPSOH�URWDWLRQ��FRQVLGHU�DJDLQ�
WKH�HIIHFW�RI�LQVHUWLQJ�NH\V������������������Q�LQWR�DQ�LQLWLDOO\�HPSW\�WUHH��
7KLV�WDNHV�D�WRWDO�RI�2�Q���DV�EHIRUH��DQG�\LHOGV�WKH�VDPH�WUHH�DV�VLPSOH�
URWDWLRQV��)LJXUH������VKRZV�WKH�UHVXOW�RI�VSOD\LQJ�DW�WKH�QRGH�ZLWK�NH\����7KH�
GLIIHUHQFH�LV�WKDW�DIWHU�DQ�DFFHVV�RI�WKH�QRGH�ZLWK�NH\����ZKLFK�WDNHV�Q����
XQLWV��WKH�DFFHVV�RQ�WKH�QRGH�ZLWK�NH\���ZLOO�RQO\�WDNH�DERXW�Q���XQLWV�LQVWHDG�
RI�Q�����XQLWV��WKHUH�DUH�QR�QRGHV�TXLWH�DV�GHHS�DV�EHIRUH���
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��

)LJXUH������5HVXOW�RI�VSOD\LQJ�DW�QRGH���D�WUHH�RI�DOO�OHIW�FKLOGUHQ�

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

$Q�DFFHVV�RQ�WKH�QRGH�ZLWK�NH\���ZLOO�EULQJ�QRGHV�WR�ZLWKLQ�Q���RI�WKH�URRW��DQG�
WKLV�LV�UHSHDWHG�XQWLO�WKH�GHSWK�EHFRPHV�URXJKO\�ORJ�Q��DQ�H[DPSOH�ZLWK�Q� ���LV�
WRR�VPDOO�WR�VHH�WKH�HIIHFW�ZHOO���)LJXUHV������WR������VKRZ�WKH�UHVXOW�RI�
DFFHVVLQJ�NH\V���WKURXJK���LQ�D����QRGH�WUHH�WKDW�RULJLQDOO\�FRQWDLQV�RQO\�OHIW�
FKLOGUHQ��7KXV�ZH�GR�QRW�JHW�WKH�VDPH�EDG�EHKDYLRU�IURP�VSOD\�WUHHV�WKDW�LV�
SUHYDOHQW�LQ�WKH�VLPSOH�URWDWLRQ�VWUDWHJ\���$FWXDOO\��WKLV�WXUQV�RXW�WR�EH�D�YHU\�
JRRG�FDVH��$�UDWKHU�FRPSOLFDWHG�SURRI�VKRZV�WKDW�IRU�WKLV�H[DPSOH��WKH�Q�DFFHVVHV�
WDNH�D�WRWDO�RI�2�Q��WLPH����

7KHVH�ILJXUHV�VKRZ�RII�WKH�IXQGDPHQWDO�DQG�FUXFLDO�SURSHUW\�RI�VSOD\�WUHHV��:KHQ�
DFFHVV�SDWKV�DUH�ORQJ��WKXV�OHDGLQJ�WR�D�ORQJHU�WKDQ�QRUPDO�VHDUFK�WLPH��WKH�
URWDWLRQV�WHQG�WR�EH�JRRG�IRU�IXWXUH�RSHUDWLRQV��:KHQ�DFFHVVHV�DUH�FKHDS��WKH�
URWDWLRQV�DUH�QRW�DV�JRRG�DQG�FDQ�EH�EDG��7KH�H[WUHPH�FDVH�LV�WKH�LQLWLDO�WUHH�
IRUPHG�E\�WKH�LQVHUWLRQV��$OO�WKH�LQVHUWLRQV�ZHUH�FRQVWDQW�WLPH�RSHUDWLRQV�
OHDGLQJ�WR�D�EDG�LQLWLDO�WUHH��$W�WKDW�SRLQW�LQ�WLPH��ZH�KDG�D�YHU\�EDG�WUHH��EXW�
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ZH�ZHUH�UXQQLQJ�DKHDG�RI�VFKHGXOH�DQG�KDG�WKH�FRPSHQVDWLRQ�RI�OHVV�WRWDO�UXQQLQJ�
WLPH��7KHQ�D�FRXSOH�RI�UHDOO\�KRUULEOH�DFFHVVHV�OHIW�D�QHDUO\�EDODQFHG�WUHH��EXW�
WKH�FRVW�ZDV�WKDW�ZH�KDG�WR�JLYH�EDFN�VRPH�RI�WKH�WLPH�WKDW�KDG�EHHQ�VDYHG��7KH�
PDLQ�WKHRUHP��ZKLFK�ZH�ZLOO�SURYH�LQ�&KDSWHU�����LV�WKDW�ZH�QHYHU�IDOO�EHKLQG�D�
SDFH�RI�2�ORJ�Q��SHU�RSHUDWLRQ��:H�DUH�DOZD\V�RQ�VFKHGXOH��HYHQ�WKRXJK�WKHUH�DUH�
RFFDVLRQDOO\�EDG�RSHUDWLRQV���

%HFDXVH�WKH�URWDWLRQV�IRU�VSOD\�WUHHV�DUH�SHUIRUPHG�LQ�SDLUV�IURP�WKH�ERWWRP�XS��
D�UHFXUVLYH�LPSOHPHQWDWLRQ�GRHV�QRW�ZRUN���DOWKRXJK�PRGLILFDWLRQV�WR�WKH�VSOD\LQJ�
VWHSV�FDQ�EH�PDGH�WR�DOORZ�D�UHFXUVLYH�LPSOHPHQWDWLRQ���7KH�SDLUV�RI�QRGHV�WR�
FRQVLGHU�DUH�QRW�NQRZQ�XQWLO�WKH�OHQJWK�RI�WKH�SDWK�LV�GHWHUPLQHG�WR�EH�HYHQ�RU�
RGG��7KXV��VSOD\�WUHHV�DUH�FRGHG�QRQUHFXUVLYHO\�DQG�ZRUN�LQ�WZR�SDVVHV��7KH�ILUVW�
SDVV�JRHV�GRZQ�WKH�WUHH�DQG�WKH�VHFRQG�JRHV�EDFN�XS��SHUIRUPLQJ�URWDWLRQV��7KLV�
UHTXLUHV�WKDW�WKH�SDWK�EH�VDYHG��7KLV�FDQ�EH�GRQH�E\�XVLQJ�D�VWDFN��ZKLFK�PLJKW�
QHHG�WR�VWRUH�Q�SRLQWHUV��RU�E\�DGGLQJ�DQ�H[WUD�ILHOG�WR�WKH�QRGH�UHFRUG�WKDW�
ZLOO�SRLQW�WR�WKH�SDUHQW��1HLWKHU�PHWKRG�LV�SDUWLFXODUO\�GLIILFXOW�WR�LPSOHPHQW��
:H�ZLOO�SURYLGH�FRGH�IRU�WKH�VSOD\LQJ�URXWLQH�RQ�WKH�DVVXPSWLRQ�WKDW�HDFK�QRGH�
VWRUHV�LWV�SDUHQW���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��
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)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���

��

)LJXUH������5HVXOW�RI�VSOD\LQJ�SUHYLRXV�WUHH�DW�QRGH���
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7KH�W\SH�GHFODUDWLRQV��)LJ��������DUH�VLPSOH�WR�XQGHUVWDQG��7KH�VSOD\LQJ�URXWLQH�
�)LJ��������WDNHV�DV�DUJXPHQW�WKH�ODVW�QRGH�RQ�WKH�DFFHVVHG�SDWK�DQG�PDNHV�LW�WKH�
QHZ�URRW��7KH�URXWLQHV�VLQJOHBURWDWH�DQG�GRXEOHBURWDWH FKRRVH�WKH�FRUUHFW�W\SH�RI�
URWDWLRQ��:H�SURYLGH�WKH�FRGH�IRU�VLQJOHBURWDWH�LQ�)LJXUH��������

7KH�URWDWLRQ�URXWLQHV�DUH�VLPLODU�WR�WKH�AVL�URWDWLRQV��H[FHSW�WKDW�WKH�SDUHQW�
SRLQWHUV�PXVW�EH�PDLQWDLQHG��6RPH�VDPSOH�URXWLQHV�DUH�LQ�WKH�ILJXUHV�WKDW�IROORZ��
6LQFH�]LJ�URWDWLRQV�DOZD\V�PDNH�[�WKH�QHZ�URRW��ZH�NQRZ�WKDW�[�ZLOO�KDYH�QR�
SDUHQW�DIWHU�WKH�RSHUDWLRQ��7KH�FRGH�IRU�WKLV�LV�LQ�)LJXUH��������

=LJ�]LJV�DQG�=LJ�]DJV�DUH�VLPLODU��:H�ZLOO�ZULWH�WKH�RQH�URXWLQH�WR�SHUIRUP�WKH�
]LJ�]LJ�VSOD\�ZKHQ�ERWK�[�DQG�S�DUH�OHIW�FKLOGUHQ��2QH�ZD\�WR�GR�WKLV�LV�WR�ZULWH�
D�VLQJOHBURWDWH�URXWLQH�WKDW�LQFOXGHV�SRLQWHU�FKDQJHV�IRU�WKH�SDUHQW��DQG�WKHQ�
LPSOHPHQW�WKH�FRPSOH[�URWDWLRQV�ZLWK�WZR�VLQJOH�URWDWLRQV��7KLV�LV�WKH�ZD\�ZH�
FRGHG�WKH�AVL�URXWLQHV��:H�KDYH�WDNHQ�D�GLIIHUHQW�DSSURDFK�LQ�)LJXUH������WR�
VKRZ�WKH�GLYHUVLW\�RI�VW\OHV�DYDLODEOH��6HH�)LJXUH�������<RX�VKRXOG�WU\�WR�FRGH�
WKH�RWKHU�FDVHV�\RXUVHOI��LW�ZLOO�EH�H[FHOOHQW�SRLQWHU�PDQLSXODWLRQ�SUDFWLFH���

W\SHGHI�VWUXFW�VSOD\BQRGH�VSOD\BSWU��

VWUXFW�VSOD\BQRGH�

^�

HOHPHQWBW\SH�HOHPHQW��

VSOD\BSWU�OHIW��

VSOD\�SWU�ULJKW��

VSOD\�SWU�SDUHQW��

`��

W\SHGHI�VSOD\BSWU�6($5&+B75((��

)LJXUH������7\SH�GHFODUDWLRQV�IRU�VSOD\�WUHHV�

YRLG�

VSOD\��VSOD\BSWU�FXUUHQW���

^�

VSOD\BSWU�IDWKHU��

IDWKHU� �FXUUHQW�!SDUHQW��

ZKLOH��IDWKHU�� �18//���

^�

LI��IDWKHU�!SDUHQW�  �18//���

VLQJOHBURWDWH��FXUUHQW����
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HOVH�

GRXEOHBURWDWH��FXUUHQW����

IDWKHU� �FXUUHQW�!SDUHQW��

`�

`�

)LJXUH������%DVLF�VSOD\�URXWLQH�

YRLG�

VLQJOHBURWDWH��VSOD\BSWU�[���

^�

LI��[�!SDUHQW�!OHIW�  �[��

]LJBOHIW��[����

HOVH�

]LJBULJKW��[����

`�

)LJXUH������6LQJOH�URWDWLRQ�

YRLG�

]LJBOHIW��VSOD\BSWU�[���

^�

VSOD\�SWU�S��%��

S� �[�!SDUHQW��

%� �[�!ULJKW��

[�!ULJKW� �S���������[
V�QHZ�ULJKW�FKLOG�LV�S��

[�!SDUHQW� �18//�����[�ZLOO�QRZ�EH�D�URRW���

LI��%�� �18//���

%�!SDUHQW� �S��

S�!OHIW� �%��

S�!SDUHQW� �[��

`�
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)LJXUH������6LQJOH�URWDWLRQ�EHWZHHQ�URRW�DQG�LWV�OHIW�FKLOG�

:H�FDQ�SHUIRUP�GHOHWLRQ�E\�DFFHVVLQJ�WKH�QRGH�WR�EH�GHOHWHG��7KLV�SXWV�WKH�QRGH�
DW�WKH�URRW��,I�LW�LV�GHOHWHG��ZH�JHW�WZR�VXEWUHHV�7/�DQG�75 �OHIW�DQG�ULJKW���,I�

ZH�ILQG�WKH�ODUJHVW�HOHPHQW�LQ�7/��ZKLFK�LV�HDV\���WKHQ�WKLV�HOHPHQW�LV�URWDWHG�

WR�WKH�URRW�RI�7/��DQG�7/�ZLOO�QRZ�KDYH�D�URRW�ZLWK�QR�ULJKW�FKLOG��:H�FDQ�ILQLVK�

WKH�GHOHWLRQ�E\�PDNLQJ�75�WKH�ULJKW�FKLOG���

7KH�DQDO\VLV�RI�VSOD\�WUHHV�LV�GLIILFXOW��EHFDXVH�LW�PXVW�WDNH�LQWR�DFFRXQW�WKH�
HYHU�FKDQJLQJ�VWUXFWXUH�RI�WKH�WUHH��2Q�WKH�RWKHU�KDQG��VSOD\�WUHHV�DUH�PXFK�
VLPSOHU�WR�SURJUDP�WKDQ�AVL�WUHHV��VLQFH�WKHUH�DUH�IHZHU�FDVHV�WR�FRQVLGHU�DQG�
QR�EDODQFH�LQIRUPDWLRQ�WR�PDLQWDLQ��2XU�VSOD\�WUHH�FRGH�PD\�ORRN�FRPSOLFDWHG��EXW�
DV�SRLQWHG�RXW�EHIRUH��LW�FDQ�EH�VLPSOLILHG��LW�LV�SUREDEO\�PXFK�VLPSOHU�WKDQ�D�
QRQUHFXUVLYH�AVL�LPSOHPHQWDWLRQ��6RPH�HPSLULFDO�HYLGHQFH�VXJJHVWV�WKDW�WKLV�
WUDQVODWHV�LQWR�IDVWHU�FRGH�LQ�SUDFWLFH��DOWKRXJK�WKH�FDVH�IRU�WKLV�LV�IDU�IURP�
FRPSOHWH��)LQDOO\��ZH�SRLQW�RXW�WKDW�WKHUH�DUH�VHYHUDO�YDULDWLRQV�RI�VSOD\�WUHHV�
WKDW�FDQ�SHUIRUP�HYHQ�EHWWHU�LQ�SUDFWLFH���

��

)LJXUH������

YRLG�

]LJB]LJBOHIW��VSOD\BSWU�[���

^�

VSOD\BSWU�S��J��%��&��JJS��

S� �[�!SDUHQW��

J� �S�!SDUHQW��

%� �[�!ULJKW��

&� �S�!ULJKW��

JJS� �J�!SDUHQW��

[�!ULJKW� �S��������������[
V�QHZ�ULJKW�FKLOG�LV�S��

S�!SDUHQW� �[��

S�!ULJKW� �J��������������S
V�QHZ�ULJKW�FKLOG�LV�J���

J�!SDUHQW� �S��
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LI��%�� �18//�������������S
V�QHZ�OHIW�FKLOG�LV�VXEWUHH�%���

%�!SDUHQW� �S��

S�!OHIW� �%��

LI��&�� �18//�������������J
V�QHZ�OHIW�FKLOG�LV�VXEWUHH�&���

&�!SDUHQW� �J��

J�!OHIW� �&��

[�!SDUHQW� �JJS�����������FRQQHFW�WR�UHVW�RI�WKH�WUHH���

LI��JJS��� �18//���

LI��JSS�!OHIW�  �J���

JJS�!OHIW� �[��

HOVH�

JJS�!ULJKW� �[��

`�

)LJXUH������5RXWLQH�WR�SHUIRUP�D�]LJ�]LJ�ZKHQ�ERWK�FKLOGUHQ�DUH�LQLWLDOO\�OHIW�
FKLOGUHQ�

�����7UHH�7UDYHUVDOV��5HYLVLWHG��

%HFDXVH�RI�WKH�RUGHULQJ�LQIRUPDWLRQ�LQ�D�ELQDU\�VHDUFK�WUHH��LW�LV�VLPSOH�WR�OLVW�
DOO�WKH�NH\V�LQ�VRUWHG�RUGHU��7KH�UHFXUVLYH�SURFHGXUH�LQ�)LJXUH������GRHV�WKLV���

&RQYLQFH�\RXUVHOI�WKDW�WKLV�SURFHGXUH�ZRUNV��$V�ZH�KDYH�VHHQ�EHIRUH��WKLV�NLQG�RI�
URXWLQH�ZKHQ�DSSOLHG�WR�WUHHV�LV�NQRZQ�DV�DQ�LQRUGHU�WUDYHUVDO��ZKLFK�PDNHV�
VHQVH��VLQFH�LW�OLVWV�WKH�NH\V�LQ�RUGHU���7KH�JHQHUDO�VWUDWHJ\�RI�DQ�LQRUGHU�
WUDYHUVDO�LV�WR�SURFHVV�WKH�OHIW�VXEWUHH�ILUVW��WKHQ�SHUIRUP�SURFHVVLQJ�DW�WKH�
FXUUHQW�QRGH��DQG�ILQDOO\�SURFHVV�WKH�ULJKW�VXEWUHH��7KH�LQWHUHVWLQJ�SDUW�DERXW�
WKLV�DOJRULWKP��DVLGH�IURP�LWV�VLPSOLFLW\��LV�WKDW�WKH�WRWDO�UXQQLQJ�WLPH�LV�2
�Q���7KLV�LV�EHFDXVH�WKHUH�LV�FRQVWDQW�ZRUN�EHLQJ�SHUIRUPHG�DW�HYHU\�QRGH�LQ�WKH�
WUHH��(DFK�QRGH�LV�YLVLWHG�RQFH��DQG�WKH�ZRUN�SHUIRUPHG�DW�HDFK�QRGH�LV�WHVWLQJ�
DJDLQVW�18//��VHWWLQJ�XS�WZR�SURFHGXUH�FDOOV��DQG�GRLQJ�D�SULQWBHOHPHQW��6LQFH�
WKHUH�LV�FRQVWDQW�ZRUN�SHU�QRGH�DQG�Q�QRGHV��WKH�UXQQLQJ�WLPH�LV�2�Q����

YRLG�

SULQWBWUHH��6($5&+B75((�7���

^�

LI��7�� �18//���

^�
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SULQWBWUHH��7�!OHIW����

SULQWBHOHPHQW��7�!HOHPHQW����

SULQWBWUHH��7�!ULJKW����

`�

`�

)LJXUH������5RXWLQH�WR�SULQW�D�ELQDU\�VHDUFK�WUHH�LQ�RUGHU�

6RPHWLPHV�ZH�QHHG�WR�SURFHVV�ERWK�VXEWUHHV�ILUVW�EHIRUH�ZH�FDQ�SURFHVV�D�QRGH��
)RU�LQVWDQFH��WR�FRPSXWH�WKH�KHLJKW�RI�D�QRGH��ZH�QHHG�WR�NQRZ�WKH�KHLJKW�RI�WKH�
VXEWUHHV�ILUVW��7KH�FRGH�LQ�)LJXUH������FRPSXWHV�WKLV��6LQFH�LW�LV�DOZD\V�D�JRRG�
LGHD�WR�FKHFN�WKH�VSHFLDO�FDVHV���DQG�FUXFLDO�ZKHQ�UHFXUVLRQ�LV�LQYROYHG�� QRWLFH�
WKDW�WKH�URXWLQH�ZLOO�GHFODUH�WKH�KHLJKW�RI�D�OHDI�WR�EH�]HUR��ZKLFK�LV�FRUUHFW��
7KLV�JHQHUDO�RUGHU�RI�WUDYHUVDO��ZKLFK�ZH�KDYH�DOVR�VHHQ�EHIRUH��LV�NQRZQ�DV�D�
SRVWRUGHU�WUDYHUVDO��$JDLQ��WKH�WRWDO�UXQQLQJ�WLPH�LV�2�Q���EHFDXVH�FRQVWDQW�ZRUN�
LV�SHUIRUPHG�DW�HDFK�QRGH���

7KH�WKLUG�SRSXODU�WUDYHUVDO�VFKHPH�WKDW�ZH�KDYH�VHHQ�LV�SUHRUGHU�WUDYHUVDO��+HUH��
WKH�QRGH�LV�SURFHVVHG�EHIRUH�WKH�FKLOGUHQ��7KLV�FRXOG�EH�XVHIXO��IRU�H[DPSOH��LI�
\RX�ZDQWHG�WR�ODEHO�HDFK�QRGH�ZLWK�LWV�GHSWK���

7KH�FRPPRQ�LGHD�LQ�DOO�RI�WKHVH�URXWLQHV�LV�WKDW�\RX�KDQGOH�WKH�18//�FDVH�ILUVW��
DQG�WKHQ�WKH�UHVW��1RWLFH�WKH�ODFN�RI�H[WUDQHRXV�YDULDEOHV��7KHVH�URXWLQHV�SDVV�
RQO\�WKH�WUHH��DQG�GR�QRW�GHFODUH�RU�SDVV�DQ\�H[WUD�YDULDEOHV��7KH�PRUH�FRPSDFW�
WKH�FRGH��WKH�OHVV�OLNHO\�WKDW�D�VLOO\�EXJ�ZLOO�WXUQ�XS��$�IRXUWK��OHVV�RIWHQ�
XVHG��WUDYHUVDO��ZKLFK�ZH�KDYH�QRW�VHHQ�\HW��LV�OHYHO�RUGHU�WUDYHUVDO��,Q�D�
OHYHO�RUGHU�WUDYHUHVDO��DOO�QRGHV�DW�GHSWK�G�DUH�SURFHVVHG�EHIRUH�DQ\�QRGH�DW�
GHSWK�G������/HYHO�RUGHU�WUDYHUVDO�GLIIHUV�IURP�WKH�RWKHU�WUDYHUVDOV�LQ�WKDW�LW�
LV�QRW�GRQH�UHFXUVLYHO\��D�TXHXH�LV�XVHG��LQVWHDG�RI�WKH�LPSOLHG�VWDFN�RI�
UHFXUVLRQ���

LQW�

KHLJKW��75((�7���

^�

LI��7�  �18//���

UHWXUQ�����

HOVH�

UHWXUQ���PD[��KHLJKW�7�!OHIW���KHLJKW�7�!ULJKW�����������

`�

)LJXUH������5RXWLQH�WR�FRPSXWH�WKH�KHLJKW�RI�D�WUHH�XVLQJ�D�SRVWRUGHU�WUDYHUVDO�

�����%�7UHHV�
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$OWKRXJK�DOO�RI�WKH�VHDUFK�WUHHV�ZH�KDYH�VHHQ�VR�IDU�DUH�ELQDU\��WKHUH�LV�D�
SRSXODU�VHDUFK�WUHH�WKDW�LV�QRW�ELQDU\��7KLV�WUHH�LV�NQRZQ�DV�D�%�WUHH���

$�%�WUHH�RI�RUGHU�P�LV�D�WUHH�ZLWK�WKH�IROORZLQJ�VWUXFWXUDO�SURSHUWLHV���

�7KH�URRW�LV�HLWKHU�D�OHDI�RU�KDV�EHWZHHQ���DQG�P�FKLOGUHQ���

�$OO�QRQOHDI�QRGHV��H[FHSW�WKH�URRW��KDYH�EHWZHHQ� P�� �DQG�P�FKLOGUHQ��

�$OO�OHDYHV�DUH�DW�WKH�VDPH�GHSWK���

$OO�GDWD�LV�VWRUHG�DW�WKH�OHDYHV��&RQWDLQHG�LQ�HDFK�LQWHULRU�QRGH�DUH�SRLQWHUV�
S���S�����������SP�WR�WKH�FKLOGUHQ��DQG�YDOXHV�N���N�����������NP������

UHSUHVHQWLQJ�WKH�VPDOOHVW�NH\�IRXQG�LQ�WKH�VXEWUHHV�S���S�����������SP�

UHVSHFWLYHO\��2I�FRXUVH��VRPH�RI�WKHVH�SRLQWHUV�PLJKW�EH�18//��DQG�WKH�
FRUUHVSRQGLQJ�NL�ZRXOG�WKHQ�EH�XQGHILQHG��)RU�HYHU\�QRGH��DOO�WKH�NH\V�LQ�VXEWUHH�

S��DUH�VPDOOHU�WKDQ�WKH�NH\V�LQ�VXEWUHH�S���DQG�VR�RQ��7KH�OHDYHV�FRQWDLQ�DOO�WKH�

DFWXDO�GDWD��ZKLFK�LV�HLWKHU�WKH�NH\V�WKHPVHOYHV�RU�SRLQWHUV�WR�UHFRUGV�
FRQWDLQLQJ�WKH�NH\V��:H�ZLOO�DVVXPH�WKH�IRUPHU�WR�NHHS�RXU�H[DPSOHV�VLPSOH��7KHUH�
DUH�YDULRXV�GHILQLWLRQV�RI�%�WUHHV�WKDW�FKDQJH�WKLV�VWUXFWXUH�LQ�PRVWO\�PLQRU�
ZD\V��EXW�WKLV�GHILQLWLRQ�LV�RQH�RI�WKH�SRSXODU�IRUPV��:H�ZLOO�DOVR�LQVLVW��IRU�

QRZ��WKDW�WKH�QXPEHU�RI�NH\V�LQ�D�OHDI�LV�DOVR�EHWZHHQ� m�� �DQG�P���

7KH�WUHH�LQ�)LJXUH������LV�DQ�H[DPSOH�RI�D�%�WUHH�RI�RUGHU�����

��

)LJXUH������%�WUHH�RI�RUGHU���

$�%�WUHH�RI�RUGHU���LV�PRUH�SRSXODUO\�NQRZQ�DV�D�������WUHH��DQG�D�%�WUHH�RI�
RUGHU���LV�NQRZQ�DV�D�����WUHH��:H�ZLOO�GHVFULEH�WKH�RSHUDWLRQ�RI�%�WUHHV�E\�
XVLQJ�WKH�VSHFLDO�FDVH�RI�����WUHHV��2XU�VWDUWLQJ�SRLQW�LV�WKH�����WUHH�WKDW�
IROORZV���
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��

:H�KDYH�GUDZQ�LQWHULRU�QRGHV��QRQOHDYHV��LQ�HOOLSVHV��ZKLFK�FRQWDLQ�WKH�WZR�
SLHFHV�RI�GDWD�IRU�HDFK�QRGH��$�GDVK�OLQH�DV�D�VHFRQG�SLHFH�RI�LQIRUPDWLRQ�LQ�DQ�
LQWHULRU�QRGH�LQGLFDWHV�WKDW�WKH�QRGH�KDV�RQO\�WZR�FKLOGUHQ��/HDYHV�DUH�GUDZQ�LQ�
ER[HV��ZKLFK�FRQWDLQ�WKH�NH\V��7KH�NH\V�LQ�WKH�OHDYHV�DUH�RUGHUHG��7R�SHUIRUP�D�
ILQG��ZH�VWDUW�DW�WKH�URRW�DQG�EUDQFK�LQ�RQH�RI��DW�PRVW��WKUHH�GLUHFWLRQV��
GHSHQGLQJ�RQ�WKH�UHODWLRQ�RI�WKH�NH\�ZH�DUH�ORRNLQJ�IRU�WR�WKH�WZR��SRVVLEO\�RQH��
YDOXHV�VWRUHG�DW�WKH�QRGH���

7R�SHUIRUP�DQ�LQVHUW�RQ�D�SUHYLRXVO\�XQVHHQ�NH\��[��ZH�IROORZ�WKH�SDWK�DV�WKRXJK�
ZH�ZHUH�SHUIRUPLQJ�D�ILQG��:KHQ�ZH�JHW�WR�D�OHDI�QRGH��ZH�KDYH�IRXQG�WKH�FRUUHFW�
SODFH�WR�SXW�[��7KXV��WR�LQVHUW�D�QRGH�ZLWK�NH\�����ZH�FDQ�MXVW�DGG�LW�WR�D�OHDI�
ZLWKRXW�FDXVLQJ�DQ\�YLRODWLRQV�RI�WKH�����WUHH�SURSHUWLHV��7KH�UHVXOW�LV�VKRZQ�LQ�
WKH�IROORZLQJ�ILJXUH���

��

8QIRUWXQDWHO\��VLQFH�D�OHDI�FDQ�KROG�RQO\�WZR�RU�WKUHH�NH\V��WKLV�PLJKW�QRW�
DOZD\V�EH�SRVVLEOH��,I�ZH�QRZ�WU\�WR�LQVHUW���LQWR�WKH�WUHH��ZH�ILQG�WKDW�WKH�
QRGH�ZKHUH�LW�EHORQJV�LV�DOUHDG\�IXOO��3ODFLQJ�RXU�QHZ�NH\�LQWR�WKLV�QRGH�ZRXOG�
JLYH�LW�D�IRXUWK�HOHPHQW�ZKLFK�LV�QRW�DOORZHG��7KLV�FDQ�EH�VROYHG�E\�PDNLQJ�WZR�
QRGHV�RI�WZR�NH\V�HDFK�DQG�DGMXVWLQJ�WKH�LQIRUPDWLRQ�LQ�WKH�SDUHQW���
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��

8QIRUWXQDWHO\��WKLV�LGHD�GRHV�QRW�DOZD\V�ZRUN��DV�FDQ�EH�VHHQ�E\�DQ�DWWHPSW�WR�
LQVHUW����LQWR�WKH�FXUUHQW�WUHH��,I�ZH�PDNH�WZR�QRGHV�RI�WZR�NH\V�HDFK��ZH�REWDLQ�
WKH�IROORZLQJ�WUHH���

��

7KLV�WUHH�KDV�DQ�LQWHUQDO�QRGH�ZLWK�IRXU�FKLOGUHQ��EXW�ZH�RQO\�DOORZ�WKUHH�SHU�
QRGH��7KH�VROXWLRQ�LV�VLPSOH��:H�PHUHO\�VSOLW�WKLV�QRGH�LQWR�WZR�QRGHV�ZLWK�WZR�
FKLOGUHQ��2I�FRXUVH��WKLV�QRGH�PLJKW�EH�RQH�RI�WKUHH�FKLOGUHQ�LWVHOI��DQG�WKXV�
VSOLWWLQJ�LW�ZRXOG�FUHDWH�D�SUREOHP�IRU�LWV�SDUHQW��ZKLFK�ZRXOG�QRZ�KDYH�IRXU�
FKLOGUHQ���EXW�ZH�FDQ�NHHS�RQ�VSOLWWLQJ�QRGHV�RQ�WKH�ZD\�XS�WR�WKH�URRW�XQWLO�ZH�
HLWKHU�JHW�WR�WKH�URRW�RU�ILQG�D�QRGH�ZLWK�RQO\�WZR�FKLOGUHQ��,Q�RXU�FDVH��ZH�FDQ�
JHW�E\�ZLWK�VSOLWWLQJ�RQO\�WKH�ILUVW�LQWHUQDO�QRGH�ZH�VHH��REWDLQLQJ�WKH�
IROORZLQJ�WUHH���

��

,I�ZH�QRZ�LQVHUW�DQ�HOHPHQW�ZLWK�NH\�����ZH�FUHDWH�D�OHDI�ZLWK�IRXU�FKLOGUHQ��
ZKLFK�LV�VSOLW�LQWR�WZR�OHDYHV�RI�WZR�FKLOGUHQ���
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��

7KLV�FUHDWHV�DQ�LQWHUQDO�QRGH�ZLWK�IRXU�FKLOGUHQ��ZKLFK�LV�WKHQ�VSOLW�LQWR�WZR�
FKLOGUHQ��:KDW�ZH�KDYH�GRQH�KHUH�LV�VSOLW�WKH�URRW�LQWR�WZR�QRGHV��:KHQ�ZH�GR�
WKLV��ZH�KDYH�D�VSHFLDO�FDVH��ZKLFK�ZH�ILQLVK�E\�FUHDWLQJ�D�QHZ�URRW��7KLV�LV�KRZ�
�WKH�RQO\�ZD\��D�����WUHH�JDLQV�KHLJKW���

��

1RWLFH�DOVR�WKDW�ZKHQ�D�NH\�LV�LQVHUWHG��WKH�RQO\�FKDQJHV�WR�LQWHUQDO�QRGHV�RFFXU�
RQ�WKH�DFFHVV�SDWK��7KHVH�FKDQJHV�FDQ�EH�PDGH�LQ�WLPH�SURSRUWLRQDO�WR�WKH�OHQJWK�
RI�WKLV�SDWK��EXW�EH�IRUHZDUQHG�WKDW�WKHUH�DUH�TXLWH�D�IHZ�FDVHV�WR�KDQGOH��DQG�
LW�LV�HDV\�WR�GR�WKLV�ZURQJ���

7KHUH�DUH�RWKHU�ZD\V�WR�KDQGOH�WKH�FDVH�ZKHUH�D�QRGH�EHFRPHV�RYHUORDGHG�ZLWK�
FKLOGUHQ��EXW�WKH�PHWKRG�ZH�KDYH�GHVFULEHG�LV�SUREDEO\�WKH�VLPSOHVW��:KHQ�
DWWHPSWLQJ�WR�DGG�D�IRXUWK�NH\�WR�D�OHDI��LQVWHDG�RI�VSOLWWLQJ�WKH�QRGH�LQWR�WZR�
ZH�FDQ�ILUVW�DWWHPSW�WR�ILQG�D�VLEOLQJ�ZLWK�RQO\�WZR�NH\V��)RU�LQVWDQFH��WR�
LQVHUW����LQWR�WKH�WUHH�DERYH��ZH�FRXOG�PRYH����WR�WKH�OHDI�FRQWDLQLQJ����DQG�����
SODFH����ZLWK����DQG�����DQG�DGMXVW�WKH�HQWULHV�LQ�WKH�LQWHUQDO�QRGHV��7KLV�
VWUDWHJ\�FDQ�DOVR�EH�DSSOLHG�WR�LQWHUQDO�QRGHV�DQG�WHQGV�WR�NHHS�PRUH�QRGHV�IXOO��
7KH�FRVW�RI�WKLV�LV�VOLJKWO\�PRUH�FRPSOLFDWHG�URXWLQHV��EXW�OHVV�VSDFH�WHQGV�WR�
EH�ZDVWHG���

:H�FDQ�SHUIRUP�GHOHWLRQ�E\�ILQGLQJ�WKH�NH\�WR�EH�GHOHWHG�DQG�UHPRYLQJ�LW��,I�WKLV�
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NH\�ZDV�RQH�RI�RQO\�WZR�NH\V�LQ�D�QRGH��WKHQ�LWV�UHPRYDO�OHDYHV�RQO\�RQH�NH\��:H�
FDQ�IL[�WKLV�E\�FRPELQLQJ�WKLV�QRGH�ZLWK�D�VLEOLQJ��,I�WKH�VLEOLQJ�KDV�WKUHH�
NH\V��ZH�FDQ�VWHDO�RQH�DQG�KDYH�ERWK�QRGHV�ZLWK�WZR�NH\V��,I�WKH�VLEOLQJ�KDV�RQO\�
WZR�NH\V��ZH�FRPELQH�WKH�WZR�QRGHV�LQWR�D�VLQJOH�QRGH�ZLWK�WKUHH�NH\V��7KH�SDUHQW�
RI�WKLV�QRGH�QRZ�ORVHV�D�FKLOG��VR�ZH�PLJKW�KDYH�WR�SHUFRODWH�WKLV�VWUDWHJ\�DOO�
WKH�ZD\�WR�WKH�WRS��,I�WKH�URRW�ORVHV�LWV�VHFRQG�FKLOG��WKHQ�WKH�URRW�LV�DOVR�
GHOHWHG�DQG�WKH�WUHH�EHFRPHV�RQH�OHYHO�VKDOORZHU��$V�ZH�FRPELQH�QRGHV��ZH�PXVW�
UHPHPEHU�WR�XSGDWH�WKH�LQIRUPDWLRQ�NHSW�DW�WKH�LQWHUQDO�QRGHV���

:LWK�JHQHUDO�%�WUHHV�RI�RUGHU�P��ZKHQ�D�NH\�LV�LQVHUWHG��WKH�RQO\�GLIILFXOW\�
DULVHV�ZKHQ�WKH�QRGH�WKDW�LV�WR�DFFHSW�WKH�NH\�DOUHDG\�KDV�P NH\V��7KLV�NH\�JLYHV�

WKH�QRGH�P�����NH\V��ZKLFK�ZH�FDQ�VSOLW�LQWR�WZR�QRGHV�ZLWK�  �P����������

DQG�  �P���������� �NH\V�UHVSHFWLYHO\��$V�WKLV�JLYHV�WKH�SDUHQW�DQ�H[WUD�
QRGH��ZH�KDYH�WR�FKHFN�ZKHWKHU�WKLV�QRGH�FDQ�EH�DFFHSWHG�E\�WKH�SDUHQW�DQG�VSOLW�
WKH�SDUHQW�LI�LW�DOUHDG\�KDV�P�FKLOGUHQ��:H�UHSHDW�WKLV�XQWLO�ZH�ILQG�D�SDUHQW�
ZLWK�OHVV�WKDQ�P�FKLOGUHQ��,I�ZH�VSOLW�WKH�URRW��ZH�FUHDWH�D�QHZ�URRW�ZLWK�WZR�
FKLOGUHQ���

7KH�GHSWK�RI�D�%�WUHH�LV�DW�PRVW� ORJ P�� Q ��$W�HDFK�QRGH�RQ�WKH�SDWK��

ZH�SHUIRUP�2�ORJ�P��ZRUN�WR�GHWHUPLQH�ZKLFK�EUDQFK�WR�WDNH��XVLQJ�D�ELQDU\�
VHDUFK���EXW�DQ�LQVHUW�RU�GHOHWH�FRXOG�UHTXLUH�2�P��ZRUN�WR�IL[�XS�DOO�WKH�
LQIRUPDWLRQ�DW�WKH�QRGH��7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�IRU�HDFK�RI�WKH�LQVHUW�DQG�
GHOHWH�RSHUDWLRQV�LV�WKXV�2�P�ORJP�Q�� �2���P���ORJ�P���ORJ�Q���EXW�D�ILQG�WDNHV�

RQO\�2�ORJ�Q����7KH�EHVW��OHJDO��FKRLFH�RI�P�IRU�UXQQLQJ�WLPH�FRQVLGHUDWLRQV�KDV�
EHHQ�VKRZQ�HPSLULFDOO\�WR�EH�HLWKHU�P� ���RU�P� ����WKLV�DJUHHV�ZLWK�WKH�ERXQGV�
DERYH��ZKLFK�VKRZ�WKDW�DV�P�JHWV�ODUJHU��WKH�LQVHUWLRQ�DQG�GHOHWLRQ�WLPHV�
LQFUHDVH��,I�ZH�DUH�RQO\�FRQFHUQHG�ZLWK�PDLQ�PHPRU\�VSHHG��KLJKHU�RUGHU�%�WUHHV��
VXFK�DV�����WUHHV��DUH�QRW�DQ�DGYDQWDJH���

7KH�UHDO�XVH�RI�%�WUHHV�OLHV�LQ�GDWDEDVH�V\VWHPV��ZKHUH�WKH�WUHH�LV�NHSW�RQ�D�
SK\VLFDO�GLVN�LQVWHDG�RI�PDLQ�PHPRU\��$FFHVVLQJ�D�GLVN�LV�W\SLFDOO\�VHYHUDO�
RUGHUV�RI�PDJQLWXGH�VORZHU�WKDQ�DQ\�PDLQ�PHPRU\�RSHUDWLRQ��,I�ZH�XVH�D�%�WUHH�RI�
RUGHU�P��WKHQ�WKH�QXPEHU�RI�GLVN�DFFHVVHV�LV�2�ORJP�Q���$OWKRXJK�HDFK�GLVN�DFFHVV�

FDUULHV�WKH�RYHUKHDG�RI�2�ORJ�P��WR�GHWHUPLQH�WKH�GLUHFWLRQ�WR�EUDQFK��WKH�WLPH�
WR�SHUIRUP�WKLV�FRPSXWDWLRQ�LV�W\SLFDOO\�PXFK�VPDOOHU�WKDQ�WKH�WLPH�WR�UHDG�D�
EORFN�RI�PHPRU\�DQG�FDQ�WKXV�EH�FRQVLGHUHG�LQFRQVHTXHQWLDO��DV�ORQJ�DV�P�LV�
FKRVHQ�UHDVRQDEO\���(YHQ�LI�XSGDWHV�DUH�SHUIRUPHG�DQG�2�P��FRPSXWLQJ�WLPH�LV�
UHTXLUHG�DW�HDFK�QRGH��WKLV�WRR�LV�JHQHUDOO\�QRW�VLJQLILFDQW��7KH�YDOXH�RI�P�LV�
WKHQ�FKRVHQ�WR�EH�WKH�ODUJHVW�YDOXH�WKDW�VWLOO�DOORZV�DQ�LQWHULRU�QRGH�WR�ILW�

LQWR�RQH�GLVN�EORFN��DQG�LV�W\SLFDOO\�LQ�WKH�UDQJH���� �P� ������7KH�PD[LPXP�
QXPEHU�RI�HOHPHQWV�WKDW�DUH�VWRUHG�LQ�D�OHDI�LV�FKRVHQ�VR�WKDW�LI�WKH�OHDI�LV�
IXOO��LW�ILWV�LQ�RQH�EORFN��7KLV�PHDQV�WKDW�D�UHFRUG�FDQ�DOZD\V�EH�IRXQG�LQ�YHU\�
IHZ�GLVN�DFFHVVHV��VLQFH�D�W\SLFDO�%�WUHH�ZLOO�KDYH�D�GHSWK�RI�RQO\���RU����DQG�
WKH�URRW��DQG�SRVVLEO\�WKH�ILUVW�OHYHO��FDQ�EH�NHSW�LQ�PDLQ�PHPRU\���

$QDO\VLV�VXJJHVWV�WKDW�D�%�WUHH�ZLOO�EH�OQ��� ����SHUFHQW�IXOO��%HWWHU�VSDFH�
XWLOL]DWLRQ�FDQ�EH�REWDLQHG�LI��LQVWHDG�RI�DOZD\V�VSOLWWLQJ�D�QRGH�ZKHQ�WKH�WUHH�
REWDLQV�LWV��P�����WK HQWU\��WKH�URXWLQH�VHDUFKHV�IRU�D�VLEOLQJ�WKDW�FDQ�WDNH�WKH�
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H[WUD�FKLOG��7KH�GHWDLOV�FDQ�EH�IRXQG�LQ�WKH�UHIHUHQFHV���

6XPPDU\�

:H�KDYH�VHHQ�XVHV�RI�WUHHV�LQ�RSHUDWLQJ�V\VWHPV��FRPSLOHU�GHVLJQ��DQG�VHDUFKLQJ��
([SUHVVLRQ�WUHHV�DUH�D�VPDOO�H[DPSOH�RI�D�PRUH�JHQHUDO�VWUXFWXUH�NQRZQ�DV�D�SDUVH�
WUHH��ZKLFK�LV�D�FHQWUDO�GDWD�VWUXFWXUH�LQ�FRPSLOHU�GHVLJQ��3DUVH�WUHHV�DUH�QRW�
ELQDU\��EXW�DUH�UHODWLYHO\�VLPSOH�H[WHQVLRQV�RI�H[SUHVVLRQ�WUHHV��DOWKRXJK�WKH�
DOJRULWKPV�WR�EXLOG�WKHP�DUH�QRW�TXLWH�VR�VLPSOH����

6HDUFK�WUHHV�DUH�RI�JUHDW�LPSRUWDQFH�LQ�DOJRULWKP�GHVLJQ��7KH\�VXSSRUW�DOPRVW�DOO�
WKH�XVHIXO�RSHUDWLRQV��DQG�WKH�ORJDULWKPLF�DYHUDJH�FRVW�LV�YHU\�VPDOO��
1RQUHFXUVLYH�LPSOHPHQWDWLRQV�RI�VHDUFK�WUHHV�DUH�VRPHZKDW�IDVWHU��EXW�WKH�
UHFXUVLYH�YHUVLRQV�DUH�VOHHNHU��PRUH�HOHJDQW��DQG�HDVLHU�WR�XQGHUVWDQG�DQG�GHEXJ��
7KH�SUREOHP�ZLWK�VHDUFK�WUHHV�LV�WKDW�WKHLU�SHUIRUPDQFH�GHSHQGV�KHDYLO\�RQ�WKH�
LQSXW�EHLQJ�UDQGRP��,I�WKLV�LV�QRW�WKH�FDVH��WKH�UXQQLQJ�WLPH�LQFUHDVHV�
VLJQLILFDQWO\��WR�WKH�SRLQW�ZKHUH�VHDUFK�WUHHV�EHFRPH�H[SHQVLYH�OLQNHG�OLVWV���

:H�VDZ�VHYHUDO�ZD\V�WR�GHDO�ZLWK�WKLV�SUREOHP��AVL�WUHHV�ZRUN�E\�LQVLVWLQJ�WKDW�
DOO�QRGHV
�OHIW�DQG�ULJKW�VXEWUHHV�GLIIHU�LQ�KHLJKWV�E\�DW�PRVW�RQH��7KLV�HQVXUHV�
WKDW�WKH�WUHH�FDQQRW�JHW�WRR�GHHS��7KH�RSHUDWLRQV�WKDW�GR�QRW�FKDQJH�WKH�WUHH��DV�
LQVHUWLRQ�GRHV��FDQ�DOO�XVH�WKH�VWDQGDUG�ELQDU\�VHDUFK�WUHH�FRGH��2SHUDWLRQV�WKDW�
FKDQJH�WKH�WUHH�PXVW�UHVWRUH�WKH�WUHH��7KLV�FDQ�EH�VRPHZKDW�FRPSOLFDWHG��
HVSHFLDOO\�LQ�WKH�FDVH�RI�GHOHWLRQ��:H�VKRZHG�KRZ�WR�UHVWRUH�WKH�WUHH�DIWHU�
LQVHUWLRQV�LQ�2�ORJ�Q��WLPH���

:H�DOVR�H[DPLQHG�WKH�VSOD\�WUHH��1RGHV�LQ�VSOD\�WUHHV�FDQ�JHW�DUELWUDULO\�GHHS��
EXW�DIWHU�HYHU\�DFFHVV�WKH�WUHH�LV�DGMXVWHG�LQ�D�VRPHZKDW�P\VWHULRXV�PDQQHU��7KH�
QHW�HIIHFW�LV�WKDW�DQ\�VHTXHQFH�RI�P�RSHUDWLRQV�WDNHV�2�P�ORJ�Q��WLPH��ZKLFK�LV�
WKH�VDPH�DV�D�EDODQFHG�WUHH�ZRXOG�WDNH���

%�WUHHV�DUH�EDODQFHG�P�ZD\��DV�RSSRVHG�WR���ZD\�RU�ELQDU\��WUHHV��ZKLFK�DUH�ZHOO�
VXLWHG�IRU�GLVNV��D�VSHFLDO�FDVH�LV�WKH�����WUHH��ZKLFK�LV�DQRWKHU�FRPPRQ�PHWKRG�
RI�LPSOHPHQWLQJ�EDODQFHG�VHDUFK�WUHHV���

,Q�SUDFWLFH��WKH�UXQQLQJ�WLPH�RI�DOO�WKH�EDODQFHG�WUHH�VFKHPHV�LV�ZRUVH��E\�D�
FRQVWDQW�IDFWRU��WKDQ�WKH�VLPSOH�ELQDU\�VHDUFK�WUHH��EXW�WKLV�LV�JHQHUDOO\�
DFFHSWDEOH�LQ�YLHZ�RI�WKH�SURWHFWLRQ�EHLQJ�JLYHQ�DJDLQVW�HDVLO\�REWDLQHG�ZRUVW�
FDVH�LQSXW���

$�ILQDO�QRWH��%\�LQVHUWLQJ�HOHPHQWV�LQWR�D�VHDUFK�WUHH�DQG�WKHQ�SHUIRUPLQJ�DQ�
LQRUGHU�WUDYHUVDO��ZH�REWDLQ�WKH�HOHPHQWV�LQ�VRUWHG�RUGHU��7KLV�JLYHV�DQ�2�Q�ORJ�
Q��DOJRULWKP�WR�VRUW��ZKLFK�LV�D�ZRUVW�FDVH�ERXQG�LI�DQ\�VRSKLVWLFDWHG�VHDUFK�
WUHH�LV�XVHG��:H�VKDOO�VHH�EHWWHU�ZD\V�LQ�&KDSWHU����EXW�QRQH�WKDW�KDYH�D�ORZHU�
WLPH�ERXQG���

([HUFLVHV�

4XHVWLRQV�����WR�����UHIHU�WR�WKH�WUHH�LQ�)LJXUH��������

����)RU�WKH�WUHH�LQ�)LJXUH���������
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D��:KLFK�QRGH�LV�WKH�URRW"��

E��:KLFK�QRGHV�DUH�OHDYHV"��

��

)LJXUH������

����)RU�HDFK�QRGH�LQ�WKH�WUHH�RI�)LJXUH���������

D��1DPH�WKH�SDUHQW�QRGH���

E��/LVW�WKH�FKLOGUHQ���

F��/LVW�WKH�VLEOLQJV���

G��&RPSXWH�WKH�GHSWK���

H��&RPSXWH�WKH�KHLJKW���

����:KDW�LV�WKH�GHSWK�RI�WKH�WUHH�LQ�)LJXUH�����"��

����6KRZ�WKDW�LQ�D�ELQDU\�WUHH�RI�Q�QRGHV��WKHUH�DUH�Q�����SRLQWHUV�UHSUHVHQWLQJ�
FKLOGUHQ���

����6KRZ�WKDW�WKH�PD[LPXP�QXPEHU�RI�QRGHV�LQ�D�ELQDU\�WUHH�RI�KHLJKW�K�LV��K�����
����

����$�IXOO�QRGH�LV�D�QRGH�ZLWK�WZR�FKLOGUHQ��3URYH�WKDW�WKH�QXPEHU�RI�IXOO�QRGHV�
SOXV�RQH�LV�HTXDO�WR�WKH�QXPEHU�RI�OHDYHV�LQ�D�ELQDU\�WUHH���

����6XSSRVH�D�ELQDU\�WUHH�KDV�OHDYHV�O���O�����������OP�DW�GHSWK�G���G�����������

GP��UHVSHFWLYHO\��3URYH�WKDW� �DQG�GHWHUPLQH�ZKHQ�WKH�HTXDOLW\�LV�

WUXH���

����*LYH�WKH�SUHIL[��LQIL[��DQG�SRVWIL[�H[SUHVVLRQV�FRUUHVSRQGLQJ�WR�WKH�WUHH�LQ�
)LJXUH��������
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����D��6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ������������������������LQWR�DQ�LQLWLDOO\�
HPSW\�ELQDU\�VHDUFK�WUHH���

E��6KRZ�WKH�UHVXOW�RI�GHOHWLQJ�WKH�URRW���

�����:ULWH�URXWLQHV�WR�LPSOHPHQW�WKH�EDVLF�ELQDU\�VHDUFK�WUHH�RSHUDWLRQV���

�����%LQDU\�VHDUFK�WUHHV�FDQ�EH�LPSOHPHQWHG�ZLWK�FXUVRUV��XVLQJ�D�VWUDWHJ\�
VLPLODU�WR�D�FXUVRU�OLQNHG�OLVW�LPSOHPHQWDWLRQ��:ULWH�WKH�EDVLF�ELQDU\�VHDUFK�
WUHH�URXWLQHV�XVLQJ�D�FXUVRU�LPSOHPHQWDWLRQ���

�����6XSSRVH�\RX�ZDQW�WR�SHUIRUP�DQ�H[SHULPHQW�WR�YHULI\�WKH�SUREOHPV�WKDW�FDQ�EH�
FDXVHG�E\�UDQGRP�LQVHUW�GHOHWH�SDLUV��+HUH�LV�D�VWUDWHJ\�WKDW�LV�QRW�
SHUIHFWO\UDQGRP��EXW�FORVH�HQRXJK��<RX�EXLOG�D�WUHH�ZLWK�Q�HOHPHQWV�E\�LQVHUWLQJ�

Q�HOHPHQWV�FKRVHQ�DW�UDQGRP�IURP�WKH�UDQJH���WR�P� � Q��<RX�WKHQ�SHUIRUP�Q��
SDLUV�RI�LQVHUWLRQV�IROORZHG�E\�GHOHWLRQV��$VVXPH�WKH�H[LVWHQFH�RI�D�URXWLQH��
UDQGBLQW�D�E���ZKLFK�UHWXUQV�D�XQLIRUP�UDQGRP�LQWHJHU�EHWZHHQ�D�DQG�E�LQFOXVLYH��

��

)LJXUH������7UHH�IRU�([HUFLVH�����

D��([SODLQ�KRZ�WR�JHQHUDWH�D�UDQGRP�LQWHJHU�EHWZHHQ���DQG�P�WKDW�LV�QRW�DOUHDG\�

LQ�WKH�WUHH��VR�D�UDQGRP�LQVHUW�FDQ�EH�SHUIRUPHG���,Q�WHUPV�RI�Q�DQG� ��ZKDW�
LV�WKH�UXQQLQJ�WLPH�RI�WKLV�RSHUDWLRQ"��

E��([SODLQ�KRZ�WR�JHQHUDWH�D�UDQGRP�LQWHJHU�EHWZHHQ���DQG�P�WKDW�LV�DOUHDG\�LQ�
WKH�WUHH��VR�D�UDQGRP�GHOHWH�FDQ�EH�SHUIRUPHG���:KDW�LV�WKH�UXQQLQJ�WLPH�RI�WKLV�
RSHUDWLRQ"��

F��:KDW�LV�D�JRRG�FKRLFH�RI� "�:K\"��

�����:ULWH�D�SURJUDP�WR�HYDOXDWH�HPSLULFDOO\�WKH�IROORZLQJ�VWUDWHJLHV�IRU�
GHOHWLQJ�QRGHV�ZLWK�WZR�FKLOGUHQ���

D��5HSODFH�ZLWK�WKH�ODUJHVW�QRGH��;��LQ�7/�DQG�UHFXUVLYHO\�GHOHWH�;��
�

E��$OWHUQDWHO\�UHSODFH�ZLWK�WKH�ODUJHVW�QRGH�LQ�7/�DQG�WKH�VPDOOHVW�QRGH�LQ�75��
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DQG�UHFXUVLYHO\�GHOHWH�DSSURSULDWH�QRGH���

F��5HSODFH�ZLWK�HLWKHU�WKH�ODUJHVW�QRGH�LQ�7/�RU�WKH�VPDOOHVW�QRGH�LQ�75�
�UHFXUVLYHO\�GHOHWLQJ�WKH�DSSURSULDWH�QRGH���PDNLQJ�WKH�FKRLFH�UDQGRPO\��:KLFK�
VWUDWHJ\�VHHPV�WR�JLYH�WKH�PRVW�EDODQFH"�:KLFK�WDNHV�WKH�OHDVW�&38�WLPH�WR�
SURFHVV�WKH�HQWLUH�VHTXHQFH"��

������3URYH�WKDW�WKH�GHSWK�RI�D�UDQGRP�ELQDU\�VHDUFK�WUHH��GHSWK�RI�WKH�GHHSHVW�
QRGH��LV�2�ORJ�Q���RQ�DYHUDJH���

�����D��*LYH�D�SUHFLVH�H[SUHVVLRQ�IRU�WKH�PLQLPXP�QXPEHU�RI�QRGHV�LQ�DQ�AVL�
WUHH�RI�KHLJKW�K���

E��:KDW�LV�WKH�PLQLPXP�QXPEHU�RI�QRGHV�LQ�DQ�AVL�WUHH�RI�KHLJKW���"��

�����6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ������������������������LQWR�DQ�LQLWLDOO\�HPSW\�
AVL�WUHH���

������.H\V����������������N����DUH�LQVHUWHG�LQ�RUGHU�LQWR�DQ�LQLWLDOO\�HPSW\�
AVL�WUHH��3URYH�WKDW�WKH�UHVXOWLQJ�WUHH�LV�SHUIHFWO\�EDODQFHG���

�����:ULWH�WKH�UHPDLQLQJ�SURFHGXUHV�WR�LPSOHPHQW�AVL�VLQJOH�DQG�GRXEOH�
URWDWLRQV���

�����:ULWH�D�QRQUHFXUVLYH�IXQFWLRQ�WR�LQVHUW�LQWR�DQ�AVL�WUHH���

������+RZ�FDQ�\RX�LPSOHPHQW��QRQOD]\��GHOHWLRQ�LQ�AVL�WUHHV"��

�����D��+RZ�PDQ\�ELWV�DUH�UHTXLUHG�SHU�QRGH�WR�VWRUH�WKH�KHLJKW�RI�D�QRGH�LQ�DQ�
Q�QRGH�AVL�WUHH"��

E��:KDW�LV�WKH�VPDOOHVW�AVL�WUHH�WKDW�RYHUIORZV�DQ���ELW�KHLJKW�FRXQWHU"��

�����:ULWH�WKH�IXQFWLRQV�WR�SHUIRUP�WKH�GRXEOH�URWDWLRQ�ZLWKRXW�WKH�LQHIILFLHQF\�
RI�GRLQJ�WZR�VLQJOH�URWDWLRQV���

�����6KRZ�WKH�UHVXOW�RI�DFFHVVLQJ�WKH�NH\V������������LQ�RUGHU�LQ�WKH�VSOD\�WUHH�
LQ�)LJXUH��������
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��

)LJXUH������

�����6KRZ�WKH�UHVXOW�RI�GHOHWLQJ�WKH�HOHPHQW�ZLWK�NH\���LQ�WKH�UHVXOWLQJ�VSOD\�
WUHH�IRU�WKH�SUHYLRXV�H[HUFLVH���

�����1RGHV���WKURXJK�Q� ������IRUP�D�VSOD\�WUHH�RI�OHIW�FKLOGUHQ���

D��:KDW�LV�WKH�LQWHUQDO�SDWK�OHQJWK�RI�WKH�WUHH��H[DFWO\�"��

E��&DOFXODWH�WKH�LQWHUQDO�SDWK�OHQJWK�DIWHU�HDFK�RI�ILQG�����ILQG�����ILQG�����
ILQG�����ILQG�����ILQG������

F��,I�WKH�VHTXHQFH�RI�VXFFHVVLYH�ILQGV�LV�FRQWLQXHG��ZKHQ�LV�WKH�LQWHUQDO�SDWK�
OHQJWK�PLQLPL]HG"��

�����D��6KRZ�WKDW�LI�DOO�QRGHV�LQ�D�VSOD\�WUHH�DUH�DFFHVVHG�LQ�VHTXHQWLDO�RUGHU��
WKH�UHVXOWLQJ�WUHH�FRQVLVWV�RI�D�FKDLQ�RI�OHIW�FKLOGUHQ���

E��6KRZ�WKDW�LI�DOO�QRGHV�LQ�D�VSOD\�WUHH�DUH�DFFHVVHG�LQ�VHTXHQWLDO�RUGHU��
WKHQ�WKH�WRWDO�DFFHVV�WLPH�LV�2�Q���UHJDUGOHVV�RI�WKH�LQLWLDO�WUHH���

�����:ULWH�D�SURJUDP�WR�SHUIRUP�UDQGRP�RSHUDWLRQV�RQ�VSOD\�WUHHV��&RXQW�WKH�WRWDO�
QXPEHU�RI�URWDWLRQV�SHUIRUPHG�RYHU�WKH�VHTXHQFH��+RZ�GRHV�WKH�UXQQLQJ�WLPH�
FRPSDUH�WR�AVL�WUHHV�DQG�XQEDODQFHG�ELQDU\�VHDUFK�WUHHV"��

�����:ULWH�HIILFLHQW�IXQFWLRQV�WKDW�WDNH�RQO\�D�SRLQWHU�WR�D�ELQDU\�WUHH��7��DQG�
FRPSXWH��

D��WKH�QXPEHU�RI�QRGHV�LQ�7��

E��WKH�QXPEHU�RI�OHDYHV�LQ�7��

F��WKH�QXPEHU�RI�IXOO�QRGHV�LQ�7��

:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�URXWLQHV"��

�����:ULWH�D�IXQFWLRQ�WR�JHQHUDWH�DQ�Q�QRGH�UDQGRP�ELQDU\�VHDUFK�WUHH�ZLWK�
GLVWLQFW�NH\V���WKURXJK�Q��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�URXWLQH"��
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�����:ULWH�D�IXQFWLRQ�WR�JHQHUDWH�WKH�AVL�WUHH�RI�KHLJKW�K�ZLWK�IHZHVW�QRGHV��
:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�IXQFWLRQ"��

�����:ULWH�D�IXQFWLRQ�WR�JHQHUDWH�D�SHUIHFWO\�EDODQFHG�ELQDU\�VHDUFK�WUHH�RI�

KHLJKW�K�ZLWK�NH\V���WKURXJK��K��������:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�IXQFWLRQ"

�����:ULWH�D�IXQFWLRQ�WKDW�WDNHV�DV�LQSXW�D�ELQDU\�VHDUFK�WUHH��7��DQG�WZR�NH\V�

N��DQG�N���ZKLFK�DUH�RUGHUHG�VR�WKDW�N�� �N���DQG�SULQWV�DOO�HOHPHQWV�[�LQ�WKH�

WUHH�VXFK�WKDW�N�� �NH\�[�� �N���'R�QRW�DVVXPH�DQ\�LQIRUPDWLRQ�DERXW�WKH�

W\SH�RI�NH\V�H[FHSW�WKDW�WKH\�FDQ�EH�RUGHUHG��FRQVLVWHQWO\���<RXU�SURJUDP�VKRXOG�
UXQ�LQ�2�.���ORJ�Q��DYHUDJH�WLPH��ZKHUH�.�LV�WKH�QXPEHU�RI�NH\V�SULQWHG��%RXQG�
WKH�UXQQLQJ�WLPH�RI�\RXU�DOJRULWKP���

�����7KH�ODUJHU�ELQDU\�WUHHV�LQ�WKLV�FKDSWHU�ZHUH�JHQHUDWHG�DXWRPDWLFDOO\�E\�D�
SURJUDP��7KLV�ZDV�GRQH�E\�DVVLJQLQJ�DQ��[��\��FRRUGLQDWH�WR�HDFK�WUHH�QRGH��
GUDZLQJ�D�FLUFOH�DURXQG�HDFK�FRRUGLQDWH��WKLV�LV�KDUG�WR�VHH�LQ�VRPH�SLFWXUHV���
DQG�FRQQHFWLQJ�HDFK�QRGH�WR�LWV�SDUHQW��$VVXPH�\RX�KDYH�D�ELQDU\�VHDUFK�WUHH�
VWRUHG�LQ�PHPRU\��SHUKDSV�JHQHUDWHG�E\�RQH�RI�WKH�URXWLQHV�DERYH��DQG�WKDW�HDFK�
QRGH�KDV�WZR�H[WUD�ILHOGV�WR�VWRUH�WKH�FRRUGLQDWHV���

D��7KH�[�FRRUGLQDWH�FDQ�EH�FRPSXWHG�E\�DVVLJQLQJ�WKH�LQRUGHU�WUDYHUVDO�QXPEHU��
:ULWH�D�URXWLQH�WR�GR�WKLV�IRU�HDFK�QRGH�LQ�WKH�WUHH���

E��7KH�\�FRRUGLQDWH�FDQ�EH�FRPSXWHG�E\�XVLQJ�WKH�QHJDWLYH�RI�WKH�GHSWK�RI�WKH�
QRGH��:ULWH�D�URXWLQH�WR�GR�WKLV�IRU�HDFK�QRGH�LQ�WKH�WUHH���

F��,Q�WHUPV�RI�VRPH�LPDJLQDU\�XQLW��ZKDW�ZLOO�WKH�GLPHQVLRQV�RI�WKH�SLFWXUH�EH"�
+RZ�FDQ�\RX�DGMXVW�WKH�XQLWV�VR�WKDW�WKH�WUHH�LV�DOZD\V�URXJKO\�WZR�WKLUGV�DV�
KLJK�DV�LW�LV�ZLGH"��

G��3URYH�WKDW�XVLQJ�WKLV�V\VWHP�QR�OLQHV�FURVV��DQG�WKDW�IRU�DQ\�QRGH��;��DOO�
HOHPHQWV�LQ�;
V�OHIW�VXEWUHH�DSSHDU�WR�WKH�OHIW�RI�;�DQG�DOO�HOHPHQWV�LQ�;
V�
ULJKW�VXEWUHH�DSSHDU�WR�WKH�ULJKW�RI�;���

�����:ULWH�D�JHQHUDO�SXUSRVH�WUHH�GUDZLQJ�SURJUDP�WKDW�ZLOO�FRQYHUW�D�WUHH�LQWR�
WKH�IROORZLQJ�JUDSK�DVVHPEOHU�LQVWUXFWLRQV���

D��FLUFOH�[��\���

E��GUDZOLQH�L��M���

7KH�ILUVW�LQVWUXFWLRQ�GUDZV�D�FLUFOH�DW��[��\���DQG�WKH�VHFRQG�LQVWUXFWLRQ�
FRQQHFWV�WKH�LWK�FLUFOH�WR�WKH�MWK�FLUFOH��FLUFOHV�DUH�QXPEHUHG�LQ�WKH�RUGHU�
GUDZQ���<RX�VKRXOG�HLWKHU�PDNH�WKLV�D�SURJUDP�DQG�GHILQH�VRPH�VRUW�RI�LQSXW�
ODQJXDJH�RU�PDNH�WKLV�D�IXQFWLRQ�WKDW�FDQ�EH�FDOOHG�IURP�DQ\�SURJUDP��:KDW�LV�WKH�
UXQQLQJ�WLPH�RI�\RXU�URXWLQH"��

�����:ULWH�D�URXWLQH�WR�OLVW�RXW�WKH�QRGHV�RI�D�ELQDU\�WUHH�LQ�OHYHO�RUGHU��/LVW�
WKH�URRW��WKHQ�QRGHV�DW�GHSWK����IROORZHG�E\�QRGHV�DW�GHSWK����DQG�VR�RQ��<RX�
PXVW�GR�WKLV�LQ�OLQHDU�WLPH��3URYH�\RXU�WLPH�ERXQG���
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�����D��6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ�WKH�IROORZLQJ�NH\V�LQWR�DQ�LQLWLDOO\�HPSW\�
����WUHH���������������������������������

E��6KRZ�WKH�UHVXOW�RI�GHOHWLQJ���DQG�WKHQ���IURP�WKH�����WUHH�FUHDWHG�LQ�SDUW�
�D����

�����D��:ULWH�D�URXWLQH�WR�SHUIRUP�LQVHUWLRQ�IURP�D�%�WUHH���

E��:ULWH�D�URXWLQH�WR�SHUIRUP�GHOHWLRQ�IURP�D�%�WUHH��:KHQ�D�NH\�LV�GHOHWHG��LV�
LW�QHFHVVDU\�WR�XSGDWH�LQIRUPDWLRQ�LQ�WKH�LQWHUQDO�QRGHV"��

��

)LJXUH������7UHH�IRU�([HUFLVH������

F��0RGLI\�\RXU�LQVHUWLRQ�URXWLQH�VR�WKDW�LI�DQ�DWWHPSW�LV�PDGH�WR�DGG�LQWR�D�
QRGH�WKDW�DOUHDG\�KDV�P�HQWULHV��D�VHDUFK�LV�SHUIRUPHG�IRU�D�VLEOLQJ�ZLWK�OHVV�
WKDQ�P�FKLOGUHQ�EHIRUH�WKH�QRGH�LV�VSOLW���

�����$�%�WUHH�RI�RUGHU�P�LV�D�%�WUHH�LQ�ZKLFK�HDFK�HDFK�LQWHULRU�QRGH�KDV�
EHWZHHQ��P���DQG�P�FKLOGUHQ��'HVFULEH�D�PHWKRG�WR�SHUIRUP�LQVHUWLRQ�LQWR�D�%�
WUHH���

�����6KRZ�KRZ�WKH�WUHH�LQ�)LJXUH������LV�UHSUHVHQWHG�XVLQJ�D�FKLOG�VLEOLQJ�
SRLQWHU�LPSOHPHQWDWLRQ���

�����:ULWH�D�SURFHGXUH�WR�WUDYHUVH�D�WUHH�VWRUHG�ZLWK�FKLOG�VLEOLQJ�OLQNV���

�����7ZR�ELQDU\�WUHHV�DUH�VLPLODU�LI�WKH\�DUH�ERWK�HPSW\�RU�ERWK�QRQHPSW\�DQG�
KDYH�VLPLODU�OHIW�DQG�ULJKW�VXEWUHHV��:ULWH�D�IXQFWLRQ�WR�GHFLGH�ZKHWKHU�WZR�
ELQDU\�WUHHV�DUH�VLPLODU��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�SURJUDP"��

�����7ZR�WUHHV��7��DQG�7���DUH�LVRPRUSKLF�LI�7��FDQ�EH�WUDQVIRUPHG�LQWR�7��E\�

VZDSSLQJ�OHIW�DQG�ULJKW�FKLOGUHQ�RI��VRPH�RI�WKH��QRGHV�LQ�7���)RU�LQVWDQFH��WKH�

WZR�WUHHV�LQ�)LJXUH������DUH�LVRPRUSKLF�EHFDXVH�WKH\�DUH�WKH�VDPH�LI�WKH�FKLOGUHQ�
RI�$��%��DQG�*��EXW�QRW�WKH�RWKHU�QRGHV��DUH�VZDSSHG���

D��*LYH�D�SRO\QRPLDO�WLPH�DOJRULWKP�WR�GHFLGH�LI�WZR�WUHHV�DUH�LVRPRUSKLF���

E��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�\RXU�SURJUDP��WKHUH�LV�D�OLQHDU�VROXWLRQ�"��

�����D��6KRZ�WKDW�YLD�AVL�VLQJOH�URWDWLRQV��DQ\�ELQDU\�VHDUFK�WUHH�7��FDQ�EH�
WUDQVIRUPHG�LQWR�DQRWKHU�VHDUFK�WUHH�7���ZLWK�WKH�VDPH�NH\V����
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E��*LYH�DQ�DOJRULWKP�WR�SHUIRUP�WKLV�WUDQVIRUPDWLRQ�XVLQJ�2�Q�ORJ�Q��URWDWLRQV�
RQ�DYHUDJH���

F��6KRZ�WKDW�WKLV�WUDQVIRUPDWLRQ�FDQ�EH�GRQH�ZLWK�2�Q��URWDWLRQV��ZRUVW�FDVH���

��

)LJXUH������7ZR�LVRPRUSKLF�WUHHV�

�����6XSSRVH�ZH�ZDQW�WR�DGG�WKH�RSHUDWLRQ�ILQGBNWK�WR�RXU�UHSHUWRLUH��7KH�

RSHUDWLRQ�ILQGBNWK�7�L��UHWXUQV�WKH�HOHPHQW�LQ�WUHH�7�ZLWK�LWK�VPDOOHVW�NH\��
$VVXPH�DOO�HOHPHQWV�KDYH�GLVWLQFW�NH\V��([SODLQ�KRZ�WR�PRGLI\�WKH�ELQDU\�VHDUFK�
WUHH�WR�VXSSRUW�WKLV�RSHUDWLRQ�LQ�2�ORJ�Q��DYHUDJH�WLPH��ZLWKRXW�VDFULILFLQJ�WKH�
WLPH�ERXQGV�RI�DQ\�RWKHU�RSHUDWLRQ���

�����6LQFH�D�ELQDU\�VHDUFK�WUHH�ZLWK�Q�QRGHV�KDV�Q�����SRLQWHUV��KDOI�WKH�VSDFH�
DOORFDWHG�LQ�D�ELQDU\�VHDUFK�WUHH�IRU�SRLQWHU�LQIRUPDWLRQ�LV�ZDVWHG��6XSSRVH�WKDW�
LI�D�QRGH�KDV�D�OHIW�FKLOG��ZH�PDNH�LWV�OHIW�FKLOG�SRLQW�WR�LWV�LQRUGHU�
SUHGHFHVVRU��DQG�LI�D�QRGH�KDV�D�ULJKW�FKLOG��ZH�PDNH�LWV�ULJKW�FKLOG�SRLQW�WR�
LWV�LQRUGHU�VXFFHVVRU��7KLV�LV�NQRZQ�DV�D�WKUHDGHG�WUHH�DQG�WKH�H[WUD�SRLQWHUV�
DUH�FDOOHG�WKUHDGV���

D��+RZ�FDQ�ZH�GLVWLQJXLVK�WKUHDGV�IURP�UHDO�FKLOGUHQ�SRLQWHUV"��

E��:ULWH�URXWLQHV�WR�SHUIRUP�LQVHUWLRQ�DQG�GHOHWLRQ�LQWR�D�WUHH�WKUHDGHG�LQ�WKH�
PDQQHU�GHVFULEHG�DERYH���

F��:KDW�LV�WKH�DGYDQWDJH�RI�XVLQJ�WKUHDGHG�WUHHV"��

�����$�ELQDU\�VHDUFK�WUHH�SUHVXSSRVHV�WKDW�VHDUFKLQJ�LV�EDVHG�RQ�RQO\�RQH�NH\�SHU�
UHFRUG��6XSSRVH�ZH�ZRXOG�OLNH�WR�EH�DEOH�WR�SHUIRUP�VHDUFKLQJ�EDVHG�RQ�HLWKHU�RI�
WZR�NH\V��NH\��RU�NH\����

D��2QH�PHWKRG�LV�WR�EXLOG�WZR�VHSDUDWH�ELQDU\�VHDUFK�WUHHV��+RZ�PDQ\�H[WUD�
SRLQWHUV�GRHV�WKLV�UHTXLUH"��

E��$Q�DOWHUQDWLYH�PHWKRG�LV�D���G�WUHH��$���G�WUHH�LV�VLPLODU�WR�D�ELQDU\�VHDUFK�
WUHH��H[FHSW�WKDW�EUDQFKLQJ�DW�HYHQ�OHYHOV�LV�GRQH�ZLWK�UHVSHFW�WR�NH\���DQG�

EUDQFKLQJ�DW�RGG�OHYHOV�LV�GRQH�ZLWK�NH\���)LJXUH������VKRZV�D���G�WUHH��ZLWK�WKH�

ILUVW�DQG�ODVW�QDPHV�DV�NH\V��IRU�SRVW�::,,�SUHVLGHQWV��7KH�SUHVLGHQWV
�QDPHV�
ZHUH�LQVHUWHG�FKURQRORJLFDOO\��7UXPDQ��(LVHQKRZHU��.HQQHG\��-RKQVRQ��1L[RQ��)RUG��
&DUWHU��5HDJDQ��%XVK���:ULWH�D�URXWLQH�WR�SHUIRUP�LQVHUWLRQ�LQWR�D���G�WUHH���

F��:ULWH�DQ�HIILFLHQW�SURFHGXUH�WKDW�SULQWV�DOO�UHFRUGV�LQ�WKH�WUHH�WKDW�
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VLPXOWDQHRXVO\�VDWLVI\�WKH�FRQVWUDLQWV�ORZ�� �NH\�� �KLJK��DQG�ORZ�� �NH\�

�KLJK���
�

G��6KRZ�KRZ�WR�H[WHQG�WKH���G�WUHH�WR�KDQGOH�PRUH�WKDQ�WZR�VHDUFK�NH\V��7KH�
UHVXOWLQJ�VWUDWHJ\�LV�NQRZQ�DV�D�N�G�WUHH���

��

)LJXUH������$���G�WUHH�

5HIHUHQFHV�

0RUH�LQIRUPDWLRQ�RQ�ELQDU\�VHDUFK�WUHHV��DQG�LQ�SDUWLFXODU�WKH�PDWKHPDWLFDO�
SURSHUWLHV�RI�WUHHV�FDQ�EH�IRXQG�LQ�WKH�WZR�ERRNV�E\�.QXWK�>��@�DQG�>��@���
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WHFKQLTXH�XVHG�IRU�SHUIRUPLQJ�LQVHUWLRQV��GHOHWLRQV�DQG�ILQGV�LQ�FRQVWDQW�DYHUDJH�
WLPH��7UHH�RSHUDWLRQV�WKDW�UHTXLUH�DQ\�RUGHULQJ�LQIRUPDWLRQ�DPRQJ�WKH�HOHPHQWV�
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�&RPSDUH�WKHVH�PHWKRGV�DQDO\WLFDOO\���
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�&RPSDUH�KDVK�WDEOHV�ZLWK�ELQDU\�VHDUFK�WUHHV���
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7KH�LGHDO�KDVK�WDEOH�GDWD�VWUXFWXUH�LV�PHUHO\�DQ�DUUD\�RI�VRPH�IL[HG�VL]H��
FRQWDLQLQJ�WKH�NH\V��7\SLFDOO\��D�NH\�LV�D�VWULQJ�ZLWK�DQ�DVVRFLDWHG�YDOXH��IRU�
LQVWDQFH��VDODU\�LQIRUPDWLRQ���:H�ZLOO�UHIHU�WR�WKH�WDEOH�VL]H�DV�+B6,=(��ZLWK�
WKH�XQGHUVWDQGLQJ�WKDW�WKLV�LV�SDUW�RI�D�KDVK�GDWD�VWUXFWXUH�DQG�QRW�PHUHO\�VRPH�
YDULDEOH�IORDWLQJ�DURXQG�JOREDOO\��7KH�FRPPRQ�FRQYHQWLRQ�LV�WR�KDYH�WKH�WDEOH�UXQ�
IURP���WR�+B6,=(����ZH�ZLOO�VHH�ZK\�VKRUWO\���

(DFK�NH\�LV�PDSSHG�LQWR�VRPH�QXPEHU�LQ�WKH�UDQJH���WR�+B6,=(�����DQG�SODFHG�LQ�
WKH�DSSURSULDWH�FHOO��7KH�PDSSLQJ�LV�FDOOHG�D�KDVK�IXQFWLRQ��ZKLFK�LGHDOO\�VKRXOG�
EH�VLPSOH�WR�FRPSXWH�DQG�VKRXOG�HQVXUH�WKDW�DQ\�WZR�GLVWLQFW�NH\V�JHW�GLIIHUHQW�
FHOOV��6LQFH�WKHUH�DUH�D�ILQLWH�QXPEHU�RI�FHOOV�DQG�D�YLUWXDOO\�LQH[KDXVWLEOH�
VXSSO\�RI�NH\V��WKLV�LV�FOHDUO\�LPSRVVLEOH��DQG�WKXV�ZH�VHHN�D�KDVK�IXQFWLRQ�WKDW�
GLVWULEXWHV�WKH�NH\V�HYHQO\�DPRQJ�WKH�FHOOV��)LJXUH�����LV�W\SLFDO�RI�D�SHUIHFW�
VLWXDWLRQ��,Q�WKLV�H[DPSOH��MRKQ�KDVKHV�WR����SKLO�KDVKHV�WR����GDYH�KDVKHV�WR����
DQG�PDU\�KDVKHV�WR�����

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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)LJXUH�����$Q�LGHDO�KDVK�WDEOH�

7KLV�LV�WKH�EDVLF�LGHD�RI�KDVKLQJ��7KH�RQO\�UHPDLQLQJ�SUREOHPV�GHDO�ZLWK�FKRRVLQJ�
D�IXQFWLRQ��GHFLGLQJ�ZKDW�WR�GR�ZKHQ�WZR�NH\V�KDVK�WR�WKH�VDPH�YDOXH��WKLV�LV�
NQRZQ�DV�D�FROOLVLRQ���DQG�GHFLGLQJ�RQ�WKH�WDEOH�VL]H���

�����+DVK�)XQFWLRQ�

,I�WKH�LQSXW�NH\V�DUH�LQWHJHUV��WKHQ�VLPSO\�UHWXUQLQJ�NH\�PRG�+B6,=(�LV�JHQHUDOO\�
D�UHDVRQDEOH�VWUDWHJ\��XQOHVV�NH\ KDSSHQV�WR�KDYH�VRPH�XQGHVLUDEOH�SURSHUWLHV��,Q�
WKLV�FDVH��WKH�FKRLFH�RI�KDVK�IXQFWLRQ�QHHGV�WR�EH�FDUHIXOO\�FRQVLGHUHG��)RU�
LQVWDQFH��LI�WKH�WDEOH�VL]H�LV����DQG�WKH�NH\V�DOO�HQG�LQ�]HUR��WKHQ�WKH�VWDQGDUG�
KDVK�IXQFWLRQ�LV�REYLRXVO\�D�EDG�FKRLFH��)RU�UHDVRQV�ZH�VKDOO�VHH�ODWHU��DQG�WR�
DYRLG�VLWXDWLRQV�OLNH�WKH�RQH�DERYH��LW�LV�XVXDOO\�D�JRRG�LGHD�WR�HQVXUH�WKDW�WKH�
WDEOH�VL]H�LV�SULPH��:KHQ�WKH�LQSXW�NH\V�DUH�UDQGRP�LQWHJHUV��WKHQ�WKLV�IXQFWLRQ�
LV�QRW�RQO\�YHU\�VLPSOH�WR�FRPSXWH�EXW�DOVR�GLVWULEXWHV�WKH�NH\V�HYHQO\���

8VXDOO\��WKH�NH\V�DUH�VWULQJV��LQ�WKLV�FDVH��WKH�KDVK�IXQFWLRQ�QHHGV�WR�EH�FKRVHQ�
FDUHIXOO\���

2QH�RSWLRQ�LV�WR�DGG�XS�WKH�ASCII�YDOXHV�RI�WKH�FKDUDFWHUV�LQ�WKH�VWULQJ��,Q�
)LJXUH�����ZH�GHFODUH�WKH�W\SH�,1'(;��ZKLFK�LV�UHWXUQHG�E\�WKH�KDVK�IXQFWLRQ��7KH�
URXWLQH�LQ�)LJXUH�����LPSOHPHQWV�WKLV�VWUDWHJ\�DQG�XVHV�WKH�W\SLFDO�&�PHWKRG�RI�
VWHSSLQJ�WKURXJK�D�VWULQJ���

7KH�KDVK�IXQFWLRQ�GHSLFWHG�LQ�)LJXUH�����LV�VLPSOH�WR�LPSOHPHQW�DQG�FRPSXWHV�DQ�
DQVZHU�TXLFNO\��+RZHYHU��LI�WKH�WDEOH�VL]H�LV�ODUJH��WKH�IXQFWLRQ�GRHV�QRW�
GLVWULEXWH�WKH�NH\V�ZHOO��)RU�LQVWDQFH��VXSSRVH�WKDW�+B6,=(  ����������������LV�D�
SULPH�QXPEHU���6XSSRVH�DOO�WKH�NH\V�DUH�HLJKW�RU�IHZHU�FKDUDFWHUV�ORQJ��6LQFH�D�
FKDU�KDV�DQ�LQWHJHU�YDOXH�WKDW�LV�DOZD\V�DW�PRVW������WKH�KDVK�IXQFWLRQ�FDQ�RQO\�
DVVXPH�YDOXHV�EHWZHHQ���DQG�������ZKLFK�LV���������7KLV�LV�FOHDUO\�QRW�DQ�
HTXLWDEOH�GLVWULEXWLRQ���

W\SHGHI�XQVLJQHG�LQW�,1'(;��

)LJXUH�����7\SH�UHWXUQHG�E\�KDVK�IXQFWLRQ�
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DW�OHDVW�WZR�FKDUDFWHUV�SOXV�WKH�18//�WHUPLQDWRU�����UHSUHVHQWV�WKH�QXPEHU�RI�

OHWWHUV�LQ�WKH�(QJOLVK�DOSKDEHW��SOXV�WKH�EODQN��DQG�����LV������7KLV�IXQFWLRQ�
RQO\�H[DPLQHV�WKH�ILUVW�WKUHH�FKDUDFWHUV��EXW�LI�WKHVH�DUH�UDQGRP��DQG�WKH�WDEOH�
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�������SRVVLEOH�FRPELQDWLRQV�RI�WKUHH�FKDUDFWHUV��LJQRULQJ�EODQNV���D�FKHFN�RI�D�
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RQO\����SHUFHQW�RI�WKH�WDEOH�FDQ�DFWXDOO\�EH�KDVKHG�WR��7KXV�WKLV�IXQFWLRQ��
DOWKRXJK�HDVLO\�FRPSXWDEOH��LV�DOVR�QRW�DSSURSULDWH�LI�WKH�KDVK�WDEOH�LV�
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7KH�KDVK�IXQFWLRQ�GHVFULEHG�LQ�)LJXUH�����LV�QRW�QHFHVVDULO\�WKH�EHVW�ZLWK�
UHVSHFW�WR�WDEOH�GLVWULEXWLRQ��EXW�GRHV�KDYH�WKH�PHULW�RI�H[WUHPH�VLPSOLFLW\��DQG�
VSHHG�LI�RYHUIORZV�DUH�DOORZHG���,I�WKH�NH\V�DUH�YHU\�ORQJ��WKH�KDVK�IXQFWLRQ�
ZLOO�WDNH�WRR�ORQJ�WR�FRPSXWH��)XUWKHUPRUH��WKH�HDUO\�FKDUDFWHUV�ZLOO�ZLQG�XS�
EHLQJ�OHIW�VKLIWHG�RXW�RI�WKH�HYHQWXDO�DQVZHU��$�FRPPRQ�SUDFWLFH�LQ�WKLV�FDVH�LV�
QRW�WR�XVH�DOO�WKH�FKDUDFWHUV��7KH�OHQJWK�DQG�SURSHUWLHV�RI�WKH�NH\V�ZRXOG�WKHQ�
LQIOXHQFH�WKH�FKRLFH��)RU�LQVWDQFH��WKH�NH\V�FRXOG�EH�D�FRPSOHWH�VWUHHW�DGGUHVV��
7KH�KDVK�IXQFWLRQ�PLJKW�LQFOXGH�D�FRXSOH�RI�FKDUDFWHUV�IURP�WKH�VWUHHW�DGGUHVV�
DQG�SHUKDSV�D�FRXSOH�RI�FKDUDFWHUV�IURP�WKH�FLW\�QDPH�DQG�ZIP�FRGH��6RPH�
SURJUDPPHUV�LPSOHPHQW�WKHLU�KDVK�IXQFWLRQ�E\�XVLQJ�RQO\�WKH�FKDUDFWHUV�LQ�WKH�RGG�
VSDFHV��ZLWK�WKH�LGHD�WKDW�WKH�WLPH�VDYHG�FRPSXWLQJ�WKH�KDVK�IXQFWLRQ�ZLOO�PDNH�
XS�IRU�D�VOLJKWO\�OHVV�HYHQO\�GLVWULEXWHG�IXQFWLRQ���

7KH�PDLQ�SURJUDPPLQJ�GHWDLO�OHIW�LV�FROOLVLRQ�UHVROXWLRQ��,I��ZKHQ�LQVHUWLQJ�DQ�
HOHPHQW��LW�KDVKHV�WR�WKH�VDPH�YDOXH�DV�DQ�DOUHDG\�LQVHUWHG�HOHPHQW��WKHQ�ZH�KDYH�
D�FROOLVLRQ�DQG�QHHG�WR�UHVROYH�LW��7KHUH�DUH�VHYHUDO�PHWKRGV�IRU�GHDOLQJ�ZLWK�
WKLV��:H�ZLOO�GLVFXVV�WZR�RI�WKH�VLPSOHVW��RSHQ�KDVKLQJ�DQG�FORVHG�KDVKLQJ���

7KHVH�DUH�DOVR�FRPPRQO\�NQRZQ�DV�VHSDUDWH�FKDLQLQJ�DQG�RSHQ�DGGUHVVLQJ��
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RXU�OLVWV�KDYH�KHDGHUV��7KLV�PDNHV�WKH�OLVW�LPSOHPHQWDWLRQ�WKH�VDPH�DV�LQ�&KDSWHU�
���,I�VSDFH�LV�WLJKW��LW�PLJKW�EH�SUHIHUDEOH�WR�DYRLG�WKHLU�XVH��:H�DVVXPH�IRU�
WKLV�VHFWLRQ�WKDW�WKH�NH\V�DUH�WKH�ILUVW����SHUIHFW�VTXDUHV�DQG�WKDW�WKH�KDVKLQJ�
IXQFWLRQ�LV�VLPSO\�KDVK�[�� �[�PRG������7KH�WDEOH�VL]H�LV�QRW�SULPH��EXW�LV�XVHG�
KHUH�IRU�VLPSOLFLW\���)LJXUH�����VKRXOG�PDNH�WKLV�FOHDU���
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LWHP�LV�IRXQG��7R�SHUIRUP�DQ�LQVHUW��ZH�WUDYHUVH�GRZQ�WKH�DSSURSULDWH�OLVW�WR�
FKHFN�ZKHWKHU�WKH�HOHPHQW�LV�DOUHDG\�LQ�SODFH��LI�GXSOLFDWHV�DUH�H[SHFWHG��DQ�
H[WUD�ILHOG�LV�XVXDOO\�NHSW��DQG�WKLV�ILHOG�ZRXOG�EH�LQFUHPHQWHG�LQ�WKH�HYHQW�RI�
D�PDWFK���,I�WKH�HOHPHQW�WXUQV�RXW�WR�EH�QHZ��LW�LV�LQVHUWHG�HLWKHU�DW�WKH�IURQW�
RI�WKH�OLVW�RU�DW�WKH�HQG�RI�WKH�OLVW��ZKLFKHYHU�LV�HDVLHVW��7KLV�LV�DQ�LVVXH�
PRVW�HDVLO\�DGGUHVVHG�ZKLOH�WKH�FRGH�LV�EHLQJ�ZULWWHQ��6RPHWLPHV�QHZ�HOHPHQWV�DUH�
LQVHUWHG�DW�WKH�IURQW�RI�WKH�OLVW��VLQFH�LW�LV�FRQYHQLHQW�DQG�DOVR�EHFDXVH�
IUHTXHQWO\�LW�KDSSHQV�WKDW�UHFHQWO\�LQVHUWHG�HOHPHQWV�DUH�WKH�PRVW�OLNHO\�WR�EH�
DFFHVVHG�LQ�WKH�QHDU�IXWXUH���
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7KH�W\SH�GHFODUDWLRQV�UHTXLUHG�WR�LPSOHPHQW�RSHQ�KDVKLQJ�DUH�LQ�)LJXUH������7KH�
ILUVW�IHZ�OLQHV�DUH�WKH�VDPH�DV�WKH�OLQNHG�OLVW�GHFODUDWLRQV�RI�&KDSWHU����7KH�
KDVK�WDEOH�VWUXFWXUH�FRQWDLQV�WKH�DFWXDO�VL]H�DQG�DQ�DUUD\�RI�OLQNHG�OLVWV��ZKLFK�
DUH�G\QDPLFDOO\�DOORFDWHG�ZKHQ�WKH�WDEOH�LV�LQLWLDOL]HG��7KH�+$6+B7$%/(�W\SH�LV�
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DUUD\�LPSOHPHQWDWLRQ�RI�VWDFNV��/LQHV���WKURXJK���DOORFDWH�D�KDVK�WDEOH�VWUXFWXUH��,I�VSDFH�LV�
DYDLODEOH��WKHQ�+�ZLOO�SRLQW�WR�D�VWUXFWXUH�FRQWDLQLQJ�DQ�LQWHJHU�DQG�D�SRLQWHU�WR�D�OLVW��/LQH���
VHWV�WKH�WDEOH�VL]H�WR�D�SULPH�QXPEHU��DQG�OLQHV���WKURXJK����DWWHPSW�WR�DOORFDWH�DQ�DUUD\�RI�
OLVWV��6LQFH�D�/,67�LV�GHILQHG�WR�EH�D�SRLQWHU��WKH�UHVXOW�LV�DQ�DUUD\�RI�SRLQWHUV���

,I�RXU�/,67�LPSOHPHQWDWLRQ�ZDV�QRW�XVLQJ�KHDGHUV��ZH�FRXOG�VWRS�KHUH��6LQFH�RXU�LPSOHPHQWDWLRQ�
XVHV�KHDGHUV��ZH�PXVW�DOORFDWH�RQH�KHDGHU�SHU�OLVW�DQG�VHW�LWV�QH[W�ILHOG�WR�18//��7KLV�LV�GRQH�
LQ�OLQHV����WKURXJK�����2I�FRXUVH��OLQHV����WKURXJK����FRXOG�EH�UHSODFHG�ZLWK�WKH�VWDWHPHQW��
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DV�VHOI�FRQWDLQHG�DV�SRVVLEOH��LW�LV�FHUWDLQO\�ZRUWK�FRQVLGHULQJ��$Q�LQHIILFLHQF\�RI�RXU�FRGH�LV�
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WKLV�LV�VKRZQ�LQ�)LJXUH������1RWLFH�WKDW�OLQHV���WKURXJK���DUH�LGHQWLFDO�WR�WKH�FRGH�WR�SHUIRUP�D�
ILQG�WKDW�LV�JLYHQ�LQ�&KDSWHU����7KXV��WKH�OLVW�ADT�LPSOHPHQWDWLRQ�LQ�&KDSWHU���FRXOG�EH�XVHG�
KHUH��5HPHPEHU�WKDW�LI�HOHPHQWBW\SH�LV�D�VWULQJ��FRPSDULVRQ�DQG�DVVLJQPHQW�PXVW�EH�GRQH�ZLWK�
VWUFPS�DQG�VWUFS\��UHVSHFWLYHO\���

1H[W�FRPHV�WKH�LQVHUWLRQ�URXWLQH��,I�WKH�LWHP�WR�EH�LQVHUWHG�LV�DOUHDG\�SUHVHQW��WKHQ�ZH�GR�
QRWKLQJ��RWKHUZLVH�ZH�SODFH�LW�DW�WKH�IURQW�RI�WKH�OLVW��VHH�)LJ����������

6LQFH�WKH�WDEOH�LQ�)LJXUH�����ZDV�FUHDWHG�E\�LQVHUWLQJ�DW�WKH�HQG�RI�WKH�OLVW��WKH�FRGH�LQ�
)LJXUH������ZLOO�SURGXFH�D�WDEOH�ZLWK�WKH�OLVWV�LQ�)LJXUH�����UHYHUVHG���

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



SRVLWLRQ�

ILQG��HOHPHQWBW\SH�NH\��+$6+B7$%/(�+��

�

^

�

SRVLWLRQ�S�

�

/,67�/�

�

����������/� �+�!WKHBOLVWV>�KDVK��NH\��+�!WDEOHBVL]H��@�

�

����������S� �/�!QH[W�

�

����������ZKLOH���S�� �18//��		��S�!HOHPHQW�� �NH\���

�

��3UREDEO\�QHHG�VWUFPS����

�

���������������S� �S�!QH[W�

�

����������UHWXUQ�S�

�

`

�

)LJXUH�����)LQG�URXWLQH�IRU�RSHQ�KDVK�WDEOH

�

YRLG

�

LQVHUW��HOHPHQWBW\SH�NH\��+$6+B7$%/(�+��

�

^

�

SRVLWLRQ�SRV��QHZBFHOO�

�

/,67�/�

�

���������SRV� �ILQG��NH\��+���

�

���������LI��SRV�  �18//��

�

^

�

�������������QHZBFHOO� ��SRVLWLRQ��PDOORF�VL]HRI�VWUXFW�OLVWBQRGH���

�

�������������LI��QHZBFHOO�  �18//��

�

�����������������IDWDOBHUURU��2XW�RI�VSDFH������

�

HOVH

�

^

�

�����������������/� �+�!WKHBOLVWV>�KDVK��NH\��+�!WDEOH�VL]H���@�

�

�����������������QHZBFHOO�!QH[W� �/�!QH[W�

�

�����������������QHZBFHOO�!HOHPHQW� �NH\����3UREDEO\�QHHG�VWUFS\����

�

�����������������/�!QH[W� �QHZBFHOO�

�

`

�

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



`�

`

�

)LJXUH������,QVHUW�URXWLQH�IRU�RSHQ�KDVK�WDEOH
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7KH�HOHPHQW�FDQ�EH�SODFHG�DQ\ZKHUH�LQ�WKH�OLVW��WKLV�LV�PRVW�FRQYHQLHQW�LQ�RXU�FDVH��1RWLFH�WKDW�
WKH�FRGH�WR�LQVHUW�DW�WKH�IURQW�RI�WKH�OLVW�LV�HVVHQWLDOO\�LGHQWLFDO�WR�WKH�FRGH�LQ�

&KDSWHU���
WKDW�LPSOHPHQWV�D�SXVK�XVLQJ�OLQNHG�OLVWV��$JDLQ��LI�WKH�ADTs�LQ�&KDSWHU���KDYH�DOUHDG\�EHHQ�
FDUHIXOO\�LPSOHPHQWHG��WKH\�FDQ�EH�XVHG�KHUH���

7KH�LQVHUWLRQ�URXWLQH�FRGHG�LQ�)LJXUH����� LV�VRPHZKDW�SRRUO\�FRGHG��EHFDXVH�LW�FRPSXWHV�WKH�KDVK�
IXQFWLRQ�WZLFH��5HGXQGDQW�FDOFXODWLRQV�DUH�DOZD\V�EDG��VR�WKLV�FRGH�VKRXOG�EH�UHZULWWHQ�LI�LW�
WXUQV�RXW�WKDW�WKH�KDVK�URXWLQHV�DFFRXQW�IRU�D�VLJQLILFDQW�SRUWLRQ�RI�D�SURJUDP
V�UXQQLQJ�WLPH���

7KH�GHOHWLRQ�URXWLQH�LV�D�VWUDLJKWIRUZDUG�LPSOHPHQWDWLRQ�RI�GHOHWLRQ�LQ�D�OLQNHG�OLVW��VR�ZH�ZLOO�
QRW�ERWKHU�ZLWK�LW�KHUH��,I�WKH�UHSHUWRLUH�RI�KDVK�URXWLQHV�GRHV�QRW�LQFOXGH�GHOHWLRQV��LW�LV�
SUREDEO\�EHVW�WR�QRW�XVH�KHDGHUV��VLQFH�WKHLU�XVH�ZRXOG�SURYLGH�QR�VLPSOLILFDWLRQ�DQG�ZRXOG�ZDVWH�
FRQVLGHUDEOH�VSDFH��:H�OHDYH�WKLV�DV�DQ�H[HUFLVH��WRR���

$Q\�VFKHPH�FRXOG�EH�XVHG�EHVLGHV�OLQNHG�OLVWV�WR�UHVROYH�WKH�FROOLVLRQV�D�ELQDU\�VHDUFK�WUHH�RU�
HYHQ�DQRWKHU�KDVK�WDEOH�ZRXOG�ZRUN��EXW�ZH�H[SHFW�WKDW�LI�WKH�WDEOH�LV�ODUJH�DQG�WKH�KDVK�
IXQFWLRQ�LV�JRRG��DOO�WKH�OLVWV�VKRXOG�EH�VKRUW��VR�LW�LV�QRW�ZRUWKZKLOH�WR�WU\�DQ\WKLQJ�
FRPSOLFDWHG���

:H�GHILQH�WKH�ORDG�IDFWRU�� ��RI�D�KDVK�WDEOH�WR�EH�WKH�UDWLR�RI�WKH�QXPEHU�RI�HOHPHQWV�LQ�WKH�

KDVK�WDEOH�WR�WKH�WDEOH�VL]H��,Q�WKH�H[DPSOH�DERYH�� � ������7KH�DYHUDJH�OHQJWK�RI�D�OLVW�LV�

��7KH�HIIRUW�UHTXLUHG�WR�SHUIRUP�D�VHDUFK�LV�WKH�FRQVWDQW�WLPH�UHTXLUHG�WR�HYDOXDWH�WKH�KDVK�
IXQFWLRQ�SOXV�WKH�WLPH�WR�WUDYHUVH�WKH�OLVW���

�

�

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



)LJXUH������&ORVHG�KDVK�WDEOH�ZLWK�OLQHDU�SURELQJ��DIWHU�HDFK�LQVHUWLRQ

�

,Q�DQ�XQVXFFHVVIXO�VHDUFK��WKH�QXPEHU�RI�OLQNV�WR�WUDYHUVH�LV� ��H[FOXGLQJ�WKH�ILQDO�18//�

OLQN��RQ�DYHUDJH��$�VXFFHVVIXO�VHDUFK�UHTXLUHV�WKDW�DERXW������ ����OLQNV�EH�WUDYHUVHG��VLQFH�
WKHUH�LV�D�JXDUDQWHH�WKDW�RQH�OLQN�PXVW�EH�WUDYHUVHG��VLQFH�WKH�VHDUFK�LV�VXFFHVVIXO���DQG�ZH�
DOVR�H[SHFW�WR�JR�KDOIZD\�GRZQ�D�OLVW�WR�ILQG�RXU�PDWFK��7KLV�DQDO\VLV�VKRZV�WKDW�WKH�WDEOH�VL]H�
LV�QRW�UHDOO\�LPSRUWDQW��EXW�WKH�ORDG�IDFWRU�LV��7KH�JHQHUDO�UXOH�IRU�RSHQ�KDVKLQJ�LV�WR�PDNH�WKH�

WDEOH�VL]H�DERXW�DV�ODUJH�DV�WKH�QXPEHU�RI�HOHPHQWV�H[SHFWHG��LQ�RWKHU�ZRUGV��OHW� � �����
,W�LV�DOVR�D�JRRG�LGHD��DV�PHQWLRQHG�EHIRUH��WR�NHHS�WKH�WDEOH�VL]H�SULPH�WR�HQVXUH�D�JRRG�
GLVWULEXWLRQ���

�����&ORVHG�+DVKLQJ��2SHQ�$GGUHVVLQJ�

�

2SHQ�KDVKLQJ�KDV�WKH�GLVDGYDQWDJH�RI�UHTXLULQJ�SRLQWHUV��7KLV�WHQGV�WR�VORZ�WKH�DOJRULWKP�GRZQ�D�
ELW�EHFDXVH�RI�WKH�WLPH�UHTXLUHG�WR�DOORFDWH�QHZ�FHOOV��DQG�DOVR�HVVHQWLDOO\�UHTXLUHV�WKH�
LPSOHPHQWDWLRQ�RI�D�VHFRQG�GDWD�VWUXFWXUH��&ORVHG�KDVKLQJ��DOVR�NQRZQ�DV�RSHQ�DGGUHVVLQJ��LV�DQ�
DOWHUQDWLYH�WR�UHVROYLQJ�FROOLVLRQV�ZLWK�OLQNHG�OLVWV��,Q�D�FORVHG�KDVKLQJ�V\VWHP��LI�D�FROOLVLRQ�
RFFXUV��DOWHUQDWH�FHOOV�DUH�WULHG�XQWLO�DQ�HPSW\�FHOO�LV�IRXQG��0RUH�IRUPDOO\��FHOOV�K��[���K�

�[���K��[���������DUH�WULHG�LQ�VXFFHVVLRQ�ZKHUH�KL�[�� ��KDVK�[���� �L��PRG�+B6,=(��ZLWK�

���� ����7KH�IXQFWLRQ�� ��LV�WKH�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\��%HFDXVH�DOO�WKH�GDWD�JRHV�
LQVLGH�WKH�WDEOH��D�ELJJHU�WDEOH�LV�QHHGHG�IRU�FORVHG�KDVKLQJ�WKDQ�IRU�RSHQ�KDVKLQJ��*HQHUDOO\��

WKH�ORDG�IDFWRU�VKRXOG�EH�EHORZ� � �����IRU�FORVHG�KDVKLQJ��:H�QRZ�ORRN�DW�WKUHH�FRPPRQ�
FROOLVLRQ�UHVROXWLRQ�VWUDWHJLHV���

�������/LQHDU�3URELQJ�

�

�������4XDGUDWLF�3URELQJ�

�

�������'RXEOH�+DVKLQJ�

�

�������/LQHDU�3URELQJ
�

,Q�OLQHDU�SURELQJ�� �LV�D�OLQHDU�IXQFWLRQ�RI�L��W\SLFDOO\� �L�� �L��7KLV�DPRXQWV�WR�WU\LQJ�
FHOOV�VHTXHQWLDOO\��ZLWK�ZUDSDURXQG��LQ�VHDUFK�RI�DQ�HPSW\�FHOO��)LJXUH������VKRZV�WKH�UHVXOW�RI�
LQVHUWLQJ�NH\V�^������������������`�LQWR�D�FORVHG�WDEOH�XVLQJ�WKH�VDPH�KDVK�IXQFWLRQ�DV�EHIRUH�

DQG�WKH�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\�� �L�� �L��

�

7KH�ILUVW�FROOLVLRQ�RFFXUV�ZKHQ����LV�LQVHUWHG��LW�LV�SXW�LQ�WKH�QH[W�DYDLODEOH�VSRW��QDPHO\�VSRW�
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���ZKLFK�LV�RSHQ�����FROOLGHV�ZLWK���������DQG�WKHQ����EHIRUH�DQ�HPSW\�FHOO�LV�IRXQG�WKUHH�DZD\��
7KH�FROOLVLRQ�IRU����LV�KDQGOHG�LQ�D�VLPLODU�PDQQHU��$V�ORQJ�DV�WKH�WDEOH�LV�ELJ�HQRXJK��D�IUHH�
FHOO�FDQ�DOZD\V�EH�IRXQG��EXW�WKH�WLPH�WR�GR�VR�FDQ�JHW�TXLWH�ODUJH��:RUVH��HYHQ�LI�WKH�WDEOH�LV�
UHODWLYHO\�HPSW\��EORFNV�RI�RFFXSLHG�FHOOV�VWDUW�IRUPLQJ��7KLV�HIIHFW��NQRZQ�DV�SULPDU\�
FOXVWHULQJ��PHDQV�WKDW�DQ\�NH\�WKDW�KDVKHV�LQWR�WKH�FOXVWHU�ZLOO�UHTXLUH�VHYHUDO�DWWHPSWV�WR�
UHVROYH�WKH�FROOLVLRQ��DQG�WKHQ�LW�ZLOO�DGG�WR�WKH�FOXVWHU���

$OWKRXJK�ZH�ZLOO�QRW�SHUIRUP�WKH�FDOFXODWLRQV�KHUH��LW�FDQ�EH�VKRZQ�WKDW�WKH�H[SHFWHG�QXPEHU�RI�

SUREHV�XVLQJ�OLQHDU�SURELQJ�LV�URXJKO\���������������� ����IRU�LQVHUWLRQV�DQG�XQVXFFHVVIXO�

VHDUFKHV�DQG���������������� ���IRU�VXFFHVVIXO�VHDUFKHV��7KH�FDOFXODWLRQV�DUH�VRPHZKDW�
LQYROYHG��,W�LV�HDV\�WR�VHH�IURP�WKH�FRGH�WKDW�LQVHUWLRQV�DQG�XQVXFFHVVIXO�VHDUFKHV�UHTXLUH�WKH�
VDPH�QXPEHU�RI�SUREHV��$�PRPHQW
V�WKRXJKW�VXJJHVWV�WKDW�RQ�DYHUDJH��VXFFHVVIXO�VHDUFKHV�VKRXOG�
WDNH�OHVV�WLPH�WKDQ�XQVXFFHVVIXO�VHDUFKHV���

7KH�FRUUHVSRQGLQJ�IRUPXODV��LI�FOXVWHULQJ�ZHUH�QRW�D�SUREOHP��DUH�IDLUO\�HDV\�WR�GHULYH��:H�ZLOO�
DVVXPH�D�YHU\�ODUJH�WDEOH�DQG�WKDW�HDFK�SUREH�LV�LQGHSHQGHQW�RI�WKH�SUHYLRXV�SUREHV��7KHVH�
DVVXPSWLRQV�DUH�VDWLVILHG�E\�D�UDQGRP�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\�DQG�DUH�UHDVRQDEOH�XQOHVV�

�LV�YHU\�FORVH�WR����)LUVW��ZH�GHULYH�WKH�H[SHFWHG�QXPEHU�RI�SUREHV�LQ�DQ�XQVXFFHVVIXO�
VHDUFK��7KLV�LV�MXVW�WKH�H[SHFWHG�QXPEHU�RI�SUREHV�XQWLO�ZH�ILQG�DQ�HPSW\�FHOO��6LQFH�WKH�

IUDFWLRQ�RI�HPSW\�FHOOV�LV����� ��WKH�QXPEHU�RI�FHOOV�ZH�H[SHFW�WR�SUREH�LV�������� ���7KH�
QXPEHU�RI�SUREHV�IRU�D�VXFFHVVIXO�VHDUFK�LV�HTXDO�WR�WKH�QXPEHU�RI�SUREHV�UHTXLUHG�ZKHQ�WKH�
SDUWLFXODU�HOHPHQW�ZDV�LQVHUWHG��:KHQ�DQ�HOHPHQW�LV�LQVHUWHG��LW�LV�GRQH�DV�D�UHVXOW�RI�DQ�
XQVXFFHVVIXO�VHDUFK��7KXV�ZH�FDQ�XVH�WKH�FRVW�RI�DQ�XQVXFFHVVIXO�VHDUFK�WR�FRPSXWH�WKH�DYHUDJH�
FRVW�RI�D�VXFFHVVIXO�VHDUFK���

7KH�FDYHDW�LV�WKDW� �FKDQJHV�IURP���WR�LWV�FXUUHQW�YDOXH��VR�WKDW�HDUOLHU�LQVHUWLRQV�DUH�

FKHDSHU�DQG�VKRXOG�EULQJ�WKH�DYHUDJH�GRZQ��)RU�LQVWDQFH��LQ�WKH�WDEOH�DERYH�� � ������EXW�WKH�

FRVW�RI�DFFHVVLQJ����LV�GHWHUPLQHG�ZKHQ����LV�LQVHUWHG��$W�WKDW�SRLQW�� � ������6LQFH����ZDV�
LQVHUWHG�LQWR�D�UHODWLYHO\�HPSW\�WDEOH��DFFHVVLQJ�LW�VKRXOG�EH�HDVLHU�WKDQ�DFFHVVLQJ�D�UHFHQWO\�
LQVHUWHG�HOHPHQW�VXFK�DV�����:H�FDQ�HVWLPDWH�WKH�DYHUDJH�E\�XVLQJ�DQ�LQWHJUDO�WR�FDOFXODWH�WKH�
PHDQ�YDOXH�RI�WKH�LQVHUWLRQ�WLPH��REWDLQLQJ��

�

�

7KHVH�IRUPXODV�DUH�FOHDUO\�EHWWHU�WKDQ�WKH�FRUUHVSRQGLQJ�IRUPXODV�IRU�OLQHDU�SURELQJ��&OXVWHULQJ�
LV�QRW�RQO\�D�WKHRUHWLFDO�SUREOHP�EXW�DFWXDOO\�RFFXUV�LQ�UHDO�LPSOHPHQWDWLRQV��

)LJXUH������
FRPSDUHV�WKH�SHUIRUPDQFH�RI�OLQHDU�SURELQJ��GDVKHG�FXUYHV��ZLWK�ZKDW�ZRXOG�EH�H[SHFWHG�IURP�PRUH�
UDQGRP�FROOLVLRQ�UHVROXWLRQ��6XFFHVVIXO�VHDUFKHV�DUH�LQGLFDWHG�E\�DQ�6��DQG�XQVXFFHVVIXO�VHDUFKHV�
DQG�LQVHUWLRQV�DUH�PDUNHG�ZLWK�8�DQG�,��UHVSHFWLYHO\���

,I� � �������WKHQ�WKH�IRUPXOD�DERYH�LQGLFDWHV�WKDW�����SUREHV�DUH�H[SHFWHG�IRU�DQ�LQVHUWLRQ�LQ�

OLQHDU�SURELQJ��,I� � ������WKHQ����SUREHV�DUH�H[SHFWHG��ZKLFK�LV�XQUHDVRQDEOH��7KLV�FRPSDUHV�
ZLWK���DQG����SUREHV�IRU�WKH�UHVSHFWLYH�ORDG�IDFWRUV�LI�FOXVWHULQJ�ZHUH�QRW�D�SUREOHP��:H�VHH�
IURP�WKHVH�IRUPXODV�WKDW�OLQHDU�SURELQJ�FDQ�EH�D�EDG�LGHD�LI�WKH�WDEOH�LV�H[SHFWHG�WR�EH�PRUH�

WKDQ�KDOI�IXOO��,I� � ������KRZHYHU��RQO\�����SUREHV�DUH�UHTXLUHG�RQ�DYHUDJH�IRU�LQVHUWLRQ�DQG�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



RQO\�����SUREHV�DUH�UHTXLUHG��RQ�DYHUDJH��IRU�D�VXFFHVVIXO�VHDUFK���

�������4XDGUDWLF�3URELQJ
�

4XDGUDWLF�SURELQJ�LV�D�FROOLVLRQ�UHVROXWLRQ�PHWKRG�WKDW�HOLPLQDWHV�WKH�SULPDU\�FOXVWHULQJ�SUREOHP�
RI�OLQHDU�SURELQJ��4XDGUDWLF�SURELQJ�LV�ZKDW�\RX�ZRXOG�H[SHFW�WKH�FROOLVLRQ�IXQFWLRQ�LV�

TXDGUDWLF��7KH�SRSXODU�FKRLFH�LV� �L�� �L���)LJXUH������VKRZV�WKH�UHVXOWLQJ�FORVHG�WDEOH�ZLWK�
WKLV�FROOLVLRQ�IXQFWLRQ�RQ�WKH�VDPH�LQSXW�XVHG�LQ�WKH�OLQHDU�SURELQJ�H[DPSOH���

:KHQ����FROOLGHV�ZLWK�����WKH�QH[W�SRVLWLRQ�DWWHPSWHG�LV�RQH�FHOO�DZD\��7KLV�FHOO�LV�HPSW\��VR����
LV�SODFHG�WKHUH��1H[W����FROOLGHV�DW�SRVLWLRQ����7KHQ�WKH�FHOO�RQH�DZD\�LV�WULHG�EXW�DQRWKHU�

FROOLVLRQ�RFFXUV��$�YDFDQW�FHOO�LV�IRXQG�DW�WKH�QH[W�FHOO�WULHG��ZKLFK�LV���� ���DZD\�����LV�WKXV�
SODFHG�LQ�FHOO����7KH�VDPH�WKLQJ�KDSSHQV�IRU������

)RU�OLQHDU�SURELQJ�LW�LV�D�EDG�LGHD�WR�OHW�WKH�KDVK�WDEOH�JHW�QHDUO\�IXOO��EHFDXVH�SHUIRUPDQFH�
GHJUDGHV��)RU�TXDGUDWLF�SURELQJ��WKH�VLWXDWLRQ�LV�HYHQ�PRUH�GUDVWLF��7KHUH�LV�QR�JXDUDQWHH�RI�
ILQGLQJ�DQ�HPSW\�FHOO�RQFH�WKH�WDEOH�JHWV�PRUH�WKDQ�KDOI�IXOO��RU�HYHQ�EHIRUH�WKH�WDEOH�JHWV�KDOI�
IXOO�LI�WKH�WDEOH�VL]H�LV�QRW�SULPH��7KLV�LV�EHFDXVH�DW�PRVW�KDOI�RI�WKH�WDEOH�FDQ�EH�XVHG�DV�
DOWHUQDWH�ORFDWLRQV�WR�UHVROYH�FROOLVLRQV���

,QGHHG��ZH�SURYH�QRZ�WKDW�LI�WKH�WDEOH�LV�KDOI�HPSW\�DQG�WKH�WDEOH�VL]H�LV�SULPH��WKHQ�ZH�DUH�
DOZD\V�JXDUDQWHHG�WR�EH�DEOH�WR�LQVHUW�D�QHZ�HOHPHQW���

7+(25(0������

�

,I�TXDGUDWLF�SURELQJ�LV�XVHG��DQG�WKH�WDEOH�VL]H�LV�SULPH��WKHQ�D�QHZ�HOHPHQW�FDQ�DOZD\V�EH�
LQVHUWHG�LI�WKH�WDEOH�LV�DW�OHDVW�KDOI�HPSW\���

3522)��

�

/HW�WKH�WDEOH�VL]H��+B6,=(��EH�DQ��RGG��SULPH�JUHDWHU�WKDQ����:H�VKRZ�WKDW�WKH�ILUVW�

H_SIZ(�� �DOWHUQDWH�ORFDWLRQV�DUH�DOO�GLVWLQFW��7ZR�RI�WKHVH�ORFDWLRQV�DUH�K�[����L��PRG�

+B6,=(��DQG�K�[����M��PRG�+B6,=(���ZKHUH�����L��M� � H_SIZE�� ��6XSSRVH��IRU�WKH�VDNH�

RI�FRQWUDGLFWLRQ��WKDW�WKHVH�ORFDWLRQV�DUH�WKH�VDPH��EXW�L� �M��7KHQ�

�

K�[����L�� �K�[����M�������PRG�+B6,=(�

�

L�� �M���������������PRG�+B6,=(�

�

L����M�� ���������������PRG�+B6,=(�

�

�L���M��L���M�� ���������������PRG�+B6,=(�

�
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�

�

)LJXUH������1XPEHU�RI�SUREHV�SORWWHG�DJDLQVW�ORDG�IDFWRU�IRU�OLQHDU�SURELQJ��GDVKHG��DQG�UDQGRP�
VWUDWHJ\��6�LV�VXFFHVVIXO�VHDUFK�8�LV�XQVXFFHVVIXO�VHDUFK��,�LV�LQVHUWLRQ�

�

�

)LJXUH������&ORVHG�KDVK�WDEOH�ZLWK�TXDGUDWLF�SURELQJ��DIWHU�HDFK�LQVHUWLRQ

�

6LQFH�+B6,=(�LV�SULPH��LW�IROORZV�WKDW�HLWKHU��L���M��RU��L���M��LV�HTXDO�WR����PRG�+B6,=(���

6LQFH�L�DQG�M�DUH�GLVWLQFW��WKH�ILUVW�RSWLRQ�LV�QRW�SRVVLEOH��6LQFH�����L��M��� H_SIZE��

��WKH�VHFRQG�RSWLRQ�LV�DOVR�LPSRVVLEOH��7KXV��WKH�ILUVW� H_SIZE�� �DOWHUQDWH�
ORFDWLRQV�DUH�GLVWLQFW��6LQFH�WKH�HOHPHQW�WR�EH�LQVHUWHG�FDQ�DOVR�EH�SODFHG�LQ�WKH�FHOO�WR�ZKLFK�

LW�KDVKHV��LI�WKHUH�DUH�QR�FROOLVLRQV���DQ\�HOHPHQW�KDV� H_SIZE�� �ORFDWLRQV�LQWR�ZKLFK�

LW�FDQ�JR��,I�DW�PRVW� H_SIZE�� �SRVLWLRQV�DUH�WDNHQ��WKHQ�DQ�HPSW\�VSRW�FDQ�DOZD\V�EH�
IRXQG���
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,I�WKH�WDEOH�LV�HYHQ�RQH�PRUH�WKDQ�KDOI�IXOO��WKH�LQVHUWLRQ�FRXOG�IDLO��DOWKRXJK�WKLV�LV�
H[WUHPHO\�XQOLNHO\���7KHUHIRUH��LW�LV�LPSRUWDQW�WR�NHHS�WKLV�LQ�PLQG��,W�LV�DOVR�FUXFLDO�WKDW�WKH�

WDEOH�VL]H�EH�SULPH��,I�WKH�WDEOH�VL]H�LV�QRW�SULPH��WKH�QXPEHU�RI�DOWHUQDWH�ORFDWLRQV�FDQ�EH�
VHYHUHO\�UHGXFHG��$V�DQ�H[DPSOH��LI�WKH�WDEOH�VL]H�ZHUH�����WKHQ�WKH�RQO\�DOWHUQDWH�ORFDWLRQV�
ZRXOG�EH�DW�GLVWDQFHV�������RU���DZD\���

,I�WKH�WDEOH�VL]H�LV�D�SULPH�RI�WKH�IRUP��N �����DQG�WKH�TXDGUDWLF�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\�

I�L�� ���L��LV�XVHG��WKHQ�WKH�HQWLUH�WDEOH�FDQ�EH�SUREHG��7KH�FRVW�LV�D�VOLJKWO\�PRUH�FRPSOLFDWHG�
URXWLQH���

6WDQGDUG�GHOHWLRQ�FDQQRW�EH�SHUIRUPHG�LQ�D�FORVHG�KDVK�WDEOH��EHFDXVH�WKH�FHOO�PLJKW�KDYH�FDXVHG�
D�FROOLVLRQ�WR�JR�SDVW�LW��)RU�LQVWDQFH��LI�ZH�UHPRYH�����WKHQ�YLUWXDOO\�DOO�RI�WKH�UHPDLQLQJ�
ILQGV�ZLOO�IDLO��7KXV��FORVHG�KDVK�WDEOHV�UHTXLUH�OD]\�GHOHWLRQ��DOWKRXJK�LQ�WKLV�FDVH�WKHUH�
UHDOO\�LV�QR�OD]LQHVV�LPSOLHG���

7KH�W\SH�GHFODUDWLRQV�UHTXLUHG�WR�LPSOHPHQW�FORVHG�KDVKLQJ�DUH�LQ�

)LJXUH�������,QVWHDG�RI�DQ�
DUUD\�RI�OLVWV��ZH�KDYH�DQ�DUUD\�RI�KDVK�WDEOH�HQWU\�FHOOV��ZKLFK��DV�LQ�RSHQ�KDVKLQJ��DUH�
DOORFDWHG�G\QDPLFDOO\��,QLWLDOL]LQJ�WKH�WDEOH��)LJXUH�������FRQVLVWV�RI�DOORFDWLQJ�VSDFH��OLQHV���
WKURXJK�����DQG�WKHQ�VHWWLQJ�WKH�LQIR�ILHOG�WR�HPSW\�IRU�HDFK�FHOO���

HQXP�NLQGBRIBHQWU\�^�OHJLWLPDWH��HPSW\��GHOHWHG�`�

�

VWUXFW�KDVKBHQWU\

�

^

�

HOHPHQWBW\SH�HOHPHQW�

�

HQXP�NLQGBRIBHQWU\�LQIR�

�

`�

�

W\SHGHI�,1'(;�SRVLWLRQ�

�

W\SHGHI�VWUXFW�KDVKBHQWU\�FHOO�

�

��WKHBFHOOV�LV�DQ�DUUD\�RI�KDVKBHQWU\�FHOOV��DOORFDWHG�ODWHU��
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)LJXUH������5RXWLQH�WR�LQLWLDOL]H�FORVHG�KDVK�WDEOH

�

$V�ZLWK�RSHQ�KDVKLQJ��ILQG�NH\��+��ZLOO�UHWXUQ�WKH�SRVLWLRQ�RI�NH\�LQ�WKH�KDVK�WDEOH��,I�NH\�LV�
QRW�SUHVHQW��WKHQ�ILQG�ZLOO�UHWXUQ�WKH�ODVW�FHOO��7KLV�FHOO�LV�ZKHUH�NH\�ZRXOG�EH�LQVHUWHG�LI�
QHHGHG��)XUWKHU��EHFDXVH�LW�LV�PDUNHG�HPSW\��LW�LV�HDV\�WR�WHOO�WKDW�WKH�ILQG�IDLOHG��:H�DVVXPH�
IRU�FRQYHQLHQFH�WKDW�WKH�KDVK�WDEOH�LV�DW�OHDVW�WZLFH�DV�ODUJH�DV�WKH�QXPEHU�RI�HOHPHQWV�LQ�WKH�
WDEOH��VR�TXDGUDWLF�UHVROXWLRQ�ZLOO�DOZD\V�ZRUN��2WKHUZLVH��ZH�ZRXOG�QHHG�WR�WHVW�L�EHIRUH�OLQH�
���,Q�WKH�LPSOHPHQWDWLRQ�LQ�

)LJXUH�������HOHPHQWV�WKDW�DUH�PDUNHG�DV�GHOHWHG�FRXQW�DV�EHLQJ�LQ�
WKH�WDEOH��7KLV�FDQ�FDXVH�SUREOHPV��EHFDXVH�WKH�WDEOH�FDQ�JHW�WRR�IXOO�SUHPDWXUHO\��:H�VKDOO�
GLVFXVV�WKLV�LWHP�SUHVHQWO\���

/LQHV���WKURXJK���UHSUHVHQW�WKH�IDVW�ZD\�RI�GRLQJ�TXDGUDWLF�UHVROXWLRQ��)URP�WKH�GHILQLWLRQ�RI�
WKH�TXDGUDWLF�UHVROXWLRQ�IXQFWLRQ��I�L�� �I�L���������L�����VR�WKH�QH[W�FHOO�WR�WU\�FDQ�EH�
GHWHUPLQHG�ZLWK�D�PXOWLSOLFDWLRQ�E\�WZR��UHDOO\�D�ELW�VKLIW��DQG�D�GHFUHPHQW��,I�WKH�QHZ�ORFDWLRQ�
LV�SDVW�WKH�DUUD\��LW�FDQ�EH�SXW�EDFN�LQ�UDQJH�E\�VXEWUDFWLQJ�+B6,=(��7KLV�LV�IDVWHU�WKDQ�WKH�
REYLRXV�PHWKRG��EHFDXVH�LW�DYRLGV�WKH�PXOWLSOLFDWLRQ�DQG�GLYLVLRQ�WKDW�VHHP�WR�EH�UHTXLUHG��7KH�
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LV�D�VLPSOH�PRGLILFDWLRQ�WR�GR�VRPHWKLQJ�HOVH��2WKHUZLVH��ZH�SODFH�LW�DW�WKH�VSRW�VXJJHVWHG�E\�
WKH�ILQG�URXWLQH��7KH�FRGH�LV�VKRZQ�LQ�

)LJXUH�������
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$OWKRXJK�TXDGUDWLF�SURELQJ�HOLPLQDWHV�SULPDU\�FOXVWHULQJ��HOHPHQWV�WKDW�KDVK�WR�WKH�VDPH�SRVLWLRQ�
ZLOO�SUREH�WKH�VDPH�DOWHUQDWH�FHOOV��7KLV�LV�NQRZQ�DV�VHFRQGDU\�FOXVWHULQJ��6HFRQGDU\�FOXVWHULQJ�
LV�D�VOLJKW�WKHRUHWLFDO�EOHPLVK��6LPXODWLRQ�UHVXOWV�VXJJHVW�WKDW�LW�JHQHUDOO\�FDXVHV�OHVV�WKDQ�DQ�

H[WUD� �SUREH�SHU�VHDUFK��7KH�IROORZLQJ�WHFKQLTXH�HOLPLQDWHV�WKLV��EXW�GRHV�VR�DW�WKH�FRVW�RI�
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LQWR�WKH�LQSXW�LQ�WKH�SUHYLRXV�H[DPSOHV��7KXV��WKH�IXQFWLRQ�PXVW�QHYHU�HYDOXDWH�WR�]HUR��,W�LV�
DOVR�LPSRUWDQW�WR�PDNH�VXUH�DOO�FHOOV�FDQ�EH�SUREHG��WKLV�LV�QRW�SRVVLEOH�LQ�WKH�H[DPSOH�EHORZ��
EHFDXVH�WKH�WDEOH�VL]H�LV�QRW�SULPH���$�IXQFWLRQ�VXFK�DV�K��[�� �5����[�PRG�5���ZLWK�5�D�SULPH�
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7KH�ILUVW�FROOLVLRQ�RFFXUV�ZKHQ����LV�LQVHUWHG��K������ ���� �� ����VR����LV�LQVHUWHG�LQ�SRVLWLRQ�

���K������ ������� ����VR����LV�LQVHUWHG�DW�ORFDWLRQ����)LQDOO\�����FROOLGHV�DQG�LV�LQVHUWHG�DW�D�

GLVWDQFH�K������ ������� ���DZD\��,I�ZH�WULHG�WR�LQVHUW����LQ�SRVLWLRQ����ZH�ZRXOG�KDYH�D�

FROOLVLRQ��6LQFH�K������ ������� ����ZH�ZRXOG�WKHQ�WU\�SRVLWLRQV����������DQG�WKHQ���XQWLO�DQ�

HPSW\�VSRW�LV�IRXQG��,W�LV�JHQHUDOO\�SRVVLEOH�WR�ILQG�VRPH�EDG�FDVH��EXW�WKHUH�DUH�QRW�WRR�PDQ\�
KHUH���

$V�ZH�KDYH�VDLG�EHIRUH��WKH�VL]H�RI�RXU�VDPSOH�KDVK�WDEOH�LV�QRW�SULPH��:H�KDYH�GRQH�WKLV�IRU�
FRQYHQLHQFH�LQ�FRPSXWLQJ�WKH�KDVK�IXQFWLRQ��EXW�LW�LV�ZRUWK�VHHLQJ�ZK\�LW�LV�LPSRUWDQW�WR�PDNH�
VXUH�WKH�WDEOH�VL]H�LV�SULPH�ZKHQ�GRXEOH�KDVKLQJ�LV�XVHG��,I�ZH�DWWHPSW�WR�LQVHUW����LQWR�WKH�
WDEOH��LW�ZRXOG�FROOLGH�ZLWK�����6LQFH�K������ ������� ����DQG�WKH�WDEOH�VL]H�LV�����ZH�

HVVHQWLDOO\�KDYH�RQO\�RQH�DOWHUQDWH�ORFDWLRQ��DQG�LW�LV�DOUHDG\�WDNHQ��7KXV��LI�WKH�WDEOH�VL]H�LV�
QRW�SULPH��LW�LV�SRVVLEOH�WR�UXQ�RXW�RI�DOWHUQDWH�ORFDWLRQV�SUHPDWXUHO\��+RZHYHU��LI�GRXEOH�
KDVKLQJ�LV�FRUUHFWO\�LPSOHPHQWHG��VLPXODWLRQV�LPSO\�WKDW�WKH�H[SHFWHG�QXPEHU�RI�SUREHV�LV�DOPRVW�
WKH�VDPH�DV�IRU�D�UDQGRP�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\��7KLV�PDNHV�GRXEOH�KDVKLQJ�WKHRUHWLFDOO\�
LQWHUHVWLQJ��4XDGUDWLF�SURELQJ��KRZHYHU��GRHV�QRW�UHTXLUH�WKH�XVH�RI�D�VHFRQG�KDVK�IXQFWLRQ�DQG�
LV�WKXV�OLNHO\�WR�EH�VLPSOHU�DQG�IDVWHU�LQ�SUDFWLFH���

�����5HKDVKLQJ
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,I�WKH�WDEOH�JHWV�WRR�IXOO��WKH�UXQQLQJ�WLPH�IRU�WKH�RSHUDWLRQV�ZLOO�VWDUW�WDNLQJ�WRR�ORQJ�DQG�
LQVHUWV�PLJKW�IDLO�IRU�FORVHG�KDVKLQJ�ZLWK�TXDGUDWLF�UHVROXWLRQ��7KLV�FDQ�KDSSHQ�LI�WKHUH�DUH�WRR�
PDQ\�GHOHWLRQV�LQWHUPL[HG�ZLWK�LQVHUWLRQV��$�VROXWLRQ��WKHQ��LV�WR�EXLOG�DQRWKHU�WDEOH�WKDW�LV�
DERXW�WZLFH�DV�ELJ��ZLWK�DVVRFLDWHG�QHZ�KDVK�IXQFWLRQ��DQG�VFDQ�GRZQ�WKH�HQWLUH�RULJLQDO�KDVK�
WDEOH��FRPSXWLQJ�WKH�QHZ�KDVK�YDOXH�IRU�HDFK��QRQ�GHOHWHG��HOHPHQW�DQG�LQVHUWLQJ�LW�LQ�WKH�QHZ�
WDEOH���

$V�DQ�H[DPSOH��VXSSRVH�WKH�HOHPHQWV�������������DQG���DUH�LQVHUWHG�LQWR�D�FORVHG�KDVK�WDEOH�RI�
VL]H����7KH�KDVK�IXQFWLRQ�LV�K�[�� �[�PRG����6XSSRVH�OLQHDU�SURELQJ�LV�XVHG�WR�UHVROYH�
FROOLVLRQV��7KH�UHVXOWLQJ�KDVK�WDEOH�DSSHDUV�LQ�

)LJXUH�������

�

,I����LV�LQVHUWHG�LQWR�WKH�WDEOH��WKH�UHVXOWLQJ�WDEOH�LQ�)LJXUH������ZLOO�EH�RYHU����SHUFHQW�
IXOO��%HFDXVH�WKH�WDEOH�LV�VR�IXOO��D�QHZ�WDEOH�LV�FUHDWHG��7KH�VL]H�RI�WKLV�WDEOH�LV�����EHFDXVH�
WKLV�LV�WKH�ILUVW�SULPH�ZKLFK�LV�WZLFH�DV�ODUJH�DV�WKH�ROG�WDEOH�VL]H��7KH�QHZ�KDVK�IXQFWLRQ�LV�
WKHQ�K�[�� �[�PRG�����7KH�ROG�WDEOH�LV�VFDQQHG��DQG�HOHPHQWV����������������DQG����DUH�LQVHUWHG�
LQWR�WKH�QHZ�WDEOH��7KH�UHVXOWLQJ�WDEOH�DSSHDUV�LQ�)LJXUH��������

7KLV�HQWLUH�RSHUDWLRQ�LV�FDOOHG�UHKDVKLQJ��7KLV�LV�REYLRXVO\�D�YHU\�H[SHQVLYH�RSHUDWLRQ����WKH�
UXQQLQJ�WLPH�LV�2�Q���VLQFH�WKHUH�DUH�Q�HOHPHQWV�WR�UHKDVK�DQG�WKH�WDEOH�VL]H�LV�URXJKO\��Q��EXW�
LW�LV�DFWXDOO\�QRW�DOO�WKDW�EDG��EHFDXVH�LW�KDSSHQV�YHU\�LQIUHTXHQWO\��,Q�SDUWLFXODU��WKHUH�PXVW�
KDYH�EHHQ�Q���LQVHUWV�SULRU�WR�WKH�ODVW�UHKDVK��VR�LW�HVVHQWLDOO\�DGGV�D�FRQVWDQW�FRVW�WR�HDFK�
LQVHUWLRQ��,I�WKLV�GDWD�VWUXFWXUH�LV�SDUW�RI�WKH�SURJUDP��WKH�HIIHFW�LV�QRW�QRWLFHDEOH��2Q�WKH�
RWKHU�KDQG��LI�WKH�KDVKLQJ�LV�SHUIRUPHG�DV�SDUW�RI�DQ�LQWHUDFWLYH�V\VWHP��WKHQ�WKH�XQIRUWXQDWH�
XVHU�ZKRVH�LQVHUWLRQ�FDXVHG�D�UHKDVK�FRXOG�VHH�D�VORZGRZQ���

7KLV�LV�ZK\�WKH�QHZ�WDEOH�LV�PDGH�WZLFH�DV�ODUJH�DV�WKH�ROG�WDEOH��

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�

�

)LJXUH������&ORVHG�KDVK�WDEOH�ZLWK�OLQHDU�SURELQJ�ZLWK�LQSXW�������������

�

�

�

)LJXUH������&ORVHG�KDVK�WDEOH�ZLWK�OLQHDU�SURELQJ�DIWHU����LV�LQVHUWHG

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�

�

)LJXUH������&ORVHG�KDVK�WDEOH�DIWHU�UHKDVKLQJ

�

5HKDVKLQJ�FDQ�EH�LPSOHPHQWHG�LQ�VHYHUDO�ZD\V�ZLWK�TXDGUDWLF�SURELQJ��2QH�DOWHUQDWLYH�LV�WR�UHKDVK�
DV�VRRQ�DV�WKH�WDEOH�LV�KDOI�IXOO��7KH�RWKHU�H[WUHPH�LV�WR�UHKDVK�RQO\�ZKHQ�DQ�LQVHUWLRQ�IDLOV��$�
WKLUG��PLGGOH�RI�WKH�URDG��VWUDWHJ\�LV�WR�UHKDVK�ZKHQ�WKH�WDEOH�UHDFKHV�D�FHUWDLQ�ORDG�IDFWRU��
6LQFH�SHUIRUPDQFH�GRHV�GHJUDGH�DV�WKH�ORDG�IDFWRU�LQFUHDVHV��WKH�WKLUG�VWUDWHJ\��LPSOHPHQWHG�ZLWK�
D�JRRG�FXWRII��FRXOG�EH�EHVW���

5HKDVKLQJ�IUHHV�WKH�SURJUDPPHU�IURP�ZRUU\LQJ�DERXW�WKH�WDEOH�VL]H�DQG�LV�LPSRUWDQW�EHFDXVH�KDVK�
WDEOHV�FDQQRW�EH�PDGH�DUELWUDULO\�ODUJH�LQ�FRPSOH[�SURJUDPV��7KH�H[HUFLVHV�DVN�\RX�WR�LQYHVWLJDWH�
WKH�XVH�RI�UHKDVKLQJ�LQ�FRQMXQFWLRQ�ZLWK�OD]\�GHOHWLRQ��5HKDVKLQJ�FDQ�EH�XVHG�LQ�RWKHU�GDWD�
VWUXFWXUHV�DV�ZHOO��)RU�LQVWDQFH��LI�WKH�TXHXH�GDWD�VWUXFWXUH�RI�

&KDSWHU���EHFDPH�IXOO��ZH�FRXOG�
GHFODUH�D�GRXEOH�VL]HG�DUUD\�DQG�FRS\�HYHU\WKLQJ�RYHU��IUHHLQJ�WKH�RULJLQDO���
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�

+$6+B7$%/(

�

UHKDVK��+$6+B7$%/(�+��

�

^

�

XQVLJQHG�LQW�L��ROGBVL]H�

�

FHOO�ROGBFHOOV�

�

�����������ROGBFHOOV� �+�!WKHBFHOOV�

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����+$6+,1*

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�����������ROGBVL]H� �+�!WDEOHBVL]H��

��*HW�D�QHZ��HPSW\�WDEOH��

�

����������+� �LQLWLDOL]HBWDEOH���ROGBVL]H���

�

��6FDQ�WKURXJK�ROG�WDEOH��UHLQVHUWLQJ�LQWR�QHZ��

�

����������IRU��L ���L�ROGBVL]H��L����

�

���������������LI��ROGBFHOOV>L@�LQIR�  �OHJLWLPDWH��

�

��������������������LQVHUW��ROGBFHOOV>L@�HOHPHQW��+���

�

����������IUHH��ROGBFHOOV���

�

����������UHWXUQ�+�

�

`

�

)LJXUH�����

�

�����([WHQGLEOH�+DVKLQJ

�

2XU�ODVW�WRSLF�LQ�WKLV�FKDSWHU�GHDOV�ZLWK�WKH�FDVH�ZKHUH�WKH�DPRXQW�RI�GDWD�LV�WRR�ODUJH�WR�ILW�
LQ�PDLQ�PHPRU\��$V�ZH�VDZ�LQ�&KDSWHU����WKH�PDLQ�FRQVLGHUDWLRQ�WKHQ�LV�WKH�QXPEHU�RI�GLVN�
DFFHVVHV�UHTXLUHG�WR�UHWULHYH�GDWD���

$V�EHIRUH��ZH�DVVXPH�WKDW�DW�DQ\�SRLQW�ZH�KDYH�Q�UHFRUGV�WR�VWRUH��WKH�YDOXH�RI�Q�FKDQJHV�RYHU�
WLPH��)XUWKHUPRUH��DW�PRVW�P�UHFRUGV�ILW�LQ�RQH�GLVN�EORFN��:H�ZLOO�XVH�P� ���LQ�WKLV�VHFWLRQ���

,I�HLWKHU�RSHQ�KDVKLQJ�RU�FORVHG�KDVKLQJ�LV�XVHG��WKH�PDMRU�SUREOHP�LV�WKDW�FROOLVLRQV�FRXOG�
FDXVH�VHYHUDO�EORFNV�WR�EH�H[DPLQHG�GXULQJ�D�ILQG��HYHQ�IRU�D�ZHOO�GLVWULEXWHG�KDVK�WDEOH��
)XUWKHUPRUH��ZKHQ�WKH�WDEOH�JHWV�WRR�IXOO��DQ�H[WUHPHO\�H[SHQVLYH�UHKDVKLQJ�VWHS�PXVW�EH�
SHUIRUPHG��ZKLFK�UHTXLUHV�2�Q��GLVN�DFFHVVHV���

$�FOHYHU�DOWHUQDWLYH��NQRZQ�DV�H[WHQGLEOH�KDVKLQJ��DOORZV�D�ILQG�WR�EH�SHUIRUPHG�LQ�WZR�GLVN�
DFFHVVHV��,QVHUWLRQV�DOVR�UHTXLUH�IHZ�GLVN�DFFHVVHV���

:H�UHFDOO�IURP�&KDSWHU���WKDW�D�%�WUHH�KDV�GHSWK�2�ORJP��
Q���$V�P�LQFUHDVHV��WKH�GHSWK�RI�D�%�

WUHH�GHFUHDVHV��:H�FRXOG�LQ�WKHRU\�FKRRVH�P�WR�EH�VR�ODUJH�WKDW�WKH�GHSWK�RI�WKH�%�WUHH�ZRXOG�EH�
���7KHQ�DQ\�ILQG�DIWHU�WKH�ILUVW�ZRXOG�WDNH�RQH�GLVN�DFFHVV��VLQFH��SUHVXPDEO\��WKH�URRW�QRGH�
FRXOG�EH�VWRUHG�LQ�PDLQ�PHPRU\��7KH�SUREOHP�ZLWK�WKLV�VWUDWHJ\�LV�WKDW�WKH�EUDQFKLQJ�IDFWRU�LV�VR�
KLJK�WKDW�LW�ZRXOG�WDNH�FRQVLGHUDEOH�SURFHVVLQJ�WR�GHWHUPLQH�ZKLFK�OHDI�WKH�GDWD�ZDV�LQ��,I�WKH�
WLPH�WR�SHUIRUP�WKLV�VWHS�FRXOG�EH�UHGXFHG��WKHQ�ZH�ZRXOG�KDYH�D�SUDFWLFDO�VFKHPH��7KLV�LV�
H[DFWO\�WKH�VWUDWHJ\�XVHG�E\�H[WHQGLEOH�KDVKLQJ���

/HW�XV�VXSSRVH��IRU�WKH�PRPHQW��WKDW�RXU�GDWD�FRQVLVWV�RI�VHYHUDO�VL[�ELW�LQWHJHUV��)LJXUH������
VKRZV�DQ�H[WHQGLEOH�KDVKLQJ�VFKHPH�IRU�WKLV�GDWD��7KH�URRW�RI�WKH��WUHH��FRQWDLQV�IRXU�SRLQWHUV�
GHWHUPLQHG�E\�WKH�OHDGLQJ�WZR�ELWV�RI�WKH�GDWD��(DFK�OHDI�KDV�XS�WR�P� ���HOHPHQWV��,W�KDSSHQV�
WKDW�LQ�HDFK�OHDI�WKH�ILUVW�WZR�ELWV�DUH�LGHQWLFDO��WKLV�LV�LQGLFDWHG�E\�WKH�QXPEHU�LQ�
SDUHQWKHVHV��7R�EH�PRUH�IRUPDO��'�ZLOO�UHSUHVHQW�WKH�QXPEHU�RI�ELWV�XVHG�E\�WKH�URRW��ZKLFK�LV�

VRPHWLPHV�NQRZQ�DV�WKH�GLUHFWRU\��7KH�QXPEHU�RI�HQWULHV�LQ�WKH�GLUHFWRU\�LV�WKXV��'��GO�LV�WKH�

QXPEHU�RI�OHDGLQJ�ELWV�WKDW�DOO�WKH�HOHPHQWV�RI�VRPH�OHDI�O�KDYH�LQ�FRPPRQ��GO�ZLOO�GHSHQG�RQ�WKH�
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SDUWLFXODU�OHDI��DQG�GO� �'��

�

�

�

)LJXUH������([WHQGLEOH�KDVKLQJ��RULJLQDO�GDWD

�

6XSSRVH�WKDW�ZH�ZDQW�WR�LQVHUW�WKH�NH\���������7KLV�ZRXOG�JR�LQWR�WKH�WKLUG�OHDI��EXW�DV�WKH�
WKLUG�OHDI�LV�DOUHDG\�IXOO��WKHUH�LV�QR�URRP��:H�WKXV�VSOLW�WKLV�OHDI�LQWR�WZR�OHDYHV��ZKLFK�DUH�
QRZ�GHWHUPLQHG�E\�WKH�ILUVW�WKUHH�ELWV��7KLV�UHTXLUHV�LQFUHDVLQJ�WKH�GLUHFWRU\�VL]H�WR����7KHVH�
FKDQJHV�DUH�UHIOHFWHG�LQ�

)LJXUH�������

�

1RWLFH�WKDW�DOO�RI�WKH�OHDYHV�QRW�LQYROYHG�LQ�WKH�VSOLW�DUH�QRZ�SRLQWHG�WR�E\�WZR�DGMDFHQW�
GLUHFWRU\�HQWULHV��7KXV��DOWKRXJK�DQ�HQWLUH�GLUHFWRU\�LV�UHZULWWHQ��QRQH�RI�WKH�RWKHU�OHDYHV�DUH�
DFWXDOO\�DFFHVVHG���

,I�WKH�NH\��������LV�QRZ�LQVHUWHG��WKHQ�WKH�ILUVW�OHDI�LV�VSOLW��JHQHUDWLQJ�WZR�OHDYHV�ZLWK�GO� �

���6LQFH�'� ����WKH�RQO\�FKDQJH�UHTXLUHG�LQ�WKH�GLUHFWRU\�LV�WKH�XSGDWLQJ�RI�WKH�����DQG�����
SRLQWHUV��6HH�)LJXUH��������

7KLV�YHU\�VLPSOH�VWUDWHJ\�SURYLGHV�TXLFN�DFFHVV�WLPHV�IRU�LQVHUW�DQG�ILQG�RSHUDWLRQV�RQ�ODUJH�
GDWDEDVHV��7KHUH�DUH�D�IHZ�LPSRUWDQW�GHWDLOV�ZH�KDYH�QRW�FRQVLGHUHG���

)LUVW��LW�LV�SRVVLEOH�WKDW�VHYHUDO�GLUHFWRU\�VSOLWV�ZLOO�EH�UHTXLUHG�LI�WKH�HOHPHQWV�LQ�D�OHDI�
DJUHH�LQ�PRUH�WKDQ�'�����OHDGLQJ�ELWV��)RU�LQVWDQFH��VWDUWLQJ�DW�WKH�RULJLQDO�H[DPSOH��ZLWK�'� �
���LI�����������������DQG�ILQDOO\��������DUH�LQVHUWHG��WKH�GLUHFWRU\�VL]H�PXVW�EH�LQFUHDVHG�WR���
WR�GLVWLQJXLVK�EHWZHHQ�WKH�ILYH�NH\V��7KLV�LV�DQ�HDV\�GHWDLO�WR�WDNH�FDUH�RI��EXW�PXVW�QRW�EH�
IRUJRWWHQ��6HFRQG��WKHUH�LV�WKH�SRVVLELOLW\�RI�GXSOLFDWH�NH\V��LI�WKHUH�DUH�PRUH�WKDQ�P�
GXSOLFDWHV��WKHQ�WKLV�DOJRULWKP�GRHV�QRW�ZRUN�DW�DOO��,Q�WKLV�FDVH��VRPH�RWKHU�DUUDQJHPHQWV�QHHG�
WR�EH�PDGH���

7KHVH�SRVVLELOLWLHV�VXJJHVW�WKDW�LW�LV�LPSRUWDQW�IRU�WKH�ELWV�WR�EH�IDLUO\�UDQGRP��7KLV�FDQ�EH�
DFFRPSOLVKHG�E\�KDVKLQJ�WKH�NH\V�LQWR�D�UHDVRQDEO\�ORQJ�LQWHJHU��KHQFH�WKH�UHDVRQ�IRU�WKH�QDPH���
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�

�

)LJXUH������([WHQGLEOH�KDVKLQJ��DIWHU�LQVHUWLRQ�RI��������DQG�GLUHFWRU\�VSOLW

�

�

�

)LJXUH������([WHQGLEOH�KDVKLQJ��DIWHU�LQVHUWLRQ�RI��������DQG�OHDI�VSOLW

�

:H�FORVH�E\�PHQWLRQLQJ�VRPH�RI�WKH�SHUIRUPDQFH�SURSHUWLHV�RI�H[WHQGLEOH�KDVKLQJ��ZKLFK�DUH�
GHULYHG�DIWHU�D�YHU\�GLIILFXOW�DQDO\VLV��7KHVH�UHVXOWV�DUH�EDVHG�RQ�WKH�UHDVRQDEOH�DVVXPSWLRQ�
WKDW�WKH�ELW�SDWWHUQV�DUH�XQLIRUPO\�GLVWULEXWHG���

7KH�H[SHFWHG�QXPEHU�RI�OHDYHV�LV��Q���P��ORJ��H��7KXV�WKH�DYHUDJH�OHDI�LV�OQ��� ������IXOO��7KLV�

LV�WKH�VDPH�DV�%�WUHHV��ZKLFK�LV�QRW�HQWLUHO\�VXUSULVLQJ��VLQFH�IRU�ERWK�GDWD�VWUXFWXUHV�QHZ�
QRGHV�DUH�FUHDWHG�ZKHQ�WKH��P�����VW�HQWU\�LV�DGGHG���

7KH�PRUH�VXUSULVLQJ�UHVXOW�LV�WKDW�WKH�H[SHFWHG�VL]H�RI�WKH�GLUHFWRU\��LQ�RWKHU�ZRUGV���'��LV�2

�Q�����P��P���,I�P�LV�YHU\�VPDOO��WKHQ�WKH�GLUHFWRU\�FDQ�JHW�XQGXO\�ODUJH��,Q�WKLV�FDVH��ZH�FDQ�
KDYH�WKH�OHDYHV�FRQWDLQ�SRLQWHUV�WR�WKH�UHFRUGV�LQVWHDG�RI�WKH�DFWXDO�UHFRUGV��WKXV�LQFUHDVLQJ�
WKH�YDOXH�RI�P��7KLV�DGGV�D�VHFRQG�GLVN�DFFHVV�WR�HDFK�ILQG�RSHUDWLRQ�LQ�RUGHU�WR�PDLQWDLQ�D�
VPDOOHU�GLUHFWRU\��,I�WKH�GLUHFWRU\�LV�WRR�ODUJH�WR�ILW�LQ�PDLQ�PHPRU\��WKH�VHFRQG�GLVN�DFFHVV�
ZRXOG�EH�QHHGHG�DQ\ZD\���
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6XPPDU\�

+DVK�WDEOHV�FDQ�EH�XVHG�WR�LPSOHPHQW�WKH�LQVHUW�DQG�ILQG�RSHUDWLRQV�LQ�FRQVWDQW�DYHUDJH�WLPH��,W�
LV�HVSHFLDOO\�LPSRUWDQW�WR�SD\�DWWHQWLRQ�WR�GHWDLOV�VXFK�DV�ORDG�IDFWRU�ZKHQ�XVLQJ�KDVK�WDEOHV��
VLQFH�RWKHUZLVH�WKH�WLPH�ERXQGV�DUH�QRW�YDOLG��,W�LV�DOVR�LPSRUWDQW�WR�FKRRVH�WKH�KDVK�IXQFWLRQ�
FDUHIXOO\�ZKHQ�WKH�NH\�LV�QRW�D�VKRUW�VWULQJ�RU�LQWHJHU���

)RU�RSHQ�KDVKLQJ��WKH�ORDG�IDFWRU�VKRXOG�EH�FORVH�WR����DOWKRXJK�SHUIRUPDQFH�GRHV�QRW�
VLJQLILFDQWO\�GHJUDGH�XQOHVV�WKH�ORDG�IDFWRU�EHFRPHV�YHU\�ODUJH��)RU�FORVHG�KDVKLQJ��WKH�ORDG�
IDFWRU�VKRXOG�QRW�H[FHHG������XQOHVV�WKLV�LV�FRPSOHWHO\�XQDYRLGDEOH��,I�OLQHDU�SURELQJ�LV�XVHG��
SHUIRUPDQFH�GHJHQHUDWHV�UDSLGO\�DV�WKH�ORDG�IDFWRU�DSSURDFKHV����5HKDVKLQJ�FDQ�EH�LPSOHPHQWHG�WR�
DOORZ�WKH�WDEOH�WR�JURZ��DQG�VKULQN���WKXV�PDLQWDLQLQJ�D�UHDVRQDEOH�ORDG�IDFWRU��7KLV�LV�
LPSRUWDQW�LI�VSDFH�LV�WLJKW�DQG�LW�LV�QRW�SRVVLEOH�MXVW�WR�GHFODUH�D�KXJH�KDVK�WDEOH���

%LQDU\�VHDUFK�WUHHV�FDQ�DOVR�EH�XVHG�WR�LPSOHPHQW�LQVHUW�DQG�ILQG�RSHUDWLRQV��$OWKRXJK�WKH�
UHVXOWLQJ�DYHUDJH�WLPH�ERXQGV�DUH�2�ORJ�Q���ELQDU\�VHDUFK�WUHHV�DOVR�VXSSRUW�URXWLQHV�WKDW�
UHTXLUH�RUGHU�DQG�DUH�WKXV�PRUH�SRZHUIXO��8VLQJ�D�KDVK�WDEOH��LW�LV�QRW�SRVVLEOH�WR�ILQG�WKH�
PLQLPXP�HOHPHQW��,W�LV�QRW�SRVVLEOH�WR�VHDUFK�HIILFLHQWO\�IRU�D�VWULQJ�XQOHVV�WKH�H[DFW�VWULQJ�LV�
NQRZQ��$�ELQDU\�VHDUFK�WUHH�FRXOG�TXLFNO\�ILQG�DOO�LWHPV�LQ�D�FHUWDLQ�UDQJH��WKLV�LV�QRW�
VXSSRUWHG�E\�KDVK�WDEOHV��)XUWKHUPRUH��WKH�2�ORJ�Q��ERXQG�LV�QRW�QHFHVVDULO\�WKDW�PXFK�PRUH�WKDQ�
2������HVSHFLDOO\�VLQFH�QR�PXOWLSOLFDWLRQV�RU�GLYLVLRQV�DUH�UHTXLUHG�E\�VHDUFK�WUHHV���

2Q�WKH�RWKHU�KDQG��WKH�ZRUVW�FDVH�IRU�KDVKLQJ�JHQHUDOO\�UHVXOWV�IURP�DQ�LPSOHPHQWDWLRQ�HUURU��
ZKHUHDV�VRUWHG�LQSXW�FDQ�PDNH�ELQDU\�WUHHV�SHUIRUP�SRRUO\��%DODQFHG�VHDUFK�WUHHV�DUH�TXLWH�
H[SHQVLYH�WR�LPSOHPHQW��VR�LI�QR�RUGHULQJ�LQIRUPDWLRQ�LV�UHTXLUHG�DQG�WKHUH�LV�DQ\�VXVSLFLRQ�WKDW�
WKH�LQSXW�PLJKW�EH�VRUWHG��WKHQ�KDVKLQJ�LV�WKH�GDWD�VWUXFWXUH�RI�FKRLFH���

+DVKLQJ�DSSOLFDWLRQV�DUH�DEXQGDQW��&RPSLOHUV�XVH�KDVK�WDEOHV�WR�NHHS�WUDFN�RI�GHFODUHG�YDULDEOHV�
LQ�VRXUFH�FRGH��7KH�GDWD�VWUXFWXUH�LV�NQRZQ�DV�D�V\PERO�WDEOH��+DVK�WDEOHV�DUH�WKH�LGHDO�
DSSOLFDWLRQ�IRU�WKLV�SUREOHP�EHFDXVH�RQO\�LQVHUWV�DQG�ILQGV�DUH�SHUIRUPHG��,GHQWLILHUV�DUH�
W\SLFDOO\�VKRUW��VR�WKH�KDVK�IXQFWLRQ�FDQ�EH�FRPSXWHG�TXLFNO\���

$�KDVK�WDEOH�LV�XVHIXO�IRU�DQ\�JUDSK�WKHRU\�SUREOHP�ZKHUH�WKH�QRGHV�KDYH�UHDO�QDPHV�LQVWHDG�RI�
QXPEHUV��+HUH��DV�WKH�LQSXW�LV�UHDG��YHUWLFHV�DUH�DVVLJQHG�LQWHJHUV�IURP���RQZDUGV�E\�RUGHU�RI�
DSSHDUDQFH��$JDLQ��WKH�LQSXW�LV�OLNHO\�WR�KDYH�ODUJH�JURXSV�RI�DOSKDEHWL]HG�HQWULHV��)RU�H[DPSOH��
WKH�YHUWLFHV�FRXOG�EH�FRPSXWHUV��7KHQ�LI�RQH�SDUWLFXODU�LQVWDOODWLRQ�OLVWV�LWV�FRPSXWHUV�DV�LEP���
LEP���LEP�����������WKHUH�FRXOG�EH�D�GUDPDWLF�HIIHFW�RQ�HIILFLHQF\�LI�D�VHDUFK�WUHH�LV�XVHG���

$�WKLUG�FRPPRQ�XVH�RI�KDVK�WDEOHV�LV�LQ�SURJUDPV�WKDW�SOD\�JDPHV��$V�WKH�SURJUDP�VHDUFKHV�WKURXJK�
GLIIHUHQW�OLQHV�RI�SOD\��LW�NHHSV�WUDFN�RI�SRVLWLRQV�LW�KDV�VHHQ�E\�FRPSXWLQJ�D�KDVK�IXQFWLRQ�
EDVHG�RQ�WKH�SRVLWLRQ��DQG�VWRULQJ�LWV�PRYH�IRU�WKDW�SRVLWLRQ���,I�WKH�VDPH�SRVLWLRQ�UHRFFXUV��
XVXDOO\�E\�D�VLPSOH�WUDQVSRVLWLRQ�RI�PRYHV��WKH�SURJUDP�FDQ�DYRLG�H[SHQVLYH�UHFRPSXWDWLRQ��7KLV�
JHQHUDO�IHDWXUH�RI�DOO�JDPH�SOD\LQJ�SURJUDPV�LV�NQRZQ�DV�WKH�WUDQVSRVLWLRQ�WDEOH���

<HW�DQRWKHU�XVH�RI�KDVKLQJ�LV�LQ�RQOLQH�VSHOOLQJ�FKHFNHUV��,I�PLVVSHOOLQJ�GHWHFWLRQ��DV�RSSRVHG�
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WR�FRUUHFWLRQ��LV�LPSRUWDQW��DQ�HQWLUH�GLFWLRQDU\�FDQ�EH�SUHKDVKHG�DQG�ZRUGV�FDQ�EH�FKHFNHG�LQ�
FRQVWDQW�WLPH��+DVK�WDEOHV�DUH�ZHOO�VXLWHG�IRU�WKLV��EHFDXVH�LW�LV�QRW�LPSRUWDQW�WR�DOSKDEHWL]H�
ZRUGV��SULQWLQJ�RXW�PLVVSHOOLQJV�LQ�WKH�RUGHU�WKH\�RFFXUUHG�LQ�WKH�GRFXPHQW�LV�FHUWDLQO\�
DFFHSWDEOH���

:H�FORVH�WKLV�FKDSWHU�E\�UHWXUQLQJ�WR�WKH�ZRUG�SX]]OH�SUREOHP�RI�

&KDSWHU����,I�WKH�VHFRQG�
DOJRULWKP�GHVFULEHG�LQ�&KDSWHU���LV�XVHG��DQG�ZH�DVVXPH�WKDW�WKH�PD[LPXP�ZRUG�VL]H�LV�VRPH�VPDOO�
FRQVWDQW��WKHQ�WKH�WLPH�WR�UHDG�LQ�WKH�GLFWLRQDU\�FRQWDLQLQJ�:�ZRUGV�DQG�SXW�LW�LQ�D�KDVK�WDEOH�
LV�2�:���7KLV�WLPH�LV�OLNHO\�WR�EH�GRPLQDWHG�E\�WKH�GLVN�,�2�DQG�QRW�WKH�KDVKLQJ�URXWLQHV��7KH�
UHVW�RI�WKH�DOJRULWKP�ZRXOG�WHVW�IRU�WKH�SUHVHQFH�RI�D�ZRUG�IRU�HDFK�RUGHUHG�TXDGUXSOH��URZ��
FROXPQ��RULHQWDWLRQ��QXPEHU�RI�FKDUDFWHUV���$V�HDFK�ORRNXS�ZRXOG�EH�2�����DQG�WKHUH�DUH�RQO\�D�
FRQVWDQW�QXPEHU�RI�RULHQWDWLRQV�����DQG�FKDUDFWHUV�SHU�ZRUG��WKH�UXQQLQJ�WLPH�RI�WKLV�SKDVH�ZRXOG�

EH�2�U� �F���7KH�WRWDO�UXQQLQJ�WLPH�ZRXOG�EH�2��U� �F���:���ZKLFK�LV�D�GLVWLQFW�

LPSURYHPHQW�RYHU�WKH�RULJLQDO�2��U� �F� �:���:H�FRXOG�PDNH�IXUWKHU�RSWLPL]DWLRQV��ZKLFK�
ZRXOG�GHFUHDVH�WKH�UXQQLQJ�WLPH�LQ�SUDFWLFH��WKHVH�DUH�GHVFULEHG�LQ�WKH�H[HUFLVHV���

([HUFLVHV
�

����*LYHQ�LQSXW�^����������������������������������������`�DQG�D�KDVK�IXQFWLRQ�K�[�� �[�PRG������
VKRZ�WKH�UHVXOWLQJ��

D��RSHQ�KDVK�WDEOH�

�

E��FORVHG�KDVK�WDEOH�XVLQJ�OLQHDU�SURELQJ�

�

F��FORVHG�KDVK�WDEOH�XVLQJ�TXDGUDWLF�SURELQJ�

�

G��FORVHG�KDVK�WDEOH�ZLWK�VHFRQG�KDVK�IXQFWLRQ�K��[�� ������[�PRG����

�

����6KRZ�WKH�UHVXOW�RI�UHKDVKLQJ�WKH�KDVK�WDEOHV�LQ�([HUFLVH������

�

����:ULWH�D�SURJUDP�WR�FRPSXWH�WKH�QXPEHU�RI�FROOLVLRQV�UHTXLUHG�LQ�D�ORQJ�UDQGRP�VHTXHQFH�RI�
LQVHUWLRQV�XVLQJ�OLQHDU�SURELQJ��TXDGUDWLF�SURELQJ��DQG�GRXEOH�KDVKLQJ���

����$�ODUJH�QXPEHU�RI�GHOHWLRQV�LQ�DQ�RSHQ�KDVK�WDEOH�FDQ�FDXVH�WKH�WDEOH�WR�EH�IDLUO\�HPSW\��
ZKLFK�ZDVWHV�VSDFH��,Q�WKLV�FDVH��ZH�FDQ�UHKDVK�WR�D�WDEOH�KDOI�DV�ODUJH��$VVXPH�WKDW�ZH�UHKDVK�
WR�D�ODUJHU�WDEOH�ZKHQ�WKHUH�DUH�WZLFH�DV�PDQ\�HOHPHQWV�DV�WKH�WDEOH�VL]H��+RZ�HPSW\�VKRXOG�DQ�
RSHQ�WDEOH�EH�EHIRUH�ZH�UHKDVK�WR�D�VPDOOHU�WDEOH"��

����$Q�DOWHUQDWLYH�FROOLVLRQ�UHVROXWLRQ�VWUDWHJ\�LV�WR�GHILQH�D�VHTXHQFH��I�L�� �UL��ZKHUH�U�� ��

DQG�U���U�����������UQ�LV�D�UDQGRP�SHUPXWDWLRQ�RI�WKH�ILUVW�Q�LQWHJHUV��HDFK�LQWHJHU�DSSHDUV�
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H[DFWO\�RQFH����

D��3URYH�WKDW�XQGHU�WKLV�VWUDWHJ\��LI�WKH�WDEOH�LV�QRW�IXOO��WKHQ�WKH�FROOLVLRQ�FDQ�DOZD\V�EH�
UHVROYHG���

E��:RXOG�WKLV�VWUDWHJ\�EH�H[SHFWHG�WR�HOLPLQDWH�FOXVWHULQJ"�

�

F��,I�WKH�ORDG�IDFWRU�RI�WKH�WDEOH�LV� ��ZKDW�LV�WKH�H[SHFWHG�WLPH�WR�SHUIRUP�DQ�LQVHUW"�

�

G��,I�WKH�ORDG�IDFWRU�RI�WKH�WDEOH�LV� ���ZKDW�LV�WKH�H[SHFWHG�WLPH�IRU�D�VXFFHVVIXO�VHDUFK"�

�

H��*LYH�DQ�HIILFLHQW�DOJRULWKP��WKHRUHWLFDOO\�DV�ZHOO�DV�SUDFWLFDOO\��WR�JHQHUDWH�WKH�UDQGRP�
VHTXHQFH��([SODLQ�ZK\�WKH�UXOHV�IRU�FKRRVLQJ�3�DUH�LPSRUWDQW���

����:KDW�DUH�WKH�DGYDQWDJHV�DQG�GLVDGYDQWDJHV�RI�WKH�YDULRXV�FROOLVLRQ�UHVROXWLRQ�VWUDWHJLHV"�

�

����:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKH�IROORZLQJ�VWUDWHJ\�IRU�PXOWLSO\LQJ�WZR�VSDUVH�SRO\QRPLDOV�
3���3��RI�VL]H�P�DQG�Q�UHVSHFWLYHO\��(DFK�SRO\QRPLDO�LV�UHSUHVHQWHG�DV�D�OLQNHG�OLVW�ZLWK�FHOOV�

FRQVLVWLQJ�RI�D�FRHIILFLHQW��DQ�H[SRQHQW��DQG�D�QH[W�SRLQWHU��([HUFLVH�������:H�PXOWLSO\�HDFK�
WHUP�LQ�3��E\�D�WHUP�LQ�3��IRU�D�WRWDO�RI�PQ�RSHUDWLRQV��2QH�PHWKRG�LV�WR�VRUW�WKHVH�WHUPV�DQG�

FRPELQH�OLNH�WHUPV��EXW�WKLV�UHTXLUHV�VRUWLQJ�PQ UHFRUGV��ZKLFK�FRXOG�EH�H[SHQVLYH��HVSHFLDOO\�LQ�
VPDOO�PHPRU\�HQYLURQPHQWV��$OWHUQDWLYHO\��ZH�FRXOG�PHUJH�WHUPV�DV�WKH\�DUH�FRPSXWHG�DQG�WKHQ�VRUW�
WKH�UHVXOW���

D��:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKH�DOWHUQDWH�VWUDWHJ\��

�

E��,I�WKH�RXWSXW�SRO\QRPLDO�KDV�DERXW�2�P���Q��WHUPV��WKHQ�ZKDW�LV�WKH�UXQQLQJ�WLPH�RI�ERWK�
PHWKRGV"��

����$�VSHOOLQJ�FKHFNHU�UHDGV�DQ�LQSXW�ILOH�DQG�SULQWV�RXW�DOO�ZRUGV�QRW�LQ�VRPH�RQOLQH�
GLFWLRQDU\��6XSSRVH�WKH�GLFWLRQDU\�FRQWDLQV��������ZRUGV�DQG�WKH�ILOH�LV�RQH�PHJDE\WH��VR�WKDW�
WKH�DOJRULWKP�FDQ�PDNH�RQO\�RQH�SDVV�WKURXJK�WKH�LQSXW�ILOH��$�VLPSOH�VWUDWHJ\�LV�WR�UHDG�WKH�
GLFWLRQDU\�LQWR�D�KDVK�WDEOH�DQG�ORRN�IRU�HDFK�LQSXW�ZRUG�DV�LW�LV�UHDG��$VVXPLQJ�WKDW�DQ�DYHUDJH�
ZRUG�LV�VHYHQ�FKDUDFWHUV�DQG�WKDW�LW�LV�SRVVLEOH�WR�VWRUH�ZRUGV�RI�OHQJWK�O�LQ�O�����E\WHV��VR�
VSDFH�ZDVWH�LV�QRW�PXFK�RI�D�FRQVLGHUDWLRQ���DQG�DVVXPLQJ�D�FORVHG�WDEOH��KRZ�PXFK�VSDFH�GRHV�
WKLV�UHTXLUH"��

����,I�PHPRU\�LV�OLPLWHG�DQG�WKH�HQWLUH�GLFWLRQDU\�FDQQRW�EH�VWRUHG�LQ�D�KDVK�WDEOH��ZH�FDQ�VWLOO�
JHW�DQ�HIILFLHQW�DOJRULWKP�WKDW�DOPRVW�DOZD\V�ZRUNV��:H�GHFODUH�DQ�DUUD\�+B7$%/(�RI�ELWV�
�LQLWLDOL]HG�WR�]HURV��IURP���WR�7$%/(B6,=(������$V�ZH�UHDG�LQ�D�ZRUG��ZH�VHW�+B7$%/(>KDVK�ZRUG�@�
 ����:KLFK�RI�WKH�IROORZLQJ�LV�WUXH"��

D��,I�D�ZRUG�KDVKHV�WR�D�ORFDWLRQ�ZLWK�YDOXH����WKH�ZRUG�LV�QRW�LQ�WKH�GLFWLRQDU\��

�

E��,I�D�ZRUG�KDVKHV�WR�D�ORFDWLRQ�ZLWK�YDOXH����WKHQ�WKH�ZRUG�LV�LQ�WKH�GLFWLRQDU\��

�
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6XSSRVH�ZH�FKRRVH�7$%/(B6,=(� �����������

F��+RZ�PXFK�PHPRU\�GRHV�WKLV�UHTXLUH"�

�

G��:KDW�LV�WKH�SUREDELOLW\�RI�DQ�HUURU�LQ�WKLV�DOJRULWKP"�

�

H��$�W\SLFDO�GRFXPHQW�PLJKW�KDYH�DERXW�WKUHH�DFWXDO�PLVVSHOOLQJV�SHU�SDJH�RI�����ZRUGV��,V�WKLV�
DOJRULWKP�XVDEOH"��

�����'HVFULEH�D�SURFHGXUH�WKDW�DYRLGV�LQLWLDOL]LQJ�D�KDVK�WDEOH��DW�WKH�H[SHQVH�RI�PHPRU\���

�

�����6XSSRVH�ZH�ZDQW�WR�ILQG�WKH�ILUVW�RFFXUUHQFH�RI�D�VWULQJ�S�S�������SN�LQ�D�ORQJ�LQSXW�VWULQJ�

D�D��������DQ��:H�FDQ�VROYH�WKLV�SUREOHP�E\�KDVKLQJ�WKH�SDWWHUQ�VWULQJ��REWDLQLQJ�D�KDVK�YDOXH�

KS��DQG�FRPSDULQJ�WKLV�YDOXH�ZLWK�WKH�KDVK�YDOXH�IRUPHG�IURP�D�D��������DN�D�D��������DN���D�D����

����DN����DQG�VR�RQ�XQWLO�DQ�N��DQ�N���������DQ��,I�ZH�KDYH�D�PDWFK�RI�KDVK�YDOXHV��ZH�FRPSDUH�

WKH�VWULQJV�FKDUDFWHU�E\�FKDUDFWHU�WR�YHULI\�WKH�PDWFK��:H�UHWXUQ�WKH�SRVLWLRQ��LQ�D��LI�WKH�
VWULQJV�DFWXDOO\�GR�PDWFK��DQG�ZH�FRQWLQXH�LQ�WKH�XQOLNHO\�HYHQW�WKDW�WKH�PDWFK�LV�IDOVH���

D��6KRZ�WKDW�LI�WKH�KDVK�YDOXH�RI�DLDL���������DL���N�����LV�NQRZQ��WKHQ�WKH�KDVK�YDOXH�RI�

DL��DL���������DL�N�FDQ�EH�FRPSXWHG�LQ�FRQVWDQW�WLPH���

E��6KRZ�WKDW�WKH�UXQQLQJ�WLPH�LV�2�N���Q��SOXV�WKH�WLPH�VSHQW�UHIXWLQJ�IDOVH�PDWFKHV��

�

F��6KRZ�WKDW�WKH�H[SHFWHG�QXPEHU�RI�IDOVH�PDWFKHV�LV�QHJOLJLEOH��

�

G��:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKLV�DOJRULWKP��

�

H��'HVFULEH�DQ�DOJRULWKP�WKDW�UXQV�LQ�2�N���Q��ZRUVW�FDVH�WLPH��

�

I��'HVFULEH�DQ�DOJRULWKP�WKDW�UXQV�LQ�2�Q�N��DYHUDJH�WLPH��

�

�����$�BASIC�SURJUDP�FRQVLVWV�RI�D�VHULHV�RI�VWDWHPHQWV��HDFK�RI�ZKLFK�LV�QXPEHUHG�LQ�DVFHQGLQJ�
RUGHU��&RQWURO�LV�SDVVHG�E\�XVH�RI�D�JRWR�RU�JRVXE�DQG�D�VWDWHPHQW�QXPEHU��:ULWH�D�SURJUDP�WKDW�
UHDGV�LQ�D�OHJDO�BASIC�SURJUDP�DQG�UHQXPEHUV�WKH�VWDWHPHQWV�VR�WKDW�WKH�ILUVW�VWDUWV�DW�QXPEHU�I
DQG�HDFK�VWDWHPHQW�KDV�D�QXPEHU�G�KLJKHU�WKDQ�WKH�SUHYLRXV�VWDWHPHQW��<RX�PD\�DVVXPH�DQ�XSSHU�
OLPLW�RI�Q�VWDWHPHQWV��EXW�WKH�VWDWHPHQW�QXPEHUV�LQ�WKH�LQSXW�PLJKW�EH�DV�ODUJH�DV�D����ELW�
LQWHJHU��<RXU�SURJUDP�PXVW�UXQ�LQ�OLQHDU�WLPH���

�����D��,PSOHPHQW�WKH�ZRUG�SX]]OH�SURJUDP�XVLQJ�WKH�DOJRULWKP�GHVFULEHG�DW�WKH�HQG�RI�WKH�
FKDSWHU���

E��:H�FDQ�JHW�D�ELJ�VSHHG�LQFUHDVH�E\�VWRULQJ��LQ�DGGLWLRQ�WR�HDFK�ZRUG�Z��DOO�RI�Z
V�SUHIL[HV��
�,I�RQH�RI�Z
V�SUHIL[HV�LV�DQRWKHU�ZRUG�LQ�WKH�GLFWLRQDU\��LW�LV�VWRUHG�DV�D�UHDO�ZRUG���$OWKRXJK�
WKLV�PD\�VHHP�WR�LQFUHDVH�WKH�VL]H�RI�WKH�KDVK�WDEOH�GUDVWLFDOO\��LW�GRHV�QRW��EHFDXVH�PDQ\�ZRUGV�
KDYH�WKH�VDPH�SUHIL[HV��:KHQ�D�VFDQ�LV�SHUIRUPHG�LQ�D�SDUWLFXODU�GLUHFWLRQ��LI�WKH�ZRUG�WKDW�LV�
ORRNHG�XS�LV�QRW�HYHQ�LQ�WKH�KDVK�WDEOH�DV�D�SUHIL[��WKHQ�WKH�VFDQ�LQ�WKDW�GLUHFWLRQ�FDQ�EH�
WHUPLQDWHG�HDUO\��8VH�WKLV�LGHD�WR�ZULWH�DQ�LPSURYHG�SURJUDP�WR�VROYH�WKH�ZRUG�SX]]OH���
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F��,I�ZH�DUH�ZLOOLQJ�WR�VDFULILFH�WKH�VDQFWLW\�RI�WKH�KDVK�WDEOH�ADT��ZH�FDQ�VSHHG�XS�WKH�
SURJUDP�LQ�SDUW��E��E\�QRWLQJ�WKDW�LI��IRU�H[DPSOH��ZH�KDYH�MXVW�FRPSXWHG�WKH�KDVK�IXQFWLRQ�IRU�
�H[FHO���ZH�GR�QRW�QHHG�WR�FRPSXWH�WKH�KDVK�IXQFWLRQ�IRU��H[FHOV��IURP�VFUDWFK��$GMXVW�\RXU�KDVK�
IXQFWLRQ�VR�WKDW�LW�FDQ�WDNH�DGYDQWDJH�RI�LWV�SUHYLRXV�FDOFXODWLRQ���

G��,Q�

&KDSWHU����ZH�VXJJHVWHG�XVLQJ�ELQDU\�VHDUFK��,QFRUSRUDWH�WKH�LGHD�RI�XVLQJ�SUHIL[HV�LQWR�
\RXU�ELQDU\�VHDUFK�DOJRULWKP��7KH�PRGLILFDWLRQ�VKRXOG�EH�VLPSOH��:KLFK�DOJRULWKP�LV�IDVWHU"��

�����6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ�WKH�NH\V���������������������������������������������������
������������������������������������������������������������������������������������������
���������LQWR�DQ�LQLWLDOO\�HPSW\�H[WHQGLEOH�KDVKLQJ�GDWD�VWUXFWXUH�ZLWK�P� �����

�����:ULWH�D�SURJUDP�WR�LPSOHPHQW�H[WHQGLEOH�KDVKLQJ��,I�WKH�WDEOH�LV�VPDOO�HQRXJK�WR�ILW�LQ�PDLQ�
PHPRU\��KRZ�GRHV�LWV�SHUIRUPDQFH�FRPSDUH�ZLWK�RSHQ�DQG�FORVHG�KDVKLQJ"��

5HIHUHQFHV
�

'HVSLWH�WKH�DSSDUHQW�VLPSOLFLW\�RI�KDVKLQJ��PXFK�RI�WKH�DQDO\VLV�LV�TXLWH�GLIILFXOW�DQG�WKHUH�DUH�
VWLOO�PDQ\�XQUHVROYHG�TXHVWLRQV��7KHUH�DUH�DOVR�PDQ\�LQWHUHVWLQJ�WKHRUHWLFDO�LVVXHV��ZKLFK�
JHQHUDOO\�DWWHPSW�WR�PDNH�LW�XQOLNHO\�WKDW�WKH�ZRUVW�FDVH�SRVVLELOLWLHV�RI�KDVKLQJ�DULVH���

$Q�HDUO\�SDSHU�RQ�KDVKLQJ�LV�

>��@��$�ZHDOWK�RI�LQIRUPDWLRQ�RQ�WKH�VXEMHFW��LQFOXGLQJ�DQ�DQDO\VLV�
RI�FORVHG�KDVKLQJ�ZLWK�OLQHDU�SURELQJ�FDQ�EH�IRXQG�LQ�>��@��$Q�H[FHOOHQW�VXUYH\�RQ�WKH�VXEMHFW�LV�
>��@��>��@�FRQWDLQV�VXJJHVWLRQV��DQG�SLWIDOOV��IRU�FKRRVLQJ�KDVK�IXQFWLRQV��3UHFLVH�DQDO\WLF�DQG�
VLPXODWLRQ�UHVXOWV�IRU�DOO�RI�WKH�PHWKRGV�GHVFULEHG�LQ�WKLV�FKDSWHU�FDQ�EH�IRXQG�LQ�>�@���

$Q�DQDO\VLV�RI�GRXEOH�KDVKLQJ�FDQ�EH�IRXQG�LQ�>�@�DQG�>��@��<HW�DQRWKHU�FROOLVLRQ�UHVROXWLRQ�
VFKHPH�LV�FRDOHVFHG�KDVKLQJ��DV�GHVFULEHG�LQ�>��@��<DR�>��@�KDV�VKRZQ�WKDW�XQLIRUP�KDVKLQJ��LQ�
ZKLFK�QR�FOXVWHULQJ�H[LVWV��LV�RSWLPDO�ZLWK�UHVSHFW�WR�FRVW�RI�D�VXFFHVVIXO�VHDUFK���

,I�WKH�LQSXW�NH\V�DUH�NQRZQ�LQ�DGYDQFH��WKHQ�SHUIHFW�KDVK�IXQFWLRQV��ZKLFK�GR�QRW�DOORZ�
FROOLVLRQV��H[LVW�>�@��>�@��6RPH�PRUH�FRPSOLFDWHG�KDVKLQJ�VFKHPHV��IRU�ZKLFK�WKH�ZRUVW�FDVH�
GHSHQGV�QRW�RQ�WKH�SDUWLFXODU�LQSXW�EXW�RQ�UDQGRP�QXPEHUV�FKRVHQ�E\�WKH�DOJRULWKP��DSSHDU�LQ�>�@�
DQG�>�@���

([WHQGLEOH�KDVKLQJ�DSSHDUV�LQ�>�@��ZLWK�DQDO\VLV�LQ�>�@�DQG�>��@��

�

2QH�PHWKRG�RI�LPSOHPHQWLQJ�([HUFLVH�����LV�GHVFULEHG�LQ�>��@��([HUFLVH�������D�G��LV�IURP�>��@��
3DUW��H��LV�IURP�>��@��DQG�SDUW��I��LV�IURP�>�@���

���5��6��%R\HU�DQG�-��6��0RRUH���$�)DVW�6WULQJ�6HDUFKLQJ�$OJRULWKP���&RPPXQLFDWLRQV�RI�WKH�$&0 ���
������������������

���-��/��&DUWHU�DQG�0��1��:HJPDQ���8QLYHUVDO�&ODVVHV�RI�+DVK�)XQFWLRQV���-RXUQDO�RI�&RPSXWHU�DQG�
6\VWHP�6FLHQFHV����������������������
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���0��'LHW]IHOELQJHU��$��5��.DUOLQ��.��0HOKRUQ��)��0H\HU�DXI�GHU�+HLGH��+��5RKQHUW��DQG�5��(��
7DUMDQ��'\QDPLF�3HUIHFW�+DVKLQJ��8SSHU�DQG�/RZHU�%RXQGV���3URFHHGLQJV�RI�WKH�7ZHQW\�QLQWK�,(((�
6\PSRVLXP�RQ�)RXQGDWLRQV�RI�&RPSXWHU�6FLHQFH�������������������

���5��-��(QERG\�DQG�+��&��'X���'\QDPLF�+DVKLQJ�6FKHPHV���&RPSXWLQJ�6XUYH\V��������������������

�

���5��)DJLQ��-��1LHYHUJHOW��1��3LSSHQJHU��DQG�+��5��6WURQJ���([WHQGLEOH�+DVKLQJ�$�)DVW�$FFHVV�
0HWKRG�IRU�'\QDPLF�)LOHV���$&0�7UDQVDFWLRQV�RQ�'DWDEDVH�6\VWHPV���������������������

���3��)ODMROHW���2Q�WKH�3HUIRUPDQFH�(YDOXDWLRQ�RI�([WHQGLEOH�+DVKLQJ�DQG�7ULH�6HDUFKLQJ���$FWD�
,QIRUPDWLFD����������������������

���0��/��)UHGPDQ��-��.RPORV��DQG�(��6]HPHUHGL���6WRULQJ�D�6SDUVH�7DEOH�ZLWK�2����:RUVW�&DVH�
$FFHVV�7LPH���-RXUQDO�RI�WKH�$&0����������������������

���*��+��*RQQHW�DQG�5��%DH]D�<DWHV��+DQGERRN�RI�$OJRULWKPV�DQG�'DWD�6WUXFWXUHV��VHFRQG�HGLWLRQ��
$GGLVRQ�:HVOH\��5HDGLQJ��0$���������

���/��-��*XLEDV�DQG�(��6]HPHUHGL���7KH�$QDO\VLV�RI�'RXEOH�+DVKLQJ���-RXUQDO�RI�&RPSXWHU�DQG�
6\VWHP�6FLHQFHV����������������������

����5��0��.DUS�DQG�0��2��5DELQ���(IILFLHQW�5DQGRPL]HG�3DWWHUQ�0DWFKLQJ�$OJRULWKPV���$LNHQ�
&RPSXWHU�/DERUDWRU\�5HSRUW�75��������+DUYDUG�8QLYHUVLW\��&DPEULGJH��0$���������

����'��(��.QXWK��7KH�$UW�RI�&RPSXWHU�3URJUDPPLQJ��9RO����6RUWLQJ�DQG�6HDUFKLQJ��VHFRQG�SULQWLQJ��
$GGLVRQ�:HVOH\��5HDGLQJ��0$���������

����'��(��.QXWK��-��+��0RUULV��9��5��3UDWW���)DVW�3DWWHUQ�0DWFKLQJ�LQ�6WULQJV���6,$0�-RXUQDO�RQ�
&RPSXWLQJ���������������������

����*��/XHNHU�DQG�0��0RORGRZLWFK���0RUH�$QDO\VLV�RI�'RXEOH�+DVKLQJ���3URFHHGLQJV�RI�WKH�7ZHQWLHWK�
$&0�6\PSRVLXP�RQ�7KHRU\�RI�&RPSXWLQJ�������������������
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����:��'��0DXUHU�DQG�7��*��/HZLV���+DVK�7DEOH�0HWKRGV���&RPSXWLQJ�6XUYH\V�����������������

�

����%��-��0F.HQ]LH��5��+DUULHV��DQG�7��%HOO���6HOHFWLQJ�D�+DVKLQJ�$OJRULWKP���6RIWZDUH��3UDFWLFH�
DQG�([SHULHQFH����������������������

����5��0RUULV���6FDWWHU�6WRUDJH�7HFKQLTXHV���&RPPXQLFDWLRQV�RI�WKH�$&0�������������������

�

����:��:��3HWHUVRQ���$GGUHVVLQJ�IRU�5DQGRP�$FFHVV�6WRUDJH���,%0�-RXUQDO�RI�5HVHDUFK�DQG�
'HYHORSPHQW���������������������

����-��6��9LWWHU���,PSOHPHQWDWLRQV�IRU�&RDOHVFHG�+DVKLQJ���&RPPXQLFDWLRQV�RI�WKH�$&0������������
����������

����$��&��<DR���$�1RWH�RQ�7KH�$QDO\VLV�RI�([WHQGLEOH�+DVKLQJ���,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV����
����������������

����$��&��<DR���8QLIRUP�+DVKLQJ�LV�2SWLPDO���-RXUQDO�RI�WKH�$&0���������������������

�

*R�WR�

&KDSWHU���5HWXUQ�WR�7DEOH�RI�&RQWHQWV�

�
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&+$37(5����
35,25,7<�48(8(6��+($36��

$OWKRXJK�MREV�VHQW�WR�D�OLQH�SULQWHU�DUH�JHQHUDOO\�SODFHG�RQ�D�TXHXH��WKLV�PLJKW�
QRW�DOZD\V�EH�WKH�EHVW�WKLQJ�WR�GR��)RU�LQVWDQFH��RQH�MRE�PLJKW�EH�SDUWLFXODUO\�
LPSRUWDQW��VR�WKDW�LW�PLJKW�EH�GHVLUDEOH�WR�DOORZ�WKDW�MRE�WR�EH�UXQ�DV�VRRQ�DV�
WKH�SULQWHU�LV�DYDLODEOH��&RQYHUVHO\��LI��ZKHQ�WKH�SULQWHU�EHFRPHV�DYDLODEOH��
WKHUH�DUH�VHYHUDO�RQH�SDJH�MREV�DQG�RQH�KXQGUHG�SDJH�MRE��LW�PLJKW�EH�UHDVRQDEOH�
WR�PDNH�WKH�ORQJ�MRE�JR�ODVW��HYHQ�LI�LW�LV�QRW�WKH�ODVW�MRE�VXEPLWWHG��
�8QIRUWXQDWHO\��PRVW�V\VWHPV�GR�QRW�GR�WKLV��ZKLFK�FDQ�EH�SDUWLFXODUO\�DQQR\LQJ�
DW�WLPHV����

6LPLODUO\��LQ�D�PXOWLXVHU�HQYLURQPHQW��WKH�RSHUDWLQJ�V\VWHP�VFKHGXOHU�PXVW�GHFLGH�
ZKLFK�RI�VHYHUDO�SURFHVVHV�WR�UXQ��*HQHUDOO\�D�SURFHVV�LV�RQO\�DOORZHG�WR�UXQ�IRU�
D�IL[HG�SHULRG�RI�WLPH��2QH�DOJRULWKP�XVHV�D�TXHXH��-REV�DUH�LQLWLDOO\�SODFHG�DW�
WKH�HQG�RI�WKH�TXHXH��7KH�VFKHGXOHU�ZLOO�UHSHDWHGO\�WDNH�WKH�ILUVW�MRE�RQ�WKH�
TXHXH��UXQ�LW�XQWLO�HLWKHU�LW�ILQLVKHV�RU�LWV�WLPH�OLPLW�LV�XS��DQG�SODFH�LW�DW�
WKH�HQG�RI�WKH�TXHXH�LI�LW�GRHV�QRW�ILQLVK��7KLV�VWUDWHJ\�LV�JHQHUDOO\�QRW�
DSSURSULDWH��EHFDXVH�YHU\�VKRUW�MREV�ZLOO�VHHP�WR�WDNH�D�ORQJ�WLPH�EHFDXVH�RI�WKH�
ZDLW�LQYROYHG�WR�UXQ��*HQHUDOO\��LW�LV�LPSRUWDQW�WKDW�VKRUW�MREV�ILQLVK�DV�IDVW�
DV�SRVVLEOH��VR�WKHVH�MREV�VKRXOG�KDYH�SUHIHUHQFH�RYHU�MREV�WKDW�KDYH�DOUHDG\�
EHHQ�UXQQLQJ��)XUWKHUPRUH��VRPH�MREV�WKDW�DUH�QRW�VKRUW�DUH�VWLOO�YHU\�LPSRUWDQW�
DQG�VKRXOG�DOVR�KDYH�SUHIHUHQFH���

7KLV�SDUWLFXODU�DSSOLFDWLRQ�VHHPV�WR�UHTXLUH�D�VSHFLDO�NLQG�RI�TXHXH��NQRZQ�DV�D�
SULRULW\�TXHXH��,Q�WKLV�FKDSWHU��ZH�ZLOO�GLVFXVV��

�(IILFLHQW�LPSOHPHQWDWLRQ�RI�WKH�SULRULW\�TXHXH�ADT���

�8VHV�RI�SULRULW\�TXHXHV���

�$GYDQFHG�LPSOHPHQWDWLRQV�RI�SULRULW\�TXHXHV���

7KH�GDWD�VWUXFWXUHV�ZH�ZLOO�VHH�DUH�DPRQJ�WKH�PRVW�HOHJDQW�LQ�FRPSXWHU�VFLHQFH���

�����0RGHO�

$�SULRULW\�TXHXH�LV�D�GDWD�VWUXFWXUH�WKDW�DOORZV�DW�OHDVW�WKH�IROORZLQJ�WZR�
RSHUDWLRQV��LQVHUW��ZKLFK�GRHV�WKH�REYLRXV�WKLQJ��DQG�GHOHWHBPLQ��ZKLFK�ILQGV��
UHWXUQV�DQG�UHPRYHV�WKH�PLQLPXP�HOHPHQW�LQ�WKH�KHDS��7KH�LQVHUW�RSHUDWLRQ�LV�WKH�
HTXLYDOHQW�RI�HQTXHXH��DQG�GHOHWHBPLQ�LV�WKH�SULRULW\�TXHXH�HTXLYDOHQW�RI�WKH�
TXHXH
V�GHTXHXH�RSHUDWLRQ��7KH�GHOHWHBPLQ IXQFWLRQ�DOVR�DOWHUV�LWV�LQSXW��&XUUHQW�
WKLQNLQJ�LQ�WKH�VRIWZDUH�HQJLQHHULQJ�FRPPXQLW\�VXJJHVWV�WKDW�WKLV�LV�QR�ORQJHU�D�
JRRG�LGHD��+RZHYHU��ZH�ZLOO�FRQWLQXH�WR�XVH�WKLV�IXQFWLRQ�EHFDXVH�RI�KLVWRULFDO�
UHDVRQV��PDQ\�SURJUDPPHUV�H[SHFW�GHOHWHBPLQ�WR�RSHUDWH�WKLV�ZD\���

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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��

)LJXUH�����%DVLF�PRGHO�RI�D�SULRULW\�TXHXH�

$V�ZLWK�PRVW�GDWD�VWUXFWXUHV��LW�LV�VRPHWLPHV�SRVVLEOH�WR�DGG�RWKHU�RSHUDWLRQV��
EXW�WKHVH�DUH�H[WHQVLRQV�DQG�QRW�SDUW�RI�WKH�EDVLF�PRGHO�GHSLFWHG�LQ�)LJXUH������

3ULRULW\�TXHXHV�KDYH�PDQ\�DSSOLFDWLRQV�EHVLGHV�RSHUDWLQJ�V\VWHPV��,Q�&KDSWHU����
ZH�ZLOO�VHH�KRZ�SULRULW\�TXHXHV�DUH�XVHG�IRU�H[WHUQDO�VRUWLQJ��3ULRULW\�TXHXHV�
DUH�DOVR�LPSRUWDQW�LQ�WKH�LPSOHPHQWDWLRQ�RI�JUHHG\�DOJRULWKPV��ZKLFK�RSHUDWH�E\�
UHSHDWHGO\�ILQGLQJ�D�PLQLPXP��ZH�ZLOO�VHH�VSHFLILF�H[DPSOHV�LQ�&KDSWHUV���DQG�����
,Q�WKLV�FKDSWHU�ZH�ZLOO�VHH�D�XVH�RI�SULRULW\�TXHXHV�LQ�GLVFUHWH�HYHQW�
VLPXODWLRQ���

�����6LPSOH�,PSOHPHQWDWLRQV�

7KHUH�DUH�VHYHUDO�REYLRXV�ZD\V�WR�LPSOHPHQW�D�SULRULW\�TXHXH��:H�FRXOG�XVH�D�
VLPSOH�OLQNHG�OLVW��SHUIRUPLQJ�LQVHUWLRQV�DW�WKH�IURQW�LQ�2����DQG�WUDYHUVLQJ�WKH�
OLVW��ZKLFK�UHTXLUHV�2�Q��WLPH��WR�GHOHWH�WKH�PLQLPXP��$OWHUQDWLYHO\��ZH�FRXOG�
LQVLVW�WKDW�WKH�OLVW�EH�DOZD\V�NHSW�VRUWHG��WKLV�PDNHV�LQVHUWLRQV�H[SHQVLYH��2
�Q���DQG�GHOHWHBPLQV�FKHDS��2������7KH�IRUPHU�LV�SUREDEO\�WKH�EHWWHU�LGHD�RI�WKH�
WZR��EDVHG�RQ�WKH�IDFW�WKDW�WKHUH�DUH�QHYHU�PRUH�GHOHWHBPLQV�WKDQ�LQVHUWLRQV���

$QRWKHU�ZD\�RI�LPSOHPHQWLQJ�SULRULW\�TXHXHV�ZRXOG�EH�WR�XVH�D�ELQDU\�VHDUFK�WUHH��
7KLV�JLYHV�DQ�2�ORJ�Q��DYHUDJH�UXQQLQJ�WLPH�IRU�ERWK�RSHUDWLRQV��7KLV�LV�WUXH�LQ�
VSLWH�RI�WKH�IDFW�WKDW�DOWKRXJK�WKH�LQVHUWLRQV�DUH�UDQGRP��WKH�GHOHWLRQV�DUH�QRW��
5HFDOO�WKDW�WKH�RQO\�HOHPHQW�ZH�HYHU�GHOHWH�LV�WKH�PLQLPXP��5HSHDWHGO\�UHPRYLQJ�D�
QRGH�WKDW�LV�LQ�WKH�OHIW�VXEWUHH�ZRXOG�VHHP�WR�KXUW�WKH�EDODQFH�RI�WKH�WUHH�E\�
PDNLQJ�WKH�ULJKW�VXEWUHH�KHDY\��+RZHYHU��WKH�ULJKW�VXEWUHH�LV�UDQGRP��,Q�WKH�
ZRUVW�FDVH��ZKHUH�WKH�GHOHWHBPLQV�KDYH�GHSOHWHG�WKH�OHIW�VXEWUHH��WKH�ULJKW�
VXEWUHH�ZRXOG�KDYH�DW�PRVW�WZLFH�DV�PDQ\�HOHPHQWV�DV�LW�VKRXOG��7KLV�DGGV�RQO\�D�
VPDOO�FRQVWDQW�WR�LWV�H[SHFWHG�GHSWK��1RWLFH�WKDW�WKH�ERXQG�FDQ�EH�PDGH�LQWR�D�
ZRUVW�FDVH�ERXQG�E\�XVLQJ�D�EDODQFHG�WUHH��WKLV�SURWHFWV�RQH�DJDLQVW�EDG�
LQVHUWLRQ�VHTXHQFHV���

8VLQJ�D�VHDUFK�WUHH�FRXOG�EH�RYHUNLOO�EHFDXVH�LW�VXSSRUWV�D�KRVW�RI�RSHUDWLRQV�
WKDW�DUH�QRW�UHTXLUHG��7KH�EDVLF�GDWD�VWUXFWXUH�ZH�ZLOO�XVH�ZLOO�QRW�UHTXLUH�
SRLQWHUV�DQG�ZLOO�VXSSRUW�ERWK�RSHUDWLRQV�LQ�2�ORJ�Q��ZRUVW�FDVH�WLPH��,QVHUWLRQ�
ZLOO�DFWXDOO\�WDNH�FRQVWDQW�WLPH�RQ�DYHUDJH��DQG�RXU�LPSOHPHQWDWLRQ�ZLOO�DOORZ�
EXLOGLQJ�D�KHDS�RI�Q�LWHPV�LQ�OLQHDU�WLPH��LI�QR�GHOHWLRQV�LQWHUYHQH��:H�ZLOO�
WKHQ�GLVFXVV�KRZ�WR�LPSOHPHQW�KHDSV�WR�VXSSRUW�HIILFLHQW�PHUJLQJ��7KLV�DGGLWLRQDO�
RSHUDWLRQ�VHHPV�WR�FRPSOLFDWH�PDWWHUV�D�ELW�DQG�DSSDUHQWO\�UHTXLUHV�WKH�XVH�RI�
SRLQWHUV���

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�����%LQDU\�+HDS�

7KH�LPSOHPHQWDWLRQ�ZH�ZLOO�XVH�LV�NQRZQ�DV�D�ELQDU\�KHDS��,WV�XVH�LV�VR�FRPPRQ�
IRU�SULRULW\�TXHXH�LPSOHPHQWDWLRQV�WKDW�ZKHQ�WKH�ZRUG�KHDS�LV�XVHG�ZLWKRXW�D�
TXDOLILHU��LW�LV�JHQHUDOO\�DVVXPHG�WR�EH�UHIHUULQJ�WR�WKLV�LPSOHPHQWDWLRQ�RI�WKH�
GDWD�VWUXFWXUH��,Q�WKLV�VHFWLRQ��ZH�ZLOO�UHIHU�WR�ELQDU\�KHDSV�DV�PHUHO\�KHDSV��
/LNH�ELQDU\�VHDUFK�WUHHV��KHDSV�KDYH�WZR�SURSHUWLHV��QDPHO\��D�VWUXFWXUH�SURSHUW\�
DQG�D�KHDS�RUGHU�SURSHUW\��$V�ZLWK�AVL WUHHV��DQ�RSHUDWLRQ�RQ�D�KHDS�FDQ�GHVWUR\�
RQH�RI�WKH�SURSHUWLHV��VR�D�KHDS�RSHUDWLRQ�PXVW�QRW�WHUPLQDWH�XQWLO�DOO�KHDS�
SURSHUWLHV�DUH�LQ�RUGHU��7KLV�WXUQV�RXW�WR�EH�VLPSOH�WR�GR���

�������6WUXFWXUH�3URSHUW\��

�������+HDS�2UGHU�3URSHUW\��

�������%DVLF�+HDS�2SHUDWLRQV��

�������2WKHU�+HDS�2SHUDWLRQV��

�������6WUXFWXUH�3URSHUW\�

$�KHDS�LV�D�ELQDU\�WUHH�WKDW�LV�FRPSOHWHO\�ILOOHG��ZLWK�WKH�SRVVLEOH�H[FHSWLRQ�RI�
WKH�ERWWRP�OHYHO��ZKLFK�LV�ILOOHG�IURP�OHIW�WR�ULJKW��6XFK�D�WUHH�LV�NQRZQ�DV�D�
FRPSOHWH�ELQDU\�WUHH��)LJXUH�����VKRZV�DQ�H[DPSOH���

,W�LV�HDV\�WR�VKRZ�WKDW�D�FRPSOHWH�ELQDU\�WUHH�RI�KHLJKW�K�KDV�EHWZHHQ��K�DQG�

�K�������QRGHV��7KLV�LPSOLHV�WKDW�WKH�KHLJKW�RI�D�FRPSOHWH�ELQDU\�WUHH�LV� ORJ�

Q ��ZKLFK�LV�FOHDUO\�2�ORJ�Q����

$Q�LPSRUWDQW�REVHUYDWLRQ�LV�WKDW�EHFDXVH�D�FRPSOHWH�ELQDU\�WUHH�LV�VR�UHJXODU��LW�
FDQ�EH�UHSUHVHQWHG�LQ�DQ�DUUD\�DQG�QR�SRLQWHUV�DUH�QHFHVVDU\��7KH�DUUD\�LQ�)LJXUH�
����FRUUHVSRQGV�WR�WKH�KHDS�LQ�)LJXUH�������

��
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)LJXUH�����$�FRPSOHWH�ELQDU\�WUHH�

��

)LJXUH�����$UUD\�LPSOHPHQWDWLRQ�RI�FRPSOHWH�ELQDU\�WUHH�

)RU�DQ\�HOHPHQW�LQ�DUUD\�SRVLWLRQ�L��WKH�OHIW�FKLOG�LV�LQ�SRVLWLRQ��L��WKH�ULJKW�
FKLOG�LV�LQ�WKH�FHOO�DIWHU�WKH�OHIW�FKLOG���L ������DQG�WKH�SDUHQW�LV�LQ�SRVLWLRQ�

i�� ��7KXV�QRW�RQO\�DUH�SRLQWHUV�QRW�UHTXLUHG��EXW�WKH�RSHUDWLRQV�UHTXLUHG�
WR�WUDYHUVH�WKH�WUHH�DUH�H[WUHPHO\�VLPSOH�DQG�OLNHO\�WR�EH�YHU\�IDVW�RQ�PRVW�
FRPSXWHUV��7KH�RQO\�SUREOHP�ZLWK�WKLV�LPSOHPHQWDWLRQ�LV�WKDW�DQ�HVWLPDWH�RI�WKH�
PD[LPXP�KHDS�VL]H�LV�UHTXLUHG�LQ�DGYDQFH��EXW�W\SLFDOO\�WKLV�LV�QRW�D�SUREOHP��,Q�
WKH�ILJXUH�DERYH��WKH�OLPLW�RQ�WKH�KHDS�VL]H�LV����HOHPHQWV��7KH�DUUD\�KDV�D�
SRVLWLRQ����PRUH�RQ�WKLV�ODWHU���

$�KHDS�GDWD�VWUXFWXUH�ZLOO��WKHQ��FRQVLVW�RI�DQ�DUUD\��RI�ZKDWHYHU�W\SH�WKH�NH\�
LV��DQG�LQWHJHUV�UHSUHVHQWLQJ�WKH�PD[LPXP��QG�FXUUHQW�KHDS�VL]H��)LJXUH���� VKRZV�
D�W\SLFDO�SULRULW\�TXHXH�GHFODUDWLRQ��1RWLFH�WKH�VLPLODULW\�WR�WKH�VWDFN�
GHFODUDWLRQ�LQ�)LJXUH�������)LJXUH����D�FUHDWHV�DQ�HPSW\�KHDS��/LQH����ZLOO�EH�
H[SODLQHG�ODWHU���

7KURXJKRXW�WKLV�FKDSWHU��ZH�VKDOO�GUDZ�WKH�KHDSV�DV�WUHHV��ZLWK�WKH�LPSOLFDWLRQ�
WKDW�DQ�DFWXDO�LPSOHPHQWDWLRQ�ZLOO�XVH�VLPSOH�DUUD\V���

�������+HDS�2UGHU�3URSHUW\�

7KH�SURSHUW\�WKDW�DOORZV�RSHUDWLRQV�WR�EH�SHUIRUPHG�TXLFNO\�LV�WKH�KHDS�RUGHU�
SURSHUW\��6LQFH�ZH�ZDQW�WR�EH�DEOH�WR�ILQG�WKH�PLQLPXP�TXLFNO\��LW�PDNHV�VHQVH�
WKDW�WKH�VPDOOHVW�HOHPHQW�VKRXOG�EH�DW�WKH�URRW��,I�ZH�FRQVLGHU�WKDW�DQ\�VXEWUHH�
VKRXOG�DOVR�EH�D�KHDS��WKHQ�DQ\�QRGH�VKRXOG�EH�VPDOOHU�WKDQ�DOO�RI�LWV�
GHVFHQGDQWV���

$SSO\LQJ�WKLV�ORJLF��ZH�DUULYH�DW�WKH�KHDS�RUGHU�SURSHUW\��,Q�D�KHDS��IRU�HYHU\�
QRGH�;��WKH�NH\�LQ�WKH�SDUHQW�RI�;�LV�VPDOOHU�WKDQ��RU�HTXDO�WR��WKH�NH\�LQ�;��
ZLWK�WKH�REYLRXV�H[FHSWLRQ�RI�WKH�URRW��ZKLFK�KDV�QR�SDUHQW���,Q�)LJXUH�����WKH�
WUHH�RQ�WKH�OHIW�LV�D�KHDS��EXW�WKH�WUHH�RQ�WKH�ULJKW�LV�QRW��WKH�GDVKHG�OLQH�
VKRZV�WKH�YLRODWLRQ�RI�KHDS�RUGHU���$V�XVXDO��ZH�ZLOO�DVVXPH�WKDW�WKH�NH\V�DUH�
LQWHJHUV��DOWKRXJK�WKH\�FRXOG�EH�DUELWUDULO\�FRPSOH[���

$QDORJRXVO\��ZH�FDQ�GHFODUH�D��PD[��KHDS��ZKLFK�HQDEOHV�XV�WR�HIILFLHQWO\�ILQG�
DQG�UHPRYH�WKH�PD[LPXP�HOHPHQW��E\�FKDQJLQJ�WKH�KHDS�RUGHU�SURSHUW\��7KXV��D�
SULRULW\�TXHXH�FDQ�EH�XVHG�WR�ILQG�HLWKHU�D�PLQLPXP�RU�D�PD[LPXP��EXW�WKLV�QHHGV�
WR�EH�GHFLGHG�DKHDG�RI�WLPH���

%\�WKH�KHDS�RUGHU�SURSHUW\��WKH�PLQLPXP�HOHPHQW�FDQ�DOZD\V�EH�IRXQG�DW�WKH�URRW��
7KXV��ZH�JHW�WKH�H[WUD�RSHUDWLRQ��ILQGBPLQ��LQ�FRQVWDQW�WLPH���

VWUXFW�KHDSBVWUXFW�
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^�

��0D[LPXP���WKDW�FDQ�ILW�LQ�WKH�KHDS���

XQVLJQHG�LQW�PD[BKHDSBVL]H��

��&XUUHQW���RI�HOHPHQWV�LQ�WKH�KHDS���

XQVLJQHG�LQW�VL]H��

HOHPHQWBW\SH�HOHPHQWV��

`��

W\SHGHI�VWUXFW�KHDSBVWUXFW�35,25,7<B48(8(��

)LJXUH�����'HFODUDWLRQ�IRU�SULRULW\�TXHXH�

35,25,7<B48(8(�

FUHDWHBST��XQVLJQHG�LQW�PD[BHOHPHQWV���

^�

35,25,7<B48(8(�+��

����������LI��PD[BHOHPHQWV���0,1B34B6,=(���

���������������HUURU��3ULRULW\�TXHXH�VL]H�LV�WRR�VPDOO����

����������+� ��35,25,7<B48(8(��PDOORF���VL]HRI��VWUXFW�KHDSBVWUXFW�����

����������LI��+�  �18//���

���������������IDWDOBHUURU��2XW�RI�VSDFH�������

��$OORFDWH�WKH�DUUD\���RQH�H[WUD�IRU�VHQWLQHO���

����������+�!HOHPHQWV� ��HOHPHQWBW\SH���PDOORF�

����PD[BHOHPHQWV�����VL]HRI��HOHPHQWBW\SH�����

����������LI��+�!HOHPHQWV�  �18//���

��������������IDWDOBHUURU��2XW�RI�VSDFH�������

����������+�!PD[BKHDSBVL]H� �PD[BHOHPHQWV��

����������+�!VL]H� ����

����������+�!HOHPHQWV>�@� �0,1B'$7$��

����������UHWXUQ�+��

`�
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)LJXUH����D�

��

)LJXUH�����7ZR�FRPSOHWH�WUHHV��RQO\�WKH�OHIW�WUHH�LV�D�KHDS��

�������%DVLF�+HDS�2SHUDWLRQV�

,W�LV�HDV\��ERWK�FRQFHSWXDOO\�DQG�SUDFWLFDOO\��WR�SHUIRUP�WKH�WZR�UHTXLUHG�
RSHUDWLRQV��$OO�WKH�ZRUN�LQYROYHV�HQVXULQJ�WKDW�WKH�KHDS�RUGHU�SURSHUW\�LV�
PDLQWDLQHG���

,QVHUW��

'HOHWHBPLQ��

,QVHUW�

7R�LQVHUW�DQ�HOHPHQW�[�LQWR�WKH�KHDS��ZH�FUHDWH�D�KROH�LQ�WKH�QH[W�DYDLODEOH�
ORFDWLRQ��VLQFH�RWKHUZLVH�WKH�WUHH�ZLOO�QRW�EH�FRPSOHWH��,I�[�FDQ�EH�SODFHG�LQ�
WKH�KROH�ZLWKRXW�YLRODWLQJ�KHDS�RUGHU��WKHQ�ZH�GR�VR�DQG�DUH�GRQH��2WKHUZLVH�ZH�
VOLGH�WKH�HOHPHQW�WKDW�LV�LQ�WKH�KROH
V�SDUHQW�QRGH�LQWR�WKH�KROH��WKXV�EXEEOLQJ�
WKH�KROH�XS�WRZDUG�WKH�URRW��:H�FRQWLQXH�WKLV�SURFHVV�XQWLO�[�FDQ�EH�SODFHG�LQ�
WKH�KROH��)LJXUH�����VKRZV�WKDW�WR�LQVHUW�����ZH�FUHDWH�D�KROH�LQ�WKH�QH[W�
DYDLODEOH�KHDS�ORFDWLRQ��,QVHUWLQJ����LQ�WKH�KROH�ZRXOG�YLRODWH�WKH�KHDS�RUGHU�
SURSHUW\��VR����LV�VOLG�GRZQ�LQWR�WKH�KROH��7KLV�VWUDWHJ\�LV�FRQWLQXHG�LQ�)LJXUH�
����XQWLO�WKH�FRUUHFW�ORFDWLRQ�IRU����LV�IRXQG���

7KLV�JHQHUDO�VWUDWHJ\�LV�NQRZQ�DV�D�SHUFRODWH�XS��WKH�QHZ�HOHPHQW�LV�SHUFRODWHG�
XS�WKH�KHDS�XQWLO�WKH�FRUUHFW�ORFDWLRQ�LV�IRXQG��,QVHUWLRQ�LV�HDVLO\�LPSOHPHQWHG�
ZLWK�WKH�FRGH�VKRZQ�LQ�)LJXUH�������

:H�FRXOG�KDYH�LPSOHPHQWHG�WKH�SHUFRODWLRQ�LQ�WKH�LQVHUW�URXWLQH�E\�SHUIRUPLQJ�
UHSHDWHG�VZDSV�XQWLO�WKH�FRUUHFW�RUGHU�ZDV�HVWDEOLVKHG��EXW�D�VZDS�UHTXLUHV�WKUHH�
DVVLJQPHQW�VWDWHPHQWV��,I�DQ�HOHPHQW�LV�SHUFRODWHG�XS�G�OHYHOV��WKH�QXPEHU�RI�
DVVLJQPHQWV�SHUIRUPHG�E\�WKH�VZDSV�ZRXOG�EH��G��2XU�PHWKRG�XVHV�G�����
DVVLJQPHQWV���
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��

)LJXUH�����$WWHPSW�WR�LQVHUW�����FUHDWLQJ�WKH�KROH��DQG�EXEEOLQJ�WKH�KROH�XS�

��

)LJXUH�����7KH�UHPDLQLQJ�WZR�VWHSV�WR�LQVHUW����LQ�SUHYLRXV�KHDS�

��+�!HOHPHQW>�@�LV�D�VHQWLQHO���

YRLG�

LQVHUW��HOHPHQWBW\SH�[��35,25,7<B48(8(�+���

^�

XQVLJQHG�LQW�L��

����������LI��LVBIXOO��+�����

���������������HUURU��3ULRULW\�TXHXH�LV�IXOO����

HOVH�

^�

���������������L� ���+�!VL]H��

���������������ZKLOH��+�!HOHPHQWV>L��@�!�[���

^�

��������������������+�!HOHPHQWV>L@� �+�!HOHPHQWV>L��@��

��������������������L�� ����

`�
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���������������+�!HOHPHQWV>L@� �[��

`�

`�

)LJXUH�����3URFHGXUH�WR�LQVHUW�LQWR�D�ELQDU\�KHDS�

,I�WKH�HOHPHQW�WR�EH�LQVHUWHG�LV�WKH�QHZ�PLQLPXP��LW�ZLOO�EH�SXVKHG�DOO�WKH�ZD\�
WR�WKH�WRS��$W�VRPH�SRLQW��L�ZLOO�EH���DQG�ZH�ZLOO�ZDQW�WR�EUHDN�RXW�RI�WKH�ZKLOH
ORRS��:H�FRXOG�GR�WKLV�ZLWK�DQ�H[SOLFLW�WHVW��EXW�ZH�KDYH�FKRVHQ�WR�SXW�D�YHU\�
VPDOO�YDOXH�LQ�SRVLWLRQ���LQ�RUGHU�WR�PDNH�WKH�ZKLOH�ORRS�WHUPLQDWH��7KLV�YDOXH�
PXVW�EH�JXDUDQWHHG�WR�EH�VPDOOHU�WKDQ��RU�HTXDO�WR��DQ\�HOHPHQW�LQ�WKH�KHDS��LW�
LV�NQRZQ�DV�D�VHQWLQHO��7KLV�LGHD�LV�VLPLODU�WR�WKH�XVH�RI�KHDGHU�QRGHV�LQ�OLQNHG�
OLVWV��%\�DGGLQJ�D�GXPP\�SLHFH�RI�LQIRUPDWLRQ��ZH�DYRLG�D�WHVW�WKDW�LV�H[HFXWHG�
RQFH�SHU�ORRS�LWHUDWLRQ��WKXV�VDYLQJ�VRPH�WLPH���

7KH�WLPH�WR�GR�WKH�LQVHUWLRQ�FRXOG�EH�DV�PXFK�DV�2��ORJ�Q���LI�WKH�HOHPHQW�WR�EH�
LQVHUWHG�LV�WKH�QHZ�PLQLPXP�DQG�LV�SHUFRODWHG�DOO�WKH�ZD\�WR�WKH�URRW��2Q�
DYHUDJH��WKH�SHUFRODWLRQ�WHUPLQDWHV�HDUO\��LW�KDV�EHHQ�VKRZQ�WKDW�������
FRPSDULVRQV�DUH�UHTXLUHG�RQ�DYHUDJH�WR�SHUIRUP�DQ�LQVHUW��VR�WKH�DYHUDJH�LQVHUW�
PRYHV�DQ�HOHPHQW�XS�������OHYHOV���

'HOHWHBPLQ�

'HOHWHBPLQV�DUH�KDQGOHG�LQ�D�VLPLODU�PDQQHU�DV�LQVHUWLRQV��)LQGLQJ�WKH�PLQLPXP�LV�
HDV\��WKH�KDUG�SDUW�LV�UHPRYLQJ�LW��:KHQ�WKH�PLQLPXP�LV�UHPRYHG��D�KROH�LV�
FUHDWHG�DW�WKH�URRW��6LQFH�WKH�KHDS�QRZ�EHFRPHV�RQH�VPDOOHU��LW�IROORZV�WKDW�WKH�
ODVW�HOHPHQW�[�LQ�WKH�KHDS�PXVW�PRYH�VRPHZKHUH�LQ�WKH�KHDS��,I�[�FDQ�EH�SODFHG�LQ�
WKH�KROH��WKHQ�ZH�DUH�GRQH��7KLV�LV�XQOLNHO\��VR�ZH�VOLGH�WKH�VPDOOHU�RI�WKH�
KROH
V�FKLOGUHQ�LQWR�WKH�KROH��WKXV�SXVKLQJ�WKH�KROH�GRZQ�RQH�OHYHO��:H�UHSHDW�
WKLV�VWHS�XQWLO�[�FDQ�EH�SODFHG�LQ�WKH�KROH��7KXV��RXU�DFWLRQ�LV�WR�SODFH�[�LQ�
LWV�FRUUHFW�VSRW�DORQJ�D�SDWK�IURP�WKH�URRW�FRQWDLQLQJ�PLQLPXP�FKLOGUHQ���

,Q�)LJXUH�����WKH�OHIW�ILJXUH�VKRZV�D�KHDS�SULRU�WR�WKH�GHOHWHBPLQ��$IWHU����LV�
UHPRYHG��ZH�PXVW�QRZ�WU\�WR�SODFH����LQ�WKH�KHDS�����FDQQRW�EH�SODFHG�LQ�WKH�
KROH��EHFDXVH�WKLV�ZRXOG�YLRODWH�KHDS�RUGHU��7KXV��ZH�SODFH�WKH�VPDOOHU�FKLOG�
�����LQ�WKH�KROH��VOLGLQJ�WKH�KROH�GRZQ�RQH�OHYHO��VHH�)LJ���������:H�UHSHDW�WKLV�
DJDLQ��SODFLQJ����LQWR�WKH�KROH�DQG�FUHDWLQJ�D�QHZ�KROH�RQH�OHYHO�GHHSHU��:H�WKHQ�
SODFH����LQ�WKH�KROH�DQG�FUHDWH�D�QHZ�KROH�RQ�WKH�ERWWRP�OHYHO��)LQDOO\��ZH�DUH�
DEOH�WR�SODFH����LQ�WKH�KROH��)LJ���������7KLV�JHQHUDO�VWUDWHJ\�LV�NQRZQ�DV�D�
SHUFRODWH�GRZQ��:H�XVH�WKH�VDPH�WHFKQLTXH�DV�LQ�WKH�LQVHUW�URXWLQH�WR�DYRLG�WKH�
XVH�RI�VZDSV�LQ�WKLV�URXWLQH���

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



��

)LJXUH�����&UHDWLRQ�RI�WKH�KROH�DW�WKH�URRW�

��

)LJXUH������1H[W�WZR�VWHSV�LQ�GHOHWHBPLQ�

��

)LJXUH������/DVW�WZR�VWHSV�LQ�GHOHWHBPLQ�

$�IUHTXHQW�LPSOHPHQWDWLRQ�HUURU�LQ�KHDSV�RFFXUV�ZKHQ�WKHUH�DUH�DQ�HYHQ�QXPEHU�RI�
HOHPHQWV�LQ�WKH�KHDS��DQG�WKH�RQH�QRGH�WKDW�KDV�RQO\�RQH�FKLOG�LV�HQFRXQWHUHG��
<RX�PXVW�PDNH�VXUH�QRW�WR�DVVXPH�WKDW�WKHUH�DUH�DOZD\V�WZR�FKLOGUHQ��VR�WKLV�
XVXDOO\�LQYROYHV�DQ�H[WUD�WHVW��,Q�WKH�FRGH��GHSLFWHG�LQ�)LJXUH�������ZH
YH�GRQH�
WKLV�WHVW�DW�OLQH����2QH�H[WUHPHO\�WULFN\�VROXWLRQ�LV�DOZD\V�WR�HQVXUH�WKDW�\RXU�
DOJRULWKP�WKLQNV�HYHU\�QRGH�KDV�WZR�FKLOGUHQ��'R�WKLV�E\�SODFLQJ�D�VHQWLQHO��RI�
YDOXH�KLJKHU�WKDQ�DQ\�LQ�WKH�KHDS��DW�WKH�VSRW�DIWHU�WKH�KHDS�HQGV��DW�WKH�VWDUW�
RI�HDFK�SHUFRODWH�GRZQ�ZKHQ�WKH�KHDS�VL]H�LV�HYHQ��<RX�VKRXOG�WKLQN�YHU\�
FDUHIXOO\�EHIRUH�DWWHPSWLQJ�WKLV��DQG�\RX�PXVW�SXW�LQ�D�SURPLQHQW�FRPPHQW�LI�\RX�
GR�XVH�WKLV�WHFKQLTXH���

HOHPHQWBW\SH�

GHOHWHBPLQ��35,25,7<B48(8(�+���
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^�

XQVLJQHG�LQW�L��FKLOG��

HOHPHQWBW\SH�PLQBHOHPHQW��ODVWBHOHPHQW��

����������LI��LVBHPSW\��+�����

^�

���������������HUURU��3ULRULW\�TXHXH�LV�HPSW\����

���������������UHWXUQ�+�!HOHPHQWV>�@��

`�

����������PLQBHOHPHQW� �+�!HOHPHQWV>�@��

����������ODVWBHOHPHQW� �+�!HOHPHQWV>+�!VL]H��@��

����������IRU��L ���L��� �+�!VL]H��L FKLOG���

^�

��ILQG�VPDOOHU�FKLOG���

���������������FKLOG� �L���

���������������LI����FKLOG�� �+�!VL]H���		�

��+�!HOHPHQWV>FKLOG��@���+�!HOHPHQWV�>FKLOG@�����

��������������������FKLOG����

��SHUFRODWH�RQH�OHYHO���

���������������LI��ODVWBHOHPHQW�!�+�!HOHPHQWV>FKLOG@���

��������������������+�!HOHPHQWV>L@� �+�!HOHPHQWV>FKLOG@��

HOVH�

��������������������EUHDN��

`�

����������+�!HOHPHQWV>L@� �ODVWBHOHPHQW��

����������UHWXUQ�PLQBHOHPHQW��

`�

)LJXUH������)XQFWLRQ�WR�SHUIRUP�GHOHWHBPLQ�LQ�D�ELQDU\�KHDS�

$OWKRXJK�WKLV�HOLPLQDWHV�WKH�QHHG�WR�WHVW�IRU�WKH�SUHVHQFH�RI�D�ULJKW�FKLOG��\RX�
FDQQRW�HOLPLQDWH�WKH�UHTXLUHPHQW�WKDW�\RX�WHVW�ZKHQ�\RX�UHDFK�WKH�ERWWRP�EHFDXVH�
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WKLV�ZRXOG�UHTXLUH�D�VHQWLQHO�IRU�HYHU\�OHDI���

7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�IRU�WKLV�RSHUDWLRQ�LV�2�ORJ�Q���2Q�DYHUDJH��WKH�
HOHPHQW�WKDW�LV�SODFHG�DW�WKH�URRW�LV�SHUFRODWHG�DOPRVW�WR�WKH�ERWWRP�RI�WKH�KHDS�
�ZKLFK�LV�WKH�OHYHO�LW�FDPH�IURP���VR�WKH�DYHUDJH�UXQQLQJ�WLPH�LV�2��ORJ�Q����

�������2WKHU�+HDS�2SHUDWLRQV�

1RWLFH�WKDW�DOWKRXJK�ILQGLQJ�WKH�PLQLPXP�FDQ�EH�SHUIRUPHG�LQ�FRQVWDQW�WLPH��D�
KHDS�GHVLJQHG�WR�ILQG�WKH�PLQLPXP�HOHPHQW��DOVR�NQRZQ�DV�D��PLQ��KHDS��LV�RI�QR�
KHOS�ZKDWVRHYHU�LQ�ILQGLQJ�WKH�PD[LPXP�HOHPHQW��,Q�IDFW��D�KHDS�KDV�YHU\�OLWWOH�
RUGHULQJ�LQIRUPDWLRQ��VR�WKHUH�LV�QR�ZD\�WR�ILQG�DQ\�SDUWLFXODU�NH\�ZLWKRXW�D�
OLQHDU�VFDQ�WKURXJK�WKH�HQWLUH�KHDS��7R�VHH�WKLV��FRQVLGHU�WKH�ODUJH�KHDS�
VWUXFWXUH��WKH�HOHPHQWV�DUH�QRW�VKRZQ��LQ�)LJXUH�������ZKHUH�ZH�VHH�WKDW�WKH�RQO\�
LQIRUPDWLRQ�NQRZQ�DERXW�WKH�PD[LPXP�HOHPHQW�LV�WKDW�LW�LV�DW�RQH�RI�WKH�OHDYHV��
+DOI�WKH�HOHPHQWV��WKRXJK��DUH�FRQWDLQHG�LQ�OHDYHV��VR�WKLV�LV�SUDFWLFDOO\�
XVHOHVV�LQIRUPDWLRQ��)RU�WKLV�UHDVRQ��LI�LW�LV�LPSRUWDQW�WR�NQRZ�ZKHUH�HOHPHQWV�
DUH��VRPH�RWKHU�GDWD�VWUXFWXUH��VXFK�DV�D�KDVK�WDEOH��PXVW�EH�XVHG�LQ�DGGLWLRQ�WR�
WKH�KHDS���5HFDOO�WKDW�WKH�PRGHO�GRHV�QRW�DOORZ�ORRNLQJ�LQVLGH�WKH�KHDS����

,I�ZH�DVVXPH�WKDW�WKH�SRVLWLRQ�RI�HYHU\�HOHPHQW�LV�NQRZQ�E\�VRPH�RWKHU�PHWKRG��
WKHQ�VHYHUDO�RWKHU�RSHUDWLRQV�EHFRPH�FKHDS��7KH�WKUHH�RSHUDWLRQV�EHORZ�DOO�UXQ�LQ�
ORJDULWKPLF�ZRUVW�FDVH�WLPH���

'HFUHDVHBNH\��

,QFUHDVHBNH\��

'HOHWH��

%XLOGBKHDS��

'HFUHDVHBNH\�

7KH�GHFUHDVHBNH\�[� ��+��RSHUDWLRQ�ORZHUV�WKH�YDOXH�RI�WKH�NH\�DW�SRVLWLRQ�[�

E\�D�SRVLWLYH�DPRXQW� ��6LQFH�WKLV�PLJKW�YLRODWH�WKH�KHDS�RUGHU��LW�PXVW�EH�
IL[HG�E\�D�SHUFRODWH�XS��7KLV�RSHUDWLRQ�FRXOG�EH�XVHIXO�WR�V\VWHP�DGPLQLVWUDWRUV��
WKH\�FDQ�PDNH�WKHLU�SURJUDPV�UXQ�ZLWK�KLJKHVW�SULRULW\��
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��

)LJXUH������$�YHU\�ODUJH�FRPSOHWH�ELQDU\�WUHH�

,QFUHDVHBNH\�

7KH�LQFUHDVHBNH\�[�� ��+��RSHUDWLRQ�LQFUHDVHV�WKH�YDOXH�RI�WKH�NH\�DW�SRVLWLRQ�

[�E\�D�SRVLWLYH�DPRXQW� ��7KLV�LV�GRQH�ZLWK�D�SHUFRODWH�GRZQ��0DQ\�VFKHGXOHUV�
DXWRPDWLFDOO\�GURS�WKH�SULRULW\�RI�D�SURFHVV�WKDW�LV�FRQVXPLQJ�H[FHVVLYH�CPU 
WLPH���

'HOHWH�

7KH�GHOHWH�[��+��RSHUDWLRQ�UHPRYHV�WKH�QRGH�DW�SRVLWLRQ�[�IURP�WKH�KHDS��7KLV�LV�

GRQH�E\�ILUVW�SHUIRUPLQJ�GHFUHDVHBNH\�[�� ��+��DQG�WKHQ�SHUIRUPLQJ�GHOHWHBPLQ�
�+���:KHQ�D�SURFHVV�LV�WHUPLQDWHG�E\�D�XVHU��LQVWHDG�RI�ILQLVKLQJ�QRUPDOO\���LW�
PXVW�EH�UHPRYHG�IURP�WKH�SULRULW\�TXHXH���

%XLOGBKHDS�

7KH�EXLOGBKHDS�+��RSHUDWLRQ�WDNHV�DV�LQSXW�Q�NH\V�DQG�SODFHV�WKHP�LQWR�DQ�HPSW\�
KHDS��2EYLRXVO\��WKLV�FDQ�EH�GRQH�ZLWK�Q�VXFFHVVLYH�LQVHUWV��6LQFH�HDFK�LQVHUW�
ZLOO�WDNH�2����DYHUDJH�DQG�2�ORJ�Q��ZRUVW�FDVH�WLPH��WKH�WRWDO�UXQQLQJ�WLPH�RI�
WKLV�DOJRULWKP�ZRXOG�EH�2�Q��DYHUDJH�EXW�2�Q�ORJ�Q��ZRUVW�FDVH��6LQFH�WKLV�LV�D�
VSHFLDO�LQVWUXFWLRQ�DQG�WKHUH�DUH�QR�RWKHU�RSHUDWLRQV�LQWHUYHQLQJ��DQG�ZH�DOUHDG\�
NQRZ�WKDW�WKH�LQVWUXFWLRQ�FDQ�EH�SHUIRUPHG�LQ�OLQHDU�DYHUDJH�WLPH��LW�LV�
UHDVRQDEOH�WR�H[SHFW�WKDW�ZLWK�UHDVRQDEOH�FDUH�D�OLQHDU�WLPH�ERXQG�FDQ�EH�
JXDUDQWHHG���

7KH�JHQHUDO�DOJRULWKP�LV�WR�SODFH�WKH�Q�NH\V�LQWR�WKH�WUHH�LQ�DQ\�RUGHU��
PDLQWDLQLQJ�WKH�VWUXFWXUH�SURSHUW\��7KHQ��LI�SHUFRODWHBGRZQ�L��SHUFRODWHV�GRZQ�
IURP�QRGH�L��SHUIRUP�WKH�DOJRULWKP�LQ�)LJXUH������WR�FUHDWH�D�KHDS�RUGHUHG�WUHH��

7KH�ILUVW�WUHH�LQ�)LJXUH������LV�WKH�XQRUGHUHG�WUHH��7KH�VHYHQ�UHPDLQLQJ�WUHHV�LQ�
)LJXUHV������WKURXJK������VKRZ�WKH�UHVXOW�RI�HDFK�RI�WKH�VHYHQ�SHUFRODWH�GRZQV��
(DFK�GDVKHG�OLQH�FRUUHVSRQGV�WR�WZR�FRPSDULVRQV��RQH�WR�ILQG�WKH�VPDOOHU�FKLOG�
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DQG�RQH�WR�FRPSDUH�WKH�VPDOOHU�FKLOG�ZLWK�WKH�QRGH��1RWLFH�WKDW�WKHUH�DUH�RQO\����
GDVKHG�OLQHV�LQ�WKH�HQWLUH�DOJRULWKP��WKHUH�FRXOG�KDYH�EHHQ�DQ���WK����ZKHUH"��
FRUUHVSRQGLQJ�WR����FRPSDULVRQV���

IRU�L Q����L!���L�����

SHUFRODWHBGRZQ��L����

)LJXUH������6NHWFK�RI�EXLOGBKHDS�

��

)LJXUH������/HIW��LQLWLDO�KHDS��ULJKW��DIWHU�SHUFRODWHBGRZQ����

��

)LJXUH������/HIW��DIWHU�SHUFRODWHBGRZQ�����ULJKW��DIWHU�SHUFRODWHBGRZQ����

��

)LJXUH������/HIW��DIWHU�SHUFRODWHBGRZQ�����ULJKW��DIWHU�SHUFRODWHBGRZQ����
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��

)LJXUH������/HIW��DIWHU�SHUFRODWHBGRZQ�����ULJKW��DIWHU�SHUFRODWHBGRZQ����

7R�ERXQG�WKH�UXQQLQJ�WLPH�RI�EXLOGBKHDS��ZH�PXVW�ERXQG�WKH�QXPEHU�RI�GDVKHG�
OLQHV��7KLV�FDQ�EH�GRQH�E\�FRPSXWLQJ�WKH�VXP�RI�WKH�KHLJKWV�RI�DOO�WKH�QRGHV�LQ�
WKH�KHDS��ZKLFK�LV�WKH�PD[LPXP�QXPEHU�RI�GDVKHG�OLQHV��:KDW�ZH�ZRXOG�OLNH�WR�VKRZ�
LV�WKDW�WKLV�VXP�LV�2�Q����

7+(25(0�������

)RU�WKH�SHUIHFW�ELQDU\�WUHH�RI�KHLJKW�K�FRQWDLQLQJ��K���� ��QRGHV��WKH�VXP�RI�WKH�

KHLJKWV�RI�WKH�QRGHV�LV��K����������K��������

3522)���

,W�LV�HDV\�WR�VHH�WKDW�WKLV�WUHH�FRQVLVWV�RI���QRGH�DW�KHLJKW�K����QRGHV�DW�

KHLJKW�K���������QRGHV�DW�KHLJKW�K������DQG�LQ�JHQHUDO��L�QRGHV�DW�KHLJKW�K���L��
7KH�VXP�RI�WKH�KHLJKWV�RI�DOO�WKH�QRGHV�LV�WKHQ��

��

 �K����K����������K����������K�����������K���������������K������
�

������

0XOWLSO\LQJ�E\���JLYHV�WKH�HTXDWLRQ��

�6� ��K�����K����������K�����������K�����������������K����

�

������

:H�VXEWUDFW�WKHVH�WZR�HTXDWLRQV�DQG�REWDLQ�(TXDWLRQ��������:H�ILQG�WKDW�FHUWDLQ�
WHUPV�DOPRVW�FDQFHO��)RU�LQVWDQFH��ZH�KDYH��K�����K������ ������K����������K�� ���

 ����DQG�VR�RQ��7KH�ODVW�WHUP�LQ�(TXDWLRQ���������K��GRHV�QRW�DSSHDU�LQ�(TXDWLRQ�
�������WKXV��LW�DSSHDUV�LQ�(TXDWLRQ��������7KH�ILUVW�WHUP�LQ�(TXDWLRQ��������K��
GRHV�QRW�DSSHDU�LQ�HTXDWLRQ��������WKXV���K�DSSHDUV�LQ�(TXDWLRQ���������

:H�REWDLQ��

6� ���K������������������������K������K� ���K�����������K������

�
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������

ZKLFK�SURYHV�WKH�WKHRUHP���

$�FRPSOHWH�WUHH�LV�QRW�D�SHUIHFW�ELQDU\�WUHH��EXW�WKH�UHVXOW�ZH�KDYH�REWDLQHG�LV�
DQ�XSSHU�ERXQG�RQ�WKH�WKH�VXP�RI�WKH�KHLJKWV�RI�WKH�QRGHV�LQ�D�FRPSOHWH�WUHH��

6LQFH�D�FRPSOHWH�WUHH�KDV�EHWZHHQ��K�DQG��K���QRGHV��WKLV�WKHRUHP�LPSOLHV�WKDW�
WKLV�VXP�LV�2�Q���ZKHUH�Q�LV�WKH�QXPEHU�RI�QRGHV���

$OWKRXJK�WKH�UHVXOW�ZH�KDYH�REWDLQHG�LV�VXIILFLHQW�WR�VKRZ�WKDW�EXLOGBKHDS�LV�
OLQHDU��WKH�ERXQG�RQ�WKH�VXP�RI�WKH�KHLJKWV�LV�QRW�DV�VWURQJ�DV�SRVVLEOH��)RU�D�

FRPSOHWH�WUHH�ZLWK�Q� ��K�QRGHV��WKH�ERXQG�ZH�KDYH�REWDLQHG�LV�URXJKO\��Q��7KH�
VXP�RI�WKH�KHLJKWV�FDQ�EH�VKRZQ�E\�LQGXFWLRQ�WR�EH�Q���E�Q���ZKHUH�E�Q��LV�WKH�
QXPEHU�RI��V�LQ�WKH�ELQDU\�UHSUHVHQWDWLRQ�RI�Q���

�����$SSOLFDWLRQV�RI�3ULRULW\�4XHXHV�

:H�KDYH�DOUHDG\�PHQWLRQHG�KRZ�SULRULW\�TXHXHV�DUH�XVHG�LQ�RSHUDWLQJ�V\VWHPV�
GHVLJQ��,Q�&KDSWHU����ZH�ZLOO�VHH�KRZ�SULRULW\�TXHXHV�DUH�XVHG�WR�LPSOHPHQW�
VHYHUDO�JUDSK�DOJRULWKPV�HIILFLHQWO\��+HUH�ZH�ZLOO�VKRZ�KRZ�WR�XVH�SULRULW\�
TXHXHV�WR�REWDLQ�VROXWLRQV�WR�WZR�SUREOHPV���

�������7KH�6HOHFWLRQ�3UREOHP��

�������(YHQW�6LPXODWLRQ��

�������7KH�6HOHFWLRQ�3UREOHP�

7KH�ILUVW�SUREOHP�ZH�ZLOO�H[DPLQH�LV�WKH�VHOHFWLRQ�SUREOHP�IURP�&KDSWHU����5HFDOO�
WKDW�WKH�LQSXW�LV�D�OLVW�RI�Q�HOHPHQWV��ZKLFK�FDQ�EH�WRWDOO\�RUGHUHG��DQG�DQ�
LQWHJHU�N��7KH�VHOHFWLRQ�SUREOHP�LV�WR�ILQG�WKH�NWK�ODUJHVW�HOHPHQW���

7ZR�DOJRULWKPV�ZHUH�JLYHQ�LQ�&KDSWHU����EXW�QHLWKHU�LV�YHU\�HIILFLHQW��7KH�ILUVW�
DOJRULWKP��ZKLFK�ZH�VKDOO�FDOO�$OJRULWKP��$��LV�WR�UHDG�WKH�HOHPHQWV�LQWR�DQ�
DUUD\�DQG�VRUW�WKHP��UHWXUQLQJ�WKH�DSSURSULDWH�HOHPHQW��$VVXPLQJ�D�VLPSOH�VRUWLQJ�

DOJRULWKP��WKH�UXQQLQJ�WLPH�LV�2�Q����7KH�DOWHUQDWLYH�DOJRULWKP���%��LV�WR�UHDG�N
HOHPHQWV�LQWR�DQ�DUUD\�DQG�VRUW�WKHP��7KH�VPDOOHVW�RI�WKHVH�LV�LQ�WKH�NWK�
SRVLWLRQ��:H�SURFHVV�WKH�UHPDLQLQJ�HOHPHQWV�RQH�E\�RQH��$V�DQ�HOHPHQW�DUULYHV��LW�
LV�FRPSDUHG�ZLWK�NWK�HOHPHQW�LQ�WKH�DUUD\��,I�LW�LV�ODUJHU��WKHQ�WKH�NWK�HOHPHQW�
LV�UHPRYHG��DQG�WKH�QHZ�HOHPHQW�LV�SODFHG�LQ�WKH�FRUUHFW�SODFH�DPRQJ�WKH�
UHPDLQLQJ�N�����HOHPHQWV��:KHQ�WKH�DOJRULWKP�HQGV��WKH�HOHPHQW�LQ�WKH�NWK�

SRVLWLRQ�LV�WKH�DQVZHU��7KH�UXQQLQJ�WLPH�LV�2�Q� �N���ZK\"���,I�N� � n��

��WKHQ�ERWK�DOJRULWKPV�DUH�2�Q����1RWLFH�WKDW�IRU�DQ\�N��ZH�FDQ�VROYH�WKH�

V\PPHWULF�SUREOHP�RI�ILQGLQJ�WKH��Q���N�����WK�VPDOOHVW�HOHPHQW��VR�N� � n��

�LV�UHDOO\�WKH�KDUGHVW�FDVH�IRU�WKHVH�DOJRULWKPV��7KLV�DOVR�KDSSHQV�WR�EH�WKH�
PRVW�LQWHUHVWLQJ�FDVH��VLQFH�WKLV�YDOXH�RI�N�LV�NQRZQ�DV�WKH�PHGLDQ���
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:H�JLYH�WZR�DOJRULWKPV�KHUH��ERWK�RI�ZKLFK�UXQ�LQ�2�Q�ORJ�Q��LQ�WKH�H[WUHPH�FDVH�

RI�N� � n�� ��ZKLFK�LV�D�GLVWLQFW�LPSURYHPHQW���

$OJRULWKP��$��

$OJRULWKP��%��

$OJRULWKP��$�

)RU�VLPSOLFLW\��ZH�DVVXPH�WKDW�ZH�DUH�LQWHUHVWHG�LQ�ILQGLQJ�WKH�NWK�VPDOOHVW�
HOHPHQW��7KH�DOJRULWKP�LV�VLPSOH��:H�UHDG�WKH�Q�HOHPHQWV�LQWR�DQ�DUUD\��:H�WKHQ�
DSSO\�WKH�EXLOGBKHDS�DOJRULWKP�WR�WKLV�DUUD\��)LQDOO\��ZH
OO�SHUIRUP�N�GHOHWHBPLQ
RSHUDWLRQV��7KH�ODVW�HOHPHQW�H[WUDFWHG�IURP�WKH�KHDS�LV�RXU�DQVZHU��,W�VKRXOG�EH�
FOHDU�WKDW�E\�FKDQJLQJ�WKH�KHDS�RUGHU�SURSHUW\��ZH�FRXOG�VROYH�WKH�RULJLQDO�
SUREOHP�RI�ILQGLQJ�WKH�NWK�ODUJHVW�HOHPHQW���

7KH�FRUUHFWQHVV�RI�WKH�DOJRULWKP�VKRXOG�EH�FOHDU��7KH�ZRUVW�FDVH�WLPLQJ�LV�2�Q��
WR�FRQVWUXFW�WKH�KHDS��LI�EXLOGBKHDS�LV�XVHG��DQG�2�ORJ�Q��IRU�HDFK�GHOHWHBPLQ��
6LQFH�WKHUH�DUH�N�GHOHWHBPLQV��ZH�REWDLQ�D�WRWDO�UXQQLQJ�WLPH�RI�2�Q���N�ORJ�Q���
,I�N� �2�Q�ORJ�Q���WKHQ�WKH�UXQQLQJ�WLPH�LV�GRPLQDWHG�E\�WKH�EXLOGBKHDS�RSHUDWLRQ�
DQG�LV�2�Q���)RU�ODUJHU�YDOXHV�RI�N��WKH�UXQQLQJ�WLPH�LV�2�N�ORJ�Q���,I�N� �

n�� ��WKHQ�WKH�UXQQLQJ�WLPH�LV� �Q�ORJ�Q����

1RWLFH�WKDW�LI�ZH�UXQ�WKLV�SURJUDP�IRU�N� �Q�DQG�UHFRUG�WKH�YDOXHV�DV�WKH\�OHDYH�
WKH�KHDS��ZH�ZLOO�KDYH�HVVHQWLDOO\�VRUWHG�WKH�LQSXW�ILOH�LQ�2�Q�ORJ�Q��WLPH��,Q�
&KDSWHU����ZH�ZLOO�UHILQH�WKLV�LGHD�WR�REWDLQ�D�IDVW�VRUWLQJ�DOJRULWKP�NQRZQ�DV�
KHDSVRUW���

$OJRULWKP��%�

)RU�WKH�VHFRQG�DOJRULWKP��ZH�UHWXUQ�WR�WKH�RULJLQDO�SUREOHP�DQG�ILQG�WKH�NWK�
ODUJHVW�HOHPHQW��:H�XVH�WKH�LGHD�IURP�$OJRULWKP��%��$W�DQ\�SRLQW�LQ�WLPH�ZH�ZLOO�
PDLQWDLQ�D�VHW�6�RI�WKH�N�ODUJHVW�HOHPHQWV��$IWHU�WKH�ILUVW�N�HOHPHQWV�DUH�UHDG��
ZKHQ�D�QHZ�HOHPHQW�LV�UHDG��LW�LV�FRPSDUHG�ZLWK�WKH�NWK�ODUJHVW�HOHPHQW��ZKLFK�ZH�
GHQRWH�E\�6N��1RWLFH�WKDW�6N�LV�WKH�VPDOOHVW�HOHPHQW�LQ�6��,I�WKH�QHZ�HOHPHQW�LV�

ODUJHU��WKHQ�LW�UHSODFHV�6N�LQ�6��6�ZLOO�WKHQ�KDYH�D�QHZ�VPDOOHVW�HOHPHQW��ZKLFK�

PD\�RU�PD\�QRW�EH�WKH�QHZO\�DGGHG�HOHPHQW��$W�WKH�HQG�RI�WKH�LQSXW��ZH�ILQG�WKH�
VPDOOHVW�HOHPHQW�LQ�6�DQG�UHWXUQ�LW�DV�WKH�DQVZHU���

7KLV�LV�HVVHQWLDOO\�WKH�VDPH�DOJRULWKP�GHVFULEHG�LQ�&KDSWHU����+HUH��KRZHYHU��ZH�
ZLOO�XVH�D�KHDS�WR�LPSOHPHQW�6��7KH�ILUVW�N�HOHPHQWV�DUH�SODFHG�LQWR�WKH�KHDS�LQ�
WRWDO�WLPH�2�N��ZLWK�D�FDOO�WR�EXLOGBKHDS��7KH�WLPH�WR�SURFHVV�HDFK�RI�WKH�
UHPDLQLQJ�HOHPHQWV�LV�2�����WR�WHVW�LI�WKH�HOHPHQW�JRHV�LQWR�6��SOXV�2�ORJ�N���WR�
GHOHWH�6N�DQG�LQVHUW�WKH�QHZ�HOHPHQW�LI�WKLV�LV�QHFHVVDU\��7KXV��WKH�WRWDO�WLPH�

LV�2�N����Q���N���ORJ�N��� �2��Q�ORJ�N�����7KLV�DOJRULWKP�DOVR�JLYHV�D�ERXQG�RI�

�Q�ORJ�Q��IRU�ILQGLQJ�WKH�PHGLDQ���

,Q�&KDSWHU����ZH�ZLOO�VHH�KRZ�WR�VROYH�WKLV�SUREOHP�LQ�2�Q��DYHUDJH�WLPH��,Q�
&KDSWHU�����ZH�ZLOO�VHH�DQ�HOHJDQW��DOEHLW�LPSUDFWLFDO��DOJRULWKP�WR�VROYH�WKLV�
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SUREOHP�LQ�2�Q��ZRUVW�FDVH�WLPH���

�������(YHQW�6LPXODWLRQ�

,Q�6HFWLRQ��������ZH�GHVFULEHG�DQ�LPSRUWDQW�TXHXLQJ�SUREOHP��5HFDOO�WKDW�ZH�KDYH�
D�V\VWHP��VXFK�DV�D�EDQN��ZKHUH�FXVWRPHUV�DUULYH�DQG�ZDLW�RQ�D�OLQH�XQWLO�RQH�RI�
N�WHOOHUV�LV�DYDLODEOH��&XVWRPHU�DUULYDO�LV�JRYHUQHG�E\�D�SUREDELOLW\�
GLVWULEXWLRQ�IXQFWLRQ��DV�LV�WKH�VHUYLFH�WLPH��WKH�DPRXQW�RI�WLPH�WR�EH�VHUYHG�
RQFH�D�WHOOHU�LV�DYDLODEOH���:H�DUH�LQWHUHVWHG�LQ�VWDWLVWLFV�VXFK�DV�KRZ�ORQJ�RQ�
DYHUDJH�D�FXVWRPHU�KDV�WR�ZDLW�RU�KRZ�ORQJ�WKH�OLQH�PLJKW�EH���

:LWK�FHUWDLQ�SUREDELOLW\�GLVWULEXWLRQV�DQG�YDOXHV�RI�N��WKHVH�DQVZHUV�FDQ�EH�
FRPSXWHG�H[DFWO\��+RZHYHU��DV�N�JHWV�ODUJHU��WKH�DQDO\VLV�EHFRPHV�FRQVLGHUDEO\�
PRUH�GLIILFXOW��VR�LW�LV�DSSHDOLQJ�WR�XVH�D�FRPSXWHU�WR�VLPXODWH�WKH�RSHUDWLRQ�RI�
WKH�EDQN��,Q�WKLV�ZD\��WKH�EDQN�RIILFHUV�FDQ�GHWHUPLQH�KRZ�PDQ\�WHOOHUV�DUH�
QHHGHG�WR�HQVXUH�UHDVRQDEO\�VPRRWK�VHUYLFH���

$�VLPXODWLRQ�FRQVLVWV�RI�SURFHVVLQJ�HYHQWV��7KH�WZR�HYHQWV�KHUH�DUH��D��D�
FXVWRPHU�DUULYLQJ�DQG��E��D�FXVWRPHU�GHSDUWLQJ��WKXV�IUHHLQJ�XS�D�WHOOHU���

:H�FDQ�XVH�WKH�SUREDELOLW\�IXQFWLRQV�WR�JHQHUDWH�DQ�LQSXW�VWUHDP�FRQVLVWLQJ�RI�
RUGHUHG�SDLUV�RI�DUULYDO�WLPH�DQG�VHUYLFH�WLPH�IRU�HDFK�FXVWRPHU��VRUWHG�E\�
DUULYDO�WLPH��:H�GR�QRW�QHHG�WR�XVH�WKH�H[DFW�WLPH�RI�GD\��5DWKHU��ZH�FDQ�XVH�D�
TXDQWXP�XQLW��ZKLFK�ZH�ZLOO�UHIHU�WR�DV�D�WLFN���

2QH�ZD\�WR�GR�WKLV�VLPXODWLRQ�LV�WR�VWDUW�D�VLPXODWLRQ�FORFN�DW�]HUR�WLFNV��:H�
WKHQ�DGYDQFH�WKH�FORFN�RQH�WLFN�DW�D�WLPH��FKHFNLQJ�WR�VHH�LI�WKHUH�LV�DQ�HYHQW��
,I�WKHUH�LV��WKHQ�ZH�SURFHVV�WKH�HYHQW�V��DQG�FRPSLOH�VWDWLVWLFV��:KHQ�WKHUH�DUH�
QR�FXVWRPHUV�OHIW�LQ�WKH�LQSXW�VWUHDP�DQG�DOO�WKH�WHOOHUV�DUH�IUHH��WKHQ�WKH�
VLPXODWLRQ�LV�RYHU���

7KH�SUREOHP�ZLWK�WKLV�VLPXODWLRQ�VWUDWHJ\�LV�WKDW�LWV�UXQQLQJ�WLPH�GRHV�QRW�
GHSHQG�RQ�WKH�QXPEHU�RI�FXVWRPHUV�RU�HYHQWV��WKHUH�DUH�WZR�HYHQWV�SHU�FXVWRPHU���
EXW�LQVWHDG�GHSHQGV�RQ�WKH�QXPEHU�RI�WLFNV��ZKLFK�LV�QRW�UHDOO\�SDUW�RI�WKH�
LQSXW��7R�VHH�ZK\�WKLV�LV�LPSRUWDQW��VXSSRVH�ZH�FKDQJHG�WKH�FORFN�XQLWV�WR�
PLOOLWLFNV�DQG�PXOWLSOLHG�DOO�WKH�WLPHV�LQ�WKH�LQSXW�E\��������7KH�UHVXOW�ZRXOG�
EH�WKDW�WKH�VLPXODWLRQ�ZRXOG�WDNH�������WLPHV�ORQJHU���

7KH�NH\�WR�DYRLGLQJ�WKLV�SUREOHP�LV�WR�DGYDQFH�WKH�FORFN�WR�WKH�QH[W�HYHQW�WLPH�
DW�HDFK�VWDJH��7KLV�LV�FRQFHSWXDOO\�HDV\�WR�GR��$W�DQ\�SRLQW��WKH�QH[W�HYHQW�WKDW�
FDQ�RFFXU�LV�HLWKHU��D��WKH�QH[W�FXVWRPHU�LQ�WKH�LQSXW�ILOH�DUULYHV��RU��E��RQH�
RI�WKH�FXVWRPHUV�DW�D�WHOOHU�OHDYHV��6LQFH�DOO�WKH�WLPHV�ZKHQ�WKH�HYHQWV�ZLOO�
KDSSHQ�DUH�DYDLODEOH��ZH�MXVW�QHHG�WR�ILQG�WKH�HYHQW�WKDW�KDSSHQV�QHDUHVW�LQ�WKH�
IXWXUH�DQG�SURFHVV�WKDW�HYHQW���

,I�WKH�HYHQW�LV�D�GHSDUWXUH��SURFHVVLQJ�LQFOXGHV�JDWKHULQJ�VWDWLVWLFV�IRU�WKH�
GHSDUWLQJ�FXVWRPHU�DQG�FKHFNLQJ�WKH�OLQH��TXHXH��WR�VHH�ZKHWKHU�WKHUH�LV�DQRWKHU�
FXVWRPHU�ZDLWLQJ��,I�VR��ZH�DGG�WKDW�FXVWRPHU��SURFHVV�ZKDWHYHU�VWDWLVWLFV�DUH�
UHTXLUHG��FRPSXWH�WKH�WLPH�ZKHQ�WKDW�FXVWRPHU�ZLOO�OHDYH��DQG�DGG�WKDW�GHSDUWXUH�
WR�WKH�VHW�RI�HYHQWV�ZDLWLQJ�WR�KDSSHQ���

,I�WKH�HYHQW�LV�DQ�DUULYDO��ZH�FKHFN�IRU�DQ�DYDLODEOH�WHOOHU��,I�WKHUH�LV�QRQH��
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ZH�SODFH�WKH�DUULYDO�RQ�WKH�OLQH��TXHXH���RWKHUZLVH�ZH�JLYH�WKH�FXVWRPHU�D�
WHOOHU��FRPSXWH�WKH�FXVWRPHU
V�GHSDUWXUH�WLPH��DQG�DGG�WKH�GHSDUWXUH�WR�WKH�VHW�
RI�HYHQWV�ZDLWLQJ�WR�KDSSHQ���

7KH�ZDLWLQJ�OLQH�IRU�FXVWRPHUV�FDQ�EH�LPSOHPHQWHG�DV�D�TXHXH��6LQFH�ZH�QHHG�WR�
ILQG�WKH�HYHQW�QHDUHVW�LQ�WKH�IXWXUH��LW�LV�DSSURSULDWH�WKDW�WKH�VHW�RI�
GHSDUWXUHV�ZDLWLQJ�WR�KDSSHQ�EH�RUJDQL]HG�LQ�D�SULRULW\�TXHXH��7KH�QH[W�HYHQW�LV�
WKXV�WKH�QH[W�DUULYDO�RU�QH[W�GHSDUWXUH��ZKLFKHYHU�LV�VRRQHU���ERWK�DUH�HDVLO\�
DYDLODEOH���

,W�LV�WKHQ�VWUDLJKWIRUZDUG��DOWKRXJK�SRVVLEO\�WLPH�FRQVXPLQJ��WR�ZULWH�WKH�
VLPXODWLRQ�URXWLQHV��,I�WKHUH�DUH�&�FXVWRPHUV��DQG�WKXV��&�HYHQWV��DQG�N�WHOOHUV��
WKHQ�WKH�UXQQLQJ�WLPH�RI�WKH�VLPXODWLRQ�ZRXOG�EH�2�&�ORJ�N�������EHFDXVH�
FRPSXWLQJ�DQG�SURFHVVLQJ�HDFK�HYHQW�WDNHV�2�ORJ+���ZKHUH�+� �N�����LV�WKH�VL]H�RI�
WKH�KHDS���

�:H�XVH�2�&�ORJ��N�������LQVWHDG�RI�2�&�ORJ�N��WR�DYRLG�FRQIXVLRQ�IRU�WKH�N� ���
FDVH���

�����G�+HDSV�

%LQDU\�KHDSV�DUH�VR�VLPSOH�WKDW�WKH\�DUH�DOPRVW�DOZD\V�XVHG�ZKHQ�SULRULW\�TXHXHV�
DUH�QHHGHG��$�VLPSOH�JHQHUDOL]DWLRQ�LV�D�G�KHDS��ZKLFK�LV�H[DFWO\�OLNH�D�ELQDU\�
KHDS�H[FHSW�WKDW�DOO�QRGHV�KDYH�G�FKLOGUHQ��WKXV��D�ELQDU\�KHDS�LV�D���KHDS���
)LJXUH������VKRZV�D���KHDS���

1RWLFH�WKDW�D�G�KHDS�LV�PXFK�PRUH�VKDOORZ�WKDQ�D�ELQDU\�KHDS��LPSURYLQJ�WKH�
UXQQLQJ�WLPH�RI�LQVHUWV�WR�2�ORJGQ���+RZHYHU��WKH�GHOHWHBPLQ�RSHUDWLRQ�LV�PRUH�

H[SHQVLYH��EHFDXVH�HYHQ�WKRXJK�WKH�WUHH�LV�VKDOORZHU��WKH�PLQLPXP�RI�G�FKLOGUHQ�
PXVW�EH�IRXQG��ZKLFK�WDNHV�G�����FRPSDULVRQV�XVLQJ�D�VWDQGDUG�DOJRULWKP��7KLV�
UDLVHV�WKH�WLPH�IRU�WKLV�RSHUDWLRQ�WR�2�G�ORJGQ���,I�G�LV�D�FRQVWDQW��ERWK�

UXQQLQJ�WLPHV�DUH��RI�FRXUVH��2�ORJ�Q���)XUWKHUPRUH��DOWKRXJK�DQ�DUUD\�FDQ�VWLOO�
EH�XVHG��WKH�PXOWLSOLFDWLRQV�DQG�GLYLVLRQV�WR�ILQG�FKLOGUHQ�DQG�SDUHQWV�DUH�QRZ�
E\�G��ZKLFK�VHULRXVO\�LQFUHDVHV�WKH�UXQQLQJ�WLPH��EHFDXVH�ZH�FDQ�QR�ORQJHU�
LPSOHPHQW�GLYLVLRQ�E\�D�ELW�VKLIW��G�KHDSV�DUH�LQWHUHVWLQJ�LQ�WKHRU\��EHFDXVH�
WKHUH�DUH�PDQ\�DOJRULWKPV�ZKHUH�WKH�QXPEHU�RI�LQVHUWLRQV�LV�PXFK�JUHDWHU�WKDQ�WKH�
QXPEHU�RI�GHOHWHBPLQV �DQG�WKXV�D�WKHRUHWLFDO�VSHHGXS�LV�SRVVLEOH���7KH\�DUH�DOVR�
RI�LQWHUHVW�ZKHQ�WKH�SULRULW\�TXHXH�LV�WRR�ODUJH�WR�ILW�HQWLUHO\�LQ�PDLQ�PHPRU\��
,Q�WKLV�FDVH��D�G�KHDS�FDQ�EH�DGYDQWDJHRXV�LQ�PXFK�WKH�VDPH�ZD\�DV�%�WUHHV���

7KH�PRVW�JODULQJ�ZHDNQHVV�RI�WKH�KHDS�LPSOHPHQWDWLRQ��DVLGH�IURP�WKH�LQDELOLW\�WR�
SHUIRUP�ILQGV�LV�WKDW�FRPELQLQJ�WZR�KHDSV�LQWR�RQH�LV�D�KDUG�RSHUDWLRQ��7KLV�
H[WUD�RSHUDWLRQ�LV�NQRZQ�DV�D�PHUJH��7KHUH�DUH�TXLWH�D�IHZ�ZD\V�RI�LPSOHPHQWLQJ�
KHDSV�VR�WKDW�WKH�UXQQLQJ�WLPH�RI�D�PHUJH�LV�2�ORJ�Q���:H�ZLOO�QRZ�GLVFXVV�WKUHH�
GDWD�VWUXFWXUHV��RI�YDULRXV�FRPSOH[LW\��WKDW�VXSSRUW�WKH�PHUJH�RSHUDWLRQ�
HIILFLHQWO\��:H�ZLOO�GHIHU�DQ\�FRPSOLFDWHG�DQDO\VLV�XQWLO�&KDSWHU������
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��

)LJXUH������$�G�KHDS�

�����/HIWLVW�+HDSV�

,W�VHHPV�GLIILFXOW�WR�GHVLJQ�D�GDWD�VWUXFWXUH�WKDW�HIILFLHQWO\�VXSSRUWV�PHUJLQJ�
�WKDW�LV��SURFHVVHV�D�PHUJH�LQ�R�Q��WLPH��DQG�XVHV�RQO\�DQ�DUUD\��DV�LQ�D�ELQDU\�
KHDS��7KH�UHDVRQ�IRU�WKLV�LV�WKDW�PHUJLQJ�ZRXOG�VHHP�WR�UHTXLUH�FRS\LQJ�RQH�DUUD\�

LQWR�DQRWKHU�ZKLFK�ZRXOG�WDNH� �Q��WLPH�IRU�HTXDO�VL]HG�KHDSV��)RU�WKLV�
UHDVRQ��DOO�WKH�DGYDQFHG�GDWD�VWUXFWXUHV�WKDW�VXSSRUW�HIILFLHQW�PHUJLQJ�UHTXLUH�
WKH�XVH�RI�SRLQWHUV��,Q�SUDFWLFH��ZH�FDQ�H[SHFW�WKDW�WKLV�ZLOO�PDNH�DOO�WKH�RWKHU�
RSHUDWLRQV�VORZHU��SRLQWHU�PDQLSXODWLRQ�LV�JHQHUDOO\�PRUH�WLPH�FRQVXPLQJ�WKDQ�
PXOWLSOLFDWLRQ�DQG�GLYLVLRQ�E\�WZR���

/LNH�D�ELQDU\�KHDS��D�OHIWLVW�KHDS KDV�ERWK�D�VWUXFWXUDO�SURSHUW\�DQG�DQ�RUGHULQJ�
SURSHUW\��,QGHHG��D�OHIWLVW�KHDS��OLNH�YLUWXDOO\�DOO�KHDSV�XVHG��KDV�WKH�VDPH�
KHDS�RUGHU�SURSHUW\�ZH�KDYH�DOUHDG\�VHHQ��)XUWKHUPRUH��D�OHIWLVW�KHDS�LV�DOVR�D�
ELQDU\�WUHH��7KH�RQO\�GLIIHUHQFH�EHWZHHQ�D�OHIWLVW�KHDS�DQG�D�ELQDU\�KHDS�LV�WKDW�
OHIWLVW�KHDSV�DUH�QRW�SHUIHFWO\�EDODQFHG��EXW�DFWXDOO\�DWWHPSW�WR�EH�YHU\�
XQEDODQFHG���

�������/HIWLVW�+HDS�3URSHUW\��

�������/HIWLVW�+HDS�2SHUDWLRQV��

�������/HIWLVW�+HDS�3URSHUW\�

:H�GHILQH�WKH�QXOO�SDWK�OHQJWK��QSO�;��RI�DQ\�QRGH�;�WR�EH�WKH�OHQJWK�RI�WKH�
VKRUWHVW�SDWK�IURP�;�WR�D�QRGH�ZLWKRXW�WZR�FKLOGUHQ��7KXV��WKH�QSO�RI�D�QRGH�ZLWK�
]HUR�RU�RQH�FKLOG�LV����ZKLOH�QSO�18//�� �����,Q�WKH�WUHH�LQ�)LJXUH�������WKH�
QXOO�SDWK�OHQJWKV�DUH�LQGLFDWHG�LQVLGH�WKH�WUHH�QRGHV���

1RWLFH�WKDW�WKH�QXOO�SDWK�OHQJWK�RI�DQ\�QRGH�LV���PRUH�WKDQ�WKH�PLQLPXP�RI�WKH�
QXOO�SDWK�OHQJWKV�RI�LWV�FKLOGUHQ��7KLV�DSSOLHV�WR�QRGHV�ZLWK�OHVV�WKDQ�WZR�
FKLOGUHQ�EHFDXVH�WKH�QXOO�SDWK�OHQJWK�RI�LV������

7KH�OHIWLVW�KHDS�SURSHUW\�LV�WKDW�IRU�HYHU\�QRGH�;�LQ�WKH�KHDS��WKH�QXOO�SDWK�
OHQJWK�RI�WKH�OHIW�FKLOG�LV�DW�OHDVW�DV�ODUJH�DV�WKDW�RI�WKH�ULJKW�FKLOG��7KLV�
SURSHUW\�LV�VDWLVILHG�E\�RQO\�RQH�RI�WKH�WUHHV�LQ�)LJXUH�������QDPHO\��WKH�WUHH�
RQ�WKH�OHIW��7KLV�SURSHUW\�DFWXDOO\�JRHV�RXW�RI�LWV�ZD\�WR�HQVXUH�WKDW�WKH�WUHH�
LV�XQEDODQFHG��EHFDXVH�LW�FOHDUO\�ELDVHV�WKH�WUHH�WR�JHW�GHHS�WRZDUGV�WKH�OHIW��
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,QGHHG��D�WUHH�FRQVLVWLQJ�RI�D�ORQJ�SDWK�RI�OHIW�QRGHV�LV�SRVVLEOH��DQG�DFWXDOO\�
SUHIHUDEOH�WR�IDFLOLWDWH�PHUJLQJ���KHQFH�WKH�QDPH�OHIWLVW�KHDS���

��

)LJXUH������1XOO�SDWK�OHQJWKV�IRU�WZR�WUHHV��RQO\�WKH�OHIW�WUHH�LV�OHIWLVW�

%HFDXVH�OHIWLVW�KHDSV�WHQG�WR�KDYH�GHHS�OHIW�SDWKV��LW�IROORZV�WKDW�WKH�ULJKW�
SDWK�RXJKW�WR�EH�VKRUW��,QGHHG��WKH�ULJKW�SDWK�GRZQ�D�OHIWLVW�KHDS�LV�DV�VKRUW�DV�
DQ\�LQ�WKH�KHDS��2WKHUZLVH��WKHUH�ZRXOG�EH�D�SDWK�WKDW�JRHV�WKURXJK�VRPH�QRGH�;�
DQG�WDNHV�WKH�OHIW�FKLOG��7KHQ�;�ZRXOG�YLRODWH�WKH�OHIWLVW�SURSHUW\���

7+(25(0�������

$�OHIWLVW�WUHH�ZLWK�U�QRGHV�RQ�WKH�ULJKW�SDWK�PXVW�KDYH�DW�OHDVW��U�����QRGHV��

�

3522)���

7KH�SURRI�LV�E\�LQGXFWLRQ��,I�U� ����WKHUH�PXVW�EH�DW�OHDVW�RQH�WUHH�QRGH��
2WKHUZLVH��VXSSRVH�WKDW�WKH�WKHRUHP�LV�WUXH�IRU��������������U��&RQVLGHU�D�
OHIWLVW�WUHH�ZLWK�U�����QRGHV�RQ�WKH�ULJKW�SDWK��7KHQ�WKH�URRW�KDV�D�ULJKW�
VXEWUHH�ZLWK�U�QRGHV�RQ�WKH�ULJKW�SDWK��DQG�D�OHIW�VXEWUHH�ZLWK�DW�OHDVW�U�QRGHV�
RQ�WKH�ULJKW�SDWK��RWKHUZLVH�LW�ZRXOG�QRW�EH�OHIWLVW���$SSO\LQJ�WKH�LQGXFWLYH�

K\SRWKHVLV�WR�WKHVH�VXEWUHHV�\LHOGV�D�PLQLPXP�RI��U�����QRGHV�LQ�HDFK�VXEWUHH��

7KLV�SOXV�WKH�URRW�JLYHV�DW�OHDVW��U�������QRGHV�LQ�WKH�WUHH��SURYLQJ�WKH�
WKHRUHP���

)URP�WKLV�WKHRUHP��LW�IROORZV�LPPHGLDWHO\�WKDW�D�OHIWLVW�WUHH�RI�Q�QRGHV�KDV�D�

ULJKW�SDWK�FRQWDLQLQJ�DW�PRVW� ORJ�Q�����  QRGHV��7KH�JHQHUDO�LGHD�IRU�WKH�
OHIWLVW�KHDS�RSHUDWLRQV�LV�WR�SHUIRUP�DOO�WKH�ZRUN�RQ�WKH�ULJKW�SDWK��ZKLFK�LV�
JXDUDQWHHG�WR�EH�VKRUW��7KH�RQO\�WULFN\�SDUW�LV�WKDW�SHUIRUPLQJ�LQVHUWV�DQG�
PHUJHV�RQ�WKH�ULJKW�SDWK�FRXOG�GHVWUR\�WKH�OHIWLVW�KHDS�SURSHUW\��,W�WXUQV�RXW�WR�
EH�H[WUHPHO\�HDV\�WR�UHVWRUH�WKH�SURSHUW\���

�������/HIWLVW�+HDS�2SHUDWLRQV�

7KH�IXQGDPHQWDO�RSHUDWLRQ�RQ�OHIWLVW�KHDSV�LV�PHUJLQJ��1RWLFH�WKDW�LQVHUWLRQ�LV�
PHUHO\�D�VSHFLDO�FDVH�RI�PHUJLQJ��VLQFH�ZH�PD\�YLHZ�DQ�LQVHUWLRQ�DV�D�PHUJH�RI�D�
RQH�QRGH�KHDS�ZLWK�D�ODUJHU�KHDS��:H�ZLOO�ILUVW�JLYH�D�VLPSOH�UHFXUVLYH�VROXWLRQ�
DQG�WKHQ�VKRZ�KRZ�WKLV�PLJKW�EH�GRQH�QRQUHFXUVLYHO\��2XU�LQSXW�LV�WKH�WZR�OHIWLVW�
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KHDSV��+��DQG�+���LQ�)LJXUH�������<RX�VKRXOG�FKHFN�WKDW�WKHVH�KHDSV�UHDOO\�DUH�

OHIWLVW��1RWLFH�WKDW�WKH�VPDOOHVW�HOHPHQWV�DUH�DW�WKH�URRWV��,Q�DGGLWLRQ�WR�VSDFH�
IRU�WKH�GDWD�DQG�OHIW�DQG�ULJKW�SRLQWHUV��HDFK�FHOO�ZLOO�KDYH�DQ�HQWU\�WKDW�
LQGLFDWHV�WKH�QXOO�SDWK�OHQJWK���

,I�HLWKHU�RI�WKH�WZR�KHDSV�LV�HPSW\��WKHQ�ZH�FDQ�UHWXUQ�WKH�RWKHU�KHDS��
2WKHUZLVH��WR�PHUJH�WKH�WZR�KHDSV��ZH�FRPSDUH�WKHLU�URRWV��)LUVW��ZH�UHFXUVLYHO\�
PHUJH�WKH�KHDS�ZLWK�WKH�ODUJHU�URRW�ZLWK�WKH�ULJKW�VXEKHDS�RI�WKH�KHDS�ZLWK�WKH�
VPDOOHU�URRW��,Q�RXU�H[DPSOH��WKLV�PHDQV�ZH�UHFXUVLYHO\�PHUJH�+��ZLWK�WKH�VXEKHDS�

RI�+��URRWHG�DW����REWDLQLQJ�WKH�KHDS�LQ�)LJXUH��������

6LQFH�WKLV�WUHH�LV�IRUPHG�UHFXUVLYHO\��DQG�ZH�KDYH�QRW�\HW�ILQLVKHG�WKH�
GHVFULSWLRQ�RI�WKH�DOJRULWKP��ZH�FDQQRW�DW�WKLV�SRLQW�VKRZ�KRZ�WKLV�KHDS�ZDV�
REWDLQHG��+RZHYHU��LW�LV�UHDVRQDEOH�WR�DVVXPH�WKDW�WKH�UHVXOWLQJ�WUHH�LV�D�
OHIWLVW�KHDS��EHFDXVH�LW�ZDV�REWDLQHG�YLD�D�UHFXUVLYH�VWHS��7KLV�LV�PXFK�OLNH�WKH�
LQGXFWLYH�K\SRWKHVLV�LQ�D�SURRI�E\�LQGXFWLRQ��6LQFH�ZH�FDQ�KDQGOH�WKH�EDVH�FDVH�
�ZKLFK�RFFXUV�ZKHQ�RQH�WUHH�LV�HPSW\���ZH�FDQ�DVVXPH�WKDW�WKH�UHFXUVLYH�VWHS�
ZRUNV�DV�ORQJ�DV�ZH�FDQ�ILQLVK�WKH�PHUJH��WKLV�LV�UXOH���RI�UHFXUVLRQ��ZKLFK�ZH�
GLVFXVVHG�LQ�&KDSWHU����:H�QRZ�PDNH�WKLV�QHZ�KHDS�WKH�ULJKW�FKLOG�RI�WKH�URRW�RI�
+���VHH�)LJ����������

��

)LJXUH������7ZR�OHIWLVW�KHDSV�+� and H2

�

�

�
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)LJXUH������5HVXOW�RI�PHUJLQJ�+� with H1's right subheap
�

�

�

)LJXUH������5HVXOW�RI�DWWDFKLQJ�OHIWLVW�KHDS�RI�SUHYLRXV�ILJXUH�DV�+�'s right child

�

$OWKRXJK�WKH�UHVXOWLQJ�KHDS�VDWLVILHV�WKH�KHDS�RUGHU�SURSHUW\��LW�LV�QRW�OHIWLVW�EHFDXVH�WKH�OHIW�
VXEWUHH�RI�WKH�URRW�KDV�D�QXOO�SDWK�OHQJWK�RI���ZKLOH�WKH�ULJKW�VXEWUHH�KDV�QXOO�SDWK�OHQJWK�RI�
���7KXV��WKH�OHIWLVW�SURSHUW\�LV�YLRODWHG�DW�WKH�URRW��+RZHYHU��LW�LV�HDV\�WR�VHH�WKDW�WKH�
UHPDLQGHU�RI�WKH�WUHH�PXVW�EH�OHIWLVW��7KH�ULJKW�VXEWUHH�RI�WKH�URRW�LV�OHIWLVW��EHFDXVH�RI�WKH�
UHFXUVLYH�VWHS��7KH�OHIW�VXEWUHH�RI�WKH�URRW�KDV�QRW�EHHQ�FKDQJHG��VR�LW�WRR�PXVW�VWLOO�EH�
OHIWLVW��7KXV��ZH�RQO\�QHHG�WR�IL[�WKH�URRW��:H�FDQ�PDNH�WKH�HQWLUH�WUHH�OHIWLVW�E\�PHUHO\�
VZDSSLQJ�WKH�URRW
V�OHIW�DQG�ULJKW�FKLOGUHQ��

)LJ��������DQG�XSGDWLQJ�WKH�QXOO�SDWK�OHQJWK����WKH�
QHZ�QXOO�SDWK�OHQJWK�LV���SOXV�WKH�QXOO�SDWK�OHQJWK�RI�WKH�QHZ�ULJKW�FKLOG����FRPSOHWLQJ�WKH�
PHUJH��1RWLFH�WKDW�LI�WKH�QXOO�SDWK�OHQJWK�LV�QRW�XSGDWHG��WKHQ�DOO�QXOO�SDWK�OHQJWKV�ZLOO�EH����
DQG�WKH�KHDS�ZLOO�QRW�EH�OHIWLVW�EXW�PHUHO\�UDQGRP��,Q�WKLV�FDVH��WKH�DOJRULWKP�ZLOO�ZRUN��EXW�
WKH�WLPH�ERXQG�ZH�ZLOO�FODLP�ZLOO�QR�ORQJHU�EH�YDOLG���

7KH�GHVFULSWLRQ�RI�WKH�DOJRULWKP�WUDQVODWHV�GLUHFWO\�LQWR�FRGH��7KH�W\SH�GHILQLWLRQ��)LJ��������
LV�WKH�VDPH�DV�WKH�ELQDU\�WUHH��H[FHSW�WKDW�LW�LV�DXJPHQWHG�ZLWK�WKH�QSO��QXOO�SDWK�OHQJWK��
ILHOG��:H�KDYH�VHHQ�LQ�&KDSWHU���WKDW�ZKHQ�DQ�HOHPHQW�LV�LQVHUWHG�LQWR�DQ�HPSW\�ELQDU\�WUHH��WKH�
SRLQWHU�WR�WKH�URRW�ZLOO�QHHG�WR�FKDQJH��7KH�HDVLHVW�ZD\�WR�LPSOHPHQW�WKLV�LV�WR�KDYH�WKH�
LQVHUWLRQ�URXWLQH�UHWXUQ�D�SRLQWHU�WR�WKH�QHZ�WUHH��8QIRUWXQDWHO\��WKLV�ZLOO�PDNH�WKH�OHIWLVW�
KHDS�LQVHUW�LQFRPSDWLEOH�ZLWK�WKH�ELQDU\�KHDS�LQVHUW��ZKLFK�GRHV�QRW�UHWXUQ�DQ\WKLQJ���7KH�ODVW�
OLQH�LQ�)LJXUH������UHSUHVHQWV�RQH�ZD\�RXW�RI�WKLV�TXDQGDU\��7KH�OHIWLVW�KHDS�LQVHUWLRQ�URXWLQH�
ZKLFK�UHWXUQV�WKH�QHZ�WUHH�ZLOO�EH�FDOOHG�LQVHUW���WKH�LQVHUW�PDFUR�ZLOO�PDNH�DQ�LQVHUWLRQ�
FRPSDWLEOH�ZLWK�ELQDU\�KHDSV��8VLQJ�PDFURV�WKLV�ZD\�PD\�QRW�EH�WKH�EHVW�RU�VDIHVW�FRXUVH��EXW�WKH�
DOWHUQDWLYH��GHFODULQJ�D�35,25,7<�48(8(�DV�D�SRLQWHU�WR�D�WUHHBSWU ZLOO�IORRG�WKH�FRGH�ZLWK�H[WUD�
DVWHULVNV���

%HFDXVH�LQVHUW�LV�D�PDFUR�DQG�LV�WH[WXDOO\�VXEVWLWXWHG�E\�WKH�SUHSURFHVVRU��DQ\�URXWLQH�WKDW�
FDOOV�LQVHUW�PXVW�EH�DEOH�WR�VHH�WKH�PDFUR�GHILQLWLRQ��)LJXUH������ZRXOG�W\SLFDOO\�EH�D�KHDGHU�
ILOH��VR�SODFLQJ�WKH�PDFUR�GHFODUDWLRQ�WKHUH�LV�WKH�RQO\�UHDVRQDEOH�FRXUVH��$V�ZH�ZLOO�VHH�ODWHU��
GHOHWHBPLQ�DOVR�QHHGV�WR�EH�ZULWWHQ�DV�D�PDFUR���
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�

�

)LJXUH������5HVXOW�RI�VZDSSLQJ�FKLOGUHQ�RI�+�'s root
�

W\SHGHI�VWUXFW�WUHHBQRGH�WUHHBSWU�

�

VWUXFW�WUHHBQRGH

�

^

�

HOHPHQWBW\SH�HOHPHQW�

�

WUHHBSWU�OHIW�

�

WUHHBSWU�ULJKW�

�

XQVLJQHG�LQW�QSO�

�

`�

�

W\SHGHI�WUHHBSWU�35,25,7<B48(8(�

�

�GHILQH�LQVHUW��[��+�����+� �LQVHUW����[���+����

�

)LJXUH������/HIWLVW�KHDS�W\SH�GHFODUDWLRQV

�

7KH�URXWLQH�WR�PHUJH��
)LJ��������LV�D�GULYHU�GHVLJQHG�WR�UHPRYH�VSHFLDO�FDVHV�DQG�HQVXUH�WKDW�+��

KDV�WKH�VPDOOHU�URRW��7KH�DFWXDO�PHUJLQJ�LV�SHUIRUPHG�LQ�PHUJH���)LJ����������

7KH�WLPH�WR�SHUIRUP�WKH�PHUJH�LV�SURSRUWLRQDO�WR�WKH�VXP�RI�WKH�OHQJWK�RI�WKH�ULJKW�SDWKV��
EHFDXVH�FRQVWDQW�ZRUN�LV�SHUIRUPHG�DW�HDFK�QRGH�YLVLWHG�GXULQJ�WKH�UHFXUVLYH�FDOOV��7KXV�ZH�
REWDLQ�DQ�2�ORJ�Q��WLPH�ERXQG�WR�PHUJH�WZR�OHIWLVW�KHDSV��:H�FDQ�DOVR�SHUIRUP�WKLV�RSHUDWLRQ�
QRQUHFXUVLYHO\�E\�HVVHQWLDOO\�SHUIRUPLQJ�WZR�SDVVHV��,Q�WKH�ILUVW�SDVV��ZH�FUHDWH�D�QHZ�WUHH�E\�
PHUJLQJ�WKH�ULJKW�SDWKV�RI�ERWK�KHDSV��7R�GR�WKLV��ZH�DUUDQJH�WKH�QRGHV�RQ�WKH�ULJKW�SDWKV�RI�+��

DQG�+��LQ�VRUWHG�RUGHU��NHHSLQJ�WKHLU�UHVSHFWLYH�OHIW�FKLOGUHQ��,Q�RXU�H[DPSOH��WKH�QHZ�ULJKW�

SDWK�LV����������������DQG�WKH�UHVXOWLQJ�WUHH�LV�VKRZQ�LQ�)LJXUH�������$�VHFRQG�SDVV�LV�PDGH�XS�
WKH�KHDS��DQG�FKLOG�VZDSV�DUH�SHUIRUPHG�DW�QRGHV�WKDW�YLRODWH�WKH�OHIWLVW�KHDS�SURSHUW\��,Q�
)LJXUH�������WKHUH�LV�D�VZDS�DW�QRGHV���DQG����DQG�WKH�VDPH�WUHH�DV�EHIRUH�LV�REWDLQHG��7KH�
QRQUHFXUVLYH�YHUVLRQ�LV�VLPSOHU�WR�YLVXDOL]H�EXW�KDUGHU�WR�FRGH��:H�OHDYH�LW�WR�WKH�UHDGHU�WR�
VKRZ�WKDW�WKH�UHFXUVLYH�DQG�QRQUHFXUVLYH�SURFHGXUHV�GR�WKH�VDPH�WKLQJ���

35,25,7<B48(8(

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



PHUJH��35,25,7<B48(8(�+���35,25,7<B48(8(�+����

^

�

����������LI��+��  �18//��

�

���������������UHWXUQ�+��

�

����������LI��+��  �18//��

�

���������������UHWXUQ�+��

�

����������LI��+��!HOHPHQW���+��!HOHPHQW��

�

���������������UHWXUQ�PHUJH���+���+����

�

HOVH

�

���������������UHWXUQ�PHUJH���+���+����

�

`

�

)LJXUH������'ULYLQJ�URXWLQH�IRU�PHUJLQJ�OHIWLVW�KHDSV

�

��)RU�PHUJH���+��KDV�VPDOOHU�URRW��+��DQG�+��DUH�QRW�18//��

�

35,25,7<B48(8(

�

PHUJH���35,25,7<B48(8(�+���35,25,7<B48(8(�+���

�

^

�

����������LI��+��!OHIW�  �18//������VLQJOH�QRGH��

�

���������������+��!OHIW� �+���������+��!ULJKW�LV�DOUHDG\�18//�

�

+��!QSO�LV�DOUHDG\���

�

HOVH

�

^

�

���������������+��!ULJKW� �PHUJH��+��!ULJKW��+����

�

���������������LI��+��!OHIW�!QSO���+��!ULJKW�!QSO��

�

��������������������VZDSBFKLOGUHQ��+����

�

���������������+��!QSO� �+��!ULJKW�!QSO�����

�

`

�

����������UHWXUQ�+��

�

`

�

)LJXUH������$FWXDO�URXWLQH�WR�PHUJH�OHIWLVW�KHDSV

�
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�

�

)LJXUH������5HVXOW�RI�PHUJLQJ�ULJKW�SDWKV�RI�+� and H2

�

$V�PHQWLRQHG�DERYH��ZH�FDQ�FDUU\�RXW�LQVHUWLRQV�E\�PDNLQJ�WKH�LWHP�WR�EH�LQVHUWHG�D�RQH�QRGH�KHDS�
DQG�SHUIRUPLQJ�D�PHUJH��7R�SHUIRUP�D�GHOHWHBPLQ��ZH�PHUHO\�GHVWUR\�WKH�URRW��FUHDWLQJ�WZR�KHDSV��
ZKLFK�FDQ�WKHQ�EH�PHUJHG��7KXV��WKH�WLPH�WR�SHUIRUP�D�GHOHWHBPLQ�LV�2�ORJQ���7KHVH�WZR�URXWLQHV�
DUH�FRGHG�LQ�)LJXUH������DQG�)LJXUH�������'HOHWHBPLQ�FDQ�EH�ZULWWHQ�DV�D�PDFUR�WKDW�FDOOV�
GHOHWHBPLQ��DQG�ILQGBPLQ��7KLV�LV�OHIW�DV�DQ�H[HUFLVH�WR�WKH�UHDGHU���

7KH�FDOO�WR�IUHH�RQ�OLQH���RI�)LJXUH����� PLJKW�ORRN�FKDQF\��EXW�LW�LV�DFWXDOO\�FRUUHFW��7KH�FDOO�
GRHV�QRW�GHVWUR\�WKH�YDULDEOH�+��UDWKHU��LW�LQGLFDWHV�WKDW�WKH�FHOO�WR�ZKLFK�LW�SRLQWV�FDQ�EH�
XVHG��7KDW�FHOO�LV�SODFHG�RQ�WKH�IUHHOLVW��+��ZKLFK�LV�D�SRLQWHU��LV�WKHQ�VHW�WR�SRLQW�VRPHZKHUH�
HOVH�E\�OLQH����$OVR��QRWLFH�KRZ�WKH�KHDGLQJV�IRU�WKHVH�URXWLQHV�FDQ�EH�PDGH�LGHQWLFDO�WR�WKRVH�
IRU�WKH�ELQDU\�KHDS�LPSOHPHQWDWLRQ��(LWKHU�SULRULW\�TXHXH�SDFNDJH�FRXOG�EH�XVHG��DQG�WKH�
LPSOHPHQWDWLRQ�ZRXOG�EH�FRPSOHWHO\�WUDQVSDUHQW�WR�WKH�FDOOLQJ�URXWLQHV���

)LQDOO\��ZH�FDQ�EXLOG�D�OHIWLVW�KHDS�LQ�2�Q��WLPH�E\�EXLOGLQJ�D�ELQDU\�KHDS��REYLRXVO\�XVLQJ�D�
SRLQWHU�LPSOHPHQWDWLRQ���$OWKRXJK�D�ELQDU\�KHDS�LV�FOHDUO\�OHIWLVW��WKLV�LV�QRW�QHFHVVDULO\�WKH�
EHVW�VROXWLRQ��EHFDXVH�WKH�KHDS�ZH�REWDLQ�LV�WKH�ZRUVW�SRVVLEOH�OHIWLVW�KHDS��)XUWKHUPRUH��
WUDYHUVLQJ�WKH�WUHH�LQ�UHYHUVH�OHYHO�RUGHU�LV�QRW�DV�HDV\�ZLWK�SRLQWHUV��7KH�EXLOGBKHDS�HIIHFW�
FDQ�EH�REWDLQHG�E\�UHFXUVLYHO\�EXLOGLQJ�WKH�OHIW�DQG�ULJKW�VXEWUHHV�DQG�WKHQ�SHUFRODWLQJ�WKH�URRW�
GRZQ��7KH�H[HUFLVHV�FRQWDLQ�DQ�DOWHUQDWLYH�VROXWLRQ���

35,25,7<B48(8(

�

LQVHUW���HOHPHQWBW\SH�[��35,25,7<B48(8(�+��

�

^

�

WUHHBSWU�VLQJOHBQRGH�

�

����������VLQJOHBQRGH� ��WUHHBSWU��PDOORF��VL]HRI��VWUXFW�WUHHBQRGH����

�

����������LI��VLQJOHBQRGH�  �18//��

�

��������������IDWDOBHUURU��2XW�RI�VSDFH������

�

HOVH

�

^

�

��������������VLQJOHBQRGH�!HOHPHQW� �[��VLQJOHBQRGH�!QSO� ���

�
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��������������VLQJOHBQRGH�!OHIW� �VLQJOHBQRGH�!ULJKW� �18//��

��������������+� �PHUJH��VLQJOHBQRGH��+���

�

`

�

����������UHWXUQ�+�

�

`

�

)LJXUH������,QVHUWLRQ�URXWLQH�IRU�OHIWLVW�KHDSV

�

��'HOHWHBPLQ��UHWXUQV�WKH�QHZ�WUHH���

�

��WR�JHW�WKH�PLQLPXP�XVH�ILQGBPLQ��

�

��7KLV�LV�IRU�FRQYHQLHQFH���

�

35,25,7<B48(8(

�

GHOHWHBPLQ���35,25,7<B48(8(�+��

�

^

�

35,25,7<B48(8(�OHIWBKHDS��ULJKWBKHDS�

�

����������OHIWBKHDS� �+�!OHIW�

�

����������ULJKWBKHDS� �+�!ULJKW�

�

����������IUHH��+���

�

����������UHWXUQ�PHUJH��OHIWBKHDS��ULJKWBKHDS���

�

`

�

)LJXUH������'HOHWHBPLQ�URXWLQH�IRU�OHIWLVW�KHDSV

�

�����6NHZ�+HDSV
�

$�VNHZ�KHDS�LV�D�VHOI�DGMXVWLQJ�YHUVLRQ�RI�D�OHIWLVW�KHDS�WKDW�LV�LQFUHGLEO\�VLPSOH�WR�LPSOHPHQW��
7KH�UHODWLRQVKLS�RI�VNHZ�KHDSV�WR�OHIWLVW�KHDSV�LV�DQDORJRXV�WR�WKH�UHODWLRQ�EHWZHHQ�VSOD\�WUHHV�
DQG�AVL�WUHHV��6NHZ�KHDSV�DUH�ELQDU\�WUHHV�ZLWK�KHDS�RUGHU��EXW�WKHUH�LV�QR�VWUXFWXUDO�
FRQVWUDLQW�RQ�WKHVH�WUHHV��8QOLNH�OHIWLVW�KHDSV��QR�LQIRUPDWLRQ�LV�PDLQWDLQHG�DERXW�WKH�QXOO�SDWK�
OHQJWK�RI�DQ\�QRGH��7KH�ULJKW�SDWK�RI�D�VNHZ�KHDS�FDQ�EH�DUELWUDULO\�ORQJ�DW�DQ\�WLPH��VR�WKH�
ZRUVW�FDVH�UXQQLQJ�WLPH�RI�DOO�RSHUDWLRQV�LV�2�Q���+RZHYHU��DV�ZLWK�VSOD\�WUHHV��LW�FDQ�EH�VKRZQ�
�VHH�&KDSWHU�����WKDW�IRU�DQ\�P�FRQVHFXWLYH�RSHUDWLRQV��WKH�WRWDO�ZRUVW�FDVH�UXQQLQJ�WLPH�LV�2�P�
ORJ�Q���7KXV��VNHZ�KHDSV�KDYH�2�ORJ�Q��DPRUWL]HG�FRVW�SHU�RSHUDWLRQ���

$V�ZLWK�OHIWLVW�KHDSV��WKH�IXQGDPHQWDO�RSHUDWLRQ�RQ�VNHZ�KHDSV�LV�PHUJLQJ��7KH�PHUJH�URXWLQH�LV�
RQFH�DJDLQ�UHFXUVLYH��DQG�ZH�SHUIRUP�WKH�H[DFW�VDPH�RSHUDWLRQV�DV�EHIRUH��ZLWK�RQH�H[FHSWLRQ��7KH�
GLIIHUHQFH�LV�WKDW�IRU�OHIWLVW�KHDSV��ZH�FKHFN�WR�VHH�ZKHWKHU�WKH�OHIW�DQG�ULJKW�FKLOGUHQ�VDWLVI\�
WKH�OHIWLVW�KHDS�RUGHU�SURSHUW\�DQG�VZDS�WKHP�LI�WKH\�GR�QRW��)RU�VNHZ�KHDSV��WKH�VZDS�LV�
XQFRQGLWLRQDO����ZH�DOZD\V�GR�LW��ZLWK�WKH�RQH�H[FHSWLRQ�WKDW�WKH�VPDOOHVW�RI�DOO�WKH�QRGHV�RQ�
WKH�ULJKW�SDWKV�GRHV�QRW�KDYH�LWV�FKLOGUHQ�VZDSSHG��7KLV�RQH�H[FHSWLRQ�LV�ZKDW�KDSSHQV�LQ�WKH�
QDWXUDO�UHFXUVLYH�LPSOHPHQWDWLRQ��VR�LW�LV�QRW�UHDOO\�D�VSHFLDO�FDVH�DW�DOO��)XUWKHUPRUH��LW�LV�
QRW�QHFHVVDU\�WR�SURYH�WKH�ERXQGV��EXW�VLQFH�WKLV�QRGH�LV�JXDUDQWHHG�QRW�WR�KDYH�D�ULJKW�FKLOG��
LW�ZRXOG�EH�VLOO\�WR�SHUIRUP�WKH�VZDS�DQG�JLYH�LW�RQH���,Q�RXU�H[DPSOH��WKHUH�DUH�QR�FKLOGUHQ�RI�
WKLV�QRGH��VR�ZH�GR�QRW�ZRUU\�DERXW�LW���$JDLQ��VXSSRVH�RXU�LQSXW�LV�WKH�VDPH�WZR�KHDSV�DV�
EHIRUH��)LJXUH��������

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



,I�ZH�UHFXUVLYHO\�PHUJH�+��ZLWK�WKH�VXEKHDS�RI�+��URRWHG�DW����ZH�ZLOO�JHW�WKH�KHDS�LQ�)LJXUH�

�������

$JDLQ��WKLV�LV�GRQH�UHFXUVLYHO\��VR�E\�WKH�WKLUG�UXOH�RI�UHFXUVLRQ��6HFWLRQ������ZH�QHHG�QRW�
ZRUU\�DERXW�KRZ�LW�ZDV�REWDLQHG��7KLV�KHDS�KDSSHQV�WR�EH�OHIWLVW��EXW�WKHUH�LV�QR�JXDUDQWHH�WKDW�
WKLV�LV�DOZD\V�WKH�FDVH��:H�PDNH�WKLV�KHDS�WKH�QHZ�OHIW�FKLOG�RI�+��DQG�WKH�ROG�OHIW�FKLOG�RI�+��

EHFRPHV�WKH�QHZ�ULJKW�FKLOG��VHH�)LJ����������

�

�

)LJXUH������7ZR�VNHZ�KHDSV�+� and H2

�

�

�

)LJXUH������5HVXOW�RI�PHUJLQJ�+� with H1's right subheap

�
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�

�

)LJXUH������5HVXOW�RI�PHUJLQJ�VNHZ�KHDSV�+� and H2

�

7KH�HQWLUH�WUHH�LV�OHIWLVW��EXW�LW�LV�HDV\�WR�VHH�WKDW�WKDW�LV�QRW�DOZD\V�WUXH��,QVHUWLQJ����LQWR�

WKLV�QHZ�KHDS�ZRXOG�GHVWUR\�WKH�OHIWLVW�SURSHUW\���

:H�FDQ�SHUIRUP�DOO�RSHUDWLRQV�QRQUHFXUVLYHO\��DV�ZLWK�OHIWLVW�KHDSV��E\�PHUJLQJ�WKH�ULJKW�SDWKV�
DQG�VZDSSLQJ�OHIW�DQG�ULJKW�FKLOGUHQ�IRU�HYHU\�QRGH�RQ�WKH�ULJKW�SDWK��ZLWK�WKH�H[FHSWLRQ�RI�WKH�
ODVW��$IWHU�D�IHZ�H[DPSOHV��LW�EHFRPHV�FOHDU�WKDW�VLQFH�DOO�EXW�WKH�ODVW�QRGH�RQ�WKH�ULJKW�SDWK�
KDYH�WKHLU�FKLOGUHQ�VZDSSHG��WKH�QHW�HIIHFW�LV�WKDW�WKLV�EHFRPHV�WKH�QHZ�OHIW�SDWK��VHH�WKH�
SUHFHGLQJ�H[DPSOH�WR�FRQYLQFH�\RXUVHOI���7KLV�PDNHV�LW�YHU\�HDV\�WR�PHUJH�WZR�VNHZ�KHDSV�
YLVXDOO\���

7KH�LPSOHPHQWDWLRQ�RI�VNHZ�KHDSV�LV�OHIW�DV�D��WULYLDO��H[HUFLVH��6NHZ�KHDSV�KDYH�WKH�DGYDQWDJH�
WKDW�QR�H[WUD�VSDFH�LV�UHTXLUHG�WR�PDLQWDLQ�SDWK�OHQJWKV�DQG�QR�WHVWV�DUH�UHTXLUHG�WR�GHWHUPLQH�
ZKHQ�WR�VZDS�FKLOGUHQ��,W�LV�DQ�RSHQ�SUREOHP�WR�GHWHUPLQH�SUHFLVHO\�WKH�H[SHFWHG�ULJKW�SDWK�
OHQJWK�RI�ERWK�OHIWLVW�DQG�VNHZ�KHDSV��WKH�ODWWHU�LV�XQGRXEWHGO\�PRUH�GLIILFXOW���6XFK�D�
FRPSDULVRQ�ZRXOG�PDNH�LW�HDVLHU�WR�GHWHUPLQH�ZKHWKHU�WKH�VOLJKW�ORVV�RI�EDODQFH�LQIRUPDWLRQ�LV�
FRPSHQVDWHG�E\�WKH�ODFN�RI�WHVWLQJ���

�����%LQRPLDO�4XHXHV

�

$OWKRXJK�ERWK�OHIWLVW�DQG�VNHZ�KHDSV�VXSSRUW�PHUJLQJ��LQVHUWLRQ��DQG�GHOHWHBPLQ�DOO�HIIHFWLYHO\�
LQ�2�ORJ�Q��WLPH�SHU�RSHUDWLRQ��WKHUH�LV�URRP�IRU�LPSURYHPHQW�EHFDXVH�ZH�NQRZ�WKDW�ELQDU\�KHDSV�
VXSSRUW�LQVHUWLRQ�LQ�FRQVWDQW�DYHUDJH�WLPH�SHU�RSHUDWLRQ��%LQRPLDO�TXHXHV�VXSSRUW�DOO�WKUHH�
RSHUDWLRQV�LQ�2�ORJ�Q��ZRUVW�FDVH�WLPH�SHU�RSHUDWLRQ��EXW�LQVHUWLRQV�WDNH�FRQVWDQW�WLPH�RQ�
DYHUDJH���

��3!�

�

�������%LQRPLDO�4XHXH�6WUXFWXUH

�

%LQRPLDO�TXHXHV�GLIIHU�IURP�DOO�WKH�SULRULW\�TXHXH�LPSOHPHQWDWLRQV�WKDW�ZH�KDYH�VHHQ�LQ�WKDW�D�
ELQRPLDO�TXHXH�LV�QRW�D�KHDS�RUGHUHG�WUHH�EXW�UDWKHU�D�FROOHFWLRQ�RI�KHDS�RUGHUHG�WUHHV��NQRZQ�DV�
D�IRUHVW��(DFK�RI�WKH�KHDS�RUGHUHG�WUHHV�DUH�RI�D�FRQVWUDLQHG�IRUP�NQRZQ�DV�D�ELQRPLDO�WUHH��WKH�
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QDPH�ZLOO�EH�REYLRXV�ODWHU���7KHUH�LV�DW�PRVW�RQH�ELQRPLDO�WUHH�RI�HYHU\�KHLJKW��$�ELQRPLDO�WUHH�
RI�KHLJKW���LV�D�RQH�QRGH�WUHH��D�ELQRPLDO�WUHH��%N��RI�KHLJKW�N�LV�IRUPHG�E\�DWWDFKLQJ�D�

ELQRPLDO�WUHH��%N����WR�WKH�URRW�RI�DQRWKHU�ELQRPLDO�WUHH��%N����)LJXUH������VKRZV�ELQRPLDO�WUHHV�

%���%���%���%���DQG�%����

,W�LV�SUREDEO\�REYLRXV�IURP�WKH�GLDJUDP�WKDW�D�ELQRPLDO�WUHH��%N FRQVLVWV�RI�D�URRW�ZLWK�FKLOGUHQ�

%���%����������%N����%LQRPLDO�WUHHV�RI�KHLJKW�N�KDYH�H[DFWO\��
N QRGHV��DQG�WKH�QXPEHU�RI�QRGHV�DW�

GHSWK�G�LV�WKH�ELQRPLDO�FRHIILFLHQW� ��,I�ZH�LPSRVH�KHDS�RUGHU�RQ�WKH�ELQRPLDO�WUHHV�DQG�DOORZ�
DW�PRVW�RQH�ELQRPLDO�WUHH�RI�DQ\�KHLJKW��ZH�FDQ�XQLTXHO\�UHSUHVHQW�D�SULRULW\�TXHXH�RI�DQ\�VL]H�
E\�D�FROOHFWLRQ�RI�ELQRPLDO�WUHHV��)RU�LQVWDQFH��D�SULRULW\�TXHXH�RI�VL]H����FRXOG�EH�UHSUHVHQWHG�
E\�WKH�IRUHVW�%���%���%���:H�PLJKW�ZULWH�WKLV�UHSUHVHQWDWLRQ�DV�������ZKLFK�QRW�RQO\�UHSUHVHQWV�

���LQ�ELQDU\�EXW�DOVR�UHSUHVHQWV�WKH�IDFW�WKDW�%���%��DQG�%��DUH�SUHVHQW�LQ�WKH�UHSUHVHQWDWLRQ�

DQG�%��LV�QRW���

$V�DQ�H[DPSOH��D�SULRULW\�TXHXH�RI�VL[�HOHPHQWV�FRXOG�EH�UHSUHVHQWHG�DV�LQ�)LJXUH�������

�

�

�

)LJXUH������%LQRPLDO�WUHHV�%�, B1, B2, B3, and B4

�

�

�

)LJXUH������%LQRPLDO�TXHXH�+� with six elements

�

�������%LQRPLDO�4XHXH�2SHUDWLRQV

�
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7KH�PLQLPXP�HOHPHQW�FDQ�WKHQ�EH�IRXQG�E\�VFDQQLQJ�WKH�URRWV�RI�DOO�WKH�WUHHV��6LQFH�WKHUH�DUH�DW�
PRVW�ORJ�Q�GLIIHUHQW�WUHHV��WKH�PLQLPXP�FDQ�EH�IRXQG�LQ�2�ORJ�Q��WLPH��$OWHUQDWLYHO\��ZH�FDQ�
PDLQWDLQ�NQRZOHGJH�RI�WKH�PLQLPXP�DQG�SHUIRUP�WKH�RSHUDWLRQ�LQ�2����WLPH��LI�ZH�UHPHPEHU�WR�
XSGDWH�WKH�PLQLPXP�ZKHQ�LW�FKDQJHV�GXULQJ�RWKHU�RSHUDWLRQV���

0HUJLQJ�WZR�ELQRPLDO�TXHXHV�LV�D�FRQFHSWXDOO\�HDV\�RSHUDWLRQ��ZKLFK�ZH�ZLOO�GHVFULEH�E\�H[DPSOH��
&RQVLGHU�WKH�WZR�ELQRPLDO�TXHXHV��+��DQG�+��ZLWK�VL[�DQG�VHYHQ�HOHPHQWV��UHVSHFWLYHO\��SLFWXUHG�

LQ�)LJXUH��������

7KH�PHUJH�LV�SHUIRUPHG�E\�HVVHQWLDOO\�DGGLQJ�WKH�WZR�TXHXHV�WRJHWKHU��/HW�+��EH�WKH�QHZ�ELQRPLDO�

TXHXH��6LQFH�+��KDV�QR�ELQRPLDO�WUHH�RI�KHLJKW���DQG�+��GRHV��ZH�FDQ�MXVW�XVH�WKH�ELQRPLDO�WUHH�

RI�KHLJKW���LQ�+��DV�SDUW�RI�+���1H[W��ZH�DGG�ELQRPLDO�WUHHV�RI�KHLJKW����6LQFH�ERWK�+��DQG�+��

KDYH�ELQRPLDO�WUHHV�RI�KHLJKW����ZH�PHUJH�WKHP�E\�PDNLQJ�WKH�ODUJHU�URRW�D�VXEWUHH�RI�WKH�
VPDOOHU��FUHDWLQJ�D�ELQRPLDO�WUHH�RI�KHLJKW����VKRZQ�LQ�)LJXUH�������7KXV��+��ZLOO�QRW�KDYH�D�

ELQRPLDO�WUHH�RI�KHLJKW����7KHUH�DUH�QRZ�WKUHH�ELQRPLDO�WUHHV�RI�KHLJKW����QDPHO\��WKH�RULJLQDO�
WUHHV�RI�+��DQG�+��SOXV�WKH�WUHH�IRUPHG�E\�WKH�SUHYLRXV�VWHS��:H�NHHS�RQH�ELQRPLDO�WUHH�RI�KHLJKW�

��LQ�+��DQG�PHUJH�WKH�RWKHU�WZR��FUHDWLQJ�D�ELQRPLDO�WUHH�RI�KHLJKW����6LQFH�+��DQG�+��KDYH�QR�

WUHHV�RI�KHLJKW����WKLV�WUHH�EHFRPHV�SDUW�RI�+� DQG�ZH�DUH�ILQLVKHG��7KH�UHVXOWLQJ�ELQRPLDO�TXHXH�

LV�VKRZQ�LQ�)LJXUH��������

�

�

)LJXUH������7ZR�ELQRPLDO�TXHXHV�+� and H2

�

�

�

)LJXUH������0HUJH�RI�WKH�WZR�%� trees in H1 and H2

�

�

�
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)LJXUH������%LQRPLDO�TXHXH�+�: the result of merging H1 and H2

�

6LQFH�PHUJLQJ�WZR�ELQRPLDO�WUHHV�WDNHV�FRQVWDQW�WLPH�ZLWK�DOPRVW�DQ\�UHDVRQDEOH�LPSOHPHQWDWLRQ��
DQG�WKHUH�DUH�2�ORJ�Q��ELQRPLDO�WUHHV��WKH�PHUJH�WDNHV�2�ORJ�Q��WLPH�LQ�WKH�ZRUVW�FDVH��7R�PDNH�
WKLV�RSHUDWLRQ�HIILFLHQW��ZH�QHHG�WR�NHHS�WKH�WUHHV�LQ�WKH�ELQRPLDO�TXHXH�VRUWHG�E\�KHLJKW��ZKLFK�
LV�FHUWDLQO\�D�VLPSOH�WKLQJ�WR�GR���

,QVHUWLRQ�LV�MXVW�D�VSHFLDO�FDVH�RI�PHUJLQJ��VLQFH�ZH�PHUHO\�FUHDWH�D�RQH�QRGH�WUHH�DQG�SHUIRUP�D�
PHUJH��7KH�ZRUVW�FDVH�WLPH�RI�WKLV�RSHUDWLRQ�LV�OLNHZLVH�2�ORJ�Q���0RUH�SUHFLVHO\��LI�WKH�
SULRULW\�TXHXH�LQWR�ZKLFK�WKH�HOHPHQW�LV�EHLQJ�LQVHUWHG�KDV�WKH�SURSHUW\�WKDW�WKH�VPDOOHVW�
QRQH[LVWHQW�ELQRPLDO�WUHH�LV�%L��WKH�UXQQLQJ�WLPH�LV�SURSRUWLRQDO�WR�L������)RU�H[DPSOH��+���)LJ��

������LV�PLVVLQJ�D�ELQRPLDO�WUHH�RI�KHLJKW����VR�WKH�LQVHUWLRQ�ZLOO�WHUPLQDWH�LQ�WZR�VWHSV��6LQFH�

HDFK�WUHH�LQ�D�ELQRPLDO�TXHXH�LV�SUHVHQW�ZLWK�SUREDELOLW\� ��LW�IROORZV�WKDW�ZH�H[SHFW�DQ�
LQVHUWLRQ�WR�WHUPLQDWH�LQ�WZR�VWHSV��VR�WKH�DYHUDJH�WLPH�LV�FRQVWDQW��)XUWKHUPRUH��DQ�HDV\�
DQDO\VLV�ZLOO�VKRZ�WKDW�SHUIRUPLQJ�Q�LQVHUWV�RQ�DQ�LQLWLDOO\�HPSW\�ELQRPLDO�TXHXH�ZLOO�WDNH�2�Q��
ZRUVW�FDVH�WLPH��,QGHHG��LW�LV�SRVVLEOH�WR�GR�WKLV�RSHUDWLRQ�XVLQJ�RQO\�Q�����FRPSDULVRQV��ZH�
OHDYH�WKLV�DV�DQ�H[HUFLVH���

$V�DQ�H[DPSOH��ZH�VKRZ�LQ�)LJXUHV������WKURXJK������WKH�ELQRPLDO�TXHXHV�WKDW�DUH�IRUPHG�E\�
LQVHUWLQJ���WKURXJK���LQ�RUGHU��,QVHUWLQJ���VKRZV�RII�D�EDG�FDVH��:H�PHUJH���ZLWK�%���REWDLQLQJ�D�

QHZ�WUHH�RI�KHLJKW����:H�WKHQ�PHUJH�WKLV�WUHH�ZLWK�%���REWDLQLQJ�D�WUHH�RI�KHLJKW����ZKLFK�LV�WKH�

QHZ�SULRULW\�TXHXH��:H�FRXQW�WKLV�DV�WKUHH�VWHSV��WZR�WUHH�PHUJHV�SOXV�WKH�VWRSSLQJ�FDVH���7KH�
QH[W�LQVHUWLRQ�DIWHU���LV�LQVHUWHG�LV�DQRWKHU�EDG�FDVH�DQG�ZRXOG�UHTXLUH�WKUHH�WUHH�PHUJHV���

$�GHOHWHBPLQ�FDQ�EH�SHUIRUPHG�E\�ILUVW�ILQGLQJ�WKH�ELQRPLDO�WUHH�ZLWK�WKH�VPDOOHVW�URRW��/HW�WKLV�
WUHH�EH�%N��DQG�OHW�WKH�RULJLQDO�SULRULW\�TXHXH�EH�+��:H�UHPRYH�WKH�ELQRPLDO�WUHH�%N�IURP�WKH�

IRUHVW�RI�WUHHV�LQ�+��IRUPLQJ�WKH�QHZ�ELQRPLDO�TXHXH�+
��:H�DOVR�UHPRYH�WKH�URRW�RI�%N��FUHDWLQJ�

ELQRPLDO�WUHHV�%���%�����������%N���O��ZKLFK�FROOHFWLYHO\�IRUP�SULRULW\�TXHXH�+

��:H�ILQLVK�WKH�

RSHUDWLRQ�E\�PHUJLQJ�+
�DQG�+

���

$V�DQ�H[DPSOH��VXSSRVH�ZH�SHUIRUP�D�GHOHWHBPLQ�RQ�+���ZKLFK�LV�VKRZQ�DJDLQ�LQ�

)LJXUH�������7KH�
PLQLPXP�URRW�LV�����VR�ZH�REWDLQ�WKH�WZR�SULRULW\�TXHXHV�+
�DQG�+

�LQ�)LJXUH������DQG�)LJXUH�
������7KH�ELQRPLDO�TXHXH�WKDW�UHVXOWV�IURP�PHUJLQJ�+
�DQG�+

�LV�WKH�ILQDO�DQVZHU�DQG�LV�VKRZQ�LQ�
)LJXUH��������

)RU�WKH�DQDO\VLV��QRWH�ILUVW�WKDW�WKH�GHOHWHBPLQ�RSHUDWLRQ�EUHDNV�WKH�RULJLQDO�ELQRPLDO�TXHXH�
LQWR�WZR��,W�WDNHV�2��ORJ�Q��WLPH�WR�ILQG�WKH�WUHH�FRQWDLQLQJ�WKH�PLQLPXP�HOHPHQW�DQG�WR�FUHDWH�
WKH�TXHXHV�+
�DQG�+

��0HUJLQJ�WKHVH�WZR�TXHXHV�WDNHV�2��ORJ�Q��WLPH��VR�WKH�HQWLUH�GHOHWHBPLQ�
RSHUDWLRQ�WDNHV�2��ORJ�Q��WLPH���

�������,PSOHPHQWDWLRQ�RI�%LQRPLDO�4XHXHV
�

7KH�GHOHWHBPLQ�RSHUDWLRQ�UHTXLUHV�WKH�DELOLW\�WR�ILQG�DOO�WKH�VXEWUHHV�RI�WKH�URRW�TXLFNO\��VR�
WKH�VWDQGDUG�UHSUHVHQWDWLRQ�RI�JHQHUDO�WUHHV�LV�UHTXLUHG��7KH�FKLOGUHQ�RI�HDFK�QRGH�DUH�NHSW�LQ�D�
OLQNHG�OLVW��DQG�HDFK�QRGH�KDV�D�SRLQWHU�WR�LWV�ILUVW�FKLOG��LI�DQ\���7KLV�RSHUDWLRQ�DOVR�
UHTXLUHV�WKDW�WKH�FKLOGUHQ�EH�RUGHUHG�E\�WKH�VL]H�RI�WKHLU�VXEWUHHV��LQ�HVVHQWLDOO\�WKH�VDPH�ZD\�
DV�ZH�KDYH�EHHQ�GUDZLQJ�WKHP��7KH�UHDVRQ�IRU�WKLV�LV�WKDW�ZKHQ�D�GHOHWHBPLQ�LV�SHUIRUPHG��WKH�
FKLOGUHQ�ZLOO�IRUP�WKH�ELQRPLDO�TXHXH�+

���
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:H�DOVR�QHHG�WR�PDNH�VXUH�WKDW�LW�LV�HDV\�WR�PHUJH�WZR�WUHHV��7ZR�ELQRPLDO�WUHHV�FDQ�EH�PHUJHG�
RQO\�LI�WKH\�KDYH�WKH�VDPH�VL]H��VR�LI�WKLV�LV�WR�EH�GRQH�HIILFLHQWO\��WKH�VL]H�RI�WKH�WUHH�PXVW�
EH�VWRUHG�LQ�WKH�URRW��$OVR��ZKHQ�WZR�WUHHV�DUH�PHUJHG��RQH�RI�WKH�WUHHV�LV�DGGHG�DV�D�FKLOG�WR�
WKH�RWKHU��6LQFH�WKLV�QHZ�WUHH�ZLOO�EH�WKH�ODVW�FKLOG��DV�LW�ZLOO�EH�WKH�ODUJHVW�VXEWUHH���ZH�
PXVW�EH�DEOH�WR�NHHS�WUDFN�RI�WKH�ODVW�FKLOG�RI�HDFK�QRGH�HIILFLHQWO\��2QO\�WKHQ�ZLOO�ZH�EH�DEOH�
WR�PHUJH�WZR�ELQRPLDO�WUHHV��DQG�WKXV�WZR�ELQRPLDO�TXHXHV��HIILFLHQWO\��2QH�ZD\�WR�GR�WKLV�LV�WR�
XVH�D�FLUFXODU�GRXEO\�OLQNHG�OLVW��,Q�WKLV�OLVW��WKH�OHIW�VLEOLQJ�RI�WKH�ILUVW�FKLOG�ZLOO�EH�WKH�
ODVW�FKLOG��7KH�ULJKW�VLEOLQJ�RI�WKH�ODVW�FKLOG�FRXOG�EH�GHILQHG�DV�WKH�ILUVW�FKLOG��EXW�LW�PLJKW�
EH�HDVLHU�MXVW�WR�GHILQH�LW�DV���7KLV�PDNHV�LW�HDV\�WR�WHVW�ZKHWKHU�WKH�FKLOG�ZH�DUH�SRLQWLQJ�WR�
LV�WKH�ODVW���

7R�VXPPDUL]H��WKHQ��HDFK�QRGH�LQ�D�ELQRPLDO�WUHH�ZLOO�FRQWDLQ�WKH�GDWD��ILUVW�FKLOG��OHIW�DQG�
ULJKW�VLEOLQJ��DQG�WKH�QXPEHU�RI�FKLOGUHQ��ZKLFK�ZH�ZLOO�FDOO�WKH�UDQN���6LQFH�D�ELQRPLDO�TXHXH�
LV�MXVW�D�OLVW�RI�WUHHV��ZH�FDQ�XVH�D�SRLQWHU�WR�WKH�VPDOOHVW�WUHH�DV�WKH�UHIHUHQFH�WR�WKH�GDWD�
VWUXFWXUH���

)LJXUH������VKRZV�KRZ�WKH�ELQRPLDO�TXHXH�LQ�)LJXUH������LV�UHSUHVHQWHG��)LJXUH������VKRZV�WKH�
W\SH�GHFODUDWLRQV�IRU�D�QRGH�LQ�WKH�ELQRPLDO�WUHH���

,Q�RUGHU�WR�PHUJH�WZR�ELQRPLDO�TXHXHV��ZH�QHHG�D�URXWLQH�WR�PHUJH�WZR�ELQRPLDO�WUHHV�RI�WKH�VDPH�
VL]H��)LJXUH������VKRZV�KRZ�WKH�SRLQWHUV�FKDQJH�ZKHQ�WZR�ELQRPLDO�WUHHV�DUH�PHUJHG��)LUVW��WKH�
URRW�RI�WKH�QHZ�WUHH�JDLQV�D�FKLOG��VR�ZH�PXVW�XSGDWH�LWV�UDQN��:H�WKHQ�QHHG�WR�FKDQJH�VHYHUDO�
SRLQWHUV�LQ�RUGHU�WR�VSOLFH�RQH�WUHH�LQWR�WKH�OLVW�RI�FKLOGUHQ�RI�WKH�URRW�RI�WKH�RWKHU�WUHH��7KH�
FRGH�WR�GR�WKLV�LV�VLPSOH�DQG�VKRZQ�LQ�)LJXUH��������

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������$IWHU���LV�LQVHUWHG

�

�

�

)LJXUH������%LQRPLDO�TXHXH�+�

�

�

�
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)LJXUH������%LQRPLDO�TXHXH�+
��FRQWDLQLQJ�DOO�WKH�ELQRPLDO�WUHHV�LQ�+� except B3

�

�

�

)LJXUH������%LQRPLDO�TXHXH�+

��%� with 12 removed

�

�

�

)LJXUH������5HVXOW�RI�GHOHWHBPLQ�+�)

�

�

�

)LJXUH������%LQRPLDO�TXHXH�+� drawn as a forest

�

�

�

)LJXUH������5HSUHVHQWDWLRQ�RI�ELQRPLDO�TXHXH�+��

�
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W\SHGHI�VWUXFW�WUHHBQRGH�WUHHBSWU��

VWUXFW�WUHHBQRGH

�

^

�

HOHPHQWBW\SH�HOHPHQW�

�

WUHHBSWU�OBVLE�

�

WUHHBSWU�UBVLE�

�

WUHHBSWU�IBFKLOG�

�

XQVLJQHG�LQW�UDQN�

�

`�

�

W\SHGHI�WUHHBSWU�35,25,7<B48(8(�

�

)LJXUH������%LQRPLDO�TXHXH�W\SH�GHFODUDWLRQV

�

�

�

)LJXUH������0HUJLQJ�WZR�ELQRPLDO�WUHHV

�

7KH�URXWLQH�WR�PHUJH�WZR�ELQRPLDO�TXHXHV�LV�UHODWLYHO\�VLPSOH��:H�XVH�UHFXUVLRQ�WR�NHHS�WKH�FRGH�
VL]H�VPDOO��D�QRQUHFXUVLYH�SURFHGXUH�ZLOO�JLYH�EHWWHU�SHUIRUPDQFH��DQG�LV�OHIW�DV�

([HUFLVH�������
:H�DVVXPH�WKH�PDFUR�H[WUDFW�7��+���ZKLFK�UHPRYHV�WKH�ILUVW�WUHH�IURP�WKH�SULRULW\�TXHXH�+��
SODFLQJ�WKH�WUHH�LQ�7��6XSSRVH�WKH�VPDOOHVW�ELQRPLDO�WUHH�LV�FRQWDLQHG�LQ�+���EXW�QRW�LQ�+���

7KHQ��WR�PHUJH�+���ZH�UHPRYH�WKH�ILUVW�WUHH�LQ�+��DQG�DGG�WR�LW�WKH�UHVXOW�RI�PHUJLQJ�WKH�UHVW�RI�

+��ZLWK�+���,I�WKH�VPDOOHVW�WUHH�LV�FRQWDLQHG�LQ�ERWK�+O�DQG�+���WKHQ�ZH�UHPRYH�ERWK�WUHHV�DQG�

PHUJH�WKHP��REWDLQLQJ�D�RQH�WUHH�ELQRPLDO�TXHXH�+
��:H�WKHQ�PHUJH�WKH�UHPDLQGHU�RI�+l�DQG�+2��
DQG�PHUJH�WKLV�UHVXOW�ZLWK�+
��7KLV�VWUDWHJ\�LV�LPSOHPHQWHG�LQ�)LJXUH�������7KH�RWKHU�URXWLQHV�
DUH�VWUDLJKWIRUZDUG�LPSOHPHQWDWLRQV��ZKLFK�ZH�OHDYH�DV�H[HUFLVHV���

��0HUJH�WZR�HTXDO�VL]HG�ELQRPLDO�WUHHV��

�

WUHHBSWU

�

PHUJHBWUHH��WUHHBSWU�7���WUHHBSWU�7���

�

^

�
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LI��7��!HOHPHQW�!�7��!HOHPHQW���

UHWXUQ�PHUJHBWUHH��7���7����

�

LI��7��!UDQN���  ����

�

7��!IBFKLOG� �7��

�

HOVH

�

^

�

7��!OBVLE� �7��!IBFKLOG�!OBVLE�

�

7��!OBVLE�!UBVLE� �7��

�

7��!IBFKLOG�!OBVLE� �7��

�

`

�

UHWXUQ�7��

�

`

�

)LJXUH������5RXWLQH�WR�PHUJH�WZR�HTXDO�VL]HG�ELQRPLDO�WUHHV

�

:H�FDQ�H[WHQG�ELQRPLDO�TXHXHV�WR�VXSSRUW�VRPH�RI�WKH�QRQVWDQGDUG�RSHUDWLRQV�WKDW�ELQDU\�KHDSV�
DOORZ��VXFK�DV�GHFUHDVHBNH\�DQG�GHOHWH��ZKHQ�WKH�SRVLWLRQ�RI�WKH�DIIHFWHG�HOHPHQW�LV�NQRZQ��$�
GHFUHDVHBNH\�LV�D�SHUFRODWH�XS��ZKLFK�FDQ�EH�SHUIRUPHG�LQ�2�ORJ�Q��WLPH�LI�ZH�DGG�D�ILHOG�WR�HDFK�
QRGH�SRLQWLQJ�WR�LWV�SDUHQW��$Q�DUELWUDU\�GHOHWH�FDQ�EH�SHUIRUPHG�E\�D�FRPELQDWLRQ�RI�
GHFUHDVHBNH\�DQG�GHOHWHBPLQ�LQ�2�ORJ�Q��WLPH���

6XPPDU\
�

,Q�WKLV�FKDSWHU�ZH�KDYH�VHHQ�YDULRXV�LPSOHPHQWDWLRQV�DQG�XVHV�RI�WKH�SULRULW\�TXHXH�ADT��7KH�
VWDQGDUG�ELQDU\�KHDS�LPSOHPHQWDWLRQ�LV�HOHJDQW�EHFDXVH�RI�LWV�VLPSOLFLW\�DQG�VSHHG��,W�UHTXLUHV�
QR�SRLQWHUV�DQG�RQO\�D�FRQVWDQW�DPRXQW�RI�H[WUD�VSDFH��\HW�VXSSRUWV�WKH�SULRULW\�TXHXH�RSHUDWLRQV�
HIILFLHQWO\���

:H�FRQVLGHUHG�WKH�DGGLWLRQDO�PHUJH�RSHUDWLRQ�DQG�GHYHORSHG�WKUHH�LPSOHPHQWDWLRQV��HDFK�RI�ZKLFK�
LV�XQLTXH�LQ�LWV�RZQ�ZD\��7KH�OHIWLVW�KHDS�LV�D�ZRQGHUIXO�H[DPSOH�RI�WKH�SRZHU�RI�UHFXUVLRQ��7KH�
VNHZ�KHDS�UHSUHVHQWV�D�UHPDUNDEOH�GDWD�VWUXFWXUH�EHFDXVH�RI�WKH�ODFN�RI�EDODQFH�FULWHULD��,WV�
DQDO\VLV��ZKLFK�ZH�ZLOO�SHUIRUP�LQ�

&KDSWHU�����LV�LQWHUHVWLQJ�LQ�LWV�RZQ�ULJKW��7KH�ELQRPLDO�
TXHXH�VKRZV�KRZ�D�VLPSOH�LGHD�FDQ�EH�XVHG�WR�DFKLHYH�D�JRRG�WLPH�ERXQG���

:H�KDYH�DOVR�VHHQ�VHYHUDO�XVHV�RI�SULRULW\�TXHXHV��UDQJLQJ�IURP�RSHUDWLQJ�V\VWHPV�VFKHGXOLQJ�WR�
VLPXODWLRQ��:H�ZLOO�VHH�WKHLU�XVH�DJDLQ�LQ�&KDSWHUV������������

35,25,7<B48(8(

�

PHUJH��35,25,7<B48(8(�+���35,25,7<B48(8(�+���

�

^

�

35,25,7<B48(8(�+��

�
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WUHHBSWU�7���7���7���

����������LI��+��  �18//��

�

���������������UHWXUQ�+��

�

����������LI��+��  �18//��

�

���������������UHWXUQ�+��

�

����������LI��+��!UDQN���+��!UDQN��

�

^

�

���������������7�� �H[WUDFW��+�������H[WUDFW�LV�D�PDFUR��

�

���������������+�� �PHUJH��+���+����

�

���������������7��!OBVLE� �+��!OBVLE�

�

���������������+��!OBVLE�!UBVLE� �18//�

�

���������������7��!UBVLE� �+���+��!OBVLE� �7��

�

���������������UHWXUQ�7��

�

^

�

����������LI��+��!UDQN���+��!UDQN��

�

���������������UHWXUQ�PHUJH��+���+����

�

��2WKHUZLVH��ILUVW�WZR�WUHHV�KDYH�VDPH�UDQN��

�

����������7�� �H[WUDFW��+�����7�� �H[WUDFW��+����

�

����������+�� �PHUJH��+���+����

�

����������7�� �PHUJHBWUHH��7���7����

�

����������UHWXUQ�PHUJH��7���+����

�

`

�

)LJXUH������5RXWLQH�WR�PHUJH�WZR�SULRULW\�TXHXHV

�

([HUFLVHV

�

����6XSSRVH�WKDW�ZH�UHSODFH�WKH�GHOHWHBPLQ�IXQFWLRQ�ZLWK�ILQGBPLQ��&DQ�ERWK�LQVHUW�DQG�ILQGBPLQ�
EH�LPSOHPHQWHG�LQ�FRQVWDQW�WLPH"��

����D��6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ�������������������������������������������������DQG����RQH�DW�
D�WLPH��LQWR�DQ�LQLWLDOO\�HPSW\�ELQDU\�KHDS���

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����35,25,7<�48(8(6��+($36�

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



E��6KRZ�WKH�UHVXOW�RI�XVLQJ�WKH�OLQHDU�WLPH�DOJRULWKP�WR�EXLOG�D�ELQDU\�KHDS�XVLQJ�WKH�VDPH�
LQSXW���

����6KRZ�WKH�UHVXOW�RI�SHUIRUPLQJ�WKUHH�GHOHWHBPLQ�RSHUDWLRQV�LQ�WKH�KHDS�RI�WKH�SUHYLRXV�
H[HUFLVH���

����:ULWH�WKH�URXWLQHV�WR�GR�D�SHUFRODWH�XS�DQG�D�SHUFRODWH�GRZQ�LQ�D�ELQDU\�KHDS��

�

����:ULWH�DQG�WHVW�D�SURJUDP�WKDW�SHUIRUPV�WKH�RSHUDWLRQV�LQVHUW��GHOHWHBPLQ��EXLOGBKHDS��
ILQGBPLQ��GHFUHDVHBNH\��GHOHWH��DQG�LQFUHDVHBNH\�LQ�D�ELQDU\�KHDS���

����+RZ�PDQ\�QRGHV�DUH�LQ�WKH�ODUJH�KHDS�LQ�)LJXUH�����"�

�

����D��3URYH�WKDW�IRU�ELQDU\�KHDSV��EXLOGBKHDS�GRHV�DW�PRVW��Q�����FRPSDULVRQV�EHWZHHQ�HOHPHQWV��

E��6KRZ�WKDW�D�KHDS�RI���HOHPHQWV�FDQ�EH�FRQVWUXFWHG�LQ���FRPSDULVRQV�EHWZHHQ�KHDS�HOHPHQWV��

�

F��*LYH�DQ�DOJRULWKP�WR�EXLOG�D�ELQDU\�KHDS�LQ�����Q���2�ORJ�Q��HOHPHQW�FRPSDULVRQV��

�

�����6KRZ�WKDW�WKH�H[SHFWHG�GHSWK�RI�WKH�NWK�VPDOOHVW�HOHPHQW�LQ�D�ODUJH�FRPSOHWH�KHDS��\RX�PD\�
DVVXPH�Q� ��N������LV�ERXQGHG�E\�ORJ�N���

�����D��*LYH�DQ�DOJRULWKP�WR�ILQG�DOO�QRGHV�OHVV�WKDQ�VRPH�YDOXH��[��LQ�D�ELQDU\�KHDS��<RXU�
DOJRULWKP�VKRXOG�UXQ�LQ�2�.���ZKHUH�.�LV�WKH�QXPEHU�RI�QRGHV�RXWSXW���

E��'RHV�\RXU�DOJRULWKP�H[WHQG�WR�DQ\�RI�WKH�RWKHU�KHDS�VWUXFWXUHV�GLVFXVVHG�LQ�WKLV�FKDSWHU"�

�

�����3URSRVH�DQ�DOJRULWKP�WR�LQVHUW�P�QRGHV�LQWR�D�ELQDU\�KHDS�RQ�Q�HOHPHQWV�LQ�2�P���ORJ�Q��
WLPH��3URYH�\RXU�WLPH�ERXQG���

�����:ULWH�D�SURJUDP�WR�WDNH�Q�HOHPHQWV�DQG�GR�WKH�IROORZLQJ��

�

D��,QVHUW�WKHP�LQWR�D�KHDS�RQH�E\�RQH��

�

E��%XLOG�D�KHDS�LQ�OLQHDU�WLPH��

�
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&RPSDUH�WKH�UXQQLQJ�WLPH�RI�ERWK�DOJRULWKPV�IRU�VRUWHG��UHYHUVH�RUGHUHG��DQG�UDQGRP�LQSXWV���

�����(DFK�GHOHWHBPLQ�RSHUDWLRQ�XVHV���ORJ�Q�FRPSDULVRQV�LQ�WKH�ZRUVW�FDVH��

�

D��3URSRVH�D�VFKHPH�VR�WKDW�WKH�GHOHWHBPLQ�RSHUDWLRQ�XVHV�RQO\�ORJ�Q���ORJ�ORJ�Q���2����
FRPSDULVRQV�EHWZHHQ�HOHPHQWV��7KLV�QHHG�QRW�LPSO\�OHVV�GDWD�PRYHPHQW���

E��([WHQG�\RXU�VFKHPH�LQ�SDUW��D��VR�WKDW�RQO\�ORJ�Q���ORJ�ORJ�ORJ�Q���2����FRPSDULVRQV�DUH�
SHUIRUPHG���

F��+RZ�IDU�FDQ�\RX�WDNH�WKLV�LGHD"�

�

G��'R�WKH�VDYLQJV�LQ�FRPSDULVRQV�FRPSHQVDWH�IRU�WKH�LQFUHDVHG�FRPSOH[LW\�RI�\RXU�DOJRULWKP"�

�

�����,I�D�G�KHDS�LV�VWRUHG�DV�DQ�DUUD\��IRU�DQ�HQWU\�ORFDWHG�LQ�SRVLWLRQ�L��ZKHUH�DUH�WKH�SDUHQWV�
DQG�FKLOGUHQ"��

�����6XSSRVH�ZH�QHHG�WR�SHUIRUP�P�SHUFRODWHBXSV�DQG�Q�GHOHWHBPLQV�RQ�D�G�KHDS�WKDW�LQLWLDOO\�KDV�
Q�HOHPHQWV���

D��:KDW�LV�WKH�WRWDO�UXQQLQJ�WLPH�RI�DOO�RSHUDWLRQV�LQ�WHUPV�RI�P��Q��DQG�G"�

�

E��,I�G� ����ZKDW�LV�WKH�UXQQLQJ�WLPH�RI�DOO�KHDS�RSHUDWLRQV"�

�

F��,I�G� � �Q���ZKDW�LV�WKH�WRWDO�UXQQLQJ�WLPH"�

�

G��:KDW�FKRLFH�RI�G�PLQLPL]HV�WKH�WRWDO�UXQQLQJ�WLPH"�

�

�����$�PLQ�PD[�KHDS�LV�D�GDWD�VWUXFWXUH�WKDW�VXSSRUWV�ERWK�GHOHWHBPLQ�DQG�GHOHWHBPD[�LQ�2�ORJ�Q��
SHU�RSHUDWLRQ��7KH�VWUXFWXUH�LV�LGHQWLFDO�WR�D�ELQDU\�KHDS��EXW�WKH�KHDS�RUGHU�SURSHUW\�LV�WKDW�
IRU�DQ\�QRGH��;��DW�HYHQ�GHSWK��WKH�NH\�VWRUHG�DW�;�LV�VPDOOHU�WKDQ�WKH�SDUHQW�EXW�ODUJHU�WKDQ�
WKH�JUDQGSDUHQW��ZKHUH�WKLV�PDNHV�VHQVH���DQG�IRU�DQ\�QRGH�;�DW�RGG�GHSWK��WKH�NH\�VWRUHG�DW�; LV�
ODUJHU�WKDQ�WKH�SDUHQW�EXW�VPDOOHU�WKDQ�WKH�JUDQGSDUHQW��6HH�)LJXUH��������

D��+RZ�GR�ZH�ILQG�WKH�PLQLPXP�DQG�PD[LPXP�HOHPHQWV"�

�

E��*LYH�DQ�DOJRULWKP�WR�LQVHUW�D�QHZ�QRGH�LQWR�WKH�PLQ�PD[�KHDS��

�

F��*LYH�DQ�DOJRULWKP�WR�SHUIRUP�GHOHWHBPLQ�DQG�GHOHWHBPD[��

�

G��&DQ�\RX�EXLOG�D�PLQ�PD[�KHDS�LQ�OLQHDU�WLPH"�

�

H��6XSSRVH�ZH�ZRXOG�OLNH�WR�VXSSRUW�GHOHWHBPLQ��GHOHWHBPD[��DQG�PHUJH��3URSRVH�D�GDWD�VWUXFWXUH�
WR�VXSSRUW�DOO�RSHUDWLRQV�LQ�2�ORJ�Q��WLPH���
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�����6KRZ�WKH�UHVXOW�RI�LQVHUWLQJ�NH\V���WR����LQ�RUGHU�LQWR�DQ�LQLWLDOO\�HPSW\�OHIWLVW�KHDS��

�

�����3URYH�RU�GLVSURYH��$�SHUIHFWO\�EDODQFHG�WUHH�IRUPV�LI�NH\V���WR��N�� ��DUH�LQVHUWHG�LQ�RUGHU�
LQWR�DQ�LQLWLDOO\�HPSW\�OHIWLVW�KHDS���

�����*LYH�DQ�H[DPSOH�RI�LQSXW�ZKLFK�JHQHUDWHV�WKH�EHVW�OHIWLVW�KHDS��

�

�

�
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�����D��&DQ�OHIWLVW�KHDSV�HIILFLHQWO\�VXSSRUW�GHFUHDVHBNH\"�

�

E��:KDW�FKDQJHV��LI�DQ\��LI�SRVVLEOH���DUH�UHTXLUHG�WR�GR�WKLV"�

�

�����2QH�ZD\�WR�GHOHWH�QRGHV�IURP�D�NQRZQ�SRVLWLRQ�LQ�D�OHIWLVW�KHDS�LV�WR�XVH�D�OD]\�VWUDWHJ\��
7R�GHOHWH�D�QRGH��PHUHO\�PDUN�LW�GHOHWHG��:KHQ�D�ILQGBPLQ�RU�GHOHWHBPLQ�LV�SHUIRUPHG��WKHUH�LV�D�
SRWHQWLDO�SUREOHP�LI�WKH�URRW�LV�PDUNHG�GHOHWHG��VLQFH�WKHQ�WKH�QRGH�KDV�WR�EH�DFWXDOO\�GHOHWHG�
DQG�WKH�UHDO�PLQLPXP�QHHGV�WR�EH�IRXQG��ZKLFK�PD\�LQYROYH�GHOHWLQJ�RWKHU�PDUNHG�QRGHV��,Q�WKLV�
VWUDWHJ\��GHOHWHV�FRVW�RQH�XQLW��EXW�WKH�FRVW�RI�D�GHOHWHBPLQ�RU�ILQGBPLQ�GHSHQGV�RQ�WKH�QXPEHU�
RI�QRGHV�WKDW�DUH�PDUNHG�GHOHWHG��6XSSRVH�WKDW�DIWHU�D�GHOHWHBPLQ�RU�ILQGBPLQ�WKHUH�DUH�N�IHZHU�
PDUNHG�QRGHV�WKDQ�EHIRUH�WKH�RSHUDWLRQ���

D��6KRZ�KRZ�WR�SHUIRUP�WKH�GHOHWHBPLQ�LQ�2�N�ORJ�Q��WLPH��

�

E��3URSRVH�DQ�LPSOHPHQWDWLRQ��ZLWK�DQ�DQDO\VLV�WR�VKRZ�WKDW�WKH�WLPH�WR�SHUIRUP�WKH�GHOHWHBPLQ�
LV�2�N�ORJ��Q�N�����

�����:H�FDQ�SHUIRUP�EXLOGBKHDS�LQ�OLQHDU�WLPH�IRU�OHIWLVW�KHDSV�E\�FRQVLGHULQJ�HDFK�HOHPHQW�DV�D�
RQH�QRGH�OHIWLVW�KHDS��SODFLQJ�DOO�WKHVH�KHDSV�RQ�D�TXHXH��DQG�SHUIRUPLQJ�WKH�IROORZLQJ�VWHS��
8QWLO�RQO\�RQH�KHDS�LV�RQ�WKH�TXHXH��GHTXHXH�WZR�KHDSV��PHUJH�WKHP��DQG�HQTXHXH�WKH�UHVXOW���

D��3URYH�WKDW�WKLV�DOJRULWKP�LV�2�Q��LQ�WKH�ZRUVW�FDVH��

�

E��:K\�PLJKW�WKLV�DOJRULWKP�EH�SUHIHUDEOH�WR�WKH�DOJRULWKP�GHVFULEHG�LQ�WKH�WH[W"�
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RUGHU�LQWR�DQ�LQLWLDOO\�HPSW\�VNHZ�KHDS���

�����$�VNHZ�KHDS�RI�Q�HOHPHQWV�FDQ�EH�EXLOW�XVLQJ�WKH�VWDQGDUG�ELQDU\�KHDS�DOJRULWKP��&DQ�ZH�XVH�
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FDVH���
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EHWZHHQ�HOHPHQWV���

�����3URSRVH�DQ�DOJRULWKP�WR�LQVHUW�P�QRGHV�LQWR�D�ELQRPLDO�TXHXH�RI�Q�HOHPHQWV�LQ�2�P���ORJ�Q��
ZRUVW�FDVH�WLPH��3URYH�\RXU�ERXQG���

�����:ULWH�QRQUHFXUVLYH�URXWLQHV�WR�SHUIRUP�PHUJH��LQVHUW��DQG�GHOHWHBPLQ�XVLQJ�ELQRPLDO�TXHXHV��

�����6XSSRVH�ZH�H[WHQG�ELQRPLDO�TXHXHV�WR�DOORZ�DW�PRVW�WZR�WUHHV�RI�WKH�VDPH�KHLJKW�SHU�
VWUXFWXUH��&DQ�ZH�REWDLQ�2����ZRUVW�FDVH�WLPH�IRU�LQVHUWLRQ�ZKLOH�UHWDLQLQJ�2�ORJ�Q��IRU�WKH�
RWKHU�RSHUDWLRQV"��
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�����6XSSRVH�\RX�KDYH�D�QXPEHU�RI�ER[HV��HDFK�RI�ZKLFK�FDQ�KROG�WRWDO�ZHLJKW�&�DQG�LWHPV�L���L���

L�����������LQ��ZKLFK�ZHLJK�Z���Z���Z�����������ZQ��7KH�REMHFW�LV�WR�SDFN�DOO�WKH�LWHPV�ZLWKRXW�

SODFLQJ�PRUH�ZHLJKW�LQ�DQ\�ER[�WKDQ�LWV�FDSDFLW\�DQG�XVLQJ�DV�IHZ�ER[HV�DV�SRVVLEOH��)RU�
LQVWDQFH��LI�&� ����DQG�WKH�LWHPV�KDYH�ZHLJKWV�������������WKHQ�ZH�FDQ�VROYH�WKH�SUREOHP�ZLWK�WZR�
ER[HV��,Q�JHQHUDO��WKLV�SUREOHP�LV�YHU\�KDUG�DQG�QR�HIILFLHQW�VROXWLRQ�LV�NQRZQ��:ULWH�SURJUDPV�
WR�LPSOHPHQW�HIILFLHQWO\�WKH�IROORZLQJ�DSSUR[LPDWLRQ�VWUDWHJLHV���

D��3ODFH�WKH�ZHLJKW�LQ�WKH�ILUVW�ER[�IRU�ZKLFK�LW�ILWV��FUHDWLQJ�D�QHZ�ER[�LI�WKHUH�LV�QR�ER[�
ZLWK�HQRXJK�URRP����7KLV�VWUDWHJ\�DQG�DOO�WKDW�IROORZ�ZRXOG�JLYH�WKUHH�ER[HV��ZKLFK�LV�
VXERSWLPDO����

E��3ODFH�WKH�ZHLJKW�LQ�WKH�ER[�ZLWK�WKH�PRVW�URRP�IRU�LW��

�

F��3ODFH�WKH�ZHLJKW�LQ�WKH�PRVW�ILOOHG�ER[�WKDW�FDQ�DFFHSW�LW�ZLWKRXW�RYHUIORZLQJ��

�

G��$UH�DQ\�RI�WKHVH�VWUDWHJLHV�HQKDQFHG�E\�SUHVRUWLQJ�WKH�LWHPV�E\�ZHLJKW"�

�

�����6XSSRVH�ZH�ZDQW�WR�DGG�WKH�GHFUHDVHBDOOBNH\V� ��RSHUDWLRQ�WR�WKH�KHDS�UHSHUWRLUH��7KH�
UHVXOW�RI�WKLV�RSHUDWLRQ�LV�WKDW�DOO�NH\V�LQ�WKH�KHDS�KDYH�WKHLU�YDOXH�GHFUHDVHG�E\�DQ�DPRXQW�

��)RU�WKH�KHDS�LPSOHPHQWDWLRQ�RI�\RXU�FKRLFH��H[SODLQ�WKH�QHFHVVDU\�PRGLILFDWLRQV�VR�WKDW�DOO�
RWKHU�RSHUDWLRQV�UHWDLQ�WKHLU�UXQQLQJ�WLPHV�DQG�GHFUHDVHBDOOBNH\V�UXQV�LQ�2������

�����:KLFK�RI�WKH�WZR�VHOHFWLRQ�DOJRULWKPV�KDV�WKH�EHWWHU�WLPH�ERXQG"�

�

5HIHUHQFHV
�

7KH�ELQDU\�KHDS�ZDV�ILUVW�GHVFULEHG�LQ�

>��@��7KH�OLQHDU�WLPH�DOJRULWKP�IRU�LWV�FRQVWUXFWLRQ�LV�
IURP�>�@���

7KH�ILUVW�GHVFULSWLRQ�RI�G��KHDSV�ZDV�LQ�>��@��/HIWLVW�KHDSV�ZHUH�LQYHQWHG�E\�&UDQH�>�@�DQG�
GHVFULEHG�LQ�.QXWK�>��@��6NHZ�KHDSV�ZHUH�GHYHORSHG�E\�6OHDWRU�DQG�7DUMDQ�>��@��%LQRPLDO�TXHXHV�
ZHUH�LQYHQWHG�E\�9XLOOHPLQ�>��@��%URZQ�SURYLGHG�D�GHWDLOHG�DQDO\VLV�DQG�HPSLULFDO�VWXG\�VKRZLQJ�
WKDW�WKH\�SHUIRUP�ZHOO�LQ�SUDFWLFH�>�@��LI�FDUHIXOO\�LPSOHPHQWHG���

([HUFLVH������E�F��LV�WDNHQ�IURP�>��@��$�PHWKRG�IRU�FRQVWUXFWLQJ�ELQDU\�KHDSV�WKDW�XVHV�DERXW�
����Q�FRPSDULVRQV�RQ�DYHUDJH�LV�GHVFULEHG�LQ�>��@��/D]\�GHOHWLRQ�LQ�OHIWLVW�KHDSV��([HUFLVH�������
LV�IURP�>�@��$�VROXWLRQ�WR�([HUFLVH������FDQ�EH�IRXQG�LQ�>�@���

0LQ�PD[�KHDSV��([HUFLVH�������ZHUH�RULJLQDOO\�GHVFULEHG�LQ�>�@��0RUH�HIILFLHQW�LPSOHPHQWDWLRQ�RI�
WKH�RSHUDWLRQV�LV�JLYHQ�LQ�>��@�DQG�>��@��$Q�DOWHUQDWH�UHSUHVHQWDWLRQ�IRU�GRXEOH�HQGHG�SULRULW\�
TXHXHV�LV�WKH�GHDS��'HWDLOV�FDQ�EH�IRXQG�LQ�>�@�DQG�>�@���

$�WKHRUHWLFDOO\�LQWHUHVWLQJ�SULRULW\�TXHXH�UHSUHVHQWDWLRQ�LV�WKH�)LERQDFFL�KHDS�>��@��ZKLFK�ZH�
ZLOO�GHVFULEH�LQ�&KDSWHU�����7KH�)LERQDFFL�KHDS�DOORZV�DOO�RSHUDWLRQV�WR�EH�SHUIRUPHG�LQ�2����
DPRUWL]HG�WLPH��H[FHSW�IRU�GHOHWLRQV��ZKLFK�DUH�2�ORJ�Q���5HOD[HG�KHDSV�>�@�DFKLHYH�LGHQWLFDO�
ERXQGV�LQ�WKH�ZRUVW�FDVH��$QRWKHU�LQWHUHVWLQJ�LPSOHPHQWDWLRQ�LV�WKH�SDLULQJ�KHDS�>��@��)LQDOO\��D�
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SULRULW\�TXHXH�WKDW�ZRUNV�ZKHQ�WKH�GDWD�FRQVLVWV�RI�VPDOO�LQWHJHUV�LV�GHVFULEHG�LQ�>��@���

���0��'��$WNLQVRQ��-��5��6DFN��1��6DQWRUR��DQG�7��6WURWKRWWH���0LQ�0D[�+HDSV�DQG�*HQHUDOL]HG�
3ULRULW\�4XHXHV���&RPPXQLFDWLRQV�RI�WKH�$&0�����������������������

���0��5��%URZQ���,PSOHPHQWDWLRQ�DQG�$QDO\VLV�RI�%LQRPLDO�4XHXH�$OJRULWKPV���6,$0�-RXUQDO�RQ�
&RPSXWLQJ���������������������

���6��&DUOVVRQ���7KH�'HDS��$�'RXEOH�HQGHG�+HDS�WR�,PSOHPHQW�'RXEOH�HQGHG�3ULRULW\�4XHXHV���
,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV��������������������

���6��&DUOVVRQ��-��&KHQ��DQG�7��6WURWKRWWH���$�1RWH�RQ�WKH�&RQVWUXFWLRQ�RI�WKH�'DWD�6WUXFWXUH�

'HDS
���,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV����������������������

���6��&DUOVVRQ��-��,��0XQUR��DQG�3��9��3REOHWH���$Q�,PSOLFLW�%LQRPLDO�4XHXH�ZLWK�&RQVWDQW�
,QVHUWLRQ�7LPH���3URFHHGLQJV�RI�)LUVW�6FDQGLQDYLDQ�:RUNVKRS�RQ�$OJRULWKP�7KHRU\���������������

���'��&KHULWRQ�DQG�5��(��7DUMDQ���)LQGLQJ�0LQLPXP�6SDQQLQJ�7UHHV���6,$0�-RXUQDO�RQ�&RPSXWLQJ���
������������������

���&��$��&UDQH���/LQHDU�/LVWV�DQG�3ULRULW\�4XHXHV�DV�%DODQFHG�%LQDU\�7UHHV���7HFKQLFDO�5HSRUW�
67$1�&6���������&RPSXWHU�6FLHQFH�'HSDUWPHQW��6WDQIRUG�8QLYHUVLW\��6WDQIRUG��&$���������

���-��5��'ULVFROO��+��1��*DERZ��5��6KUDLUPDQ��DQG�5��(��7DUMDQ���5HOD[HG�+HDSV��$Q�$OWHUQDWLYH�WR�
)LERQDFFL�+HDSV�ZLWK�$SSOLFDWLRQV�WR�3DUDOOHO�&RPSXWDWLRQ���&RPPXQLFDWLRQV�RI�WKH�$&0������������
������������

���5��:��)OR\G���$OJRULWKP������7UHHVRUW������&RPPXQLFDWLRQV�RI�WKH�$&0����������������

�
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3URFHVVLQJ�/HWWHUV�������������������
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$GGLVRQ�:HVOH\��5HDGLQJ��0$���������
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&+$37(5����
6257,1*�

,Q�WKLV�FKDSWHU�ZH�GLVFXVV�WKH�SUREOHP�RI�VRUWLQJ�DQ�DUUD\�RI�HOHPHQWV��7R�
VLPSOLI\�PDWWHUV��ZH�ZLOO�DVVXPH�LQ�RXU�H[DPSOHV�WKDW�WKH�DUUD\�FRQWDLQV�RQO\�
LQWHJHUV��DOWKRXJK��REYLRXVO\��PRUH�FRPSOLFDWHG�VWUXFWXUHV�DUH�SRVVLEOH��)RU�PRVW�
RI�WKLV�FKDSWHU��ZH�ZLOO�DOVR�DVVXPH�WKDW�WKH�HQWLUH�VRUW�FDQ�EH�GRQH�LQ�PDLQ�
PHPRU\��VR�WKDW�WKH�QXPEHU�RI�HOHPHQWV�LV�UHODWLYHO\�VPDOO��OHVV�WKDQ�D�PLOOLRQ���
6RUWV�WKDW�FDQQRW�EH�SHUIRUPHG�LQ�PDLQ�PHPRU\�DQG�PXVW�EH�GRQH�RQ�GLVN�RU�WDSH�
DUH�DOVR�TXLWH�LPSRUWDQW��7KLV�W\SH�RI�VRUWLQJ��NQRZQ�DV�H[WHUQDO�VRUWLQJ��ZLOO�
EH�GLVFXVVHG�DW�WKH�HQG�RI�WKH�FKDSWHU���

2XU�LQYHVWLJDWLRQ�RI�LQWHUQDO�VRUWLQJ�ZLOO�VKRZ�WKDW��

�7KHUH�DUH�VHYHUDO�HDV\�DOJRULWKPV�WR�VRUW�LQ�2�Q����VXFK�DV�LQVHUWLRQ�VRUW��

�7KHUH�LV�DQ�DOJRULWKP��6KHOOVRUW��WKDW�LV�YHU\�VLPSOH�WR�FRGH��UXQV�LQ�R

�Q����DQG�LV�HIILFLHQW�LQ�SUDFWLFH���

�7KHUH�DUH�VOLJKWO\�PRUH�FRPSOLFDWHG�2�Q�ORJ�Q��VRUWLQJ�DOJRULWKPV���

�$Q\�JHQHUDO�SXUSRVH�VRUWLQJ�DOJRULWKP�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV���

7KH�UHVW�RI�WKLV�FKDSWHU�ZLOO�GHVFULEH�DQG�DQDO\]H�WKH�YDULRXV�VRUWLQJ�
DOJRULWKPV��7KHVH�DOJRULWKPV�FRQWDLQ�LQWHUHVWLQJ�DQG�LPSRUWDQW�LGHDV�IRU�FRGH�
RSWLPL]DWLRQ�DV�ZHOO�DV�DOJRULWKP�GHVLJQ��6RUWLQJ�LV�DOVR�DQ�H[DPSOH�ZKHUH�WKH�
DQDO\VLV�FDQ�EH�SUHFLVHO\�SHUIRUPHG��%H�IRUHZDUQHG�WKDW�ZKHUH�DSSURSULDWH��ZH�
ZLOO�GR�DV�PXFK�DQDO\VLV�DV�SRVVLEOH���

�����3UHOLPLQDULHV�

7KH�DOJRULWKPV�ZH�GHVFULEH�ZLOO�DOO�EH�H[FKDQJHDEOH��(DFK�ZLOO�EH�SDVVHG�DQ�DUUD\�
FRQWDLQLQJ�WKH�HOHPHQWV�DQG�DQ�LQWHJHU�FRQWDLQLQJ�WKH�QXPEHU�RI�HOHPHQWV���

:H�ZLOO�DVVXPH�WKDW�Q��WKH�QXPEHU�RI�HOHPHQWV�SDVVHG�WR�RXU�VRUWLQJ�URXWLQHV��KDV�
DOUHDG\�EHHQ�FKHFNHG�DQG�LV�OHJDO��)RU�VRPH�RI�WKH�VRUWLQJ�URXWLQHV��LW�ZLOO�EH�
FRQYHQLHQW�WR�SODFH�D�VHQWLQHO�LQ�SRVLWLRQ����VR�ZH�ZLOO�DVVXPH�WKDW�WKH�DUUD\�
UDQJHV�IURP���WR�Q��7KH�DFWXDO�GDWD�ZLOO�VWDUW�DW�SRVLWLRQ���IRU�DOO�WKH�VRUWV���

:H�ZLOO�DOVR�DVVXPH�WKH�H[LVWHQFH�RI�WKH�����DQG��!��RSHUDWRUV��ZKLFK�FDQ�EH�XVHG�
WR�SODFH�D�FRQVLVWHQW�RUGHULQJ�RQ�WKH�LQSXW��%HVLGHV�WKH�DVVLJQPHQW�RSHUDWRU��
WKHVH�DUH�WKH�RQO\�RSHUDWLRQV�DOORZHG�RQ�WKH�LQSXW�GDWD��6RUWLQJ�XQGHU�WKHVH�
FRQGLWLRQV�LV�NQRZQ�DV�FRPSDULVRQ�EDVHG�VRUWLQJ���

�����,QVHUWLRQ�6RUW�

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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�������7KH�$OJRULWKP�

2QH�RI�WKH�VLPSOHVW�VRUWLQJ�DOJRULWKPV�LV�WKH�LQVHUWLRQ�VRUW��,QVHUWLRQ�VRUW�
FRQVLVWV�RI�Q�����SDVVHV��)RU�SDVV�S� ���WKURXJK�Q��LQVHUWLRQ�VRUW�HQVXUHV�WKDW�
WKH�HOHPHQWV�LQ�SRVLWLRQV���WKURXJK�S�DUH�LQ�VRUWHG�RUGHU��,QVHUWLRQ�VRUW�PDNHV�
XVH�RI�WKH�IDFW�WKDW�HOHPHQWV�LQ�SRVLWLRQV���WKURXJK�S�����DUH�DOUHDG\�NQRZQ�WR�
EH�LQ�VRUWHG�RUGHU��)LJXUH�����VKRZV�D�VDPSOH�ILOH�DIWHU�HDFK�SDVV�RI�LQVHUWLRQ�
VRUW���

)LJXUH�����VKRZV�WKH�JHQHUDO�VWUDWHJ\��,Q�SDVV�S��ZH�PRYH�WKH�SWK�HOHPHQW�OHIW�
XQWLO�LWV�FRUUHFW�SODFH�LV�IRXQG�DPRQJ�WKH�ILUVW�S�HOHPHQWV��7KH�FRGH�LQ�)LJXUH�
����LPSOHPHQWV�WKLV�VWUDWHJ\��7KH�VHQWLQHO�LQ�D>�@�WHUPLQDWHV�WKH�ZKLOH�ORRS�LQ�
WKH�HYHQW�WKDW�LQ�VRPH�SDVV�DQ�HOHPHQW�LV�PRYHG�DOO�WKH�ZD\�WR�WKH�IURQW��/LQHV���
WKURXJK���LPSOHPHQW�WKDW�GDWD�PRYHPHQW�ZLWKRXW�WKH�H[SOLFLW�XVH�RI�VZDSV��7KH�
HOHPHQW�LQ�SRVLWLRQ�S�LV�VDYHG�LQ�WPS� DQG�DOO�ODUJHU�HOHPHQWV��SULRU�WR�SRVLWLRQ�
S��DUH�PRYHG�RQH�VSRW�WR�WKH�ULJKW��7KHQ�WPS�LV�SODFHG�LQ�WKH�FRUUHFW�VSRW��7KLV�
LV�WKH�VDPH�WHFKQLTXH�WKDW�ZDV�XVHG�LQ�WKH�LPSOHPHQWDWLRQ�RI�ELQDU\�KHDSV���

2ULJLQDO�����������������������������������3RVLWLRQV�0RYHG�

�����������������������������������������������������������

$IWHU�S� ��������������������������������������������

$IWHU�S� ��������������������������������������������

$IWHU�S� ��������������������������������������������

$IWHU�S� ��������������������������������������������

$IWHU�S� ��������������������������������������������

)LJXUH�����,QVHUWLRQ�VRUW�DIWHU�HDFK�SDVV�

YRLG�

LQVHUWLRQBVRUW��LQSXWBW\SH�D>�@��XQVLJQHG�LQW�Q���

^�

XQVLJQHG�LQW�M��S��

LQSXWBW\SH�WPS��

����������D>�@� �0,1B'$7$������������VHQWLQHO���

����������IRU��S ���S�� �Q��S�����

^�

���������������WPS� �D>S@��

���������������IRU��M� �S��WPS���D>M��@��M�����

��������������������D>M@� �D>M��@��
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���������������D>M@� �WPS��

`�

`�

)LJXUH�����,QVHUWLRQ�VRUW�URXWLQH��

�������$QDO\VLV�RI�,QVHUWLRQ�6RUW�

%HFDXVH�RI�WKH�QHVWHG�ORRSV��HDFK�RI�ZKLFK�FDQ�WDNH�Q�LWHUDWLRQV��LQVHUWLRQ�VRUW�

LV�2�Q����)XUWKHUPRUH��WKLV�ERXQG�LV�WLJKW��EHFDXVH�LQSXW�LQ�UHYHUVH�RUGHU�FDQ�
DFWXDOO\�DFKLHYH�WKLV�ERXQG��$�SUHFLVH�FDOFXODWLRQ�VKRZV�WKDW�WKH�WHVW�DW�OLQH���
FDQ�EH�H[HFXWHG�DW�PRVW�S�WLPHV�IRU�HDFK�YDOXH�RI�S��6XPPLQJ�RYHU�DOO�S�JLYHV�D�
WRWDO�RI��

��

2Q�WKH�RWKHU�KDQG��LI�WKH�LQSXW�LV�SUHVRUWHG��WKH�UXQQLQJ�WLPH�LV�2�Q���EHFDXVH�
WKH�WHVW�LQ�WKH�LQQHU�IRU�ORRS�DOZD\V�IDLOV�LPPHGLDWHO\��,QGHHG��LI�WKH�LQSXW�LV�
DOPRVW�VRUWHG��WKLV�WHUP�ZLOO�EH�PRUH�ULJRURXVO\�GHILQHG�LQ�WKH�QH[W�VHFWLRQ���
LQVHUWLRQ�VRUW�ZLOO�UXQ�TXLFNO\��%HFDXVH�RI�WKLV�ZLGH�YDULDWLRQ��LW�LV�ZRUWK�
DQDO\]LQJ�WKH�DYHUDJH�FDVH�EHKDYLRU�RI�WKLV�DOJRULWKP��,W�WXUQV�RXW�WKDW�WKH�

DYHUDJH�FDVH�LV� �Q���IRU�LQVHUWLRQ�VRUW��DV�ZHOO�DV�IRU�D�YDULHW\�RI�RWKHU�
VRUWLQJ�DOJRULWKPV��DV�WKH�QH[W�VHFWLRQ�VKRZV���

�����$�/RZHU�%RXQG�IRU�6LPSOH�6RUWLQJ�
$OJRULWKPV�

$Q�LQYHUVLRQ�LQ�DQ�DUUD\�RI�QXPEHUV�LV�DQ\�RUGHUHG�SDLU��L��M��KDYLQJ�WKH�
SURSHUW\�WKDW�L���M�EXW�D>L@�!�D>M@��,Q�WKH�H[DPSOH�RI�WKH�ODVW�VHFWLRQ��WKH�
LQSXW�OLVW�����������������������KDG�QLQH�LQYHUVLRQV��QDPHO\������������������
�����������������������������������������������������DQG����������1RWLFH�WKDW�
WKLV�LV�H[DFWO\�WKH�QXPEHU�RI�VZDSV�WKDW�QHHGHG�WR�EH��LPSOLFLWO\��SHUIRUPHG�E\�
LQVHUWLRQ�VRUW��7KLV�LV�DOZD\V�WKH�FDVH��EHFDXVH�VZDSSLQJ�WZR�DGMDFHQW�HOHPHQWV�
WKDW�DUH�RXW�RI�SODFH�UHPRYHV�H[DFWO\�RQH�LQYHUVLRQ��DQG�D�VRUWHG�ILOH�KDV�QR�
LQYHUVLRQV��6LQFH�WKHUH�LV�2�Q��RWKHU�ZRUN�LQYROYHG�LQ�WKH�DOJRULWKP��WKH�UXQQLQJ�
WLPH�RI�LQVHUWLRQ�VRUW�LV�2�,���Q���ZKHUH�,�LV�WKH�QXPEHU�RI�LQYHUVLRQV�LQ�WKH�
RULJLQDO�ILOH��7KXV��LQVHUWLRQ�VRUW�UXQV�LQ�OLQHDU�WLPH�LI�WKH�QXPEHU�RI�
LQYHUVLRQV�LV�2�Q����

:H�FDQ�FRPSXWH�SUHFLVH�ERXQGV�RQ�WKH�DYHUDJH�UXQQLQJ�WLPH�RI�LQVHUWLRQ�VRUW�E\�
FRPSXWLQJ�WKH�DYHUDJH�QXPEHU�RI�LQYHUVLRQV�LQ�D�SHUPXWDWLRQ��$V�XVXDO��GHILQLQJ�
DYHUDJH�LV�D�GLIILFXOW�SURSRVLWLRQ��:H�ZLOO�DVVXPH�WKDW�WKHUH�DUH�QR�GXSOLFDWH�
HOHPHQWV��LI�ZH�DOORZ�GXSOLFDWHV��LW�LV�QRW�HYHQ�FOHDU�ZKDW�WKH�DYHUDJH�QXPEHU�RI�
GXSOLFDWHV�LV���8VLQJ�WKLV�DVVXPSWLRQ��ZH�FDQ�DVVXPH�WKDW�WKH�LQSXW�LV�VRPH�
SHUPXWDWLRQ�RI�WKH�ILUVW�Q�LQWHJHUV��VLQFH�RQO\�UHODWLYH�RUGHULQJ�LV�LPSRUWDQW��
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DQG�WKDW�DOO�DUH�HTXDOO\�OLNHO\��8QGHU�WKHVH�DVVXPSWLRQV��ZH�KDYH�WKH�IROORZLQJ�
WKHRUHP���

7+(25(0�������

7KH�DYHUDJH�QXPEHU�RI�LQYHUVLRQV�LQ�DQ�DUUD\�RI�Q�GLVWLQFW�QXPEHUV�LV�Q�Q�� ������

3522)���

)RU�DQ\�OLVW��/��RI�QXPEHUV��FRQVLGHU�/U��WKH�OLVW�LQ�UHYHUVH�RUGHU��7KH�UHYHUVH�

OLVW�RI�WKH�H[DPSOH�LV������������������������&RQVLGHU�DQ\�SDLU�RI�WZR�QXPEHUV�LQ�
WKH�OLVW��[��\���ZLWK�\�!�[��&OHDUO\��LQ�H[DFWO\�RQH�RI�/�DQG�/U�WKLV�RUGHUHG�

SDLU�UHSUHVHQWV�DQ�LQYHUVLRQ��7KH�WRWDO�QXPEHU�RI�WKHVH�SDLUV�LQ�D�OLVW�/ DQG�LWV�
UHYHUVH�/U�LV�Q�Q���������7KXV��DQ�DYHUDJH�OLVW�KDV�KDOI�WKLV�DPRXQW��RU�Q�Q��

�����LQYHUVLRQV���

7KLV�WKHRUHP�LPSOLHV�WKDW�LQVHUWLRQ�VRUW�LV�TXDGUDWLF�RQ�DYHUDJH��,W�DOVR�
SURYLGHV�D�YHU\�VWURQJ�ORZHU�ERXQG�DERXW�DQ\�DOJRULWKP�WKDW�RQO\�H[FKDQJHV�
DGMDFHQW�HOHPHQWV���

7+(25(0�������

$Q\�DOJRULWKP�WKDW�VRUWV�E\�H[FKDQJLQJ�DGMDFHQW�HOHPHQWV�UHTXLUHV� �Q���WLPH�
RQ�DYHUDJH���

3522)���

7KH�DYHUDJH�QXPEHU�RI�LQYHUVLRQV�LV�LQLWLDOO\�Q�Q�������� � �Q����(DFK�VZDS�

UHPRYHV�RQO\�RQH�LQYHUVLRQ��VR� �Q���VZDSV�DUH�UHTXLUHG��
�

7KLV�LV�DQ�H[DPSOH�RI�D�ORZHU�ERXQG�SURRI��,W�LV�YDOLG�QRW�RQO\�IRU�LQVHUWLRQ�
VRUW��ZKLFK�SHUIRUPV�DGMDFHQW�H[FKDQJHV�LPSOLFLWO\��EXW�DOVR�IRU�RWKHU�VLPSOH�
DOJRULWKPV�VXFK�DV�EXEEOH�VRUW�DQG�VHOHFWLRQ�VRUW��ZKLFK�ZH�ZLOO�QRW�GHVFULEH�
KHUH��,Q�IDFW��LW�LV�YDOLG�RYHU�DQ�HQWLUH�FODVV�RI�VRUWLQJ�DOJRULWKPV��LQFOXGLQJ�
WKRVH�XQGLVFRYHUHG��WKDW�SHUIRUP�RQO\�DGMDFHQW�H[FKDQJHV��%HFDXVH�RI�WKLV��WKLV�
SURRI�FDQQRW�EH�FRQILUPHG�HPSLULFDOO\��$OWKRXJK�WKLV�ORZHU�ERXQG�SURRI�LV�UDWKHU�
VLPSOH��LQ�JHQHUDO�SURYLQJ�ORZHU�ERXQGV�LV�PXFK�PRUH�FRPSOLFDWHG�WKDQ�SURYLQJ�
XSSHU�ERXQGV�DQG�LQ�VRPH�FDVHV�UHVHPEOHV�YRRGRR���

7KLV�ORZHU�ERXQG�VKRZV�XV�WKDW�LQ�RUGHU�IRU�D�VRUWLQJ�DOJRULWKP�WR�UXQ�LQ�

VXETXDGUDWLF��RU�R�Q����WLPH��LW�PXVW�GR�FRPSDULVRQV�DQG��LQ�SDUWLFXODU��
H[FKDQJHV�EHWZHHQ�HOHPHQWV�WKDW�DUH�IDU�DSDUW��$�VRUWLQJ�DOJRULWKP�PDNHV�SURJUHVV�
E\�HOLPLQDWLQJ�LQYHUVLRQV��DQG�WR�UXQ�HIILFLHQWO\��LW�PXVW�HOLPLQDWH�PRUH�WKDQ�
MXVW�RQH�LQYHUVLRQ�SHU�H[FKDQJH���

�����6KHOOVRUW�

6KHOOVRUW��QDPHG�DIWHU�LWV�LQYHQWRU��'RQDOG�6KHOO��ZDV�RQH�RI�WKH�ILUVW�
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DOJRULWKPV�WR�EUHDN�WKH�TXDGUDWLF�WLPH�EDUULHU��DOWKRXJK�LW�ZDV�QRW�XQWLO�VHYHUDO�
\HDUV�DIWHU�LWV�LQLWLDO�GLVFRYHU\�WKDW�D�VXETXDGUDWLF�WLPH�ERXQG�ZDV�SURYHQ��$V�
VXJJHVWHG�LQ�WKH�SUHYLRXV�VHFWLRQ��LW�ZRUNV�E\�FRPSDULQJ�HOHPHQWV�WKDW�DUH�
GLVWDQW��WKH�GLVWDQFH�EHWZHHQ�FRPSDULVRQV�GHFUHDVHV�DV�WKH�DOJRULWKP�UXQV�XQWLO�
WKH�ODVW�SKDVH��LQ�ZKLFK�DGMDFHQW�HOHPHQWV�DUH�FRPSDUHG��)RU�WKLV�UHDVRQ��
6KHOOVRUW�LV�VRPHWLPHV�UHIHUUHG�WR�DV�GLPLQLVKLQJ�LQFUHPHQW�VRUW���

6KHOOVRUW�XVHV�D�VHTXHQFH��K���K�����������KW��FDOOHG�WKH�LQFUHPHQW�VHTXHQFH��$Q\�

LQFUHPHQW�VHTXHQFH�ZLOO�GR�DV�ORQJ�DV�K�� ����EXW�REYLRXVO\�VRPH�FKRLFHV�DUH�

EHWWHU�WKDQ�RWKHUV��ZH�ZLOO�GLVFXVV�WKDW�TXHVWLRQ�ODWHU���$IWHU�D�SKDVH��XVLQJ�

VRPH�LQFUHPHQW�KN��IRU�HYHU\�L��ZH�KDYH�D>L@� �D>L�KN@��ZKHUH�WKLV�PDNHV�

VHQVH���DOO�HOHPHQWV�VSDFHG�KN�DSDUW�DUH�VRUWHG��7KH�ILOH�LV�WKHQ�VDLG�WR�EH�KN�

VRUWHG��)RU�H[DPSOH��)LJXUH�����VKRZV�DQ�DUUD\�DIWHU�VHYHUDO�SKDVHV�RI�6KHOOVRUW��
$Q�LPSRUWDQW�SURSHUW\�RI�6KHOOVRUW��ZKLFK�ZH�VWDWH�ZLWKRXW�SURRI��LV�WKDW�DQ�KN�

VRUWHG�ILOH�WKDW�LV�WKHQ�KN���VRUWHG�UHPDLQV�KN�VRUWHG��,I�WKLV�ZHUH�QRW�WKH�

FDVH��WKH�DOJRULWKP�ZRXOG�OLNHO\�EH�RI�OLWWOH�YDOXH��VLQFH�ZRUN�GRQH�E\�HDUO\�
SKDVHV�ZRXOG�EH�XQGRQH�E\�ODWHU�SKDVHV���

2ULJLQDO���������������������������������������������������������

�����������������������������������������������������������������

$IWHU���VRUW�����������������������������������������������������

$IWHU���VRUW�����������������������������������������������������

$IWHU���VRUW�����������������������������������������������������

)LJXUH�����6KHOOVRUW�DIWHU�HDFK�SDVV�

7KH�JHQHUDO�VWUDWHJ\�WR�KN�VRUW�LV�IRU�HDFK�SRVLWLRQ��L��LQ�KN������KN������������

��Q��SODFH�WKH�HOHPHQW�LQ�WKH�FRUUHFW�VSRW�DPRQJ�L��L���KN��L����KN��HWF��

$OWKRXJK�WKLV�GRHV�QRW�DIIHFW�WKH�LPSOHPHQWDWLRQ��D�FDUHIXO�H[DPLQDWLRQ�VKRZV�
WKDW�WKH�DFWLRQ�RI�DQ�KN�VRUW�LV�WR�SHUIRUP�DQ�LQVHUWLRQ�VRUW�RQ�KN�LQGHSHQGHQW�

VXE�DUUD\V��7KLV�REVHUYDWLRQ�ZLOO�EH�LPSRUWDQW�ZKHQ�ZH�DQDO\]H�WKH�UXQQLQJ�WLPH�
RI�6KHOOVRUW���

$�SRSXODU��EXW�SRRU��FKRLFH�IRU�LQFUHPHQW�VHTXHQFH�LV�WR�XVH�WKH�VHTXHQFH�

VXJJHVWHG�E\�6KHOO��KW� n�� ��DQG�KN� � hk+1�� ��
)LJXUH�����FRQWDLQV�D�

SURJUDP�WKDW�LPSOHPHQWV�6KHOOVRUW�XVLQJ�WKLV�VHTXHQFH��:H�VKDOO�VHH�ODWHU�WKDW�
WKHUH�DUH�LQFUHPHQW�VHTXHQFHV�WKDW�JLYH�D�VLJQLILFDQW�LPSURYHPHQW�LQ�WKH�
DOJRULWKP
V�UXQQLQJ�WLPH���

7KH�SURJUDP�LQ�)LJXUH�����DYRLGV�WKH�H[SOLFLW�XVH�RI�VZDSV�LQ�WKH�VDPH�PDQQHU�DV�
RXU�LPSOHPHQWDWLRQ�RI�LQVHUWLRQ�VRUW��8QIRUWXQDWHO\��IRU�6KHOOVRUW�LW�LV�QRW�
SRVVLEOH�WR�XVH�D�VHQWLQHO��DQG�VR�WKH�FRGH�LQ�OLQHV���WKURXJK���LV�QRW�TXLWH�DV�
FOHDQ�DV�WKH�FRUUHVSRQGLQJ�FRGH�LQ�LQVHUWLRQ�VRUW��OLQHV���WKURXJK������

YRLG�
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VKHOOVRUW��LQSXWBW\SH�D>�@��XQVLJQHG�LQW�Q���

^�

XQVLJQHG�LQW�L��M��LQFUHPHQW��

LQSXWBW\SH�WPS��

����������IRU��LQFUHPHQW� �Q����LQFUHPHQW�!����LQFUHPHQW�� �����

���������������IRU��L� �LQFUHPHQW����L� Q��L�����

^�

��������������������WPS� �D>L@��

��������������������IRU��M� �L��M�!�LQFUHPHQW��M�� �LQFUHPHQW���

�������������������������LI��WPS���D>M�LQFUHPHQW@���

������������������������������D>M@� �D>M�LQFUHPHQW@��

HOVH�

������������������������������EUHDN��

��������������������D>M@� �WPS��

`�

`�

)LJXUH�����6KHOOVRUW�URXWLQH�XVLQJ�6KHOO
V�LQFUHPHQWV��EHWWHU�LQFUHPHQWV�DUH�
SRVVLEOH��

�������:RUVW�&DVH�$QDO\VLV�RI�6KHOOVRUW�

$OWKRXJK�6KHOOVRUW�LV�VLPSOH�WR�FRGH��WKH�DQDO\VLV�RI�LWV�UXQQLQJ�WLPH�LV�TXLWH�
DQRWKHU�VWRU\��7KH�UXQQLQJ�WLPH�RI�6KHOOVRUW�GHSHQGV�RQ�WKH�FKRLFH�RI�LQFUHPHQW�
VHTXHQFH��DQG�WKH�SURRIV�FDQ�EH�UDWKHU�LQYROYHG��7KH�DYHUDJH�FDVH�DQDO\VLV�RI�
6KHOOVRUW�LV�D�ORQJ�VWDQGLQJ�RSHQ�SUREOHP��H[FHSW�IRU�WKH�PRVW�WULYLDO�LQFUHPHQW�
VHTXHQFHV��:H�ZLOO�SURYH�WLJKW�ZRUVW�FDVH�ERXQGV�IRU�WZR�SDUWLFXODU�LQFUHPHQW�
VHTXHQFHV���

7+(25(0�������

7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�6KHOOVRUW��XVLQJ�6KHOO
V�LQFUHPHQWV��LV� �Q����

3522)���

7KH�SURRI�UHTXLUHV�VKRZLQJ�QRW�RQO\�DQ�XSSHU�ERXQG�RQ�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�

EXW�DOVR�VKRZLQJ�WKDW�WKHUH�H[LVWV�VRPH�LQSXW�WKDW�DFWXDOO\�WDNHV� �Q���WLPH�
WR�UXQ��:H�SURYH�WKH�ORZHU�ERXQG�ILUVW��E\�FRQVWUXFWLQJ�D�EDG�FDVH��)LUVW��ZH�
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FKRRVH�Q�WR�EH�D�SRZHU�RI����7KLV�PDNHV�DOO�WKH�LQFUHPHQWV�HYHQ��H[FHSW�IRU�WKH�
ODVW�LQFUHPHQW��ZKLFK�LV����1RZ��ZH�ZLOO�JLYH�DV�LQSXW�DQ�DUUD\��LQSXWBGDWD��ZLWK�
WKH�Q���ODUJHVW�QXPEHUV�LQ�WKH�HYHQ�SRVLWLRQV�DQG�WKH�Q���VPDOOHVW�QXPEHUV�LQ�WKH�
RGG�SRVLWLRQV��$V�DOO�WKH�LQFUHPHQWV�H[FHSW�WKH�ODVW�DUH�HYHQ��ZKHQ�ZH�FRPH�WR�
WKH�ODVW�SDVV��WKH�Q���ODUJHVW�QXPEHUV�DUH�VWLOO�DOO�LQ�HYHQ�SRVLWLRQV�DQG�WKH�
Q���VPDOOHVW�QXPEHUV�DUH�VWLOO�DOO�LQ�RGG�SRVLWLRQV��7KH�LWK�VPDOOHVW�QXPEHU��L�

�Q����LV�WKXV�LQ�SRVLWLRQ��L����EHIRUH�WKH�EHJLQQLQJ�RI�WKH�ODVW�SDVV��
5HVWRULQJ�WKH�LWK�HOHPHQW�WR�LWV�FRUUHFW�SODFH�UHTXLUHV�PRYLQJ�LW�L����VSDFHV�LQ�
WKH�DUUD\��7KXV��WR�PHUHO\�SODFH�WKH�Q���VPDOOHVW�HOHPHQWV�LQ�WKH�FRUUHFW�SODFH�

UHTXLUHV�DW�OHDVW� �ZRUN��$V�DQ�H[DPSOH��)LJXUH�����VKRZV�D�EDG�
�EXW�QRW�WKH�ZRUVW��LQSXW�ZKHQ�Q� �����7KH�QXPEHU�RI�LQYHUVLRQV�UHPDLQLQJ�DIWHU�
WKH���VRUW�LV�H[DFWO\��������������������������� �����WKXV��WKH�ODVW�SDVV�ZLOO�
WDNH�FRQVLGHUDEOH�WLPH���

7R�ILQLVK�WKH�SURRI��ZH�VKRZ�WKH�XSSHU�ERXQG�RI�2�Q����$V�ZH�KDYH�REVHUYHG�
EHIRUH��D�SDVV�ZLWK�LQFUHPHQW�KN�FRQVLVWV�RI�KN�LQVHUWLRQ�VRUWV�RI�DERXW�Q�KN�

HOHPHQWV��6LQFH�LQVHUWLRQ�VRUW�LV�TXDGUDWLF��WKH�WRWDO�FRVW�RI�D�SDVV�LV�2�KN

�Q�KN�
��� �2�Q��KN���6XPPLQJ�RYHU�DOO�SDVVHV�JLYHV�D�WRWDO�ERXQG�RI�

��%HFDXVH�WKH�LQFUHPHQWV�IRUP�D�JHRPHWULF�VHULHV�
ZLWK�FRPPRQ�UDWLR����DQG�WKH�ODUJHVW�WHUP�LQ�WKH�VHULHV�LV�

��7KXV�ZH�REWDLQ�D�WRWDO�ERXQG�RI�2�Q����
�

7KH�SUREOHP�ZLWK�6KHOO
V�LQFUHPHQWV�LV�WKDW�SDLUV�RI�LQFUHPHQWV�DUH�QRW�
QHFHVVDULO\�UHODWLYHO\�SULPH��DQG�WKXV�WKH�VPDOOHU�LQFUHPHQW�FDQ�KDYH�OLWWOH�
HIIHFW��+LEEDUG�VXJJHVWHG�D�VOLJKWO\�GLIIHUHQW�LQFUHPHQW�VHTXHQFH��ZKLFK�JLYHV�
EHWWHU�UHVXOWV�LQ�SUDFWLFH��DQG�WKHRUHWLFDOO\���+LV�LQFUHPHQWV�DUH�RI�WKH�IRUP����

���������������N������$OWKRXJK�WKHVH�LQFUHPHQWV�DUH�DOPRVW�LGHQWLFDO��WKH�NH\�
GLIIHUHQFH�LV�WKDW�FRQVHFXWLYH�LQFUHPHQWV�KDYH�QR�FRPPRQ�IDFWRUV��:H�QRZ�DQDO\]H�
WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�6KHOOVRUW�IRU�WKLV�LQFUHPHQW�VHTXHQFH��7KH�SURRI�
LV�UDWKHU�FRPSOLFDWHG���

����6WDUW�����������������������������������������������������������

��������������������������������������������������������������������

$IWHU���VRUW��������������������������������������������������������

$IWHU���VRUW��������������������������������������������������������

$IWHU���VRUW��������������������������������������������������������

$IWHU���VRUW��������������������������������������������������������

)LJXUH�����%DG�FDVH�IRU�6KHOOVRUW�ZLWK�6KHOO
V�LQFUHPHQWV�

7+(25(0�������
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7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�6KHOOVRUW�XVLQJ�+LEEDUG
V�LQFUHPHQWV�LV� �Q�����

3522)���

:H�ZLOO�SURYH�RQO\�WKH�XSSHU�ERXQG�DQG�OHDYH�WKH�SURRI�RI�WKH�ORZHU�ERXQG�DV�DQ�
H[HUFLVH��7KH�SURRI�UHTXLUHV�VRPH�ZHOO�NQRZQ�UHVXOWV�IURP�DGGLWLYH�QXPEHU�WKHRU\��
5HIHUHQFHV�WR�WKHVH�UHVXOWV�DUH�SURYLGHG�DW�WKH�HQG�RI�WKH�FKDSWHU���

)RU�WKH�XSSHU�ERXQG��DV�EHIRUH��ZH�ERXQG�WKH�UXQQLQJ�WLPH�RI�HDFK�SDVV�DQG�VXP�

RYHU�DOO�SDVVHV��)RU�LQFUHPHQWV�KN�!�Q
�����ZH�ZLOO�XVH�WKH�ERXQG�2�Q��KN��IURP�WKH�

SUHYLRXV�WKHRUHP��$OWKRXJK�WKLV�ERXQG�KROGV�IRU�WKH�RWKHU�LQFUHPHQWV��LW�LV�WRR�
ODUJH�WR�EH�XVHIXO��,QWXLWLYHO\��ZH�PXVW�WDNH�DGYDQWDJH�RI�WKH�IDFW�WKDW�WKLV�
LQFUHPHQW�VHTXHQFH�LV�VSHFLDO��:KDW�ZH�QHHG�WR�VKRZ�LV�WKDW�IRU�DQ\�HOHPHQW�DS LQ�

SRVLWLRQ�S��ZKHQ�LW�LV�WLPH�WR�SHUIRUP�DQ�KN�VRUW��WKHUH�DUH�RQO\�D�IHZ�HOHPHQWV�

WR�WKH�OHIW�RI�SRVLWLRQ�S�WKDW�DUH�ODUJHU�WKDQ�DS���

:KHQ�ZH�FRPH�WR�KN�VRUW�WKH�LQSXW�DUUD\��ZH�NQRZ�WKDW�LW�KDV�DOUHDG\�EHHQ�KN����

DQG�KN���VRUWHG��3ULRU�WR�WKH�KN�VRUW��FRQVLGHU�HOHPHQWV�LQ�SRVLWLRQV�S�DQG�S���

L��L���S��,I�L�LV�D�PXOWLSOH�RI�KN���RU�KN����WKHQ�FOHDUO\�D>S���L@���D>S@��:H�FDQ�

VD\�PRUH��KRZHYHU��,I�L�LV�H[SUHVVLEOH�DV�D�OLQHDU�FRPELQDWLRQ��LQ�QRQQHJDWLYH�
LQWHJHUV��RI�KN���DQG�KN����WKHQ�D>S���L@���D>S@��$V�DQ�H[DPSOH��ZKHQ�ZH�FRPH�WR�

��VRUW��WKH�ILOH�LV�DOUHDG\����DQG����VRUWHG�����LV�H[SUHVVLEOH�DV�D�OLQHDU�
FRPELQDWLRQ�RI���DQG�����EHFDXVH���� ���������������7KXV��D>���@�FDQQRW�EH�

ODUJHU�WKDQ�D>���@�EHFDXVH�D>���@� �D>���@� �D>���@� �D>���@� �D�>���@��

1RZ��KN��� ��KN���������VR�KN����DQG�KN����FDQQRW�VKDUH�D�FRPPRQ�IDFWRU��,Q�WKLV�

FDVH��LW�LV�SRVVLEOH�WR�VKRZ�WKDW�DOO�LQWHJHUV�WKDW�DUH�DW�OHDVW�DV�ODUJH�DV�

�KN��������KN�������� ��K
�
N����KN�FDQ�EH�H[SUHVVHG�DV�D�OLQHDU�FRPELQDWLRQ�RI�KN���

DQG�KN����VHH�WKH�UHIHUHQFH�DW�WKH�HQG�RI�WKH�FKDSWHU����

7KLV�WHOOV�XV�WKDW�WKH�ERG\�RI�WKH�IRU�ORRS�DW�OLQH���FDQ�EH�H[HFXWHG�DW�PRVW��KN
���� �2�KN��WLPHV�IRU�HDFK�RI�WKH�Q���KN�SRVLWLRQV��7KLV�JLYHV�D�ERXQG�RI�2�QKN��

SHU�SDVV���

8VLQJ�WKH�IDFW�WKDW�DERXW�KDOI�WKH�LQFUHPHQWV�VDWLVI\� ��DQG�DVVXPLQJ�
WKDW�W�LV�HYHQ��WKH�WRWDO�UXQQLQJ�WLPH�LV�WKHQ��

��

%HFDXVH�ERWK�VXPV�DUH�JHRPHWULF�VHULHV��DQG�VLQFH� �WKLV�VLPSOLILHV�
WR��
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��

7KH�DYHUDJH�FDVH�UXQQLQJ�WLPH�RI�6KHOOVRUW��XVLQJ�+LEEDUG
V�LQFUHPHQWV��LV�

WKRXJKW�WR�EH�2�Q������EDVHG�RQ�VLPXODWLRQV��EXW�QRERG\�KDV�EHHQ�DEOH�WR�SURYH�

WKLV��3UDWW�KDV�VKRZQ�WKDW�WKH� �Q�����ERXQG�DSSOLHV�WR�D�ZLGH�UDQJH�RI�
LQFUHPHQW�VHTXHQFHV���

6HGJHZLFN�KDV�SURSRVHG�VHYHUDO�LQFUHPHQW�VHTXHQFHV�WKDW�JLYH�DQ�2�Q�����ZRUVW�
FDVH�UXQQLQJ�WLPH��DOVR�DFKLHYDEOH���7KH�DYHUDJH�UXQQLQJ�WLPH�LV�FRQMHFWXUHG�WR�

EH�2�Q�����IRU�WKHVH�LQFUHPHQW�VHTXHQFHV��(PSLULFDO�VWXGLHV�VKRZ�WKDW�WKHVH�
VHTXHQFHV�SHUIRUP�VLJQLILFDQWO\�EHWWHU�LQ�SUDFWLFH�WKDQ�+LEEDUG
V��7KH�EHVW�RI�
WKHVH�LV�WKH�VHTXHQFH�^������������������������`��LQ�ZKLFK�WKH�WHUPV�DUH�HLWKHU�

RI�WKH�IRUP��� ��L����� ��L�����RU��L����� ��L������7KLV�LV�PRVW�HDVLO\�
LPSOHPHQWHG�E\�SODFLQJ�WKHVH�YDOXHV�LQ�DQ�DUUD\��7KLV�LQFUHPHQW�VHTXHQFH�LV�WKH�
EHVW�NQRZQ�LQ�SUDFWLFH��DOWKRXJK�WKHUH�LV�D�OLQJHULQJ�SRVVLELOLW\�WKDW�VRPH�
LQFUHPHQW�VHTXHQFH�PLJKW�H[LVW�WKDW�FRXOG�JLYH�D�VLJQLILFDQW�LPSURYHPHQW�LQ�WKH�
UXQQLQJ�WLPH�RI�6KHOOVRUW���

7KHUH�DUH�VHYHUDO�RWKHU�UHVXOWV�RQ�6KHOOVRUW�WKDW��JHQHUDOO\��UHTXLUH�GLIILFXOW�
WKHRUHPV�IURP�QXPEHU�WKHRU\�DQG�FRPELQDWRULFV�DQG�DUH�PDLQO\�RI�WKHRUHWLFDO�
LQWHUHVW��6KHOOVRUW�LV�D�ILQH�H[DPSOH�RI�D�YHU\�VLPSOH�DOJRULWKP�ZLWK�DQ�
H[WUHPHO\�FRPSOH[�DQDO\VLV���

7KH�SHUIRUPDQFH�RI�6KHOOVRUW�LV�TXLWH�DFFHSWDEOH�LQ�SUDFWLFH��HYHQ�IRU�Q�LQ�WKH�
WHQV�RI�WKRXVDQGV��7KH�VLPSOLFLW\�RI�WKH�FRGH�PDNHV�LW�WKH�DOJRULWKP�RI�FKRLFH�
IRU�VRUWLQJ�XS�WR�PRGHUDWHO\�ODUJH�LQSXW���

�����+HDSVRUW�

$V�PHQWLRQHG�LQ�&KDSWHU����SULRULW\�TXHXHV�FDQ�EH�XVHG�WR�VRUW�LQ�2�Q�ORJ�Q��
WLPH��7KH�DOJRULWKP�EDVHG�RQ�WKLV�LGHD�LV�NQRZQ�DV�KHDSVRUW�DQG�JLYHV�WKH�EHVW�
%LJ�2K�UXQQLQJ�WLPH�ZH�KDYH�VHHQ�VR�IDU��,Q�SUDFWLFH�KRZHYHU��LW�LV�VORZHU�WKDQ�D�
YHUVLRQ�RI�6KHOOVRUW�WKDW�XVHV�6HGJHZLFN
V�LQFUHPHQW�VHTXHQFH���

5HFDOO��IURP�&KDSWHU����WKDW�WKH�EDVLF�VWUDWHJ\�LV�WR�EXLOG�D�ELQDU\�KHDS�RI�Q�
HOHPHQWV��7KLV�VWDJH�WDNHV�2�Q��WLPH��:H�WKHQ�SHUIRUP�Q�GHOHWHBPLQ�RSHUDWLRQV��
7KH�HOHPHQWV�OHDYH�WKH�KHDS�VPDOOHVW�ILUVW��LQ�VRUWHG�RUGHU��%\�UHFRUGLQJ�WKHVH�
HOHPHQWV�LQ�D�VHFRQG�DUUD\�DQG�WKHQ�FRS\LQJ�WKH�DUUD\�EDFN��ZH�VRUW�Q�HOHPHQWV��
6LQFH�HDFK�GHOHWHBPLQ�WDNHV�2�ORJ�Q��WLPH��WKH�WRWDO�UXQQLQJ�WLPH�LV�2�Q�ORJ�Q���

7KH�PDLQ�SUREOHP�ZLWK�WKLV�DOJRULWKP�LV�WKDW�LW�XVHV�DQ�H[WUD�DUUD\��7KXV��WKH�
PHPRU\�UHTXLUHPHQW�LV�GRXEOHG��7KLV�FRXOG�EH�D�SUREOHP�LQ�VRPH�LQVWDQFHV��1RWLFH�
WKDW�WKH�H[WUD�WLPH�VSHQW�FRS\LQJ�WKH�VHFRQG�DUUD\�EDFN�WR�WKH�ILUVW�LV�RQO\�2
�Q���VR�WKDW�WKLV�LV�QRW�OLNHO\�WR�DIIHFW�WKH�UXQQLQJ�WLPH�VLJQLILFDQWO\��7KH�
SUREOHP�LV�VSDFH���

$�FOHYHU�ZD\�WR�DYRLG�XVLQJ�D�VHFRQG�DUUD\�PDNHV�XVH�RI�WKH�IDFW�WKDW�DIWHU�HDFK�
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GHOHWHBPLQ��WKH�KHDS�VKULQNV�E\����7KXV�WKH�FHOO�WKDW�ZDV�ODVW�LQ�WKH�KHDS�FDQ�EH�
XVHG�WR�VWRUH�WKH�HOHPHQW�WKDW�ZDV�MXVW�GHOHWHG��$V�DQ�H[DPSOH��VXSSRVH�ZH�KDYH�D�
KHDS�ZLWK�VL[�HOHPHQWV��7KH�ILUVW�GHOHWHBPLQ�SURGXFHV�D���1RZ�WKH�KHDS�KDV�RQO\�

ILYH�HOHPHQWV��VR�ZH�FDQ�SODFH�D��LQ�SRVLWLRQ����7KH�QH[W�GHOHWHBPLQ�SURGXFHV�D���

6LQFH�WKH�KHDS�ZLOO�QRZ�RQO\�KDYH�IRXU�HOHPHQWV��ZH�FDQ�SODFH�D��LQ�SRVLWLRQ�����

8VLQJ�WKLV�VWUDWHJ\��DIWHU�WKH�ODVW�GHOHWHBPLQ�WKH�DUUD\�ZLOO�FRQWDLQ�WKH�
HOHPHQWV�LQ�GHFUHDVLQJ�VRUWHG�RUGHU��,I�ZH�ZDQW�WKH�HOHPHQWV�LQ�WKH�PRUH�W\SLFDO�
LQFUHDVLQJ�VRUWHG�RUGHU��ZH�FDQ�FKDQJH�WKH�RUGHULQJ�SURSHUW\�VR�WKDW�WKH�SDUHQW�
KDV�D�ODUJHU�NH\�WKDQ�WKH�FKLOG��7KXV�ZH�KDYH�D��PD[�KHDS���

,Q�RXU�LPSOHPHQWDWLRQ��ZH�ZLOO�XVH�D��PD[�KHDS��EXW�DYRLG�WKH�DFWXDO�ADT�IRU�
WKH�SXUSRVHV�RI�VSHHG��$V�XVXDO��HYHU\WKLQJ�LV�GRQH�LQ�DQ�DUUD\��7KH�ILUVW�VWHS�
EXLOGV�WKH�KHDS�LQ�OLQHDU�WLPH��:H�WKHQ�SHUIRUP�Q�����GHOHWHBPD[HV�E\�VZDSSLQJ�
WKH�ODVW�HOHPHQW�LQ�WKH�KHDS�ZLWK�WKH�ILUVW��GHFUHPHQWLQJ�WKH�KHDS�VL]H��DQG�
SHUFRODWLQJ�GRZQ��:KHQ�WKH�DOJRULWKP�WHUPLQDWHV��WKH�DUUD\�FRQWDLQV�WKH�HOHPHQWV�
LQ�VRUWHG�RUGHU��)RU�LQVWDQFH��FRQVLGHU�WKH�LQSXW�VHTXHQFH���������������������
��������7KH�UHVXOWLQJ�KHDS�LV�VKRZQ�LQ�)LJXUH�������

)LJXUH�����VKRZV�WKH�KHDS�WKDW�UHVXOWV�DIWHU�WKH�ILUVW�GHOHWHBPD[��$V�WKH�ILJXUHV�
LPSO\��WKH�ODVW�HOHPHQW�LQ�WKH�KHDS�LV��������KDV�EHHQ�SODFHG�LQ�D�SDUW�RI�WKH�
KHDS�DUUD\�WKDW�LV�WHFKQLFDOO\�QR�ORQJHU�SDUW�RI�WKH�KHDS��$IWHU���PRUH�
GHOHWHBPD[�RSHUDWLRQV��WKH�KHDS�ZLOO�DFWXDOO\�KDYH�RQO\�RQH�HOHPHQW��EXW�WKH�
HOHPHQWV�OHIW�LQ�WKH�KHDS�DUUD\�ZLOO�EH�LQ�VRUWHG�RUGHU���

7KH�FRGH�WR�SHUIRUP�KHDSVRUW�LV�JLYHQ�LQ�)LJXUH�������

��

)LJXUH������0D[��KHDS�DIWHU�EXLOGBKHDS�SKDVH�
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��

)LJXUH�����+HDS�DIWHU�ILUVW�GHOHWHBPD[�

YRLG�

KHDSVRUW��LQSXWBW\SH�D>@��XQVLJQHG�LQW�Q���

^�

LQW�L��

���������IRU��L Q����L!���L������������EXLOGBKHDS���

��������������SHUFBGRZQ��D��L��Q����

���������IRU��L Q��L! ���L�����

^�

��������������VZDS��	D>�@��	D>L@���������GHOHWHBPD[���

��������������SHUFBGRZQ��D�����L������

`�

`�

YRLG�

SHUFBGRZQ��LQSXWBW\SH�D>@��XQVLJQHG�LQW�L��XQVLJQHG�LQW�Q���

^�

XQVLJQHG�LQW�FKLOG��

LQSXWBW\SH�WPS��

���������IRU��WPS D>L@��L�� Q��L FKLOG���

^�
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��������������FKLOG� �L���

��������������LI����FKLOG�� �Q���		���D>FKLOG��@�!�D>FKLOG@�����

������������������FKLOG����

��������������LI��WPS���D>FKLOG@���

�������������������D>L@� �D>FKLOG@��

HOVH�

�������������������EUHDN��

`�

���������D>L@� �WPS��

`�

)LJXUH�����+HDSVRUW�

�����0HUJHVRUW�

:H�QRZ�WXUQ�RXU�DWWHQWLRQ�WR�PHUJHVRUW��0HUJHVRUW�UXQV�LQ�2�Q�ORJ�Q��ZRUVW�FDVH�
UXQQLQJ�WLPH��DQG�WKH�QXPEHU�RI�FRPSDULVRQV�XVHG�LV�QHDUO\�RSWLPDO��,W�LV�D�ILQH�
H[DPSOH�RI�D�UHFXUVLYH�DOJRULWKP���

7KH�IXQGDPHQWDO�RSHUDWLRQ�LQ�WKLV�DOJRULWKP�LV�PHUJLQJ�WZR�VRUWHG�OLVWV��%HFDXVH�
WKH�OLVWV�DUH�VRUWHG��WKLV�FDQ�EH�GRQH�LQ�RQH�SDVV�WKURXJK�WKH�LQSXW��LI�WKH�
RXWSXW�LV�SXW�LQ�D�WKLUG�OLVW��7KH�EDVLF�PHUJLQJ�DOJRULWKP�WDNHV�WZR�LQSXW�DUUD\V�
D�DQG�E��DQ�RXWSXW�DUUD\�F��DQG�WKUHH�FRXQWHUV��DSWU��ESWU��DQG�FSWU��ZKLFK�DUH�
LQLWLDOO\�VHW�WR�WKH�EHJLQQLQJ�RI�WKHLU�UHVSHFWLYH�DUUD\V��7KH�VPDOOHU�RI�D>DSWU@�
DQG�E>ESWU@�LV�FRSLHG�WR�WKH�QH[W�HQWU\�LQ�F��DQG�WKH�DSSURSULDWH�FRXQWHUV�DUH�
DGYDQFHG��:KHQ�HLWKHU�LQSXW�OLVW�LV�H[KDXVWHG��WKH�UHPDLQGHU�RI�WKH�RWKHU�OLVW�LV�
FRSLHG�WR�F��$Q�H[DPSOH�RI�KRZ�WKH�PHUJH�URXWLQH�ZRUNV�LV�SURYLGHG�IRU�WKH�
IROORZLQJ�LQSXW���

��

,I�WKH�DUUD\�D�FRQWDLQV����������������DQG�E�FRQWDLQV����������������WKHQ�WKH�
DOJRULWKP�SURFHHGV�DV�IROORZV��)LUVW��D�FRPSDULVRQ�LV�GRQH�EHWZHHQ���DQG������LV�
DGGHG�WR�F��DQG�WKHQ����DQG���DUH�FRPSDUHG���

��

��LV�DGGHG�WR�F��DQG�WKHQ����DQG����DUH�FRPSDUHG���
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��

���LV�DGGHG�WR�F��DQG�WKHQ����DQG����DUH�FRPSDUHG��7KLV�SURFHHGV�XQWLO����DQG����
DUH�FRPSDUHG���

��

���LV�DGGHG�WR�F��DQG�WKH�D�DUUD\�LV�H[KDXVWHG���

��

7KH�UHPDLQGHU�RI�WKH�E�DUUD\�LV�WKHQ�FRSLHG�WR�F���

��

7KH�WLPH�WR�PHUJH�WZR�VRUWHG�OLVWV�LV�FOHDUO\�OLQHDU��EHFDXVH�DW�PRVW�Q�����
FRPSDULVRQV�DUH�PDGH��ZKHUH�Q�LV�WKH�WRWDO�QXPEHU�RI�HOHPHQWV��7R�VHH�WKLV��QRWH�
WKDW�HYHU\�FRPSDULVRQ�DGGV�DQ�HOHPHQW�WR�F��H[FHSW�WKH�ODVW�FRPSDULVRQ��ZKLFK�
DGGV�DW�OHDVW�WZR���

7KH�PHUJHVRUW�DOJRULWKP�LV�WKHUHIRUH�HDV\�WR�GHVFULEH��,I�Q� ����WKHUH�LV�RQO\�
RQH�HOHPHQW�WR�VRUW��DQG�WKH�DQVZHU�LV�DW�KDQG��2WKHUZLVH��UHFXUVLYHO\�PHUJHVRUW�
WKH�ILUVW�KDOI�DQG�WKH�VHFRQG�KDOI��7KLV�JLYHV�WZR�VRUWHG�KDOYHV��ZKLFK�FDQ�WKHQ�
EH�PHUJHG�WRJHWKHU�XVLQJ�WKH�PHUJLQJ�DOJRULWKP�GHVFULEHG�DERYH��)RU�LQVWDQFH��WR�
VRUW�WKH�HLJKW�HOHPHQW�DUUD\�������������������������������ZH�UHFXUVLYHO\�VRUW�
WKH�ILUVW�IRXU�DQG�ODVW�IRXU�HOHPHQWV��REWDLQLQJ�������������������������������
7KHQ�ZH�PHUJH�WKH�WZR�KDOYHV�DV�DERYH��REWDLQLQJ�WKH�ILQDO�OLVW�������������������
������������7KLV�DOJRULWKP�LV�D�FODVVLF�GLYLGH�DQG�FRQTXHU�VWUDWHJ\��7KH�SUREOHP�
LV�GLYLGHG�LQWR�VPDOOHU�SUREOHPV�DQG�VROYHG�UHFXUVLYHO\��7KH�FRQTXHULQJ�SKDVH�
FRQVLVWV�RI�SDWFKLQJ�WRJHWKHU�WKH�DQVZHUV��'LYLGH�DQG�FRQTXHU�LV�D�YHU\�SRZHUIXO�
XVH�RI�UHFXUVLRQ�WKDW�ZH�ZLOO�VHH�PDQ\�WLPHV���

$Q�LPSOHPHQWDWLRQ�RI�PHUJHVRUW�LV�SURYLGHG�LQ�)LJXUH������7KH�SURFHGXUH�FDOOHG�
PHUJHVRUW�LV�MXVW�D�GULYHU�IRU�WKH�UHFXUVLYH�URXWLQH�PBVRUW���
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7KH�PHUJH�URXWLQH�LV�VXEWOH��,I�D�WHPSRUDU\�DUUD\�LV�GHFODUHG�ORFDOO\�IRU�HDFK�
UHFXUVLYH�FDOO�RI�PHUJH��WKHQ�WKHUH�FRXOG�EH�ORJ�Q WHPSRUDU\�DUUD\V�DFWLYH�DW�DQ\�
SRLQW��7KLV�FRXOG�EH�IDWDO�RQ�D�PDFKLQH�ZLWK�VPDOO�PHPRU\��2Q�WKH�RWKHU�KDQG��LI�
WKH�PHUJH�URXWLQH�G\QDPLFDOO\�DOORFDWHV�DQG�IUHHV�WKH�PLQLPXP�DPRXQW�RI�WHPSRUDU\�
PHPRU\��FRQVLGHUDEOH�WLPH�ZLOO�EH�XVHG�E\�PDOORF��$�FORVH�H[DPLQDWLRQ�VKRZV�WKDW�
VLQFH�PHUJH�LV�WKH�ODVW�OLQH�RI�PBVRUW��WKHUH�RQO\�QHHGV�WR�EH�RQH�WHPSRUDU\�
DUUD\�DFWLYH�DW�DQ\�SRLQW��)XUWKHU��ZH�FDQ�XVH�DQ\�SDUW�RI�WKH�WHPSRUDU\�DUUD\��
ZH�ZLOO�XVH�WKH�VDPH�SRUWLRQ�DV�WKH�LQSXW�DUUD\�D��7KLV�DOORZV�WKH�LPSURYHPHQW�
GHVFULEHG�DW�WKH�HQG�RI�WKLV�VHFWLRQ��)LJXUH������LPSOHPHQWV�WKH�PHUJH�URXWLQH���

�������$QDO\VLV�RI�0HUJHVRUW��

�������$QDO\VLV�RI�0HUJHVRUW�

0HUJHVRUW�LV�D�FODVVLF�H[DPSOH�RI�WKH�WHFKQLTXHV�XVHG�WR�DQDO\]H�UHFXUVLYH�
URXWLQHV��,W�LV�QRW�REYLRXV�WKDW�PHUJHVRUW�FDQ�HDVLO\�EH�UHZULWWHQ�ZLWKRXW�
UHFXUVLRQ��LW�FDQ���VR�ZH�KDYH�WR�ZULWH�D�UHFXUUHQFH�UHODWLRQ�IRU�WKH�UXQQLQJ�
WLPH��:H�ZLOO�DVVXPH�WKDW�Q�LV�D�SRZHU�RI����VR�WKDW�ZH�DOZD\V�VSOLW�LQWR�HYHQ�
KDOYHV��)RU�Q� ����WKH�WLPH�WR�PHUJHVRUW�LV�FRQVWDQW��ZKLFK�ZH�ZLOO�GHQRWH�E\����
2WKHUZLVH��WKH�WLPH�WR�PHUJHVRUW�Q�QXPEHUV�LV�HTXDO�WR�WKH�WLPH�WR�GR�WZR�
UHFXUVLYH�PHUJHVRUWV�RI�VL]H�Q����SOXV�WKH�WLPH�WR�PHUJH��ZKLFK�LV�OLQHDU��7KH�
HTXDWLRQV�EHORZ�VD\�WKLV�H[DFWO\���

7���� ���

7�Q�� ��7�Q������Q�

YRLG�

PHUJHVRUW��LQSXWBW\SH�D>@��XQVLJQHG�LQW�Q���

^�

LQSXWBW\SH�WPSBDUUD\��

WPSBDUUD\� ��LQSXWBW\SH���PDOORF�

���Q�����VL]HRI��LQSXWBW\SH�����

LI��WPSBDUUD\�� �18//���

^�

PBVRUW��D��WPSBDUUD\�����Q����

IUHH��WPSBDUUD\����

`�

HOVH�

IDWDOBHUURU��1R�VSDFH�IRU�WPS�DUUD\�������

`�
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YRLG�

PBVRUW��LQSXWBW\SH�D>@��LQSXWBW\SH�WPSBDUUD\>�@��

LQW�OHIW��LQW�ULJKW���

^�

LQW�FHQWHU��

LI��OHIW���ULJKW���

^�

FHQWHU� ��OHIW���ULJKW�������

PBVRUW��D��WPSBDUUD\��OHIW��FHQWHU����

PBVRUW��D��WPSBDUUD\��FHQWHU����ULJKW����

PHUJH��D��WPSBDUUD\��OHIW��FHQWHU����ULJKW����

`�

`�

)LJXUH�����0HUJHVRUW�URXWLQH�

7KLV�LV�D�VWDQGDUG�UHFXUUHQFH�UHODWLRQ��ZKLFK�FDQ�EH�VROYHG�VHYHUDO�ZD\V��:H�ZLOO�
VKRZ�WZR�PHWKRGV��7KH�ILUVW�LGHD�LV�WR�GLYLGH�WKH�UHFXUUHQFH�UHODWLRQ�WKURXJK�E\�
Q��7KH�UHDVRQ�IRU�GRLQJ�WKLV�ZLOO�EHFRPH�DSSDUHQW�VRRQ��7KLV�\LHOGV��

��

7KLV�HTXDWLRQ�LV�YDOLG�IRU�DQ\�Q�WKDW�LV�D�SRZHU�RI����VR�ZH�PD\�DOVR�ZULWH��

��

���BSRV� �VWDUW�RI�OHIW�KDOI��UBSRV� �VWDUW�RI�ULJKW�KDOI���

YRLG�

PHUJH��LQSXWBW\SH�D>�@��LQSXWBW\SH�WPSBDUUD\>�@��

LQW�OBSRV��LQW�UBSRV��LQW�ULJKWBHQG���

^�

LQW�L��OHIWBHQG��QXPBHOHPHQWV��WPSBSRV��

OHIWBHQG� �UBSRV������
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WPSBSRV� �OBSRV��

QXPBHOHPHQWV� �ULJKWBHQG���OBSRV������

��PDLQ�ORRS���

ZKLOH�����BSRV�� �OHIWBHQG���		���UBSRV�� �ULJKWBHQG�����

LI��D>�BSRV@�� �D>UBSRV@���

WPSBDUUD\>WPSBSRV��@� �D>OBSRV��@��

HOVH�

WPSBDUUD\>WPSBSRV��@� �D>UBSRV��@��

ZKLOH��OBSRV�� �OHIWBHQG������FRS\�UHVW�RI�ILUVW�KDOI���

WPSBDUUD\>WPSBSRV��@� �D>OBSRV��@��

ZKLOH��UBSRV�� �ULJKWBHQG�����FRS\�UHVW�RI�VHFRQG�KDOI���

WPSBDUUD\>WPSBSRV��@� �D>UBSRV��@��

��FRS\�WPSBDUUD\�EDFN���

IRU�L ���L�� �QXPBHOHPHQWV��L����ULJKWBHQG�����

D>ULJKWBHQG@� �WPSBDUUD\>ULJKWBHQG@��

`�

)LJXUH������0HUJH�URXWLQH�

DQG��

��

1RZ�DGG�XS�DOO�WKH�HTXDWLRQV��7KLV�PHDQV�WKDW�ZH�DGG�DOO�RI�WKH�WHUPV�RQ�WKH�
OHIW�KDQG�VLGH�DQG�VHW�WKH�UHVXOW�HTXDO�WR�WKH�VXP�RI�DOO�RI�WKH�WHUPV�RQ�WKH�
ULJKW�KDQG�VLGH��2EVHUYH�WKDW�WKH�WHUP�7�Q�����Q����DSSHDUV�RQ�ERWK�VLGHV�DQG�
WKXV�FDQFHOV��,Q�IDFW��YLUWXDOO\�DOO�WKH�WHUPV�DSSHDU�RQ�ERWK�VLGHV�DQG�FDQFHO��
7KLV�LV�FDOOHG�WHOHVFRSLQJ�D�VXP��$IWHU�HYHU\WKLQJ�LV�DGGHG��WKH�ILQDO�UHVXOW�LV�

��

EHFDXVH�DOO�RI�WKH�RWKHU�WHUPV�FDQFHO�DQG�WKHUH�DUH�ORJ�Q�HTXDWLRQV��DQG�VR�DOO�
WKH��V�DW�WKH�HQG�RI�WKHVH�HTXDWLRQV�DGG�XS�WR�ORJ�Q��0XOWLSO\LQJ�WKURXJK�E\�Q�
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JLYHV�WKH�ILQDO�DQVZHU���

7�Q�� �Q�ORJ�Q���Q� �2�Q�ORJ�Q��

1RWLFH�WKDW�LI�ZH�GLG�QRW�GLYLGH�WKURXJK�E\�Q�DW�WKH�VWDUW�RI�WKH�VROXWLRQV��WKH�
VXP�ZRXOG�QRW�WHOHVFRSH��7KLV�LV�ZK\�LW�ZDV�QHFHVVDU\�WR�GLYLGH�WKURXJK�E\�Q���

$Q�DOWHUQDWLYH�PHWKRG�LV�WR�VXEVWLWXWH�WKH�UHFXUUHQFH�UHODWLRQ�FRQWLQXDOO\�RQ�WKH�
ULJKW�KDQG�VLGH��:H�KDYH��

7�Q�� ��7�Q������Q�

6LQFH�ZH�FDQ�VXEVWLWXWH�Q���LQWR�WKH�PDLQ�HTXDWLRQ���

�7�Q���� �����7�Q�������Q���� ��7�Q������Q�

ZH�KDYH��

7�Q�� ��7�Q�������Q�

$JDLQ��E\�VXEVWLWXWLQJ�Q���LQWR�WKH�PDLQ�HTXDWLRQ��ZH�VHH�WKDW��

�7�Q���� ����7�Q��������Q���� ��7�Q������Q�

6R�ZH�KDYH��

7�Q�� ��7�Q�������Q�

&RQWLQXLQJ�LQ�WKLV�PDQQHU��ZH�REWDLQ��

7�Q�� ��N7�Q��N����N� �Q

�

8VLQJ�N� �ORJ�Q��ZH�REWDLQ��

7�Q�� �Q7������Q�ORJ�Q� �Q�ORJ�Q���Q�

7KH�FKRLFH�RI�ZKLFK�PHWKRG�WR�XVH�LV�D�PDWWHU�RI�WDVWH��7KH�ILUVW�PHWKRG�WHQGV�WR�

SURGXFH�VFUDS�ZRUN�WKDW�ILWV�EHWWHU�RQ�D�VWDQGDUG� �VKHHW�RI�SDSHU��
OHDGLQJ�WR�IHZHU�PDWKHPDWLFDO�HUURUV��EXW�LW�UHTXLUHV�D�FHUWDLQ�DPRXQW�RI�
H[SHULHQFH�WR�DSSO\��7KH�VHFRQG�PHWKRG�LV�PRUH�RI�D�EUXWH�IRUFH�DSSURDFK���

5HFDOO�WKDW�ZH�KDYH�DVVXPHG�Q� ��N��7KH�DQDO\VLV�FDQ�EH�UHILQHG�WR�KDQGOH�FDVHV�
ZKHQ�Q�LV�QRW�D�SRZHU�RI����7KH�DQVZHU�WXUQV�RXW�WR�EH�DOPRVW�LGHQWLFDO��WKLV�LV�
XVXDOO\�WKH�FDVH����

$OWKRXJK�PHUJHVRUW
V�UXQQLQJ�WLPH�LV�2�Q�ORJ�Q���LW�LV�KDUGO\�HYHU�XVHG�IRU�PDLQ�
PHPRU\�VRUWV��7KH�PDLQ�SUREOHP�LV�WKDW�PHUJLQJ�WZR�VRUWHG�OLVWV�UHTXLUHV�OLQHDU�
H[WUD�PHPRU\��DQG�WKH�DGGLWLRQDO�ZRUN�VSHQW�FRS\LQJ�WR�WKH�WHPSRUDU\�DUUD\�DQG�
EDFN��WKURXJKRXW�WKH�DOJRULWKP��KDV�WKH�HIIHFW�RI�VORZLQJ�GRZQ�WKH�VRUW�
FRQVLGHUDEO\��7KLV�FRS\LQJ�FDQ�EH�DYRLGHG�E\�MXGLFLRXVO\�VZLWFKLQJ�WKH�UROHV�RI�D
DQG�WPSBDUUD\�DW�DOWHUQDWH�OHYHOV�RI�WKH�UHFXUVLRQ��$�YDULDQW�RI�PHUJHVRUW�FDQ�
DOVR�EH�LPSOHPHQWHG�QRQUHFXUVLYHO\��([HUFLVH��������EXW�HYHQ�VR��IRU�VHULRXV�
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LQWHUQDO�VRUWLQJ�DSSOLFDWLRQV��WKH�DOJRULWKP�RI�FKRLFH�LV�TXLFNVRUW��ZKLFK�LV�
GHVFULEHG�LQ�WKH�QH[W�VHFWLRQ��1HYHUWKHOHVV��DV�ZH�ZLOO�VHH�ODWHU�LQ�WKLV�
FKDSWHU��WKH�PHUJLQJ�URXWLQH�LV�WKH�FRUQHUVWRQH�RI�PRVW�H[WHUQDO�VRUWLQJ�
DOJRULWKPV���

�����4XLFNVRUW�

$V�LWV�QDPH�LPSOLHV��TXLFNVRUW�LV�WKH�IDVWHVW�NQRZQ�VRUWLQJ�DOJRULWKP�LQ�
SUDFWLFH��,WV�DYHUDJH�UXQQLQJ�WLPH�LV�2�Q�ORJ�Q���,W�LV�YHU\�IDVW��PDLQO\�GXH�WR�

D�YHU\�WLJKW�DQG�KLJKO\�RSWLPL]HG�LQQHU�ORRS��,W�KDV�2�Q���ZRUVW�FDVH�
SHUIRUPDQFH��EXW�WKLV�FDQ�EH�PDGH�H[SRQHQWLDOO\�XQOLNHO\�ZLWK�D�OLWWOH�HIIRUW��
7KH�TXLFNVRUW�DOJRULWKP�LV�VLPSOH�WR�XQGHUVWDQG�DQG�SURYH�FRUUHFW��DOWKRXJK�IRU�
PDQ\�\HDUV�LW�KDG�WKH�UHSXWDWLRQ�RI�EHLQJ�DQ�DOJRULWKP�WKDW�FRXOG�LQ�WKHRU\�EH�
KLJKO\�RSWLPL]HG�EXW�LQ�SUDFWLFH�ZDV�LPSRVVLEOH�WR�FRGH�FRUUHFWO\��QR�GRXEW�
EHFDXVH�RI�FORTRAN���/LNH�PHUJHVRUW��TXLFNVRUW�LV�D�GLYLGH�DQG�FRQTXHU�
UHFXUVLYH�DOJRULWKP��7KH�EDVLF�DOJRULWKP�WR�VRUW�DQ�DUUD\�6�FRQVLVWV�RI�WKH�
IROORZLQJ�IRXU�HDV\�VWHSV���

���,I�WKH�QXPEHU�RI�HOHPHQWV�LQ�6�LV���RU����WKHQ�UHWXUQ���

���3LFN�DQ\�HOHPHQW�Y�LQ�6��7KLV�LV�FDOOHG�WKH�SLYRW���

���3DUWLWLRQ�6���^Y`��WKH�UHPDLQLQJ�HOHPHQWV�LQ�6��LQWR�WZR�GLVMRLQW�JURXSV��6�  �

^[� �6���^Y`_�[� �Y`��DQG�6�� �^[� �6��^Y`_�[� �Y`��
�

���5HWXUQ�^�TXLFNVRUW�6���IROORZHG�E\�Y�IROORZHG�E\�TXLFNVRUW�6��`��
�

6LQFH�WKH�SDUWLWLRQ�VWHS�DPELJXRXVO\�GHVFULEHV�ZKDW�WR�GR�ZLWK�HOHPHQWV�HTXDO�WR�
WKH�SLYRW��WKLV�EHFRPHV�D�GHVLJQ�GHFLVLRQ��3DUW�RI�D�JRRG�LPSOHPHQWDWLRQ�LV�
KDQGOLQJ�WKLV�FDVH�DV�HIILFLHQWO\�DV�SRVVLEOH��,QWXLWLYHO\��ZH�ZRXOG�KRSH�WKDW�
DERXW�KDOI�WKH�NH\V�WKDW�DUH�HTXDO�WR�WKH�SLYRW�JR�LQWR�6��DQG�WKH�RWKHU�KDOI�

LQWR�6���PXFK�DV�ZH�OLNH�ELQDU\�VHDUFK�WUHHV�WR�EH�EDODQFHG���

)LJXUH������VKRZV�WKH�DFWLRQ�RI�TXLFNVRUW�RQ�D�VHW�RI�QXPEHUV��7KH�SLYRW�LV�
FKRVHQ��E\�FKDQFH��WR�EH�����7KH�UHPDLQLQJ�HOHPHQWV�LQ�WKH�VHW�DUH�SDUWLWLRQHG�
LQWR�WZR�VPDOOHU�VHWV��5HFXUVLYHO\�VRUWLQJ�WKH�VHW�RI�VPDOOHU�QXPEHUV�\LHOGV����
��������������������E\�UXOH���RI�UHFXUVLRQ���7KH�VHW�RI�ODUJH�QXPEHUV�LV�
VLPLODUO\�VRUWHG��7KH�VRUWHG�DUUDQJHPHQW�RI�WKH�HQWLUH�VHW�LV�WKHQ�WULYLDOO\�
REWDLQHG���

,W�VKRXOG�EH�FOHDU�WKDW�WKLV�DOJRULWKP�ZRUNV��EXW�LW�LV�QRW�FOHDU�ZK\�LW�LV�DQ\�
IDVWHU�WKDQ�PHUJHVRUW��/LNH�PHUJHVRUW��LW�UHFXUVLYHO\�VROYHV�WZR�VXESUREOHPV�DQG�
UHTXLUHV�OLQHDU�DGGLWLRQDO�ZRUN��VWHS�����EXW��XQOLNH�PHUJHVRUW��WKH�VXESUREOHPV�
DUH�QRW�JXDUDQWHHG�WR�EH�RI�HTXDO�VL]H��ZKLFK�LV�SRWHQWLDOO\�EDG��7KH�UHDVRQ�WKDW�
TXLFNVRUW�LV�IDVWHU�LV�WKDW�WKH�SDUWLWLRQLQJ�VWHS�FDQ�DFWXDOO\�EH�SHUIRUPHG�LQ�
SODFH�DQG�YHU\�HIILFLHQWO\��7KLV�HIILFLHQF\�PRUH�WKDQ�PDNHV�XS�IRU�WKH�ODFN�RI�
HTXDO�VL]HG�UHFXUVLYH�FDOOV���

7KH�DOJRULWKP�DV�GHVFULEHG�VR�IDU�ODFNV�TXLWH�D�IHZ�GHWDLOV��ZKLFK�ZH�QRZ�ILOO�
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LQ��7KHUH�DUH�PDQ\�ZD\V�WR�LPSOHPHQW�VWHSV���DQG����WKH�PHWKRG�SUHVHQWHG�KHUH�LV�
WKH�UHVXOW�RI�H[WHQVLYH�DQDO\VLV�DQG�HPSLULFDO�VWXG\�DQG�UHSUHVHQWV�D�YHU\�
HIILFLHQW�ZD\�WR�LPSOHPHQW�TXLFNVRUW��(YHQ�WKH�VOLJKWHVW�GHYLDWLRQV�IURP�WKLV�
PHWKRG�FDQ�FDXVH�VXUSULVLQJO\�EDG�UHVXOWV���

�������3LFNLQJ�WKH�3LYRW��

�������3DUWLWLRQLQJ�6WUDWHJ\��

�������6PDOO�)LOHV��

�������$FWXDO�4XLFNVRUW�5RXWLQHV��

�������$QDO\VLV�RI�4XLFNVRUW��

�������$�/LQHDU�([SHFWHG�7LPH�$OJRULWKP�IRU�6HOHFWLRQ��

�������3LFNLQJ�WKH�3LYRW�

$OWKRXJK�WKH�DOJRULWKP�DV�GHVFULEHG�ZRUNV�QR�PDWWHU�ZKLFK�HOHPHQW�LV�FKRVHQ�DV�
SLYRW��VRPH�FKRLFHV�DUH�REYLRXVO\�EHWWHU�WKDQ�RWKHUV���

��
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)LJXUH������7KH�VWHSV�RI�TXLFNVRUW�LOOXVWUDWHG�E\�H[DPSOH�

$�:URQJ�:D\��

$�6DIH�0DQHXYHU��

0HGLDQ�RI�7KUHH�3DUWLWLRQLQJ��

$�:URQJ�:D\�

7KH�SRSXODU��XQLQIRUPHG�FKRLFH�LV�WR�XVH�WKH�ILUVW�HOHPHQW�DV�WKH�SLYRW��7KLV�LV�
DFFHSWDEOH�LI�WKH�LQSXW�LV�UDQGRP��EXW�LI�WKH�LQSXW�LV�SUHVRUWHG�RU�LQ�UHYHUVH�
RUGHU��WKHQ�WKH�SLYRW�SURYLGHV�D�SRRU�SDUWLWLRQ��EHFDXVH�YLUWXDOO\�DOO�WKH�
HOHPHQWV�JR�LQWR�6��RU�6���:RUVH��WKLV�KDSSHQV�FRQVLVWHQWO\�WKURXJKRXW�WKH�

UHFXUVLYH�FDOOV��7KH�SUDFWLFDO�HIIHFW�LV�WKDW�LI�WKH�ILUVW�HOHPHQW�LV�XVHG�DV�WKH�
SLYRW�DQG�WKH�LQSXW�LV�SUHVRUWHG��WKHQ�TXLFNVRUW�ZLOO�WDNH�TXDGUDWLF�WLPH�WR�GR�
HVVHQWLDOO\�QRWKLQJ�DW�DOO��ZKLFK�LV�TXLWH�HPEDUUDVVLQJ��0RUHRYHU��SUHVRUWHG�
LQSXW��RU�LQSXW�ZLWK�D�ODUJH�SUHVRUWHG�VHFWLRQ��LV�TXLWH�IUHTXHQW��VR�XVLQJ�WKH�
ILUVW�HOHPHQW�DV�SLYRW�LV�DQ�DEVROXWHO\�KRUULEOH�LGHD�DQG�VKRXOG�EH�GLVFDUGHG�
LPPHGLDWHO\��$Q�DOWHUQDWLYH�LV�FKRRVLQJ�WKH�ODUJHU�RI�WKH�ILUVW�WZR�GLVWLQFW�NH\V�
DV�SLYRW��EXW�WKLV�KDV�WKH�VDPH�EDG�SURSHUWLHV�DV�PHUHO\�FKRRVLQJ�WKH�ILUVW�NH\��
'R�QRW�XVH�WKDW�SLYRWLQJ�VWUDWHJ\�HLWKHU���

$�6DIH�0DQHXYHU�

$�VDIH�FRXUVH�LV�PHUHO\�WR�FKRRVH�WKH�SLYRW�UDQGRPO\��7KLV�VWUDWHJ\�LV�JHQHUDOO\�
SHUIHFWO\�VDIH��XQOHVV�WKH�UDQGRP�QXPEHU�JHQHUDWRU�KDV�D�IODZ��ZKLFK�LV�QRW�DV�
XQFRPPRQ�DV�\RX�PLJKW�WKLQN���VLQFH�LW�LV�YHU\�XQOLNHO\�WKDW�D�UDQGRP�SLYRW�ZRXOG�
FRQVLVWHQWO\�SURYLGH�D�SRRU�SDUWLWLRQ��2Q�WKH�RWKHU�KDQG��UDQGRP�QXPEHU�
JHQHUDWLRQ�LV�JHQHUDOO\�DQ�H[SHQVLYH�FRPPRGLW\�DQG�GRHV�QRW�UHGXFH�WKH�DYHUDJH�
UXQQLQJ�WLPH�RI�WKH�UHVW�RI�WKH�DOJRULWKP�DW�DOO���

0HGLDQ�RI�7KUHH�3DUWLWLRQLQJ�

7KH�PHGLDQ�RI�D�JURXS�RI�Q�QXPEHUV�LV�WKH� n�� WK�ODUJHVW�QXPEHU��7KH�EHVW�
FKRLFH�RI�SLYRW�ZRXOG�EH�WKH�PHGLDQ�RI�WKH�ILOH��8QIRUWXQDWHO\��WKLV�LV�KDUG�WR�
FDOFXODWH�DQG�ZRXOG�VORZ�GRZQ�TXLFNVRUW�FRQVLGHUDEO\��$�JRRG�HVWLPDWH�FDQ�EH�
REWDLQHG�E\�SLFNLQJ�WKUHH�HOHPHQWV�UDQGRPO\�DQG�XVLQJ�WKH�PHGLDQ�RI�WKHVH�WKUHH�
DV�SLYRW��7KH�UDQGRPQHVV�WXUQV�RXW�QRW�WR�KHOS�PXFK��VR�WKH�FRPPRQ�FRXUVH�LV�WR�
XVH�DV�SLYRW�WKH�PHGLDQ�RI�WKH�OHIW��ULJKW�DQG�FHQWHU�HOHPHQWV��)RU�LQVWDQFH��
ZLWK�LQSXW������������������������������DV�EHIRUH��WKH�OHIW�HOHPHQW�LV����WKH�

ULJKW�HOHPHQW�LV���DQG�WKH�FHQWHU��LQ�SRVLWLRQ� (left���ULJKW��� ��HOHPHQW�
LV����7KXV��WKH�SLYRW�ZRXOG�EH�Y� ����8VLQJ�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�FOHDUO\�
HOLPLQDWHV�WKH�EDG�FDVH�IRU�VRUWHG�LQSXW��WKH�SDUWLWLRQV�EHFRPH�HTXDO�LQ�WKLV�
FDVH��DQG�DFWXDOO\�UHGXFHV�WKH�UXQQLQJ�WLPH�RI�TXLFNVRUW�E\�DERXW���SHUFHQW���

�������3DUWLWLRQLQJ�6WUDWHJ\�

7KHUH�DUH�VHYHUDO�SDUWLWLRQLQJ�VWUDWHJLHV�XVHG�LQ�SUDFWLFH��EXW�WKH�RQH�GHVFULEHG�
KHUH�LV�NQRZQ�WR�JLYH�JRRG�UHVXOWV��,W�LV�YHU\�HDV\��DV�ZH�VKDOO�VHH��WR�GR�WKLV�
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ZURQJ�RU�LQHIILFLHQWO\��EXW�LW�LV�VDIH�WR�XVH�D�NQRZQ�PHWKRG��7KH�ILUVW�VWHS�LV�
WR�JHW�WKH�SLYRW�HOHPHQW�RXW�RI�WKH�ZD\�E\�VZDSSLQJ�LW�ZLWK�WKH�ODVW�HOHPHQW��L�
VWDUWV�DW�WKH�ILUVW�HOHPHQW�DQG�M�VWDUWV�DW�WKH�QH[W�WR�ODVW�HOHPHQW��,I�WKH�
RULJLQDO�LQSXW�ZDV�WKH�VDPH�DV�EHIRUH��WKH�IROORZLQJ�ILJXUH�VKRZV�WKH�FXUUHQW�
VLWXDWLRQ���

�����������������������������

����������������������� �

L�����������������������M�

)RU�QRZ�ZH�ZLOO�DVVXPH�WKDW�DOO�WKH�HOHPHQWV�DUH�GLVWLQFW��/DWHU�RQ�ZH�ZLOO�ZRUU\�
DERXW�ZKDW�WR�GR�LQ�WKH�SUHVHQFH�RI�GXSOLFDWHV��$V�D�OLPLWLQJ�FDVH��RXU�DOJRULWKP�
PXVW�GR�WKH�SURSHU�WKLQJ�LI�DOO�RI�WKH�HOHPHQWV�DUH�LGHQWLFDO��,W�LV�VXUSULVLQJ�
KRZ�HDV\�LW�LV�WR�GR�WKH�ZURQJ�WKLQJ���

:KDW�RXU�SDUWLWLRQLQJ�VWDJH�ZDQWV�WR�GR�LV�WR�PRYH�DOO�WKH�VPDOO�HOHPHQWV�WR�WKH�
OHIW�SDUW�RI�WKH�DUUD\�DQG�DOO�WKH�ODUJH�HOHPHQWV�WR�WKH�ULJKW�SDUW���6PDOO��DQG�
�ODUJH��DUH��RI�FRXUVH��UHODWLYH�WR�WKH�SLYRW���

:KLOH�L�LV�WR�WKH�OHIW�RI�M��ZH�PRYH�L�ULJKW��VNLSSLQJ�RYHU�HOHPHQWV�WKDW�DUH�
VPDOOHU�WKDQ�WKH�SLYRW��:H�PRYH�M�OHIW��VNLSSLQJ�RYHU�HOHPHQWV�WKDW�DUH�ODUJHU�
WKDQ�WKH�SLYRW��:KHQ�L�DQG�M�KDYH�VWRSSHG��L�LV�SRLQWLQJ�DW�D�ODUJH�HOHPHQW�DQG�M
LV�SRLQWLQJ�DW�D�VPDOO�HOHPHQW��,I�L�LV�WR�WKH�OHIW�RI�M��WKRVH�HOHPHQWV�DUH�
VZDSSHG��7KH�HIIHFW�LV�WR�SXVK�D�ODUJH�HOHPHQW�WR�WKH�ULJKW�DQG�D�VPDOO�HOHPHQW�
WR�WKH�OHIW��,Q�WKH�H[DPSOH�DERYH��L�ZRXOG�QRW�PRYH�DQG�M�ZRXOG�VOLGH�RYHU�RQH�
SODFH��7KH�VLWXDWLRQ�LV�DV�IROORZV���

�����������������������������

�������������������� �

L��������������������M�

:H�WKHQ�VZDS�WKH�HOHPHQWV�SRLQWHG�WR�E\�L�DQG�M�DQG�UHSHDW�WKH�SURFHVV�XQWLO�L�
DQG�M�FURVV���

���������$IWHU�)LUVW�6ZDS�

�����������������������������

�����������������������������

�������������������� �

L��������������������M�

������%HIRUH�6HFRQG�6ZDS�

�����������������������������
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�����������������������������

��������� �������� �

���������L��������M�

������$IWHU�6HFRQG�6ZDS�

�����������������������������

�����������������������������

��������� �������� �

���������L��������M�

�����%HIRUH�7KLUG�6ZDS�

�����������������������������

�����������������������������

�� �

M��L�

$W�WKLV�VWDJH��L�DQG�M�KDYH�FURVVHG��VR�QR�VZDS�LV�SHUIRUPHG��7KH�ILQDO�SDUW�RI�
WKH�SDUWLWLRQLQJ�LV�WR�VZDS�WKH�SLYRW�HOHPHQW�ZLWK�WKH�HOHPHQW�SRLQWHG�WR�E\�L���

�����������$IWHU�6ZDS�ZLWK�3LYRW�

����������������������������������������

����������������������������������������

������������������������ ������������� �

������������������������L�����������SLYRW�

:KHQ�WKH�SLYRW�LV�VZDSSHG�ZLWK�L�LQ�WKH�ODVW�VWHS��ZH�NQRZ�WKDW�HYHU\�HOHPHQW�LQ�
D�SRVLWLRQ�S���L�PXVW�EH�VPDOO��7KLV�LV�EHFDXVH�HLWKHU�SRVLWLRQ�S�FRQWDLQHG�D�
VPDOO�HOHPHQW�WR�VWDUW�ZLWK��RU�WKH�ODUJH�HOHPHQW�RULJLQDOO\�LQ�SRVLWLRQ�S�ZDV�
UHSODFHG�GXULQJ�D�VZDS��$�VLPLODU�DUJXPHQW�VKRZV�WKDW�HOHPHQWV�LQ�SRVLWLRQV�S�!�L
PXVW�EH�ODUJH���

2QH�LPSRUWDQW�GHWDLO�ZH�PXVW�FRQVLGHU�LV�KRZ�WR�KDQGOH�NH\V�WKDW�DUH�HTXDO�WR�WKH�
SLYRW��7KH�TXHVWLRQV�DUH�ZKHWKHU�RU�QRW�L VKRXOG�VWRS�ZKHQ�LW�VHHV�D�NH\�HTXDO�WR�
WKH�SLYRW�DQG�ZKHWKHU�RU�QRW�M�VKRXOG�VWRS�ZKHQ�LW�VHHV�D�NH\�HTXDO�WR�WKH�SLYRW��
,QWXLWLYHO\��L�DQG�M�RXJKW�WR�GR�WKH�VDPH�WKLQJ��VLQFH�RWKHUZLVH�WKH�SDUWLWLRQLQJ�
VWHS�LV�ELDVHG��)RU�LQVWDQFH��LI�L�VWRSV�DQG�M�GRHV�QRW��WKHQ�DOO�NH\V�WKDW�DUH�
HTXDO�WR�WKH�SLYRW�ZLOO�ZLQG�XS�LQ�6����
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7R�JHW�DQ�LGHD�RI�ZKDW�PLJKW�EH�JRRG��ZH�FRQVLGHU�WKH�FDVH�ZKHUH�DOO�WKH�NH\V�LQ�
WKH�ILOH�DUH�LGHQWLFDO��,I�ERWK�L�DQG�M�VWRS��WKHUH�ZLOO�EH�PDQ\�VZDSV�EHWZHHQ�
LGHQWLFDO�HOHPHQWV��$OWKRXJK�WKLV�VHHPV�XVHOHVV��WKH�SRVLWLYH�HIIHFW�LV�WKDW�L�
DQG�M�ZLOO�FURVV�LQ�WKH�PLGGOH��VR�ZKHQ�WKH�SLYRW�LV�UHSODFHG��WKH�SDUWLWLRQ�
FUHDWHV�WZR�QHDUO\�HTXDO�VXEILOHV��7KH�PHUJHVRUW�DQDO\VLV�WHOOV�XV�WKDW�WKH�WRWDO�
UXQQLQJ�WLPH�ZRXOG�WKHQ�EH�2�Q�ORJ�Q����

,I�QHLWKHU�L�QRU�M�VWRS��DQG�FRGH�LV�SUHVHQW�WR�SUHYHQW�WKHP�IURP�UXQQLQJ�RII�WKH�
HQG�RI�WKH�DUUD\��QR�VZDSV�ZLOO�EH�SHUIRUPHG��$OWKRXJK�WKLV�VHHPV�JRRG��D�FRUUHFW�
LPSOHPHQWDWLRQ�ZRXOG�WKHQ�VZDS�WKH�SLYRW�LQWR�WKH�ODVW�VSRW�WKDW�L�WRXFKHG��ZKLFK�
ZRXOG�EH�WKH�QH[W�WR�ODVW�SRVLWLRQ��RU�ODVW��GHSHQGLQJ�RQ�WKH�H[DFW�
LPSOHPHQWDWLRQ���7KLV�ZRXOG�FUHDWH�YHU\�XQHYHQ�VXEILOHV��,I�DOO�WKH�NH\V�DUH�
LGHQWLFDO��WKH�UXQQLQJ�WLPH�LV�2�Q����7KH�HIIHFW�LV�WKH�VDPH�DV�XVLQJ�WKH�ILUVW�

HOHPHQW�DV�D�SLYRW�IRU�SUHVRUWHG�LQSXW��,W�WDNHV�TXDGUDWLF�WLPH�WR�GR�QRWKLQJ���

7KXV��ZH�ILQG�WKDW�LW�LV�EHWWHU�WR�GR�WKH�XQQHFHVVDU\�VZDSV�DQG�FUHDWH�HYHQ�
VXEILOHV�WKDQ�WR�ULVN�ZLOGO\�XQHYHQ�VXEILOHV��7KHUHIRUH��ZH�ZLOO�KDYH�ERWK�L�DQG�
M�VWRS�LI�WKH\�HQFRXQWHU�D�NH\�HTXDO�WR�WKH�SLYRW��7KLV�WXUQV�RXW�WR�EH�WKH�RQO\�
RQH�RI�WKH�IRXU�SRVVLELOLWLHV�WKDW�GRHV�QRW�WDNH�TXDGUDWLF�WLPH�IRU�WKLV�LQSXW���

$W�ILUVW�JODQFH�LW�PD\�VHHP�WKDW�ZRUU\LQJ�DERXW�D�ILOH�RI�LGHQWLFDO�HOHPHQWV�LV�
VLOO\��$IWHU�DOO��ZK\�ZRXOG�DQ\RQH�ZDQW�WR�VRUW�������LGHQWLFDO�HOHPHQWV"�
+RZHYHU��UHFDOO�WKDW�TXLFNVRUW�LV�UHFXUVLYH��6XSSRVH�WKHUH�DUH���������HOHPHQWV��
RI�ZKLFK�������DUH�LGHQWLFDO��(YHQWXDOO\��TXLFNVRUW�ZLOO�PDNH�WKH�UHFXUVLYH�FDOO�
RQ�RQO\�WKHVH�������HOHPHQWV��7KHQ�LW�UHDOO\�ZLOO�EH�LPSRUWDQW�WR�PDNH�VXUH�WKDW�
������LGHQWLFDO�HOHPHQWV�FDQ�EH�VRUWHG�HIILFLHQWO\���

�������6PDOO�)LOHV�

)RU�YHU\�VPDOO�ILOHV��Q� ������TXLFNVRUW�GRHV�QRW�SHUIRUP�DV�ZHOO�DV�LQVHUWLRQ�
VRUW��)XUWKHUPRUH��EHFDXVH�TXLFNVRUW�LV�UHFXUVLYH��WKHVH�FDVHV�ZLOO�RFFXU�
IUHTXHQWO\��$�FRPPRQ�VROXWLRQ�LV�QRW�WR�XVH�TXLFNVRUW�UHFXUVLYHO\�IRU�VPDOO�
ILOHV��EXW�LQVWHDG�XVH�D�VRUWLQJ�DOJRULWKP�WKDW�LV�HIILFLHQW�IRU�VPDOO�ILOHV��
VXFK�DV�LQVHUWLRQ�VRUW��$Q�HYHQ�EHWWHU�LGHD�LV�WR�OHDYH�WKH�ILOH�VOLJKWO\�
XQVRUWHG�DQG�ILQLVK�XS�ZLWK�LQVHUWLRQ�VRUW��7KLV�ZRUNV�ZHOO��EHFDXVH�LQVHUWLRQ�
VRUW�LV�HIILFLHQW�IRU�QHDUO\�VRUWHG�ILOHV��8VLQJ�WKLV�VWUDWHJ\�FDQ�DFWXDOO\�VDYH�
DERXW����SHUFHQW�LQ�WKH�UXQQLQJ�WLPH��RYHU�GRLQJ�QR�FXWRII�DW�DOO���$�JRRG�FXWRII�
UDQJH�LV�Q� �����DOWKRXJK�DQ\�FXWRII�EHWZHHQ���DQG����LV�OLNHO\�WR�SURGXFH�
VLPLODU�UHVXOWV��7KLV�DOVR�VDYHV�QDVW\�GHJHQHUDWH�FDVHV��VXFK�DV�WDNLQJ�WKH�
PHGLDQ�RI�WKUHH�HOHPHQWV�ZKHQ�WKHUH�DUH�RQO\�RQH�RU�WZR��2I�FRXUVH��LI�WKHUH�LV�D�
EXJ�LQ�WKH�EDVLF�TXLFNVRUW�URXWLQH��WKHQ�WKH�LQVHUWLRQ�VRUW�ZLOO�EH�YHU\��YHU\�
VORZ���

�������$FWXDO�4XLFNVRUW�5RXWLQHV�

7KH�GULYHU�IRU�TXLFNVRUW�LV�VKRZQ�LQ�)LJXUH��������

7KH�JHQHUDO�IRUP�RI�WKH�URXWLQHV�ZLOO�EH�WR�SDVV�WKH�DUUD\�DQG�WKH�UDQJH�RI�WKH�
DUUD\��OHIW�DQG�ULJKW��WR�EH�VRUWHG��7KH�ILUVW�URXWLQH�WR�GHDO�ZLWK�LV�SLYRW�
VHOHFWLRQ��7KH�HDVLHVW�ZD\�WR�GR�WKLV�LV�WR�VRUW�D>OHIW@��D>ULJKW@��DQG�D>FHQWHU@�
LQ�SODFH��7KLV�KDV�WKH�H[WUD�DGYDQWDJH�WKDW�WKH�VPDOOHVW�RI�WKH�WKUHH�ZLQGV�XS�LQ�
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D>OHIW@��ZKLFK�LV�ZKHUH�WKH�SDUWLWLRQLQJ�VWHS�ZRXOG�SXW�LW�DQ\ZD\��7KH�ODUJHVW�
ZLQGV�XS�LQ�D>ULJKW@��ZKLFK�LV�DOVR�WKH�FRUUHFW�SODFH��VLQFH�LW�LV�ODUJHU�WKDQ�
WKH�SLYRW��7KHUHIRUH��ZH�FDQ�SODFH�WKH�SLYRW�LQ�D>ULJKW����@�DQG�LQLWLDOL]H�L DQG�
M�WR�OHIW�����DQG�ULJKW�����LQ�WKH�SDUWLWLRQ�SKDVH��<HW�DQRWKHU�EHQHILW�LV�WKDW�
EHFDXVH�D>OHIW@�LV�VPDOOHU�WKDQ�WKH�SLYRW��LW�ZLOO�DFW�DV�D�VHQWLQHO�IRU�M��7KXV��
ZH�GR�QRW�QHHG�WR�ZRUU\�DERXW�M�UXQQLQJ�SDVW�WKH�HQG��6LQFH�L�ZLOO�VWRS�RQ�NH\V�
HTXDO�WR�WKH�SLYRW��VWRULQJ�WKH�SLYRW�LQ�D>ULJKW����@�SURYLGHV�D�VHQWLQHO�IRU�L��
7KH�FRGH�LQ�)LJXUH������GRHV�WKH�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�ZLWK�DOO�WKH�VLGH�
HIIHFWV�GHVFULEHG��,W�PD\�VHHP�WKDW�LW�LV�RQO\�VOLJKWO\�LQHIILFLHQW�WR�FRPSXWH�
WKH�SLYRW�E\�D�PHWKRG�WKDW�GRHV�QRW�DFWXDOO\�VRUW�D>OHIW@��D>FHQWHU@��DQG�D
>ULJKW@��EXW��VXUSULVLQJO\��WKLV�SURGXFHV�EDG�UHVXOWV��VHH�([HUFLVH���������

7KH�UHDO�KHDUW�RI�WKH�TXLFNVRUW�URXWLQH�LV�LQ�)LJXUH�������,W�LQFOXGHV�WKH�
SDUWLWLRQLQJ�DQG�UHFXUVLYH�FDOOV��7KHUH�DUH�VHYHUDO�WKLQJV�ZRUWK�QRWLQJ�LQ�WKLV�
LPSOHPHQWDWLRQ��/LQH���LQLWLDOL]HV�L�DQG�M�WR���SDVW�WKHLU�FRUUHFW�YDOXHV��VR�
WKDW�WKHUH�DUH�QR�VSHFLDO�FDVHV�WR�FRQVLGHU��7KLV�LQLWLDOL]DWLRQ�GHSHQGV�RQ�WKH�
IDFW�WKDW�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�KDV�VRPH�VLGH�HIIHFWV��WKLV�SURJUDP�ZLOO�
QRW�ZRUN�LI�\RX�WU\�WR�XVH�LW�ZLWKRXW�FKDQJH�ZLWK�D�VLPSOH�SLYRWLQJ�VWUDWHJ\��
EHFDXVH�L�DQG�M�VWDUW�LQ�WKH�ZURQJ�SODFH�DQG�WKHUH�LV�QR�ORQJHU�D�VHQWLQHO�IRU�M��

YRLG�

TXLFNBVRUW��LQSXWBW\SH�D>�@��XQVLJQHG�LQW�Q���

^�

TBVRUW��D�����Q����

LQVHUWLRQBVRUW��D��Q����

`�

)LJXUH������'ULYHU�IRU�TXLFNVRUW�

��5HWXUQ�PHGLDQ�RI�OHIW��FHQWHU��DQG�ULJKW����

��2UGHU�WKHVH�DQG�KLGH�SLYRW���

LQSXWBW\SH�

PHGLDQ���LQSXWBW\SH�D>@��LQW�OHIW��LQW�ULJKW���

^�

LQW�FHQWHU��

FHQWHU� ��OHIW���ULJKW�������

LI��D>OHIW@�!�D>FHQWHU@���

VZDS��	D>OHIW@��	D>FHQWHU@����

LI��D>OHIW@�!�D>ULJKW@���

VZDS��	D>OHIW@��	D>ULJKW@����
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LI��D>FHQWHU@�!�D>ULJKW@���

VZDS��	D>FHQWHU@��	D>ULJKW@����

��LQYDULDQW��D>OHIW@�� �D>FHQWHU@�� �D>ULJKW@���

VZDS��	D>FHQWHU@��	D>ULJKW��@����������KLGH�SLYRW���

UHWXUQ�D>ULJKW��@����������������������UHWXUQ�SLYRW���

`�

)LJXUH������&RGH�WR�SHUIRUP�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�

7KH�VZDS�DW�OLQH���LV�VRPHWLPHV�ZULWWHQ�H[SOLFLWO\��IRU�VSHHG�SXUSRVHV��)RU�WKH�
DOJRULWKP�WR�EH�IDVW��LW�LV�QHFHVVDU\�WR�IRUFH�WKH�FRPSLOHU�WR�FRPSLOH�WKLV�FRGH�
LQ�OLQH��0DQ\�FRPSLOHUV�ZLOO�GR�WKLV�DXWRPDWLFDOO\��LI�DVNHG�WR��EXW�IRU�WKRVH�
WKDW�GR�QRW�WKH�GLIIHUHQFH�FDQ�EH�VLJQLILFDQW���

)LQDOO\��OLQHV���DQG���VKRZ�ZK\�TXLFNVRUW�LV�VR�IDVW��7KH�LQQHU�ORRS�RI�WKH�
DOJRULWKP�FRQVLVWV�RI�DQ�LQFUHPHQW�GHFUHPHQW��E\����ZKLFK�LV�IDVW���D�WHVW��DQG�D�
MXPS��7KHUH�LV�QR�H[WUD�MXJJOLQJ�DV�WKHUH�LV�LQ�PHUJHVRUW��7KLV�FRGH�LV�VWLOO�
VXUSULVLQJO\�WULFN\��,W�LV�WHPSWLQJ�WR�UHSODFH�OLQHV���WKURXJK���ZLWK�WKH�
VWDWHPHQWV�LQ�)LJXUH�������7KLV�GRHV�QRW�ZRUN��EHFDXVH�WKHUH�ZRXOG�EH�DQ�LQILQLWH�
ORRS�LI�D>L@� �D>M@� �SLYRW���

�������$QDO\VLV�RI�4XLFNVRUW�

/LNH�PHUJHVRUW��TXLFNVRUW�LV�UHFXUVLYH��DQG�KHQFH��LWV�DQDO\VLV�UHTXLUHV�VROYLQJ�
D�UHFXUUHQFH�IRUPXOD��:H�ZLOO�GR�WKH�DQDO\VLV�IRU�D�TXLFNVRUW��DVVXPLQJ�D�UDQGRP�
SLYRW��QR�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ��DQG�QR�FXWRII�IRU�VPDOO�ILOHV��:H�ZLOO�
WDNH�7���� �7���� ����DV�LQ�PHUJHVRUW��7KH�UXQQLQJ�WLPH�RI�TXLFNVRUW�LV�HTXDO�WR�
WKH�UXQQLQJ�WLPH�RI�WKH�WZR�UHFXUVLYH�FDOOV�SOXV�WKH�OLQHDU�WLPH�VSHQW�LQ�WKH�
SDUWLWLRQ��WKH�SLYRW�VHOHFWLRQ�WDNHV�RQO\�FRQVWDQW�WLPH���7KLV�JLYHV�WKH�EDVLF�
TXLFNVRUW�UHODWLRQ��

7�Q�� �7�L����7�Q���L��������FQ��

������

ZKHUH�L� �_6�_�LV�WKH�QXPEHU�RI�HOHPHQWV�LQ�6���:H�ZLOO�ORRN�DW�WKUHH�FDVHV��
�

YRLG�

TBVRUW��LQSXWBW\SH�D>@��LQW�OHIW��LQW�ULJKW���

^�

LQW�L��M��

LQSXWBW\SH�SLYRW��

����������LI��OHIW���&872))�� �ULJKW���
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^�

��������������SLYRW� �PHGLDQ���D��OHIW��ULJKW����

��������������L OHIW��M ULJKW����

��������������IRU�����

^�

�������������������ZKLOH��D>��L@���SLYRW����

�������������������ZKLOH��D>��M@�!�SLYRW����

�������������������LI��L���M���

������������������������VZDS��	D>L@��	D>M@����

HOVH�

������������������������EUHDN��

`�

��������������VZDS��	D>L@��	D>ULJKW��@�������UHVWRUH�SLYRW��

��������������TBVRUW��D��OHIW��L������

��������������TBVRUW��D��L����ULJKW����

`�

`�

)LJXUH������0DLQ�TXLFNVRUW�URXWLQH�

��������������L OHIW����M ULJKW����

��������������IRU�����

^�

�������������������ZKLOH��D>L@���SLYRW���L����

�������������������ZKLOH��D>M@�!�SLYRW���M����

�������������������LI��L���M���

������������������������VZDS��	D>L@��	D>M@����

HOVH�

������������������������EUHDN��

`�
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)LJXUH������$�VPDOO�FKDQJH�WR�TXLFNVRUW��ZKLFK�EUHDNV�WKH�DOJRULWKP�

:RUVW�&DVH�$QDO\VLV��

%HVW�&DVH�$QDO\VLV��

$YHUDJH�&DVH�$QDO\VLV��

:RUVW�&DVH�$QDO\VLV�

7KH�SLYRW�LV�WKH�VPDOOHVW�HOHPHQW��DOO�WKH�WLPH��7KHQ�L� ���DQG�LI�ZH�LJQRUH�7����
 ����ZKLFK�LV�LQVLJQLILFDQW��WKH�UHFXUUHQFH�LV��

7�Q�� �7�Q��������FQ��Q�!����

������

:H�WHOHVFRSH��XVLQJ�(TXDWLRQ�������UHSHDWHGO\��7KXV��

7�Q����� �7�Q��������F�Q�������

������

7�Q������ �7�Q��������F�Q�������

������

�����

7���� �7������F�����

������

$GGLQJ�XS�DOO�WKHVH�HTXDWLRQV�\LHOGV��

��

������

DV�FODLPHG�HDUOLHU���

%HVW�&DVH�$QDO\VLV�

,Q�WKH�EHVW�FDVH��WKH�SLYRW�LV�LQ�WKH�PLGGOH��7R�VLPSOLI\�WKH�PDWK��ZH�DVVXPH�
WKDW�WKH�WZR�VXEILOHV�DUH�HDFK�H[DFWO\�KDOI�WKH�VL]H�RI�WKH�RULJLQDO��DQG�
DOWKRXJK�WKLV�JLYHV�D�VOLJKW�RYHUHVWLPDWH��WKLV�LV�DFFHSWDEOH�EHFDXVH�ZH�DUH�RQO\�
LQWHUHVWHG�LQ�D�%LJ�2K�DQVZHU���

7�Q�� ��7�Q������FQ��
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������

'LYLGH�ERWK�VLGHV�RI�(TXDWLRQ�������E\�Q���

��

������

:H�ZLOO�WHOHVFRSH�XVLQJ�WKLV�HTXDWLRQ���

��

������

��

�������

��

�������

:H�DGG�DOO�WKH�HTXDWLRQV�IURP�������WR��������DQG�QRWH�WKDW�WKHUH�DUH�ORJ�Q�RI�
WKHP���

��

�������

ZKLFK�\LHOGV��

7�Q�� �FQ�ORJ�Q���Q� �2�Q�ORJ�Q���

�������

1RWLFH�WKDW�WKLV�LV�WKH�H[DFW�VDPH�DQDO\VLV�DV�PHUJHVRUW��KHQFH�ZH�JHW�WKH�VDPH�
DQVZHU���

$YHUDJH�&DVH�$QDO\VLV�

7KLV�LV�WKH�PRVW�GLIILFXOW�SDUW��)RU�WKH�DYHUDJH�FDVH��ZH�DVVXPH�WKDW�HDFK�RI�WKH�
ILOH�VL]HV�IRU�6��LV�HTXDOO\�OLNHO\��DQG�KHQFH�KDV�SUREDELOLW\���Q��7KLV�
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DVVXPSWLRQ�LV�DFWXDOO\�YDOLG�IRU�RXU�SLYRWLQJ�DQG�SDUWLWLRQLQJ�VWUDWHJ\��EXW�LW�
LV�QRW�YDOLG�IRU�VRPH�RWKHUV��3DUWLWLRQLQJ�VWUDWHJLHV�WKDW�GR�QRW�SUHVHUYH�WKH�
UDQGRPQHVV�RI�WKH�VXEILOHV�FDQQRW�XVH�WKLV�DQDO\VLV��,QWHUHVWLQJO\��WKHVH�
VWUDWHJLHV�VHHP�WR�UHVXOW�LQ�SURJUDPV�WKDW�WDNH�ORQJHU�WR�UXQ�LQ�SUDFWLFH���

:LWK�WKLV�DVVXPSWLRQ��WKH�DYHUDJH�YDOXH�RI�7�L���DQG�KHQFH�7�Q���L������LV�

��(TXDWLRQ�������WKHQ�EHFRPHV��

��

�������

,I�(TXDWLRQ��������LV�PXOWLSOLHG�E\�Q��LW�EHFRPHV��

��

�������

:H�QHHG�WR�UHPRYH�WKH�VXPPDWLRQ�VLJQ�WR�VLPSOLI\�PDWWHUV��:H�QRWH�WKDW�ZH�FDQ�
WHOHVFRSH�ZLWK�RQH�PRUH�HTXDWLRQ���

��

�������

,I�ZH�VXEWUDFW��������IURP���������ZH�REWDLQ��

Q7�Q�����Q����7�Q����� ��7�Q��������FQ��F��

�������

:H�UHDUUDQJH�WHUPV�DQG�GURS�WKH�LQVLJQLILFDQW��F�RQ�WKH�ULJKW��REWDLQLQJ��

Q7�Q�� ��Q�����7�Q��������FQ��

�������

:H�QRZ�KDYH�D�IRUPXOD�IRU�7�Q��LQ�WHUPV�RI�7�Q�����RQO\��$JDLQ�WKH�LGHD�LV�WR�
WHOHVFRSH��EXW�(TXDWLRQ��������LV�LQ�WKH�ZURQJ�IRUP��'LYLGH��������E\�Q�Q��������

��

�������
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1RZ�ZH�FDQ�WHOHVFRSH���

��

�������

��

�������

��

�������

$GGLQJ�HTXDWLRQV��������WKURXJK��������\LHOGV��

��

�������

7KH�VXP�LV�DERXW�ORJH ��ZKHUH� � �������LV�NQRZQ�DV�(XOHU
V�

FRQVWDQW��VR��

��

�������

��

�������

$OWKRXJK�WKLV�DQDO\VLV�VHHPV�FRPSOLFDWHG��LW�UHDOO\�LV�QRW��WKH�VWHSV�DUH�QDWXUDO�
RQFH�\RX�KDYH�VHHQ�VRPH�UHFXUUHQFH�UHODWLRQV��7KH�DQDO\VLV�FDQ�DFWXDOO\�EH�WDNHQ�
IXUWKHU��7KH�KLJKO\�RSWLPL]HG�YHUVLRQ�WKDW�ZDV�GHVFULEHG�DERYH�KDV�DOVR�EHHQ�
DQDO\]HG��DQG�WKLV�UHVXOW�JHWV�H[WUHPHO\�GLIILFXOW��LQYROYLQJ�FRPSOLFDWHG�
UHFXUUHQFHV�DQG�DGYDQFHG�PDWKHPDWLFV��7KH�HIIHFWV�RI�HTXDO�NH\V�KDV�DOVR�EHHQ�
DQDO\]HG�LQ�GHWDLO��DQG�LW�WXUQV�RXW�WKDW�WKH�FRGH�SUHVHQWHG�GRHV�WKH�ULJKW�
WKLQJ���
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�������$�/LQHDU�([SHFWHG�7LPH�$OJRULWKP�IRU�6HOHFWLRQ�

4XLFNVRUW�FDQ�EH�PRGLILHG�WR�VROYH�WKH�VHOHFWLRQ�SUREOHP��ZKLFK�ZH�KDYH�VHHQ�LQ�
FKDSWHUV���DQG����5HFDOO�WKDW�E\�XVLQJ�D�SULRULW\�TXHXH��ZH�FDQ�ILQG�WKH�NWK�
ODUJHVW��RU�VPDOOHVW��HOHPHQW�LQ�2�Q���N�ORJ�Q���)RU�WKH�VSHFLDO�FDVH�RI�ILQGLQJ�
WKH�PHGLDQ��WKLV�JLYHV�DQ�2�Q�ORJ�Q��DOJRULWKP���

6LQFH�ZH�FDQ�VRUW�WKH�ILOH�LQ�2�Q�ORJ�Q��WLPH��RQH�PLJKW�H[SHFW�WR�REWDLQ�D�
EHWWHU�WLPH�ERXQG�IRU�VHOHFWLRQ��7KH�DOJRULWKP�ZH�SUHVHQW�WR�ILQG�WKH�NWK�
VPDOOHVW�HOHPHQW�LQ�D�VHW�6�LV�DOPRVW�LGHQWLFDO�WR�TXLFNVRUW��,Q�IDFW��WKH�ILUVW�
WKUHH�VWHSV�DUH�WKH�VDPH��:H�ZLOO�FDOO�WKLV�DOJRULWKP�TXLFNVHOHFW��/HW�_6L_�

GHQRWH�WKH�QXPEHU�RI�HOHPHQWV�LQ�6L��7KH�VWHSV�RI�TXLFNVHOHFW�DUH��

���,I�_6_� ����WKHQ�N� ���DQG�UHWXUQ�WKH�HOHPHQWV�LQ�6 DV�WKH�DQVZHU��,I�D�FXWRII�

IRU�VPDOO�ILOHV�LV�EHLQJ�XVHG�DQG�_6_� �&872))��WKHQ�VRUW�6�DQG�UHWXUQ�WKH�NWK�
VPDOOHVW�HOHPHQW���

���3LFN�D�SLYRW�HOHPHQW��Y� �6���

���3DUWLWLRQ�6���^Y`�LQWR�6��DQG�6���DV�ZDV�GRQH�ZLWK�TXLFNVRUW��
�

���,I�N� �_6�_��WKHQ�WKH�NWK�VPDOOHVW�HOHPHQW�PXVW�EH�LQ�6���,Q�WKLV�FDVH��

UHWXUQ�TXLFNVHOHFW��6���N���,I�N� �����_6�_��WKHQ�WKH�SLYRW�LV�WKH�NWK�VPDOOHVW�

HOHPHQW�DQG�ZH�FDQ�UHWXUQ�LW�DV�WKH�DQVZHU��2WKHUZLVH��WKH�NWK�VPDOOHVW�HOHPHQW�
OLHV�LQ�6���DQG�LW�LV�WKH��N���_6�_�����VW�VPDOOHVW�HOHPHQW�LQ�6���:H�PDNH�D�

UHFXUVLYH�FDOO�DQG�UHWXUQ�TXLFNVHOHFW��6���N���_6�_��������

,Q�FRQWUDVW�WR�TXLFNVRUW��TXLFNVHOHFW�PDNHV�RQO\�RQH�UHFXUVLYH�FDOO�LQVWHDG�RI�
WZR��7KH�ZRUVW�FDVH�RI�TXLFNVHOHFW�LV�LGHQWLFDO�WR�WKDW�RI�TXLFNVRUW�DQG�LV�2

�Q����,QWXLWLYHO\��WKLV�LV�EHFDXVH�TXLFNVRUW
V�ZRUVW�FDVH�LV�ZKHQ�RQH�RI�6��DQG�

6��LV�HPSW\��WKXV��TXLFNVHOHFW�LV�QRW�UHDOO\�VDYLQJ�D�UHFXUVLYH�FDOO��7KH�DYHUDJH�

UXQQLQJ�WLPH��KRZHYHU��LV�2�Q���7KH�DQDO\VLV�LV�VLPLODU�WR�TXLFNVRUW
V�DQG�LV�
OHIW�DV�DQ�H[HUFLVH���

7KH�LPSOHPHQWDWLRQ�RI�TXLFNVHOHFW�LV�HYHQ�VLPSOHU�WKDQ�WKH�DEVWUDFW�GHVFULSWLRQ�
PLJKW�LPSO\��7KH�FRGH�WR�GR�WKLV�VKRZQ�LQ�)LJXUH�������:KHQ�WKH�DOJRULWKP�
WHUPLQDWHV��WKH�NWK�VPDOOHVW�HOHPHQW�LV�LQ�SRVLWLRQ�N��7KLV�GHVWUR\V�WKH�RULJLQDO�
RUGHULQJ��LI�WKLV�LV�QRW�GHVLUDEOH��WKHQ�D�FRS\�PXVW�EH�PDGH���

��TBVHOHFW�SODFHV�WKH�NWK�VPDOOHVW�HOHPHQW�LQ�D>N@��

YRLG�

TBVHOHFW��LQSXWBW\SH�D>@��LQW�N��LQW�OHIW��LQW�ULJKW���

^�
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LQW�L��M��

LQSXWBW\SH�SLYRW��

����������LI��OHIW���&872))�� �ULJKW���

^�

���������������SLYRW� �PHGLDQ���D��OHIW��ULJKW����

���������������L OHIW��M ULJKW����

���������������IRU�����

^�

��������������������ZKLOH��D>��L@���SLYRW����

��������������������ZKLOH��D>��M@�!�SLYRW����

��������������������LI��L���M���

�������������������������VZDS��	D>L@��	D>M@����

HOVH�

������������������������EUHDN��

`�

���������������VZDS��	D>L@��	D>ULJKW��@������UHVWRUH�SLYRW���

���������������LI��N���L��

��������������������TBVHOHFW��D��N��OHIW��L������

HOVH�

����������������LI��N�!�L���

���������������������T�VHOHFW��D��N��L����ULJKW����

`�

HOVH�

����������������LQVHUWBVRUW�D��OHIW��ULJKW����

`�

)LJXUH������0DLQ�TXLFNVHOHFW�URXWLQH�

8VLQJ�D�PHGLDQ�RI�WKUHH�SLYRWLQJ�VWUDWHJ\�PDNHV�WKH�FKDQFH�RI�WKH�ZRUVW�FDVH�
RFFXULQJ�DOPRVW�QHJOLJLEOH��%\�FDUHIXOO\�FKRRVLQJ�WKH�SLYRW��KRZHYHU��ZH�FDQ�
HOLPLQDWH�WKH�TXDGUDWLF�ZRUVW�FDVH�DQG�HQVXUH�DQ�2�Q��DOJRULWKP��7KH�RYHUKHDG�
LQYROYHG�LQ�GRLQJ�WKLV�LV�FRQVLGHUDEOH��VR�WKH�UHVXOWLQJ�DOJRULWKP�LV�PRVWO\�RI�
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WKHRUHWLFDO�LQWHUHVW��,Q�&KDSWHU�����ZH�ZLOO�H[DPLQH�WKH�OLQHDU�WLPH�ZRUVW�FDVH�
DOJRULWKP�IRU�VHOHFWLRQ��DQG�ZH�VKDOO�DOVR�VHH�DQ�LQWHUHVWLQJ�WHFKQLTXH�RI�
FKRRVLQJ�WKH�SLYRW�WKDW�UHVXOWV�LQ�D�VRPHZKDW�IDVWHU�VHOHFWLRQ�DOJRULWKP�LQ�
SUDFWLFH���

�����6RUWLQJ�/DUJH�6WUXFWXUHV�

7KURXJKRXW�RXU�GLVFXVVLRQ�RI�VRUWLQJ��ZH�KDYH�DVVXPHG�WKDW�WKH�HOHPHQWV�WR�EH�
VRUWHG�DUH�VLPSO\�LQWHJHUV��)UHTXHQWO\��ZH�QHHG�WR�VRUW�ODUJH�VWUXFWXUHV�E\�D�
FHUWDLQ�NH\��)RU�LQVWDQFH��ZH�PLJKW�KDYH�SD\UROO�UHFRUGV��ZLWK�HDFK�UHFRUG�
FRQVLVWLQJ�RI�D�QDPH��DGGUHVV��SKRQH�QXPEHU��ILQDQFLDO�LQIRUPDWLRQ�VXFK�DV�
VDODU\��DQG�WD[�LQIRUPDWLRQ��:H�PLJKW�ZDQW�WR�VRUW�WKLV�LQIRUPDWLRQ�E\�RQH�
SDUWLFXODU�ILHOG��VXFK�DV�WKH�QDPH��)RU�DOO�RI�RXU�DOJRULWKPV��WKH�IXQGDPHQWDO�
RSHUDWLRQ�LV�WKH�VZDS��EXW�KHUH�VZDSSLQJ�WZR�VWUXFWXUHV�FDQ�EH�D�YHU\�H[SHQVLYH�
RSHUDWLRQ��EHFDXVH�WKH�VWUXFWXUHV�DUH�SRWHQWLDOO\�ODUJH��,I�WKLV�LV�WKH�FDVH��D�
SUDFWLFDO�VROXWLRQ�LV�WR�KDYH�WKH�LQSXW�DUUD\�FRQWDLQ�SRLQWHUV�WR�WKH�VWUXFWXUHV��
:H�VRUW�E\�FRPSDULQJ�WKH�NH\V�WKH�SRLQWHUV�SRLQW�WR��VZDSSLQJ�SRLQWHUV�ZKHQ�
QHFHVVDU\��7KLV�PHDQV�WKDW�DOO�WKH�GDWD�PRYHPHQW�LV�HVVHQWLDOO\�WKH�VDPH�DV�LI�ZH�
ZHUH�VRUWLQJ�LQWHJHUV��7KLV�LV�NQRZQ�DV�LQGLUHFW�VRUWLQJ��ZH�FDQ�XVH�WKLV�
WHFKQLTXH�IRU�PRVW�RI�WKH�GDWD�VWUXFWXUHV�ZH�KDYH�GHVFULEHG��7KLV�MXVWLILHV�RXU�
DVVXPSWLRQ�WKDW�FRPSOH[�VWUXFWXUHV�FDQ�EH�KDQGOHG�ZLWKRXW�WUHPHQGRXV�ORVV�
HIILFLHQF\���

�����$�*HQHUDO�/RZHU�%RXQG�IRU�6RUWLQJ�

$OWKRXJK�ZH�KDYH�2�Q�ORJ�Q��DOJRULWKPV�IRU�VRUWLQJ��LW�LV�QRW�FOHDU�WKDW�WKLV�LV�
DV�JRRG�DV�ZH�FDQ�GR��,Q�WKLV�VHFWLRQ��ZH�SURYH�WKDW�DQ\�DOJRULWKP�IRU�VRUWLQJ�

WKDW�XVHV�RQO\�FRPSDULVRQV�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV��DQG�KHQFH�WLPH��LQ�
WKH�ZRUVW�FDVH��VR�WKDW�PHUJHVRUW�DQG�KHDSVRUW�DUH�RSWLPDO�WR�ZLWKLQ�D�FRQVWDQW�

IDFWRU��7KH�SURRI�FDQ�EH�H[WHQGHG�WR�VKRZ�WKDW� �Q�ORJ�Q��FRPSDULVRQV�DUH�
UHTXLUHG��HYHQ�RQ�DYHUDJH��IRU�DQ\�VRUWLQJ�DOJRULWKP�WKDW�XVHV�RQO\�FRPSDULVRQV��
ZKLFK�PHDQV�WKDW�TXLFNVRUW�LV�RSWLPDO�RQ�DYHUDJH�WR�ZLWKLQ�D�FRQVWDQW�IDFWRU���

6SHFLILFDOO\��ZH�ZLOO�SURYH�WKH�IROORZLQJ�UHVXOW��$Q\�VRUWLQJ�DOJRULWKP�WKDW�XVHV�

RQO\�FRPSDULVRQV�UHTXLUHV� ORJ�Q� �FRPSDULVRQV�LQ�WKH�ZRUVW�FDVH�DQG�ORJ�Q��
FRPSDULVRQV�RQ�DYHUDJH��:H�ZLOO�DVVXPH�WKDW�DOO�Q�HOHPHQWV�DUH�GLVWLQFW��VLQFH�
DQ\�VRUWLQJ�DOJRULWKP�PXVW�ZRUN�IRU�WKLV�FDVH���

������'HFLVLRQ�7UHHV��

������'HFLVLRQ�7UHHV�

$�GHFLVLRQ�WUHH�LV�DQ�DEVWUDFWLRQ�XVHG�WR�SURYH�ORZHU�ERXQGV��,Q�RXU�FRQWH[W��D�
GHFLVLRQ�WUHH�LV�D�ELQDU\�WUHH��(DFK�QRGH�UHSUHVHQWV�D�VHW�RI�SRVVLEOH�RUGHULQJV��
FRQVLVWHQW�ZLWK�FRPSDULVRQV�WKDW�KDYH�EHHQ�PDGH��DPRQJ�WKH�HOHPHQWV��7KH�UHVXOWV�
RI�WKH�FRPSDULVRQV�DUH�WKH�WUHH�HGJHV���
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��

)LJXUH������$�GHFLVLRQ�WUHH�IRU�WKUHH�HOHPHQW�LQVHUWLRQ�VRUW�

7KH�GHFLVLRQ�WUHH�LQ�)LJXUH������UHSUHVHQWV�DQ�DOJRULWKP�WKDW�VRUWV�WKH�WKUHH�
HOHPHQWV�D��E��DQG�F��7KH�LQLWLDO�VWDWH�RI�WKH�DOJRULWKP�LV�DW�WKH�URRW���:H�ZLOO�
XVH�WKH�WHUPV�VWDWH�DQG�QRGH�LQWHUFKDQJHDEO\���1R�FRPSDULVRQV�KDYH�EHHQ�GRQH��VR�
DOO�RUGHULQJV�DUH�OHJDO��7KH�ILUVW�FRPSDULVRQ�WKDW�WKLV�SDUWLFXODU�DOJRULWKP�
SHUIRUPV�FRPSDUHV�D�DQG�E��7KH�WZR�UHVXOWV�OHDG�WR�WZR�SRVVLEOH�VWDWHV��,I�D���E��
WKHQ�RQO\�WKUHH�SRVVLELOLWLHV�UHPDLQ��,I�WKH�DOJRULWKP�UHDFKHV�QRGH����WKHQ�LW�
ZLOO�FRPSDUH�D�DQG�F��2WKHU�DOJRULWKPV�PLJKW�GR�GLIIHUHQW�WKLQJV��D�GLIIHUHQW�
DOJRULWKP�ZRXOG�KDYH�D�GLIIHUHQW�GHFLVLRQ�WUHH��,I�D�!�F��WKH�DOJRULWKP�HQWHUV�
VWDWH����6LQFH�WKHUH�LV�RQO\�RQH�RUGHULQJ�WKDW�LV�FRQVLVWHQW��WKH�DOJRULWKP�FDQ�
WHUPLQDWH�DQG�UHSRUW�WKDW�LW�KDV�FRPSOHWHG�WKH�VRUW��,I�D���F��WKH�DOJRULWKP�
FDQQRW�GR�WKLV��EHFDXVH�WKHUH�DUH�WZR�SRVVLEOH�RUGHULQJV�DQG�LW�FDQQRW�SRVVLEO\�
EH�VXUH�ZKLFK�LV�FRUUHFW��,Q�WKLV�FDVH��WKH�DOJRULWKP�ZLOO�UHTXLUH�RQH�PRUH�
FRPSDULVRQ���

(YHU\�DOJRULWKP�WKDW�VRUWV�E\�XVLQJ�RQO\�FRPSDULVRQV�FDQ�EH�UHSUHVHQWHG�E\�D�
GHFLVLRQ�WUHH��2I�FRXUVH��LW�LV�RQO\�IHDVLEOH�WR�GUDZ�WKH�WUHH�IRU�H[WUHPHO\�
VPDOO�LQSXW�VL]HV��7KH�QXPEHU�RI�FRPSDULVRQV�XVHG�E\�WKH�VRUWLQJ�DOJRULWKP�LV�
HTXDO�WR�WKH�GHSWK�RI�WKH�GHHSHVW�OHDI��,Q�RXU�FDVH��WKLV�DOJRULWKP�XVHV�WKUHH�
FRPSDULVRQV�LQ�WKH�ZRUVW�FDVH��7KH�DYHUDJH�QXPEHU�RI�FRPSDULVRQV�XVHG�LV�HTXDO�WR�
WKH�DYHUDJH�GHSWK�RI�WKH�OHDYHV��6LQFH�D�GHFLVLRQ�WUHH�LV�ODUJH��LW�IROORZV�WKDW�
WKHUH�PXVW�EH�VRPH�ORQJ�SDWKV��7R�SURYH�WKH�ORZHU�ERXQGV��DOO�WKDW�QHHGV�WR�EH�
VKRZQ�DUH�VRPH�EDVLF�WUHH�SURSHUWLHV���

/(00$�������

/HW�7�EH�D�ELQDU\�WUHH�RI�GHSWK�G��7KHQ�7�KDV�DW�PRVW��G�OHDYHV��

�

3522)���
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7KH�SURRI�LV�E\�LQGXFWLRQ��,I�G� ����WKHQ�WKHUH�LV�DW�PRVW�RQH�OHDI��VR�WKH�EDVLV�
LV�WUXH��2WKHUZLVH��ZH�KDYH�D�URRW��ZKLFK�FDQQRW�EH�D�OHDI��DQG�D�OHIW�DQG�ULJKW�
VXEWUHH��HDFK�RI�GHSWK�DW�PRVW�G������%\�WKH�LQGXFWLRQ�K\SRWKHVLV��WKH\�FDQ�HDFK�

KDYH�DW�PRVW��G���OHDYHV��JLYLQJ�D�WRWDO�RI�DW�PRVW��G�OHDYHV��7KLV�SURYHV�WKH�
OHPPD���

/(00$�������

$�ELQDU\�WUHH�ZLWK�/�OHDYHV�PXVW�KDYH�GHSWK�DW�OHDVW� ORJ�/ .��

3522)���

,PPHGLDWH�IURP�WKH�SUHFHGLQJ�OHPPD���

7+(25(0�������

$Q\�VRUWLQJ�DOJRULWKP�WKDW�XVHV�RQO\�FRPSDULVRQV�EHWZHHQ�HOHPHQWV�UHTXLUHV�DW�

OHDVW� ORJ�Q�  FRPSDULVRQV�LQ�WKH�ZRUVW�FDVH���

3522)���

$�GHFLVLRQ�WUHH�WR�VRUW�Q�HOHPHQWV�PXVW�KDYH�Q��OHDYHV��7KH�WKHRUHP�IROORZV�IURP�
WKH�SUHFHGLQJ�OHPPD���

7+(25(0�������

$Q\�VRUWLQJ�DOJRULWKP�WKDW�XVHV�RQO\�FRPSDULVRQV�EHWZHHQ�HOHPHQWV�UHTXLUHV� �Q�
ORJ�Q��FRPSDULVRQV���

3522)���

)URP�WKH�SUHYLRXV�WKHRUHP��ORJ�Q��FRPSDULVRQV�DUH�UHTXLUHG���

��

7KLV�W\SH�RI�ORZHU�ERXQG�DUJXPHQW��ZKHQ�XVHG�WR�SURYH�D�ZRUVW�FDVH�UHVXOW��LV�
VRPHWLPHV�NQRZQ�DV�DQ�LQIRUPDWLRQ�WKHRUHWLF ORZHU�ERXQG��7KH�JHQHUDO�WKHRUHP�VD\V�
WKDW�LI�WKHUH�DUH�3�GLIIHUHQW�SRVVLEOH�FDVHV�WR�GLVWLQJXLVK��DQG�WKH�TXHVWLRQV�

DUH�RI�WKH�IRUP�<(6�12��WKHQ� ORJ�3  TXHVWLRQV�DUH�DOZD\V�UHTXLUHG�LQ�VRPH�
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FDVH�E\�DQ\�DOJRULWKP�WR�VROYH�WKH�SUREOHP��,W�LV�SRVVLEOH�WR�SURYH�D�VLPLODU�
UHVXOW�IRU�WKH�DYHUDJH�FDVH�UXQQLQJ�WLPH�RI�DQ\�FRPSDULVRQ�EDVHG�VRUWLQJ�
DOJRULWKP��7KLV�UHVXOW�LV�LPSOLHG�E\�WKH�IROORZLQJ�OHPPD��ZKLFK�LV�OHIW�DV�DQ�
H[HUFLVH��$Q\�ELQDU\�WUHH�ZLWK�/�OHDYHV�KDV�DQ�DYHUDJH�GHSWK�RI�DW�OHDVW�ORJ�/���

������%XFNHW�6RUW�

$OWKRXJK�ZH�SURYHG�LQ�WKH�SUHYLRXV�VHFWLRQ�WKDW�DQ\�JHQHUDO�VRUWLQJ�DOJRULWKP�

WKDW�XVHV�RQO\�FRPSDULVRQV�UHTXLUHV� �Q�ORJ�Q��WLPH�LQ�WKH�ZRUVW�FDVH��UHFDOO�
WKDW�LW�LV�VWLOO�SRVVLEOH�WR�VRUW�LQ�OLQHDU�WLPH�LQ�VRPH�VSHFLDO�FDVHV���

$�VLPSOH�H[DPSOH�LV�EXFNHW�VRUW��)RU�EXFNHW�VRUW�WR�ZRUN��H[WUD�LQIRUPDWLRQ�PXVW�
EH�DYDLODEOH��7KH�LQSXW�D���D�����������DQ PXVW�FRQVLVW�RI�RQO\�SRVLWLYH�LQWHJHUV�

VPDOOHU�WKDQ�P���2EYLRXVO\�H[WHQVLRQV�WR�WKLV�DUH�SRVVLEOH���,I�WKLV�LV�WKH�FDVH��
WKHQ�WKH�DOJRULWKP�LV�VLPSOH��.HHS�DQ�DUUD\�FDOOHG�FRXQW��RI�VL]H�P��ZKLFK�LV�
LQLWLDOL]HG�WR�DOO��V��7KXV��FRXQW�KDV�P�FHOOV��RU�EXFNHWV��ZKLFK�DUH�LQLWLDOO\�
HPSW\��:KHQ�DL�LV�UHDG��LQFUHPHQW�FRXQW>DL@�E\����$IWHU�DOO�WKH�LQSXW�LV�UHDG��

VFDQ�WKH�FRXQW�DUUD\��SULQWLQJ�RXW�D�UHSUHVHQWDWLRQ�RI�WKH�VRUWHG�OLVW��7KLV�
DOJRULWKP�WDNHV�2�P���Q���WKH�SURRI�LV�OHIW�DV�DQ�H[HUFLVH��,I�P�LV�2�Q���WKHQ�
WKH�WRWDO�LV�2�Q����

$OWKRXJK�WKLV�DOJRULWKP�VHHPV�WR�YLRODWH�WKH�ORZHU�ERXQG��LW�WXUQV�RXW�WKDW�LW�
GRHV�QRW�EHFDXVH�LW�XVHV�D�PRUH�SRZHUIXO�RSHUDWLRQ�WKDQ�VLPSOH�FRPSDULVRQV��%\�
LQFUHPHQWLQJ�WKH�DSSURSULDWH�EXFNHW��WKH�DOJRULWKP�HVVHQWLDOO\�SHUIRUPV�DQ�P�ZD\�
FRPSDULVRQ�LQ�XQLW�WLPH��7KLV�LV�VLPLODU�WR�WKH�VWUDWHJ\�XVHG�LQ�H[WHQGLEOH�
KDVKLQJ��6HFWLRQ�������7KLV�LV�FOHDUO\�QRW�LQ�WKH�PRGHO�IRU�ZKLFK�WKH�ORZHU�ERXQG�
ZDV�SURYHQ���

7KLV�DOJRULWKP�GRHV��KRZHYHU��TXHVWLRQ�WKH�YDOLGLW\�RI�WKH�PRGHO�XVHG�LQ�SURYLQJ�
WKH�ORZHU�ERXQG��7KH�PRGHO�DFWXDOO\�LV�D�VWURQJ�PRGHO��EHFDXVH�D�JHQHUDO�SXUSRVH�
VRUWLQJ�DOJRULWKP�FDQQRW�PDNH�DVVXPSWLRQV�DERXW�WKH�W\SH�RI�LQSXW�LW�FDQ�H[SHFW�
WR�VHH��EXW�PXVW�PDNH�GHFLVLRQV�EDVHG�RQ�RUGHULQJ�LQIRUPDWLRQ�RQO\��1DWXUDOO\��LI�
WKHUH�LV�H[WUD�LQIRUPDWLRQ�DYDLODEOH��ZH�VKRXOG�H[SHFW�WR�ILQG�D�PRUH�HIILFLHQW�
DOJRULWKP��VLQFH�RWKHUZLVH�WKH�H[WUD�LQIRUPDWLRQ�ZRXOG�EH�ZDVWHG���

$OWKRXJK�EXFNHW�VRUW�VHHPV�OLNH�PXFK�WRR�WULYLDO�DQ�DOJRULWKP�WR�EH�XVHIXO��LW�
WXUQV�RXW�WKDW�WKHUH�DUH�PDQ\�FDVHV�ZKHUH�WKH�LQSXW�LV�RQO\�VPDOO�LQWHJHUV��VR�
WKDW�XVLQJ�D�PHWKRG�OLNH�TXLFNVRUW�LV�UHDOO\�RYHUNLOO���

������([WHUQDO�6RUWLQJ�

6R�IDU��DOO�WKH�DOJRULWKPV�ZH�KDYH�H[DPLQHG�UHTXLUH�WKDW�WKH�LQSXW�ILW�LQWR�PDLQ�
PHPRU\��7KHUH�DUH��KRZHYHU��DSSOLFDWLRQV�ZKHUH�WKH�LQSXW�LV�PXFK�WRR�ODUJH�WR�ILW�
LQWR�PHPRU\��7KLV�VHFWLRQ�ZLOO�GLVFXVV�H[WHUQDO�VRUWLQJ�DOJRULWKPV��ZKLFK�DUH�
GHVLJQHG�WR�KDQGOH�YHU\�ODUJH�LQSXWV���

��������:K\�:H�1HHG�1HZ�$OJRULWKPV�

0RVW�RI�WKH�LQWHUQDO�VRUWLQJ�DOJRULWKPV�WDNH�DGYDQWDJH�RI�WKH�IDFW�WKDW�PHPRU\�LV�
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GLUHFWO\�DGGUHVVDEOH��6KHOOVRUW�FRPSDUHV�HOHPHQWV�D>L@�DQG�D>L���KN@�LQ�RQH�WLPH�

XQLW��+HDSVRUW�FRPSDUHV�HOHPHQWV�D>L@�DQG�D>L���@�LQ�RQH�WLPH�XQLW��4XLFNVRUW��
ZLWK�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ��UHTXLUHV�FRPSDULQJ�D>OHIW@��D>FHQWHU@��DQG�D
>ULJKW@�LQ�D�FRQVWDQW�QXPEHU�RI�WLPH�XQLWV��,I�WKH�LQSXW�LV�RQ�D�WDSH��WKHQ�DOO�
WKHVH�RSHUDWLRQV�ORVH�WKHLU�HIILFLHQF\��VLQFH�HOHPHQWV�RQ�D�WDSH�FDQ�RQO\�EH�
DFFHVVHG�VHTXHQWLDOO\��(YHQ�LI�WKH�GDWD�LV�RQ�D�GLVN��WKHUH�LV�VWLOO�D�SUDFWLFDO�
ORVV�RI�HIILFLHQF\�EHFDXVH�RI�WKH�GHOD\�UHTXLUHG�WR�VSLQ�WKH�GLVN�DQG�PRYH�WKH�
GLVN�KHDG���

7R�VHH�KRZ�VORZ�H[WHUQDO�DFFHVVHV�UHDOO\�DUH��FUHDWH�D�UDQGRP�ILOH�WKDW�LV�ODUJH��
EXW�QRW�WRR�ELJ�WR�ILW�LQ�PDLQ�PHPRU\��5HDG�WKH�ILOH�LQ�DQG�VRUW�LW�XVLQJ�DQ�
HIILFLHQW�DOJRULWKP��7KH�WLPH�LW�WDNHV�WR�VRUW�WKH�LQSXW�LV�FHUWDLQ�WR�EH�
LQVLJQLILFDQW�FRPSDUHG�WR�WKH�WLPH�WR�UHDG�WKH�LQSXW��HYHQ�WKRXJK�VRUWLQJ�LV�DQ�2
�Q�ORJ�Q��RSHUDWLRQ�DQG�UHDGLQJ�WKH�LQSXW�LV�RQO\�2�Q����

��������0RGHO�IRU�([WHUQDO�6RUWLQJ�

7KH�ZLGH�YDULHW\�RI�PDVV�VWRUDJH�GHYLFHV�PDNHV�H[WHUQDO�VRUWLQJ�PXFK�PRUH�GHYLFH�
GHSHQGHQW�WKDQ�LQWHUQDO�VRUWLQJ��7KH�DOJRULWKPV�WKDW�ZH�ZLOO�FRQVLGHU�ZRUN�RQ�
WDSHV��ZKLFK�DUH�SUREDEO\�WKH�PRVW�UHVWULFWLYH�VWRUDJH�PHGLXP��6LQFH�DFFHVV�WR�DQ�
HOHPHQW�RQ�WDSH�LV�GRQH�E\�ZLQGLQJ�WKH�WDSH�WR�WKH�FRUUHFW�ORFDWLRQ��WDSHV�FDQ�EH�
HIILFLHQWO\�DFFHVVHG�RQO\�LQ�VHTXHQWLDO�RUGHU��LQ�HLWKHU�GLUHFWLRQ����

:H�ZLOO�DVVXPH�WKDW�ZH�KDYH�DW�OHDVW�WKUHH�WDSH�GULYHV�WR�SHUIRUP�WKH�VRUWLQJ��:H�
QHHG�WZR�GULYHV�WR�GR�DQ�HIILFLHQW�VRUW��WKH�WKLUG�GULYH�VLPSOLILHV�PDWWHUV��,I�
RQO\�RQH�WDSH�GULYH�LV�SUHVHQW��WKHQ�ZH�DUH�LQ�WURXEOH��DQ\�DOJRULWKP�ZLOO�

UHTXLUH� �Q���WDSH�DFFHVVHV��
�

��������7KH�6LPSOH�$OJRULWKP�

7KH�EDVLF�H[WHUQDO�VRUWLQJ�DOJRULWKP�XVHV�WKH�PHUJH�URXWLQH�IURP�PHUJHVRUW��
6XSSRVH�ZH�KDYH�IRXU�WDSHV��7D���7D���7E���7E���ZKLFK�DUH�WZR�LQSXW�DQG�WZR�RXWSXW�

WDSHV��'HSHQGLQJ�RQ�WKH�SRLQW�LQ�WKH�DOJRULWKP��WKH�D�DQG�E�WDSHV�DUH�HLWKHU�
LQSXW�WDSHV�RU�RXWSXW�WDSHV��6XSSRVH�WKH�GDWD�LV�LQLWLDOO\�RQ�7D���6XSSRVH�

IXUWKHU�WKDW�WKH�LQWHUQDO�PHPRU\�FDQ�KROG��DQG�VRUW��P�UHFRUGV�DW�D�WLPH��$�
QDWXUDO�ILUVW�VWHS�LV�WR�UHDG�P�UHFRUGV�DW�D�WLPH�IURP�WKH�LQSXW�WDSH��VRUW�WKH�
UHFRUGV�LQWHUQDOO\��DQG�WKHQ�ZULWH�WKH�VRUWHG�UHFRUGV�DOWHUQDWHO\�WR�7E��DQG�7E���

:H�ZLOO�FDOO�HDFK�VHW�RI�VRUWHG�UHFRUGV�D�UXQ��:KHQ�WKLV�LV�GRQH��ZH�UHZLQG�DOO�
WKH�WDSHV��6XSSRVH�ZH�KDYH�WKH�VDPH�LQSXW�DV�RXU�H[DPSOH�IRU�6KHOOVRUW���

��

,I�P� ����WKHQ�DIWHU�WKH�UXQV�DUH�FRQVWUXFWHG��WKH�WDSHV�ZLOO�FRQWDLQ�WKH�GDWD�
LQGLFDWHG�LQ�WKH�IROORZLQJ�ILJXUH���
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��

1RZ�7E��DQG�7E��FRQWDLQ�D�JURXS�RI�UXQV��:H�WDNH�WKH�ILUVW�UXQ�IURP�HDFK�WDSH�DQG�

PHUJH�WKHP��ZULWLQJ�WKH�UHVXOW��ZKLFK�LV�D�UXQ�WZLFH�DV�ORQJ��RQWR�7D���7KHQ�ZH�

WDNH�WKH�QH[W�UXQ�IURP�HDFK�WDSH��PHUJH�WKHVH��DQG�ZULWH�WKH�UHVXOW�WR�7D���:H�

FRQWLQXH�WKLV�SURFHVV��DOWHUQDWLQJ�EHWZHHQ�7D��DQG�7D���XQWLO�HLWKHU�7E��RU�7E� LV�

HPSW\��$W�WKLV�SRLQW�HLWKHU�ERWK�DUH�HPSW\�RU�WKHUH�LV�RQH�UXQ�OHIW��,Q�WKH�
ODWWHU�FDVH��ZH�FRS\�WKLV�UXQ�WR�WKH�DSSURSULDWH�WDSH��:H�UHZLQG�DOO�IRXU�WDSHV��
DQG�UHSHDW�WKH�VDPH�VWHSV��WKLV�WLPH�XVLQJ�WKH�D�WDSHV�DV�LQSXW�DQG�WKH�E�WDSHV�
DV�RXWSXW��7KLV�ZLOO�JLYH�UXQV�RI��P��:H�FRQWLQXH�WKH�SURFHVV�XQWLO�ZH�JHW�RQH�
UXQ�RI�OHQJWK�Q���

7KLV�DOJRULWKP�ZLOO�UHTXLUH� ORJ�Q�P�  SDVVHV��SOXV�WKH�LQLWLDO�UXQ�
FRQVWUXFWLQJ�SDVV��)RU�LQVWDQFH��LI�ZH�KDYH����PLOOLRQ�UHFRUGV�RI�����E\WHV�HDFK��
DQG�IRXU�PHJDE\WHV�RI�LQWHUQDO�PHPRU\��WKHQ�WKH�ILUVW�SDVV�ZLOO�FUHDWH�����UXQV��
:H�ZRXOG�WKHQ�QHHG�QLQH�PRUH�SDVVHV�WR�FRPSOHWH�WKH�VRUW��2XU�H[DPSOH�UHTXLUHV�

ORJ�����   ���PRUH�SDVVHV��ZKLFK�DUH�VKRZQ�LQ�WKH�IROORZLQJ�ILJXUH���

��

��

��

��������0XOWLZD\�0HUJH�

,I�ZH�KDYH�H[WUD�WDSHV��WKHQ�ZH�FDQ�H[SHFW�WR�UHGXFH�WKH�QXPEHU�RI�SDVVHV�
UHTXLUHG�WR�VRUW�RXU�LQSXW��:H�GR�WKLV�E\�H[WHQGLQJ�WKH�EDVLF��WZR�ZD\��PHUJH�WR�
D�N�ZD\�PHUJH���

0HUJLQJ�WZR�UXQV�LV�GRQH�E\�ZLQGLQJ�HDFK�LQSXW�WDSH�WR�WKH�EHJLQQLQJ�RI�HDFK�UXQ��
7KHQ�WKH�VPDOOHU�HOHPHQW�LV�IRXQG��SODFHG�RQ�DQ�RXWSXW�WDSH��DQG�WKH�DSSURSULDWH�
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LQSXW�WDSH�LV�DGYDQFHG��,I�WKHUH�DUH�N�LQSXW�WDSHV��WKLV�VWUDWHJ\�ZRUNV�WKH�VDPH�
ZD\��WKH�RQO\�GLIIHUHQFH�EHLQJ�WKDW�LW�LV�VOLJKWO\�PRUH�FRPSOLFDWHG�WR�ILQG�WKH�
VPDOOHVW�RI�WKH�N�HOHPHQWV��:H�FDQ�ILQG�WKH�VPDOOHVW�RI�WKHVH�HOHPHQWV�E\�XVLQJ�D�
SULRULW\�TXHXH��7R�REWDLQ�WKH�QH[W�HOHPHQW�WR�ZULWH�RQ�WKH�RXWSXW�WDSH��ZH�
SHUIRUP�D�GHOHWHBPLQ�RSHUDWLRQ��7KH�DSSURSULDWH�LQSXW�WDSH�LV�DGYDQFHG��DQG�LI�
WKH�UXQ�RQ�WKH�LQSXW�WDSH�LV�QRW�\HW�FRPSOHWHG��ZH�LQVHUW�WKH�QHZ�HOHPHQW�LQWR�
WKH�SULRULW\�TXHXH��8VLQJ�WKH�VDPH�H[DPSOH�DV�EHIRUH��ZH�GLVWULEXWH�WKH�LQSXW�
RQWR�WKH�WKUHH�WDSHV���

��

:H�WKHQ�QHHG�WZR�PRUH�SDVVHV�RI�WKUHH�ZD\�PHUJLQJ�WR�FRPSOHWH�WKH�VRUW���

��

��

$IWHU�WKH�LQLWLDO�UXQ�FRQVWUXFWLRQ�SKDVH��WKH�QXPEHU�RI�SDVVHV�UHTXLUHG�XVLQJ�N�

ZD\�PHUJLQJ�LV� ORJN�Q�P� , EHFDXVH�WKH�UXQV�JHW�N�WLPHV�DV�ODUJH�LQ�HDFK�

SDVV��)RU�WKH�H[DPSOH�DERYH��WKH�IRUPXOD�LV�YHULILHG��VLQFH� ORJ������   ����
,I�ZH�KDYH����WDSHV��WKHQ�N� ����DQG�RXU�ODUJH�H[DPSOH�IURP�WKH�SUHYLRXV�VHFWLRQ�

ZRXOG�UHTXLUH� ORJ�����   ���SDVVHV��
�

��������3RO\SKDVH�0HUJH�

7KH�N�ZD\�PHUJLQJ�VWUDWHJ\�GHYHORSHG�LQ�WKH�ODVW�VHFWLRQ�UHTXLUHV�WKH�XVH�RI��N�
WDSHV��7KLV�FRXOG�EH�SURKLELWLYH�IRU�VRPH�DSSOLFDWLRQV��,W�LV�SRVVLEOH�WR�JHW�E\�
ZLWK�RQO\�N�����WDSHV��$V�DQ�H[DPSOH��ZH�ZLOO�VKRZ�KRZ�WR�SHUIRUP�WZR�ZD\�PHUJLQJ�
XVLQJ�RQO\�WKUHH�WDSHV���
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6XSSRVH�ZH�KDYH�WKUHH�WDSHV��7���72��DQG�7���DQG�DQ�LQSXW�ILOH�RQ�7��WKDW�ZLOO�

SURGXFH����UXQV��2QH�RSWLRQ�LV�WR�SXW����UXQV�RQ�HDFK�RI�7��DQG�7���:H�FRXOG�WKHQ�

PHUJH�WKLV�UHVXOW�RQWR�7���REWDLQLQJ�RQH�WDSH�ZLWK����UXQV��7KH�SUREOHP�LV�WKDW�

VLQFH�DOO�WKH�UXQV�DUH�RQ�RQH�WDSH��ZH�PXVW�QRZ�SXW�VRPH�RI�WKHVH�UXQV�RQ�7��WR�

SHUIRUP�DQRWKHU�PHUJH��7KH�ORJLFDO�ZD\�WR�GR�WKLV�LV�WR�FRS\�WKH�ILUVW�HLJKW�UXQV�
IURP�7��RQWR�7��DQG�WKHQ�SHUIRUP�WKH�PHUJH��7KLV�KDV�WKH�HIIHFW�RI�DGGLQJ�DQ�

H[WUD�KDOI�SDVV�IRU�HYHU\�SDVV�ZH�GR���

$Q�DOWHUQDWLYH�PHWKRG�LV�WR�VSOLW�WKH�RULJLQDO����UXQV�XQHYHQO\��6XSSRVH�ZH�SXW�
���UXQV�RQ�7��DQG����UXQV�RQ�7���:H�ZRXOG�WKHQ�PHUJH����UXQV�RQWR�7��EHIRUH�7��ZDV�

HPSW\��$W�WKLV�SRLQW��ZH�FRXOG�UHZLQG�7��DQG�7���DQG�PHUJH�7���ZLWK����UXQV��DQG�

7���ZKLFK�KDV���UXQV��RQWR�7���:H�FRXOG�WKHQ�PHUJH���UXQV�XQWLO�7��ZDV�HPSW\��

ZKLFK�ZRXOG�OHDYH���UXQV�OHIW�RQ�7��DQG���UXQV�RQ�7���:H�FRXOG�WKHQ�PHUJH�71 DQG�

7���DQG�VR�RQ��7KH�IROORZLQJ�WDEOH�EHORZ�VKRZV�WKH�QXPEHU�RI�UXQV�RQ�HDFK�WDSH�

DIWHU�HDFK�SDVV���

�����5XQ�����$IWHU����$IWHU���$IWHU����$IWHU����$IWHU����$IWHU����$IWHU�

����&RQVW���7����7���7����7���7����7���7����7���7����7���7����7���7����7�

�

�������������������������������������������������������������������������

�

7��������������������������������������������������������������������

�

7��������������������������������������������������������������������

�

7��������������������������������������������������������������������

�

7KH�RULJLQDO�GLVWULEXWLRQ�RI�UXQV�PDNHV�D�JUHDW�GHDO�RI�GLIIHUHQFH��)RU�LQVWDQFH��LI����UXQV�DUH�

SODFHG�RQ�7���ZLWK����RQ�7���WKHQ�DIWHU�WKH�ILUVW�PHUJH��ZH�REWDLQ����UXQV�RQ�7��DQG����UXQV�RQ�

7���$IWH�DQRWKHU�PHUJH��WKHUH�DUH����UXQV�RQ�7��DQG���UXQV�RQ�7���$W�WKLV�SRLQW�WKH�JRLQJ�JHWV�

VORZ��EHFDXVH�ZH�FDQ�RQO\�PHUJH�WZR�VHWV�RI�UXQV�EHIRUH�7��LV�H[KDXVWHG��7KHQ�7��KDV���UXQV�DQG�

7��KDV���UXQV��$JDLQ��ZH�FDQ�RQO\�PHUJH�WZR�VHWV�RI�UXQV��REWDLQLQJ�7��ZLWK���UXQV�DQG�7��ZLWK���

UXQV��$IWHU�WKUHH�PRUH�SDVVHV��7��KDV�WZR�UXQV�DQG�WKH�RWKHU�WDSHV�DUH�HPSW\��:H�PXVW�FRS\�RQH�

UXQ�WR�DQRWKHU�WDSH��DQG�WKHQ�ZH�FDQ�ILQLVK�WKH�PHUJH��

,W�WXUQV�RXW�WKDW�WKH�ILUVW�GLVWULEXWLRQ�ZH�JDYH�LV�RSWLPDO��,I�WKH�QXPEHU�RI�UXQV�LV�D�)LERQDFFL�
QXPEHU�)Q��WKHQ�WKH�EHVW�ZD\�WR�GLVWULEXWH�WKHP�LV�WR�VSOLW�WKHP�LQWR�WZR�)LERQDFFL�QXPEHUV�)Q���
DQG�)Q����2WKHUZLVH��LW�LV�QHFHVVDU\�WR�SDG�WKH�WDSH�ZLWK�GXPP\�UXQV�LQ�RUGHU�WR�JHW�WKH�QXPEHU�

RI�UXQV�XS�WR�D�)LERQDFFL�QXPEHU��:H�OHDYH�WKH�GHWDLOV�RI�KRZ�WR�SODFH�WKH�LQLWLDO�VHW�RI�UXQV�RQ�
WKH�WDSHV�DV�DQ�H[HUFLVH���

:H�FDQ�H[WHQG�WKLV�WR�D�N�ZD\�PHUJH��LQ�ZKLFK�FDVH�ZH�QHHG�NWK�RUGHU�)LERQDFFL�QXPEHUV�IRU�WKH�

GLVWULEXWLRQ��ZKHUH�WKH�NWK�RUGHU�)LERQDFFL�QXPEHU�LV�GHILQHG�DV�)�N��Q�� �)�N��Q��������)�N��Q��

����� � � ���)�N��Q���N���ZLWK�WKH�DSSURSULDWH�LQLWLDO�FRQGLWLRQV�)�N��Q�� ������ �Q
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�N������)�N��N������ ���

�

��������5HSODFHPHQW�6HOHFWLRQ

�

7KH�ODVW�LWHP�ZH�ZLOO�FRQVLGHU�LV�FRQVWUXFWLRQ�RI�WKH�UXQV��7KH�VWUDWHJ\�ZH�KDYH�XVHG�VR�IDU�LV�
WKH�VLPSOHVW�SRVVLEOH��:H�UHDG�DV�PDQ\�UHFRUGV�DV�SRVVLEOH�DQG�VRUW�WKHP��ZULWLQJ�WKH�UHVXOW�WR�
VRPH�WDSH��7KLV�VHHPV�OLNH�WKH�EHVW�DSSURDFK�SRVVLEOH��XQWLO�RQH�UHDOL]HV�WKDW�DV�VRRQ�DV�WKH�
ILUVW�UHFRUG�LV�ZULWWHQ�WR�DQ�RXWSXW�WDSH��WKH�PHPRU\�LW�XVHG�EHFRPHV�DYDLODEOH�IRU�DQRWKHU�
UHFRUG��,I�WKH�QH[W�UHFRUG�RQ�WKH�LQSXW�WDSH�LV�ODUJHU�WKDQ�WKH�UHFRUG�ZH�KDYH�MXVW�RXWSXW��WKHQ�
LW�FDQ�EH�LQFOXGHG�LQ�WKH�UXQ���

8VLQJ�WKLV�REVHUYDWLRQ��ZH�FDQ�JLYH�DQ�DOJRULWKP�IRU�SURGXFLQJ�UXQV��7KLV�WHFKQLTXH�LV�FRPPRQO\�
UHIHUUHG�WR�DV�UHSODFHPHQW�VHOHFWLRQ��,QLWLDOO\��P�UHFRUGV�DUH�UHDG�LQWR�PHPRU\�DQG�SODFHG�LQ�D�
SULRULW\�TXHXH��:H�SHUIRUP�D�GHOHWHBPLQ��ZULWLQJ�WKH�VPDOOHVW�UHFRUG�WR�WKH�RXWSXW�WDSH��:H�UHDG�
WKH�QH[W�UHFRUG�IURP�WKH�LQSXW�WDSH��,I�LW�LV�ODUJHU�WKDQ�WKH�UHFRUG�ZH�KDYH�MXVW�ZULWWHQ��ZH�FDQ�
DGG�LW�WR�WKH�SULRULW\�TXHXH��2WKHUZLVH��LW�FDQQRW�JR�LQWR�WKH�FXUUHQW�UXQ��6LQFH�WKH�SULRULW\�
TXHXH�LV�VPDOOHU�E\�RQH�HOHPHQW��ZH�FDQ�VWRUH�WKLV�QHZ�HOHPHQW�LQ�WKH�GHDG�VSDFH�RI�WKH�SULRULW\�
TXHXH�XQWLO�WKH�UXQ�LV�FRPSOHWHG�DQG�XVH�WKH�HOHPHQW�IRU�WKH�QH[W�UXQ��6WRULQJ�DQ�HOHPHQW�LQ�WKH�
GHDG�VSDFH�LV�VLPLODU�WR�ZKDW�LV�GRQH�LQ�KHDSVRUW��:H�FRQWLQXH�GRLQJ�WKLV�XQWLO�WKH�VL]H�RI�WKH�
SULRULW\�TXHXH�LV�]HUR��DW�ZKLFK�SRLQW�WKH�UXQ�LV�RYHU��:H�VWDUW�D�QHZ�UXQ�E\�EXLOGLQJ�D�QHZ�
SULRULW\�TXHXH��XVLQJ�DOO�WKH�HOHPHQWV�LQ�WKH�GHDG�VSDFH��

)LJXUH������VKRZV�WKH�UXQ�FRQVWUXFWLRQ�
IRU�WKH�VPDOO�H[DPSOH�ZH�KDYH�EHHQ�XVLQJ��ZLWK�P� ����'HDG�HOHPHQWV�DUH�LQGLFDWHG�E\�DQ�DVWHULVN��

,Q�WKLV�H[DPSOH��UHSODFHPHQW�VHOHFWLRQ�SURGXFHV�RQO\�WKUHH�UXQV��FRPSDUHG�ZLWK�WKH�ILYH�UXQV�
REWDLQHG�E\�VRUWLQJ��%HFDXVH�RI�WKLV��D�WKUHH�ZD\�PHUJH�ILQLVKHV�LQ�RQH�SDVV�LQVWHDG�RI�WZR��,I�
WKH�LQSXW�LV�UDQGRPO\�GLVWULEXWHG��UHSODFHPHQW�VHOHFWLRQ�FDQ�EH�VKRZQ�WR�SURGXFH�UXQV�RI�DYHUDJH�
OHQJWK��P��)RU�RXU�ODUJH�H[DPSOH��ZH�ZRXOG�H[SHFW�����UXQV�LQVWHDG�RI�����UXQV��VR�D�ILYH�ZD\�
PHUJH�ZRXOG�UHTXLUH�IRXU�SDVVHV��,Q�WKLV�FDVH��ZH�KDYH�QRW�VDYHG�D�SDVV��DOWKRXJK�ZH�PLJKW�LI�ZH�
JHW�OXFN\�DQG�KDYH�����UXQV�RU�OHVV��6LQFH�H[WHUQDO�VRUWV�WDNH�VR�ORQJ��HYHU\�SDVV�VDYHG�FDQ�PDNH�
D�VLJQLILFDQW�GLIIHUHQFH�LQ�WKH�UXQQLQJ�WLPH���

���������(OHPHQWV�,Q�+HDS�$UUD\����2XWSXW�����1H[W�(OHPHQW�5HDG

�

��������+>�@���+>�@�����+>�@

�

���������������������������������������������������������������

�
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�
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�
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�
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����������������������������������(QG�RI�5XQ���5HEXLOG�+HDS

�

���������������������������������������������������������������

�

5XQ������������������������������������

�

)LJXUH������([DPSOH�RI�UXQ�FRQVWUXFWLRQ

�

$V�ZH�KDYH�VHHQ��LW�LV�SRVVLEOH�IRU�UHSODFHPHQW�VHOHFWLRQ�WR�GR�QR�EHWWHU�WKDQ�WKH�VWDQGDUG�
DOJRULWKP��+RZHYHU��WKH�LQSXW�LV�IUHTXHQWO\�VRUWHG�RU�QHDUO\�VRUWHG�WR�VWDUW�ZLWK��LQ�ZKLFK�FDVH�
UHSODFHPHQW�VHOHFWLRQ�SURGXFHV�RQO\�D�IHZ�YHU\�ORQJ�UXQV��7KLV�NLQG�RI�LQSXW�LV�FRPPRQ�IRU�
H[WHUQDO�VRUWV�DQG�PDNHV�UHSODFHPHQW�VHOHFWLRQ�H[WUHPHO\�YDOXDEOH���

6XPPDU\
�

)RU�PRVW�JHQHUDO�LQWHUQDO�VRUWLQJ�DSSOLFDWLRQV��HLWKHU�LQVHUWLRQ�VRUW��6KHOOVRUW��RU�TXLFNVRUW�
ZLOO�EH�WKH�PHWKRG�RI�FKRLFH��DQG�WKH�GHFLVLRQ�RI�ZKLFK�WR�XVH�ZLOO�GHSHQG�PRVWO\�RQ�WKH�VL]H�RI�
WKH�LQSXW��)LJXUH������VKRZV�WKH�UXQQLQJ�WLPH�REWDLQHG�IRU�HDFK�DOJRULWKP�RQ�YDULRXV�ILOH�VL]HV��

7KH�GDWD�ZDV�FKRVHQ�WR�EH�UDQGRP�SHUPXWDWLRQV�RI�Q�LQWHJHUV��DQG�WKH�WLPHV�JLYHQ�LQFOXGH�RQO\�WKH�
DFWXDO�WLPH�WR�VRUW��7KH�FRGH�JLYHQ�LQ�)LJXUH���� ZDV�XVHG�IRU�LQVHUWLRQ�VRUW��6KHOOVRUW�XVHG�WKH�
FRGH�LQ�6HFWLRQ�����PRGLILHG�WR�UXQ�ZLWK�6HGJHZLFN
V�LQFUHPHQWV��%DVHG�RQ�OLWHUDOO\�PLOOLRQV�RI�
VRUWV��UDQJLQJ�LQ�VL]H�IURP�����WR����PLOOLRQ��WKH�H[SHFWHG�UXQQLQJ�WLPH�RI�6KHOOVRUW�ZLWK�WKHVH�

LQFUHPHQWV�LV�FRQMHFWXUHG�WR�EH�2�Q������7KH�KHDSVRUW�URXWLQH�LV�WKH�VDPH�DV�LQ�6HFWLRQ������7ZR�
YHUVLRQV�RI�TXLFNVRUW�DUH�JLYHQ��7KH�ILUVW�XVHV�D�VLPSOH�SLYRWLQJ�VWUDWHJ\�DQG�GRHV�QRW�GR�D�
FXWRII��)RUWXQDWHO\��WKH�LQSXW�ILOHV�ZHUH�UDQGRP��7KH�VHFRQG�XVHV�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�
DQG�D�FXWRII�RI�WHQ��)XUWKHU�RSWLPL]DWLRQV�ZHUH�SRVVLEOH��:H�FRXOG�KDYH�FRGHG�WKH�PHGLDQ�RI�WKUHH�
URXWLQH�LQ�OLQH�LQVWHDG�RI�XVLQJ�D�IXQFWLRQ��DQG�ZH�FRXOG�KDYH�ZULWWHQ�TXLFNVRUW�QRQUHFXUVLYHO\��
7KHUH�DUH�VRPH�RWKHU�RSWLPL]DWLRQV�WR�WKH�FRGH�WKDW�DUH�IDLUO\�WULFN\�WR�LPSOHPHQW��DQG�RI�FRXUVH�
ZH�FRXOG�KDYH�XVHG�DQ�DVVHPEO\�ODQJXDJH��:H�KDYH�PDGH�DQ�KRQHVW�DWWHPSW�WR�FRGH�DOO�URXWLQHV�
HIILFLHQWO\��EXW�RI�FRXUVH�WKH�SHUIRUPDQFH�FDQ�YDU\�VRPHZKDW�IURP�PDFKLQH�WR�PDFKLQH���

7KH�KLJKO\�RSWLPL]HG�YHUVLRQ�RI�TXLFNVRUW�LV�DV�IDVW�DV�6KHOOVRUW�HYHQ�IRU�YHU\�VPDOO�LQSXW�

VL]HV��7KH�LPSURYHG�YHUVLRQ�RI�TXLFNVRUW�VWLOO�KDV�DQ�2�Q���ZRUVW�FDVH��RQH�H[HUFLVH�DVNV�\RX�WR�
FRQVWUXFW�D�VPDOO�H[DPSOH���EXW�WKH�FKDQFHV�RI�WKLV�ZRUVW�FDVH�DSSHDULQJ�DUH�VR�QHJOLJLEOH�DV�WR�
QRW�EH�D�IDFWRU��,I�\RX�QHHG�WR�VRUW�ODUJH�ILOHV��TXLFNVRUW�LV�WKH�PHWKRG�RI�FKRLFH��%XW�QHYHU��
HYHU��WDNH�WKH�HDV\�ZD\�RXW�DQG�XVH�WKH�ILUVW�HOHPHQW�DV�SLYRW��,W�LV�MXVW�QRW�VDIH�WR�DVVXPH�
WKDW�WKH�LQSXW�ZLOO�EH�UDQGRP��,I�\RX�GR�QRW�ZDQW�WR�ZRUU\�DERXW�WKLV��XVH�6KHOOVRUW��6KHOOVRUW�
ZLOO�JLYH�D�VPDOO�SHUIRUPDQFH�SHQDOW\�EXW�FRXOG�DOVR�EH�DFFHSWDEOH��HVSHFLDOO\�LI�VLPSOLFLW\�LV�

UHTXLUHG��,WV�ZRUVW�FDVH�LV�RQO\�2�Q������WKH�FKDQFH�RI�WKDW�ZRUVW�FDVH�RFFXULQJ�LV�OLNHZLVH�
QHJOLJLEOH���

+HDSVRUW��DOWKRXJK�DQ�2��Q�ORJ�Q��DOJRULWKP�ZLWK�DQ�DSSDUHQWO\�WLJKW�LQQHU�ORRS��LV�VORZHU�WKDQ�
6KHOOVRUW��$�FORVH�H[DPLQDWLRQ�RI�WKH�DOJRULWKP�UHYHDOV�WKDW�LQ�RUGHU�WR�PRYH�GDWD��KHDSVRUW�GRHV�
WZR�FRPSDULVRQV��&DUOVVRQ�KDV�DQDO\]HG�DQ�LPSURYHPHQW�VXJJHVWHG�E\�)OR\G�WKDW�PRYHV�GDWD�ZLWK�
HVVHQWLDOO\�RQO\�RQH�FRPSDULVRQ��EXW�LPSOHPHQWLQJ�WKLV�LPSURYHPHQW�PDNHV�WKH�FRGH�VRPHZKDW�
ORQJHU��:H�OHDYH�LW�WR�WKH�UHDGHU�WR�GHFLGH�ZKHWKHU�WKH�H[WUD�FRGLQJ�HIIRUW�LV�ZRUWK�WKH�
LQFUHDVHG�VSHHG��([HUFLVH���������

���������,QVHUWLRQ�6RUW��6KHOOVRUW��+HDSVRUW����4XLFNVRUW���4XLFNVRUW�RSW��

�

����Q��������2�Q����������2�Q��������2�Q�ORJ�Q���2�Q�ORJ�Q����2�Q�ORJ�Q�

�

���������������������������������������������������������������������������

�

���������������������������������������������������������������������

�
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����������������������������������������������������������������������

���������������������������������������������������������������������

�

���������������������������������������������������������������������

�

�������������1$�����������������������������������������������������

�

�������������1$����������������������������������������������������

�

)LJXUH������&RPSDULVRQ�RI�GLIIHUHQW�VRUWLQJ�DOJRULWKPV��DOO�WLPHV�DUH�LQ�VHFRQGV�

�

,QVHUWLRQ�VRUW�LV�XVHIXO�RQO\�IRU�VPDOO�ILOHV�RU�YHU\�QHDUO\�VRUWHG�ILOHV��:H�KDYH�QRW�LQFOXGHG�
PHUJHVRUW��EHFDXVH�LWV�SHUIRUPDQFH�LV�QRW�DV�JRRG�DV�TXLFNVRUW�IRU�PDLQ�PHPRU\�VRUWV�DQG�LW�LV�
QRW�DQ\�VLPSOHU�WR�FRGH��:H�KDYH�VHHQ��KRZHYHU��WKDW�PHUJLQJ�LV�WKH�FHQWUDO�LGHD�RI�H[WHUQDO�
VRUWV���

([HUFLVHV
�

����6RUW�WKH�VHTXHQFH���������������������������XVLQJ�LQVHUWLRQ�VRUW��

�

����:KDW�LV�WKH�UXQQLQJ�WLPH�RI�LQVHUWLRQ�VRUW�LI�DOO�NH\V�DUH�HTXDO"�

�

����6XSSRVH�ZH�H[FKDQJH�HOHPHQWV�D>L@�DQG�D>L���N@��ZKLFK�ZHUH�RULJLQDOO\�RXW�RI�RUGHU��3URYH�
WKDW�DW�OHDVW���DQG�DW�PRVW��N�����LQYHUVLRQV�DUH�UHPRYHG���

����6KRZ�WKH�UHVXOW�RI�UXQQLQJ�6KHOOVRUW�RQ�WKH�LQSXW���������������������������XVLQJ�WKH�
LQFUHPHQWV�^���������`���

����:KDW�LV�WKH�UXQQLQJ�WLPH�RI�6KHOOVRUW�XVLQJ�WKH�WZR�LQFUHPHQW�VHTXHQFH������`"�

�

����D��3URYH�WKDW�WKH�UXQQLQJ�WLPH�RI�6KHOOVRUW�LV� �Q���XVLQJ�LQFUHPHQWV�RI�WKH�IRUP����F��

F��������FL�IRU�DQ\�LQWHJHU�F���

E��3URYH�WKDW�IRU�WKHVH�LQFUHPHQWV��WKH�DYHUDJH�UXQQLQJ�WLPH�LV� �Q������

�

����3URYH�WKDW�LI�D�N�VRUWHG�ILOH�LV�WKHQ�K�VRUWHG��LW�UHPDLQV�N�VRUWHG��

�

����3URYH�WKDW�WKH�UXQQLQJ�WLPH�RI�6KHOOVRUW��XVLQJ�WKH�LQFUHPHQW�VHTXHQFH�VXJJHVWHG�E\�

+LEEDUG��LV� �Q�����LQ�WKH�ZRUVW�FDVH��+LQW��<RX�FDQ�SURYH�WKH�ERXQG�E\�FRQVLGHULQJ�WKH�
VSHFLDO�FDVH�RI�ZKDW�6KHOOVRUW�GRHV�ZKHQ�DOO�HOHPHQWV�DUH�HLWKHU���RU����6HW�LQSXWBGDWD>L@� ���LI�

L�LV�H[SUHVVLEOH�DV�D�OLQHDU�FRPELQDWLRQ�RI�KW��KW���������K W�� ���DQG���RWKHUZLVH��

�

����'HWHUPLQH�WKH�UXQQLQJ�WLPH�RI�6KHOOVRUW�IRU�

�

D��VRUWHG�LQSXW�

�

E��UHYHUVH�RUGHUHG�LQSXW�

�
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�����6KRZ�KRZ�KHDSVRUW�SURFHVVHV�WKH�LQSXW�������������������������������������������������������
������

�����D��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�KHDSVRUW�IRU�SUHVRUWHG�LQSXW"�

�

E��,V�WKHUH�DQ\�LQSXW�IRU�ZKLFK�KHDSVRUW�UXQV�LQ�R�Q�ORJ�Q���LQ�RWKHU�ZRUGV��DUH�WKHUH�DQ\�
SDUWLFXODUO\�JRRG�LQSXWV�IRU�KHDSVRUW�"��

�����6RUW������������������������XVLQJ�PHUJHVRUW��

�

�����+RZ�ZRXOG�\RX�LPSOHPHQW�PHUJHVRUW�ZLWKRXW�XVLQJ�UHFXUVLRQ"�

�

�����'HWHUPLQH�WKH�UXQQLQJ�WLPH�RI�PHUJHVRUW�IRU�

�

D��VRUWHG�LQSXW�

�

E��UHYHUVH�RUGHUHG�LQSXW�

�

F��UDQGRP�LQSXW�

�

�����,Q�WKH�DQDO\VLV�RI�PHUJHVRUW��FRQVWDQWV�KDYH�EHHQ�GLVUHJDUGHG��3URYH�WKDW�WKH�QXPEHU�RI�

FRPSDULVRQV�XVHG�LQ�WKH�ZRUVW�FDVH�E\�PHUJHVRUW�LV�Q ORJ�Q ���� ORJ�Q ������

�

�����6RUW���������������������������������XVLQJ�TXLFNVRUW�ZLWK�PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�DQG�D�
FXWRII�RI�����

�����8VLQJ�WKH�TXLFNVRUW�LPSOHPHQWDWLRQ�LQ�WKLV�FKDSWHU��GHWHUPLQH�WKH�UXQQLQJ�WLPH�RI�TXLFNVRUW�
IRU��

D��VRUWHG�LQSXW�

�

E��UHYHUVH�RUGHUHG�LQSXW�

�

F��UDQGRP�LQSXW�

�

�����5HSHDW�([HUFLVH������ZKHQ�WKH�SLYRW�LV�FKRVHQ�DV�

�

D��WKH�ILUVW�HOHPHQW�

�

E��WKH�ODUJHVW�RI�WKH�ILUVW�WZR�QRQGLVWLQFW�NH\V�

�

F��D�UDQGRP�HOHPHQW�

�

G��WKH�DYHUDJH�RI�DOO�NH\V�LQ�WKH�VHW�

�

�����D��IRU�WKH�TXLFNVRUW�LPSOHPHQWDWLRQ�LQ�WKLV�FKDSWHU��ZKDW�LV�WKH�UXQQLQJ�WLPH�ZKHQ�DOO�NH\V�
DUH�HTXDO"��

E��6XSSRVH�ZH�FKDQJH�WKH�SDUWLWLRQLQJ�VWUDWHJ\�VR�WKDW�QHLWKHU�L�QRU�M�VWRSV�ZKHQ�DQ�HOHPHQW�ZLWK�
WKH�VDPH�NH\�DV�WKH�SLYRW�LV�IRXQG��:KDW�IL[HV�QHHG�WR�EH�PDGH�LQ�WKH�FRGH�WR�JXDUDQWHH�WKDW�
TXLFNVRUW�ZRUNV��DQG�ZKDW�LV�WKH�UXQQLQJ�WLPH��ZKHQ�DOO�NH\V�DUH�HTXDO"��
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F��6XSSRVH�ZH�FKDQJH�WKH�SDUWLWLRQLQJ�VWUDWHJ\�VR�WKDW�L�VWRSV�DW�DQ�HOHPHQW�ZLWK�WKH�VDPH�NH\�DV�
WKH�SLYRW��EXW�M�GRHV�QRW�VWRS�LQ�D�VLPLODU�FDVH��:KDW�IL[HV�QHHG�WR�EH�PDGH�LQ�WKH�FRGH�WR�
JXDUDQWHH�WKDW�TXLFNVRUW�ZRUNV��DQG�ZKHQ�DOO�NH\V�DUH�HTXDO��ZKDW�LV�WKH�UXQQLQJ�WLPH�RI�
TXLFNVRUW"��

�����6XSSRVH�ZH�FKRRVH�WKH�PLGGOH�NH\�DV�SLYRW��'RHV�WKLV�PDNH�LW�XQOLNHO\�WKDW�TXLFNVRUW�ZLOO�
UHTXLUH�TXDGUDWLF�WLPH"��

�����&RQVWUXFW�D�SHUPXWDWLRQ�RI����HOHPHQWV�WKDW�LV�DV�EDG�DV�SRVVLEOH�IRU�TXLFNVRUW�XVLQJ�
PHGLDQ�RI�WKUHH�SDUWLWLRQLQJ�DQG�D�FXWRII�RI�����

�����:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKH�VHOHFWLRQ�DOJRULWKP��

�

�����6ROYH�WKH�IROORZLQJ�UHFXUUHQFH�� ��

�

�����$�VRUWLQJ�DOJRULWKP�LV�VWDEOH�LI�HOHPHQWV�ZLWK�HTXDO�NH\V�DUH�OHIW�LQ�WKH�VDPH�RUGHU�DV�WKH\�
RFFXU�LQ�WKH�LQSXW��:KLFK�RI�WKH�VRUWLQJ�DOJRULWKPV�LQ�WKLV�FKDSWHU�DUH�VWDEOH�DQG�ZKLFK�DUH�QRW"�
:K\"��

�����6XSSRVH�\RX�DUH�JLYHQ�D�VRUWHG�OLVW�RI�Q�HOHPHQWV�IROORZHG�E\�â�Q��UDQGRPO\�RUGHUHG�
HOHPHQWV��+RZ�ZRXOG�\RX�VRUW�WKH�HQWLUH�OLVW�LI��

D��â�Q�� 2���"�
�

E��â�Q�� 2�ORJ�Q�"�
�

�

�

G��+RZ�ODUJH�FDQ�â�Q��EH�IRU�WKH�HQWLUH�OLVW�VWLOO�WR�EH�VRUWDEOH�LQ�2�Q��WLPH"�
�

�����3URYH�WKDW�DQ\�DOJRULWKP�WKDW�ILQGV�DQ�HOHPHQW�[�LQ�D�VRUWHG�OLVW�RI�Q�HOHPHQWV�UHTXLUHV�

�ORJ�Q���FRPSDULVRQV��

�

�����8VLQJ�6WLUOLQJ
V�IRUPXOD�� ��JLYH�D�SUHFLVH�HVWLPDWH�IRU�ORJ�Q����

�

�����D��,Q�KRZ�PDQ\�ZD\V�FDQ�WZR�VRUWHG�DUUD\V�RI�Q�HOHPHQWV�EH�PHUJHG"�

�

E��*LYH�D�QRQWULYLDO�ORZHU�ERXQG�RQ�WKH�QXPEHU�RI�FRPSDULVRQV�UHTXLUHG�WR�PHUJH�WZR�VRUWHG�OLVWV�
RI�Q�HOHPHQWV���

�����3URYH�WKDW�VRUWLQJ�Q�HOHPHQWV�ZLWK�LQWHJHU�NH\V�LQ�WKH�UDQJH��� �NH\� �P�WDNHV�2�P���
Q��WLPH�XVLQJ�EXFNHW�VRUW���

�����6XSSRVH�\RX�KDYH�DQ�DUUD\�RI�Q�HOHPHQWV�FRQWDLQLQJ�RQO\�WZR�GLVWLQFW�NH\V��WUXH�DQG�IDOVH��
*LYH�DQ�2�Q��DOJRULWKP�WR�UHDUUDQJH�WKH�OLVW�VR�WKDW�DOO�IDOVH�HOHPHQWV�SUHFHGH�WKH�WUXH�
HOHPHQWV��<RX�PD\�XVH�RQO\�FRQVWDQW�H[WUD�VSDFH���

�����6XSSRVH�\RX�KDYH�DQ�DUUD\�RI�Q�HOHPHQWV��FRQWDLQLQJ�WKUHH�GLVWLQFW�NH\V��WUXH��IDOVH��DQG�
PD\EH��*LYH�DQ�2�Q��DOJRULWKP�WR�UHDUUDQJH�WKH�OLVW�VR�WKDW�DOO�IDOVH�HOHPHQWV�SUHFHGH�PD\EH�
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HOHPHQWV��ZKLFK�LQ�WXUQ�SUHFHGH�WUXH�HOHPHQWV��<RX�PD\�XVH�RQO\�FRQVWDQW�H[WUD�VSDFH���

�����D��3URYH�WKDW�DQ\�FRPSDULVRQ�EDVHG�DOJRULWKP�WR�VRUW���HOHPHQWV�UHTXLUHV���FRPSDULVRQV��

�

E��*LYH�DQ�DOJRULWKP�WR�VRUW���HOHPHQWV�LQ���FRPSDULVRQV��

�

�����D��3URYH�WKDW���FRPSDULVRQV�DUH�UHTXLUHG�WR�VRUW���HOHPHQWV�XVLQJ�DQ\�FRPSDULVRQ�EDVHG�
DOJRULWKP���

E��*LYH�DQ�DOJRULWKP�WR�VRUW���HOHPHQWV�ZLWK���FRPSDULVRQV��

�

�����:ULWH�DQ�HIILFLHQW�YHUVLRQ�RI�6KHOOVRUW�DQG�FRPSDUH�SHUIRUPDQFH�ZKHQ�WKH�IROORZLQJ�LQFUHPHQW�
VHTXHQFHV�DUH�XVHG���

D��6KHOO
V�RULJLQDO�VHTXHQFH�

�

E��+LEEDUG
V�LQFUHPHQWV�

�

�

�

�

�

H��6HGJHZLFN
V�LQFUHPHQWV��

�

�����,PSOHPHQW�DQ�RSWLPL]HG�YHUVLRQ�RI�TXLFNVRUW�DQG�H[SHULPHQW�ZLWK�FRPELQDWLRQV�RI�WKH�
IROORZLQJ���

D��3LYRW��ILUVW�HOHPHQW��PLGGOH�HOHPHQW��UDQGRP�HOHPHQW��PHGLDQ�RI�WKUHH��PHGLDQ�RI�ILYH��

�

E��&XWRII�YDOXHV�IURP���WR�����

�

�����:ULWH�D�URXWLQH�WKDW�UHDGV�LQ�WZR�DOSKDEHWL]HG�ILOHV�DQG�PHUJHV�WKHP�WRJHWKHU��IRUPLQJ�D�
WKLUG��DOSKDEHWL]HG��ILOH���

�����6XSSRVH�ZH�LPSOHPHQW�WKH�PHGLDQ�RI�WKUHH�URXWLQH�DV�IROORZV��)LQG�WKH�PHGLDQ�RI�D>OHIW@��D
>FHQWHU@��D>ULJKW@��DQG�VZDS�LW�ZLWK�D>ULJKW@��3URFHHG�ZLWK�WKH�QRUPDO�SDUWLWLRQLQJ�VWHS�VWDUWLQJ�
L�DW�OHIW�DQG�M�DW�ULJKW������LQVWHDG�RI�OHIW�����DQG�ULJKW�������$VVXPH�WKDW�D�>�@� �0,1B'$7$��
VR�WKDW�VHQWLQHOV�DUH�SUHVHQW���

D��6XSSRVH�WKH�LQSXW�LV������������Q�����Q�����:KDW�LV�WKH�UXQQLQJ�WLPH�RI�WKLV�YHUVLRQ�RI�
TXLFNVRUW"��

E��6XSSRVH�WKH�LQSXW�LV�LQ�UHYHUVH�RUGHU��:KDW�LV�WKH�UXQQLQJ�WLPH�RI�WKLV�YHUVLRQ�RI�TXLFNVRUW"�

�����3URYH�WKDW�DQ\�FRPSDULVRQ�EDVHG�VRUWLQJ�DOJRULWKP�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV�RQ�
DYHUDJH���

�����&RQVLGHU�WKH�IROORZLQJ�VWUDWHJ\�IRU�SHUFRODWHBGRZQ��:H�KDYH�D�KROH�DW�QRGH�;��7KH�QRUPDO�
URXWLQH�LV�WR�FRPSDUH�;
V�FKLOGUHQ�DQG�WKHQ�PRYH�WKH�FKLOG�XS�WR�;�LI�LW�LV�ODUJHU��LQ�WKH�FDVH�
RI�D��PD[�KHDS��WKDQ�WKH�HOHPHQW�ZH�DUH�WU\LQJ�WR�SODFH��WKHUHE\�SXVKLQJ�WKH�KROH�GRZQ��ZH�VWRS�
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ZKHQ�LW�LV�VDIH�WR�SODFH�WKH�QHZ�HOHPHQW�LQ�WKH�KROH��7KH�DOWHUQDWH�VWUDWHJ\�LV�WR�PRYH�HOHPHQWV�
XS�DQG�WKH�KROH�GRZQ�DV�IDU�DV�SRVVLEOH��ZLWKRXW�WHVWLQJ�ZKHWKHU�WKH�QHZ�FHOO�FDQ�EH�LQVHUWHG��
7KLV�ZRXOG�SODFH�WKH�QHZ�FHOO�LQ�D�OHDI�DQG�SUREDEO\�YLRODWH�WKH�KHDS�RUGHU��WR�IL[�WKH�KHDS�
RUGHU��SHUFRODWH�WKH�QHZ�FHOO�XS�LQ�WKH�QRUPDO�PDQQHU��:ULWH�D�URXWLQH�WR�LQFOXGH�WKLV�LGHD��DQG�
FRPSDUH�WKH�UXQQLQJ�WLPH�ZLWK�D�VWDQGDUG�LPSOHPHQWDWLRQ�RI�KHDSVRUW���

�����3URSRVH�DQ�DOJRULWKP�WR�VRUW�D�ODUJH�ILOH�XVLQJ�RQO\�WZR�WDSHV��

�

5HIHUHQFHV
�

.QXWK
V�ERRN�>��@�LV�D�FRPSUHKHQVLYH��WKRXJK�VRPHZKDW�GDWHG��UHIHUHQFH�IRU�VRUWLQJ��*RQQHW�DQG�
%DH]D�<DWHV�>�@�KDV�VRPH�PRUH�UHFHQW�UHVXOWV��DV�ZHOO�DV�D�KXJH�ELEOLRJUDSK\���

7KH�RULJLQDO�SDSHU�GHWDLOLQJ�6KHOOVRUW�LV�>��@��7KH�SDSHU�E\�+LEEDUG�>�@ VXJJHVWHG�WKH�XVH�RI�WKH�

LQFUHPHQWV��N�����DQG�WLJKWHQHG�WKH�FRGH�E\�DYRLGLQJ�VZDSV��7KHRUHP�����LV�IURP�>��@��3UDWW
V�
ORZHU�ERXQG��ZKLFK�XVHV�D�PRUH�FRPSOH[�PHWKRG�WKDQ�WKDW�VXJJHVWHG�LQ�WKH�WH[W��FDQ�EH�IRXQG�LQ�
>��@��,PSURYHG�LQFUHPHQW�VHTXHQFHV�DQG�XSSHU�ERXQGV�DSSHDU�LQ�>�@��>��@��DQG�>��@��PDWFKLQJ�ORZHU�
ERXQGV�KDYH�EHHQ�VKRZQ�LQ�>��@��$�UHFHQW�XQSXEOLVKHG�UHVXOW�E\�3RRQHQ�VKRZV�WKDW�QR�LQFUHPHQW�
VHTXHQFH�JLYHV�DQ�2�Q�ORJ�Q��ZRUVW�FDVH�UXQQLQJ�WLPH��$Q�LGHQWLFDO�UHVXOW�ZDV�REWDLQHG�
LQGHSHQGHQWO\�DQG�DSSHDUV�LQ�>��@��7KH�DYHUDJH�FDVH�UXQQLQJ�WLPH�IRU�6KHOOVRUW�LV�VWLOO�
XQUHVROYHG��<DR�>��@�KDV�SHUIRUPHG�DQ�H[WUHPHO\�FRPSOH[�DQDO\VLV�IRU�WKH�WKUHH�LQFUHPHQW�FDVH��
7KH�UHVXOW�KDV�\HW�WR�EH�H[WHQGHG�WR�PRUH�LQFUHPHQWV��([SHULPHQWV�ZLWK�YDULRXV�LQFUHPHQW�
VHTXHQFHV�DSSHDU�LQ�>��@���

+HDSVRUW�ZDV�LQYHQWHG�E\�:LOOLDPV�>��@��)OR\G�>�@�SURYLGHG�WKH�OLQHDU�WLPH�DOJRULWKP�IRU�KHDS�
FRQVWUXFWLRQ��7KH�DQDO\VLV�RI�LWV�DYHUDJH�FDVH�KDV�RQO\�UHFHQWO\�EHHQ�REWDLQHG�>��@���

$Q�H[DFW�DYHUDJH�FDVH�DQDO\VLV�RI�PHUJHVRUW�KDV�EHHQ�FODLPHG�LQ�>�@��WKH�SDSHU�GHWDLOLQJ�WKH�
UHVXOWV�LV�IRUWKFRPLQJ��$Q�DOJRULWKP�WR�SHUIRUP�PHUJLQJ�LQ�OLQHDU�WLPH�ZLWKRXW�H[WUD�VSDFH�LV�
GHVFULEHG�LQ�>�@���

4XLFNVRUW�LV�IURP�+RDUH�>�@��7KLV�SDSHU�DQDO\]HV�WKH�EDVLF�DOJRULWKP��GHVFULEHV�PRVW�RI�WKH�
LPSURYHPHQWV��DQG�LQFOXGHV�WKH�VHOHFWLRQ�DOJRULWKP��$�GHWDLOHG�DQDO\VLV�DQG�HPSLULFDO�VWXG\�ZDV�
WKH�VXEMHFW�RI�6HGJHZLFN
V�GLVVHUWDWLRQ�>��@��0DQ\�RI�WKH�LPSRUWDQW�UHVXOWV�DSSHDU�LQ�WKH�WKUHH�
SDSHUV�>��@��>��@��DQG�>��@���

'HFLVLRQ�WUHHV�DQG�VRUWLQJ�RSWLPDOLW\�DUH�GLVFXVVHG�LQ�)RUG�DQG�-RKQVRQ�>�@��7KLV�SDSHU�DOVR�
SURYLGHV�DQ�DOJRULWKP�WKDW�DOPRVW�PHHWV�WKH�ORZHU�ERXQG�LQ�WHUPV�RI�QXPEHU�RI�FRPSDULVRQV��EXW�
QRW�RWKHU�RSHUDWLRQV���7KLV�DOJRULWKP�ZDV�HYHQWXDOO\�VKRZQ�WR�EH�VOLJKWO\�VXERSWLPDO�E\�0DQDFKHU�
>��@���

([WHUQDO�VRUWLQJ�LV�FRYHUHG�LQ�GHWDLO�LQ�>��@��6WDEOH�VRUWLQJ��GHVFULEHG�LQ�([HUFLVH�������KDV�
EHHQ�DGGUHVVHG�E\�+RUYDWK�>�@���

���5��:��)OR\G���$OJRULWKP������7UHHVRUW�����&RPPXQLFDWLRQV�RI�WKH�$&0����������������

�

���/��5��)RUG�DQG�6��0��-RKQVRQ���$�7RXUQDPHQW�3UREOHP���$PHULFDQ�0DWKHPDWLFV�0RQWKO\������������
����������

���0��*ROLQ�DQG�5��6HGJHZLFN���([DFW�$QDO\VLV�RI�0HUJHVRUW���)RXUWK�6,$0�&RQIHUHQFH�RQ�'LVFUHWH�
0DWKHPDWLFV���������

���*��+��*RQQHW�DQG�5��%DH]D�<DWHV��+DQGERRN�RI�$OJRULWKPV�DQG�'DWD�6WUXFWXUHV��VHFRQG�HGLWLRQ��
$GGLVRQ�:HVOH\��5HDGLQJ��0$���������

���7��+��+LEEDUG���$Q�(PSLULFDO�6WXG\�RI�0LQLPDO�6WRUDJH�6RUWLQJ���&RPPXQLFDWLRQV�RI�WKH�$&0���
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������������������

���&��$��5��+RDUH���4XLFNVRUW���&RPSXWHU�-RXUQDO������������������

�

���(��&��+RUYDWK���6WDEOH�6RUWLQJ�LQ�$V\PSWRWLFDOO\�2SWLPDO�7LPH�DQG�([WUD�6SDFH���-RXUQDO�RI�WKH
$&0����������������������

���%��+XDQJ�DQG�0��/DQJVWRQ���3UDFWLFDO�,Q�SODFH�0HUJLQJ���&RPPXQLFDWLRQV�RI�WKH�$&0������������
����������

���-��,QFHUSL�DQG�5��6HGJHZLFN���,PSURYHG�8SSHU�%RXQGV�RQ�6KHOOVRUW���-RXUQDO�RI�&RPSXWHU�DQG�
6\VWHP�6FLHQFHV����������������������

����'��(��.QXWK��7KH�$UW�RI�&RPSXWHU�3URJUDPPLQJ��9ROXPH����6RUWLQJ�DQG�6HDUFKLQJ��VHFRQG�
SULQWLQJ��$GGLVRQ�:HVOH\��5HDGLQJ��0$���������

����*��.��0DQDFKHU���7KH�)RUG�-RKQVRQ�6RUWLQJ�$OJRULWKP�,V�1RW�2SWLPDO���-RXUQDO�RI�WKH�$&0����
������������������

����$��$��3DSHUQRY�DQG�*��9��6WDVHYLFK���$�0HWKRG�RI�,QIRUPDWLRQ�6RUWLQJ�LQ�&RPSXWHU�0HPRULHV���
3UREOHPV�RI�,QIRUPDWLRQ�7UDQVPLVVLRQ�������������������

����&��*��3OD[WRQ�DQG�7��6XHO���,PSURYHG�/RZHU�%RXQGV�IRU�6KHOOVRUW���3URFHHGLQJV�RI�WKH�7KLUW\�
WKLUG�$QQXDO�,(((�6\PSRVLXP�RQ�WKH�)RXQGDWLRQV�RI�&RPSXWHU�6FLHQFH�����������

����9��5��3UDWW��6KHOOVRUW�DQG�6RUWLQJ�1HWZRUNV��*DUODQG�3XEOLVKLQJ��1HZ�<RUN���������2ULJLQDOO\�
SUHVHQWHG�DV�WKH�DXWKRU
V�3K�'��WKHVLV��6WDQIRUG�8QLYHUVLW\����������

����5��6FKDIIHU�DQG�5��6HGJHZLFN���7KH�$QDO\VLV�RI�+HDSVRUW���-RXUQDO�RI�$OJRULWKPV��WR�DSSHDU��

�

����5��6HGJHZLFN���4XLFNVRUW�ZLWK�(TXDO�.H\V���6,$0�-RXUQDO�RQ�&RPSXWLQJ��������������������

�

����5��6HGJHZLFN���7KH�$QDO\VLV�RI�4XLFNVRUW�3URJUDPV���$FWD�,QIRUPDWLFD��������������������

�

����5��6HGJHZLFN���,PSOHPHQWLQJ�4XLFNVRUW�3URJUDPV���&RPPXQLFDWLRQV�RI�WKH�$&0����������������
������

����5��6HGJHZLFN��4XLFNVRUW��*DUODQG�3XEOLVKLQJ��1HZ�<RUN���������2ULJLQDOO\�SUHVHQWHG�DV�WKH�
DXWKRU
V�3K�'��WKHVLV��6WDQIRUG�8QLYHUVLW\����������

����5��6HGJHZLFN���$�1HZ�8SSHU�%RXQG�IRU�6KHOOVRUW���-RXUQDO�RI�$OJRULWKPV��������������������

�

����'��/��6KHOO���$�+LJK�6SHHG�6RUWLQJ�3URFHGXUH���&RPPXQLFDWLRQV�RI�WKH�$&0������������������

�

����0��$��:HLVV���(PSLULFDO�5HVXOWV�RQ�WKH�5XQQLQJ�7LPH�RI�6KHOOVRUW���&RPSXWHU�-RXUQDO����
����������������

����0��$��:HLVV�DQG�5��6HGJHZLFN���0RUH�2Q�6KHOOVRUW�,QFUHPHQW�6HTXHQFHV���,QIRUPDWLRQ�3URFHVVLQJ�
/HWWHUV����������������������
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����-��:��-��:LOOLDPV���$OJRULWKP������+HDSVRUW���&RPPXQLFDWLRQV�RI�WKH�$&0��������������������

�
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�
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�
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&+$37(5����
7+(�',6-2,17�6(7�$'7�

,Q�WKLV�FKDSWHU��ZH�GHVFULEH�DQ�HIILFLHQW�GDWD�VWUXFWXUH�WR�VROYH�WKH�HTXLYDOHQFH�
SUREOHP��7KH�GDWD�VWUXFWXUH�LV�VLPSOH�WR�LPSOHPHQW��(DFK�URXWLQH�UHTXLUHV�RQO\�D�
IHZ�OLQHV�RI�FRGH��DQG�D�VLPSOH�DUUD\�FDQ�EH�XVHG��7KH�LPSOHPHQWDWLRQ�LV�DOVR�
H[WUHPHO\�IDVW��UHTXLULQJ�FRQVWDQW�DYHUDJH�WLPH�SHU�RSHUDWLRQ��7KLV�GDWD�
VWUXFWXUH�LV�DOVR�YHU\�LQWHUHVWLQJ�IURP�D�WKHRUHWLFDO�SRLQW�RI�YLHZ��EHFDXVH�LWV�
DQDO\VLV�LV�H[WUHPHO\�GLIILFXOW��WKH�IXQFWLRQDO�IRUP�RI�WKH�ZRUVW�FDVH�LV�XQOLNH�
DQ\�ZH�KDYH�\HW�VHHQ��)RU�WKH�GLVMRLQW�VHW�ADT��ZH�ZLOO��

�6KRZ�KRZ�LW�FDQ�EH�LPSOHPHQWHG�ZLWK�PLQLPDO�FRGLQJ�HIIRUW���

�*UHDWO\�LQFUHDVH�LWV�VSHHG��XVLQJ�MXVW�WZR�VLPSOH�REVHUYDWLRQV���

�$QDO\]H�WKH�UXQQLQJ�WLPH�RI�D�IDVW�LPSOHPHQWDWLRQ���

�6HH�D�VLPSOH�DSSOLFDWLRQ���

�����(TXLYDOHQFH�5HODWLRQV�

$�UHODWLRQ�5�LV�GHILQHG�RQ�D�VHW�6�LI�IRU�HYHU\�SDLU�RI�HOHPHQWV��D��E���D��E�

�6��D�5�E�LV�HLWKHU�WUXH�RU�IDOVH��,I�D�5�E�LV�WUXH��WKHQ�ZH�VD\�WKDW�D�LV�
UHODWHG�WR�E���

$Q�HTXLYDOHQFH�UHODWLRQ�LV�D�UHODWLRQ�5�WKDW�VDWLVILHV�WKUHH�SURSHUWLHV���

����5HIOH[LYH��D�5�D��IRU�DOO�D� �6���

����6\PPHWULF��D�5�E�LI�DQG�RQO\�LI�E�5�D���

����7UDQVLWLYH��D�5�E�DQG�E�5�F�LPSOLHV�WKDW�D�5�F���

:H
OO�FRQVLGHU�VHYHUDO�H[DPSOHV���

7KH� �UHODWLRQVKLS�LV�QRW�DQ�HTXLYDOHQFH�UHODWLRQVKLS��$OWKRXJK�LW�LV�

UHIOH[LYH��VLQFH�D� �D��DQG�WUDQVLWLYH��VLQFH�D� �E�DQG�E� �F�LPSOLHV�D�

�F��LW�LV�QRW�V\PPHWULF��VLQFH�D� �E�GRHV�QRW�LPSO\�E� �D���

(OHFWULFDO�FRQQHFWLYLW\��ZKHUH�DOO�FRQQHFWLRQV�DUH�E\�PHWDO�ZLUHV��LV�DQ�
HTXLYDOHQFH�UHODWLRQ��7KH�UHODWLRQ�LV�FOHDUO\�UHIOH[LYH��DV�DQ\�FRPSRQHQW�LV�

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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FRQQHFWHG�WR�LWVHOI��,I�D�LV�HOHFWULFDOO\�FRQQHFWHG�WR�E��WKHQ�E�PXVW�EH�
HOHFWULFDOO\�FRQQHFWHG�WR�D��VR�WKH�UHODWLRQ�LV�V\PPHWULF��)LQDOO\��LI�D�LV�
FRQQHFWHG�WR�E�DQG�E�LV�FRQQHFWHG�WR�F��WKHQ�D�LV�FRQQHFWHG�WR�F��7KXV�HOHFWULFDO�
FRQQHFWLYLW\�LV�DQ�HTXLYDOHQFH�UHODWLRQ���

7ZR�FLWLHV�DUH�UHODWHG�LI�WKH\�DUH�LQ�WKH�VDPH�FRXQWU\��,W�LV�HDVLO\�YHULILHG�
WKDW�WKLV�LV�DQ�HTXLYDOHQFH�UHODWLRQ��6XSSRVH�WRZQ�D�LV�UHODWHG�WR�E�LI�LW�LV�
SRVVLEOH�WR�WUDYHO�IURP�D�WR�E�E\�WDNLQJ�URDGV��7KLV�UHODWLRQ�LV�DQ�HTXLYDOHQFH�
UHODWLRQ�LI�DOO�WKH�URDGV�DUH�WZR�ZD\���

�����7KH�'\QDPLF�(TXLYDOHQFH�3UREOHP�

*LYHQ�DQ�HTXLYDOHQFH�UHODWLRQ�a��WKH�QDWXUDO�SUREOHP�LV�WR�GHFLGH��IRU�DQ\�D�DQG�
E��LI�D�a�E��,I�WKH�UHODWLRQ�LV�VWRUHG�DV�D�WZR�GLPHQVLRQDO�DUUD\�RI�ERROHDQV��
WKHQ��RI�FRXUVH��WKLV�FDQ�EH�GRQH�LQ�FRQVWDQW�WLPH��7KH�SUREOHP�LV�WKDW�WKH�
UHODWLRQ�LV�XVXDOO\�QRW�H[SOLFLWO\��EXW�UDWKHU�LPSOLFLWO\��GHILQHG���

$V�DQ�H[DPSOH��VXSSRVH�WKH�HTXLYDOHQFH�UHODWLRQ�LV�GHILQHG�RYHU�WKH�ILYH�HOHPHQW�
VHW�^D���D���D���D���D�`��7KHQ�WKHUH�DUH����SDLUV�RI�HOHPHQWV��HDFK�RI�ZKLFK�LV�

HLWKHU�UHODWHG�RU�QRW��+RZHYHU��WKH�LQIRUPDWLRQ�D��a�D���D��a�D���D��a�D���D��a�D�
LPSOLHV�WKDW�DOO�SDLUV�DUH�UHODWHG��:H�ZRXOG�OLNH�WR�EH�DEOH�WR�LQIHU�WKLV�
TXLFNO\���

7KH�HTXLYDOHQFH�FODVV�RI�DQ�HOHPHQW�D� �6�LV�WKH�VXEVHW�RI�6�WKDW�FRQWDLQV�DOO�
WKH�HOHPHQWV�WKDW�DUH�UHODWHG�WR�D��1RWLFH�WKDW�WKH�HTXLYDOHQFH�FODVVHV�IRUP�D�
SDUWLWLRQ�RI�6��(YHU\�PHPEHU�RI�6�DSSHDUV�LQ�H[DFWO\�RQH�HTXLYDOHQFH�FODVV��7R�
GHFLGH�LI�D�a�E��ZH�QHHG�RQO\�WR�FKHFN�ZKHWKHU�D�DQG�E�DUH�LQ�WKH�VDPH�
HTXLYDOHQFH�FODVV��7KLV�SURYLGHV�RXU�VWUDWHJ\�WR�VROYH�WKH�HTXLYDOHQFH�SUREOHP���

7KH�LQSXW�LV�LQLWLDOO\�D�FROOHFWLRQ�RI�Q�VHWV��HDFK�ZLWK�RQH�HOHPHQW��7KLV�
LQLWLDO�UHSUHVHQWDWLRQ�LV�WKDW�DOO�UHODWLRQV��H[FHSW�UHIOH[LYH�UHODWLRQV��DUH�

IDOVH��(DFK�VHW�KDV�D�GLIIHUHQW�HOHPHQW��VR�WKDW�6L� �6M� � ��WKLV�PDNHV�WKH�

VHWV�GLVMRLQW���

7KHUH�DUH�WZR�SHUPLVVLEOH�RSHUDWLRQV��7KH�ILUVW�LV�ILQG��ZKLFK�UHWXUQV�WKH�QDPH�
RI�WKH�VHW��WKDW�LV��WKH�HTXLYDOHQFH�FODVV��FRQWDLQLQJ�D�JLYHQ�HOHPHQW��7KH�
VHFRQG�RSHUDWLRQ�DGGV�UHODWLRQV��,I�ZH�ZDQW�WR�DGG�WKH�UHODWLRQ�D�a�E��WKHQ�ZH�
ILUVW�VHH�LI�D�DQG�E�DUH�DOUHDG\�UHODWHG��7KLV�LV�GRQH�E\�SHUIRUPLQJ�ILQGV�RQ�
ERWK�D�DQG�E�DQG�FKHFNLQJ�ZKHWKHU�WKH\�DUH�LQ�WKH�VDPH�HTXLYDOHQFH�FODVV��,I�WKH\�
DUH�QRW��WKHQ�ZH�DSSO\�XQLRQ��7KLV�RSHUDWLRQ�PHUJHV�WKH�WZR�HTXLYDOHQFH�FODVVHV�
FRQWDLQLQJ�D�DQG�E�LQWR�D�QHZ�HTXLYDOHQFH�FODVV��)URP�D�VHW�SRLQW�RI�YLHZ��WKH�

UHVXOW�RI� �LV�WR�FUHDWH�D�QHZ�VHW�6N� �6L� �6M��GHVWUR\LQJ�WKH�RULJLQDOV�

DQG�SUHVHUYLQJ�WKH�GLVMRLQWQHVV�RI�DOO�WKH�VHWV��7KH�DOJRULWKP�WR�GR�WKLV�LV�
IUHTXHQWO\�NQRZQ�DV�WKH�GLVMRLQW�VHW�XQLRQ�ILQG�DOJRULWKP�IRU�WKLV�UHDVRQ���

7KLV�DOJRULWKP�LV�G\QDPLF�EHFDXVH��GXULQJ�WKH�FRXUVH�RI�WKH�DOJRULWKP��WKH�VHWV�
FDQ�FKDQJH�YLD�WKH�XQLRQ�RSHUDWLRQ��7KH�DOJRULWKP�PXVW�DOVR�RSHUDWH�RQ�OLQH��:KHQ�
D�ILQG�LV�SHUIRUPHG��LW�PXVW�JLYH�DQ�DQVZHU�EHIRUH�FRQWLQXLQJ��$QRWKHU�
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SRVVLELOLW\�ZRXOG�EH�DQ�RII�OLQH DOJRULWKP��6XFK�DQ�DOJRULWKP�ZRXOG�EH�DOORZHG�WR�
VHH�WKH�HQWLUH�VHTXHQFH�RI�XQLRQV�DQG�ILQGV��7KH�DQVZHU�LW�SURYLGHV�IRU�HDFK�ILQG
PXVW�VWLOO�EH�FRQVLVWHQW�ZLWK�DOO�WKH�XQLRQV�WKDW�ZHUH�SHUIRUPHG�XS�XQWLO�WKH�
ILQG��EXW�WKH�DOJRULWKP�FDQ�JLYH�DOO�LWV�DQVZHUV�DIWHU�LW�KDV�VHHQ�DOO�WKH�
TXHVWLRQV��7KH�GLIIHUHQFH�LV�VLPLODU�WR�WDNLQJ�D�ZULWWHQ�H[DP��ZKLFK�LV�JHQHUDOO\�
RII�OLQH��\RX�RQO\�KDYH�WR�JLYH�WKH�DQVZHUV�EHIRUH�WLPH�H[SLUHV���DQG�DQ�RUDO�
H[DP��ZKLFK�LV�RQ�OLQH��EHFDXVH�\RX�PXVW�DQVZHU�WKH�FXUUHQW�TXHVWLRQ�EHIRUH�
SURFHHGLQJ�WR�WKH�QH[W�TXHVWLRQ����

1RWLFH�WKDW�ZH�GR�QRW�SHUIRUP�DQ\�RSHUDWLRQV�FRPSDULQJ�WKH�UHODWLYH�YDOXHV�RI�
HOHPHQWV��EXW�PHUHO\�UHTXLUH�NQRZOHGJH�RI�WKHLU�ORFDWLRQ��)RU�WKLV�UHDVRQ��ZH�FDQ�
DVVXPH�WKDW�DOO�WKH�HOHPHQWV�KDYH�EHHQ�QXPEHUHG�VHTXHQWLDOO\�IURP���WR�Q�DQG�WKDW�
WKH�QXPEHULQJ�FDQ�EH�GHWHUPLQHG�HDVLO\�E\�VRPH�KDVKLQJ�VFKHPH��7KXV��LQLWLDOO\�ZH�
KDYH�6L� �^L`�IRU�L� ���WKURXJK�Q���

2XU�VHFRQG�REVHUYDWLRQ�LV�WKDW�WKH�QDPH�RI�WKH�VHW�UHWXUQHG�E\�ILQG�LV�DFWXDOO\�

IDLUO\�DELWUDU\��$OO�WKDW�UHDOO\�PDWWHUV�LV�WKDW�ILQG�[�� �ILQG� ��LI�DQG�RQO\�

LI�[�DQG� �DUH�LQ�WKH�VDPH�VHW���

7KHVH�RSHUDWLRQV�DUH�LPSRUWDQW�LQ�PDQ\�JUDSK�WKHRU\�SUREOHPV�DQG�DOVR�LQ�
FRPSLOHUV�ZKLFK�SURFHVV�HTXLYDOHQFH��RU�W\SH��GHFODUDWLRQV��:H�ZLOO�VHH�DQ�
DSSOLFDWLRQ�ODWHU���

7KHUH�DUH�WZR�VWUDWHJLHV�WR�VROYH�WKLV�SUREOHP��2QH�HQVXUHV�WKDW�WKH�ILQG�
LQVWUXFWLRQ�FDQ�EH�H[HFXWHG�LQ�FRQVWDQW�ZRUVW�FDVH�WLPH��DQG�WKH�RWKHU�HQVXUHV�
WKDW�WKH�XQLRQ�LQVWUXFWLRQ�FDQ�EH�H[HFXWHG�LQ�FRQVWDQW�ZRUVW�FDVH�WLPH��,W�KDV�
UHFHQWO\�EHHQ�VKRZQ�WKDW�ERWK�FDQQRW�EH�GRQH�VLPXOWDQHRXVO\�LQ�FRQVWDQW�ZRUVW�
FDVH�WLPH���

:H�ZLOO�QRZ�EULHIO\�GLVFXVV�WKH�ILUVW�DSSURDFK��)RU�WKH�ILQG�RSHUDWLRQ�WR�EH�
IDVW��ZH�FRXOG�PDLQWDLQ��LQ�DQ�DUUD\��WKH�QDPH�RI�WKH�HTXLYDOHQFH�FODVV�IRU�HDFK�
HOHPHQW��7KHQ�ILQG�LV�MXVW�D�VLPSOH�2����ORRNXS��6XSSRVH�ZH�ZDQW�WR�SHUIRUP�XQLRQ
�D��E���6XSSRVH�WKDW�D�LV�LQ�HTXLYDOHQFH�FODVV�L�DQG�E�LV�LQ�HTXLYDOHQFH�FODVV�M��
7KHQ�ZH�VFDQ�GRZQ�WKH�DUUD\��FKDQJLQJ�DOO�LV�WR�M��8QIRUWXQDWHO\��WKLV�VFDQ�WDNHV�

�Q���7KXV��D�VHTXHQFH�RI�Q�����XQLRQV��WKH�PD[LPXP��VLQFH�WKHQ�HYHU\WKLQJ�LV�

LQ�RQH�VHW���ZRXOG�WDNH� �Q���WLPH��,I�WKHUH�DUH� �Q���ILQG�RSHUDWLRQV��WKLV�
SHUIRUPDQFH�LV�ILQH��VLQFH�WKH�WRWDO�UXQQLQJ�WLPH�ZRXOG�WKHQ�DPRXQW�WR�2����IRU�
HDFK�XQLRQ�RU�ILQG�RSHUDWLRQ�RYHU�WKH�FRXUVH�RI�WKH�DOJRULWKP��,I�WKHUH�DUH�IHZHU�
ILQGV��WKLV�ERXQG�LV�QRW�DFFHSWDEOH���

2QH�LGHD�LV�WR�NHHS�DOO�WKH�HOHPHQWV�WKDW�DUH�LQ�WKH�VDPH�HTXLYDOHQFH�FODVV�LQ�D�
OLQNHG�OLVW��7KLV�VDYHV�WLPH�ZKHQ�XSGDWLQJ��EHFDXVH�ZH�GR�QRW�KDYH�WR�VHDUFK�
WKURXJK�WKH�HQWLUH�DUUD\��7KLV�E\�LWVHOI�GRHV�QRW�UHGXFH�WKH�DV\PSWRWLF�UXQQLQJ�

WLPH��EHFDXVH�LW�LV�VWLOO�SRVVLEOH�WR�SHUIRUP� �Q���HTXLYDOHQFH�FODVV�XSGDWHV�
RYHU�WKH�FRXUVH�RI�WKH�DOJRULWKP���

,I�ZH�DOVR�NHHS�WUDFN�RI�WKH�VL]H�RI�HDFK�HTXLYDOHQFH�FODVV��DQG�ZKHQ�SHUIRUPLQJ�
XQLRQV�ZH�FKDQJH�WKH�QDPH�RI�WKH�VPDOOHU�HTXLYDOHQFH�FODVV�WR�WKH�ODUJHU��WKHQ�
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WKH�WRWDO�WLPH�VSHQW�IRU�Q�����PHUJHV�LV2��Q�ORJ�Q���7KH�UHDVRQ�IRU�WKLV�LV�WKDW�
HDFK�HOHPHQW�FDQ�KDYH�LWV�HTXLYDOHQFH�FODVV�FKDQJHG�DW�PRVW�ORJ�Q�WLPHV��VLQFH�
HYHU\�WLPH�LWV�FODVV�LV�FKDQJHG��LWV�QHZ�HTXLYDOHQFH�FODVV�LV�DW�OHDVW�WZLFH�DV�
ODUJH�DV�LWV�ROG��8VLQJ�WKLV�VWUDWHJ\��DQ\�VHTXHQFH�RI�P�ILQGV�DQG�XS�WR�Q�����
XQLRQV�WDNHV�DW�PRVW�2�P���Q�ORJ�Q��WLPH���

,Q�WKH�UHPDLQGHU�RI�WKLV�FKDSWHU��ZH�ZLOO�H[DPLQH�D�VROXWLRQ�WR�WKH�XQLRQ�ILQG�
SUREOHP�WKDW�PDNHV�XQLRQV�HDV\�EXW�ILQGV�KDUG��(YHQ�VR��WKH�UXQQLQJ�WLPH�IRU�DQ\�
VHTXHQFHV�RI�DW�PRVW�P�ILQGV�DQG�XS�WR�Q�����XQLRQV�ZLOO�EH�RQO\�D�OLWWOH�PRUH�
WKDQ�2�P���Q����

�����%DVLF�'DWD�6WUXFWXUH�

5HFDOO�WKDW�WKH�SUREOHP�GRHV�QRW�UHTXLUH�WKDW�D�ILQG�RSHUDWLRQ�UHWXUQ�DQ\�
VSHFLILF�QDPH��MXVW�WKDW�ILQGV�RQ�WZR�HOHPHQWV�UHWXUQ�WKH�VDPH�DQVZHU�LI�DQG�RQO\�
LI�WKH\�DUH�LQ�WKH�VDPH�VHW��2QH�LGHD�PLJKW�EH�WR�XVH�D�WUHH�WR�UHSUHVHQW�HDFK�
VHW��VLQFH�HDFK�HOHPHQW�LQ�D�WUHH�KDV�WKH�VDPH�URRW��7KXV��WKH�URRW�FDQ�EH�XVHG�
WR�QDPH�WKH�VHW��:H�ZLOO�UHSUHVHQW�HDFK�VHW�E\�D�WUHH���5HFDOO�WKDW�D�FROOHFWLRQ�
RI�WUHHV�LV�NQRZQ�DV�D�IRUHVW���,QLWLDOO\��HDFK�VHW�FRQWDLQV�RQH�HOHPHQW��7KH�
WUHHV�ZH�ZLOO�XVH�DUH�QRW�QHFHVVDULO\�ELQDU\�WUHHV��EXW�WKHLU�UHSUHVHQWDWLRQ�LV�
HDV\��EHFDXVH�WKH�RQO\�LQIRUPDWLRQ�ZH�ZLOO�QHHG�LV�D�SDUHQW�SRLQWHU��7KH�QDPH�RI�
D�VHW�LV�JLYHQ�E\�WKH�QRGH�DW�WKH�URRW��6LQFH�RQO\�WKH�QDPH�RI�WKH�SDUHQW�LV�
UHTXLUHG��ZH�FDQ�DVVXPH�WKDW�WKLV�WUHH�LV�VWRUHG�LPSOLFLWO\�LQ�DQ�DUUD\��HDFK�
HQWU\�S>L@�LQ�WKH�DUUD\�UHSUHVHQWV�WKH�SDUHQW�RI�HOHPHQW�L��,I�L�LV�D�URRW��WKHQ�

S>L@� ����,Q�WKH�IRUHVW�LQ�)LJXUH������S>L@� ���IRU�� �L� ����$V�ZLWK�KHDSV��
ZH�ZLOO�GUDZ�WKH�WUHHV�H[SOLFLWO\��ZLWK�WKH�XQGHUVWDQGLQJ�WKDW�DQ�DUUD\�LV�EHLQJ�
XVHG��)LJXUH�����VKRZV�WKH�H[SOLFLW�UHSUHVHQWDWLRQ��:H�ZLOO�GUDZ�WKH�URRW
V�
SDUHQW�SRLQWHU�YHUWLFDOO\�IRU�FRQYHQLHQFH���

7R�SHUIRUP�D�XQLRQ�RI�WZR�VHWV��ZH�PHUJH�WKH�WZR�WUHHV�E\�PDNLQJ�WKH�URRW�RI�RQH�
WUHH�SRLQW�WR�WKH�URRW�RI�WKH�RWKHU��,W�VKRXOG�EH�FOHDU�WKDW�WKLV�RSHUDWLRQ�WDNHV�
FRQVWDQW�WLPH��)LJXUHV�����������DQG�����UHSUHVHQW�WKH�IRUHVW�DIWHU�HDFK�RI�XQLRQ
������XQLRQ�������XQLRQ�������ZKHUH�ZH�KDYH�DGRSWHG�WKH�FRQYHQWLRQ�WKDW�WKH�QHZ�
URRW�DIWHU�WKH�XQLRQ�[�\��LV�[��7KH�LPSOLFLW�UHSUHVHQWDWLRQ�RI�WKH�ODVW�IRUHVW�LV�
VKRZQ�LQ�)LJXUH�������

$�ILQG�[��RQ�HOHPHQW�[�LV�SHUIRUPHG�E\�UHWXUQLQJ�WKH�URRW�RI�WKH�WUHH�FRQWDLQLQJ�
[��7KH�WLPH�WR�SHUIRUP�WKLV�RSHUDWLRQ�LV�SURSRUWLRQDO�WR�WKH�GHSWK�RI�WKH�QRGH�
UHSUHVHQWLQJ�[��DVVXPLQJ��RI�FRXUVH��WKDW�ZH�FDQ�ILQG�WKH�QRGH�UHSUHVHQWLQJ�[�LQ�
FRQVWDQW�WLPH��8VLQJ�WKH�VWUDWHJ\�DERYH��LW�LV�SRVVLEOH�WR�FUHDWH�D�WUHH�RI�GHSWK�
Q������VR�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�D�ILQG�LV�2�Q���7\SLFDOO\��WKH�UXQQLQJ�
WLPH�LV�FRPSXWHG�IRU�D�VHTXHQFH�RI�P�LQWHUPL[HG�LQVWUXFWLRQV��,Q�WKLV�FDVH��P�
FRQVHFXWLYH�RSHUDWLRQV�FRXOG�WDNH�2�PQ��WLPH�LQ�WKH�ZRUVW�FDVH���

7KH�FRGH�LQ�)LJXUHV�����WKURXJK�����UHSUHVHQWV�DQ�LPSOHPHQWDWLRQ�RI�WKH�EDVLF�
DOJRULWKP��DVVXPLQJ�WKDW�HUURU�FKHFNV�KDYH�DOUHDG\�EHHQ�SHUIRUPHG��,Q�RXU�
URXWLQH��XQLRQV�DUH�SHUIRUPHG�RQ�WKH�URRWV�RI�WKH�WUHHV��6RPHWLPHV�WKH�RSHUDWLRQ�
LV�SHUIRUPHG�E\�SDVVLQJ�DQ\�WZR�HOHPHQWV��DQG�KDYLQJ�WKH�XQLRQ�SHUIRUP�WZR�ILQGV�
WR�GHWHUPLQH�WKH�URRWV���

7KH�DYHUDJH�FDVH�DQDO\VLV�LV�TXLWH�KDUG�WR�GR��7KH�OHDVW�RI�WKH�SUREOHPV�LV�WKDW�
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WKH�DQVZHU�GHSHQGV�RQ�KRZ�WR�GHILQH�DYHUDJH��ZLWK�UHVSHFW�WR�WKH�XQLRQ�
RSHUDWLRQ���)RU�LQVWDQFH��LQ�WKH�IRUHVW�LQ�)LJXUH������ZH�FRXOG�VD\�WKDW�VLQFH�

WKHUH�DUH�ILYH�WUHHV��WKHUH�DUH��� ��� ����HTXDOO\�OLNHO\�UHVXOWV�RI�WKH�QH[W�
XQLRQ��DV�DQ\�WZR�GLIIHUHQW�WUHHV�FDQ�EH�XQLRQHG���2I�FRXUVH��WKH�LPSOLFDWLRQ�RI�

WKLV�PRGHO�LV�WKDW�WKHUH�LV�RQO\�D� �FKDQFH�WKDW�WKH�QH[W�XQLRQ�ZLOO�LQYROYH�WKH�
ODUJH�WUHH��$QRWKHU�PRGHO�PLJKW�VD\�WKDW�DOO�XQLRQV�EHWZHHQ�DQ\�WZR�HOHPHQWV�LQ�
GLIIHUHQW�WUHHV�DUH�HTXDOO\�OLNHO\��VR�D�ODUJHU�WUHH�LV�PRUH�OLNHO\�WR�EH�
LQYROYHG�LQ�WKH�QH[W�XQLRQ�WKDQ�D�VPDOOHU�WUHH��,Q�WKH�H[DPSOH�DERYH��WKHUH�LV�DQ�

�FKDQFH�WKDW�WKH�ODUJH�WUHH�LV�LQYROYHG�LQ�WKH�QH[W�XQLRQ��VLQFH��LJQRULQJ�
V\PPHWULHV��WKHUH�DUH���ZD\V�LQ�ZKLFK�WR�PHUJH�WZR�HOHPHQWV�LQ�^����������`��DQG�
���ZD\V�WR�PHUJH�DQ�HOHPHQW�LQ�^����������`�ZLWK�DQ�HOHPHQW�LQ�^����������`��
7KHUH�DUH�VWLOO�PRUH�PRGHOV�DQG�QR�JHQHUDO�DJUHHPHQW�RQ�ZKLFK�LV�WKH�EHVW��7KH�

DYHUDJH�UXQQLQJ�WLPH�GHSHQGV�RQ�WKH�PRGHO�� �P��� �P�ORJ�Q���DQG� �PQ��
ERXQGV�KDYH�DFWXDOO\�EHHQ�VKRZQ�IRU�WKUHH�GLIIHUHQW�PRGHOV��DOWKRXJK�WKH�ODWWHU�
ERXQG�LV�WKRXJKW�WR�EH�PRUH�UHDOLVWLF���

��

)LJXUH�����(LJKW�HOHPHQWV��LQLWLDOO\�LQ�GLIIHUHQW�VHWV�

��

)LJXUH�����$IWHU�XQLRQ��������

��

)LJXUH�����$IWHU�XQLRQ��������

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����7+(�',6-2,17�6(7�$'7

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



��

)LJXUH�����$IWHU�XQLRQ��������

��

)LJXUH�����,PSOLFLW�UHSUHVHQWDWLRQ�RI�SUHYLRXV�WUHH�

W\SHGHI�LQW�',6-B6(7>�180B6(76���@��

W\SHGHI�XQVLJQHG�LQW�VHWBW\SH��

W\SHGHI�XQVLJQHG�LQW�HOHPHQWBW\SH��

)LJXUH�����'LVMRLQW�VHW�W\SH�GHFODUDWLRQ�

YRLG�

LQLWLDOL]H��',6-B6(7�6���

^�

LQW�L��

IRU��L� �181B6(76��L�!����L�����

6>L@� ����

`�

)LJXUH�����'LVMRLQW�VHW�LQLWLDOL]DWLRQ�URXWLQH�

��$VVXPHV�URRW��DQG�URRW��DUH�URRWV���

�

��XQLRQ�LV�D�&�NH\ZRUG��VR�WKLV�URXWLQH�LV�QDPHG�VHWBXQLRQ���

�

YRLG�

VHWBXQLRQ��',6-B6(7�6��VHWBW\SH�URRW���VHWBW\SH�URRW����

^�

6>URRW�@� �URRW���
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`�

)LJXUH�����8QLRQ��QRW�WKH�EHVW�ZD\��

VHWBW\SH�

ILQG��HOHPHQWBW\SH�[��',6-B6(7�6���

^�

LI��6>[@�� �����

UHWXUQ�[��

HOVH�

UHWXUQ��ILQG��6>[@��6������

`�

)LJXUH�����$�VLPSOH�GLVMRLQW�VHW�ILQG�DOJRULWKP�

4XDGUDWLF�UXQQLQJ�WLPH�IRU�D�VHTXHQFH�RI�RSHUDWLRQV�LV�JHQHUDOO\�XQDFFHSWDEOH��
)RUWXQDWHO\��WKHUH�DUH�VHYHUDO�ZD\V�RI�HDVLO\�HQVXULQJ�WKDW�WKLV�UXQQLQJ�WLPH�
GRHV�QRW�RFFXU���

�����6PDUW�8QLRQ�$OJRULWKPV�

7KH�XQLRQV�DERYH�ZHUH�SHUIRUPHG�UDWKHU�DUELWUDULO\��E\�PDNLQJ�WKH�VHFRQG�WUHH�D�
VXEWUHH�RI�WKH�ILUVW��$�VLPSOH�LPSURYHPHQW�LV�DOZD\V�WR�PDNH�WKH�VPDOOHU�WUHH�D�
VXEWUHH�RI�WKH�ODUJHU��EUHDNLQJ�WLHV�E\�DQ\�PHWKRG��ZH�FDOO�WKLV�DSSURDFK�XQLRQ�
E\�VL]H��7KH�WKUHH�XQLRQV�LQ�WKH�SUHFHGLQJ�H[DPSOH�ZHUH�DOO�WLHV��DQG�VR�ZH�FDQ�
FRQVLGHU�WKDW�WKH\�ZHUH�SHUIRUPHG�E\�VL]H��,I�WKH�QH[W�RSHUDWLRQ�ZHUH�XQLRQ�����
����WKHQ�WKH�IRUHVW�LQ�)LJXUH������ZRXOG�IRUP��+DG�WKH�VL]H�KHXULVWLF�QRW�EHHQ�
XVHG��D�GHHSHU�IRUHVW�ZRXOG�KDYH�EHHQ�IRUPHG��)LJ����������

��

)LJXUH������5HVXOW�RI�XQLRQ�E\�VL]H�
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��

)LJXUH������5HVXOW�RI�DQ�DUELWUDU\�XQLRQ�

��

)LJXUH������:RUVW�FDVH�WUHH�IRU�Q� ����

:H�FDQ�SURYH�WKDW�LI�XQLRQV�DUH�GRQH�E\�VL]H��WKH�GHSWK�RI�DQ\�QRGH�LV�QHYHU�PRUH�
WKDQ�ORJ�Q��7R�VHH�WKLV��QRWH�WKDW�D�QRGH�LV�LQLWLDOO\�DW�GHSWK����:KHQ�LWV�GHSWK�
LQFUHDVHV�DV�D�UHVXOW�RI�D�XQLRQ��LW�LV�SODFHG�LQ�D�WUHH�WKDW�LV�DW�OHDVW�WZLFH�
DV�ODUJH�DV�EHIRUH��7KXV��LWV�GHSWK�FDQ�EH�LQFUHDVHG�DW�PRVW�ORJ�Q�WLPHV���:H�
XVHG�WKLV�DUJXPHQW�LQ�WKH�TXLFN�ILQG�DOJRULWKP�DW�WKH�HQG�RI�6HFWLRQ�������7KLV�
LPSOLHV�WKDW�WKH�UXQQLQJ�WLPH�IRU�D�ILQG�RSHUDWLRQ�LV�2�ORJ�Q���DQG�D�VHTXHQFH�RI�
P�RSHUDWLRQV�WDNHV�2�P�ORJ�Q���7KH�WUHH�LQ�)LJXUH������VKRZV�WKH�ZRUVW�WUHH�
SRVVLEOH�DIWHU����XQLRQV�DQG�LV�REWDLQHG�LI�DOO�XQLRQV�DUH�EHWZHHQ�HTXDO�VL]HG�
WUHHV��WKH�ZRUVW�FDVH�WUHHV�DUH�ELQRPLDO�WUHHV��GLVFXVVHG�LQ�&KDSWHU������

7R�LPSOHPHQW�WKLV�VWUDWHJ\��ZH�QHHG�WR�NHHS�WUDFN�RI�WKH�VL]H�RI�HDFK�WUHH��6LQFH�
ZH�DUH�UHDOO\�MXVW�XVLQJ�DQ�DUUD\��ZH�FDQ�KDYH�WKH�DUUD\�HQWU\�RI�HDFK�URRW�
FRQWDLQ�WKH�QHJDWLYH�RI�WKH�VL]H�RI�LWV�WUHH��7KXV��LQLWLDOO\�WKH�DUUD\�
UHSUHVHQWDWLRQ�RI�WKH�WUHH�LV�DOO���V��DQG�)LJ�����QHHGV�WR�EH�FKDQJHG�
DFFRUGLQJO\���:KHQ�D�XQLRQ�LV�SHUIRUPHG��FKHFN�WKH�VL]HV��WKH�QHZ�VL]H�LV�WKH�VXP�
RI�WKH�ROG��7KXV��XQLRQ�E\�VL]H�LV�QRW�DW�DOO�GLIILFXOW�WR�LPSOHPHQW�DQG�UHTXLUHV�
QR�H[WUD�VSDFH��,W�LV�DOVR�IDVW��RQ�DYHUDJH��)RU�YLUWXDOO\�DOO�UHDVRQDEOH�PRGHOV��
LW�KDV�EHHQ�VKRZQ�WKDW�D�VHTXHQFH�RI�P�RSHUDWLRQV�UHTXLUHV�2�P��DYHUDJH�WLPH�LI�
XQLRQ�E\�VL]H�LV�XVHG��7KLV�LV�EHFDXVH�ZKHQ�UDQGRP�XQLRQV�DUH�SHUIRUPHG��
JHQHUDOO\�YHU\�VPDOO��XVXDOO\�RQH�HOHPHQW��VHWV�DUH�PHUJHG�ZLWK�ODUJH�VHWV�
WKURXJKRXW�WKH�DOJRULWKP���

$Q�DOWHUQDWLYH�LPSOHPHQWDWLRQ��ZKLFK�DOVR�JXDUDQWHHV�WKDW�DOO�WKH�WUHHV�ZLOO�KDYH�
GHSWK�DW�PRVW�2�ORJ�Q���LV�XQLRQ�E\�KHLJKW��:H�NHHS�WUDFN�RI�WKH�KHLJKW��LQVWHDG�
RI�WKH�VL]H��RI�HDFK�WUHH�DQG�SHUIRUP�XQLRQV E\�PDNLQJ�WKH�VKDOORZ�WUHH�D�VXEWUHH�
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RI�WKH�GHHSHU�WUHH��7KLV�LV�DQ�HDV\�DOJRULWKP��VLQFH�WKH�KHLJKW�RI�D�WUHH�
LQFUHDVHV�RQO\�ZKHQ�WZR�HTXDOO\�GHHS�WUHHV�DUH�MRLQHG��DQG�WKHQ�WKH�KHLJKW�JRHV�
XS�E\�RQH���7KXV��XQLRQ�E\�KHLJKW�LV�D�WULYLDO�PRGLILFDWLRQ�RI�XQLRQ�E\�VL]H���

7KH�IROORZLQJ�ILJXUHV�VKRZ�D�WUHH�DQG�LWV�LPSOLFLW�UHSUHVHQWDWLRQ�IRU�ERWK�XQLRQ�
E\�VL]H�DQG�XQLRQ�E\�KHLJKW��7KH�FRGH�LQ�)LJXUH������LPSOHPHQWV�XQLRQ�E\�KHLJKW��

��

�����3DWK�&RPSUHVVLRQ�

7KH�XQLRQ�ILQG�DOJRULWKP��DV�GHVFULEHG�VR�IDU��LV�TXLWH�DFFHSWDEOH�IRU�PRVW�
FDVHV��,W�LV�YHU\�VLPSOH�DQG�OLQHDU�RQ�DYHUDJH�IRU�D�VHTXHQFH�RI�P�LQVWUXFWLRQV�
�XQGHU�DOO�PRGHOV���+RZHYHU��WKH�ZRUVW�FDVH�RI�2�P�ORJ�Q���FDQ�RFFXU�IDLUO\�
HDVLO\�DQG�QDWXUDOO\���

��DVVXPH�URRW��DQG�URRW��DUH�URRWV��

�

��XQLRQ�LV�D�&�NH\ZRUG��VR�WKLV�URXWLQH�LV�QDPHG�VHWBXQLRQ��

�

YRLG�

VHWBXQLRQ��',6-B6(7�6��VHWBW\SH�URRW���VHWBW\SH�URRW����

^�

LI��6>URRW�@���6>URRW�@������URRW��LV�GHHSHU�VHW��

�

6>URRW�@� �URRW���������PDNH�URRW��QHZ�URRW���

HOVH�

^�

LI��6>URRW�@�  �6>URRW�@�����VDPH�KHLJKW��VR�XSGDWH��

�

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����7+(�',6-2,17�6(7�$'7

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



6>URRW�@����

6>URRW�@� �URRW�����PDNH�URRW��QHZ�URRW��

�

`�

`�

)LJXUH������&RGH�IRU�XQLRQ�E\�KHLJKW��UDQN��

)RU�LQVWDQFH��LI�ZH�SXW�DOO�WKH�VHWV�RQ�D�TXHXH�DQG�UHSHDWHGO\�GHTXHXH�WKH�ILUVW�
WZR�VHWV�DQG�HQTXHXH�WKH�XQLRQ��WKH�ZRUVW�FDVH�RFFXUV��,I�WKHUH�DUH�PDQ\�PRUH�
ILQGV�WKDQ�XQLRQV��WKLV�UXQQLQJ�WLPH�LV�ZRUVH�WKDQ�WKDW�RI�WKH�TXLFN�ILQG�
DOJRULWKP��0RUHRYHU��LW�VKRXOG�EH�FOHDU�WKDW�WKHUH�DUH�SUREDEO\�QR�PRUH�
LPSURYHPHQWV�SRVVLEOH�IRU�WKH�XQLRQ�DOJRULWKP��7KLV�LV�EDVHG�RQ�WKH�REVHUYDWLRQ�
WKDW�DQ\�PHWKRG�WR�SHUIRUP�WKH�XQLRQV�ZLOO�\LHOG�WKH�VDPH�ZRUVW�FDVH�WUHHV��VLQFH�
LW�PXVW�EUHDN�WLHV�DUELWUDULO\��7KHUHIRUH��WKH�RQO\�ZD\�WR�VSHHG�WKH�DOJRULWKP�
XS��ZLWKRXW�UHZRUNLQJ�WKH�GDWD�VWUXFWXUH�HQWLUHO\��LV�WR�GR�VRPHWKLQJ�FOHYHU�RQ�
WKH�ILQG�RSHUDWLRQ���

7KH�FOHYHU�RSHUDWLRQ�LV�NQRZQ�DV�SDWK�FRPSUHVVLRQ��3DWK�FRPSUHVVLRQ�LV�SHUIRUPHG�
GXULQJ�D�ILQG�RSHUDWLRQ�DQG�LV�LQGHSHQGHQW�RI�WKH�VWUDWHJ\�XVHG�WR�SHUIRUP�
XQLRQV��6XSSRVH�WKH�RSHUDWLRQ�LV�ILQG�[���7KHQ�WKH�HIIHFW�RI�SDWK�FRPSUHVVLRQ�LV�
WKDW�HYHU\�QRGH�RQ�WKH�SDWK�IURP�[�WR�WKH�URRW�KDV�LWV�SDUHQW�FKDQJHG�WR�WKH�
URRW��)LJXUH������VKRZV�WKH�HIIHFW�RI�SDWK�FRPSUHVVLRQ�DIWHU�ILQG������RQ�WKH�
JHQHULF�ZRUVW�WUHH�RI�)LJXUH��������

7KH�HIIHFW�RI�SDWK�FRPSUHVVLRQ�LV�WKDW�ZLWK�DQ�H[WUD�WZR�SRLQWHU�PRYHV��QRGHV����
DQG����DUH�QRZ�RQH�SRVLWLRQ�FORVHU�WR�WKH�URRW�DQG�QRGHV����DQG����DUH�QRZ�WZR�
SRVLWLRQV�FORVHU��7KXV��WKH�IDVW�IXWXUH�DFFHVVHV�RQ�WKHVH�QRGHV�ZLOO�SD\��ZH�
KRSH��IRU�WKH�H[WUD�ZRUN�WR�GR�WKH�SDWK�FRPSUHVVLRQ���

$V�WKH�FRGH�LQ�)LJXUH������VKRZV��SDWK�FRPSUHVVLRQ�LV�D�WULYLDO�FKDQJH�WR�WKH�
EDVLF�ILQG�DOJRULWKP��7KH�RQO\�FKDQJH�WR�WKH�ILQG�URXWLQH�LV�WKDW�6>[@�LV�PDGH�
HTXDO�WR�WKH�YDOXH�UHWXUQHG�E\�ILQG��WKXV�DIWHU�WKH�URRW�RI�WKH�VHW�LV�IRXQG�
UHFXUVLYHO\��[�LV�PDGH�WR�SRLQW�GLUHFWO\�WR�LW��7KLV�RFFXUV�UHFXUVLYHO\�WR�HYHU\�
QRGH�RQ�WKH�SDWK�WR�WKH�URRW��VR�WKLV�LPSOHPHQWV�SDWK�FRPSUHVVLRQ��$V�ZH�VWDWHG�
ZKHQ�ZH�LPSOHPHQWHG�VWDFNV�DQG�TXHXHV��PRGLI\LQJ�D�SDUDPHWHU�WR�D�IXQFWLRQ�FDOOHG�
LV�QRW�QHFHVVDULO\�LQ�OLQH�ZLWK�FXUUHQW�VRIWZDUH�HQJLQHHULQJ�UXOHV��6RPH�
ODQJXDJHV�ZLOO�QRW�DOORZ�WKLV��VR�WKLV�FRGH�PD\�ZHOO�QHHG�FKDQJHV���

��
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)LJXUH������$Q�H[DPSOH�RI�SDWK�FRPSUHVVLRQ�

VHWBW\SH�

ILQG��HOHPHQWBW\SH�[��',6-B6(7�6���

^�

LI��6>[@�� �����

UHWXUQ�[��

HOVH�

UHWXUQ��6>[@� �ILQG��6>[@��6������

`�

)LJXUH������&RGH�IRU�GLVMRLQW�VHW�ILQG�ZLWK�SDWK�FRPSUHVVLRQ�

:KHQ�XQLRQV�DUH�GRQH�DUELWUDULO\��SDWK�FRPSUHVVLRQ�LV�D�JRRG�LGHD��EHFDXVH�WKHUH�
LV�DQ�DEXQGDQFH�RI�GHHS�QRGHV�DQG�WKHVH�DUH�EURXJKW�QHDU�WKH�URRW�E\�SDWK�
FRPSUHVVLRQ��,W�KDV�EHHQ�SURYHQ�WKDW�ZKHQ�SDWK�FRPSUHVVLRQ�LV�GRQH�LQ�WKLV�FDVH��
D�VHTXHQFH�RI�P�RSHUDWLRQV�UHTXLUHV�DW�PRVW�2�P�ORJ�Q��WLPH��,W�LV�VWLOO�DQ�RSHQ�
SUREOHP�WR�GHWHUPLQH�ZKDW�WKH�DYHUDJH�FDVH�EHKDYLRU�LV�LQ�WKLV�VLWXDWLRQ���

3DWK�FRPSUHVVLRQ�LV�SHUIHFWO\�FRPSDWLEOH�ZLWK�XQLRQ�E\�VL]H��DQG�WKXV�ERWK�
URXWLQHV�FDQ�EH�LPSOHPHQWHG�DW�WKH�VDPH�WLPH��6LQFH�GRLQJ�XQLRQ�E\�VL]H�E\�LWVHOI�
LV�H[SHFWHG�WR�H[HFXWH�D�VHTXHQFH�RI�P RSHUDWLRQV�LQ�OLQHDU�WLPH��LW�LV�QRW�FOHDU�
WKDW�WKH�H[WUD�SDVV�LQYROYHG�LQ�SDWK�FRPSUHVVLRQ�LV�ZRUWKZKLOH�RQ�DYHUDJH��
,QGHHG��WKLV�SUREOHP�LV�VWLOO�RSHQ��+RZHYHU��DV�ZH�VKDOO�VHH�ODWHU��WKH�
FRPELQDWLRQ�RI�SDWK�FRPSUHVVLRQ�DQG�D�VPDUW�XQLRQ�UXOH�JXDUDQWHHV�D�YHU\�
HIILFLHQW�DOJRULWKP�LQ�DOO�FDVHV���

3DWK�FRPSUHVVLRQ�LV�QRW�HQWLUHO\�FRPSDWLEOH�ZLWK�XQLRQ�E\�KHLJKW��EHFDXVH�SDWK�
FRPSUHVVLRQ�FDQ�FKDQJH�WKH�KHLJKWV�RI�WKH�WUHHV��,W�LV�QRW�DW�DOO�FOHDU�KRZ�WR�
UH�FRPSXWH�WKHP�HIILFLHQWO\��7KH�DQVZHU�LV�GR�QRW���7KHQ�WKH�KHLJKWV�VWRUHG�IRU�
HDFK�WUHH�EHFRPH�HVWLPDWHG�KHLJKWV��VRPHWLPHV�NQRZQ�DV�UDQNV���EXW�LW�WXUQV�RXW�
WKDW�XQLRQ�E\�UDQN��ZKLFK�LV�ZKDW�WKLV�KDV�QRZ�EHFRPH��LV�MXVW�DV�HIILFLHQW�LQ�
WKHRU\�DV�XQLRQ�E\�VL]H��)XUWKHUPRUH��KHLJKWV�DUH�XSGDWHG�OHVV�RIWHQ�WKDQ�VL]HV��
$V�ZLWK�XQLRQ�E\�VL]H��LW�LV�QRW�FOHDU�ZKHWKHU�SDWK�FRPSUHVVLRQ�LV�ZRUWKZKLOH�RQ�
DYHUDJH��:KDW�ZH�ZLOO�VKRZ�LQ�WKH�QH[W�VHFWLRQ�LV�WKDW�ZLWK�HLWKHU�XQLRQ�
KHXULVWLF��SDWK�FRPSUHVVLRQ�VLJQLILFDQWO\�UHGXFHV�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH���

�����:RUVW�&DVH�IRU�8QLRQ�E\�5DQN�DQG�
3DWK�&RPSUHVVLRQ�

:KHQ�ERWK�KHXULVWLFV�DUH�XVHG��WKH�DOJRULWKP�LV�DOPRVW�OLQHDU�LQ�WKH�ZRUVW�FDVH��

6SHFLILFDOO\��WKH�WLPH�UHTXLUHG�LQ�WKH�ZRUVW�FDVH�LV� �P �P��Q����SURYLGHG�P

�Q���ZKHUH� �P��Q��LV�D�IXQFWLRQDO�LQYHUVH�RI�$FNHUPDQ
V�IXQFWLRQ��ZKLFK�LV�
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GHILQHG�EHORZ���

$����M�� ��M�IRU�M� ��

�

$�L����� �$�L���������IRU�L� ���

$�L��M�� �$�L�����$�L��M�������IRU�L��M� ���

Ackerman's function is frequently defined with A(1, j) = j + 1 for j  1. the form in this text 
grows faster; thus, the inverse grows more slowly.��

)URP�WKLV��ZH�GHILQH��

�P��Q�� �PLQ^L� ��_$�L�� P��Q ��!�ORJ�Q`�

<RX�PD\�ZDQW�WR�FRPSXWH�VRPH�YDOXHV��EXW�IRU�DOO�SUDFWLFDO�SXUSRVHV�� �P��Q��

����ZKLFK�LV�DOO�WKDW�LV�UHDOO\�LPSRUWDQW�KHUH��7KH�VLQJOH�YDULDEOH�LQYHUVH�
$FNHUPDQ�IXQFWLRQ��VRPHWLPHV�ZULWWHQ�DV�ORJQ��LV�WKH�QXPEHU�RI�WLPHV�WKH�

ORJDULWKP�RI�Q�QHHGV�WR�EH�DSSOLHG�XQWLO�Q� ����7KXV��ORJ������� ����EHFDXVH�

ORJ�ORJ�ORJ�ORJ������� ����ORJ�������� ����EXW�NHHS�LQ�PLQG�WKDW��������LV�D�

�������GLJLW�QXPEHU�� �P��Q��DFWXDOO\�JURZV�HYHQ�VORZHU�WKHQ�ORJ�Q��+RZHYHU��

�P��Q��LV�QRW�D�FRQVWDQW��VR�WKH�UXQQLQJ�WLPH�LV�QRW�OLQHDU���

,Q�WKH�UHPDLQGHU�RI�WKLV�VHFWLRQ��ZH�ZLOO�SURYH�D�VOLJKWO\�ZHDNHU�UHVXOW��:H�ZLOO�

VKRZ�WKDW�DQ\�VHTXHQFH�RI�P� � �Q��XQLRQ�ILQG�RSHUDWLRQV�WDNHV�D�WRWDO�RI�2�P�
ORJ�Q��UXQQLQJ�WLPH��7KH�VDPH�ERXQG�KROGV�LI�XQLRQ�E\�UDQN�LV�UHSODFHG�ZLWK�
XQLRQ�E\�VL]H��7KLV�DQDO\VLV�LV�SUREDEO\�WKH�PRVW�FRPSOH[�LQ�WKH�ERRN�DQG�RQH�RI�
WKH�ILUVW�WUXO\�FRPSOH[�ZRUVW�FDVH�DQDO\VHV�HYHU�SHUIRUPHG�IRU�DQ�DOJRULWKP�WKDW�
LV�HVVHQWLDOO\�WULYLDO�WR�LPSOHPHQW���

������$QDO\VLV�RI�WKH�8QLRQ�)LQG�$OJRULWKP��

������$QDO\VLV�RI�WKH�8QLRQ�)LQG�$OJRULWKP�

,Q�WKLV�VHFWLRQ�ZH�HVWDEOLVK�D�IDLUO\�WLJKW�ERXQG�RQ�WKH�UXQQLQJ�WLPH�RI�D�

VHTXHQFH�RI�P� � �Q��XQLRQ�ILQG�RSHUDWLRQV��7KH�XQLRQV�DQG�ILQGV�PD\�RFFXU�LQ�
DQ\�RUGHU��EXW�XQLRQV�DUH�GRQH�E\�UDQN�DQG�ILQGV�DUH�GRQH�ZLWK�SDWK�FRPSUHVVLRQ��

:H�EHJLQ�E\�HVWDEOLVKLQJ�VRPH�OHPPDV�FRQFHUQLQJ�WKH�QXPEHU�RI�QRGHV�RI�UDQN�U��
,QWXLWLYHO\��EHFDXVH�RI�WKH�XQLRQ�E\�UDQN�UXOH��WKHUH�DUH�PDQ\�PRUH�QRGHV�RI�
VPDOO�UDQN�WKDQ�ODUJH�UDQN��,Q�SDUWLFXODU��WKHUH�FDQ�EH�DW�PRVW�RQH�QRGH�RI�UDQN�
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ORJ�Q��:KDW�ZH�ZRXOG�OLNH�WR�GR�LV�WR�SURGXFH�DV�SUHFLVH�D�ERXQG�DV�SRVVLEOH�RQ�
WKH�QXPEHU�RI�QRGHV�RI�DQ\�SDUWLFXODU�UDQN�U��6LQFH�UDQNV�RQO\�FKDQJH�ZKHQ�XQLRQV
DUH�SHUIRUPHG��DQG�WKHQ�RQO\�ZKHQ�WKH�WZR�WUHHV�KDYH�WKH�VDPH�UDQN���ZH�FDQ�SURYH�
WKLV�ERXQG�E\�LJQRULQJ�WKH�SDWK�FRPSUHVVLRQ���

/(00$�������

:KHQ�H[HFXWLQJ�D�VHTXHQFH�RI�XQLRQ�LQVWUXFWLRQV��D�QRGH�RI�UDQN�U�PXVW�KDYH��U�
GHVFHQGDQWV��LQFOXGLQJ�LWVHOI����

3522)���

%\�LQGXFWLRQ��WKH�EDVLV��U� ����LV�FOHDUO\�WUXH��/HW�7�EH�WKH�WUHH�RI�UDQN�U ZLWK�
WKH�IHZHVW�QXPEHU�RI�GHVFHQGDQWV�DQG�OHW�[�EH�7
V�URRW��6XSSRVH�WKH�ODVW�XQLRQ�[�
ZDV�LQYROYHG�LQ�ZDV�EHWZHHQ�7��DQG�7���6XSSRVH�7�
V�URRW�ZDV�[��,I�7��KDG�UDQN�U��

WKHQ�7��ZRXOG�EH�D�WUHH�RI�KHLJKW�U�ZLWK�IHZHU�GHVFHQGDQWV�WKDQ�7��ZKLFK�

FRQWUDGLFWV�WKH�DVVXPSWLRQ�WKDW�7�LV�WKH�WUHH�ZLWK�WKH�VPDOOHVW�QXPEHU�RI�

GHVFHQGDQWV��+HQFH�WKH�UDQN�RI�7�� �U������7KH�UDQN�RI�7�� �UDQN�RI�7���

6LQFH�7�KDV�UDQN�U�DQG�WKH�UDQN�FRXOG�RQO\�LQFUHDVH�EHFDXVH�RI�7���LW�IROORZV�

WKDW�WKH�UDQN�RI�7�� �U������7KHQ�WKH�UDQN�RI�7�� �U������%\�WKH�LQGXFWLRQ�

K\SRWKHVLV��HDFK�WUHH�KDV�DW�OHDVW��U���GHVFHQGDQWV��JLYLQJ�D�WRWDO�RI��U�DQG�
HVWDEOLVKLQJ�WKH�OHPPD���

/HPPD�����WHOOV�XV�WKDW�LI�QR�SDWK�FRPSUHVVLRQ�LV�SHUIRUPHG��WKHQ�DQ\�QRGH�RI�

UDQN�U�PXVW�KDYH�DW�OHDVW��U�GHVFHQGDQWV��3DWK�FRPSUHVVLRQ�FDQ�FKDQJH�WKLV��RI�
FRXUVH��VLQFH�LW�FDQ�UHPRYH�GHVFHQGDQWV�IURP�D�QRGH��+RZHYHU��ZKHQ�XQLRQV�DUH�
SHUIRUPHG��HYHQ�ZLWK�SDWK�FRPSUHVVLRQ��ZH�DUH�XVLQJ�WKH�UDQNV��ZKLFK�DUH�
HVWLPDWHG�KHLJKWV��7KHVH�UDQNV�EHKDYH�DV�WKRXJK�WKHUH�LV�QR�SDWK�FRPSUHVVLRQ��
7KXV��ZKHQ�ERXQGLQJ�WKH�QXPEHU�RI�QRGHV�RI�UDQN�U��SDWK�FRPSUHVVLRQ�FDQ�EH�
LJQRUHG���

7KXV��WKH�QH[W�OHPPD�LV�YDOLG�ZLWK�RU�ZLWKRXW�SDWK�FRPSUHVVLRQ���

/(00$�������

7KH�QXPEHU�RI�QRGHV�RI�UDQN�U�LV�DW�PRVW�Q��U��
�

3522)��

�

:LWKRXW�SDWK�FRPSUHVVLRQ��HDFK�QRGH�RI�UDQN�U�LV�WKH�URRW�RI�D�VXEWUHH�RI�DW�OHDVW��U�QRGHV��1R�
QRGH�LQ�WKH�VXEWUHH�FDQ�KDYH�UDQN�U��7KXV�DOO�VXEWUHHV�RI�QRGHV�RI�UDQN�U�DUH�GLVMRLQW��

7KHUHIRUH��WKHUH�DUH�DW�PRVW�Q��U�GLVMRLQW�VXEWUHHV�DQG�KHQFH�Q��U�QRGHV�RI�UDQN�U���

7KH�QH[W�OHPPD�VHHPV�VRPHZKDW�REYLRXV��EXW�LV�FUXFLDO�LQ�WKH�DQDO\VLV��

�

/(00$������

�

$W�DQ\�SRLQW�LQ�WKH�XQLRQ�ILQG�DOJRULWKP��WKH�UDQNV�RI�WKH�QRGHV�RQ�D�SDWK�IURP�WKH�OHIW�WR�D�
URRW�LQFUHDVH�PRQRWRQLFDOO\���
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3522)���

7KH�OHPPD�LV�REYLRXV�LI�WKHUH�LV�QR�SDWK�FRPSUHVVLRQ��VHH�WKH�H[DPSOH���,I��DIWHU�SDWK�
FRPSUHVVLRQ��VRPH�QRGH�Y�LV�D�GHVFHQGDQW�RI�Z��WKHQ�FOHDUO\�Y�PXVW�KDYH�EHHQ�D�GHVFHQGDQW�RI�Z�
ZKHQ�RQO\�XQLRQV�ZHUH�FRQVLGHUHG��+HQFH�WKH�UDQN�RI�Y�LV�OHVV�WKDQ�WKH�UDQN�RI�Z���

/HW�XV�VXPPDUL]H�WKH�SUHOLPLQDU\�UHVXOWV��/HPPD�����WHOOV�XV�KRZ�PDQ\�QRGHV�FDQ�EH�DVVLJQHG�UDQN�

U��%HFDXVH�UDQNV�DUH�DVVLJQHG�RQO\�E\�XQLRQV��ZKLFK�KDYH�QR�LGHD�RI�SDWK�FRPSUHVVLRQ��/HPPD�����
LV�YDOLG�DW�DQ\�VWDJH�RI�WKH�XQLRQ�ILQG�DOJRULWKP��HYHQ�LQ�WKH�PLGVW�RI�SDWK�FRPSUHVVLRQ��)LJXUH�
�����VKRZV�WKDW�ZKLOH�WKHUH�DUH�PDQ\�QRGHV�RI�UDQNV���DQG����WKHUH�DUH�IHZHU�QRGHV�RI�UDQN�U�DV�U
JHWV�ODUJHU���

/HPPD�����LV�WLJKW��LQ�WKH�VHQVH�WKDW�LW�LV�SRVVLEOH�IRU�WKHUH�WR�EH�Q��U�QRGHV�IRU�DQ\�UDQN�U��
,W�LV�VOLJKWO\�ORRVH��EHFDXVH�LW�LV�QRW�SRVVLEOH�IRU�WKH�ERXQG�WR�KROG�IRU�DOO�UDQNV�U�
VLPXOWDQHRXVO\��:KLOH�/HPPD�����GHVFULEHV�WKH�QXPEHU�RI�QRGHV�LQ�D�UDQN�U��/HPPD�����WHOOV�XV�
WKHLU�GLVWULEXWLRQ��$V�RQH�ZRXOG�H[SHFW��WKH�UDQN�RI�QRGHV�LV�VWULFWO\�LQFUHDVLQJ�DORQJ�WKH�SDWK�
IURP�D�OHDI�WR�WKH�URRW���

:H�DUH�QRZ�UHDG\�WR�SURYH�WKH�PDLQ�WKHRUHP��2XU�EDVLF�LGHD�LV�DV�IROORZV��$�ILQG�RQ�DQ\�QRGH�Y�
FRVWV�WLPH�SURSRUWLRQDO�WR�WKH�QXPEHU�RI�QRGHV�RQ�WKH�SDWK�IURP�Y�WR�WKH�URRW��/HW�XV��WKHQ��
FKDUJH�RQH�XQLW�RI�FRVW�IRU�HYHU\�QRGH�RQ�WKH�SDWK�IURP�Y�WR�WKH�URRW�IRU�HDFK�ILQG��7R�KHOS�XV�
FRXQW�WKH�FKDUJHV��ZH�ZLOO�GHSRVLW�DQ�LPDJLQDU\�SHQQ\�LQWR�HDFK�QRGH�RQ�WKH�SDWK��7KLV�LV�
VWULFWO\�DQ�DFFRXQWLQJ�JLPPLFN��ZKLFK�LV�QRW�SDUW�RI�WKH�SURJUDP��:KHQ�WKH�DOJRULWKP�LV�RYHU��ZH�
FROOHFW�DOO�WKH�FRLQV�WKDW�KDYH�EHHQ�GHSRVLWHG��WKLV�LV�WKH�WRWDO�FRVW���

$V�D�IXUWKHU�DFFRXQWLQJ�JLPPLFN��ZH�GHSRVLW�ERWK�$PHULFDQ�DQG�&DQDGLDQ�SHQQLHV��:H�ZLOO�VKRZ�WKDW�
GXULQJ�WKH�H[HFXWLRQ�RI�WKH�DOJRULWKP��ZH�FDQ�GHSRVLW�RQO\�D�FHUWDLQ�QXPEHU�RI�$PHULFDQ�SHQQLHV�
GXULQJ�HDFK�ILQG��:H�ZLOO�DOVR�VKRZ�WKDW�ZH�FDQ�GHSRVLW�RQO\�D�FHUWDLQ�QXPEHU�RI�&DQDGLDQ�SHQQLHV�
WR�HDFK�QRGH��$GGLQJ�WKHVH�WZR�WRWDOV�JLYHV�XV�D�ERXQG�RQ�WKH�WRWDO�QXPEHU�RI�SHQQLHV�WKDW�FDQ�EH�
GHSRVLWHG���

:H�QRZ�VNHWFK�RXU�DFFRXQWLQJ�VFKHPH�LQ�D�OLWWOH�PRUH�GHWDLO��:H�ZLOO�GLYLGH�WKH�QRGHV�E\�WKHLU�
UDQNV��:H�WKHQ�GLYLGH�WKH�UDQNV�LQWR�UDQN�JURXSV��2Q�HDFK�ILQG��ZH�ZLOO�GHSRVLW�VRPH�$PHULFDQ�
FRLQV�LQWR�WKH�JHQHUDO�NLWW\�DQG�VRPH�&DQDGLDQ�FRLQV�LQWR�VSHFLILF�YHUWLFHV��7R�FRPSXWH�WKH�WRWDO�
QXPEHU�RI�&DQDGLDQ�FRLQV�GHSRVLWHG��ZH�ZLOO�FRPSXWH�WKH�GHSRVLWV�SHU�QRGH��%\�DGGLQJ�XS�DOO�WKH�
GHSRVLWV�IRU�HDFK�QRGH�LQ�UDQN�U��ZH�ZLOO�JHW�WKH�WRWDO�GHSRVLWV�SHU�UDQN�U��7KHQ�ZH�ZLOO�DGG�XS�
DOO�WKH�GHSRVLWV�IRU�HDFK�UDQN�U�LQ�JURXS�J�DQG�WKHUHE\�REWDLQ�WKH�WRWDO�GHSRVLWV�IRU�HDFK�UDQN�
JURXS�J��)LQDOO\��ZH�DGG�XS�DOO�WKH�GHSRVLWV�IRU�HDFK�UDQN�JURXS�J�WR�REWDLQ�WKH�WRWDO�QXPEHU�RI�
&DQDGLDQ�FRLQV�GHSRVLWHG�LQ�WKH�IRUHVW��$GGLQJ�WKLV�WR�WKH�QXPEHU�RI�$PHULFDQ�FRLQV�LQ�WKH�NLWW\�
JLYHV�XV�WKH�DQVZHU���

:H�ZLOO�SDUWLWLRQ�UDQNV�LQWR�JURXSV��5DQNV�U�JRHV�LQWR�JURXS�*�U���DQG�*�ZLOO�EH�GHWHUPLQHG�

ODWHU��7KH�ODUJHVW�UDQN�LQ�DQ\�UDQN�JURXS�J�LV�)�J���ZKHUH�)� �*���LV�WKH�LQYHUVH�RI�*��7KH�
QXPEHU�RI�UDQNV�LQ�DQ\�UDQN�JURXS��J�!����LV�WKXV�)�J����)�J�������&OHDUO\�*�Q��LV�D�YHU\�ORRVH�
XSSHU�ERXQG�RQ�WKH�ODUJHVW�UDQN�JURXS��$V�DQ�H[DPSOH��VXSSRVH�WKDW�ZH�SDUWLWLRQHG�WKH�UDQNV�DV�LQ�

)LJXUH������,Q�WKLV�FDVH�� ��7KH�ODUJHVW�UDQN�LQ�JURXS�J�LV�)�J�� �J���DQG�REVHUYH�
WKDW�JURXS�J�!���FRQWDLQV�UDQNV�)�J����������WKURXJK�)�J��LQFOXVLYH��7KLV�IRUPXOD�GRHV�QRW�DSSO\�
IRU�UDQN�JURXS����VR�IRU�FRQYHQLHQFH�ZH�ZLOO�HQVXUH�WKDW�UDQN�JURXS���FRQWDLQV�RQO\�HOHPHQWV�RI�
UDQN����1RWLFH�WKDW�WKH�JURXSV�DUH�PDGH�RI�FRQVHFXWLYH�UDQNV���
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�

�

)LJXUH������$�ODUJH�GLVMRLQW�VHW�WUHH��QXPEHUV�EHORZ�QRGHV�DUH�UDQNV�

�

$V�PHQWLRQHG�EHIRUH��HDFK�XQLRQ�LQVWUXFWLRQ�WDNHV�FRQVWDQW�WLPH��DV�ORQJ�DV�HDFK�URRW�NHHSV�WUDFN�
RI�KRZ�ELJ�LWV�VXEWUHHV�DUH��7KXV��XQLRQV�DUH�HVVHQWLDOO\�IUHH��DV�IDU�DV�WKLV�SURRI�JRHV���

(DFK�ILQG�L��WDNHV�WLPH�SURSRUWLRQDO�WR�WKH�QXPEHU�RI�YHUWLFHV�RQ�WKH�SDWK�IURP�WKH�YHUWH[�
UHSUHVHQWLQJ�L�WR�WKH�URRW��:H�ZLOO�WKXV�GHSRVLW�RQH�SHQQ\�IRU�HDFK�YHUWH[�RQ�WKH�SDWK��,I�WKLV�
LV�DOO�ZH�GR��KRZHYHU��ZH�FDQQRW�H[SHFW�PXFK�RI�D�ERXQG��EHFDXVH�ZH�DUH�QRW�WDNLQJ�DGYDQWDJH�RI�
SDWK�FRPSUHVVLRQ��7KXV��ZH�QHHG�WR�WDNH�DGYDQWDJH�RI�SDWK�FRPSUHVVLRQ�LQ�RXU�DQDO\VLV��:H�ZLOO�
XVH�IDQF\�DFFRXQWLQJ���

)RU�HDFK�YHUWH[��Y��RQ�WKH�SDWK�IURP�WKH�YHUWH[�UHSUHVHQWLQJ�L�WR�WKH�URRW��ZH�GHSRVLW�RQH�SHQQ\�
XQGHU�RQH�RI�WZR�DFFRXQWV���

���,I�Y�LV�WKH�URRW��RU�LI�WKH�SDUHQW�RI�Y�LV�WKH�URRW��RU�LI�WKH�SDUHQW�RI�Y�LV�LQ�D�GLIIHUHQW�
UDQN�JURXS�IURP�Y��WKHQ�FKDUJH�RQH�XQLW�XQGHU�WKLV�UXOH��7KLV�GHSRVLWV�DQ�$PHULFDQ�SHQQ\�LQWR�WKH�
NLWW\���

���2WKHUZLVH�GHSRVLW�D�&DQDGLDQ�SHQQ\�LQWR�WKH�YHUWH[��

�

/(00$������

�

)RU�DQ\�ILQG��Y���WKH�WRWDO�QXPEHU�RI�SHQQLHV�GHSRVLWHG��HLWKHU�LQWR�WKH�NLWW\�RU�LQWR�D�YHUWH[��
LV�H[DFWO\�HTXDO�WR�WKH�QXPEHU�RI�QRGHV�RQ�WKH�SDWK�IURP�Y�WR�WKH�URRW���

3522)��

�

2EYLRXV��

�

7KXV�DOO�ZH�QHHG�WR�GR�LV�WR�VXP�DOO�WKH�$PHULFDQ�SHQQLHV�GHSRVLWHG�XQGHU�UXOH���ZLWK�DOO�WKH�
&DQDGLDQ�SHQQLHV�GHSRVLWHG�XQGHU�UXOH�����

:H�DUH�GRLQJ�DW�PRVW�P�ILQGV��:H�QHHG�WR�ERXQG�WKH�QXPEHU�RI�SHQQLHV�WKDW�FDQ�EH�GHSRVLWHG�LQWR�
WKH�NLWW\�GXULQJ�D�ILQG���

/(00$�����

�

2YHU�WKH�HQWLUH�DOJRULWKP��WKH�WRWDO�GHSRVLWV�RI�$PHULFDQ�SHQQLHV�XQGHU�UXOH���DPRXQW�WR�P�*�Q����
�����

*URXS�����������5DQN

�

������������������������������

�
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���������������WKURXJK��

�

���������������WKURXJK���

�

��L�������L���������WKURXJK�L�

�

)LJXUH������3RVVLEOH�SDUWLWLRQLQJ�RI�UDQNV�LQWR�JURXSV

�

3522)��

�

7KLV�LV�HDV\��)RU�DQ\�ILQG��WZR�$PHULFDQ�SHQQLHV�DUH�GHSRVLWHG��EHFDXVH�RI�WKH�URRW�DQG�LWV�
FKLOG��%\�/HPPD������WKH�YHUWLFHV�JRLQJ�XS�WKH�SDWK�DUH�PRQRWRQLFDOO\�LQFUHDVLQJ�LQ�UDQN��DQG�

VLQFH�WKHUH�DUH�DW�PRVW�*�Q��UDQN�JURXSV��RQO\�*�Q��RWKHU�YHUWLFHV�RQ�WKH�SDWK�FDQ�TXDOLI\�DV�D�
UXOH���GHSRVLW�IRU�DQ\�SDUWLFXODU�ILQG��7KXV��GXULQJ�DQ\�RQH�ILQG��DW�PRVW�*�Q������$PHULFDQ�
SHQQLHV�FDQ�EH�SODFHG�LQ�WKH�NLWW\��7KXV��DW�PRVW�P�*�Q�������$PHULFDQ�SHQQLHV�FDQ�EH�GHSRVLWHG�
XQGHU�UXOH���IRU�D�VHTXHQFH�RI�P�ILQGV���

7R�JHW�D�JRRG�HVWLPDWH�IRU�DOO�WKH�&DQDGLDQ�GHSRVLWV�XQGHU�UXOH����ZH�ZLOO�DGG�XS�WKH�GHSRVLWV�E\�
YHUWLFHV�LQVWHDG�RI�E\�ILQG�LQVWUXFWLRQV��,I�D�FRLQ�LV�GHSRVLWHG�LQWR�YHUWH[�Y�XQGHU�UXOH����Y�
ZLOO�EH�PRYHG�E\�SDWK�FRPSUHVVLRQ�DQG�JHW�D�QHZ�SDUHQW�RI�KLJKHU�UDQN�WKDQ�LWV�ROG�SDUHQW���7KLV�
LV�ZKHUH�ZH�DUH�XVLQJ�WKH�IDFW�WKDW�SDWK�FRPSUHVVLRQ�LV�EHLQJ�GRQH���7KXV��D�YHUWH[�Y�LQ�UDQN�
JURXS�J�!���FDQ�EH�PRYHG�DW�PRVW�)�J����)�J������WLPHV�EHIRUH�LWV�SDUHQW�JHWV�SXVKHG�RXW�RI�UDQN�

JURXS�J��VLQFH�WKDW�LV�WKH�VL]H�RI�WKH�UDQN�JURXS��$IWHU�WKLV�KDSSHQV��DOO�IXWXUH�FKDUJHV�WR�Y�
ZLOO�JR�XQGHU�UXOH�����

This can be reduced by 1. We do not for the sake of clarity; the bound is not improved by being more careful here.�

�

/(00$������

�

7KH�QXPEHU�RI�YHUWLFHV��1�J���LQ�UDQN�JURXS�J�!���LV�DW�PRVW�Q��)�J�������

�
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�

%\�/HPPD������WKHUH�DUH�DW�PRVW�Q��U�YHUWLFHV�RI�UDQN�U��6XPPLQJ�RYHU�WKH�UDQNV�LQ�JURXS�J��ZH�

REWDLQ��
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�

7KH�QXPEHU�RI�&DQDGLDQ�SHQQLHV�GHSRVLWHG�LQWR�DOO�YHUWLFHV�LQ�UDQN�JURXS�J�LV�DW�PRVW�Q)�J���)�J�

�������

3522)��

�

(DFK�YHUWH[�LQ�WKH�UDQN�JURXS�FDQ�UHFHLYH�DW�PRVW�)�J����)�J������ �)�J��&DQDGLDQ�SHQQLHV�
ZKLOH�LWV�SDUHQW�VWD\V�LQ�LWV�UDQN�JURXS��DQG�/HPPD�����WHOOV�KRZ�PDQ\�VXFK�YHUWLFHV�WKHUH�DUH��

7KH�UHVXOW�LV�REWDLQHG�E\�D�VLPSOH�PXOWLSOLFDWLRQ���

/(00$������

�

7KH�WRWDO�GHSRVLW�XQGHU�UXOH���LV�DW�PRVW�Q� �&DQDGLDQ�SHQQLHV��

�

3522)��

�

%HFDXVH�UDQN�JURXS���FRQWDLQV�RQO\�HOHPHQWV�RI�UDQN����LW�FDQQRW�FRQWULEXWH�WR�UXOH���FKDUJHV��LW�
FDQQRW�KDYH�D�SDUHQW�LQ�WKH�VDPH�UDQN�JURXS���7KH�ERXQG�LV�REWDLQHG�E\�VXPPLQJ�WKH�RWKHU�UDQN�
JURXSV���

7KXV�ZH�KDYH�WKH�GHSRVLWV�XQGHU�UXOHV���DQG����7KH�WRWDO�LV�

�

�

�

�����

�
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:H�VWLOO�KDYH�QRW�VSHFLILHG�*�Q��RU�LWV�LQYHUVH�)�Q���2EYLRXVO\��ZH�DUH�IUHH�WR�FKRRVH�YLUWXDOO\�

DQ\WKLQJ�ZH�ZDQW��EXW�LW�PDNHV�VHQVH�WR�FKRRVH�*�Q��WR�PLQLPL]H�WKH�ERXQG�DERYH��+RZHYHU��LI�*�Q��
LV�WRR�VPDOO��WKHQ�)�Q��ZLOO�EH�ODUJH��KXUWLQJ�WKH�ERXQG��$Q�DSSDUHQWO\�JRRG�FKRLFH�LV�WR�FKRRVH�

)�L��WR�EH�WKH�IXQFWLRQ�UHFXUVLYHO\�GHILQHG�E\�)���� ���DQG�)�L�� ��)�L�������7KLV�JLYHV�*�Q�� ���
�>ORJ�Q@��)LJXUH������VKRZV�KRZ�WKLV�SDUWLWLRQV�WKH�UDQNV��1RWLFH�WKDW�JURXS���FRQWDLQV�RQO\�
UDQN����ZKLFK�ZH�UHTXLUHG�LQ�WKH�SUHYLRXV�OHPPD��)�LV�YHU\�VLPLODU�WR�WKH�VLQJOH�YDULDEOH�
$FNHUPDQ�IXQFWLRQ��ZKLFK�GLIIHUV�RQO\�LQ�WKH�GHILQLWLRQ�RI�WKH�EDVH�FDVH��)���� ������

7+(25(0������

�

7KH�UXQQLQJ�WLPH�RI�P�XQLRQV�DQG�ILQGV�LV�2�P�ORJ�Q���

�

*URXS���������5DQN

�

���������������������������
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�

��������������WKURXJK����

�

���������������WKURXJK�������

�

�����������WUXO\�KXJH�UDQNV

�

)LJXUH������$FWXDO�SDUWLWLRQLQJ�RI�UDQNV�LQWR�JURXSV�XVHG�LQ�WKH�SURRI

�

3522)��

�

3OXJ�LQ�WKH�GHILQLWLRQV�RI�)�DQG�*�LQWR�(TXDWLRQ��������7KH�WRWDO�QXPEHU�RI�$PHULFDQ�SHQQLHV�LV�2

�P*�Q��� �2�P�ORJ�Q���7KH�WRWDO�QXPEHU�RI�&DQDGLDQ�SHQQLHV�LV�

��6LQFH�P� � �Q���WKH�ERXQG�IROORZV��

:KDW�WKH�DQDO\VLV�VKRZV�LV�WKDW�WKHUH�DUH�IHZ�QRGHV�WKDW�FRXOG�EH�PRYHG�IUHTXHQWO\�E\�SDWK�
FRPSUHVVLRQ��DQG�WKXV�WKH�WRWDO�WLPH�VSHQW�LV�UHODWLYHO\�VPDOO���

�����$Q�$SSOLFDWLRQ
�

$V�DQ�H[DPSOH�RI�KRZ�WKLV�GDWD�VWUXFWXUH�PLJKW�EH�XVHG��FRQVLGHU�WKH�IROORZLQJ�SUREOHP��:H�KDYH�D�
QHWZRUN�RI�FRPSXWHUV�DQG�D�OLVW�RI�ELGLUHFWLRQDO�FRQQHFWLRQV��HDFK�RI�WKHVH�FRQQHFWLRQV�DOORZV�D�
ILOH�WUDQVIHU�IURP�RQH�FRPSXWHU�WR�DQRWKHU��,V�LW�SRVVLEOH�WR�VHQG�D�ILOH�IURP�DQ\�FRPSXWHU�RQ�
WKH�QHWZRUN�WR�DQ\�RWKHU"�$Q�H[WUD�UHVWULFWLRQ�LV�WKDW�WKH�SUREOHP�PXVW�EH�VROYHG�RQ�OLQH��7KXV��
WKH�OLVW�RI�FRQQHFWLRQV�LV�SUHVHQWHG�RQH�DW�D�WLPH��DQG�WKH�DOJRULWKP�PXVW�EH�SUHSDUHG�WR�JLYH�DQ�
DQVZHU�DW�DQ\�SRLQW���
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$Q�DOJRULWKP�WR�VROYH�WKLV�SUREOHP�FDQ�LQLWLDOO\�SXW�HYHU\�FRPSXWHU�LQ�LWV�RZQ�VHW��2XU�LQYDULDQW�
LV�WKDW�WZR�FRPSXWHUV�FDQ�WUDQVIHU�ILOHV�LI�DQG�RQO\�LI�WKH\�DUH�LQ�WKH�VDPH�VHW��:H�FDQ�VHH�WKDW�
WKH�DELOLW\�WR�WUDQVIHU�ILOHV�IRUPV�DQ�HTXLYDOHQFH�UHODWLRQ��:H�WKHQ�UHDG�FRQQHFWLRQV�RQH�DW�D�
WLPH��:KHQ�ZH�UHDG�VRPH�FRQQHFWLRQ��VD\��X��Y���ZH�WHVW�WR�VHH�ZKHWKHU�X�DQG�Y�DUH�LQ�WKH�VDPH�
VHW�DQG�GR�QRWKLQJ�LI�WKH\�DUH��,I�WKH\�DUH�LQ�GLIIHUHQW�VHWV��ZH�PHUJH�WKHLU�VHWV��$W�WKH�HQG�RI�
WKH�DOJRULWKP��WKH�JUDSK�LV�FRQQHFWHG�LI�DQG�RQO\�LI�WKHUH�LV�H[DFWO\�RQH�VHW��,I�WKHUH�DUH�P�
FRQQHFWLRQV�DQG�Q�FRPSXWHUV��WKH�VSDFH�UHTXLUHPHQW�LV�2�Q���8VLQJ�XQLRQ�E\�VL]H�DQG�SDWK�

FRPSUHVVLRQ��ZH�REWDLQ�D�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�2�P �P��Q����VLQFH�WKHUH�DUH��P�ILQGV�DQG�
DW�PRVW�Q�����XQLRQV��7KLV�UXQQLQJ�WLPH�LV�OLQHDU�IRU�DOO�SUDFWLFDO�SXUSRVHV���

:H�ZLOO�VHH�D�PXFK�EHWWHU�DSSOLFDWLRQ�LQ�WKH�QH[W�FKDSWHU��

�

6XPPDU\
�

:H�KDYH�VHHQ�D�YHU\�VLPSOH�GDWD�VWUXFWXUH�WR�PDLQWDLQ�GLVMRLQW�VHWV��:KHQ�WKH�XQLRQ�RSHUDWLRQ�LV�
SHUIRUPHG��LW�GRHV�QRW�PDWWHU��DV�IDU�DV�FRUUHFWQHVV�LV�FRQFHUQHG��ZKLFK�VHW�UHWDLQV�LWV�QDPH��$�
YDOXDEOH�OHVVRQ�WKDW�VKRXOG�EH�OHDUQHG�KHUH�LV�WKDW�LW�FDQ�EH�YHU\�LPSRUWDQW�WR�FRQVLGHU�WKH�
DOWHUQDWLYHV�ZKHQ�D�SDUWLFXODU�VWHS�LV�QRW�WRWDOO\�VSHFLILHG��7KH�XQLRQ�VWHS�LV�IOH[LEOH��E\�
WDNLQJ�DGYDQWDJH�RI�WKLV��ZH�DUH�DEOH�WR�JHW�D�PXFK�PRUH�HIILFLHQW�DOJRULWKP���

3DWK�FRPSUHVVLRQ�LV�RQH�RI�WKH�HDUOLHVW�IRUPV�RI�VHOI�DGMXVWPHQW��ZKLFK�ZH�KDYH�VHHQ�HOVHZKHUH�
�VSOD\�WUHHV��VNHZ�KHDSV���,WV�XVH�LV�H[WUHPHO\�LQWHUHVWLQJ��HVSHFLDOO\�IURP�D�WKHRUHWLFDO�SRLQW�
RI�YLHZ��EHFDXVH�LW�ZDV�RQH�RI�WKH�ILUVW�H[DPSOHV�RI�D�VLPSOH�DOJRULWKP�ZLWK�D�QRW�VR�VLPSOH�
ZRUVW�FDVH�DQDO\VLV���

([HUFLVHV
�

����6KRZ�WKH�UHVXOW�RI�WKH�IROORZLQJ�VHTXHQFH�RI�LQVWUXFWLRQV��XQLRQ��������XQLRQ��������XQLRQ����

����XQLRQ��������XQLRQ��������XQLRQ��������XQLRQ��������XQLRQ���������XQLRQ���������XQLRQ���������
XQLRQ���������XQLRQ����������XQLRQ����������XQLRQ����������XQLRQ��������XQLRQ���������ZKHQ�WKH�
XQLRQV�DUH��

D��SHUIRUPHG�DUELWUDULO\�

�

E��SHUIRUPHG�E\�KHLJKW�

�

F��SHUIRUPHG�E\�VL]H�

�

����)RU�HDFK�RI�WKH�WUHHV�LQ�WKH�SUHYLRXV�H[HUFLVH��SHUIRUP�D�ILQG�ZLWK�SDWK�FRPSUHVVLRQ�RQ�WKH�

GHHSHVW�QRGH���

����:ULWH�D�SURJUDP�WR�GHWHUPLQH�WKH�HIIHFWV�RI�SDWK�FRPSUHVVLRQ�DQG�WKH�YDULRXV�XQLRQLQJ�

VWUDWHJLHV��<RXU�SURJUDP�VKRXOG�SURFHVV�D�ORQJ�VHTXHQFH�RI�HTXLYDOHQFH�RSHUDWLRQV�XVLQJ�DOO�VL[�
RI�WKH�SRVVLEOH�VWUDWHJLHV���

����6KRZ�WKDW�LI�XQLRQV�DUH�SHUIRUPHG�E\�KHLJKW��WKHQ�WKH�GHSWK�RI�DQ\�WUHH�LV�2�ORJ�Q����

�
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����D��6KRZ�WKDW�LI�P� �Q���WKHQ�WKH�UXQQLQJ�WLPH�RI�P�XQLRQ�ILQG�RSHUDWLRQV�LV�2�P����

E��6KRZ�WKDW�LI�P� �Q�ORJ�Q��WKHQ�WKH�UXQQLQJ�WLPH�RI�P�XQLRQ�ILQG�RSHUDWLRQV�LV�2�P����

�

F��6XSSRVH�P� � �Q�ORJ�ORJ�Q���:KDW�LV�WKH�UXQQLQJ�WLPH�RI�P�XQLRQ�ILQG�RSHUDWLRQV"�

�

G��6XSSRVH�P� � �Q�ORJ�Q���:KDW�LV�WKH�UXQQLQJ�WLPH�RI�P�XQLRQ�ILQG�RSHUDWLRQV"�

�

����6KRZ�WKH�RSHUDWLRQ�RI�WKH�SURJUDP�LQ�6HFWLRQ���� RQ�WKH�IROORZLQJ�JUDSK�����������������������

�����������������������������������:KDW�DUH�WKH�FRQQHFWHG�FRPSRQHQWV"��

����:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKH�DOJRULWKP�LQ�6HFWLRQ������

�

����6XSSRVH�ZH�ZDQW�WR�DGG�DQ�H[WUD�RSHUDWLRQ��GHXQLRQ��ZKLFK�XQGRHV�WKH�ODVW�XQLRQ�RSHUDWLRQ�

WKDW�KDV�QRW�EHHQ�DOUHDG\�XQGRQH���

D��6KRZ�WKDW�LI�ZH�GR�XQLRQ�E\�KHLJKW�DQG�ILQGV�ZLWKRXW�SDWK�FRPSUHVVLRQ��WKHQ�GHXQLRQ�LV�HDV\�
DQG�D�VHTXHQFH�RI�P�XQLRQ��ILQG��DQG�GHXQLRQ�RSHUDWLRQV�WDNH�2�P�ORJ�Q��WLPH���

E��:K\�GRHV�SDWK�FRPSUHVVLRQ�PDNH�GHXQLRQ�KDUG"�

�

F��6KRZ�KRZ�WR�LPSOHPHQW�DOO�WKUHH�RSHUDWLRQV�VR�WKDW�WKH�VHTXHQFH�RI�P�RSHUDWLRQV�WDNHV�2�P�
ORJ�Q�ORJ�ORJ�Q��WLPH���

�����6XSSRVH�ZH�ZDQW�WR�DGG�DQ�H[WUD�RSHUDWLRQ��UHPRYH�[���ZKLFK�UHPRYHV�[�IURP�LWV�FXUUHQW�VHW�
DQG�SODFHV�LW�LQ�LWV�RZQ��6KRZ�KRZ�WR�PRGLI\�WKH�XQLRQ�ILQG DOJRULWKP�VR�WKDW�WKH�UXQQLQJ�WLPH�RI�

D�VHTXHQFH�RI�P�XQLRQ��ILQG��DQG�UHPRYH�RSHUDWLRQV�LV�2�P �P��Q����

�

�����*LYH�DQ�DOJRULWKP�WKDW�WDNHV�DV�LQSXW�DQ�Q�YHUWH[�WUHH�DQG�D�OLVW�RI�Q�SDLUV�RI�YHUWLFHV�

DQG�GHWHUPLQHV�IRU�HDFK�SDLU��Y��Z��WKH�FORVHVW�FRPPRQ�DQFHVWRU�RI�Y�DQG�Z��<RXU�DOJRULWKP�VKRXOG�
UXQ�LQ�2�Q�ORJ�Q����

�����6KRZ�WKDW�LI�DOO�RI�WKH�XQLRQV�SUHFHGH�WKH�ILQGV��WKHQ�WKH�GLVMRLQW�VHW�DOJRULWKP�ZLWK�SDWK�

FRPSUHVVLRQ�UHTXLUHV�OLQHDU�WLPH��HYHQ�LI�WKH�XQLRQV�DUH�GRQH�DUELWUDULO\���

�����3URYH�WKDW�LI�XQLRQV�DUH�GRQH�DUELWUDULO\��EXW�SDWK�FRPSUHVVLRQ�LV�SHUIRUPHG�RQ�WKH�ILQGV�

WKHQ�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�LV� �P�ORJ�Q���

�
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�����3URYH�WKDW�LI�XQLRQV�DUH�GRQH�E\�VL]H�DQG�SDWK�FRPSUHVVLRQ�LV�SHUIRUPHG��WKH�ZRUVW�FDVH�

UXQQLQJ�WLPH�LV�2�P�ORJ�Q����

�����6XSSRVH�ZH�LPSOHPHQW�SDUWLDO�SDWK�FRPSUHVVLRQ�RQ�ILQG�L��E\�PDNLQJ�HYHU\�RWKHU�QRGH�RQ�WKH�

SDWK�IURP�L�WR�WKH�URRW�SRLQW�WR�LWV�JUDQGSDUHQW��ZKHUH�WKLV�PDNHV�VHQVH���7KLV�LV�NQRZQ�DV�SDWK�
KDOYLQJ���

D��:ULWH�D�SURFHGXUH�WR�GR�WKLV��

�

E��3URYH�WKDW�LI�SDWK�KDOYLQJ�LV�SHUIRUPHG�RQ�WKH�ILQGV�DQG�HLWKHU�XQLRQ�E\�KHLJKW�RU�XQLRQ�E\�
VL]H�LV�XVHG��WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�LV�2�P�ORJ�Q����

5HIHUHQFHV
�

9DULRXV�VROXWLRQV�WR�WKH�XQLRQ�ILQG�SUREOHP�FDQ�EH�IRXQG�LQ�>�@��>�@��DQG�>��@��+RSFURIW�DQG�

8OOPDQ�VKRZHG�WKH�2�P�ORJ�Q��ERXQG�RI�6HFWLRQ������7DUMDQ�>��@�REWDLQHG�WKH�ERXQG�2�P �P�Q����
$�PRUH�SUHFLVH��EXW�DV\PSWRWLFDOO\�LGHQWLFDO��ERXQG�IRU�P���Q�DSSHDUV�LQ�>�@�DQG�>��@��9DULRXV�
RWKHU�VWUDWHJLHV�IRU�SDWK�FRPSUHVVLRQ�DQG�XQLRQV�DOVR�DFKLHYH�WKH�VDPH�ERXQG��VHH�>��@�IRU�
GHWDLOV���

$�ORZHU�ERXQG�VKRZLQJ�WKDW�XQGHU�FHUWDLQ�UHVWULFWLRQV� �P �P�Q���WLPH�LV�UHTXLUHG�WR�
SURFHVV�P�XQLRQ�ILQG�RSHUDWLRQV�ZDV�JLYHQ�E\�7DUMDQ�>��@��,GHQWLFDO�ERXQGV�XQGHU�OHVV�UHVWULFWLYH�
FRQGLWLRQV�KDYH�EHHQ�UHFHQWO\�VKRZQ�LQ�>�@�DQG�>��@���

$SSOLFDWLRQV�RI�WKH�XQLRQ�ILQG�GDWD�VWUXFWXUH�DSSHDU�LQ�>�@�DQG�>�@��&HUWDLQ�VSHFLDO�FDVHV�RI�WKH�
XQLRQ�ILQG�SUREOHP�FDQ�EH�VROYHG�LQ�2�P��WLPH�>�@��7KLV�UHGXFHV�WKH�UXQQLQJ�WLPH�RI�VHYHUDO�
DOJRULWKPV��VXFK�DV�>�@��JUDSK�GRPLQDQFH��DQG�UHGXFLELOLW\��VHH�UHIHUHQFHV�LQ�&KDSWHU����E\�D�

IDFWRU�RI� �P�Q���2WKHUV��VXFK�DV�>�@�DQG�WKH�JUDSK�FRQQHFWLYLW\�SUREOHP�LQ�WKLV�FKDSWHU��DUH�
XQDIIHFWHG��7KH�SDSHU�OLVWV����H[DPSOHV��7DUMDQ�KDV�XVHG�SDWK�FRPSUHVVLRQ�WR�REWDLQ�HIILFLHQW�
DOJRULWKPV�IRU�VHYHUDO�JUDSK�SUREOHPV�>��@���

$YHUDJH�FDVH�UHVXOWV�IRU�WKH�XQLRQ�ILQG�SUREOHP�DSSHDU�LQ�>�@��>��@��DQG�>��@��5HVXOWV�ERXQGLQJ�
WKH�UXQQLQJ�WLPH�RI�DQ\�VLQJOH�RSHUDWLRQ��DV�RSSRVHG�WR�WKH�HQWLUH�VHTXHQFH��DSSHDU�LQ�>�@�DQG�
>��@���

([HUFLVH�����LV�VROYHG�LQ�>��@��

�
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���-��'R\OH�DQG�5��/��5LYHVW���/LQHDU�([SHFWHG�7LPH�RI�D�6LPSOH�8QLRQ�)LQG�$OJRULWKP���

,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV���������������������

���0��-��)LVFKHU���(IILFLHQF\�RI�(TXLYDOHQFH�$OJRULWKPV���&RPSOH[LW\�RI�&RPSXWHU�&RPSXWDWLRQ�
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���-��(��+RSFURIW�DQG�5��0��.DUS���$Q�$OJRULWKP�IRU�7HVWLQJ�WKH�(TXLYDOHQFH�RI�)LQLWH�$XWRPDWD���
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$&0�6\PSRVLXP�RQ�WKH�7KHRU\�RI�&RPSXWDWLRQ�������������������
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&+$37(5����
*5$3+�$/*25,7+06�

,Q�WKLV�FKDSWHU�ZH�GLVFXVV�VHYHUDO�FRPPRQ�SUREOHPV�LQ�JUDSK�WKHRU\��1RW�RQO\�DUH�
WKHVH�DOJRULWKPV�XVHIXO�LQ�SUDFWLFH��WKH\�DUH�LQWHUHVWLQJ�EHFDXVH�LQ�PDQ\�UHDO�
OLIH�DSSOLFDWLRQV�WKH\�DUH�WRR�VORZ�XQOHVV�FDUHIXO�DWWHQWLRQ�LV�SDLG�WR�WKH�
FKRLFH�RI�GDWD�VWUXFWXUHV��:H�ZLOO��

�6KRZ�VHYHUDO�UHDO�OLIH�SUREOHPV��ZKLFK�FDQ�EH�FRQYHUWHG�WR�SUREOHPV�RQ�
JUDSKV���

�*LYH�DOJRULWKPV�WR�VROYH�VHYHUDO�FRPPRQ�JUDSK�SUREOHPV���

�6KRZ�KRZ�WKH�SURSHU�FKRLFH�RI�GDWD�VWUXFWXUHV�FDQ�GUDVWLFDOO\�UHGXFH�WKH�
UXQQLQJ�WLPH�RI�WKHVH�DOJRULWKPV���

�6HH�DQ�LPSRUWDQW�WHFKQLTXH��NQRZQ�DV�GHSWK�ILUVW�VHDUFK��DQG�VKRZ�KRZ�LW�FDQ�
EH�XVHG�WR�VROYH�VHYHUDO�VHHPLQJO\�QRQWULYLDO�SUREOHPV�LQ�OLQHDU�WLPH���

����'HILQLWLRQV�

$�JUDSK�*� ��9��(��FRQVLVWV�RI�D�VHW�RI�YHUWLFHV��9��DQG�D�VHW�RI�HGJHV��(��(DFK�

HGJH�LV�D�SDLU��Y�Z���ZKHUH�Y�Z� �9��(GJHV�DUH�VRPHWLPHV�UHIHUUHG�WR�DV�DUFV��
,I�WKH�SDLU�LV�RUGHUHG��WKHQ�WKH�JUDSK�LV�GLUHFWHG��'LUHFWHG�JUDSKV�DUH�VRPHWLPHV�

UHIHUUHG�WR�DV�GLJUDSKV��9HUWH[�Z�LV�DGMDFHQW�WR�Y�LI�DQG�RQO\�LI��Y�Z�� �(��
,Q�DQ�XQGLUHFWHG�JUDSK�ZLWK�HGJH��Y�Z���DQG�KHQFH��Z�Y���Z�LV�DGMDFHQW�WR�Y�DQG�Y
LV�DGMDFHQW�WR�Z��6RPHWLPHV�DQ�HGJH�KDV�D�WKLUG�FRPSRQHQW��NQRZQ�DV�HLWKHU�D�
ZHLJKW�RU�D�FRVW���

$�SDWK�LQ�D�JUDSK�LV�D�VHTXHQFH�RI�YHULFHV�Z���Z���Z�����������ZQ�VXFK�WKDW��ZL��

ZL�L�� �(�IRU��� �L���Q��7KH�OHQJWK RI�VXFK�D�SDWK�LV�WKH�QXPEHU�RI�HGJHV�RQ�

WKH�SDWK��ZKLFK�LV�HTXDO�WR�Q������:H�DOORZ�D�SDWK�IURP�D�YHUWH[�WR�LWVHOI��LI�
WKLV�SDWK�FRQWDLQV�QR�HGJHV��WKHQ�WKH�SDWK�OHQJKW�LV����7KLV�LV�D�FRQYHQLHQW�ZD\�
WR�GHILQH�DQ�RWKHUZLVH�VSHFLDO�FDVH��,I�WKH�JUDSK�FRQWDLQV�DQ�HGJH��Y�Y��IURP�D�
YHUWH[�WR�LWVHOI��WKHQ�WKH�SDWK�Y��Y�LV�VRPHWLPHV�UHIHUUHG�WR�DV�D�ORRS��7KH�
JUDSKV�ZH�ZLOO�FRQVLGHU�ZLOO�JHQHUDOO\�EH�ORRSOHVV��$�VLPSOH�SDWK�LV�D�SDWK�VXFK�
WKDW�DOO�YHUWLFHV�DUH�GLVWLQFW��H[FHSW�WKDW�WKH�ILUVW�DQG�ODVW�FRXOG�EH�WKH�VDPH��

$�F\FOH�LQ�D�GLUHFWHG�JUDSK�LV�D�SDWK�RI�OHQJWK�DW�OHDVW���VXFK�WKDW�Z�� �ZQ��

WKLV�F\FOH�LV�VLPSOH�LI�WKH�SDWK�LV�VLPSOH��)RU�XQGLUHFWHG�JUDSKV��ZH�UHTXLUH�
WKDW�WKH�HGJHV�EH�GLVWLQFW��7KH�ORJLF�RI�WKHVH�UHTXLUHPHQWV�LV�WKDW�WKH�SDWK�X��
Y��X�LQ�DQ�XQGLUHFWHG�JUDSK�VKRXOG�QRW�EH�FRQVLGHUHG�D�F\FOH��EHFDXVH��X��Y��DQG�
�Y��X��DUH�WKH�VDPH�HGJH��,Q�D�GLUHFWHG�JUDSK��WKHVH�DUH�GLIIHUHQW�HGJHV��VR�LW�

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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PDNHV�VHQVH�WR�FDOO�WKLV�D�F\FOH��$�GLUHFWHG�JUDSK�LV�DF\FOLF�LI�LW�KDV�QR�
F\FOHV��$�GLUHFWHG�DF\FOLF�JUDSK�LV�VRPHWLPHV�UHIHUUHG�WR�E\�LWV�DEEUHYLDWLRQ��
'$*.��

$Q�XQGLUHFWHG�JUDSK�LV�FRQQHFWHG�LI�WKHUH�LV�D�SDWK�IURP�HYHU\�YHUWH[�WR�HYHU\�
RWKHU�YHUWH[��$�GLUHFWHG�JUDSK�ZLWK�WKLV�SURSHUW\�LV�FDOOHG�VWURQJO\�FRQQHFWHG��
,I�D�GLUHFWHG�JUDSK�LV�QRW�VWURQJO\�FRQQHFWHG��EXW�WKH�XQGHUO\LQJ�JUDSK��ZLWKRXW�
GLUHFWLRQ�WR�WKH�DUFV��LV�FRQQHFWHG��WKHQ�WKH�JUDSK�LV�VDLG�WR�EH�ZHDNO\�
FRQQHFWHG��$�FRPSOHWH�JUDSK�LV�D�JUDSK�LQ�ZKLFK�WKHUH�LV�DQ�HGJH�EHWZHHQ�HYHU\�
SDLU�RI�YHUWLFHV���

$Q�H[DPSOH�RI�D�UHDO�OLIH�VLWXDWLRQ�WKDW�FDQ�EH�PRGHOHG�E\�D�JUDSK�LV�WKH�DLUSRUW�
V\VWHP��(DFK�DLUSRUW�LV�D�YHUWH[��DQG�WZR�YHUWLFHV�DUH�FRQQHFWHG�E\�DQ�HGJH�LI�
WKHUH�LV�D�QRQVWRS�IOLJKW�IURP�WKH�DLUSRUWV�WKDW�DUH�UHSUHVHQWHG�E\�WKH�YHUWLFHV��
7KH�HGJH�FRXOG�KDYH�D�ZHLJKW��UHSUHVHQWLQJ�WKH�WLPH��GLVWDQFH��RU�FRVW�RI�WKH�
IOLJKW��,W�LV�UHDVRQDEOH�WR�DVVXPH�WKDW�VXFK�D�JUDSK�LV�GLUHFWHG��VLQFH�LW�PLJKW�
WDNH�ORQJHU�RU�FRVW�PRUH��GHSHQGLQJ�RQ�ORFDO�WD[HV��IRU�H[DPSOH��WR�IO\�LQ�
GLIIHUHQW�GLUHFWLRQV��:H�ZRXOG�SUREDEO\�OLNH�WR�PDNH�VXUH�WKDW�WKH�DLUSRUW�V\VWHP�
LV�VWURQJO\�FRQQHFWHG��VR�WKDW�LW�LV�DOZD\V�SRVVLEOH�WR�IO\�IURP�DQ\�DLUSRUW�WR�
DQ\�RWKHU�DLUSRUW��:H�PLJKW�DOVR�OLNH�WR�TXLFNO\�GHWHUPLQH�WKH�EHVW�IOLJKW�
EHWZHHQ�DQ\�WZR�DLUSRUWV���%HVW��FRXOG�PHDQ�WKH�SDWK�ZLWK�WKH�IHZHVW�QXPEHU�RI�
HGJHV�RU�FRXOG�EH�WDNHQ�ZLWK�UHVSHFW�WR�RQH��RU�DOO��RI�WKH�ZHLJKW�PHDVXUHV���

7UDIILF�IORZ�FDQ�EH�PRGHOHG�E\�D�JUDSK��(DFK�VWUHHW�LQWHUVHFWLRQ�UHSUHVHQWV�D�
YHUWH[��DQG�HDFK�VWUHHW�LV�DQ�HGJH��7KH�HGJH�FRVWV�FRXOG�UHSUHVHQW��DPRQJ�RWKHU�
WKLQJV��D�VSHHG�OLPLW�RU�D�FDSDFLW\��QXPEHU�RI�ODQHV���:H�FRXOG�WKHQ�DVN�IRU�WKH�
VKRUWHVW�URXWH�RU�XVH�WKLV�LQIRUPDWLRQ�WR�ILQG�WKH�PRVW�OLNHO\�ORFDWLRQ�IRU�
ERWWOHQHFNV���

,Q�WKH�UHPDLQGHU�RI�WKLV�FKDSWHU��ZH�ZLOO�VHH�VHYHUDO�PRUH�DSSOLFDWLRQV�RI�
JUDSKV��0DQ\�RI�WKHVH�JUDSKV�FDQ�EH�TXLWH�ODUJH��VR�LW�LV�LPSRUWDQW�WKDW�WKH�
DOJRULWKPV�ZH�XVH�EH�HIILFLHQW���

�������5HSUHVHQWDWLRQ�RI�*UDSKV�

:H�ZLOO�FRQVLGHU�GLUHFWHG�JUDSKV��XQGLUHFWHG�JUDSKV�DUH�VLPLODUO\�UHSUHVHQWHG����

6XSSRVH��IRU�QRZ��WKDW�ZH�FDQ�QXPEHU�WKH�YHUWLFHV��VWDUWLQJ�DW����7KH�JUDSK�VKRZQ�
LQ�)LJXUH�����UHSUHVHQWV���YHUWLFHV�DQG����HGJHV���

2QH�VLPSOH�ZD\�WR�UHSUHVHQW�D�JUDSK�LV�WR�XVH�D�WZR�GLPHQVLRQDO�DUUD\��7KLV�LV�
NQRZQ�DV�DQ�DGMDFHQF\�PDWUL[�UHSUHVHQWDWLRQ��)RU�HDFK�HGJH��X��Y���ZH�VHW�D>X@>Y@�
 ����RWKHUZLVH�WKH�HQWU\�LQ�WKH�DUUD\�LV����,I�WKH�HGJH�KDV�D�ZHLJKW�DVVRFLDWHG�
ZLWK�LW��WKHQ�ZH�FDQ�VHW�D>X@>Y@�HTXDO�WR�WKH�ZHLJKW�DQG�XVH�HLWKHU�D�YHU\�ODUJH�
RU�D�YHU\�VPDOO�ZHLJKW�DV�D�VHQWLQHO�WR�LQGLFDWH�QRQH[LVWHQW�HGJHV��)RU�LQVWDQFH��
LI�ZH�ZHUH�ORRNLQJ�IRU�WKH�FKHDSHVW�DLUSODQH�URXWH��ZH�FRXOG�UHSUHVHQW�

QRQH[LVWHQW�IOLJKWV�ZLWK�D�FRVW�RI� ��,I�ZH�ZHUH�ORRNLQJ��IRU�VRPH�VWUDQJH�

UHDVRQ��IRU�WKH�PRVW�H[SHQVLYH�DLUSODQH�URXWH��ZH�FRXOG�XVH��� ��RU�SHUKDSV����
WR�UHSUHVHQW�QRQH[LVWHQW�HGJHV���
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$OWKRXJK�WKLV�KDV�WKH�PHULW�RI�H[WUHPH�VLPSOLFLW\��WKH�VSDFH�UHTXLUHPHQW�LV�

�_9_����ZKLFK�FDQ�EH�SURKLELWLYH�LI�WKH�JUDSK�GRHV�QRW�KDYH�YHU\�PDQ\�HGJHV��$Q�
DGMDFHQF\�PDWUL[�LV�DQ�DSSURSULDWH�UHSUHVHQWDWLRQ�LI�WKH�JUDSK�LV�GHQVH��_(_� �

�_9_����,Q�PRVW�RI�WKH�DSSOLFDWLRQV�WKDW�ZH�VKDOO�VHH��WKLV�LV�QRW�WUXH��)RU�
LQVWDQFH��VXSSRVH�WKH�JUDSK�UHSUHVHQWV�D�VWUHHW�PDS��$VVXPH�D�0DQKDWWDQ�OLNH�
RULHQWDWLRQ��ZKHUH�DOPRVW�DOO�WKH�VWUHHWV�UXQ�HLWKHU�QRUWK�VRXWK�RU�HDVW�ZHVW��
7KHUHIRUH��DQ\�LQWHUVHFWLRQ�LV�DWWDFKHG�WR�URXJKO\�IRXU�VWUHHWV��VR�LI�WKH�JUDSK�

LV�GLUHFWHG�DQG�DOO�VWUHHWV�DUH�WZR�ZD\��WKHQ�_(_� ��_9_��,I�WKHUH�DUH�������
LQWHUVHFWLRQV��WKHQ�ZH�KDYH�D�������YHUWH[�JUDSK�ZLWK��������HGJH�HQWULHV��ZKLFK�
ZRXOG�UHTXLUH�DQ�DUUD\�RI�VL]H�QLQH�PLOOLRQ��0RVW�RI�WKHVH�HQWULHV�ZRXOG�FRQWDLQ�
]HUR��7KLV�LV�LQWXLWLYHO\�EDG��EHFDXVH�ZH�ZDQW�RXU�GDWD�VWUXFWXUHV�WR�UHSUHVHQW�
WKH�GDWD�WKDW�LV�DFWXDOO\�WKHUH�DQG�QRW�WKH�GDWD�WKDW�LV�QRW�SUHVHQW���

��

)LJXUH�����$�GLUHFWHG�JUDSK�

,I�WKH�JUDSK�LV�QRW�GHQVH��LQ�RWKHU�ZRUGV��LI�WKH�JUDSK�LV�VSDUVH��D�EHWWHU�
VROXWLRQ�LV�DQ�DGMDFHQF\�OLVW�UHSUHVHQWDWLRQ��)RU�HDFK�YHUWH[��ZH�NHHS�D�OLVW�RI�
DOO�DGMDFHQW�YHUWLFHV��7KH�VSDFH�UHTXLUHPHQW�LV�WKHQ�2_(_���_9_���7KH�OHIWPRVW�
VWUXFWXUH�LQ�)LJXUH�����LV�PHUHO\�DQ�DUUD\�RI�KHDGHU�FHOOV��7KH�UHSUHVHQWDWLRQ�
VKRXOG�EH�FOHDU�IURP�)LJXUH������,I�WKH�HGJHV�KDYH�ZHLJKWV��WKHQ�WKLV�DGGLWLRQDO�
LQIRUPDWLRQ�LV�DOVR�VWRUHG�LQ�WKH�FHOOV���

$GMDFHQF\�OLVWV�DUH�WKH�VWDQGDUG�ZD\�WR�UHSUHVHQW�JUDSKV��8QGLUHFWHG�JUDSKV�FDQ�
EH�VLPLODUO\�UHSUHVHQWHG��HDFK�HGJH��X��Y��DSSHDUV�LQ�WZR�OLVWV��VR�WKH�VSDFH�
XVDJH�HVVHQWLDOO\�GRXEOHV��$�FRPPRQ�UHTXLUHPHQW�LQ�JUDSK�DOJRULWKPV�LV�WR�ILQG�
DOO�YHUWLFHV�DGMDFHQW�WR�VRPH�JLYHQ�YHUWH[�Y��DQG�WKLV�FDQ�EH�GRQH��LQ�WLPH�
SURSRUWLRQDO�WR�WKH�QXPEHU�RI�VXFK�YHUWLFHV�IRXQG��E\�D�VLPSOH�VFDQ�GRZQ�WKH�
DSSURSULDWH�DGMDFHQF\�OLVW���

,Q�PRVW�UHDO�OLIH�DSSOLFDWLRQV��WKH�YHUWLFHV�KDYH�QDPHV��ZKLFK�DUH�XQNQRZQ�DW�
FRPSLOH�WLPH��LQVWHDG�RI�QXPEHUV��6LQFH�ZH�FDQQRW�LQGH[�DQ�DUUD\�E\�DQ�XQNQRZQ�
QDPH��ZH�PXVW�SURYLGH�D�PDSSLQJ�RI�QDPHV�WR�QXPEHUV��7KH�HDVLHVW�ZD\�WR�GR�WKLV�
LV�WR�XVH�D�KDVK�WDEOH��LQ�ZKLFK�ZH�VWRUH�D�QDPH�DQG�DQ�LQWHUQDO�QXPEHU�UDQJLQJ�
IURP���WR�_9_�IRU�HDFK�YHUWH[��7KH�QXPEHUV�DUH�DVVLJQHG�DV�WKH�JUDSK�LV�UHDG��7KH�
ILUVW�QXPEHU�DVVLJQHG�LV����$V�HDFK�HGJH�LV�LQSXW��ZH�FKHFN�ZKHWKHU�HDFK�RI�WKH�
WZR�YHUWLFHV�KDV�EHHQ�DVVLJQHG�D�QXPEHU��E\�VHHLQJ�LI�LW�LV�LQ�WKH�KDVK�WDEOH��,I�
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VR��ZH�XVH�WKH�LQWHUQDO�QXPEHU��2WKHUZLVH��ZH�DVVLJQ�WR�WKH�YHUWH[�WKH�QH[W�
DYDLODEOH�QXPEHU�DQG�LQVHUW�WKH�YHUWH[�QDPH�DQG�QXPEHU�LQWR�WKH�KDVK�WDEOH���

:LWK�WKLV�WUDQVIRUPDWLRQ��DOO�WKH�JUDSK�DOJRULWKPV�ZLOO�XVH�RQO\�WKH�LQWHUQDO�
QXPEHUV��6LQFH�HYHQWXDOO\�ZH�ZLOO�QHHG�WR�RXWSXW�WKH�UHDO�YHUWH[�QDPHV�DQG�QRW�
WKH�LQWHUQDO�QXPEHUV��ZH�PXVW�DOVR�UHFRUG��IRU�HDFK�LQWHUQDO�QXPEHU��WKH�
FRUUHVSRQGLQJ�YHUWH[�QDPH��2QH�ZD\�LV�WR�XVH�DQ�DUUD\�RI�VWULQJV��,I�WKH�YHUWH[�
QDPHV�DUH�ORQJ��WKLV�FDQ�FRVW�FRQVLGHUDEOH�VSDFH��EHFDXVH�WKH�YHUWH[�QDPHV�DUH�
VWRUHG�WZLFH��$Q�DOWHUQDWLYH�LV�WR�NHHS�DQ�DUUD\�RI�SRLQWHUV�LQWR�WKH�KDVK�WDEOH��
7KH�SULFH�RI�WKLV�DOWHUQDWLYH�LV�D�VOLJKW�ORVV�RI�WKH�VDQFWLW\�RI�WKH�KDVK�WDEOH�
ADT.��

��

)LJXUH�����$Q�DGMDFHQF\�OLVW�UHSUHVHQWDWLRQ�RI�D�JUDSK�

7KH�FRGH�WKDW�ZH�SUHVHQW�LQ�WKLV�FKDSWHU�ZLOO�EH�SVHXGRFRGH�XVLQJ�ADTS�DV�PXFK�
DV�SRVVLEOH��:H�ZLOO�GR�WKLV�WR�VDYH�VSDFH�DQG��RI�FRXUVH��WR�PDNH�WKH�
DOJRULWKPLF�SUHVHQWDWLRQ�RI�WKH�DOJRULWKPV�PXFK�FOHDUHU���

�����7RSRORJLFDO�6RUW�

$�WRSRORJLFDO�VRUW�LV�DQ�RUGHULQJ�RI�YHUWLFHV�LQ�D�GLUHFWHG�DF\FOLF�JUDSK��VXFK�
WKDW�LI�WKHUH�LV�D�SDWK�IURP�YL�WR�YM��WKHQ�YM�DSSHDUV�DIWHU�YL�LQ�WKH�RUGHULQJ��

7KH�JUDSK�LQ�)LJXUH�����UHSUHVHQWV�WKH�FRXUVH�SUHUHTXLVLWH�VWUXFWXUH�DW�D�VWDWH�
XQLYHUVLW\�LQ�0LDPL��$�GLUHFWHG�HGJH��Y�Z��LQGLFDWHV�WKDW�FRXUVH�Y�PXVW�EH�
FRPSOHWHG�EHIRUH�FRXUVH�Z�PD\�EH�DWWHPSWHG��$�WRSRORJLFDO�RUGHULQJ�RI�WKHVH�
FRXUVHV�LV�DQ\�FRXUVH�VHTXHQFH�WKDW�GRHV�QRW�YLRODWH�WKH�SUHUHTXLVLWH�
UHTXLUHPHQW���

,W�LV�FOHDU�WKDW�D�WRSRORJLFDO�RUGHULQJ�LV�QRW�SRVVLEOH�LI�WKH�JUDSK�KDV�D�F\FOH��
VLQFH�IRU�WZR�YHUWLFHV�Y�DQG�Z�RQ�WKH�F\FOH��Y�SUHFHGHV�Z�DQG�Z�SUHFHGHV�Y��
)XUWKHUPRUH��WKH�RUGHULQJ�LV�QRW�QHFHVVDULO\�XQLTXH��DQ\�OHJDO�RUGHULQJ�ZLOO�GR��
,Q�WKH�JUDSK�LQ�)LJXUH������Y���Y���Y���Y���Y���Y���Y��DQG�Y���Y���Y���Y���Y���Y���
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Y��DUH�ERWK�WRSRORJLFDO�RUGHULQJV���

$�VLPSOH�DOJRULWKP�WR�ILQG�D�WRSRORJLFDO�RUGHULQJ�LV�ILUVW�WR�ILQG�DQ\�YHUWH[�
ZLWK�QR�LQFRPLQJ�HGJHV��:H�FDQ�WKHQ�SULQW�WKLV�YHUWH[��DQG�UHPRYH�LW��DORQJ�ZLWK�
LWV�HGJHV��IURP�WKH�JUDSK��7KHQ�ZH�DSSO\�WKLV�VDPH�VWUDWHJ\�WR�WKH�UHVW�RI�WKH�
JUDSK���

��

)LJXUH�����$Q�DF\FOLF�JUDSK�UHSUHVHQWLQJ�FRXUVH�SUHUHTXLVLWH�VWUXFWXUH�

��

)LJXUH�����$Q�DF\FOLF�JUDSK�

7R�IRUPDOL]H�WKLV��ZH�GHILQH�WKH�LQGHJUHH�RI�D�YHUWH[�Y�DV�WKH�QXPEHU�RI�HGJHV�
�X�Y���:H�FRPSXWH�WKH�LQGHJUHHV�RI�DOO�YHUWLFHV�LQ�WKH�JUDSK��$VVXPLQJ�WKDW�WKH�
LQGHJUHH�DUUD\�LV�LQLWLDOL]HG�DQG�WKDW�WKH�JUDSK�LV�UHDG�LQWR�DQ�DGMDFHQF\�OLVW��
ZH�FDQ�WKHQ�DSSO\�WKH�DOJRULWKP�LQ�)LJXUH���� WR�JHQHUDWH�D�WRSRORJLFDO�RUGHULQJ��

7KH�IXQFWLRQ�ILQGBQHZBYHUWH[BRIBLQGHJUHHB]HUR�VFDQV�WKH�LQGHJUHH�DUUD\�ORRNLQJ�
IRU�D�YHUWH[�ZLWK�LQGHJUHH���WKDW�KDV�QRW�DOUHDG\�EHHQ�DVVLJQHG�D�WRSRORJLFDO�
QXPEHU��,W�UHWXUQV�127B$B9(57(;�LI�QR�VXFK�YHUWH[�H[LVWV��WKLV�LQGLFDWHV�WKDW�WKH�
JUDSK�KDV�D�F\FOH���
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YRLG�

WRSVRUW��JUDSK�*���

^�

XQVLJQHG�LQW�FRXQWHU��

YHUWH[�Y��Z��

IRU��FRXQWHU� �����FRXQWHU���180B9(57(;��FRXQWHU�����

^�

Y� �ILQGBQHZBYHUWH[BRIBLQGHJUHHB]HUR�����

LI��Y� �127B$B9(57(;���

^�

HUURU��*UDSK�KDV�D�F\FOH����

EUHDN��

`�

WRSBQXP>Y@� �FRXQWHU��

IRU�HDFK�Z�DGMDFHQW�WR�Y�

LQGHJUHH>Z@����

`�

`�

)LJXUH�����6LPSOH�WRSRORJLFDO�VRUW�SVHXGRFRGH�

%HFDXVH�ILQGBQHZBYHUWH[BRIBLQGHJUHHB]HUR�LV�D�VLPSOH�VHTXHQWLDO�VFDQ�RI�WKH�
LQGHJUHH�DUUD\��HDFK�FDOO�WR�LW�WDNHV�2�_9_��WLPH��6LQFH�WKHUH�DUH�_9_�VXFK�

FDOOV��WKH�UXQQLQJ�WLPH�RI�WKH�DOJRULWKP�LV�2�_9_�����

%\�SD\LQJ�PRUH�FDUHIXO�DWWHQWLRQ�WR�WKH�GDWD�VWUXFWXUHV��LW�LV�SRVVLEOH�WR�GR�
EHWWHU��7KH�FDXVH�RI�WKH�SRRU�UXQQLQJ�WLPH�LV�WKH�VHTXHQWLDO�VFDQ�WKURXJK�WKH�
LQGHJUHH�DUUD\��,I�WKH�JUDSK�LV�VSDUVH��ZH�ZRXOG�H[SHFW�WKDW�RQO\�D�IHZ�YHUWLFHV�
KDYH�WKHLU�LQGHJUHHV�XSGDWHG�GXULQJ�HDFK�LWHUDWLRQ��+RZHYHU��LQ�WKH�VHDUFK�IRU�D�
YHUWH[�RI�LQGHJUHH����ZH�ORRN�DW��SRWHQWLDOO\��DOO�WKH�YHUWLFHV��HYHQ�WKRXJK�RQO\�
D�IHZ�KDYH�FKDQJHG���

:H�FDQ�UHPRYH�WKLV�LQHIILFLHQF\�E\�NHHSLQJ�DOO�WKH��XQDVVLJQHG��YHUWLFHV�RI�
LQGHJUHH���LQ�D�VSHFLDO�ER[��7KH�ILQGBQHZBYHUWH[BRIBLQGHJUHHB]HUR�IXQFWLRQ�WKHQ�
UHWXUQV��DQG�UHPRYHV��DQ\�YHUWH[�LQ�WKH�ER[��:KHQ�ZH�GHFUHPHQW�WKH�LQGHJUHHV�RI�
WKH�DGMDFHQW�YHUWLFHV��ZH�FKHFN�HDFK�YHUWH[�DQG�SODFH�LW�LQ�WKH�ER[�LI�LWV�
LQGHJUHH�IDOOV�WR�����
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7R�LPSOHPHQW�WKH�ER[��ZH�FDQ�XVH�HLWKHU�D�VWDFN�RU�D�TXHXH��)LUVW��WKH�LQGHJUHH�
LV�FRPSXWHG�IRU�HYHU\�YHUWH[��7KHQ�DOO�YHUWLFHV�RI�LQGHJUHH���DUH�SODFHG�RQ�DQ�
LQLWLDOO\�HPSW\�TXHXH��:KLOH�WKH�TXHXH�LV�QRW�HPSW\��D�YHUWH[�Y�LV�UHPRYHG��DQG�
DOO�HGJHV�DGMDFHQW�WR�Y�KDYH�WKHLU�LQGHJUHHV�GHFUHPHQWHG��$�YHUWH[�LV�SXW�RQ�WKH�
TXHXH�DV�VRRQ�DV�LWV�LQGHJUHH�IDOOV�WR����7KH�WRSRORJLFDO�RUGHULQJ�WKHQ�LV�WKH�
RUGHU�LQ�ZKLFK�WKH�YHUWLFHV�GHTXHXH��)LJXUH�����VKRZV�WKH�VWDWXV�DIWHU�HDFK�
SKDVH���

$�SVHXGRFRGH�LPSOHPHQWDWLRQ�RI�WKLV�DOJRULWKP�LV�JLYHQ�LQ�)LJXUH������$V�EHIRUH��
ZH�ZLOO�DVVXPH�WKDW�WKH�JUDSK�LV�DOUHDG\�UHDG�LQWR�DQ�DGMDFHQF\�OLVW�DQG�WKDW�WKH�
LQGHJUHHV�DUH�FRPSXWHG�DQG�SODFHG�LQ�DQ�DUUD\��$�FRQYHQLHQW�ZD\�RI�GRLQJ�WKLV�LQ�
SUDFWLFH�ZRXOG�EH�WR�SODFH�WKH�LQGHJUHH�RI�HDFK�YHUWH[�LQ�WKH�KHDGHU�FHOO��:H�
DOVR�DVVXPH�DQ�DUUD\�WRSBQXP��LQ�ZKLFK�WR�SODFH�WKH�WRSRORJLFDO�QXPEHULQJ���

�������,QGHJUHH�%HIRUH�'HTXHXH���

��9HUWH[������������������������������
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)LJXUH�����5HVXOW�RI�DSSO\LQJ�WRSRORJLFDO�VRUW�WR�WKH�JUDSK�LQ�)LJXUH����

�

YRLG

�

WRSVRUW��JUDSK�*��

�

^

�

48(8(�4�

�

XQVLJQHG�LQW�FRXQWHU�

�

YHUWH[�Y��Z�

�
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�

�����������GLVSRVHBTXHXH��4������IUHH�WKH�PHPRU\��

�

`

�

)LJXUH�����3VHXGRFRGH�WR�SHUIRUP�WRSRORJLFDO�VRUW

�

7KH�WLPH�WR�SHUIRUP�WKLV�DOJRULWKP�LV�2�_(_���_9_��LI�DGMDFHQF\�OLVWV�DUH�XVHG��7KLV�LV�DSSDUHQW�
ZKHQ�RQH�UHDOL]HV�WKDW�WKH�ERG\�RI�WKH�IRU�ORRS�DW�OLQH���LV�H[HFXWHG�DW�PRVW�RQFH�SHU�HGJH��7KH�
TXHXH�RSHUDWLRQV�DUH�GRQH�DW�PRVW�RQFH�SHU�YHUWH[��DQG�WKH�LQLWLDOL]DWLRQ�VWHSV�DOVR�WDNH�WLPH�
SURSRUWLRQDO�WR�WKH�VL]H�RI�WKH�JUDSK���

�����6KRUWHVW�3DWK�$OJRULWKPV
�

,Q�WKLV�VHFWLRQ�ZH�H[DPLQH�YDULRXV�VKRUWHVW�SDWK�SUREOHPV��7KH�LQSXW�LV�D�ZHLJKWHG�JUDSK��
DVVRFLDWHG�ZLWK�HDFK�HGJH��YL��YM��LV�D�FRVW�FL�M�WR�WUDYHUVH�WKH�DUF��7KH�FRVW�RI�D�SDWK�

Y�Y������YQ�LV� �7KLV�LV�UHIHUUHG�WR�DV�WKH�ZHLJKWHG�SDWK�OHQJWK��7KH�XQZHLJKWHG�SDWK�

OHQJWK�LV�PHUHO\�WKH�QXPEHU�RI�HGJHV�RQ�WKH�SDWK��QDPHO\��Q�������

6,1*/(�6285&(�6+257(67�3$7+�352%/(0��

�

*LYHQ�DV�LQSXW�D�ZHLJKWHG�JUDSK��*� ��9��(���DQG�D�GLVWLQJXLVKHG�YHUWH[��V���ILQG�WKH�VKRUWHVW�
ZHLJKWHG�SDWK�IURP�V�WR�HYHU\�RWKHU�YHUWH[�LQ�*���

)RU�H[DPSOH��LQ�WKH�JUDSK�LQ�
)LJXUH������WKH�VKRUWHVW�ZHLJKWHG�SDWK�IURP�Y��WR�Y��KDV�D�FRVW�RI���

DQG�JRHV�IURP�Y��WR�Y��WR�Y��WR�Y���7KH�VKRUWHVW�XQZHLJKWHG�SDWK�EHWZHHQ�WKHVH�YHUWLFHV�LV����

*HQHUDOO\��ZKHQ�LW�LV�QRW�VSHFLILHG�ZKHWKHU�ZH�DUH�UHIHUULQJ�WR�D�ZHLJKWHG�RU�DQ�XQZHLJKWHG�SDWK��
WKH�SDWK�LV�ZHLJKWHG�LI�WKH�JUDSK�LV��1RWLFH�DOVR�WKDW�LQ�WKLV�JUDSK�WKHUH�LV�QR�SDWK�IURP�Y��WR�
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Y����

7KH�JUDSK�LQ�WKH�SUHFHGLQJ�H[DPSOH�KDV�QR�HGJHV�RI�QHJDWLYH�FRVW��7KH�JUDSK�LQ�)LJXUH�����VKRZV�
WKH�SUREOHPV�WKDW�QHJDWLYH�HGJHV�FDQ�FDXVH��7KH�SDWK�IURP�Y��WR�Y� KDV�FRVW����EXW�D�VKRUWHU�SDWK�

H[LVWV�E\�IROORZLQJ�WKH�ORRS�Y���Y���Y���Y���Y���ZKLFK�KDV�FRVW�����7KLV�SDWK�LV�VWLOO�QRW�WKH�

VKRUWHVW��EHFDXVH�ZH�FRXOG�VWD\�LQ�WKH�ORRS�DUELWUDULO\�ORQJ��7KXV��WKH�VKRUWHVW�SDWK�EHWZHHQ�
WKHVH�WZR�SRLQWV�LV�XQGHILQHG��6LPLODUO\��WKH�VKRUWHVW�SDWK�IURP�Y��WR�Y��LV�XQGHILQHG��EHFDXVH�

ZH�FDQ�JHW�LQWR�WKH�VDPH�ORRS��7KLV�ORRS�LV�NQRZQ�DV�D�QHJDWLYH�FRVW�F\FOH��ZKHQ�RQH�LV�SUHVHQW�
LQ�WKH�JUDSK��WKH�VKRUWHVW�SDWKV�DUH�QRW�GHILQHG��1HJDWLYH�FRVW�HGJHV�DUH�QRW�QHFHVVDULO\�EDG��DV�
WKH�F\FOHV�DUH��EXW�WKHLU�SUHVHQFH�VHHPV�WR�PDNH�WKH�SUREOHP�KDUGHU��)RU�FRQYHQLHQFH��LQ�WKH�
DEVHQFH�RI�D�QHJDWLYH�FRVW�F\FOH��WKH�VKRUWHVW�SDWK�IURP�V�WR�V�LV�]HUR���

�

�

)LJXUH�����$�GLUHFWHG�JUDSK�*

�

�

�

)LJXUH�����$�JUDSK�ZLWK�D�QHJDWLYH�FRVW�F\FOH

�

7KHUH�DUH�PDQ\�H[DPSOHV�ZKHUH�ZH�PLJKW�ZDQW�WR�VROYH�WKH�VKRUWHVW�SDWK�SUREOHP��,I�WKH�YHUWLFHV�
UHSUHVHQW�FRPSXWHUV��WKH�HGJHV�UHSUHVHQW�D�OLQN�EHWZHHQ�FRPSXWHUV��DQG�WKH�FRVWV�UHSUHVHQW�
FRPPXQLFDWLRQ�FRVWV��SKRQH�ELOO�SHU�������E\WHV�RI�GDWD���GHOD\�FRVWV��QXPEHU�RI�VHFRQGV�UHTXLUHG�
WR�WUDQVPLW�������E\WHV���RU�D�FRPELQDWLRQ�RI�WKHVH�DQG�RWKHU�IDFWRUV��WKHQ�ZH�FDQ�XVH�WKH�
VKRUWHVW�SDWK�DOJRULWKP�WR�ILQG�WKH�FKHDSHVW�ZD\�WR�VHQG�HOHFWURQLF�QHZV�IURP�RQH�FRPSXWHU�WR�D�
VHW�RI�RWKHU�FRPSXWHUV���

:H�FDQ�PRGHO�DLUSODQH�RU�RWKHU�PDVV�WUDQVLW�URXWHV�E\�JUDSKV�DQG�XVH�D�VKRUWHVW�SDWK�DOJRULWKP�WR�
FRPSXWH�WKH�EHVW�URXWH�EHWZHHQ�WZR�SRLQWV��,Q�WKLV�DQG�PDQ\�SUDFWLFDO�DSSOLFDWLRQV��ZH�PLJKW�ZDQW�
WR�ILQG�WKH�VKRUWHVW�SDWK�IURP�RQH�YHUWH[��V��WR�RQO\�RQH�RWKHU�YHUWH[��W��&XUUHQWO\�WKHUH�DUH�QR�
DOJRULWKPV�LQ�ZKLFK�ILQGLQJ�WKH�SDWK�IURP�V�WR�RQH�YHUWH[�LV�DQ\�IDVWHU��E\�PRUH�WKDQ�D�FRQVWDQW�
IDFWRU��WKDQ�ILQGLQJ�WKH�SDWK�IURP�V�WR�DOO�YHUWLFHV���

:H�ZLOO�H[DPLQH�DOJRULWKPV�WR�VROYH�IRXU�YHUVLRQV�RI�WKLV�SUREOHP��)LUVW��ZH�ZLOO�FRQVLGHU�WKH�
XQZHLJKWHG�VKRUWHVW�SDWK�SUREOHP�DQG�VKRZ�KRZ�WR�VROYH�LW�LQ�2�_(_���_9_���1H[W��ZH�ZLOO�VKRZ�KRZ�
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WR�VROYH�WKH�ZHLJKWHG�VKRUWHVW�SDWK�SUREOHP�LI�ZH�DVVXPH�WKDW�WKHUH�DUH�QR�QHJDWLYH�HGJHV��7KH�
UXQQLQJ�WLPH�IRU�WKLV�DOJRULWKP�LV�2��_(_�ORJ�_9_��ZKHQ�LPSOHPHQWHG�ZLWK�UHDVRQDEOH�GDWD�
VWUXFWXUHV���

,I�WKH�JUDSK�KDV�QHJDWLYH�HGJHV��ZH�ZLOO�SURYLGH�D�VLPSOH�VROXWLRQ��ZKLFK�XQIRUWXQDWHO\�KDV�D�

SRRU�WLPH�ERXQG�RI�2��_(_� �_9_���)LQDOO\��ZH�ZLOO�VROYH�WKH�ZHLJKWHG�SUREOHP�IRU�WKH�VSHFLDO�
FDVH�RI�DF\FOLF�JUDSKV�LQ�OLQHDU�WLPH���

�������8QZHLJKWHG�6KRUWHVW�3DWKV

�

)LJXUH������VKRZV�DQ�XQZHLJKWHG�JUDSK��*��8VLQJ�VRPH�YHUWH[��V��ZKLFK�LV�DQ�LQSXW�SDUDPHWHU��ZH�
ZRXOG�OLNH�WR�ILQG�WKH�VKRUWHVW�SDWK�IURP�V�WR�DOO�RWKHU�YHUWLFHV��:H�DUH�RQO\�LQWHUHVWHG�LQ�WKH�
QXPEHU�RI�HGJHV�FRQWDLQHG�RQ�WKH�SDWK��VR�WKHUH�DUH�QR�ZHLJKWV�RQ�WKH�HGJHV��7KLV�LV�FOHDUO\�D�
VSHFLDO�FDVH�RI�WKH�ZHLJKWHG�VKRUWHVW�SDWK�SUREOHP��VLQFH�ZH�FRXOG�DVVLJQ�DOO�HGJHV�D�ZHLJKW�RI�
����

)RU�QRZ��VXSSRVH�ZH�DUH�LQWHUHVWHG�RQO\�LQ�WKH�OHQJWK�RI�WKH�VKRUWHVW�SDWKV��QRW�LQ�WKH�DFWXDO�
SDWKV�WKHPVHOYHV��.HHSLQJ�WUDFN�RI�WKH�DFWXDO�SDWKV�ZLOO�WXUQ�RXW�WR�EH�D�PDWWHU�RI�VLPSOH�
ERRNNHHSLQJ���

�

�

)LJXUH������$Q�XQZHLJKWHG�GLUHFWHG�JUDSK�*

�

6XSSRVH�ZH�FKRRVH�V�WR�EH�Y���,PPHGLDWHO\��ZH�FDQ�WHOO�WKDW�WKH�VKRUWHVW�SDWK�IURP�V�WR�Y��LV�

WKHQ�D�SDWK�RI�OHQJWK����:H�FDQ�PDUN�WKLV�LQIRUPDWLRQ��REWDLQLQJ�WKH�JUDSK�LQ�
)LJXUH�������

�

1RZ�ZH�FDQ�VWDUW�ORRNLQJ�IRU�DOO�YHUWLFHV�WKDW�DUH�D�GLVWDQFH���DZD\�IURP�V��7KHVH�FDQ�EH�IRXQG�
E\�ORRNLQJ�DW�WKH�YHUWLFHV�WKDW�DUH�DGMDFHQW�WR�V��,I�ZH�GR�WKLV��ZH�VHH�WKDW�Y��DQG�Y��DUH�RQH�

HGJH�IURP�V��7KLV�LV�VKRZQ�LQ�)LJXUH��������

�

�
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)LJXUH������*UDSK�DIWHU�PDUNLQJ�WKH�VWDUW�QRGH�DV�UHDFKDEOH�LQ�]HUR�HGJHV�

�

�

)LJXUH������*UDSK�DIWHU�ILQGLQJ�DOO�YHUWLFHV�ZKRVH�SDWK�OHQJWK�IURP�V�LV��

�

�

�

)LJXUH������*UDSK�DIWHU�ILQGLQJ�DOO�YHUWLFHV�ZKRVH�VKRUWHVW�SDWK�LV��

�

:H�FDQ�QRZ�ILQG�YHUWLFHV�ZKRVH�VKRUWHVW�SDWK�IURP�V�LV�H[DFWO\����E\�ILQGLQJ�DOO�WKH�YHUWLFHV�
DGMDFHQW�WR�Y��DQG�Y���WKH�YHUWLFHV�DW�GLVWDQFH�����ZKRVH�VKRUWHVW�SDWKV�DUH�QRW�DOUHDG\�NQRZQ��

7KLV�VHDUFK�WHOOV�XV�WKDW�WKH�VKRUWHVW�SDWK�WR�Y��DQG�Y��LV����
)LJXUH������VKRZV�WKH�SURJUHVV�

WKDW�KDV�EHHQ�PDGH�VR�IDU���

)LQDOO\�ZH�FDQ�ILQG��E\�H[DPLQLQJ�YHUWLFHV�DGMDFHQW�WR�WKH�UHFHQWO\�HYDOXDWHG�Y��DQG�Y���WKDW�Y��

DQG�Y��KDYH�D�VKRUWHVW�SDWK�RI�WKUHH�HGJHV��$OO�YHUWLFHV�KDYH�QRZ�EHHQ�FDOFXODWHG��DQG�VR�)LJXUH�

�����VKRZV�WKH�ILQDO�UHVXOW�RI�WKH�DOJRULWKP���

7KLV�VWUDWHJ\�IRU�VHDUFKLQJ�D�JUDSK�LV�NQRZQ�DV�EUHDGWK�ILUVW�VHDUFK��,W�RSHUDWHV�E\�SURFHVVLQJ�
YHUWLFHV�LQ�OD\HUV��WKH�YHUWLFHV�FORVHVW�WR�WKH�VWDUW�DUH�HYDOXDWHG�ILUVW��DQG�WKH�PRVW�GLVWDQW�
YHUWLFHV�DUH�HYDOXDWHG�ODVW��7KLV�LV�PXFK�WKH�VDPH�DV�D�OHYHO�RUGHU�WUDYHUVDO�IRU�WUHHV���

*LYHQ�WKLV�VWUDWHJ\��ZH�PXVW�WUDQVODWH�LW�LQWR�FRGH��
)LJXUH������VKRZV�WKH�LQLWLDO�FRQILJXUDWLRQ�

RI�WKH�WDEOH�WKDW�RXU�DOJRULWKP�ZLOO�XVH�WR�NHHS�WUDFN�RI�LWV�SURJUHVV���

)RU�HDFK�YHUWH[��ZH�ZLOO�NHHS�WUDFN�RI�WKUHH�SLHFHV�RI�LQIRUPDWLRQ��)LUVW��ZH�ZLOO�NHHS�LWV�
GLVWDQFH�IURP�V�LQ�WKH�HQWU\�GY��,QLWLDOO\�DOO�YHUWLFHV�DUH�XQUHDFKDEOH�H[FHSW�IRU�V��ZKRVH�SDWK�

OHQJWK�LV����7KH�HQWU\�LQ�SY�LV�WKH�ERRNNHHSLQJ�YDULDEOH��ZKLFK�ZLOO�DOORZ�XV�WR�SULQW�WKH�DFWXDO�

SDWKV��7KH�HQWU\�NQRZQ�LV�VHW�WR���DIWHU�D�YHUWH[�LV�SURFHVVHG��,QLWLDOO\��DOO�HQWULHV�DUH�
XQNQRZQ��LQFOXGLQJ�WKH�VWDUW�YHUWH[���
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�

�

)LJXUH������)LQDO�VKRUWHVW�SDWKV

�

��Y���.QRZQ��GY��SY

�

������������������

�

��Y���������� ����

�

��Y���������� ����

�

��Y���������������

�

��Y���������� ����

�

��Y���������� ����

�

��Y���������� ����

�

��Y���������� ����

�

)LJXUH������,QLWLDO�FRQILJXUDWLRQ�RI�WDEOH�XVHG�LQ�XQZHLJKWHG�VKRUWHVW�SDWK�FRPSXWDWLRQ

�

:KHQ�D�YHUWH[�LV�NQRZQ��ZH�KDYH�D�JXDUDQWHH�WKDW�QR�FKHDSHU�SDWK�ZLOO�HYHU�EH�IRXQG��DQG�VR�
SURFHVVLQJ�IRU�WKDW�YHUWH[�LV�HVVHQWLDOO\�FRPSOHWH���

7KH�EDVLF�DOJRULWKP�FDQ�EH�GHVFULEHG�LQ�

)LJXUH�������7KH�DOJRULWKP�LQ�)LJXUH������PLPLFV�WKH�
GLDJUDPV�E\�GHFODULQJ�DV�NQRZQ�WKH�YHUWLFHV�DW�GLVWDQFH�G� ����WKHQ�G� ����WKHQ�G� ����DQG�VR�RQ��

DQG�VHWWLQJ�DOO�WKH�DGMDFHQW�YHUWLFHV�Z�WKDW�VWLOO�KDYH�GZ� �  WR�D�GLVWDQFH�GZ� �G������
�

%\�WUDFLQJ�EDFN�WKURXJK�WKH�SY�YDULDEOH��WKH�DFWXDO�SDWK�FDQ�EH�SULQWHG��:H�ZLOO�VHH�KRZ�ZKHQ�ZH�

GLVFXVV�WKH�ZHLJKWHG�FDVH���
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7KH�UXQQLQJ�WLPH�RI�WKH�DOJRULWKP�LV�2�_9_����EHFDXVH�RI�WKH�GRXEO\�QHVWHG�IRU�ORRSV��$Q�REYLRXV�
LQHIILFLHQF\�LV�WKDW�WKH�RXWVLGH�ORRS�FRQWLQXHV�XQWLO�180B9(57(;�����HYHQ�LI�DOO�WKH�YHUWLFHV�
EHFRPH�NQRZQ�PXFK�HDUOLHU��$OWKRXJK�DQ�H[WUD�WHVW�FRXOG�EH�PDGH�WR�DYRLG�WKLV��LW�GRHV�QRW�DIIHFW�
WKH�ZRUVW�FDVH�UXQQLQJ�WLPH��DV�FDQ�EH�VHHQ�E\�JHQHUDOL]LQJ�ZKDW�KDSSHQV�ZKHQ�WKH�LQSXW�LV�WKH�
JUDSK�LQ�)LJXUH������ZLWK�VWDUW�YHUWH[�Y����

YRLG

�

XQZHLJKWHG��7$%/(�7�������DVVXPH�7�LV�LQLWLDOL]HG��

�

^

�

XQVLJQHG�LQW�FXUUBGLVW�

�

YHUWH[�Y��Z�

�

�����������IRU��FXUUBGLVW� ����FXUUBGLVW���180B9(57(;��FXUUBGLVW���

�

����������������IRU�HDFK�YHUWH[�Y

�

���������������������LI�����7>Y@�NQRZQ���		���7>Y@�GLVW� �FXUUBGLVW����

�

^

�

��������������������������7>Y@�NQRZQ� �758(�

�

��������������������������IRU�HDFK�Z�DGMDFHQW�WR�Y

�

�������������������������������LI��7>Z@�GLVW� �,17B0$;��

�

^

�

������������������������������������7>Z@�GLVW� �FXUUBGLVW�����

�

������������������������������������7>Z@�SDWK� �Y�

�

`

�

`

�

`

�

)LJXUH������3VHXGRFRGH�IRU�XQZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP

�

�

�

)LJXUH������$�EDG�FDVH�IRU�XQZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP�ZLWKRXW�GDWD�VWUXFWXUHV

�

:H�FDQ�UHPRYH�WKH�LQHIILFLHQF\�LQ�PXFK�WKH�VDPH�ZD\�DV�ZDV�GRQH�IRU�WRSRORJLFDO�VRUW��$W�DQ\�

SRLQW�LQ�WLPH��WKHUH�DUH�RQO\�WZR�W\SHV�RI�XQNQRZQ�YHUWLFHV�WKDW�KDYH�GY� � .�6RPH�KDYH�GY�
 �FXUUBGLVW��DQG�WKH�UHVW�KDYH�GY� �FXUUBGLVW������%HFDXVH�RI�WKLV�H[WUD�VWUXFWXUH��LW�LV�YHU\�

ZDVWHIXO�WR�VHDUFK�WKURXJK�WKH�HQWLUH�WDEOH�WR�ILQG�D�SURSHU�YHUWH[�DW�OLQHV���DQG�����

$�YHU\�VLPSOH�EXW�DEVWUDFW�VROXWLRQ�LV�WR�NHHS�WZR�ER[HV��%R[����ZLOO�KDYH�WKH�XQNQRZQ�YHUWLFHV�
ZLWK�GY� �FXUUBGLVW��DQG�ER[����ZLOO�KDYH�GY� �FXUUBGLVW������7KH�WHVW�DW�OLQHV���DQG���FDQ�EH�
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UHSODFHG�E\�ILQGLQJ�DQ\�YHUWH[�LQ�ER[�����$IWHU�OLQH����LQVLGH�WKH�LI�EORFN���ZH�FDQ�DGG�Z WR�ER[�
����$IWHU�WKH�RXWVLGH�IRU�ORRS�WHUPLQDWHV��ER[����LV�HPSW\��DQG�ER[����FDQ�EH�WUDQVIHUUHG�WR�ER[�
���IRU�WKH�QH[W�SDVV�RI�WKH�IRU�ORRS���

:H�FDQ�UHILQH�WKLV�LGHD�HYHQ�IXUWKHU�E\�XVLQJ�MXVW�RQH�TXHXH��$W�WKH�VWDUW�RI�WKH�SDVV��WKH�TXHXH�
FRQWDLQV�RQO\�YHUWLFHV�RI�GLVWDQFH�FXUUBGLVW��:KHQ�ZH�DGG�DGMDFHQW�YHUWLFHV�RI�GLVWDQFH�FXUUBGLVW
�����VLQFH�WKH\�HQTXHXH�DW�WKH�UHDU��ZH�DUH�JXDUDQWHHG�WKDW�WKH\�ZLOO�QRW�EH�SURFHVVHG�XQWLO�
DIWHU�DOO�WKH�YHUWLFHV�RI�GLVWDQFH�FXUUBGLVW�KDYH�EHHQ�SURFHVVHG��$IWHU�WKH�ODVW�YHUWH[�DW�
GLVWDQFH�FXUUBGLVW�GHTXHXHV�DQG�LV�SURFHVVHG��WKH�TXHXH�RQO\�FRQWDLQV�YHUWLFHV�RI�GLVWDQFH�
FXUUBGLVW������VR�WKLV�SURFHVV�SHUSHWXDWHV��:H�PHUHO\�QHHG�WR�EHJLQ�WKH�SURFHVV�E\�SODFLQJ�WKH�
VWDUW�QRGH�RQ�WKH�TXHXH�E\�LWVHOI���

7KH�UHILQHG�DOJRULWKP�LV�VKRZQ�LQ�

)LJXUH�������,Q�WKH�SVHXGRFRGH��ZH�KDYH�DVVXPHG�WKDW�WKH�VWDUW�
YHUWH[��V��LV�NQRZQ�VRPHKRZ�DQG�7>V@�GLVW�LV����$�&�URXWLQH�PLJKW�SDVV�V DV�DQ�DUJXPHQW��$OVR��LW�
LV�SRVVLEOH�WKDW�WKH�TXHXH�PLJKW�HPSW\�SUHPDWXUHO\��LI�VRPH�YHUWLFHV�DUH�XQUHDFKDEOH�IURP�WKH�
VWDUW�QRGH��,Q�WKLV�FDVH��D�GLVWDQFH�RI�,17B0$;�ZLOO�EH�UHSRUWHG�IRU�WKHVH�QRGHV��ZKLFK�LV�
SHUIHFWO\�UHDVRQDEOH��)LQDOO\��WKH�NQRZQ�ILHOG�LV�QRW�XVHG��RQFH�D�YHUWH[�LV�SURFHVVHG�LW�FDQ�
QHYHU�HQWHU�WKH�TXHXH�DJDLQ��VR�WKH�IDFW�WKDW�LW�QHHG�QRW�EH�UHSURFHVVHG�LV�LPSOLFLWO\�PDUNHG��
7KXV��WKH�NQRZQ�ILHOG�FDQ�EH�GLVFDUGHG��)LJXUH������VKRZV�KRZ�WKH�YDOXHV�RQ�WKH�JUDSK�ZH�KDYH�
EHHQ�XVLQJ�DUH�FKDQJHG�GXULQJ�WKH�DOJRULWKP��:H�NHHS�WKH�NQRZQ�ILHOG�WR�PDNH�WKH�WDEOH�HDVLHU�WR�
IROORZ��DQG�IRU�FRQVLVWHQF\�ZLWK�WKH�UHVW�RI�WKLV�VHFWLRQ���

8VLQJ�WKH�VDPH�DQDO\VLV�DV�ZDV�SHUIRUPHG�IRU�WRSRORJLFDO�VRUW��ZH�VHH�WKDW�WKH�UXQQLQJ�WLPH�LV�2
�_(_���_9_���DV�ORQJ�DV�DGMDFHQF\�OLVWV�DUH�XVHG���

�������'LMNVWUD
V�$OJRULWKP
�

,I�WKH�JUDSK�LV�ZHLJKWHG��WKH�SUREOHP��DSSDUHQWO\��EHFRPHV�KDUGHU��EXW�ZH�FDQ�VWLOO�XVH�WKH�LGHDV�
IURP�WKH�XQZHLJKWHG�FDVH���

:H�NHHS�DOO�RI�WKH�VDPH�LQIRUPDWLRQ�DV�EHIRUH��7KXV��HDFK�YHUWH[�LV�PDUNHG�DV�HLWKHU�NQRZQ�RU�
XQNQRZQ��$�WHQWDWLYH�GLVWDQFH�GY�LV�NHSW�IRU�HDFK�YHUWH[��DV�EHIRUH��7KLV�GLVWDQFH�WXUQV�RXW�WR�

EH�WKH�VKRUWHVW�SDWK�OHQJWK�IURP�V�WR�Y XVLQJ�RQO\�NQRZQ�YHUWLFHV�DV�LQWHUPHGLDWHV��$V�EHIRUH��ZH�
UHFRUG�SY��ZKLFK�LV�WKH�ODVW�YHUWH[�WR�FDXVH�D�FKDQJH�WR�GY���

YRLG

�

XQZHLJKWHG��7$%/(�7�������DVVXPH�7�LV�LQLWLDOL]HG��)LJ��������

�

^

�

48(8(�4�

�

YHUWH[�Y��Z�

�

�����������4� �FUHDWHBTXHXH��180B9(57(;����PDNHBQXOO��4���

�

��HQTXHXH�WKH�VWDUW�YHUWH[�V��GHWHUPLQHG�HOVHZKHUH��

�

�����������HQTXHXH��V��4���

�

�����������ZKLOH���LV�HPSW\��4����

�

^

�

����������������Y� �GHTXHXH��4���

�
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����������������7>Y@�NQRZQ� �758(����QRW�UHDOO\�QHHGHG�DQ\PRUH���

����������������IRU�HDFK�Z�DGMDFHQW�WR�Y

�

���������������������LI��7>Z@�GLVW� �,17B0$;��

�

^

�

��������������������������7>Z@�GLVW� �7>Y@�GLVW�����

�

��������������������������7>Z@�SDWK� �Y�

�

��������������������������HQTXHXH��Z��4���

�

`

�

`

�

�����������GLVSRVHBTXHXH��4������IUHH�WKH�PHPRU\��

�

`

�

)LJXUH������3VHXGRFRGH�IRU�XQZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP

�

7KH�JHQHUDO�PHWKRG�WR�VROYH�WKH�VLQJOH�VRXUFH�VKRUWHVW�SDWK�SUREOHP�LV�NQRZQ�DV�'LMNVWUD
V�
DOJRULWKP��7KLV�WKLUW\�\HDU�ROG�VROXWLRQ�LV�D�SULPH�H[DPSOH�RI�D�JUHHG\�DOJRULWKP��*UHHG\�
DOJRULWKPV�JHQHUDOO\�VROYH�D�SUREOHP�LQ�VWDJHV�E\�GRLQJ�ZKDW�DSSHDUV�WR�EH�WKH�EHVW�WKLQJ�DW�HDFK�
VWDJH��)RU�H[DPSOH��WR�PDNH�FKDQJH�LQ�8�6��FXUUHQF\��PRVW�SHRSOH�FRXQW�RXW�WKH�TXDUWHUV�ILUVW��
WKHQ�WKH�GLPHV��QLFNHOV��DQG�SHQQLHV��7KLV�JUHHG\�DOJRULWKP�JLYHV�FKDQJH�XVLQJ�WKH�PLQLPXP�QXPEHU�
RI�FRLQV��7KH�PDLQ�SUREOHP�ZLWK�JUHHG\�DOJRULWKPV�LV�WKDW�WKH\�GR�QRW�DOZD\V�ZRUN��7KH�DGGLWLRQ�
RI�D����FHQW�SLHFH�EUHDNV�WKH�FRLQ�FKDQJLQJ�DOJRULWKP��EHFDXVH�WKH�DQVZHU�LW�JLYHV��RQH����FHQW�
SLHFH�DQG�WKUHH�SHQQLHV��LV�QRW�RSWLPDO��RQH�GLPH�DQG�RQH�QLFNHO����

'LMNVWUD
V�DOJRULWKP�SURFHHGV�LQ�VWDJHV��MXVW�OLNH�WKH�XQZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP��$W�
HDFK�VWDJH��'LMNVWUD
V�DOJRULWKP�VHOHFWV�D�YHUWH[�Y��ZKLFK�KDV�WKH�VPDOOHVW�GY�DPRQJ�DOO�WKH�

XQNQRZQ�YHUWLFHV��DQG�GHFODUHV�WKDW�WKH�VKRUWHVW�SDWK�IURP�V�WR�Y�LV�NQRZQ��7KH�UHPDLQGHU�RI�D�
VWDJH�FRQVLVWV�RI�XSGDWLQJ�WKH�YDOXHV�RI�GZ���

�����,QLWLDO�6WDWH����Y��'HTXHXHG����Y��'HTXHXHG����Y��'HTXHXHG

�

����������������������������������������������������������������

�

��Y��.QRZQ��GY��SY���.QRZQ��GY��SY���.QRZQ��GY��SY��.QRZQ��GY��SY

�

����������������������������������������������������������������

�

��Y��������� �������������������Y��������������Y��������������Y�

�

��Y��������� ��������������� ������������������Y��������������Y�

�

��Y������������������������������������������������������������

�
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�
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�
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�
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�

��4�������Y�������������Y��Y�����������Y��Y��Y����������Y��Y�

�

������Y��'HTXHXHG����Y��'HTXHXHG����Y��'HTXHXHG����Y��'HTXHXHG

�

����������������������������������������������������������������

�

��Y���.QRZQ��GY��SY��.QRZQ��GY��SY��.QRZQ��GY��SY��.QRZQ��GY��SY

�
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�
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�
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�
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�

��Y��������������Y��������������Y��������������Y�������������Y�����

�

��Y��������������Y��������������Y��������������Y�������������Y�����

�

��Y��������������Y��������������Y��������������Y�������������Y�����

�

��Y���������� ������������������Y��������������Y�������������Y�����

�

����������������������������������������������������������������

�

��4������Y��Y�����������Y��Y������������Y���������������HPSW\����

�

)LJXUH������+RZ�WKH�GDWD�VWUXFWXUH�FKDQJHV�GXULQJ�WKH�XQZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP

�

,Q�WKH�XQZHLJKWHG�FDVH��ZH�VHW�GZ� �GY�����LI�GZ� � ��7KXV��ZH�HVVHQWLDOO\�ORZHUHG�WKH�YDOXH�

RI�GZ�LI�YHUWH[�Y�RIIHUHG�D�VKRUWHU�SDWK��,I�ZH�DSSO\�WKH�VDPH�ORJLF�WR�WKH�ZHLJKWHG�FDVH��WKHQ�

ZH�VKRXOG�VHW�GZ� �GY���FY�Z�LI�WKLV�QHZ�YDOXH�IRU�GZ�ZRXOG�EH�DQ�LPSURYHPHQW��3XW�VLPSO\��WKH�

DOJRULWKP�GHFLGHV�ZKHWKHU�RU�QRW�LW�LV�D�JRRG�LGHD�WR�XVH�Y�RQ�WKH�SDWK�WR�Z��7KH�RULJLQDO�FRVW��
GZ��LV�WKH�FRVW�ZLWKRXW�XVLQJ�Y��WKH�FRVW�FDOFXODWHG�DERYH�LV�WKH�FKHDSHVW�SDWK�XVLQJ�Y��DQG�RQO\�

NQRZQ�YHUWLFHV����
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7KH�JUDSK�LQ�

)LJXUH������LV�RXU�H[DPSOH��)LJXUH������UHSUHVHQWV�WKH�LQLWLDO�FRQILJXUDWLRQ��
DVVXPLQJ�WKDW�WKH�VWDUW�QRGH��V��LV�Y���7KH�ILUVW�YHUWH[�VHOHFWHG�LV�Y���ZLWK�SDWK�OHQJWK����7KLV�

YHUWH[�LV�PDUNHG�NQRZQ��1RZ�WKDW�Y��LV�NQRZQ��VRPH�HQWULHV�QHHG�WR�EH�DGMXVWHG��7KH�YHUWLFHV�

DGMDFHQW�WR�Y��DUH�Y��DQG�Y���%RWK�WKHVH�YHUWLFHV�JHW�WKHLU�HQWULHV�DGMXVWHG��DV�LQGLFDWHG�LQ�

)LJXUH��������

1H[W��Y��LV�VHOHFWHG�DQG�PDUNHG�NQRZQ��9HUWLFHV�Y���Y���Y���DQG�Y� DUH�DGMDFHQW��DQG�LW�WXUQV�RXW�

WKDW�DOO�UHTXLUH�DGMXVWLQJ��DV�VKRZQ�LQ�)LJXUH��������

1H[W��Y��LV�VHOHFWHG��Y��LV�DGMDFHQW�EXW�DOUHDG\�NQRZQ��VR�QR�ZRUN�LV�SHUIRUPHG�RQ�LW��Y��LV�

DGMDFHQW�EXW�QRW�DGMXVWHG��EHFDXVH�WKH�FRVW�RI�JRLQJ�WKURXJK�Y��LV�������� ����DQG�D�SDWK�RI�

OHQJWK���LV�DOUHDG\�NQRZQ��)LJXUH������VKRZV�WKH�WDEOH�DIWHU�WKHVH�YHUWLFHV�DUH�VHOHFWHG���

�

�

)LJXUH������7KH�GLUHFWHG�JUDSK�*�DJDLQ�

�

��Y���.QRZQ��GY��SY����

�

�������������������

�

��Y����������������
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�
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�
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)LJXUH������,QLWLDO�FRQILJXUDWLRQ�RI�WDEOH�XVHG�LQ�'LMNVWUD
V�DOJRULWKP

�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�
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�
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�
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�
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�

)LJXUH������$IWHU�Y� is declared known

�

��Y���.QRZQ��GY��SY����

�
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�
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�
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�
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�

��Y���������������Y�����

�

)LJXUH������$IWHU�Y� is declared known

�

��Y���.QRZQ��GY��SY����

�
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�

��Y���������������Y�����

�

)LJXUH������$IWHU�Y� is declared known

�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����
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�

��Y���������������Y�����

�

��Y���������������Y�����

�

)LJXUH������$IWHU�Y� and then v3 are declared known

�

��Y��.QRZQ��GY��SY

�
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�

��Y��������������Y�
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��Y��������������Y��

��Y��������������Y�

�

)LJXUH������$IWHU�Y� is declared known

�

7KH�QH[W�YHUWH[�VHOHFWHG�LV�Y��DW�FRVW����Y� LV�WKH�RQO\�DGMDFHQW�YHUWH[��EXW�LW�LV�QRW�DGMXVWHG��

EHFDXVH�������!����7KHQ�Y��LV�VHOHFWHG��DQG�WKH�GLVWDQFH�IRU�Y��LV�DGMXVWHG�GRZQ�WR������� ����

7KH�UHVXOWLQJ�WDEOH�LV�GHSLFWHG�LQ�)LJXUH�������

1H[W�Y��LV�VHOHFWHG��Y��JHWV�XSGDWHG�GRZQ�WR������� ����7KH�UHVXOWLQJ�WDEOH�LV�)LJXUH�������

�

)LQDOO\��Y��LV�VHOHFWHG��7KH�ILQDO�WDEOH�LV�VKRZQ�LQ�)LJXUH�������)LJXUH������JUDSKLFDOO\�VKRZV�

KRZ�HGJHV�DUH�PDUNHG�NQRZQ�DQG�YHUWLFHV�XSGDWHG�GXULQJ�'LMNVWUD
V�DOJRULWKP���

��Y��.QRZQ��GY��SY����

�

�������������������

�

��Y���������������

�

��Y��������������Y�����

�
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�
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�
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�

)LJXUH������$IWHU�Y� is declared known and algorithm terminates
�
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�

�

)LJXUH������6WDJHV�RI�'LMNVWUD
V�DOJRULWKP

�

7R�SULQW�RXW�WKH�DFWXDO�SDWK�IURP�D�VWDUW�YHUWH[�WR�VRPH�YHUWH[�Y��ZH�FDQ�ZULWH�D�UHFXUVLYH�
URXWLQH�WR�IROORZ�WKH�WUDLO�OHIW�LQ�WKH�S�DUUD\���

:H�QRZ�JLYH�SVHXGRFRGH�WR�LPSOHPHQW�'LMNVWUD
V�DOJRULWKP��:H�ZLOO�DVVXPH�WKDW�WKH�YHUWLFHV�DUH�
QXPEHUHG�IURP���WR�180B9(57(;�IRU�FRQYHQLHQFH��VHH�

)LJ���������DQG�WKDW�WKH�JUDSK�FDQ�EH�UHDG�
LQWR�DQ�DGMDFHQF\�OLVW�E\�WKH�URXWLQH�UHDGBJUDSK���

,Q�WKH�URXWLQH�LQ�)LJXUH�������WKH�VWDUW�YHUWH[�LV�SDVVHG�WR�WKH�LQLWLDOL]DWLRQ�URXWLQH��7KLV�LV�
WKH�RQO\�SODFH�LQ�WKH�FRGH�ZKHUH�WKH�VWDUW�YHUWH[�QHHGV�WR�EH�NQRZQ���
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7KH�SDWK�FDQ�EH�SULQWHG�RXW�XVLQJ�WKH�UHFXUVLYH�URXWLQH�LQ�)LJXUH�������7KH�URXWLQH�UHFXUVLYHO\�
SULQWV�WKH�SDWK�DOO�WKH�ZD\�XS�WR�WKH�YHUWH[�EHIRUH�Y�RQ�WKH�SDWK��DQG�WKHQ�MXVW�SULQWV�Y��7KLV�
ZRUNV�EHFDXVH�WKH�SDWK�LV�VLPSOH���

W\SHGHI�LQW�YHUWH[�

�

VWUXFW�WDEOHBHQWU\

�

^

�

/,67�KHDGHU�����������$GMDFHQF\�OLVW�KHDGHU��

�

LQW�NQRZQ�

�

GLVWBW\SH�GLVW�

�

YHUWH[�SDWK�

�

`�

�

��9HUWLFHV�DUH�QXPEHUHG�IURP����

�

�GHILQH�127B$B9(57(;��

�

W\SHGHI�VWUXFW�WDEOHBHQWU\�7$%/(>180B9(57(;��@�

�

)LJXUH������'HFODUDWLRQV�IRU�'LMNVWUD
V�DOJRULWKP

�

YRLG

�

LQLWBWDEOH��YHUWH[�VWDUW��JUDSK�*��7$%/(�7��

�

^

�

LQW�L�

�

�����������UHDG�JUDSK��*��7������UHDG�JUDSK�VRPHKRZ��

�

�����������IRU��L 180B9(57(;��L!���L����

�

^

�

����������������7>L@�NQRZQ� �)$/6(�

�

����������������7>L@�GLVW� �,17B0$;�

�

����������������7>L@�SDWK� �127B$B9(57(;�

�

`

�

�����������7>VWDUW@�GLVW� ���

�

`

�

)LJXUH������7DEOH�LQLWLDOL]DWLRQ�URXWLQH

�

��SULQW�VKRUWHVW�SDWK�WR�Y�DIWHU�GLMNVWUD�KDV�UXQ��

�

��DVVXPH�WKDW�WKH�SDWK�H[LVWV��

�
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YRLG�

SULQWBSDWK��YHUWH[�Y��7$%/(�7��

�

^

�

LI��7>Y@�SDWK�� �127B$B9(57(;��

�

^

�

SULQWBSDWK��7>Y@�SDWK��7���

�

SULQWI���WR����

�

`

�

SULQWI���Y���Y�������Y�LV�D�SVHXGRFRGH�RSWLRQ�IRU�SULQWI��

�

`

�

)LJXUH������5RXWLQH�WR�SULQW�WKH�DFWXDO�VKRUWHVW�SDWK

�

)LJXUH������VKRZV�WKH�PDLQ�DOJRULWKP��ZKLFK�LV�MXVW�D�IRU�ORRS�WR�ILOO�XS�WKH�WDEOH�XVLQJ�WKH�
JUHHG\�VHOHFWLRQ�UXOH���

$�SURRI�E\�FRQWUDGLFWLRQ�ZLOO�VKRZ�WKDW�WKLV�DOJRULWKP�DOZD\V�ZRUNV�DV�ORQJ�DV�QR�HGJH�KDV�D�
QHJDWLYH�FRVW��,I�DQ\�HGJH�KDV�QHJDWLYH�FRVW��WKH�DOJRULWKP�FRXOG�SURGXFH�WKH�ZURQJ�DQVZHU��VHH�
([HUFLVH����D���7KH�UXQQLQJ�WLPH�GHSHQGV�RQ�KRZ�WKH�WDEOH�LV�PDQLSXODWHG��ZKLFK�ZH�KDYH�\HW�WR�
FRQVLGHU��,I�ZH�XVH�WKH�REYLRXV�DOJRULWKP�RI�VFDQQLQJ�GRZQ�WKH�WDEOH�WR�ILQG�WKH�PLQLPXP�GY��HDFK�

SKDVH�ZLOO�WDNH�2�_9_��WLPH�WR�ILQG�WKH�PLQLPXP��DQG�WKXV�2�_9_���WLPH�ZLOO�EH�VSHQW�ILQGLQJ�WKH�
PLQLPXP�RYHU�WKH�FRXUVH�RI�WKH�DOJRULWKP��7KH�WLPH�IRU�XSGDWLQJ�GZ�LV�FRQVWDQW�SHU�XSGDWH��DQG�

WKHUH�LV�DW�PRVW�RQH�XSGDWH�SHU�HGJH�IRU�D�WRWDO�RI�2�_(_���7KXV��WKH�WRWDO�UXQQLQJ�WLPH�LV�2�_(_�

��_9_��� �2�_9_����,I�WKH�JUDSK�LV�GHQVH��ZLWK�_(_� � �_9_����WKLV�DOJRULWKP�LV�QRW�RQO\�
VLPSOH�EXW�HVVHQWLDOO\�RSWLPDO��VLQFH�LW�UXQV�LQ�WLPH�OLQHDU�LQ�WKH�QXPEHU�RI�HGJHV���

,I�WKH�JUDSK�LV�VSDUVH��ZLWK�_(_� � �_9_���WKLV�DOJRULWKP�LV�WRR�VORZ��,Q�WKLV�FDVH��WKH�
GLVWDQFHV�ZRXOG�QHHG�WR�EH�NHSW�LQ�D�SULRULW\�TXHXH��7KHUH�DUH�DFWXDOO\�WZR�ZD\V�WR�GR�WKLV��ERWK�
DUH�VLPLODU���

/LQHV���DQG���FRPELQH�WR�IRUP�D�GHOHWHBPLQ�RSHUDWLRQ��VLQFH�RQFH�WKH�XQNQRZQ�PLQLPXP�YHUWH[�LV�
IRXQG��LW�LV�QR�ORQJHU�XQNQRZQ�DQG�PXVW�EH�UHPRYHG�IURP�IXWXUH�FRQVLGHUDWLRQ��7KH�XSGDWH�DW�OLQH�
��FDQ�EH�LPSOHPHQWHG�WZR�ZD\V���

2QH�ZD\�WUHDWV�WKH�XSGDWH�DV�D�GHFUHDVHBNH\�RSHUDWLRQ��7KH�WLPH�WR�ILQG�WKH�PLQLPXP�LV�WKHQ�2�ORJ�
_9_���DV�LV�WKH�WLPH�WR�SHUIRUP�XSGDWHV��ZKLFK�DPRXQW�WR�GHFUHDVHBNH\�RSHUDWLRQV��7KLV�JLYHV�D�
UXQQLQJ�WLPH�RI�2�_(_�ORJ�_9_���_9_�ORJ�_9_�� �2�_(_�ORJ�_9_���DQ�LPSURYHPHQW�RYHU�WKH�SUHYLRXV�
ERXQG�IRU�VSDUVH�JUDSKV��6LQFH�SULRULW\�TXHXHV�GR�QRW�HIILFLHQWO\�VXSSRUW�WKH�ILQG�RSHUDWLRQ��WKH�
ORFDWLRQ�LQ�WKH�SULRULW\�TXHXH�RI�HDFK�YDOXH�RI�GL�ZLOO�QHHG�WR�EH�PDLQWDLQHG�DQG�XSGDWHG�

ZKHQHYHU�GL�FKDQJHV�LQ�WKH�SULRULW\�TXHXH��7KLV�LV�QRW�W\SLFDO�RI�WKH�SULRULW\�TXHXH�ADT�DQG�
WKXV�LV�FRQVLGHUHG�XJO\���
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7KH�DOWHUQDWH�PHWKRG�LV�WR�LQVHUW�Z�DQG�WKH�QHZ�YDOXH�GZ�LQWR�WKH�SULRULW\�TXHXH�HYHU\�WLPH�OLQH�

��LV�H[HFXWHG��7KXV��WKHUH�PD\�EH�PRUH�WKDQ�RQH�UHSUHVHQWDWLYH�IRU�HDFK�YHUWH[�LQ�WKH�SULRULW\�
TXHXH��:KHQ�WKH�GHOHWHBPLQ RSHUDWLRQ�UHPRYHV�WKH�VPDOOHVW�YHUWH[�IURP�WKH�SULRULW\�TXHXH��LW�PXVW�
EH�FKHFNHG�WR�PDNH�VXUH�WKDW�LW�LV�QRW�DOUHDG\�NQRZQ��7KXV��OLQH���EHFRPHV�D�ORRS�SHUIRUPLQJ�
GHOHWHBPLQV�XQWLO�DQ�XQNQRZQ�YHUWH[�HPHUJHV��$OWKRXJK�WKLV�PHWKRG�LV�VXSHULRU�IURP�D�VRIWZDUH�
SRLQW�RI�YLHZ��DQG�LV�FHUWDLQO\�PXFK�HDVLHU�WR�FRGH��WKH�VL]H�RI�WKH�SULRULW\�TXHXH�FRXOG�JHW�WR�

EH�DV�ELJ�DV�_(_��7KLV�GRHV�QRW�DIIHFW�WKH�DV\PSWRWLF�WLPH�ERXQGV��VLQFH�_(_� �_9_��LPSOLHV�

WKDW�ORJ_(_� ���ORJ�_9_��7KXV��ZH�VWLOO�JHW�DQ�2�_(_�ORJ�_9_��DOJRULWKP��+RZHYHU��WKH�VSDFH�
UHTXLUHPHQW�GRHV�LQFUHDVH��DQG�WKLV�FRXOG�EH�LPSRUWDQW�LQ�VRPH�DSSOLFDWLRQV��0RUHRYHU��EHFDXVH�
WKLV�PHWKRG�UHTXLUHV�_(_�GHOHWHBPLQV�LQVWHDG�RI�RQO\�_9_��LW�LV�OLNHO\�WR�EH�VORZHU�LQ�SUDFWLFH��
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)LJXUH������3VHXGRFRGH�IRU�'LMNVWUD
V�DOJRULWKP

�

1RWLFH�WKDW�IRU�WKH�W\SLFDO�SUREOHPV��VXFK�DV�FRPSXWHU�PDLO�DQG�PDVV�WUDQVLW�FRPPXWHV��WKH�JUDSKV�
DUH�W\SLFDOO\�YHU\�VSDUVH�EHFDXVH�PRVW�YHUWLFHV�KDYH�RQO\�D�FRXSOH�RI�HGJHV��VR�LW�LV�LPSRUWDQW�
LQ�PDQ\�DSSOLFDWLRQV�WR�XVH�D�SULRULW\�TXHXH�WR�VROYH�WKLV�SUREOHP���

7KHUH�DUH�EHWWHU�WLPH�ERXQGV�SRVVLEOH�XVLQJ�'LMNVWUD
V�DOJRULWKP�LI�GLIIHUHQW�GDWD�VWUXFWXUHV�DUH�
XVHG��,Q�&KDSWHU�����ZH�ZLOO�VHH�DQRWKHU�SULRULW\�TXHXH�GDWD�VWUXFWXUH�FDOOHG�WKH�)LERQDFFL�KHDS��
:KHQ�WKLV�LV�XVHG��WKH�UXQQLQJ�WLPH�LV�2�_(_���_9_�ORJ�_9_���)LERQDFFL�KHDSV�KDYH�JRRG�
WKHRUHWLFDO�WLPH�ERXQGV�EXW�D�IDLU�DPRXQW�RI�RYHUKHDG��VR�LW�LV�QRW�GHDU�ZKHWKHU�XVLQJ�)LERQDFFL�
KHDSV�LV�DFWXDOO\�EHWWHU�LQ�SUDFWLFH�WKDQ�'LMNVWUD
V�DOJRULWKP�ZLWK�ELQDU\�KHDSV��1HHGOHVV�WR�
VD\��WKHUH�DUH�QR�DYHUDJH�FDVH�UHVXOWV�IRU�WKLV�SUREOHP��VLQFH�LW�LV�QRW�HYHQ�REYLRXV�KRZ�WR�
PRGHO�D�UDQGRP�JUDSK���

YRLG�������������������DVVXPH�7�LV�LQLWLDOL]HG�DV�LQ�)LJ�������

�

ZHLJKWHGBQHJDWLYH��7$%/(�7��

�
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�
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�
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)LJXUH������3VHXGRFRGH�IRU�ZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP�ZLWK�QHJDWLYH�HGJH�FRVWV�

�������*UDSKV�ZLWK�1HJDWLYH�(GJH�&RVWV

�

,I�WKH�JUDSK�KDV�QHJDWLYH�HGJH�FRVWV��WKHQ�'LMNVWUD
V�DOJRULWKP�GRHV�QRW�ZRUN��7KH�SUREOHP�LV�
WKDW�RQFH�D�YHUWH[�X�LV�GHFODUHG�NQRZQ��LW�LV�SRVVLEOH�WKDW�IURP�VRPH�RWKHU��XQNQRZQ�YHUWH[�Y�
WKHUH�LV�D�SDWK�EDFN�WR�X�WKDW�LV�YHU\�QHJDWLYH��,Q�VXFK�D�FDVH��WDNLQJ�D�SDWK�IURP�V�WR�Y�EDFN�
WR�X�LV�EHWWHU�WKDQ�JRLQJ�IURP�V�WR�X�ZLWKRXW�XVLQJ�Y���

$�FRPELQDWLRQ�RI�WKH�ZHLJKWHG�DQG�XQZHLJKWHG�DOJRULWKPV�ZLOO�VROYH�WKH�SUREOHP��EXW�DW�WKH�FRVW�
RI�D�GUDVWLF�LQFUHDVH�LQ�UXQQLQJ�WLPH��:H�IRUJHW�DERXW�WKH�FRQFHSW�RI�NQRZQ�YHUWLFHV��VLQFH�RXU�
DOJRULWKP�QHHGV�WR�EH�DEOH�WR�FKDQJH�LWV�PLQG��:H�EHJLQ�E\�SODFLQJ�V�RQ�D�TXHXH��7KHQ��DW�HDFK�
VWDJH��ZH�GHTXHXH�D�YHUWH[�Y��:H�ILQG�DOO�YHUWLFHV�Z�DGMDFHQW�WR�Y�VXFK�WKDW�GZ�!�GY���FY�Z��:H�

XSGDWH�GZ�DQG�SZ��DQG�SODFH�Z�RQ�D�TXHXH�LI�LW�LV�QRW�DOUHDG\�WKHUH��$�ELW�FDQ�EH�VHW�IRU�HDFK�

YHUWH[�WR�LQGLFDWH�SUHVHQFH�LQ�WKH�TXHXH��:H�UHSHDW�WKH�SURFHVV�XQWLO�WKH�TXHXH�LV�HPSW\��

)LJXUH�
������DOPRVW��LPSOHPHQWV�WKLV�DOJRULWKP���

$OWKRXJK�WKH�DOJRULWKP�ZRUNV�LI�WKHUH�DUH�QR�QHJDWLYH�FRVW�F\FOHV��LW�LV�QR�ORQJHU�WUXH�WKDW�WKH�
FRGH�LQ�OLQHV���WKURXJK����LV�H[HFXWHG�RQFH�SHU�HGJH��(DFK�YHUWH[�FDQ�GHTXHXH�DW�PRVW�_9_�WLPHV��

VR�WKH�UXQQLQJ�WLPH�LV�2�_(_� �_9_��LI�DGMDFHQF\�OLVWV�DUH�XVHG��([HUFLVH����E���7KLV�LV�TXLWH�
DQ�LQFUHDVH�IURP�'LMNVWUD
V�DOJRULWKP��VR�LW�LV�IRUWXQDWH�WKDW��LQ�SUDFWLFH��HGJH�FRVWV�DUH�
QRQQHJDWLYH��,I�QHJDWLYH�FRVW�F\FOHV�DUH�SUHVHQW��WKHQ�WKH�DOJRULWKP�DV�ZULWWHQ�ZLOO�ORRS�
LQGHILQLWHO\��%\�VWRSSLQJ�WKH�DOJRULWKP�DIWHU�DQ\�YHUWH[�KDV�GHTXHXHG�_9_�����WLPHV��ZH�FDQ�
JXDUDQWHH�WHUPLQDWLRQ���

�������$F\FOLF�*UDSKV
�

,I�WKH�JUDSK�LV�NQRZQ�WR�EH�DF\FOLF��ZH�FDQ�LPSURYH�'LMNVWUD
V�DOJRULWKP�E\�FKDQJLQJ�WKH�RUGHU�LQ�
ZKLFK�YHUWLFHV�DUH�GHFODUHG�NQRZQ��RWKHUZLVH�NQRZQ�DV�WKH�YHUWH[�VHOHFWLRQ�UXOH��7KH�QHZ�UXOH�LV�
WR�VHOHFW�YHUWLFHV�LQ�WRSRORJLFDO�RUGHU��7KH�DOJRULWKP�FDQ�EH�GRQH�LQ�RQH�SDVV��VLQFH�WKH�
VHOHFWLRQV�DQG�XSGDWHV�FDQ�WDNH�SODFH�DV�WKH�WRSRORJLFDO�VRUW�LV�EHLQJ�SHUIRUPHG���

7KLV�VHOHFWLRQ�UXOH�ZRUNV�EHFDXVH�ZKHQ�D�YHUWH[�Y�LV�VHOHFWHG��LWV�GLVWDQFH��GY��FDQ�QR�ORQJHU�EH�

ORZHUHG��VLQFH�E\�WKH�WRSRORJLFDO�RUGHULQJ�UXOH�LW�KDV�QR�LQFRPLQJ�HGJHV�HPDQDWLQJ�IURP�XQNQRZQ�
QRGHV���

7KHUH�LV�QR�QHHG�IRU�D�SULRULW\�TXHXH�ZLWK�WKLV�VHOHFWLRQ�UXOH��WKH�UXQQLQJ�WLPH�LV�2�_(_���_9_���
VLQFH�WKH�VHOHFWLRQ�WDNHV�FRQVWDQW�WLPH���

$Q�DF\FOLF�JUDSK�FRXOG�PRGHO�VRPH�GRZQKLOO�VNLLQJ�SUREOHP����ZH�ZDQW�WR�JHW�IURP�SRLQW�D�WR�E��
EXW�FDQ�RQO\�JR�GRZQKLOO��VR�FOHDUO\�WKHUH�DUH�QR�F\FOHV��$QRWKHU�SRVVLEOH�DSSOLFDWLRQ�PLJKW�EH�
WKH�PRGHOLQJ�RI��QRQUHYHUVLEOH��FKHPLFDO�UHDFWLRQV��:H�FRXOG�KDYH�HDFK�YHUWH[�UHSUHVHQW�D�
SDUWLFXODU�VWDWH�RI�DQ�H[SHULPHQW��(GJHV�ZRXOG�UHSUHVHQW�D�WUDQVLWLRQ�IURP�RQH�VWDWH�WR�DQRWKHU��
DQG�WKH�HGJH�ZHLJKWV�PLJKW�UHSUHVHQW�WKH�HQHUJ\�UHOHDVHG��,I�RQO\�WUDQVLWLRQV�IURP�D�KLJKHU�
HQHUJ\�VWDWH�WR�D�ORZHU�DUH�DOORZHG��WKH�JUDSK�LV�DF\FOLF���
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$�PRUH�LPSRUWDQW�XVH�RI�DF\FOLF�JUDSKV�LV�FULWLFDO�SDWK�DQDO\VLV��7KH�JUDSK�LQ�)LJXUH������ZLOO�
VHUYH�DV�RXU�H[DPSOH��(DFK�QRGH�UHSUHVHQWV�DQ�DFWLYLW\�WKDW�PXVW�EH�SHUIRUPHG��DORQJ�ZLWK�WKH�
WLPH�LW�WDNHV�WR�FRPSOHWH�WKH�DFWLYLW\��7KLV�JUDSK�LV�WKXV�NQRZQ�DV�DQ�DFWLYLW\�QRGH�JUDSK��7KH�
HGJHV�UHSUHVHQW�SUHFHGHQFH�UHODWLRQVKLSV��$Q�HGJH��Y��Z��PHDQV�WKDW�DFWLYLW\�Y�PXVW�EH�FRPSOHWHG�
EHIRUH�DFWLYLW\�Z�PD\�EHJLQ��2I�FRXUVH��WKLV�LPSOLHV�WKDW�WKH�JUDSK�PXVW�EH�DF\FOLF��:H�DVVXPH�
WKDW�DQ\�DFWLYLWLHV�WKDW�GR�QRW�GHSHQG��HLWKHU�GLUHFWO\�RU�LQGLUHFWO\��RQ�HDFK�RWKHU�FDQ�EH�
SHUIRUPHG�LQ�SDUDOOHO�E\�GLIIHUHQW�VHUYHUV���

�

�

)LJXUH������$FWLYLW\�QRGH�JUDSK

�

7KLV�W\SH�RI�D�JUDSK�FRXOG�EH��DQG�IUHTXHQWO\�LV��XVHG�WR�PRGHO�FRQVWUXFWLRQ�SURMHFWV��,Q�WKLV�
FDVH��WKHUH�DUH�VHYHUDO�LPSRUWDQW�TXHVWLRQV�ZKLFK�ZRXOG�EH�RI�LQWHUHVW�WR�DQVZHU��)LUVW��ZKDW�LV�
WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�IRU�WKH�SURMHFW"�:H�FDQ�VHH�IURP�WKH�JUDSK�WKDW����WLPH�XQLWV�DUH�
UHTXLUHG�DORQJ�WKH�SDWK�$��&��)��+��$QRWKHU�LPSRUWDQW�TXHVWLRQ�LV�WR�GHWHUPLQH�ZKLFK�DFWLYLWLHV�
FDQ�EH�GHOD\HG��DQG�E\�KRZ�ORQJ��ZLWKRXW�DIIHFWLQJ�WKH�PLQLPXP�FRPSOHWLRQ�WLPH��)RU�LQVWDQFH��
GHOD\LQJ�DQ\�RI�$��&��)��RU�+�ZRXOG�SXVK�WKH�FRPSOHWLRQ�WLPH�SDVW����XQLWV��2Q�WKH�RWKHU�KDQG��
DFWLYLW\�%�LV�OHVV�FULWLFDO�DQG�FDQ�EH�GHOD\HG�XS�WR�WZR�WLPH�XQLWV�ZLWKRXW�DIIHFWLQJ�WKH�ILQDO�
FRPSOHWLRQ�WLPH���

7R�SHUIRUP�WKHVH�FDOFXODWLRQV��ZH�FRQYHUW�WKH�DFWLYLW\�QRGH�JUDSK�WR�DQ�HYHQW�QRGH�JUDSK��(DFK�
HYHQW�FRUUHVSRQGV�WR�WKH�FRPSOHWLRQ�RI�DQ�DFWLYLW\�DQG�DOO�LWV�GHSHQGHQW�DFWLYLWLHV��(YHQWV�
UHDFKDEOH�IURP�D�QRGH�Y�LQ�WKH�HYHQW�QRGH�JUDSK�PD\�QRW�FRPPHQFH�XQWLO�DIWHU�WKH�HYHQW�Y�LV�
FRPSOHWHG��7KLV�JUDSK�FDQ�EH�FRQVWUXFWHG�DXWRPDWLFDOO\�RU�E\�KDQG��'XPP\�HGJHV�DQG�QRGHV�PD\�QHHG�
WR�EH�LQVHUWHG�LQ�WKH�FDVH�ZKHUH�DQ�DFWLYLW\�GHSHQGV�RQ�VHYHUDO�RWKHUV��7KLV�LV�QHFHVVDU\�LQ�
RUGHU�WR�DYRLG�LQWURGXFLQJ�IDOVH�GHSHQGHQFLHV��RU�IDOVH�ODFN�RI�GHSHQGHQFLHV���7KH�HYHQW�QRGH�
JUDSK�FRUUHVSRQGLQJ�WR�WKH�JUDSK�LQ�

)LJXUH������LV�VKRZQ�LQ�)LJXUH�������

�

7R�ILQG�WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�RI�WKH�SURMHFW��ZH�PHUHO\�QHHG�WR�ILQG�WKH�OHQJWK�RI�WKH�
ORQJHVW�SDWK�IURP�WKH�ILUVW�HYHQW�WR�WKH�ODVW�HYHQW��)RU�JHQHUDO�JUDSKV��WKH�ORQJHVW�SDWK�SUREOHP�
JHQHUDOO\�GRHV�QRW�PDNH�VHQVH��EHFDXVH�RI�WKH�SRVVLELOLW\�RI�SRVLWLYH�FRVW�F\FOHV��7KHVH�DUH�WKH�
HTXLYDOHQW�RI�QHJDWLYH�FRVW�F\FOHV�LQ�VKRUWHVW�SDWK�SUREOHPV��,I�SRVLWLYH�FRVW�F\FOHV�DUH�
SUHVHQW��ZH�FRXOG�DVN�IRU�WKH�ORQJHVW�VLPSOH SDWK��EXW�QR�VDWLVIDFWRU\�VROXWLRQ�LV�NQRZQ�IRU�WKLV�
SUREOHP��6LQFH�WKH�HYHQW�QRGH�JUDSK�LV�DF\FOLF��ZH�QHHG�QRW�ZRUU\�DERXW�F\FOHV��,Q�WKLV�FDVH��LW�
LV�HDV\�WR�DGDSW�WKH�VKRUWHVW�SDWK�DOJRULWKP�WR�FRPSXWH�WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�IRU�DOO�
QRGHV�LQ�WKH�JUDSK��,I�(�&L�LV�WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�IRU�QRGH�L��WKHQ�WKH�DSSOLFDEOH�UXOHV�

DUH��

(&�� ��

�
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�

�

)LJXUH������VKRZV�WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�IRU�HDFK�HYHQW�LQ�RXU�H[DPSOH�HYHQW�QRGH�JUDSK��

�

:H�FDQ�DOVR�FRPSXWH�WKH�ODWHVW�WLPH��/&L��WKDW�HDFK�HYHQW�FDQ�ILQLVK�ZLWKRXW�DIIHFWLQJ�WKH�ILQDO�

FRPSOHWLRQ�WLPH��7KH�IRUPXODV�WR�GR�WKLV�DUH��

/&Q� �(&Q����

�

�

�

7KHVH�YDOXHV�FDQ�EH�FRPSXWHG�LQ�OLQHDU�WLPH�E\�PDLQWDLQLQJ��IRU�HDFK�YHUWH[��D�OLVW�RI�DOO�
DGMDFHQW�DQG�SUHFHGLQJ�YHUWLFHV��7KH�HDUOLHVW�FRPSOHWLRQ�WLPHV�DUH�FRPSXWHG�IRU�YHUWLFHV�E\�WKHLU�
WRSRORJLFDO�RUGHU��DQG�WKH�ODWHVW�FRPSOHWLRQ�WLPHV�DUH�FRPSXWHG�E\�UHYHUVH�WRSRORJLFDO�RUGHU��7KH�
ODWHVW�FRPSOHWLRQ�WLPHV�DUH�VKRZQ�LQ�)LJXUH��������

7KH�VODFN�WLPH�IRU�HDFK�HGJH�LQ�WKH�HYHQW�QRGH�JUDSK�UHSUHVHQWV�WKH�DPRXQW�RI�WLPH�WKDW�WKH�
FRPSOHWLRQ�RI�WKH�FRUUHVSRQGLQJ�DFWLYLW\�FDQ�EH�GHOD\HG�ZLWKRXW�GHOD\LQJ�WKH�RYHUDOO�FRPSOHWLRQ��
,W�LV�HDV\�WR�VHH�WKDW��

6ODFN�Y�Z�� �/&Z���(&Y���FY�Z����

�

�

�

)LJXUH������(YHQW�QRGH�JUDSK

�

�

�

)LJXUH������(DUOLHVW�FRPSOHWLRQ�WLPHV

�
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)LJXUH������VKRZV�WKH�VODFN��DV�WKH�WKLUG�HQWU\��IRU�HDFK�DFWLYLW\�LQ�WKH�HYHQW�QRGH�JUDSK��)RU�
HDFK�QRGH��WKH�WRS�QXPEHU�LV�WKH�HDUOLHVW�FRPSOHWLRQ�WLPH�DQG�WKH�ERWWRP�HQWU\�LV�WKH�ODWHVW�
FRPSOHWLRQ�WLPH���

�

�

)LJXUH������/DWHVW�FRPSOHWLRQ�WLPHV

�

�

�

)LJXUH������(DUOLHVW�FRPSOHWLRQ�WLPH��ODWHVW�FRPSOHWLRQ�WLPH��DQG�VODFN

�

6RPH�DFWLYLWLHV�KDYH�]HUR�VODFN��7KHVH�DUH�FULWLFDO�DFWLYLWLHV��ZKLFK�PXVW�ILQLVK�RQ�VFKHGXOH��
7KHUH�LV�DW�OHDVW�RQH�SDWK�FRQVLVWLQJ�HQWLUHO\�RI�]HUR�VODFN�HGJHV��VXFK�D�SDWK�LV�D�FULWLFDO�
SDWK���

�������$OO�3DLUV�6KRUWHVW�3DWK

�

6RPHWLPHV�LW�LV�LPSRUWDQW�WR�ILQG�WKH�VKRUWHVW�SDWKV�EHWZHHQ�DOO�SDLUV�RI�YHUWLFHV�LQ�WKH�JUDSK��
$OWKRXJK�ZH�FRXOG�MXVW�UXQ�WKH�DSSURSULDWH�VLQJOH�VRXUFH�DOJRULWKP�_9_�WLPHV��ZH�PLJKW�H[SHFW�D�
VRPHZKDW�IDVWHU�VROXWLRQ��HVSHFLDOO\�RQ�D�GHQVH�JUDSK��LI�ZH�FRPSXWH�DOO�WKH�LQIRUPDWLRQ�DW�RQFH��

,Q�

&KDSWHU�����ZH�ZLOO�VHH�DQ�2�_9_���DOJRULWKP�WR�VROYH�WKLV�SUREOHP�IRU�ZHLJKWHG�JUDSKV��
$OWKRXJK��IRU�GHQVH�JUDSKV��WKLV�LV�WKH�VDPH�ERXQG�DV�UXQQLQJ�D�VLPSOH��QRQ�SULRULW\�TXHXH��
'LMNVWUD
V�DOJRULWKP�_9_�WLPHV��WKH�ORRSV�DUH�VR�WLJKW�WKDW�WKH�VSHFLDOL]HG�DOO�SDLUV�DOJRULWKP�
LV�OLNHO\�WR�EH�IDVWHU�LQ�SUDFWLFH��2Q�VSDUVH�JUDSKV��RI�FRXUVH��LW�LV�IDVWHU�WR�UXQ�_9_�
'LMNVWUD
V�DOJRULWKPV�FRGHG�ZLWK�SULRULW\�TXHXHV���
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�����1HWZRUN�)ORZ�3UREOHPV�

6XSSRVH�ZH�DUH�JLYHQ�D�GLUHFWHG�JUDSK�*� ��9��(��ZLWK�HGJH�FDSDFLWLHV�FY�Z��7KHVH�FDSDFLWLHV�

FRXOG�UHSUHVHQW�WKH�DPRXQW�RI�ZDWHU�WKDW�FRXOG�IORZ�WKURXJK�D�SLSH�RU�WKH�DPRXQW�RI�WUDIILF�WKDW�
FRXOG�IORZ�RQ�D�VWUHHW�EHWZHHQ�WZR�LQWHUVHFWLRQV��:H�KDYH�WZR�YHUWLFHV��V��ZKLFK�ZH�FDOO�WKH�
VRXUFH��DQG�W��ZKLFK�LV�WKH�VLQN��7KURXJK�DQ\�HGJH���Y��Z���DW�PRVW�FY�Z�XQLWV�RI��IORZ��PD\�

SDVV��$W�DQ\�YHUWH[��Y��WKDW�LV�QRW�HLWKHU�V�RU�W��WKH�WRWDO�IORZ�FRPLQJ�LQ�PXVW�HTXDO�WKH�WRWDO�
IORZ�JRLQJ�RXW��7KH�PD[LPXP�IORZ�SUREOHP�LV�WR�GHWHUPLQH�WKH�PD[LPXP�DPRXQW�RI�IORZ�WKDW�FDQ�SDVV�
IURP�V�WR�W��$V�DQ�H[DPSOH��IRU�WKH�JUDSK�LQ�)LJXUH������RQ�WKH�OHIW�WKH�PD[LPXP�IORZ�LV����DV�
LQGLFDWHG�E\�WKH�JUDSK�RQ�WKH�ULJKW���

�

�

)LJXUH������$�JUDSK��OHIW��DQG�LWV�PD[LPXP�IORZ

�

$V�UHTXLUHG�E\�WKH�SUREOHP�VWDWHPHQW��QR�HGJH�FDUULHV�PRUH�IORZ�WKDQ�LWV�FDSDFLW\��9HUWH[�D�KDV�
WKUHH�XQLWV�RI�IORZ�FRPLQJ�LQ��ZKLFK�LW�GLVWULEXWHV�WR�F�DQG�G��9HUWH[�G�WDNHV�WKUHH�XQLWV�RI�
IORZ�IURP�D�DQG�E�DQG�FRPELQHV�WKLV��VHQGLQJ�WKH�UHVXOW�WR�W��$�YHUWH[�FDQ�FRPELQH�DQG�GLVWULEXWH�
IORZ�LQ�DQ\�PDQQHU�WKDW�LW�OLNHV��DV�ORQJ�DV�HGJH�FDSDFLWLHV�DUH�QRW�YLRODWHG�DQG�DV�ORQJ�DV�IORZ�
FRQVHUYDWLRQ�LV�PDLQWDLQHG��ZKDW�JRHV�LQ�PXVW�FRPH�RXW����

�������$�6LPSOH�0D[LPXP�)ORZ�$OJRULWKP�

�

�������$�6LPSOH�0D[LPXP�)ORZ�$OJRULWKP
�

$�ILUVW�DWWHPSW�WR�VROYH�WKH�SUREOHP�SURFHHGV�LQ�VWDJHV��:H�VWDUW�ZLWK�RXU�JUDSK��*��DQG�
FRQVWUXFW�D�IORZ�JUDSK�*I��*I�WHOOV�WKH�IORZ�WKDW�KDV�EHHQ�DWWDLQHG�DW�DQ\�VWDJH�LQ�WKH�

DOJRULWKP��,QLWLDOO\�DOO�HGJHV�LQ�*I�KDYH�QR�IORZ��DQG�ZH�KRSH�WKDW�ZKHQ�WKH�DOJRULWKP�

WHUPLQDWHV��*I�FRQWDLQV�D�PD[LPXP�IORZ��:H�DOVR�FRQVWUXFW�D�JUDSK��*U��FDOOHG�WKH�UHVLGXDO JUDSK��

*U�WHOOV��IRU�HDFK�HGJH��KRZ�PXFK�PRUH�IORZ�FDQ�EH�DGGHG��:H�FDQ�FDOFXODWH�WKLV�E\�VXEWUDFWLQJ�

WKH�FXUUHQW�IORZ�IURP�WKH�FDSDFLW\�IRU�HDFK�HGJH��$Q�HGJH�LQ�*U�LV�NQRZQ�DV�D�UHVLGXDO�HGJH���

$W�HDFK�VWDJH��ZH�ILQG�D�SDWK�LQ�*U�IURP�V�WR�W��7KLV�SDWK�LV�NQRZQ�DV�DQ�DXJPHQWLQJ�SDWK��7KH�

PLQLPXP�HGJH�RQ�WKLV�SDWK�LV�WKH�DPRXQW�RI�IORZ�WKDW�FDQ�EH�DGGHG�WR�HYHU\�HGJH�RQ�WKH�SDWK��:H�
GR�WKLV�E\�DGMXVWLQJ�*I�DQG�UHFRPSXWLQJ�*U��:KHQ�ZH�ILQG�QR�SDWK�IURP�V�WR�W�LQ�*U��ZH�WHUPLQDWH��
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7KLV�DOJRULWKP�LV�QRQGHWHUPLQLVWLF��LQ�WKDW�ZH�DUH�IUHH�WR�FKRRVH�DQ\�SDWK�IURP�V�WR�W��REYLRXVO\�
VRPH�FKRLFHV�DUH�EHWWHU�WKDQ�RWKHUV��DQG�ZH�ZLOO�DGGUHVV�WKLV�LVVXH�ODWHU��:H�ZLOO�UXQ�WKLV�
DOJRULWKP�RQ�RXU�H[DPSOH��7KH�JUDSKV�EHORZ�DUH�*��*I��*U UHVSHFWLYHO\��.HHS�LQ�PLQG�WKDW�WKHUH�LV�

D�VOLJKW�IODZ�LQ�WKLV�DOJRULWKP��7KH�LQLWLDO�FRQILJXUDWLRQ�LV�LQ�

)LJXUH�������

�

7KHUH�DUH�PDQ\�SDWKV�IURP�V�WR�W�LQ�WKH�UHVLGXDO�JUDSK��6XSSRVH�ZH�VHOHFW�V��E��G��W��7KHQ�ZH�FDQ�
VHQG�WZR�XQLWV�RI�IORZ�WKURXJK�HYHU\�HGJH�RQ�WKLV�SDWK��:H�ZLOO�DGRSW�WKH�FRQYHQWLRQ�WKDW�RQFH�ZH�
KDYH�ILOOHG��VDWXUDWHG��DQ�HGJH��LW�LV�UHPRYHG�IURP�WKH�UHVLGXDO�JUDSK��:H�WKHQ�REWDLQ�)LJXUH�
�������

1H[W��ZH�PLJKW�VHOHFW�WKH�SDWK�V��D��F��W��ZKLFK�DOVR�DOORZV�WZR�XQLWV�RI�IORZ��0DNLQJ�WKH�
UHTXLUHG�DGMXVWPHQWV�JLYHV�WKH�JUDSKV�LQ�)LJXUH��������

�

�

)LJXUH������,QLWLDO�VWDJHV�RI�WKH�JUDSK��IORZ�JUDSK��DQG�UHVLGXDO�JUDSK

�

�

�

)LJXUH������*��*I, Gr after two units of flow added along s, b, d, t

�
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�

�

)LJXUH������*��*I, Gr after two units of flow added along s, a, c, t

�

7KH�RQO\�SDWK�OHIW�WR�VHOHFW�LV�V��D��G��W��ZKLFK�DOORZV�RQH�XQLW�RI�IORZ��7KH�UHVXOWLQJ�JUDSKV�
DUH�VKRZQ�LQ�

)LJXUH�������

�

7KH�DOJRULWKP�WHUPLQDWHV�DW�WKLV�SRLQW��EHFDXVH�W�LV�XQUHDFKDEOH�IURP�V��7KH�UHVXOWLQJ�IORZ�RI���
KDSSHQV�WR�EH�WKH�PD[LPXP��7R�VHH�ZKDW�WKH�SUREOHP�LV��VXSSRVH�WKDW�ZLWK�RXU�LQLWLDO�JUDSK��ZH�
FKRVH�WKH�SDWK�V��D��G��W��7KLV�SDWK�DOORZV���XQLWV�RI�IORZ�DQG�WKXV�VHHPV�WR�EH�D�JRRG�FKRLFH��
7KH�UHVXOW�RI�WKLV�FKRLFH��KRZHYHU��LV�WKDW�WKHUH�LV�QRZ�QR�ORQJHU�DQ\�SDWK�IURP�V�WR�W�LQ�WKH�
UHVLGXDO�JUDSK��DQG�WKXV��RXU�DOJRULWKP�KDV�IDLOHG�WR�ILQG�DQ�RSWLPDO�VROXWLRQ��7KLV�LV�DQ�
H[DPSOH�RI�D�JUHHG\�DOJRULWKP�WKDW�GRHV�QRW�ZRUN��)LJXUH������VKRZV�ZK\�WKH�DOJRULWKP�IDLOV���

,Q�RUGHU�WR�PDNH�WKLV�DOJRULWKP�ZRUN��ZH�QHHG�WR�DOORZ�WKH�DOJRULWKP�WR�FKDQJH�LWV�PLQG��7R�GR�
WKLV��IRU�HYHU\�HGJH��Y��Z��ZLWK�IORZ�IY�Z LQ�WKH�IORZ�JUDSK��ZH�ZLOO�DGG�DQ�HGJH�LQ�WKH�UHVLGXDO�

JUDSK��Z��Y��RI�FDSDFLW\�IY�Z��,Q�HIIHFW��ZH�DUH�DOORZLQJ�WKH�DOJRULWKP�WR�XQGR�LWV�GHFLVLRQV�E\�

VHQGLQJ�IORZ�EDFN�LQ�WKH�RSSRVLWH�GLUHFWLRQ��7KLV�LV�EHVW�VHHQ�E\�H[DPSOH��6WDUWLQJ�IURP�RXU�
RULJLQDO�JUDSK�DQG�VHOHFWLQJ�WKH�DXJPHQWLQJ�SDWK�V��D��G��W��ZH�REWDLQ�WKH�JUDSKV�LQ�)LJXUH�������

1RWLFH�WKDW�LQ�WKH�UHVLGXDO�JUDSK��WKHUH�DUH�HGJHV�LQ�ERWK�GLUHFWLRQV�EHWZHHQ�D�DQG�G��(LWKHU�RQH�
PRUH�XQLW�RI�IORZ�FDQ�EH�SXVKHG�IURP�D�WR�G��RU�XS�WR�WKUHH�XQLWV�FDQ�EH�SXVKHG�EDFN����ZH�FDQ�
XQGR�IORZ��1RZ�WKH�DOJRULWKP�ILQGV�WKH�DXJPHQWLQJ�SDWK�V��E��G��D��F��W��RI�IORZ����%\�SXVKLQJ�
WZR�XQLWV�RI�IORZ�IURP�G�WR�D��WKH�DOJRULWKP�WDNHV�WZR�XQLWV�RI�IORZ�DZD\�IURP�WKH�HGJH��D��G��
DQG�LV�HVVHQWLDOO\�FKDQJLQJ�LWV�PLQG��)LJXUH������VKRZV�WKH�QHZ�JUDSKV���

�

�
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)LJXUH������*��*I, Gr after one unit of flow added along s, a, d, t -- algorithm terminates�

�

�

)LJXUH������*��*I��*U�LI�LQLWLDO�DFWLRQ�LV�WR�DGG�WKUHH�XQLWV�RI�IORZ�DORQJ�V��D��G��W����

algorithm terminates with suboptimal solution�

�

�

)LJXUH������*UDSKV�DIWHU�WKUHH�XQLWV�RI�IORZ�DGGHG�DORQJ�V��D��G��W�XVLQJ�FRUUHFW�DOJRULWKP

�

7KHUH�LV�QR�DXJPHQWLQJ�SDWK�LQ�WKLV�JUDSK��VR�WKH�DOJRULWKP�WHUPLQDWHV��6XUSULVLQJO\��LW�FDQ�EH�
VKRZQ�WKDW�LI�WKH�HGJH�FDSDFLWLHV�DUH�UDWLRQDO�QXPEHUV��WKLV�DOJRULWKP�DOZD\V�WHUPLQDWHV�ZLWK�D�
PD[LPXP�IORZ��7KLV�SURRI�LV�VRPHZKDW�GLIILFXOW�DQG�LV�EH\RQG�WKH�VFRSH�RI�WKLV�WH[W��$OWKRXJK�WKH�
H[DPSOH�KDSSHQHG�WR�EH�DF\FOLF��WKLV�LV�QRW�D�UHTXLUHPHQW�IRU�WKH�DOJRULWKP�WR�ZRUN��:H�KDYH�XVHG�
DF\FOLF�JUDSKV�PHUHO\�WR�NHHS�WKLQJV�VLPSOH���

,I�WKH�FDSDFLWLHV�DUH�DOO�LQWHJHUV�DQG�WKH�PD[LPXP�IORZ�LV�I��WKHQ��VLQFH�HDFK�DXJPHQWLQJ�SDWK�

LQFUHDVHV�WKH�IORZ�YDOXH�E\�DW�OHDVW����I�VWDJHV�VXIILFH��DQG�WKH�WRWDO�UXQQLQJ�WLPH�LV�2�I� �
_(_���VLQFH�DQ�DXJPHQWLQJ�SDWK�FDQ�EH�IRXQG�LQ�2�_(_��WLPH�E\�DQ�XQZHLJKWHG�VKRUWHVW�SDWK�
DOJRULWKP��7KH�FODVVLF�H[DPSOH�RI�ZK\�WKLV�LV�D�EDG�UXQQLQJ�WLPH�LV�VKRZQ�E\�WKH�JUDSK�LQ�

)LJXUH�
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�������

�

�

)LJXUH������*UDSKV�DIWHU�WZR�XQLWV�RI�IORZ�DGGHG�DORQJ�V��E��G��D��F��W�XVLQJ�FRUUHFW�DOJRULWKP

�

�

�

)LJXUH������7KH�FODVVLF�EDG�FDVH�IRU�DXJPHQWLQJ

�

7KH�PD[LPXP�IORZ�LV�VHHQ�E\�LQVSHFWLRQ�WR�EH�����������E\�VHQGLQJ�����������GRZQ�HDFK�VLGH��
5DQGRP�DXJPHQWDWLRQV�FRXOG�FRQWLQXDOO\�DXJPHQW�DORQJ�D�SDWK�WKDW�LQFOXGHV�WKH�HGJH�FRQQHFWHG�E\�D
DQG�E��,I�WKLV�ZHUH�WR�RFFXU�UHSHDWHGO\������������DXJPHQWDWLRQV�ZRXOG�EH�UHTXLUHG��ZKHQ�ZH�FRXOG�
JHW�E\�ZLWK�RQO\�����

$�VLPSOH�PHWKRG�WR�JHW�DURXQG�WKLV�SUREOHP�LV�DOZD\V�WR�FKRRVH�WKH�DXJPHQWLQJ�SDWK�WKDW�DOORZV�
WKH�ODUJHVW�LQFUHDVH�LQ�IORZ��)LQGLQJ�VXFK�D�SDWK�LV�VLPLODU�WR�VROYLQJ�D�ZHLJKWHG�VKRUWHVW�SDWK�
SUREOHP�DQG�D�VLQJOH�OLQH�PRGLILFDWLRQ�WR�'LMNVWUD
V�DOJRULWKP�ZLOO�GR�WKH�WULFN��,I�FDSPD[�LV�

WKH�PD[LPXP�HGJH�FDSDFLW\��WKHQ�RQH�FDQ�VKRZ�WKDW�2�_(_�ORJ�FDSPD[��DXJPHQWDWLRQV�ZLOO�VXIILFH�WR�

ILQG�WKH�PD[LPXP�IORZ��,Q�WKLV�FDVH��VLQFH�2�_(_�ORJ�_9_��WLPH�LV�XVHG�IRU�HDFK�FDOFXODWLRQ�RI�DQ�

DXJPHQWLQJ�SDWK��D�WRWDO�ERXQG�RI�2�_(_��ORJ�_9_�ORJ�FDSPD[��LV�REWDLQHG��,I�WKH�FDSDFLWLHV�DUH�
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DOO�VPDOO�LQWHJHUV��WKLV�UHGXFHV�WR�2�_(_��ORJ�_9_����

$QRWKHU�ZD\�WR�FKRRVH�DXJPHQWLQJ�SDWKV�LV�DOZD\V�WR�WDNH�WKH�SDWK�ZLWK�WKH�OHDVW�QXPEHU�RI�HGJHV��
ZLWK�WKH�SODXVLEOH�H[SHFWDWLRQ�WKDW�E\�FKRRVLQJ�D�SDWK�LQ�WKLV�PDQQHU��LW�LV�OHVV�OLNHO\�WKDW�D�
VPDOO��IORZ�UHVWULFWLQJ�HGJH�ZLOO�WXUQ�XS�RQ�WKH�SDWK��8VLQJ�WKLV�UXOH��LW�FDQ�EH�VKRZQ�WKDW�2

�_(_ �_9_��DXJPHQWLQJ�VWHSV�DUH�UHTXLUHG��(DFK�VWHS�WDNHV�2�_(_���DJDLQ�XVLQJ�DQ�XQZHLJKWHG�

VKRUWHVW�SDWK�DOJRULWKP��\LHOGLQJ�D�2�_(_�_9_��ERXQG�RQ�WKH�UXQQLQJ�WLPH���

)XUWKHU�GDWD�VWUXFWXUH�LPSURYHPHQWV�DUH�SRVVLEOH�WR�WKLV�DOJRULWKP��DQG�WKHUH�DUH�VHYHUDO��PRUH�
FRPSOLFDWHG��DOJRULWKPV��$�ORQJ�KLVWRU\�RI�LPSURYHG�ERXQGV�KDV�ORZHUHG�WKH�FXUUHQW�EHVW�NQRZQ�

ERXQG�IRU�WKLV�SUREOHP�WR�2�_(__9_�ORJ�_9_���_(_����VHH�WKH�UHIHUHQFHV���7KHUH�DUH�DOVR�D�KRVW�RI�

YHU\�JRRG�ERXQGV�IRU�VSHFLDO�FDVHV��)RU�LQVWDQFH��2�_(__9_�����WLPH�ILQGV�D�PD[LPXP�IORZ�LQ�D�
JUDSK��KDYLQJ�WKH�SURSHUW\�WKDW�DOO�YHUWLFHV�H[FHSW�WKH�VRXUFH�DQG�VLQN�KDYH�HLWKHU�D�VLQJOH�
LQFRPLQJ�HGJH�RI�FDSDFLW\���RU�D�VLQJOH�RXWJRLQJ�HGJH�RI�FDSDFLW\����7KHVH�JUDSKV�RFFXU�LQ�PDQ\�
DSSOLFDWLRQV���

7KH�DQDO\VHV�UHTXLUHG�WR�SURGXFH�WKHVH�ERXQGV�DUH�UDWKHU�LQWULFDWH��DQG�LW�LV�QRW�FOHDU�KRZ�WKH�
ZRUVW�FDVH�UHVXOWV�UHODWH�WR�WKH�UXQQLQJ�WLPHV�HQFRXQWHUHG�LQ�SUDFWLFH��$�UHODWHG��HYHQ�PRUH�
GLIILFXOW�SUREOHP�LV�WKH�PLQ�FRVW�IORZ�SUREOHP��(DFK�HGJH�KDV�QRW�RQO\�D�FDSDFLW\�EXW�D�FRVW�SHU�
XQLW�RI�IORZ��7KH�SUREOHP�LV�WR�ILQG��DPRQJ�DOO�PD[LPXP�IORZV��WKH�RQH�IORZ�RI�PLQLPXP�FRVW��%RWK�
RI�WKHVH�SUREOHPV�DUH�EHLQJ�DFWLYHO\�UHVHDUFKHG���

�����0LQLPXP�6SDQQLQJ�7UHH

�

7KH�QH[W�SUREOHP�ZH�ZLOO�FRQVLGHU�LV�WKDW�RI�ILQGLQJ�D�PLQLPXP�VSDQQLQJ�WUHH�LQ�DQ�XQGLUHFWHG�
JUDSK��7KH�SUREOHP�PDNHV�VHQVH�IRU�GLUHFWHG�JUDSKV�EXW�DSSHDUV�WR�EH�PRUH�GLIILFXOW��,QIRUPDOO\��
D�PLQLPXP�VSDQQLQJ�WUHH�RI�DQ�XQGLUHFWHG�JUDSK�*�LV�D�WUHH�IRUPHG�IURP�JUDSK�HGJHV�WKDW�FRQQHFWV�
DOO�WKH�YHUWLFHV�RI�*�DW�ORZHVW�WRWDO�FRVW��$�PLQLPXP�VSDQQLQJ�WUHH�H[LVWV�LI�DQG�RQO\�LI�*�LV�
FRQQHFWHG��$OWKRXJK�D�UREXVW�DOJRULWKP�VKRXOG�UHSRUW�WKH�FDVH�WKDW�*�LV�XQFRQQHFWHG��ZH�ZLOO�
DVVXPH�WKDW�*�LV�FRQQHFWHG��DQG�OHDYH�WKH�LVVXH�RI�UREXVWQHVV�DV�DQ�H[HUFLVH�IRU�WKH�UHDGHU���

,Q�

)LJXUH������WKH�VHFRQG�JUDSK�LV�D�PLQLPXP�VSDQQLQJ�WUHH�RI�WKH�ILUVW��LW�KDSSHQV�WR�EH�XQLTXH��
EXW�WKLV�LV�XQXVXDO���1RWLFH�WKDW�WKH�QXPEHU�RI�HGJHV�LQ�WKH�PLQLPXP�VSDQQLQJ�WUHH�LV�_9_������
7KH�PLQLPXP�VSDQQLQJ�WUHH�LV�D�WUHH�EHFDXVH�LW�LV�DF\FOLF��LW�LV�VSDQQLQJ EHFDXVH�LW�FRYHUV�HYHU\�
HGJH��DQG�LW�LV�PLQLPXP�IRU�WKH�REYLRXV�UHDVRQ��,I�ZH�QHHG�WR�ZLUH�D�KRXVH�ZLWK�D�PLQLPXP�RI�
FDEOH��WKHQ�D�PLQLPXP�VSDQQLQJ�WUHH�SUREOHP�QHHGV�WR�EH�VROYHG��7KHUH�DUH�WZR�EDVLF�DOJRULWKPV�WR�
VROYH�WKLV�SUREOHP��ERWK�DUH�JUHHG\��:H�QRZ�GHVFULEH�WKHP���
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�

�

)LJXUH������$�JUDSK�*�DQG�LWV�PLQLPXP�VSDQQLQJ�WUHH

�

�������3ULP
V�$OJRULWKP�

�

�������.UXVNDO
V�$OJRULWKP�

�

�������3ULP
V�$OJRULWKP
�

2QH�ZD\�WR�FRPSXWH�D�PLQLPXP�VSDQQLQJ�WUHH�LV�WR�JURZ�WKH�WUHH�LQ�VXFFHVVLYH�VWDJHV��,Q�HDFK�
VWDJH��RQH�QRGH�LV�SLFNHG�DV�WKH�URRW��DQG�ZH�DGG�DQ�HGJH��DQG�WKXV�DQ�DVVRFLDWHG�YHUWH[��WR�WKH�
WUHH���

$W�DQ\�SRLQW�LQ�WKH�DOJRULWKP��ZH�FDQ�VHH�WKDW�ZH�KDYH�D�VHW�RI�YHUWLFHV�WKDW�KDYH�DOUHDG\�EHHQ�
LQFOXGHG�LQ�WKH�WUHH��WKH�UHVW�RI�WKH�YHUWLFHV�KDYH�QRW��7KH�DOJRULWKP�WKHQ�ILQGV��DW�HDFK�VWDJH��
D�QHZ�YHUWH[�WR�DGG�WR�WKH�WUHH�E\�FKRRVLQJ�WKH�HGJH��X��Y��VXFK�WKDW�WKH�FRVW�RI��X��Y��LV�WKH�
VPDOOHVW�DPRQJ�DOO�HGJHV�ZKHUH�X�LV�LQ�WKH�WUHH�DQG�Y�LV�QRW��

)LJXUH������VKRZV�KRZ�WKLV�
DOJRULWKP�ZRXOG�EXLOG�WKH�PLQLPXP�VSDQQLQJ�WUHH��VWDUWLQJ�IURP�Y���,QLWLDOO\��Y��LV�LQ�WKH�WUHH�

DV�D�URRW�ZLWK�QR�HGJHV��(DFK�VWHS�DGGV�RQH�HGJH�DQG�RQH�YHUWH[�WR�WKH�WUHH���

:H�FDQ�VHH�WKDW�3ULP
V�DOJRULWKP�LV�HVVHQWLDOO\�LGHQWLFDO�WR�'LMNVWUD
V�DOJRULWKP�IRU�VKRUWHVW�
SDWKV��$V�EHIRUH��IRU�HDFK�YHUWH[�ZH�NHHS�YDOXHV�GY�DQG�SY�DQG�DQ�LQGLFDWLRQ�RI�ZKHWKHU�LW�LV�

NQRZQ�RU�XQNQRZQ��GY�LV�WKH�ZHLJKW�RI�WKH�VKRUWHVW�DUF�FRQQHFWLQJ�Y�WR�D�NQRZQ�YHUWH[��DQG�SY��DV�

EHIRUH��LV�WKH�ODVW�YHUWH[�WR�FDXVH�D�FKDQJH�LQ�GY��7KH�UHVW�RI�WKH�DOJRULWKP�LV�H[DFWO\�WKH�
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VDPH��ZLWK�WKH�H[FHSWLRQ�WKDW�VLQFH�WKH�GHILQLWLRQ�RI�GY LV�GLIIHUHQW��VR�LV�WKH�XSGDWH�UXOH��)RU�

WKLV�SUREOHP��WKH�XSGDWH�UXOH�LV�HYHQ�VLPSOHU�WKDQ�EHIRUH��$IWHU�D�YHUWH[�Y�LV�VHOHFWHG��IRU�HDFK�
XQNQRZQ�Z�DGMDFHQW�WR�Y��GY� �PLQ�GZ��FZ�Y����

�

�

)LJXUH������3ULP
V�DOJRULWKP�DIWHU�HDFK�VWDJH

�

7KH�LQLWLDO�FRQILJXUDWLRQ�RI�WKH�WDEOH�LV�VKRZQ�LQ�)LJXUH�������Y��LV�VHOHFWHG��DQG�Y���Y���DQG�

Y��DUH�XSGDWHG��7KH�WDEOH�UHVXOWLQJ�IURP�WKLV�LV�VKRZQ�LQ�)LJXUH�������7KH�QH[W�YHUWH[�VHOHFWHG�

LV�Y���(YHU\�YHUWH[�LV�DGMDFHQW�WR�Y���Y��LV�QRW�H[DPLQHG��EHFDXVH�LW�LV�NQRZQ��Y��LV�XQFKDQJHG��

EHFDXVH�LW�KDV�GY� ���DQG�WKH�HGJH�FRVW�IURP�Y��WR�Y��LV����DOO�WKH�UHVW�DUH�XSGDWHG��)LJXUH�����

VKRZV�WKH�UHVXOWLQJ�WDEOH��7KH�QH[W�YHUWH[�FKRVHQ�LV�Y���DUELWUDULO\�EUHDNLQJ�D�WLH���7KLV�GRHV�

QRW�DIIHFW�DQ\�GLVWDQFHV��7KHQ�Y��LV�FKRVHQ��ZKLFK�DIIHFWV�WKH�GLVWDQFH�LQ�Y���SURGXFLQJ�)LJXUH�

������)LJXUH������UHVXOWV�IURP�WKH�VHOHFWLRQ�RI�Y���ZKLFK�IRUFHV�Y��DQG�Y��WR�EH�DGMXVWHG��Y� DQG�

WKHQ�Y��DUH�VHOHFWHG��FRPSOHWLQJ�WKH�DOJRULWKP���

7KH�ILQDO�WDEOH�LV�VKRZQ�LQ�)LJXUH�������7KH�HGJHV�LQ�WKH�VSDQQLQJ�WUHH�FDQ�EH�UHDG�IURP�WKH�
WDEOH���Y���Y�����Y���Y�����Y���Y�����Y���Y�����Y���Y�����Y���Y����7KH�WRWDO�FRVW�LV������

7KH�HQWLUH�LPSOHPHQWDWLRQ�RI�WKLV�DOJRULWKP�LV�YLUWXDOO\�LGHQWLFDO�WR�WKDW�RI�'LMNVWUD
V�
DOJRULWKP��DQG�HYHU\WKLQJ�WKDW�ZDV�VDLG�DERXW�WKH�DQDO\VLV�RI�'LMNVWUD
V�DOJRULWKP�DSSOLHV�KHUH��
%H�DZDUH�WKDW�3ULP
V�DOJRULWKP�UXQV�RQ�XQGLUHFWHG�JUDSKV��VR�ZKHQ�FRGLQJ�LW��UHPHPEHU�WR�SXW�

HYHU\�HGJH�LQ�WZR�DGMDFHQF\�OLVWV��7KH�UXQQLQJ�WLPH�LV�2��_9_���ZLWKRXW�KHDSV��ZKLFK�LV�RSWLPDO�
IRU�GHQVH�JUDSKV��DQG�2��_(_�ORJ�_9_��XVLQJ�ELQDU\�KHDSV��ZKLFK�LV�JRRG�IRU�VSDUVH�JUDSKV���

�������.UXVNDO
V�$OJRULWKP
�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����*5$3+�$/*25,7+06

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



$�VHFRQG�JUHHG\�VWUDWHJ\�LV�FRQWLQXDOO\�WR�VHOHFW�WKH�HGJHV�LQ�RUGHU�RI�VPDOOHVW�ZHLJKW�DQG�
DFFHSW�DQ�HGJH�LI�LW�GRHV�QRW�FDXVH�D�F\FOH��7KH�DFWLRQ�RI�WKH�DOJRULWKP�RQ�WKH�JUDSK�LQ�WKH�
SUHFHGLQJ�H[DPSOH�LV�VKRZQ�LQ�)LJXUH��������

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y����������� ����

�

��Y����������� ����

�

��Y����������� ����

�

��Y����������� ����

�

��Y����������� ����

�

��Y����������� ����

�

)LJXUH������,QLWLDO�FRQILJXUDWLRQ�RI�WDEOH�XVHG�LQ�3ULP
V�DOJRULWKP

�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y����������� ����

�

��Y����������� ����

�

��Y����������� ����

�
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)LJXUH������7KH�WDEOH�DIWHU�Y� is declared known

�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

)LJXUH������7KH�WDEOH�DIWHU�Y� is declared known

�

)RUPDOO\��.UXVNDO
V�DOJRULWKP�PDLQWDLQV�D�IRUHVW����D�FROOHFWLRQ�RI�WUHHV��,QLWLDOO\��WKHUH�DUH�
_9_�VLQJOH�QRGH�WUHHV��$GGLQJ�DQ�HGJH�PHUJHV�WZR�WUHHV�LQWR�RQH��:KHQ�WKH�DOJRULWKP�WHUPLQDWHV��
WKHUH�LV�RQO\�RQH�WUHH��DQG�WKLV�LV�WKH�PLQLPXP�VSDQQLQJ�WUHH��)LJXUH������VKRZV�WKH�RUGHU�LQ�
ZKLFK�HGJHV�DUH�DGGHG�WR�WKH�IRUHVW���

7KH�DOJRULWKP�WHUPLQDWHV�ZKHQ�HQRXJK�HGJHV�DUH�DFFHSWHG��,W�WXUQV�RXW�WR�EH�VLPSOH�WR�GHFLGH�
ZKHWKHU�HGJH��X�Y��VKRXOG�EH�DFFHSWHG�RU�UHMHFWHG��7KH�DSSURSULDWH�GDWD�VWUXFWXUH�LV�WKH�
XQLRQ�ILQG�DOJRULWKP�RI�WKH�SUHYLRXV�FKDSWHU���

7KH�LQYDULDQW�ZH�ZLOO�XVH�LV�WKDW�DW�DQ\�SRLQW�LQ�WKH�SURFHVV��WZR�YHUWLFHV�EHORQJ�WR�WKH�VDPH�
VHW�LI�DQG�RQO\�LI�WKH\�DUH�FRQQHFWHG�LQ�WKH�FXUUHQW�VSDQQLQJ�IRUHVW��7KXV��HDFK�YHUWH[�LV�
LQLWLDOO\�LQ�LWV�RZQ�VHW��,I�X�DQG�Y�DUH�LQ�WKH�VDPH�VHW��WKH�HGJH�LV�UHMHFWHG��EHFDXVH�VLQFH�
WKH\�DUH�DOUHDG\�FRQQHFWHG��DGGLQJ��X��Y��ZRXOG�IRUP�D�F\FOH��2WKHUZLVH��WKH�HGJH�LV�DFFHSWHG��
DQG�D�XQLRQ�LV�SHUIRUPHG�RQ�WKH�WZR�VHWV�FRQWDLQLQJ�X�DQG�Y��,W�LV�HDV\�WR�VHH�WKDW�WKLV�
PDLQWDLQV�WKH�VHW�LQYDULDQW��EHFDXVH�RQFH�WKH�HGJH��X��Y��LV�DGGHG�WR�WKH�VSDQQLQJ�IRUHVW��LI�Z�
ZDV�FRQQHFWHG�WR�X�DQG�[�ZDV�FRQQHFWHG�WR�Y��WKHQ�[�DQG�Z�PXVW�QRZ�EH�FRQQHFWHG��DQG�WKXV�EHORQJ�
LQ�WKH�VDPH�VHW���

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����*5$3+�$/*25,7+06

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



��Y���������������Y������

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

)LJXUH������7KH�WDEOH�DIWHU�Y� and then v3 are declared known
�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

)LJXUH������7KH�WDEOH�DIWHU�Y� is declared known

�

��Y���.QRZQ��GY��SY����

�

��������������������

�

��Y����������������

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�

��Y���������������Y�����

�
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)LJXUH������7KH�WDEOH�DIWHU�Y� and v5 are selected (Prim's algorithm terminates)

�

7KH�HGJHV�FRXOG�EH�VRUWHG�WR�IDFLOLWDWH�WKH�VHOHFWLRQ��EXW�EXLOGLQJ�D�KHDS�LQ�OLQHDU�WLPH�LV�D�
PXFK�EHWWHU�LGHD��7KHQ�GHOHWHBPLQV�JLYH�WKH�HGJHV�WR�EH�WHVWHG�LQ�RUGHU��7\SLFDOO\��RQO\�D�VPDOO�
IUDFWLRQ�RI�WKH�HGJHV�QHHGV�WR�EH�WHVWHG�EHIRUH�WKH�DOJRULWKP�FDQ�WHUPLQDWH��DOWKRXJK�LW�LV�
DOZD\V�SRVVLEOH�WKDW�DOO�WKH�HGJHV�PXVW�EH�WULHG��)RU�LQVWDQFH��LI�WKHUH�ZDV�DQ�H[WUD�YHUWH[�Y��

DQG�HGJH��Y���Y���RI�FRVW������DOO�WKH�HGJHV�ZRXOG�KDYH�WR�EH�H[DPLQHG��3URFHGXUH�NUXVNDO�LQ�

)LJXUH������ILQGV�D�PLQLPXP�VSDQQLQJ�WUHH��%HFDXVH�DQ�HGJH�FRQVLVWV�RI�WKUHH�SLHFHV�RI�GDWD��RQ�
VRPH�PDFKLQHV�LW�LV�PRUH�HIILFLHQW�WR�LPSOHPHQW�WKH�SULRULW\�TXHXH�DV�DQ�DUUD\�RI�SRLQWHUV�WR�
HGJHV��UDWKHU�WKDQ�DV�DQ�DUUD\�RI�HGJHV��7KH�HIIHFW�RI�WKLV�LPSOHPHQWDWLRQ�LV�WKDW��WR�UHDUUDQJH�
WKH�KHDS��RQO\�SRLQWHUV��QRW�ODUJH�UHFRUGV��QHHG�WR�EH�PRYHG���

��(GJH�����:HLJKW����$FWLRQ

�

����������������������������

�

���Y��Y������������$FFHSWHG

�

���Y��Y������������$FFHSWHG

�

���Y��Y������������$FFHSWHG

�

���Y��Y������������$FFHSWHG

�

���Y��Y������������5HMHFWHG

�

���Y��Y������������5HMHFWHG

�

���Y��Y������������$FFHSWHG

�

���Y��Y������������5HMHFWHG

�

���Y��Y������������$FFHSWHG

�

)LJXUH������$FWLRQ�RI�.UXVNDO
V�DOJRULWKP�RQ�*

�
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�

�

)LJXUH������.UXVNDO
V�DOJRULWKP�DIWHU�HDFK�VWDJH

�

7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�WKLV�DOJRULWKP�LV�2�_(_�ORJ�_(_���ZKLFK�LV�GRPLQDWHG�E\�WKH�KHDS�

RSHUDWLRQV��1RWLFH�WKDW�VLQFH�_(_� �2�_9_����WKLV�UXQQLQJ�WLPH�LV�DFWXDOO\�2�_(_�ORJ�_9_���,Q�
SUDFWLFH��WKH�DOJRULWKP�LV�PXFK�IDVWHU�WKDQ�WKLV�WLPH�ERXQG�ZRXOG�LQGLFDWH���

YRLG

�

NUXVNDO��JUDSK�*��

�

^

�

XQVLJQHG�LQW�HGJHVBDFFHSWHG�

�

',6-B6(7�6�

�

35,25,7<B48(8(�+�

�

YHUWH[�X��Y�

�

VHWBW\SH�XBVHW��YBVHW�

�

HGJH�H�

�

�����������LQLWLDOL]H��6���

�

�����������UHDGBJUDSKBLQWRBKHDSBDUUD\��*��+���

�

�����������EXLOGBKHDS��+���

�

�����������HGJHVBDFFHSWHG� ���

�

�����������ZKLOH��HGJHVBDFFHSWHG���180B9(57(;����

�

^

�

����������������H� �GHOHWHBPLQ��+�������H� ��X��Y���

�
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����������������XBVHW� �ILQG��X��6����

����������������YBVHW� �ILQG��Y��6���

�

����������������LI��XBVHW�� �YBVHW��

�

^

�

�����������������������DFFHSW�WKH�HGJH��

�

���������������������HGJHVBDFFHSWHG���

�

���������������������VHWBXQLRQ��6��XBVHW��YBVHW���

�

`

�

`

�

`

�

)LJXUH������3VHXGRFRGH�IRU�.UXVNDO
V�DOJRULWKP

�

�����$SSOLFDWLRQV�RI�'HSWK�)LUVW�6HDUFK

�

'HSWK�ILUVW�VHDUFK�LV�D�JHQHUDOL]DWLRQ�RI�SUHRUGHU�WUDYHUVDO��6WDUWLQJ�DW�VRPH�YHUWH[��Y��ZH�
SURFHVV�Y�DQG�WKHQ�UHFXUVLYHO\�WUDYHUVH�DOO�YHUWLFHV�DGMDFHQW�WR�Y��,I�WKLV�SURFHVV�LV�SHUIRUPHG�
RQ�D�WUHH��WKHQ�DOO�WUHH�YHUWLFHV�DUH�V\VWHPDWLFDOO\�YLVLWHG�LQ�D�WRWDO�RI�2�_(_��WLPH��VLQFH�_(_�

 � �_9_���,I�ZH�SHUIRUP�WKLV�SURFHVV�RQ�DQ�DUELWUDU\�JUDSK��ZH�QHHG�WR�EH�FDUHIXO�WR�DYRLG�
F\FOHV��7R�GR�WKLV��ZKHQ�ZH�YLVLW�D�YHUWH[�Y��ZH�PDUN�LW�YLVLWHG��VLQFH�QRZ�ZH�KDYH�EHHQ�WKHUH��
DQG�UHFXUVLYHO\�FDOO�GHSWK�ILUVW�VHDUFK�RQ�DOO�DGMDFHQW�YHUWLFHV�WKDW�DUH�QRW�DOUHDG\�PDUNHG��:H�
LPSOLFLWO\�DVVXPH�WKDW�IRU�XQGLUHFWHG�JUDSKV�HYHU\�HGJH��Y��Z��DSSHDUV�WZLFH�LQ�WKH�DGMDFHQF\�
OLVWV��RQFH�DV��Y��Z��DQG�RQFH�DV��Z��Y���7KH�SURFHGXUH�LQ�)LJXUH������SHUIRUPV�D�GHSWK�ILUVW�
VHDUFK��DQG�GRHV�DEVROXWHO\�QRWKLQJ�HOVH��DQG�LV�D�WHPSODWH�IRU�WKH�JHQHUDO�VW\OH���

YRLG

�

GIV��YHUWH[�Y��

�

^

�

YLVLWHG>Y@� �758(�

�

IRU�HDFK�Z�DGMDFHQW�WR�Y

�

LI���YLVLWHG>Z@��

�

GIV��Z���

�

`

�

)LJXUH������7HPSODWH�IRU�GHSWK�ILUVW�VHDUFK

�
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7KH��JOREDO��ERROHDQ�DUUD\�YLVLWHG>�@�LV�LQLWLDOL]HG�WR�)$/6(��%\�UHFXUVLYHO\�FDOOLQJ�WKH�
SURFHGXUHV�RQO\�RQ�QRGHV�WKDW�KDYH�QRW�EHHQ�YLVLWHG��ZH�JXDUDQWHH�WKDW�ZH�GR�QRW�ORRS�
LQGHILQLWHO\��,I�WKH�JUDSK�LV�XQGLUHFWHG�DQG�QRW�FRQQHFWHG��RU�GLUHFWHG�DQG�QRW�VWURQJO\�
FRQQHFWHG��WKLV�VWUDWHJ\�PLJKW�IDLO�WR�YLVLW�VRPH�QRGHV��:H�WKHQ�VHDUFK�IRU�DQ�XQPDUNHG�QRGH��
DSSO\�D�GHSWK�ILUVW�WUDYHUVDO�WKHUH��DQG�FRQWLQXH�WKLV�SURFHVV�XQWLO�WKHUH�DUH�QR�XQPDUNHG�
QRGHV��%HFDXVH�WKLV�VWUDWHJ\�JXDUDQWHHV�WKDW�HDFK�HGJH�LV�HQFRXQWHUHG�RQO\�RQFH��WKH�WRWDO�WLPH�
WR�SHUIRUP�WKH�WUDYHUVDO�LV�2�_(_���_9_���DV�ORQJ�DV�DGMDFHQF\�OLVWV�DUH�XVHG���

�$Q�HIILFLHQW�ZD\�RI�LPSOHPHQWLQJ�WKLV�LV�WR�EHJLQ�WKH�GHSWK�ILUVW�VHDUFK�DW�Y���,I�ZH�QHHG�WR�

UHVWDUW�WKH�GHSWK�ILUVW�VHDUFK��ZH�H[DPLQH�WKH�VHTXHQFH�YN��YN������������IRU�DQ�XQPDUNHG�YHUWH[��

ZKHUH�YN�����LV�WKH�YHUWH[�ZKHUH�WKH�ODVW�GHSWK�ILUVW�VHDUFK�ZDV�VWDUWHG��7KLV�JXDUDQWHHV�WKDW�

WKURXJKRXW�WKH�DOJRULWKP��RQO\�2�_9_��LV�VSHQW�ORRNLQJ�IRU�YHUWLFHV�ZKHUH�QHZ�GHSWK�ILUVW�VHDUFK�
WUHHV�FDQ�EH�VWDUWHG���

������8QGLUHFWHG�*UDSKV

�

$Q�XQGLUHFWHG�JUDSK�LV�FRQQHFWHG�LI�DQG�RQO\�LI�D�GHSWK�ILUVW�VHDUFK�VWDUWLQJ�IURP�DQ\�QRGH�
YLVLWV�HYHU\�QRGH��%HFDXVH�WKLV�WHVW�LV�VR�HDV\�WR�DSSO\��ZH�ZLOO�DVVXPH�WKDW�WKH�JUDSKV�ZH�GHDO�
ZLWK�DUH�FRQQHFWHG��,I�WKH\�DUH�QRW��WKHQ�ZH�FDQ�ILQG�DOO�WKH�FRQQHFWHG�FRPSRQHQWV�DQG�DSSO\�RXU�
DOJRULWKP�RQ�HDFK�RI�WKHVH�LQ�WXUQ���

$V�DQ�H[DPSOH�RI�GHSWK�ILUVW�VHDUFK��VXSSRVH�LQ�WKH�JUDSK�RI�

)LJXUH������ZH�VWDUW�DW�YHUWH[�$��
7KHQ�ZH�PDUN�$�DV�YLVLWHG�DQG�FDOO�GIV�%��UHFXUVLYHO\��GIV�%��PDUNV�%�DV�YLVLWHG�DQG�FDOOV�GIV�&��
UHFXUVLYHO\��GIV�&��PDUNV�&�DV�YLVLWHG�DQG�FDOOV�GIV�'��UHFXUVLYHO\��GIV�'��VHHV�ERWK�$�DQG�%��
EXW�ERWK�WKHVH�DUH�PDUNHG��VR�QR�UHFXUVLYH�FDOOV�DUH�PDGH��GIV�'��DOVR�VHHV�WKDW�&�LV�DGMDFHQW�
EXW�PDUNHG��VR�QR�UHFXUVLYH�FDOO�LV�PDGH�WKHUH��DQG�GIV�'��UHWXUQV�EDFN�WR�GIV�&���GIV�&��VHHV�%�
DGMDFHQW��LJQRUHV�LW��ILQGV�D�SUHYLRXVO\�XQVHHQ�YHUWH[�(�DGMDFHQW��DQG�WKXV�FDOOV�GIV�(���GIV�(��
PDUNV�(��LJQRUHV�$�DQG�&��DQG�UHWXUQV�WR�GIV�&���GIV�&��UHWXUQV�WR�GIV�%���GIV�%��LJQRUHV�ERWK�$�
DQG�'�DQG�UHWXUQV��GIV�$��LJQRUHV�ERWK�'�DQG�(�DQG�UHWXUQV���:H�KDYH�DFWXDOO\�WRXFKHG�HYHU\�HGJH�
WZLFH��RQFH�DV��Y��Z��DQG�DJDLQ�DV��Z��Y���EXW�WKLV�LV�UHDOO\�RQFH�SHU�DGMDFHQF\�OLVW�HQWU\����

�

�

)LJXUH������$Q�XQGLUHFWHG�JUDSK

�
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:H�JUDSKLFDOO\�LOOXVWUDWH�WKHVH�VWHSV�ZLWK�D�GHSWK�ILUVW�VSDQQLQJ�WUHH��7KH�URRW�RI�WKH�WUHH�LV�
$��WKH�ILUVW�YHUWH[�YLVLWHG��(DFK�HGJH��Y��Z��LQ�WKH�JUDSK�LV�SUHVHQW�LQ�WKH�WUHH��,I��ZKHQ�ZH�
SURFHVV��Y��Z���ZH�ILQG�WKDW�Z�LV�XQPDUNHG��RU�LI��ZKHQ�ZH�SURFHVV��Z��Y���ZH�ILQG�WKDW�Y�LV�
XQPDUNHG��ZH�LQGLFDWH�WKLV�ZLWK�D�WUHH�HGJH��,I�ZKHQ�ZH�SURFHVV��Y��Z���ZH�ILQG�WKDW�Z�LV�DOUHDG\�
PDUNHG��DQG�ZKHQ�SURFHVVLQJ��Z��Y���ZH�ILQG�WKDW�Y�LV�DOUHDG\�PDUNHG��ZH�GUDZ�D�GDVKHG�OLQH��
ZKLFK�ZH�ZLOO�FDOO�D�EDFN�HGJH��WR�LQGLFDWH�WKDW�WKLV��HGJH��LV�QRW�UHDOO\�SDUW�RI�WKH�WUHH��7KH�
GHSWK�ILUVW�VHDUFK�RI�WKH�JUDSK�LQ�

)LJXUH������LV�VKRZQ�LQ�)LJXUH�������

�

7KH�WUHH�ZLOO�VLPXODWH�WKH�WUDYHUVDO�ZH�SHUIRUPHG��$�SUHRUGHU�QXPEHULQJ�RI�WKH�WUHH��XVLQJ�RQO\�
WUHH�HGJHV��WHOOV�XV�WKH�RUGHU�LQ�ZKLFK�WKH�YHUWLFHV�ZHUH�PDUNHG��,I�WKH�JUDSK�LV�QRW�FRQQHFWHG��
WKHQ�SURFHVVLQJ�DOO�QRGHV��DQG�HGJHV��UHTXLUHV�VHYHUDO�FDOOV�WR�GIV��DQG�HDFK�JHQHUDWHV�D�WUHH��
7KLV�HQWLUH�FROOHFWLRQ�LV�D�GHSWK�ILUVW�VSDQQLQJ�IRUHVW��ZKLFK�LV�VR�QDPHG�IRU�REYLRXV�UHDVRQV���

�������%LFRQQHFWLYLW\

�

$�FRQQHFWHG�XQGLUHFWHG�JUDSK�LV�ELFRQQHFWHG�LI�WKHUH�DUH�QR�YHUWLFHV�ZKRVH�UHPRYDO�GLVFRQQHFWV�
WKH�UHVW�RI�WKH�JUDSK��7KH�JUDSK�LQ�WKH�H[DPSOH�DERYH�LV�ELFRQQHFWHG��,I�WKH�QRGHV�DUH�FRPSXWHUV�
DQG�WKH�HGJHV�DUH�OLQNV��WKHQ�LI�DQ\�FRPSXWHU�JRHV�GRZQ��QHWZRUN�PDLO�LV�XQDIIHFWHG��H[FHSW��RI�
FRXUVH��DW�WKH�GRZQ�FRPSXWHU��6LPLODUO\��LI�D�PDVV�WUDQVLW�V\VWHP�LV�ELFRQQHFWHG��XVHUV�DOZD\V�
KDYH�DQ�DOWHUQDWH�URXWH�VKRXOG�VRPH�WHUPLQDO�EH�GLVUXSWHG���

�

�

)LJXUH������'HSWK�ILUVW�VHDUFK�RI�SUHYLRXV�JUDSK

�

,I�D�JUDSK�LV�QRW�ELFRQQHFWHG��WKH�YHUWLFHV�ZKRVH�UHPRYDO�ZRXOG�GLVFRQQHFW�WKH�JUDSK�DUH�NQRZQ�DV�
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DUWLFXODWLRQ�SRLQWV��7KHVH�QRGHV�DUH�FULWLFDO�LQ�PDQ\�DSSOLFDWLRQV��7KH�JUDSK�LQ�)LJXUH������LV�
QRW�ELFRQQHFWHG��&�DQG�'�DUH�DUWLFXODWLRQ�SRLQWV��7KH�UHPRYDO�RI�&�ZRXOG�GLVFRQQHFW�*��DQG�WKH�
UHPRYDO�RI�'�ZRXOG�GLVFRQQHFW�(�DQG�)��IURP�WKH�UHVW�RI�WKH�JUDSK���

'HSWK�ILUVW�VHDUFK�SURYLGHV�D�OLQHDU�WLPH�DOJRULWKP�WR�ILQG�DOO�DUWLFXODWLRQ�SRLQWV�LQ�D�
FRQQHFWHG�JUDSK��)LUVW��VWDUWLQJ�DW�DQ\�YHUWH[��ZH�SHUIRUP�D�GHSWK�ILUVW�VHDUFK�DQG�QXPEHU�WKH�
QRGHV�DV�WKH\�DUH�YLVLWHG��)RU�HDFK�YHUWH[�Y��ZH�FDOO�WKLV�SUHRUGHU�QXPEHU�QXP�Y���7KHQ��IRU�
HYHU\�YHUWH[�Y�LQ�WKH�GHSWK�ILUVW�VHDUFK�VSDQQLQJ�WUHH��ZH�FRPSXWH�WKH�ORZHVW�QXPEHUHG�YHUWH[��
ZKLFK�ZH�FDOO�ORZ�Y���WKDW�LV�UHDFKDEOH�IURP�Y�E\�WDNLQJ�]HUR�RU�PRUH�WUHH�HGJHV�DQG�WKHQ�
SRVVLEO\�RQH�EDFN�HGJH��LQ�WKDW�RUGHU���7KH�GHSWK�ILUVW�VHDUFK�WUHH�LQ�)LJXUH������VKRZV�WKH�
SUHRUGHU�QXPEHU�ILUVW��DQG�WKHQ�WKH�ORZHVW�QXPEHUHG�YHUWH[�UHDFKDEOH�XQGHU�WKH�UXOH�GHVFULEHG�
DERYH���

7KH�ORZHVW�QXPEHUHG�YHUWH[�UHDFKDEOH�E\�$��%��DQG�&�LV�YHUWH[����$���EHFDXVH�WKH\�FDQ�DOO�WDNH�
WUHH�HGJHV�WR�'�DQG�WKHQ�RQH�EDFN�HGJH�EDFN�WR�$��:H�FDQ�HIILFLHQWO\�FRPSXWH�ORZ�E\�SHUIRUPLQJ�D�
SRVWRUGHU�WUDYHUVDO�RI�WKH�GHSWK�ILUVW�VSDQQLQJ�WUHH��%\�WKH�GHILQLWLRQ�RI�ORZ��ORZ�Y��LV�WKH�
PLQLPXP�RI��

���QXP�Y��

�

���WKH�ORZHVW�QXP�Z��DPRQJ�DOO�EDFN�HGJHV��Y��Z��

�

���WKH�ORZHVW�ORZ�Z��DPRQJ�DOO�WUHH�HGJHV��Y��Z��

�

7KH�ILUVW�FRQGLWLRQ�LV�WKH�RSWLRQ�RI�WDNLQJ�QR�HGJHV��WKH�VHFRQG�ZD\�LV�WR�FKRRVH�QR�WUHH�HGJHV�
DQG�D�EDFN�HGJH��DQG�WKH�WKLUG�ZD\�LV�WR�FKRRVH�VRPH�WUHH�HGJHV�DQG�SRVVLEO\�D�EDFN�HGJH��7KLV�
WKLUG�PHWKRG�LV�VXFFLQFWO\�GHVFULEHG�ZLWK�D�UHFXUVLYH�FDOO��6LQFH�ZH�QHHG�WR�HYDOXDWH�ORZ IRU�DOO�
WKH�FKLOGUHQ�RI�Y�EHIRUH�ZH�FDQ�HYDOXDWH�ORZ�Y���WKLV�LV�D�SRVWRUGHU�WUDYHUVDO��)RU�DQ\�HGJH��Y��
Z���ZH�FDQ�WHOO�ZKHWKHU�LW�LV�D�WUHH�HGJH�RU�D�EDFN�HGJH�PHUHO\�E\�FKHFNLQJ�QXP�Y��DQG�QXP�Z���
7KXV��LW�LV�HDV\�WR�FRPSXWH�ORZ�Y���ZH�PHUHO\�VFDQ�GRZQ�Y
V�DGMDFHQF\�OLVW��DSSO\�WKH�SURSHU�
UXOH��DQG�NHHS�WUDFN�RI�WKH�PLQLPXP��'RLQJ�DOO�WKH�FRPSXWDWLRQ�WDNHV�2�_(_��_9_��WLPH���

$OO�WKDW�LV�OHIW�WR�GR�LV�WR�XVH�WKLV�LQIRUPDWLRQ�WR�ILQG�DUWLFXODWLRQ�SRLQWV��7KH�URRW�LV�DQ�
DUWLFXODWLRQ�SRLQW�LI�DQG�RQO\�LI�LW�KDV�PRUH�WKDQ�RQH�FKLOG��EHFDXVH�LI�LW�KDV�WZR�FKLOGUHQ��
UHPRYLQJ�WKH�URRW�GLVFRQQHFWV�QRGHV�LQ�GLIIHUHQW�VXEWUHHV��DQG�LI�LW�KDV�RQO\�RQH�FKLOG��UHPRYLQJ�
WKH�URRW�PHUHO\�GLVFRQQHFWV�WKH�URRW��$Q\�RWKHU�YHUWH[�Y�LV�DQ�DUWLFXODWLRQ�SRLQW�LI�DQG�RQO\�LI�

Y�KDV�VRPH�FKLOG�Z�VXFK�WKDW�ORZ�Z�� �QXP�Y���1RWLFH�WKDW�WKLV�FRQGLWLRQ�LV�DOZD\V�VDWLVILHG�
DW�WKH�URRW��KHQFH�WKH�QHHG�IRU�D�VSHFLDO�WHVW���

7KH�LI�SDUW�RI�WKH�SURRI�LV�FOHDU�ZKHQ�ZH�H[DPLQH�WKH�DUWLFXODWLRQ�SRLQWV�WKDW�WKH�DOJRULWKP�

GHWHUPLQHV��QDPHO\�&�DQG�'��'�KDV�D�FKLOG�(��DQG�ORZ�(�� �QXP�'���VLQFH�ERWK�DUH����7KXV��
WKHUH�LV�RQO\�RQH�ZD\�IRU�(�WR�JHW�WR�DQ\�QRGH�DERYH�'��DQG�WKDW�LV�E\�JRLQJ�WKURXJK�'��

6LPLODUO\��&�LV�DQ�DUWLFXODWLRQ�SRLQW��EHFDXVH�ORZ��*�� �QXP��&���7R�SURYH�WKDW�WKLV�DOJRULWKP�
LV�FRUUHFW��RQH�PXVW�VKRZ�WKDW�WKH�RQO\�LI�SDUW�RI�WKH�DVVHUWLRQ�LV�WUXH��WKDW�LV��WKLV�ILQGV�DOO
DUWLFXODWLRQ�SRLQWV���:H�OHDYH�WKLV�DV�DQ�H[HUFLVH��$V�D�VHFRQG�H[DPSOH��ZH�VKRZ��)LJ��������WKH�
UHVXOW�RI�DSSO\LQJ�WKLV�DOJRULWKP�RQ�WKH�VDPH�JUDSK��VWDUWLQJ�WKH�GHSWK�ILUVW�VHDUFK�DW�&���
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�

�

)LJXUH������$�JUDSK�ZLWK�DUWLFXODWLRQ�SRLQWV�&�DQG�'

�

�

�

)LJXUH������'HSWK�ILUVW�WUHH�IRU�SUHYLRXV�JUDSK��ZLWK�QXP�DQG�ORZ

�

:H�FORVH�E\�JLYLQJ�SVHXGRFRGH�WR�LPSOHPHQW�WKLV�DOJRULWKP��:H�ZLOO�DVVXPH�WKDW�WKH�DUUD\V�YLVLWHG
>@��LQLWLDOL]HG�WR�)$/6(���QXP>@��ORZ>@��DQG�SDUHQW>@�DUH�JOREDO�WR�NHHS�WKH�FRGH�VLPSOH��:H�ZLOO�
DOVR�NHHS�D�JOREDO�YDULDEOH�FDOOHG�FRXQWHU��ZKLFK�LV�LQLWLDOL]HG�WR���WR�DVVLJQ�WKH�SUHRUGHU�
WUDYHUVDO�QXPEHUV��QXP>@��7KLV�LV�QRW�QRUPDOO\�JRRG�SURJUDPPLQJ�SUDFWLFH��EXW�LQFOXGLQJ�DOO�WKH�
GHFODUDWLRQV�DQG�SDVVLQJ�WKH�H[WUD�SDUDPHWHUV�ZRXOG�FORXG�WKH�ORJLF��:H�DOVR�OHDYH�RXW�WKH�HDVLO\�
LPSOHPHQWHG�WHVW�IRU�WKH�URRW���

$V�ZH�KDYH�DOUHDG\�VWDWHG��WKLV�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�E\�SHUIRUPLQJ�D�SUHRUGHU�WUDYHUVDO�
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WR�FRPSXWH�QXP�DQG�WKHQ�D�SRVWRUGHU�WUDYHUVDO�WR�FRPSXWH�ORZ��$�WKLUG�WUDYHUVDO�FDQ�EH�XVHG�WR�
FKHFN�ZKLFK�YHUWLFHV�VDWLVI\�WKH�DUWLFXODWLRQ�SRLQW�FULWHULD��3HUIRUPLQJ�WKUHH�WUDYHUVDOV��
KRZHYHU��ZRXOG�EH�D�ZDVWH��7KH�ILUVW�SDVV�LV�VKRZQ�LQ�

)LJXUH�������

�

7KH�VHFRQG�DQG�WKLUG�SDVVHV��ZKLFK�DUH�SRVWRUGHU�WUDYHUVDOV��FDQ�EH�LPSOHPHQWHG�E\�WKH�FRGH�LQ�
)LJXUH�������/LQH���KDQGOHV�D�VSHFLDO�FDVH��,I�Z�LV�DGMDFHQW�WR�Y��WKHQ�WKH�UHFXUVLYH�FDOO�WR�Z�
ZLOO�ILQG�Y�DGMDFHQW�WR�Z��7KLV�LV�QRW�D�EDFN�HGJH��RQO\�DQ�HGJH�WKDW�KDV�DOUHDG\�EHHQ�FRQVLGHUHG�
DQG�QHHGV�WR�EH�LJQRUHG��2WKHUZLVH��WKH�SURFHGXUH�FRPSXWHV�WKH�PLQLPXP�RI�WKH�YDULRXV�ORZ>@�DQG�
QXP>@�HQWULHV��DV�VSHFLILHG�E\�WKH�DOJRULWKP���

7KHUH�LV�QR�UXOH�WKDW�D�WUDYHUVDO�PXVW�EH�HLWKHU�SUHRUGHU�RU�SRVWRUGHU��,W�LV�SRVVLEOH�WR�GR�
SURFHVVLQJ�ERWK�EHIRUH�DQG�DIWHU�WKH�UHFXUVLYH�FDOOV��7KH�SURFHGXUH�LQ�)LJXUH������FRPELQHV�WKH�
WZR�URXWLQHV�DVVLJQBQXP�DQG�DVVLJQBORZ�LQ�D�VWUDLJKWIRUZDUG�PDQQHU�WR�SURGXFH�WKH�SURFHGXUH�
ILQGBDUW���

�������(XOHU�&LUFXLWV
�

&RQVLGHU�WKH�WKUHH�ILJXUHV�LQ�)LJXUH�������$�SRSXODU�SX]]OH�LV�WR�UHFRQVWUXFW�WKHVH�ILJXUHV�XVLQJ�
D�SHQ��GUDZLQJ�HDFK�OLQH�H[DFWO\�RQFH��7KH�SHQ�PD\�QRW�EH�OLIWHG�IURP�WKH�SDSHU�ZKLOH�WKH�GUDZLQJ�
LV�EHLQJ�SHUIRUPHG��$V�DQ�H[WUD�FKDOOHQJH��PDNH�WKH�SHQ�ILQLVK�DW�WKH�VDPH�SRLQW�DW�ZKLFK�LW�
VWDUWHG��7KLV�SX]]OH�KDV�D�VXUSULVLQJO\�VLPSOH�VROXWLRQ��6WRS�UHDGLQJ�LI�\RX�ZRXOG�OLNH�WR�WU\�WR�
VROYH�LW���

�

�

)LJXUH������'HSWK�ILUVW�WUHH�WKDW�UHVXOWV�LI�GHSWK�ILUVW�VHDUFK�VWDUWV�DW�&

�

��DVVLJQ�QXP�DQG�FRPSXWH�SDUHQWV��

�

YRLG

�

DVVLJQBQXP��YHUWH[�Y��

�

^

�

YHUWH[�Z�

�
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����������QXP>Y@� �FRXQWHU����

����������YLVLWHG>Y@� �758(�

�

����������IRU�HDFK�Z�DGMDFHQW�WR�Y

�

���������������LI���YLVLWHG>Z@��

�

^

�

��������������������SDUHQW>Z@� �Y�

�

��������������������DVVLJQBQXP��Z���

�

`

�

`

�

)LJXUH������5RXWLQH�WR�DVVLJQ�QXP�WR�YHUWLFHV��SVHXGRFRGH�

�

��DVVLJQ�ORZ��$OVR�FKHFN�IRU�DUWLFXODWLRQ�SRLQWV��

�

YRLG

�

DVVLJQBORZ��YHUWH[�Y��

�

^

�

YHUWH[�Z�

�

����������ORZ>Y@� �QXP>Y@����������������5XOH����

�

����������IRU�HDFK�Z�DGMDFHQW�WR�Y

�

^

�

���������������LI��QXP>Z@�!�QXP>Y@�������IRUZDUG�HGJH��

�

^

�

���������������������DVVLJQBORZ��Z���

�

���������������������LI��ORZ>Z@�! �QXP>Y@��

�

��������������������������SULQWI����Y�LV�DQ�DUWLFXODWLRQ�SRLQW?Q���Y���

�

���������������������ORZ>Y@� �PLQ��ORZ>Y@��ORZ>Z@������5XOH����

�

`

�

HOVH

�

���������������LI��SDUHQW>Y@�� �Z����������EDFN�HGJH��

�

��������������������ORZ>Y@� �PLQ��ORZ>Y@��QXP>Z@�������5XOH����

�
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`�

`

�

)LJXUH������3VHXGRFRGH�WR�FRPSXWH�ORZ�DQG�WR�WHVW�IRU�DUWLFXODWLRQ�SRLQWV��WHVW�IRU�WKH�URRW�LV�
RPLWWHG��

YRLG

�

ILQGBDUW��YHUWH[�Y��

�

^

�

YHUWH[�Z�

�

�����������YLVLWHG>Y@� �758(�

�

�����������ORZ>Y@� �QXP>Y@� �FRXQWHU������5XOH����

�

�����������IRU�HDFK�Z�DGMDFHQW�WR�Y

�

^

�

����������������LI���YLVLWHG>Z@�����IRUZDUG�HGJH��

�

^

�

���������������������SDUHQW>Z@� �Y�

�

���������������������ILQGBDUW��Z���

�

���������������������LI��ORZ>Z@�! �QXP>Y@��

�

��������������������������SULQWI�����Y�LV�DQ�DUWLFXODWLRQ�SRLQW?Q���Y���

�

���������������������ORZ>Y@� �PLQ��ORZ>Y@��ORZ>Z@������5XOH� ��

�

`

�

HOVH

�

����������������LI��SDUHQW>Y@�� �Z�����EDFN�HGJH��

�

���������������������ORZ>Y@� �PLQ��ORZ>Y@��QXP>Z@������5XOH����

�

`

�

`

�

)LJXUH������7HVWLQJ�IRU�DUWLFXODWLRQ�SRLQWV�LQ�RQH�GHSWK�ILUVW�VHDUFK��WHVW�IRU�WKH�URRW�LV�
RPLWWHG���SVHXGRFRGH��
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�

�

)LJXUH������7KUHH�GUDZLQJV

�

7KH�ILUVW�ILJXUH�FDQ�EH�GUDZQ�RQO\�LI�WKH�VWDUWLQJ�SRLQW�LV�WKH�ORZHU�OHIW��RU�ULJKW�KDQG�FRUQHU��
DQG�LW�LV�QRW�SRVVLEOH�WR�ILQLVK�DW�WKH�VWDUWLQJ�SRLQW��7KH�VHFRQG�ILJXUH�LV�HDVLO\�GUDZQ�ZLWK�
WKH�ILQLVKLQJ�SRLQW�WKH�VDPH�DV�WKH�VWDUWLQJ�SRLQW��EXW�WKH�WKLUG�ILJXUH�FDQQRW�EH�GUDZQ�DW�DOO�
ZLWKLQ�WKH�SDUDPHWHUV�RI�WKH�SX]]OH���

:H�FDQ�FRQYHUW�WKLV�SUREOHP�WR�D�JUDSK�WKHRU\�SUREOHP�E\�DVVLJQLQJ�D�YHUWH[�WR�HDFK�LQWHUVHFWLRQ��
7KHQ�WKH�HGJHV�FDQ�EH�DVVLJQHG�LQ�WKH�QDWXUDO�PDQQHU��DV�LQ�

)LJXUH�������

�

$IWHU�WKLV�FRQYHUVLRQ�LV�SHUIRUPHG��ZH�PXVW�ILQG�D�SDWK�LQ�WKH�JUDSK�WKDW�YLVLWV�HYHU\�HGJH�
H[DFWO\�RQFH��,I�ZH�DUH�WR�VROYH�WKH��H[WUD�FKDOOHQJH���WKHQ�ZH�PXVW�ILQG�D�F\FOH�WKDW�YLVLWV�
HYHU\�HGJH�H[DFWO\�RQFH��7KLV�JUDSK�SUREOHP�ZDV�VROYHG�LQ������E\�(XOHU�DQG�PDUNHG�WKH�EHJLQQLQJ�
RI�JUDSK�WKHRU\��7KH�SUREOHP�LV�WKXV�FRPPRQO\�UHIHUUHG�WR�DV�DQ�(XOHU�SDWK��VRPHWLPHV�(XOHU�WRXU��
RU�(XOHU�FLUFXLW�SUREOHP��GHSHQGLQJ�RQ�WKH�VSHFLILF�SUREOHP�VWDWHPHQW��7KH�(XOHU�WRXU�DQG�(XOHU�
FLUFXLW�SUREOHPV��WKRXJK�VOLJKWO\�GLIIHUHQW��KDYH�WKH�VDPH�EDVLF�VROXWLRQ��7KXV��ZH�ZLOO�FRQVLGHU�
WKH�(XOHU�FLUFXLW�SUREOHP�LQ�WKLV�VHFWLRQ���

7KH�ILUVW�REVHUYDWLRQ�WKDW�FDQ�EH�PDGH�LV�WKDW�DQ�(XOHU�FLUFXLW��ZKLFK�PXVW�HQG�RQ�LWV�VWDUWLQJ�
YHUWH[��LV�SRVVLEOH�RQO\�LI�WKH�JUDSK�LV�FRQQHFWHG�DQG�HDFK�YHUWH[�KDV�DQ�HYHQ�GHJUHH��QXPEHU�RI�
HGJHV���7KLV�LV�EHFDXVH��RQ�WKH�(XOHU�FLUFXLW��D�YHUWH[�LV�HQWHUHG�DQG�WKHQ�OHIW��,I�DQ\�YHUWH[�Y
KDV�RGG�GHJUHH��WKHQ�HYHQWXDOO\�ZH�ZLOO�UHDFK�WKH�SRLQW�ZKHUH�RQO\�RQH�HGJH�LQWR�Y�LV�XQYLVLWHG��
DQG�WDNLQJ�LW�ZLOO�VWUDQG�XV�DW�Y��,I�H[DFWO\�WZR�YHUWLFHV�KDYH�RGG�GHJUHH��DQ�(XOHU�WRXU��ZKLFK�
PXVW�YLVLW�HYHU\�HGJH�EXW�QHHG�QRW�UHWXUQ�WR�LWV�VWDUWLQJ�YHUWH[��LV�VWLOO�SRVVLEOH�LI�ZH�VWDUW�
DW�RQH�RI�WKH�RGG�GHJUHH�YHUWLFHV�DQG�ILQLVK�DW�WKH�RWKHU��,I�PRUH�WKDQ�WZR�YHUWLFHV�KDYH�RGG�
GHJUHH��WKHQ�DQ�(XOHU�WRXU�LV�QRW�SRVVLEOH���

7KH�REVHUYDWLRQV�RI�WKH�SUHFHGLQJ�SDUDJUDSK�SURYLGH�XV�ZLWK�D�QHFHVVDU\�FRQGLWLRQ�IRU�WKH�
H[LVWHQFH�RI�DQ�(XOHU�FLUFXLW��,W�GRHV�QRW��KRZHYHU��WHOO�XV�WKDW�DOO�FRQQHFWHG�JUDSKV�WKDW�
VDWLVI\�WKLV�SURSHUW\�PXVW�KDYH�DQ�(XOHU�FLUFXLW��QRU�GRHV�LW�JLYH�XV�JXLGDQFH�RQ�KRZ�WR�ILQG�
RQH��,W�WXUQV�RXW�WKDW�WKH�QHFHVVDU\�FRQGLWLRQ�LV�DOVR�VXIILFLHQW��7KDW�LV��DQ\�FRQQHFWHG�JUDSK��
DOO�RI�ZKRVH�YHUWLFHV�KDYH�HYHQ�GHJUHH��PXVW�KDYH�DQ�(XOHU�FLUFXLW��)XUWKHUPRUH��D�FLUFXLW�FDQ�EH�
IRXQG�LQ�OLQHDU�WLPH���

:H�FDQ�DVVXPH�WKDW�ZH�NQRZ�WKDW�DQ�(XOHU�FLUFXLW�H[LVWV��VLQFH�ZH�FDQ�WHVW�WKH�QHFHVVDU\�DQG�
VXIILFLHQW�FRQGLWLRQ�LQ�OLQHDU�WLPH��7KHQ�WKH�EDVLF�DOJRULWKP�LV�WR�SHUIRUP�D�GHSWK�ILUVW�VHDUFK��
7KHUH�LV�D�VXUSULVLQJO\�ODUJH�QXPEHU�RI��REYLRXV��VROXWLRQV�WKDW�GR�QRW�ZRUN��6RPH�RI�WKHVH�DUH�
SUHVHQWHG�LQ�WKH�H[HUFLVHV���

7KH�PDLQ�SUREOHP�LV�WKDW�ZH�PLJKW�YLVLW�D�SRUWLRQ�RI�WKH�JUDSK�DQG�UHWXUQ�WR�WKH�VWDUWLQJ�SRLQW�
SUHPDWXUHO\��,I�DOO�WKH�HGJHV�FRPLQJ�RXW�RI�WKH�VWDUW�YHUWH[�KDYH�EHHQ�XVHG�XS��WKHQ�SDUW�RI�WKH�
JUDSK�LV�XQWUDYHUVHG��7KH�HDVLHVW�ZD\�WR�IL[�WKLV�LV�WR�ILQG�WKH�ILUVW�YHUWH[�RQ�WKLV�SDWK�WKDW�
KDV�DQ�XQWUDYHUVHG�HGJH��DQG�SHUIRUP�DQRWKHU�GHSWK�ILUVW�VHDUFK��7KLV�ZLOO�JLYH�DQRWKHU�FLUFXLW��
ZKLFK�FDQ�EH�VSOLFHG�LQWR�WKH�RULJLQDO��7KLV�LV�FRQWLQXHG�XQWLO�DOO�HGJHV�KDYH�EHHQ�WUDYHUVHG���
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�

�

)LJXUH������&RQYHUVLRQ�RI�SX]]OH�WR�JUDSK

�

$V�DQ�H[DPSOH��FRQVLGHU�WKH�JUDSK�LQ�

)LJXUH�������,W�LV�HDVLO\�VHHQ�WKDW�WKLV�JUDSK�KDV�DQ�(XOHU�
FLUFXLW��6XSSRVH�ZH�VWDUW�DW�YHUWH[����DQG�WUDYHUVH�WKH�FLUFXLW��������������7KHQ�ZH�DUH�VWXFN��
DQG�PRVW�RI�WKH�JUDSK�LV�VWLOO�XQWUDYHUVHG��7KH�VLWXDWLRQ�LV�VKRZQ�LQ�)LJXUH��������

:H�WKHQ�FRQWLQXH�IURP�YHUWH[����ZKLFK�VWLOO�KDV�XQH[SORUHG�HGJHV��$�GHSWK�ILUVW�VHDUFK�PLJKW�FRPH�
XS�ZLWK�WKH�SDWK������������������������������������,I�ZH�VSOLFH�WKLV�SDWK�LQWR�WKH�SUHYLRXV�SDWK�
RI��������������WKHQ�ZH�JHW�D�QHZ�SDWK�RI�����������������������������������������������

7KH�JUDSK�WKDW�UHPDLQV�DIWHU�WKLV�LV�VKRZQ�LQ�)LJXUH�������1RWLFH�WKDW�LQ�WKLV�JUDSK�DOO�WKH�
YHUWLFHV�PXVW�KDYH�HYHQ�GHJUHH��VR�ZH�DUH�JXDUDQWHHG�WR�ILQG�D�F\FOH�WR�DGG��7KH�UHPDLQLQJ�JUDSK�
PLJKW�QRW�EH�FRQQHFWHG��EXW�WKLV�LV�QRW�LPSRUWDQW��7KH�QH[W�YHUWH[�RQ�WKH�SDWK�WKDW�KDV�
XQWUDYHUVHG�HGJHV�LV�YHUWH[����$�SRVVLEOH�FLUFXLW�ZRXOG�WKHQ�EH�������������������:KHQ�VSOLFHG�
LQ��WKLV�JLYHV�WKH�SDWK��������������������������������������������������������������

�

�

)LJXUH������*UDSK�IRU�(XOHU�FLUFXLW�SUREOHP

�

�

�

)LJXUH������*UDSK�UHPDLQLQJ�DIWHU������������

�
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�

�

)LJXUH������*UDSK�DIWHU�WKH�SDWK��������������������������������������������

�

7KH�JUDSK�WKDW�UHPDLQV�LV�LQ�

)LJXUH�������2Q�WKLV�SDWK��WKH�QH[W�YHUWH[�ZLWK�DQ�XQWUDYHUVHG�HGJH�
LV����DQG�WKH�DOJRULWKP�ILQGV�WKH�FLUFXLW���������������:KHQ�WKLV�LV�DGGHG�WR�WKH�FXUUHQW�SDWK��D�
FLUFXLW�RI�����������������������������������������������������������������������LV�REWDLQHG��$V�
DOO�WKH�HGJHV�DUH�WUDYHUVHG��WKH�DOJRULWKP�WHUPLQDWHV�ZLWK�DQ�(XOHU�FLUFXLW���

7R�PDNH�WKLV�DOJRULWKP�HIILFLHQW��ZH�PXVW�XVH�DSSURSULDWH�GDWD�VWUXFWXUHV��:H�ZLOO�VNHWFK�VRPH�RI�
WKH�LGHDV��OHDYLQJ�WKH�LPSOHPHQWDWLRQ�DV�DQ�H[HUFLVH��7R�PDNH�VSOLFLQJ�VLPSOH��WKH�SDWK�VKRXOG�EH�
PDLQWDLQHG�DV�D�OLQNHG�OLVW��7R�DYRLG�UHSHWLWLRXV�VFDQQLQJ�RI�DGMDFHQF\�OLVWV��ZH�PXVW�PDLQWDLQ��
IRU�HDFK�DGMDFHQF\�OLVW��D�SRLQWHU�WR�WKH�ODVW�HGJH�VFDQQHG��:KHQ�D�SDWK�LV�VSOLFHG�LQ��WKH�
VHDUFK�IRU�D�QHZ�YHUWH[�IURP�ZKLFK�WR�SHUIRUP�WKH�QH[W�GIV�PXVW�EHJLQ�DW�WKH�VWDUW�RI�WKH�VSOLFH�
SRLQW��7KLV�JXDUDQWHHV�WKDW�WKH�WRWDO�ZRUN�SHUIRUPHG�RQ�WKH�YHUWH[�VHDUFK�SKDVH�LV�2�_(_��GXULQJ�
WKH�HQWLUH�OLIH�RI�WKH�DOJRULWKP��:LWK�WKH�DSSURSULDWH�GDWD�VWUXFWXUHV��WKH�UXQQLQJ�WLPH�RI�WKH�
DOJRULWKP�LV�2�_(_���_9_����

$�YHU\�VLPLODU�SUREOHP�LV�WR�ILQG�D�VLPSOH�F\FOH��LQ�DQ�XQGLUHFWHG�JUDSK��WKDW�YLVLWV�HYHU\�
YHUWH[��7KLV�LV�NQRZQ�DV�WKH�+DPLOWRQLDQ�F\FOH�SUREOHP��$OWKRXJK�LW�VHHPV�DOPRVW�LGHQWLFDO�WR�WKH�
(XOHU�FLUFXLW�SUREOHP��QR�HIILFLHQW�DOJRULWKP�IRU�LW�LV�NQRZQ��:H�VKDOO�VHH�WKLV�SUREOHP�DJDLQ�LQ�
6HFWLRQ�������

�������'LUHFWHG�*UDSKV
�

8VLQJ�WKH�VDPH�VWUDWHJ\�DV�ZLWK�XQGLUHFWHG�JUDSKV��GLUHFWHG�JUDSKV�FDQ�EH�WUDYHUVHG�LQ�OLQHDU�
WLPH��XVLQJ�GHSWK�ILUVW�VHDUFK��,I�WKH�JUDSK�LV�QRW�VWURQJO\�FRQQHFWHG��D�GHSWK�ILUVW�VHDUFK�
VWDUWLQJ�DW�VRPH�QRGH�PLJKW�QRW�YLVLW�DOO�QRGHV��,Q�WKLV�FDVH�ZH�UHSHDWHGO\�SHUIRUP�GHSWK�ILUVW�
VHDUFKHV��VWDUWLQJ�DW�VRPH�XQPDUNHG�QRGH��XQWLO�DOO�YHUWLFHV�KDYH�EHHQ�YLVLWHG��$V�DQ�H[DPSOH��
FRQVLGHU�WKH�GLUHFWHG�JUDSK�LQ�)LJXUH��������

:H�DUELWUDULO\�VWDUW�WKH�GHSWK�ILUVW�VHDUFK�DW�YHUWH[�%��7KLV�YLVLWV�YHUWLFHV�%��&��$��'��(��DQG�
)��:H�WKHQ�UHVWDUW�DW�VRPH�XQYLVLWHG�YHUWH[��$UELWUDULO\��ZH�VWDUW�DW�+��ZKLFK�YLVLWV�,�DQG�-��
)LQDOO\��ZH�VWDUW�DW�*��ZKLFK�LV�WKH�ODVW�YHUWH[�WKDW�QHHGV�WR�EH�YLVLWHG��7KH�FRUUHVSRQGLQJ�
GHSWK�ILUVW�VHDUFK�WUHH�LV�VKRZQ�LQ�)LJXUH��������
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�

)LJXUH������*UDSK�UHPDLQLQJ�DIWHU�WKH�SDWK������������������������������������������������������
������

�

�

)LJXUH������$�GLUHFWHG�JUDSK

�

�

�

)LJXUH������'HSWK�ILUVW�VHDUFK�RI�SUHYLRXV�JUDSK

�
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7KH�GDVKHG�DUURZV�LQ�WKH�GHSWK�ILUVW�VSDQQLQJ�IRUHVW�DUH�HGJHV��Y��Z��IRU�ZKLFK�Z�ZDV�DOUHDG\�
PDUNHG�DW�WKH�WLPH�RI�FRQVLGHUDWLRQ��,Q�XQGLUHFWHG�JUDSKV��WKHVH�DUH�DOZD\V�EDFN�HGJHV��EXW��DV�
ZH�FDQ�VHH��WKHUH�DUH�WKUHH�W\SHV�RI�HGJHV�WKDW�GR�QRW�OHDG�WR�QHZ�YHUWLFHV��)LUVW��WKHUH�DUH�
EDFN�HGJHV��VXFK�DV��$��%��DQG��,��+���7KHUH�DUH�DOVR�IRUZDUG�HGJHV��VXFK�DV��&��'��DQG��&��(���
WKDW�OHDG�IURP�D�WUHH�QRGH�WR�D�GHVFHQGDQW��)LQDOO\��WKHUH�DUH�FURVV�HGJHV��VXFK�DV��)��&��DQG�
�*��)���ZKLFK�FRQQHFW�WZR�WUHH�QRGHV�WKDW�DUH�QRW�GLUHFWO\�UHODWHG��'HSWK�ILUVW�VHDUFK�IRUHVWV�
DUH�JHQHUDOO\�GUDZQ�ZLWK�FKLOGUHQ�DQG�QHZ�WUHHV�DGGHG�WR�WKH�IRUHVW�IURP�OHIW�WR�ULJKW��,Q�D�
GHSWK��ILUVW�VHDUFK�RI�D�GLUHFWHG�JUDSK�GUDZQ�LQ�WKLV�PDQQHU��FURVV�HGJHV�DOZD\V�JR�IURP�ULJKW�WR�
OHIW���

6RPH�DOJRULWKPV�WKDW�XVH�GHSWK�ILUVW�VHDUFK�QHHG�WR�GLVWLQJXLVK�EHWZHHQ�WKH�WKUHH�W\SHV�RI�
QRQWUHH�HGJHV��7KLV�LV�HDV\�WR�FKHFN�DV�WKH�GHSWK�ILUVW�VHDUFK�LV�EHLQJ�SHUIRUPHG��DQG�LW�LV�OHIW�
DV�DQ�H[HUFLVH���

2QH�XVH�RI�GHSWK�ILUVW�VHDUFK�LV�WR�WHVW�ZKHWKHU�RU�QRW�D�GLUHFWHG�JUDSK�LV�DF\FOLF��7KH�UXOH�LV�
WKDW�D�GLUHFWHG�JUDSK�LV�DF\FOLF�LI�DQG�RQO\�LI�LW�KDV�QR�EDFN�HGJHV���7KH�JUDSK�DERYH�KDV�EDFN�
HGJHV��DQG�WKXV�LV�QRW�DF\FOLF���7KH�DOHUW�UHDGHU�PD\�UHPHPEHU�WKDW�D�WRSRORJLFDO�VRUW�FDQ�DOVR�
EH�XVHG�WR�GHWHUPLQH�ZKHWKHU�D�JUDSK�LV�DF\FOLF��$QRWKHU�ZD\�WR�SHUIRUP�WRSRORJLFDO�VRUWLQJ�LV�WR�
DVVLJQ�WKH�YHUWLFHV�WRSRORJLFDO�QXPEHUV�Q��Q���������������E\�SRVWRUGHU�WUDYHUVDO�RI�WKH�GHSWK�
ILUVW�VSDQQLQJ�IRUHVW��$V�ORQJ�DV�WKH�JUDSK�LV�DF\FOLF��WKLV�RUGHULQJ�ZLOO�EH�FRQVLVWHQW���

�������)LQGLQJ�6WURQJ�&RPSRQHQWV

�

%\�SHUIRUPLQJ�WZR�GHSWK�ILUVW�VHDUFKHV��ZH�FDQ�WHVW�ZKHWKHU�D�GLUHFWHG�JUDSK�LV�VWURQJO\�
FRQQHFWHG��DQG�LI�LW�LV�QRW��ZH�FDQ�DFWXDOO\�SURGXFH�WKH�VXEVHWV�RI�YHUWLFHV�WKDW�DUH�VWURQJO\�
FRQQHFWHG�WR�WKHPVHOYHV��7KLV�FDQ�DOVR�EH�GRQH�LQ�RQO\�RQH�GHSWK�ILUVW�VHDUFK��EXW�WKH�PHWKRG�
XVHG�KHUH�LV�PXFK�VLPSOHU�WR�XQGHUVWDQG���

)LUVW��D�GHSWK�ILUVW�VHDUFK�LV�SHUIRUPHG�RQ�WKH�LQSXW�JUDSK�*��7KH�YHUWLFHV�RI�*�DUH�QXPEHUHG�E\�
D�SRVWRUGHU�WUDYHUVDO�RI�WKH�GHSWK�ILUVW�VSDQQLQJ�IRUHVW��DQG�WKHQ�DOO�HGJHV�LQ�*�DUH�UHYHUVHG��
IRUPLQJ�*U��7KH�JUDSK�LQ�

)LJXUH������UHSUHVHQWV�*U�IRU�WKH�JUDSK�*�VKRZQ�LQ�)LJXUH�������WKH�

YHUWLFHV�DUH�VKRZQ�ZLWK�WKHLU�QXPEHUV���

7KH�DOJRULWKP�LV�FRPSOHWHG�E\�SHUIRUPLQJ�D�GHSWK�ILUVW�VHDUFK�RQ�*U��DOZD\V�VWDUWLQJ�D�QHZ�GHSWK�

ILUVW�VHDUFK�DW�WKH�KLJKHVW�QXPEHUHG�YHUWH[��7KXV��ZH�EHJLQ�WKH�GHSWK�ILUVW�VHDUFK�RI�*U�DW�

YHUWH[�*��ZKLFK�LV�QXPEHUHG�����7KLV�OHDGV�QRZKHUH��VR�WKH�QH[W�VHDUFK�LV�VWDUWHG�DW�+��7KLV�FDOO�
YLVLWV�,�DQG�-��7KH�QH[W�FDOO�VWDUWV�DW�%�DQG�YLVLWV�$��&��DQG�)��7KH�QH[W�FDOOV�DIWHU�WKLV�DUH�
GIV�'��DQG�ILQDOO\�GIV�(���7KH�UHVXOWLQJ�GHSWK�ILUVW�VSDQQLQJ�IRUHVW�LV�VKRZQ�LQ�)LJXUH��������

(DFK�RI�WKH�WUHHV��WKLV�LV�HDVLHU�WR�VHH�LI�\RX�FRPSOHWHO\�LJQRUH�DOO�QRQWUHH�HGJHV��LQ�WKLV�
GHSWK�ILUVW�VSDQQLQJ�IRUHVW�IRUPV�D�VWURQJO\�FRQQHFWHG�FRPSRQHQW��7KXV��IRU�RXU�H[DPSOH��WKH�
VWURQJO\�FRQQHFWHG�FRPSRQHQWV�DUH�^*`��^+��,��-`��^%��$��&��)`��^'`��DQG�^(`���

7R�VHH�ZK\�WKLV�DOJRULWKP�ZRUNV��ILUVW�QRWH�WKDW�LI�WZR�YHUWLFHV�Y�DQG�Z DUH�LQ�WKH�VDPH�VWURQJO\�
FRQQHFWHG�FRPSRQHQW��WKHQ�WKHUH�DUH�SDWKV�IURP�Y�WR�Z�DQG�IURP�Z�WR�Y�LQ�WKH�RULJLQDO�JUDSK�*��
DQG�KHQFH�DOVR�LQ�*U��1RZ��LI�WZR�YHUWLFHV�Y�DQG�Z�DUH�QRW�LQ�WKH�VDPH�GHSWK�ILUVW�VSDQQLQJ�WUHH�
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RI�*U��FOHDUO\�WKH\�FDQQRW�EH�LQ�WKH�VDPH�VWURQJO\�FRQQHFWHG�FRPSRQHQW���

7R�SURYH�WKDW�WKLV�DOJRULWKP�ZRUNV��ZH�PXVW�VKRZ�WKDW�LI�WZR�YHUWLFHV�Y�DQG�Z�DUH�LQ�WKH�VDPH�
GHSWK�ILUVW�VSDQQLQJ�WUHH�RI�*U��WKHUH�PXVW�EH�SDWKV�IURP�Y�WR�Z�DQG�IURP�Z�WR�Y��(TXLYDOHQWO\��

ZH�FDQ�VKRZ�WKDW�LI�[�LV�WKH�URRW�RI�WKH�GHSWK�ILUVW�VSDQQLQJ�WUHH�RI�*U�FRQWDLQLQJ�Y��WKHQ�WKHUH�

LV�D�SDWK�IURP�[�WR�Y�DQG�IURP�Y�WR�[��$SSO\LQJ�WKH�VDPH�ORJLF�WR�Z�ZRXOG�WKHQ�JLYH�D�SDWK�IURP�[
WR�Z�DQG�IURP�Z�WR�[��7KHVH�SDWKV�ZRXOG�LPSO\�SDWKV�IURP�Y�WR�Z�DQG�Z�WR�Y��JRLQJ�WKURXJK�[����

6LQFH�Y�LV�D�GHVFHQGDQW�RI�[�LQ�*U
V�GHSWK�ILUVW�VSDQQLQJ�WUHH��WKHUH�LV�D�SDWK�IURP�[�WR�Y�LQ�*U
DQG�WKXV�D�SDWK�IURP�Y�WR�[�LQ�*��)XUWKHUPRUH��VLQFH�[�LV�WKH�URRW��[�KDV�WKH�KLJKHU�SRVWRUGHU�
QXPEHU�IURP�WKH�ILUVW�GHSWK�ILUVW�VHDUFK��7KHUHIRUH��GXULQJ�WKH�ILUVW�GHSWK�ILUVW�VHDUFK��DOO�WKH�
ZRUN�SURFHVVLQJ�Y�ZDV�FRPSOHWHG�EHIRUH�WKH�ZRUN�DW�[�ZDV�FRPSOHWHG��6LQFH�WKHUH�LV�D�SDWK�IURP�Y�
WR�[��LW�IROORZV�WKDW�Y�PXVW�EH�D�GHVFHQGDQW�RI�[�LQ�WKH�VSDQQLQJ�WUHH�IRU�*����RWKHUZLVH�Y ZRXOG�
ILQLVK�DIWHU�[��7KLV�LPSOLHV�D�SDWK�IURP�[�WR�Y�LQ�*�DQG�FRPSOHWHV�WKH�SURRI���

�

�

)LJXUH������*U�QXPEHUHG�E\�SRVWRUGHU�WUDYHUVDO�RI�*

�

�

�

)LJXUH������'HSWK�ILUVW�VHDUFK�RI�*U����VWURQJ�FRPSRQHQWV�DUH�^*`��^+��,��-`��^%��$��&��)`��^'`��

^(`�
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�����,QWURGXFWLRQ�WR�13�&RPSOHWHQHVV

�

,Q�WKLV�FKDSWHU��ZH�KDYH�VHHQ�VROXWLRQV�WR�D�ZLGH�YDULHW\�RI�JUDSK�WKHRU\�SUREOHPV��$OO�WKHVH�
SUREOHPV�KDYH�SRO\QRPLDO�UXQQLQJ�WLPHV��DQG�ZLWK�WKH�H[FHSWLRQ�RI�WKH�QHWZRUN�IORZ�SUREOHP��WKH�
UXQQLQJ�WLPH�LV�HLWKHU�OLQHDU�RU�RQO\�VOLJKWO\�PRUH�WKDQ�OLQHDU��2�_(_�ORJ�_(_����:H�KDYH�DOVR�
PHQWLRQHG��LQ�SDVVLQJ��WKDW�IRU�VRPH�SUREOHPV�FHUWDLQ�YDULDWLRQV�VHHP�KDUGHU�WKDQ�WKH�RULJLQDO���

5HFDOO�WKDW�WKH�(XOHU�FLUFXLW�SUREOHP��ZKLFK�ILQGV�D�SDWK�WKDW�WRXFKHV�HYHU\�HGJH�H[DFWO\�RQFH��
LV�VROYDEOH�LQ�OLQHDU�WLPH��7KH�+DPLOWRQLDQ�F\FOH�SUREOHP�DVNV�IRU�D�VLPSOH�F\FOH�WKDW�FRQWDLQV�
HYHU\�YHUWH[��1R�OLQHDU�DOJRULWKP�LV�NQRZQ�IRU�WKLV�SUREOHP���

7KH�VLQJOH�VRXUFH�XQZHLJKWHG�VKRUWHVW�SDWK�SUREOHP�IRU�GLUHFWHG�JUDSKV�LV�DOVR�VROYDEOH�LQ�OLQHDU�
WLPH��1R�OLQHDU�WLPH�DOJRULWKP�LV�NQRZQ�IRU�WKH�FRUUHVSRQGLQJ�ORQJHVW�VLPSOH�SDWK�SUREOHP���

7KH�VLWXDWLRQ�IRU�WKHVH�SUREOHP�YDULDWLRQV�LV�DFWXDOO\�PXFK�ZRUVH�WKDQ�ZH�KDYH�GHVFULEHG��1RW�
RQO\�DUH�QR�OLQHDU�DOJRULWKPV�NQRZQ�IRU�WKHVH�YDULDWLRQV��EXW�WKHUH�DUH�QR�NQRZQ�DOJRULWKPV�WKDW�
DUH�JXDUDQWHHG�WR�UXQ�LQ�SRO\QRPLDO�WLPH��7KH�EHVW�NQRZQ�DOJRULWKPV�IRU�WKHVH�SUREOHPV�FRXOG�WDNH�
H[SRQHQWLDO�WLPH�RQ�VRPH�LQSXWV���

,Q�WKLV�VHFWLRQ�ZH�ZLOO�WDNH�D�EULHI�ORRN�DW�WKLV�SUREOHP��7KLV�WRSLF�LV�UDWKHU�FRPSOH[��VR�ZH�
ZLOO�RQO\�WDNH�D�TXLFN�DQG�LQIRUPDO�ORRN�DW�LW��%HFDXVH�RI�WKLV��WKH�GLVFXVVLRQ�PD\�EH�
�QHFHVVDULO\��VRPHZKDW�LPSUHFLVH�LQ�SODFHV���

:H�ZLOO�VHH�WKDW�WKHUH�DUH�D�KRVW�RI�LPSRUWDQW�SUREOHPV�WKDW�DUH�URXJKO\�HTXLYDOHQW�LQ�
FRPSOH[LW\��7KHVH�SUREOHPV�IRUP�D�FODVV�FDOOHG�WKH�13�FRPSOHWH�SUREOHPV��7KH�H[DFW�FRPSOH[LW\�RI�
WKHVH�13�FRPSOHWH�SUREOHPV�KDV�\HW�WR�EH�GHWHUPLQHG�DQG�UHPDLQV�WKH�IRUHPRVW�RSHQ�SUREOHP�LQ�
WKHRUHWLFDO�FRPSXWHU�VFLHQFH��(LWKHU�DOO�WKHVH�SUREOHPV�KDYH�SRO\QRPLDO�WLPH�VROXWLRQV�RU�QRQH�RI�
WKHP�GR���

�������(DV\�YV��+DUG�

�

�������7KH�&ODVV�13�

�

�������13�&RPSOHWH�3UREOHPV�

�

�������(DV\�YV��+DUG
�

:KHQ�FODVVLI\LQJ�SUREOHPV��WKH�ILUVW�VWHS�LV�WR�H[DPLQH�WKH�ERXQGDULHV��:H�KDYH�DOUHDG\�VHHQ�WKDW�
PDQ\�SUREOHPV�FDQ�EH�VROYHG�LQ�OLQHDU�WLPH��:H�KDYH�DOVR�VHHQ�VRPH�2�ORJ�Q��UXQQLQJ�WLPHV��EXW�
WKHVH�HLWKHU�DVVXPH�VRPH�SUHSURFHVVLQJ��VXFK�DV�LQSXW�DOUHDG\�EHLQJ�UHDG�RU�D�GDWD�VWUXFWXUH�
DOUHDG\�EHLQJ�EXLOW��RU�RFFXU�RQ�DULWKPHWLF�H[DPSOHV��)RU�LQVWDQFH��WKH�JFG�DOJRULWKP��ZKHQ�
DSSOLHG�RQ�WZR�QXPEHUV�P�DQG�Q��WDNHV�2�ORJ�Q��WLPH��6LQFH�WKH�QXPEHUV�FRQVLVW�RI�ORJ�P�DQG�ORJ�Q
ELWV�UHVSHFWLYHO\��WKH�JFG�DOJRULWKP�LV�UHDOO\�WDNLQJ�WLPH�WKDW�LV�OLQHDU�LQ�WKH�DPRXQW�RU�VL]H�
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RI�LQSXW��7KXV��ZKHQ�ZH�PHDVXUH�UXQQLQJ�WLPH��ZH�ZLOO�EH�FRQFHUQHG�ZLWK�WKH�UXQQLQJ�WLPH�DV�D�
IXQFWLRQ�RI�WKH�DPRXQW�RI�LQSXW��*HQHUDOO\��ZH�FDQQRW�H[SHFW�EHWWHU�WKDQ�OLQHDU�UXQQLQJ�WLPH���

$W�WKH�RWKHU�HQG�RI�WKH�VSHFWUXP�OLH�VRPH�WUXO\�KDUG�SUREOHPV��7KHVH�SUREOHPV�DUH�VR�KDUG�WKDW�
WKH\�DUH�LPSRVVLEOH��7KLV�GRHV�QRW�PHDQ�WKH�W\SLFDO�H[DVSHUDWHG�PRDQ��ZKLFK�PHDQV�WKDW�LW�ZRXOG�
WDNH�D�JHQLXV�WR�VROYH�WKH�SUREOHP��-XVW�DV�UHDO�QXPEHUV�DUH�QRW�VXIILFLHQW�WR�H[SUHVV�D�VROXWLRQ�

WR�[�������RQH�FDQ�SURYH�WKDW�FRPSXWHUV�FDQQRW�VROYH�HYHU\�SUREOHP�WKDW�KDSSHQV�WR�FRPH�DORQJ��
7KHVH��LPSRVVLEOH��SUREOHPV�DUH�FDOOHG�XQGHFLGDEOH�SUREOHPV���

2QH�SDUWLFXODU�XQGHFLGDEOH�SUREOHP�LV�WKH�KDOWLQJ�SUREOHP� ,V�LW�SRVVLEOH�WR�KDYH�\RXU�&�FRPSLOHU�
KDYH�DQ�H[WUD�IHDWXUH�WKDW�QRW�RQO\�GHWHFWV�V\QWD[�HUURUV�EXW�DOVR�LQILQLWH�ORRSV"�7KLV�VHHPV�
OLNH�D�KDUG�SUREOHP��EXW�RQH�PLJKW�H[SHFW�WKDW�LI�VRPH�YHU\�FOHYHU�SURJUDPPHUV�VSHQW�HQRXJK�WLPH�
RQ�LW��WKH\�FRXOG�SURGXFH�WKLV�HQKDQFHPHQW���

7KH�LQWXLWLYH�UHDVRQ�WKDW�WKLV�SUREOHP�LV�XQGHFLGDEOH�LV�WKDW�VXFK�D�SURJUDP�PLJKW�KDYH�D�KDUG�
WLPH�FKHFNLQJ�LWVHOI��)RU�WKLV�UHDVRQ��WKHVH�SUREOHPV�DUH�VRPHWLPHV�FDOOHG�UHFXUVLYHO\�
XQGHFLGDEOH���

,I�DQ�LQILQLWH�ORRS�FKHFNLQJ�SURJUDP�FRXOG�EH�ZULWWHQ��VXUHO\�LW�FRXOG�EH�XVHG�WR�FKHFN�LWVHOI��
:H�FRXOG�WKHQ�SURGXFH�D�SURJUDP�FDOOHG�/223��/223�WDNHV�DV�LQSXW�D�SURJUDP�3�DQG�UXQV�3�RQ�
LWVHOI��,W�SULQWV�RXW�WKH�SKUDVH�<(6�LI�3�ORRSV�ZKHQ�UXQ�RQ�LWVHOI��,I�3�WHUPLQDWHV�ZKHQ�UXQ�RQ�
LWVHOI��D�QDWXUDO�WKLQJ�WR�GR�ZRXOG�EH�WR�SULQW�RXW�12��,QVWHDG�RI�GRLQJ�WKDW��ZH�ZLOO�KDYH�/223�
JR�LQWR�DQ�LQILQLWH�ORRS���

:KDW�KDSSHQV�ZKHQ�/223�LV�JLYHQ�LWVHOI�DV�LQSXW"�(LWKHU�/223�KDOWV��RU�LW�GRHV�QRW�KDOW��7KH�
SUREOHP�LV�WKDW�ERWK�WKHVH�SRVVLELOLWLHV�OHDG�WR�FRQWUDGLFWLRQV��LQ�PXFK�WKH�VDPH�ZD\�DV�GRHV�WKH�
SKUDVH��7KLV�VHQWHQFH�LV�D�OLH����

%\�RXU�GHILQLWLRQ��/223�3��JRHV�LQWR�DQ�LQILQLWH�ORRS�LI�3�3��WHUPLQDWHV��6XSSRVH�WKDW�ZKHQ�3� �
/223��3�3��WHUPLQDWHV��7KHQ��DFFRUGLQJ�WR�WKH�/223�SURJUDP��/223�3��LV�REOLJDWHG�WR�JR�LQWR�DQ�
LQILQLWH�ORRS��7KXV��ZH�PXVW�KDYH�/223�/223��WHUPLQDWLQJ�DQG�HQWHULQJ�DQ�LQILQLWH�ORRS��ZKLFK�LV�
FOHDUO\�QRW�SRVVLEOH��2Q�WKH�RWKHU�KDQG��VXSSRVH�WKDW�ZKHQ�3� �/223��3�3��HQWHUV�DQ�LQILQLWH�
ORRS��7KHQ�/223�3��PXVW�WHUPLQDWH��DQG�ZH�DUULYH�DW�WKH�VDPH�VHW�RI�FRQWUDGLFWLRQV��7KXV��ZH�VHH�
WKDW�WKH�SURJUDP�/223�FDQQRW�SRVVLEO\�H[LVW���

�������7KH�&ODVV�13

�

$�IHZ�VWHSV�GRZQ�IURP�WKH�KRUURUV�RI�XQGHFLGDEOH�SUREOHPV�OLHV�WKH�FODVV�13��13�VWDQGV�IRU�
QRQGHWHUPLQLVWLF�SRO\QRPLDO�WLPH��$�GHWHUPLQLVWLF�PDFKLQH��DW�HDFK�SRLQW�LQ�WLPH��LV�H[HFXWLQJ�DQ�
LQVWUXFWLRQ��'HSHQGLQJ�RQ�WKH�LQVWUXFWLRQ��LW�WKHQ�JRHV�WR�VRPH�QH[W�LQVWUXFWLRQ��ZKLFK�LV�
XQLTXH��$�QRQGHWHUPLQLVWLF�PDFKLQH�KDV�D�FKRLFH�RI�QH[W�VWHSV��,W�LV�IUHH�WR�FKRRVH�DQ\�WKDW�LW�
ZLVKHV��DQG�LI�RQH�RI�WKHVH�VWHSV�OHDGV�WR�D�VROXWLRQ��LW�ZLOO�DOZD\V�FKRRVH�WKH�FRUUHFW�RQH��$�
QRQGHWHUPLQLVWLF�PDFKLQH�WKXV�KDV�WKH�SRZHU�RI�H[WUHPHO\�JRRG��RSWLPDO��JXHVVLQJ��7KLV�SUREDEO\�
VHHPV�OLNH�D�ULGLFXORXV�PRGHO��VLQFH�QRERG\�FRXOG�SRVVLEO\�EXLOG�D�QRQGHWHUPLQLVWLF�FRPSXWHU��DQG�
EHFDXVH�LW�ZRXOG�VHHP�WR�EH�DQ�LQFUHGLEOH�XSJUDGH�WR�\RXU�VWDQGDUG�FRPSXWHU��HYHU\�SUREOHP�PLJKW�
QRZ�VHHP�WULYLDO���:H�ZLOO�VHH�WKDW�QRQGHWHUPLQLVP�LV�D�YHU\�XVHIXO�WKHRUHWLFDO�FRQVWUXFW��
)XUWKHUPRUH��QRQGHWHUPLQLVP�LV�QRW�DV�SRZHUIXO�DV�RQH�PLJKW�WKLQN��)RU�LQVWDQFH��XQGHFLGDEOH�
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SUREOHPV�DUH�VWLOO�XQGHFLGDEOH��HYHQ�LI�QRQGHWHUPLQLVP�LV�DOORZHG���

$�VLPSOH�ZD\�WR�FKHFN�LI�D�SUREOHP�LV�LQ�13�LV�WR�SKUDVH�WKH�SUREOHP�DV�D�\HV�QR�TXHVWLRQ��7KH�
SUREOHP�LV�LQ�13�LI��LQ�SRO\QRPLDO�WLPH��ZH�FDQ�SURYH�WKDW�DQ\��\HV��LQVWDQFH�LV�FRUUHFW��:H�GR�
QRW�KDYH�WR�ZRUU\�DERXW��QR��LQVWDQFHV��VLQFH�WKH�SURJUDP�DOZD\V�PDNHV�WKH�ULJKW�FKRLFH��7KXV��
IRU�WKH�+DPLOWRQLDQ�F\FOH�SUREOHP��D��\HV��LQVWDQFH�ZRXOG�EH�DQ\�VLPSOH�FLUFXLW�LQ�WKH�JUDSK�WKDW�
LQFOXGHV�DOO�WKH�YHUWLFHV��7KLV�LV�LQ�13��VLQFH��JLYHQ�WKH�SDWK��LW�LV�D�VLPSOH�PDWWHU�WR�FKHFN�
WKDW�LW�LV�UHDOO\�D�+DPLOWRQLDQ�F\FOH��$SSURSULDWHO\�SKUDVHG�TXHVWLRQV��VXFK�DV��,V�WKHUH�D�
VLPSOH�SDWK�RI�OHQJWK�!�."��FDQ�DOVR�HDVLO\�EH�FKHFNHG�DQG�DUH�LQ�13��$Q\�SDWK�WKDW�VDWLVILHV�
WKLV�SURSHUW\�FDQ�EH�FKHFNHG�WULYLDOO\���

7KH�FODVV�13�LQFOXGHV�DOO�SUREOHPV�WKDW�KDYH�SRO\QRPLDO�WLPH�VROXWLRQV��VLQFH�REYLRXVO\�WKH�
VROXWLRQ�SURYLGHV�D�FKHFN��2QH�ZRXOG�H[SHFW�WKDW�VLQFH�LW�LV�VR�PXFK�HDVLHU�WR�FKHFN�DQ�DQVZHU�
WKDQ�WR�FRPH�XS�ZLWK�RQH�IURP�VFUDWFK��WKHUH�ZRXOG�EH�SUREOHPV�LQ�13�WKDW�GR�QRW�KDYH�SRO\QRPLDO�
WLPH�VROXWLRQV��7R�GDWH�QR�VXFK�SUREOHP�KDV�EHHQ�IRXQG��VR�LW�LV�HQWLUHO\�SRVVLEOH��WKRXJK�QRW�
FRQVLGHUHG�OLNHO\�E\�H[SHUWV��WKDW�QRQGHWHUPLQLVP�LV�QRW�VXFK�DQ�LPSRUWDQW�LPSURYHPHQW��7KH�
SUREOHP�LV�WKDW�SURYLQJ�H[SRQHQWLDO�ORZHU�ERXQGV�LV�DQ�H[WUHPHO\�GLIILFXOW�WDVN��7KH�LQIRUPDWLRQ�

WKHRU\�ERXQG�WHFKQLTXH��ZKLFK�ZH�XVHG�WR�VKRZ�WKDW�VRUWLQJ�UHTXLUHV� �Q�ORJ�Q��FRPSDULVRQV��
GRHV�QRW�VHHP�WR�EH�DGHTXDWH�IRU�WKH�WDVN��EHFDXVH�WKH�GHFLVLRQ�WUHHV�DUH�QRW�QHDUO\�ODUJH�
HQRXJK���

1RWLFH�DOVR�WKDW�QRW�DOO�GHFLGDEOH�SUREOHPV�DUH�LQ�13��&RQVLGHU�WKH�SUREOHP�RI�GHWHUPLQLQJ�
ZKHWKHU�D�JUDSK�GRHV�QRW�KDYH�D�+DPLOWRQLDQ�F\FOH��7R�SURYH�WKDW�D�JUDSK�KDV�D�+DPLOWRQLDQ�F\FOH�
LV�D�UHODWLYHO\�VLPSOH�PDWWHU�ZH�MXVW�QHHG�WR�H[KLELW�RQH��1RERG\�NQRZV�KRZ�WR�VKRZ��LQ�
SRO\QRPLDO�WLPH��WKDW�D�JUDSK�GRHV�QRW�KDYH�D�+DPLOWRQLDQ�F\FOH��,W�VHHPV�WKDW�RQH�PXVW�HQXPHUDWH�
DOO�WKH�F\FOHV�DQG�FKHFN�WKHP�RQH�E\�RQH��7KXV�WKH�1RQ�+DPLOWRQLDQ�F\FOH�SUREOHP�LV�QRW�NQRZQ�WR�
EH�LQ�13���

�������13�&RPSOHWH�3UREOHPV

�

$PRQJ�DOO�WKH�SUREOHPV�NQRZQ�WR�EH�LQ�13��WKHUH�LV�D�VXEVHW��NQRZQ�DV�WKH�13�FRPSOHWH�SUREOHPV��
ZKLFK�FRQWDLQV�WKH�KDUGHVW��$Q�13�FRPSOHWH�SUREOHP�KDV�WKH�SURSHUW\�WKDW�DQ\�SUREOHP�LQ�13 FDQ�EH�
SRO\QRPLDOO\�UHGXFHG�WR�LW���

$�SUREOHP�3��FDQ�EH�UHGXFHG�WR�3��DV�IROORZV��3URYLGH�D�PDSSLQJ�VR�WKDW�DQ\�LQVWDQFH�RI�3� FDQ�EH�

WUDQVIRUPHG�WR�DQ�LQVWDQFH�RI�3���6ROYH�3���DQG�WKHQ�PDS�WKH�DQVZHU�EDFN�WR�WKH�RULJLQDO��$V�DQ�

H[DPSOH��QXPEHUV�DUH�HQWHUHG�LQWR�D�SRFNHW�FDOFXODWRU�LQ�GHFLPDO��7KH�GHFLPDO�QXPEHUV�DUH�
FRQYHUWHG�WR�ELQDU\��DQG�DOO�FDOFXODWLRQV�DUH�SHUIRUPHG�LQ�ELQDU\��7KHQ�WKH�ILQDO�DQVZHU�LV�
FRQYHUWHG�EDFN�WR�GHFLPDO�IRU�GLVSOD\��)RU�3��WR�EH�SRO\QRPLDOO\�UHGXFLEOH�WR�3���DOO�WKH�ZRUN�

DVVRFLDWHG�ZLWK�WKH�WUDQVIRUPDWLRQV�PXVW�EH�SHUIRUPHG�LQ�SRO\QRPLDO�WLPH���

7KH�UHDVRQ�WKDW�13�FRPSOHWH�SUREOHPV�DUH�WKH�KDUGHVW�13�SUREOHPV�LV�WKDW�D�SUREOHP�WKDW�LV�13�
FRPSOHWH�FDQ�HVVHQWLDOO\�EH�XVHG�DV�D�VXEURXWLQH�IRU�DQ\�SUREOHP�LQ�13��ZLWK�RQO\�D�SRO\QRPLDO�
DPRXQW�RI�RYHUKHDG��7KXV��LI�DQ\�13�FRPSOHWH�SUREOHP�KDV�D�SRO\QRPLDO�WLPH�VROXWLRQ��WKHQ�HYHU\�
SUREOHP�LQ�13�PXVW�KDYH�D�SRO\QRPLDO�WLPH�VROXWLRQ��7KLV�PDNHV�WKH�13�FRPSOHWH�SUREOHPV�WKH�
KDUGHVW�RI�DOO�13�SUREOHPV���

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5����*5$3+�$/*25,7+06

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



6XSSRVH�ZH�KDYH�DQ�13�FRPSOHWH�SUREOHP�3���6XSSRVH�3��LV�NQRZQ�WR�EH�LQ�13��6XSSRVH�IXUWKHU�WKDW�

3��SRO\QRPLDOO\�UHGXFHV�WR�3���VR�WKDW�ZH�FDQ�VROYH�3��E\�XVLQJ�3��ZLWK�RQO\�D�SRO\QRPLDO�WLPH�

SHQDOW\��6LQFH�3��LV�13�FRPSOHWH��HYHU\�SUREOHP�LQ�13�SRO\QRPLDOO\�UHGXFHV�WR�3���%\�DSSO\LQJ�WKH�

FORVXUH�SURSHUW\�RI�SRO\QRPLDOV��ZH�VHH�WKDW�HYHU\�SUREOHP�LQ�13�LV�SRO\QRPLDOO\�UHGXFLEOH�WR�3���

:H�UHGXFH�WKH�SUREOHP�WR�3��DQG�WKHQ�UHGXFH�3��WR�3���7KXV��3��LV�13�FRPSOHWH���

$V�DQ�H[DPSOH��VXSSRVH�WKDW�ZH�DOUHDG\�NQRZ�WKDW�WKH�+DPLOWRQLDQ�F\FOH�SUREOHP�LV�13�FRPSOHWH��
7KH�WUDYHOLQJ�VDOHVPDQ�SUREOHP�LV�DV�IROORZV���

75$9(/,1*�6$/(60$1�352%/(0��

�

*LYHQ�D�FRPSOHWH�JUDSK�*� ��9��(���ZLWK�HGJH�FRVWV��DQG�DQ�LQWHJHU�.��LV�WKHUH�D�VLPSOH�F\FOH�

WKDW�YLVLWV�DOO�YHUWLFHV�DQG�KDV�WRWDO�FRVW� �."�

�

7KH�SUREOHP�LV�GLIIHUHQW�IURP�WKH�+DPLOWRQLDQ�F\FOH�SUREOHP��EHFDXVH�DOO�_9_�_9_��������HGJHV�DUH�
SUHVHQW�DQG�WKH�JUDSK�LV�ZHLJKWHG��7KLV�SUREOHP�KDV�PDQ\�LPSRUWDQW�DSSOLFDWLRQV��)RU�LQVWDQFH��
SULQWHG�FLUFXLW�ERDUGV�QHHG�WR�KDYH�KROHV�SXQFKHG�VR�WKDW�FKLSV��UHVLVWRUV��DQG�RWKHU�HOHFWURQLF�
FRPSRQHQWV�FDQ�EH�SODFHG��7KLV�LV�GRQH�PHFKDQLFDOO\��3XQFKLQJ�WKH�KROH�LV�D�TXLFN�RSHUDWLRQ��WKH�
WLPH�FRQVXPLQJ�VWHS�LV�SRVLWLRQLQJ�WKH�KROH�SXQFKHU��7KH�WLPH�UHTXLUHG�IRU�SRVLWLRQLQJ�GHSHQGV�RQ�
WKH�GLVWDQFH�WUDYHOHG�IURP�KROH�WR�KROH��6LQFH�ZH�ZRXOG�OLNH�WR�SXQFK�HYHU\�KROH��DQG�WKHQ�UHWXUQ�
WR�WKH�VWDUW�IRU�WKH�QH[W�ERDUG���DQG�PLQLPL]H�WKH�WRWDO�DPRXQW�RI�WLPH�VSHQW�WUDYHOLQJ��ZKDW�ZH�
KDYH�LV�D�WUDYHOLQJ�VDOHVPDQ�SUREOHP���

7KH�WUDYHOLQJ�VDOHVPDQ�SUREOHP�LV�13�FRPSOHWH��,W�LV�HDV\�WR�VHH�WKDW�D�VROXWLRQ�FDQ�EH�FKHFNHG�
LQ�SRO\QRPLDO�WLPH��VR�LW�LV�FHUWDLQO\�LQ�13��7R�VKRZ�WKDW�LW�LV�13�FRPSOHWH��ZH�SRO\QRPLDOO\�
UHGXFH�WKH�+DPLOWRQLDQ�F\FOH�SUREOHP�WR�LW��7R�GR�WKLV�ZH�FRQVWUXFW�D�QHZ�JUDSK�*
��*
�KDV�WKH�

VDPH�YHUWLFHV�DV�*��)RU�*
��HDFK�HGJH��Y��Z��KDV�D�ZHLJKW�RI���LI��Y��Z�� �*��DQG���RWKHUZLVH��
:H�FKRRVH�.� �_9_��6HH�
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,W�LV�HDV\�WR�YHULI\�WKDW�*�KDV�D�+DPLOWRQLDQ�F\FOH�SUREOHP�LI�DQG�RQO\�LI�*
�KDV�D�7UDYHOLQJ�
6DOHVPDQ�WRXU�RI�WRWDO�ZHLJKW�_9_���

7KHUH�LV�QRZ�D�ORQJ�OLVW�RI�SUREOHPV�NQRZQ�WR�EH�13�FRPSOHWH��7R�SURYH�WKDW�VRPH�QHZ�SUREOHP�LV�
13�FRPSOHWH��LW�PXVW�EH�VKRZQ�WR�EH�LQ�13��DQG�WKHQ�DQ�DSSURSULDWH�13�FRPSOHWH�SUREOHP�PXVW�EH�
WUDQVIRUPHG�LQWR�LW��$OWKRXJK�WKH�WUDQVIRUPDWLRQ�WR�D�WUDYHOLQJ�VDOHVPDQ�SUREOHP�ZDV�UDWKHU�
VWUDLJKWIRUZDUG��PRVW�WUDQVIRUPDWLRQV�DUH�DFWXDOO\�TXLWH�LQYROYHG�DQG�UHTXLUH�VRPH�WULFN\�
FRQVWUXFWLRQV��*HQHUDOO\��VHYHUDO�GLIIHUHQW�13�FRPSOHWH�SUREOHPV�DUH�FRQVLGHUHG�EHIRUH�WKH�
SUREOHP�WKDW�DFWXDOO\�SURYLGHV�WKH�UHGXFWLRQ��$V�ZH�DUH�RQO\�LQWHUHVWHG�LQ�WKH�JHQHUDO�LGHDV��ZH�
ZLOO�QRW�VKRZ�DQ\�PRUH�WUDQVIRUPDWLRQV��WKH�LQWHUHVWHG�UHDGHU�FDQ�FRQVXOW�WKH�UHIHUHQFHV���

7KH�DOHUW�UHDGHU�PD\�EH�ZRQGHULQJ�KRZ�WKH�ILUVW�13�FRPSOHWH�SUREOHP�ZDV�DFWXDOO\�SURYHQ�WR�EH�13�
FRPSOHWH��6LQFH�SURYLQJ�WKDW�D�SUREOHP�LV�13�FRPSOHWH�UHTXLUHV�WUDQVIRUPLQJ�LW�IURP�DQRWKHU�13�
FRPSOHWH�SUREOHP��WKHUH�PXVW�EH�VRPH�13�FRPSOHWH�SUREOHP�IRU�ZKLFK�WKLV�VWUDWHJ\�ZLOO�QRW�ZRUN��
7KH�ILUVW�SUREOHP�WKDW�ZDV�SURYHQ�WR�EH�13�FRPSOHWH�ZDV�WKH�VDWLVILDELOLW\�SUREOHP��7KH�
VDWLVILDELOLW\�SUREOHP�WDNHV�DV�LQSXW�D�ERROHDQ�H[SUHVVLRQ�DQG�DVNV�ZKHWKHU�WKH�H[SUHVVLRQ�KDV�DQ�
DVVLJQPHQW�WR�WKH�YDULDEOHV�WKDW�JLYHV�D�YDOXH�RI�����
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6DWLVILDELOLW\�LV�FHUWDLQO\�LQ�13��VLQFH�LW�LV�HDV\�WR�HYDOXDWH�D�ERROHDQ�H[SUHVVLRQ�DQG�FKHFN�
ZKHWKHU�WKH�UHVXOW�LV����,Q�������&RRN�VKRZHG�WKDW�VDWLVILDELOLW\�ZDV�13�FRPSOHWH�E\�GLUHFWO\�
SURYLQJ�WKDW�DOO�SUREOHPV�WKDW�DUH�LQ�13�FRXOG�EH�WUDQVIRUPHG�WR�VDWLVILDELOLW\��7R�GR�WKLV��KH�
XVHG�WKH�RQH�NQRZQ�IDFW�DERXW�HYHU\�SUREOHP�LQ�13��(YHU\�SUREOHP�LQ�13�FDQ�EH�VROYHG�LQ�
SRO\QRPLDO�WLPH�E\�D�QRQGHWHUPLQLVWLF�FRPSXWHU��7KH�IRUPDO�PRGHO�IRU�D�FRPSXWHU�LV�NQRZQ�DV�D�
7XULQJ�PDFKLQH��&RRN�VKRZHG�KRZ�WKH�DFWLRQV�RI�WKLV�PDFKLQH�FRXOG�EH�VLPXODWHG�E\�DQ�H[WUHPHO\�
FRPSOLFDWHG�DQG�ORQJ��EXW�VWLOO�SRO\QRPLDO��ERROHDQ�IRUPXOD��7KLV�ERROHDQ�IRUPXOD�ZRXOG�EH�WUXH�
LI�DQG�RQO\�LI�WKH�SURJUDP�ZKLFK�ZDV�EHLQJ�UXQ�E\�WKH�7XULQJ�PDFKLQH�SURGXFHG�D��\HV��DQVZHU�IRU�
LWV�LQSXW���

2QFH�VDWLVILDELOLW\�ZDV�VKRZQ�WR�EH�13�FRPSOHWH��D�KRVW�RI�QHZ�13�FRPSOHWH�SUREOHPV��LQFOXGLQJ�
VRPH�RI�WKH�PRVW�FODVVLF�SUREOHPV��ZHUH�DOVR�VKRZQ�WR�EH�13�FRPSOHWH���

,Q�DGGLWLRQ�WR�WKH�VDWLVILDELOLW\��+DPLOWRQLDQ�FLUFXLW��WUDYHOLQJ�VDOHVPDQ��DQG�ORQJHVW�SDWK�
SUREOHPV��ZKLFK�ZH�KDYH�DOUHDG\�H[DPLQHG��VRPH�RI�WKH�PRUH�ZHOO�NQRZQ�13�FRPSOHWH�SUREOHPV�ZKLFK�
ZH�KDYH�QRW�GLVFXVVHG�DUH�ELQ�SDFNLQJ��NQDSVDFN��JUDSK�FRORULQJ��DQG�FOLTXH��7KH�OLVW�LV�TXLWH�
H[WHQVLYH�DQG�LQFOXGHV�SUREOHPV�IURP�RSHUDWLQJ�V\VWHPV��VFKHGXOLQJ�DQG�VHFXULW\���GDWDEDVH�
V\VWHPV��RSHUDWLRQV�UHVHDUFK��ORJLF��DQG�HVSHFLDOO\�JUDSK�WKHRU\���

6XPPDU\
�

,Q�WKLV�FKDSWHU�ZH�KDYH�VHHQ�KRZ�JUDSKV�FDQ�EH�XVHG�WR�PRGHO�PDQ\�UHDO�OLIH�SUREOHPV��0DQ\�RI�WKH�
JUDSKV�WKDW�RFFXU�DUH�W\SLFDOO\�YHU\�VSDUVH��VR�LW�LV�LPSRUWDQW�WR�SD\�DWWHQWLRQ�WR�WKH�GDWD�
VWUXFWXUHV�WKDW�DUH�XVHG�WR�LPSOHPHQW�WKHP���

:H�KDYH�DOVR�VHHQ�D�FODVV�RI�SUREOHPV�WKDW�GR�QRW�VHHP�WR�KDYH�HIILFLHQW�VROXWLRQV��,Q�

&KDSWHU�
����VRPH�WHFKQLTXHV�IRU�GHDOLQJ�ZLWK�WKHVH�SUREOHPV�ZLOO�EH�GLVFXVVHG���

([HUFLVHV
�
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�
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ORRS��3URSRVH�D�PHWKRG�WKDW�VWRUHV�D�JUDSK�LQ�DQ�DGMDFHQF\�PDWUL[��VR�WKDW�WHVWLQJ�IRU�WKH�
H[LVWHQFH�RI�DQ�HGJH�LV�2�����EXW�DYRLGV�WKH�TXDGUDWLF�UXQQLQJ�WLPH���
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����:KDW�LV�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�'LMNVWUD
V�DOJRULWKP�ZKHQ�LPSOHPHQWHG�ZLWK�G�KHDSV�
�6HFWLRQ�����"��
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V�DOJRULWKP�JLYHV�WKH�ZURQJ�DQVZHU�LQ�WKH�SUHVHQFH�RI�D�
QHJDWLYH�HGJH�EXW�QR�QHJDWLYH�FRVW�F\FOH���

E��6KRZ�WKDW�WKH�ZHLJKWHG�VKRUWHVW�SDWK�DOJRULWKP�VXJJHVWHG�LQ�

6HFWLRQ�������ZRUNV�LI�WKHUH�DUH�
QHJDWLYH�ZHLJKW�HGJHV��EXW�QR�QHJDWLYH�FRVW�F\FOHV��DQG�WKDW�WKH�UXQQLQJ�WLPH�RI�WKLV�DOJRULWKP�

LV�2�_(_ _9_���

�

����6XSSRVH�DOO�WKH�HGJH�ZHLJKWV�LQ�D�JUDSK�DUH�LQWHJHUV�EHWZHHQ���DQG� ( ��+RZ�IDVW�FDQ�
'LMNVWUD
V�DOJRULWKP�EH�LPSOHPHQWHG"��

����:ULWH�D�SURJUDP�WR�VROYH�WKH�VLQJOH�VRXUFH�VKRUWHVW�SDWK�SUREOHP��

�

�����D��([SODLQ�KRZ�WR�PRGLI\�'LMNVWUD
V�DOJRULWKP�WR�SURGXFH�D�FRXQW�RI�WKH�QXPEHU�RI�GLIIHUHQW�
PLQLPXP�SDWKV�IURP�Y�WR�Z���

E��([SODLQ�KRZ�WR�PRGLI\�'LMNVWUD
V�DOJRULWKP�VR�WKDW�LI�WKHUH�LV�PRUH�WKDQ�RQH�PLQLPXP�SDWK�IURP�
Y�WR�Z��D�SDWK�ZLWK�WKH�IHZHVW�QXPEHU�RI�HGJHV�LV�FKRVHQ���
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�
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�����6XSSRVH�WKDW�*� ��9��(��LV�D�WUHH��V�LV�WKH�URRW��DQG�ZH�DGG�D�YHUWH[�W�DQG�HGJHV�RI�
LQILQLWH�FDSDFLW\�IURP�DOO�OHDYHV�LQ�*�WR�W��*LYH�D�OLQHDU�WLPH�DOJRULWKP�WR�ILQG�D�PD[LPXP�IORZ�
IURP�V�WR�W���

�����$�ELSDUWLWH�JUDSK��*� ��9��(���LV�D�JUDSK�VXFK�WKDW�9�FDQ�EH�SDUWLWLRQHG�LQWR�WZR�VXEVHWV�9�
DQG�9��DQG�QR�HGJH�KDV�ERWK�LWV�YHUWLFHV�LQ�WKH�VDPH�VXEVHW���

D��*LYH�D�OLQHDU�DOJRULWKP�WR�GHWHUPLQH�ZKHWKHU�D�JUDSK�LV�ELSDUWLWH��

�

E��7KH�ELSDUWLWH�PDWFKLQJ�SUREOHP�LV�WR�ILQG�WKH�ODUJHVW�VXEVHW�(
�RI�(�VXFK�WKDW�QR�YHUWH[�LV�
LQFOXGHG�LQ�PRUH�WKDQ�RQH�HGJH��$�PDWFKLQJ�RI�IRXU�HGJHV��LQGLFDWHG�E\�GDVKHG�HGJHV��LV�VKRZQ�LQ�
)LJXUH�������7KHUH�LV�D�PDWFKLQJ�RI�ILYH�HGJHV��ZKLFK�LV�PD[LPXP���

6KRZ�KRZ�WKH�ELSDUWLWH�PDWFKLQJ�SUREOHP�FDQ�EH�XVHG�WR�VROYH�WKH�IROORZLQJ�SUREOHP��:H�KDYH�D�VHW�
RI�LQVWUXFWRUV��D�VHW�RI�FRXUVHV��DQG�D�OLVW�RI�FRXUVHV�WKDW�HDFK�LQVWUXFWRU�LV�TXDOLILHG�WR�
WHDFK��,I�QR�LQVWUXFWRU�LV�UHTXLUHG�WR�WHDFK�PRUH�WKDQ�RQH�FRXUVH��DQG�RQO\�RQH�LQVWUXFWRU�PD\�
WHDFK�D�JLYHQ�FRXUVH��ZKDW�LV�WKH�PD[LPXP�QXPEHU�RI�FRXUVHV�WKDW�FDQ�EH�RIIHUHG"��

F��6KRZ�WKDW�WKH�QHWZRUN�IORZ�SUREOHP�FDQ�EH�XVHG�WR�VROYH�WKH�ELSDUWLWH�PDWFKLQJ�SUREOHP��

�

G��:KDW�LV�WKH�WLPH�FRPSOH[LW\�RI�\RXU�VROXWLRQ�WR�SDUW��E�"�

�

�����*LYH�DQ�DOJRULWKP�WR�ILQG�DQ�DXJPHQWLQJ�SDWK�WKDW�SHUPLWV�WKH�PD[LPXP�IORZ��

�

�����D��)LQG�D�PLQLPXP�VSDQQLQJ�WUHH�IRU�WKH�JUDSK�LQ�)LJXUH����� XVLQJ�ERWK�3ULP
V�DQG�.UXVNDO
V�
DOJRULWKPV���

E��,V�WKLV�PLQLPXP�VSDQQLQJ�WUHH�XQLTXH"�:K\"�

�

�����'RHV�HLWKHU�3ULP
V�RU�.UXVNDO
V�DOJRULWKP�ZRUN�LI�WKHUH�DUH�QHJDWLYH�HGJH�ZHLJKWV"�
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�
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VSDQQLQJ�WUHH"��
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WUHH�DQG�WKH�YDOXHV�RI�QXP�DQG�ORZ�IRU�HDFK�YHUWH[���

�����3URYH�WKDW�WKH�DOJRULWKP�WR�ILQG�DUWLFXODWLRQ�SRLQWV�ZRUNV��

�
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E��6KRZ�WKDW�WKLV�SUREOHP�LV�13�FRPSOHWH�IRU�GLUHFWHG�JUDSKV��

�

�����3URYH�WKDW�LQ�D�GHSWK�ILUVW�VSDQQLQJ�IRUHVW�RI�D�GLUHFWHG�JUDSK��DOO�FURVV�HGJHV�JR�IURP�
ULJKW�WR�OHIW���

�����*LYH�DQ�DOJRULWKP�WR�GHFLGH�ZKHWKHU�DQ�HGJH��Y��Z��LQ�D�GHSWK�ILUVW�VSDQQLQJ�IRUHVW�RI�D�
GLUHFWHG�JUDSK�LV�D�WUHH��EDFN��FURVV��RU�IRUZDUG�HGJH���
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�����D��&RQVLGHU�WKH�IROORZLQJ�VROXWLRQ�WR�WKH�(XOHU�FLUFXLW�SUREOHP��$VVXPH�WKDW�WKH�JUDSK�LV�
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-RXUQDO������������������������

����0��6KDULU���$�6WURQJ�&RQQHFWLYLW\�$OJRULWKP�DQG�,WV�$SSOLFDWLRQ�LQ�'DWD�)ORZ�$QDO\VLV���
&RPSXWHUV�DQG�0DWKHPDWLFV�ZLWK�$SSOLFDWLRQV�������������������

����5��(��7DUMDQ���'HSWK�)LUVW�6HDUFK�DQG�/LQHDU�*UDSK�$OJRULWKPV���6,$0�-RXUQDO�RQ�&RPSXWLQJ���
������������������

����5��(��7DUMDQ���7HVWLQJ�)ORZ�*UDSK�5HGXFLELOLW\���-RXUQDO�RI�&RPSXWHU�DQG�6\VWHP�6FLHQFHV���
������������������

����5��(��7DUMDQ���)LQGLQJ�'RPLQDWRUV�LQ�'LUHFWHG�*UDSKV���6,$0�-RXUQDO�RQ�&RPSXWLQJ�����������
��������
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����5��(��7DUMDQ���&RPSOH[LW\�RI�&RPELQDWRULDO�$OJRULWKPV���6,$0�5HYLHZ���������������������

�

����5��(��7DUMDQ��'DWD�6WUXFWXUHV�DQG�1HWZRUN�$OJRULWKPV��6RFLHW\�IRU�,QGXVWULDO�DQG�$SSOLHG�
0DWKHPDWLFV��3KLODGHOSKLD��3$���������

����$��&��<DR���$Q�2��_(�_�ORJ�ORJ�_9�_���$OJRULWKP�IRU�)LQGLQJ�0LQLPXP�6SDQQLQJ�7UHHV���
,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV�������������������

*R�WR�

&KDSWHU����5HWXUQ�WR�7DEOH�RI�&RQWHQWV�

�
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&+$37(5�����
$/*25,7+0�'(6,*1�7(&+1,48(6�

6R�IDU��ZH�KDYH�EHHQ�FRQFHUQHG�ZLWK�WKH�HIILFLHQW�LPSOHPHQWDWLRQ�RI�DOJRULWKPV��
:H�KDYH�VHHQ�WKDW�ZKHQ�DQ�DOJRULWKP�LV�JLYHQ��WKH�DFWXDO�GDWD�VWUXFWXUHV�QHHG�QRW�
EH�VSHFLILHG��,W�LV�XS�WR�WKH�SURJUDPPHU�WR�FKRRVH�WKH�DSSURULDWH�GDWD�VWUXFWXUH�
LQ�RUGHU�WR�PDNH�WKH�UXQQLQJ�WLPH�DV�VPDOO�DV�SRVVLEOH���

,Q�WKLV�FKDSWHU��ZH�VZLWFK�RXU�DWWHQWLRQ�IURP�WKH�LPSOHPHQWDWLRQ�RI�DOJRULWKPV�WR�
WKH�GHVLJQ�RI�DOJRULWKPV��0RVW�RI�WKH�DOJRULWKPV�WKDW�ZH�KDYH�VHHQ�VR�IDU�DUH�
VWUDLJKWIRUZDUG�DQG�VLPSOH��&KDSWHU�� FRQWDLQV�VRPH�DOJRULWKPV�WKDW�DUH�PXFK�PRUH�
VXEWOH��DQG�VRPH�UHTXLUH�DQ�DUJXPHQW��LQ�VRPH�FDVHV�OHQJWK\��WR�VKRZ�WKDW�WKH\�
DUH�LQGHHG�FRUUHFW��,Q�WKLV�FKDSWHU��ZH�ZLOO�IRFXV�RQ�ILYH�RI�WKH�FRPPRQ�W\SHV�RI�
DOJRULWKPV�XVHG�WR�VROYH�SUREOHPV��)RU�PDQ\�SUREOHPV��LW�LV�TXLWH�OLNHO\�WKDW�DW�
OHDVW�RQH�RI�WKHVH�PHWKRGV�ZLOO�ZRUN��6SHFLILFDOO\��IRU�HDFK�W\SH�RI�DOJRULWKP�ZH�
ZLOO��

�6HH�WKH�JHQHUDO�DSSURDFK���

�/RRN�DW�VHYHUDO�H[DPSOHV��WKH�H[HUFLVHV�DW�WKH�HQG�RI�WKH�FKDSWHU�SURYLGH�
PDQ\�PRUH�H[DPSOHV����

�'LVFXVV��LQ�JHQHUDO�WHUPV��WKH�WLPH�DQG�VSDFH�FRPSOH[LW\��ZKHUH�DSSURSULDWH��

������*UHHG\�$OJRULWKPV�

7KH�ILUVW�W\SH�RI�DOJRULWKP�ZH�ZLOO�H[DPLQH�LV�WKH�JUHHG\�DOJRULWKP��:H�KDYH�
DOUHDG\�VHHQ�WKUHH�JUHHG\�DOJRULWKPV�LQ�&KDSWHU����'LMNVWUD
V��3ULP
V��DQG�
.UXVNDO
V�DOJRULWKPV��*UHHG\�DOJRULWKPV�ZRUN�LQ�SKDVHV��,Q�HDFK�SKDVH��D�GHFLVLRQ�
LV�PDGH�WKDW�DSSHDUV�WR�EH�JRRG��ZLWKRXW�UHJDUG�IRU�IXWXUH�FRQVHTXHQFHV��
*HQHUDOO\��WKLV�PHDQV�WKDW�VRPH�ORFDO�RSWLPXP�LV�FKRVHQ��7KLV��WDNH�ZKDW�\RX�FDQ�
JHW�QRZ��VWUDWHJ\�LV�WKH�VRXUFH�RI�WKH�QDPH�IRU�WKLV�FODVV�RI�DOJRULWKPV��:KHQ�
WKH�DOJRULWKP�WHUPLQDWHV��ZH�KRSH�WKDW�WKH�ORFDO�RSWLPXP�LV�HTXDO�WR�WKH�JOREDO�
RSWLPXP��,I�WKLV�LV�WKH�FDVH��WKHQ�WKH�DOJRULWKP�LV�FRUUHFW��RWKHUZLVH��WKH�
DOJRULWKP�KDV�SURGXFHG�D�VXERSWLPDO�VROXWLRQ��,I�WKH�DEVROXWH�EHVW�DQVZHU�LV�QRW�
UHTXLUHG��WKHQ�VLPSOH�JUHHG\�DOJRULWKPV�DUH�VRPHWLPHV�XVHG�WR�JHQHUDWH�
DSSUR[LPDWH�DQVZHUV��UDWKHU�WKDQ�XVLQJ�WKH�PRUH�FRPSOLFDWHG�DOJRULWKPV�JHQHUDOO\�
UHTXLUHG�WR�JHQHUDWH�DQ�H[DFW�DQVZHU���

7KHUH�DUH�VHYHUDO�UHDO�OLIH�H[DPSOHV�RI�JUHHG\�DOJRULWKPV��7KH�PRVW�REYLRXV�LV�
WKH�FRLQ�FKDQJLQJ�SUREOHP��7R�PDNH�FKDQJH�LQ�8�6��FXUUHQF\��ZH�UHSHDWHGO\�
GLVSHQVH�WKH�ODUJHVW�GHQRPLQDWLRQ��7KXV��WR�JLYH�RXW�VHYHQWHHQ�GROODUV�DQG�VL[W\�
RQH�FHQWV�LQ�FKDQJH��ZH�JLYH�RXW�D�WHQ�GROODU�ELOO��D�ILYH�GROODU�ELOO��WZR�RQH�
GROODU�ELOOV��WZR�TXDUWHUV��RQH�GLPH��DQG�RQH�SHQQ\��%\�GRLQJ�WKLV��ZH�DUH�
JXDUDQWHHG�WR�PLQLPL]H�WKH�QXPEHU�RI�ELOOV�DQG�FRLQV��7KLV�DOJRULWKP�GRHV�QRW�
ZRUN�LQ�DOO�PRQHWDU\�V\VWHPV��EXW�IRUWXQDWHO\��ZH�FDQ�SURYH�WKDW�LW�GRHV�ZRUN�LQ�
WKH�$PHULFDQ�PRQHWDU\�V\VWHP��,QGHHG��LW�ZRUNV�HYHQ�LI�WZR�GROODU�ELOOV�DQG�

1H[W�&KDSWHU5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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ILIW\�FHQW�SLHFHV�DUH�DOORZHG���

7UDIILF�SUREOHPV�SURYLGH�DQ�H[DPSOH�ZKHUH�PDNLQJ�ORFDOO\�RSWLPDO�FKRLFHV�GRHV�QRW�
DOZD\V�ZRUN��)RU�H[DPSOH��GXULQJ�FHUWDLQ�UXVK�KRXU�WLPHV�LQ�0LDPL��LW�LV�EHVW�WR�
VWD\�RII�WKH�SULPH�VWUHHWV�HYHQ�LI�WKH\�ORRN�HPSW\��EHFDXVH�WUDIILF�ZLOO�FRPH�WR�
D�VWDQGVWLOO�D�PLOH�GRZQ�WKH�URDG��DQG�\RX�ZLOO�EH�VWXFN��(YHQ�PRUH�VKRFNLQJ��LW�
LV�EHWWHU�LQ�VRPH�FDVHV�WR�PDNH�D�WHPSRUDU\�GHWRXU�LQ�WKH�GLUHFWLRQ�RSSRVLWH�\RXU�
GHVWLQDWLRQ�LQ�RUGHU�WR�DYRLG�DOO�WUDIILF�ERWWOHQHFNV���

,Q�WKH�UHPDLQGHU�RI�WKLV�VHFWLRQ��ZH�ZLOO�ORRN�DW�VHYHUDO�DSSOLFDWLRQV�WKDW�XVH�
JUHHG\�DOJRULWKPV��7KH�ILUVW�DSSOLFDWLRQ�LV�D�VLPSOH�VFKHGXOLQJ�SUREOHP��
9LUWXDOO\�DOO�VFKHGXOLQJ�SUREOHPV�DUH�HLWKHU�13�FRPSOHWH��RU�RI�VLPLODU�GLIILFXOW�
FRPSOH[LW\��RU�DUH�VROYDEOH�E\�D�JUHHG\�DOJRULWKP��7KH�VHFRQG�DSSOLFDWLRQ�GHDOV�
ZLWK�ILOH�FRPSUHVVLRQ�DQG�LV�RQH�RI�WKH�HDUOLHVW�UHVXOWV�LQ�FRPSXWHU�VFLHQFH��
)LQDOO\��ZH�ZLOO�ORRN�DW�DQ�H[DPSOH�RI�D�JUHHG\�DSSUR[LPDWLRQ�DOJRULWKP���

��������$�6LPSOH�6FKHGXOLQJ�3UREOHP�

:H�DUH�JLYHQ�MREV�M���M�����������MQ��DOO�ZLWK�NQRZQ�UXQQLQJ�WLPHV�W���W���������

��WQ��UHVSHFWLYHO\��:H�KDYH�D�VLQJOH�SURFHVVRU��:KDW�LV�WKH�EHVW�ZD\�WR�VFKHGXOH�

WKHVH�MREV�LQ�RUGHU�WR�PLQLPL]H�WKH�DYHUDJH�FRPSOHWLRQ�WLPH"�,Q�WKLV�HQWLUH�
VHFWLRQ��ZH�ZLOO�DVVXPH�QRQSUHHPSWLYH�VFKHGXOLQJ��2QFH�D�MRE�LV�VWDUWHG��LW�PXVW�
UXQ�WR�FRPSOHWLRQ���

$V�DQ�H[DPSOH��VXSSRVH�ZH�KDYH�WKH�IRXU�MREV�DQG�DVVRFLDWHG�UXQQLQJ�WLPHV�VKRZQ�
LQ�)LJXUH�������2QH�SRVVLEOH�VFKHGXOH�LV�VKRZQ�LQ�)LJXUH�������%HFDXVH�M��

ILQLVKHV�LQ�����WLPH�XQLWV���M��LQ�����M��LQ�����DQG�M��LQ�����WKH�DYHUDJH�

FRPSOHWLRQ�WLPH�LV�����$�EHWWHU�VFKHGXOH��ZKLFK�\LHOGV�D�PHDQ�FRPSOHWLRQ�WLPH�RI�
�������LV�VKRZQ�LQ�)LJXUH��������

7KH�VFKHGXOH�JLYHQ�LQ�)LJXUH������LV�DUUDQJHG�E\�VKRUWHVW�MRE�ILUVW��:H�FDQ�VKRZ�
WKDW�WKLV�ZLOO�DOZD\V�\LHOG�DQ�RSWLPDO�VFKHGXOH��/HW�WKH�MREV�LQ�WKH�VFKHGXOH�EH�
ML���ML�����������MLQ��7KH�ILUVW�MRE�ILQLVKHV�LQ�WLPH�WL���7KH�VHFRQG�MRE�ILQLVKHV�

DIWHU�WL����WL���DQG�WKH�WKLUG�MRE�ILQLVKHV�DIWHU�WL����WL����WL���)URP�WKLV��ZH�

VHH�WKDW�WKH�WRWDO�FRVW��&��RI�WKH�VFKHGXOH�LV��

��

�������

��

�������

-RE��7LPH�
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)LJXUH������-REV�DQG�WLPHV�

��

)LJXUH������6FKHGXOH����

��

)LJXUH������6FKHGXOH�����RSWLPDO��

1RWLFH�WKDW�LQ�(TXDWLRQ���������WKH�ILUVW�VXP�LV�LQGHSHQGHQW�RI�WKH�MRE�RUGHULQJ��
VR�RQO\�WKH�VHFRQG�VXP�DIIHFWV�WKH�WRWDO�FRVW��6XSSRVH�WKDW�LQ�DQ�RUGHULQJ�WKHUH�
H[LVWV�VRPH�[�!�\�VXFK�WKDW�WL[���WL\��7KHQ�D�FDOFXODWLRQ�VKRZV�WKDW�E\�VZDSSLQJ�

ML[�DQG�ML\��WKH�VHFRQG�VXP�LQFUHDVHV��GHFUHDVLQJ�WKH�WRWDO�FRVW��7KXV��DQ\�

VFKHGXOH�RI�MREV�LQ�ZKLFK�WKH�WLPHV�DUH�QRW�PRQRWRQLFDOO\�QRQLQFUHDVLQJ�PXVW�EH�
VXERSWLPDO��7KH�RQO\�VFKHGXOHV�OHIW�DUH�WKRVH�LQ�ZKLFK�WKH�MREV�DUH�DUUDQJHG�E\�
VPDOOHVW�UXQQLQJ�WLPH�ILUVW��EUHDNLQJ�WLHV�DUELWUDULO\���

7KLV�UHVXOW�LQGLFDWHV�WKH�UHDVRQ�WKH�RSHUDWLQJ�V\VWHP�VFKHGXOHU�JHQHUDOO\�JLYHV�
SUHFHGHQFH�WR�VKRUWHU�MREV���

7KH�0XOWLSURFHVVRU�&DVH�

:H�FDQ�H[WHQG�WKLV�SUREOHP�WR�WKH�FDVH�RI�VHYHUDO�SURFHVVRUV��$JDLQ�ZH�KDYH�MREV�
M���M�����������MQ��ZLWK�DVVRFLDWHG�UXQQLQJ�WLPHV�W���W�����������WQ��DQG�D�QXPEHU�

3�RI�SURFHVVRUV��:H�ZLOO�DVVXPH�ZLWKRXW�ORVV�RI�JHQHUDOLW\�WKDW�WKH�MREV�DUH�
RUGHUHG��VKRUWHVW�UXQQLQJ�WLPH�ILUVW��$V�DQ�H[DPSOH��VXSSRVH�3� ����DQG�WKH�MREV�
DUH�DV�VKRZQ�LQ�)LJXUH��������

)LJXUH������VKRZV�DQ�RSWLPDO�DUUDQJHPHQW�WR�PLQLPL]H�PHDQ�FRPSOHWLRQ�WLPH��-REV�
M���M���DQG�M��DUH�UXQ�RQ�3URFHVVRU����3URFHVVRU���KDQGOHV�j2, j5��DQG�M���DQG�
3URFHVVRU���UXQV�WKH�UHPDLQLQJ�MREV��7KH�WRWDO�WLPH�WR�FRPSOHWLRQ�LV������IRU�DQ�
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DYHUDJH�RI� ���

7KH�DOJRULWKP�WR�VROYH�WKH�PXOWLSURFHVVRU�FDVH�LV�WR�VWDUW�MREV�LQ�RUGHU��F\FOLQJ�
WKURXJK�SURFHVVRUV��,W�LV�QRW�KDUG�WR�VKRZ�WKDW�QR�RWKHU�RUGHULQJ�FDQ�GR�EHWWHU��
DOWKRXJK�LI�WKH�QXPEHU�RI�SURFHVVRUV�3�HYHQO\�GLYLGHV�WKH�QXPEHU�RI�MREV�Q��WKHUH�

DUH�PDQ\�RSWLPDO�RUGHULQJV��7KLV�LV�REWDLQHG�E\��IRU�HDFK��� �L��Q�3��SODFLQJ�
HDFK�RI�WKH�MREV�ML3���WKURXJK�M�L���3�RQ�D�GLIIHUHQW�SURFHVVRU��,Q�RXU�FDVH��

)LJXUH������VKRZV�D�VHFRQG�RSWLPDO�VROXWLRQ���

-RE��7LPH�
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)LJXUH������-REV�DQG�WLPHV�

��

)LJXUH������$Q�RSWLPDO�VROXWLRQ�IRU�WKH�PXOWLSURFHVVRU�FDVH�

(YHQ�LI�3�GRHV�QRW�GLYLGH�Q�H[DFWO\��WKHUH�FDQ�VWLOO�EH�PDQ\�RSWLPDO�VROXWLRQV��
HYHQ�LI�DOO�WKH�MRE�WLPHV�DUH�GLVWLQFW��:H�OHDYH�IXUWKHU�LQYHVWLJDWLRQ�RI�WKLV�DV�
DQ�H[HUFLVH���
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0LQLPL]LQJ�WKH�)LQDO�&RPSOHWLRQ�7LPH�

:H�FORVH�WKLV�VHFWLRQ�E\�FRQVLGHULQJ�D�YHU\�VLPLODU�SUREOHP��6XSSRVH�ZH�DUH�RQO\�
FRQFHUQHG�ZLWK�ZKHQ�WKH�ODVW�MRE�ILQLVKHV��,Q�RXU�WZR�H[DPSOHV�DERYH��WKHVH�
FRPSOHWLRQ�WLPHV�DUH����DQG�����UHVSHFWLYHO\��)LJXUH������VKRZV�WKDW�WKH�PLQLPXP�
ILQDO�FRPSOHWLRQ�WLPH�LV�����DQG�WKLV�FOHDUO\�FDQQRW�EH�LPSURYHG��EHFDXVH�HYHU\�
SURFHVVRU�LV�DOZD\V�EXV\���

$OWKRXJK�WKLV�VFKHGXOH�GRHV�QRW�KDYH�PLQLPXP�PHDQ�FRPSOHWLRQ�WLPH��LW�KDV�PHULW�
LQ�WKDW�WKH�FRPSOHWLRQ�WLPH�RI�WKH�HQWLUH�VHTXHQFH�LV�HDUOLHU��,I�WKH�VDPH�XVHU�
RZQV�DOO�WKHVH�MREV��WKHQ�WKLV�LV�WKH�SUHIHUDEOH�PHWKRG�RI�VFKHGXOLQJ��$OWKRXJK�
WKHVH�SUREOHPV�DUH�YHU\�VLPLODU��WKLV�QHZ�SUREOHP�WXUQV�RXW�WR�EH�13�FRPSOHWH��LW�
LV�MXVW�DQRWKHU�ZD\�RI�SKUDVLQJ�WKH�NQDSVDFN�RU�ELQ�SDFNLQJ�SUREOHPV��ZKLFK�ZH�
ZLOO�HQFRXQWHU�ODWHU�LQ�WKLV�VHFWLRQ��7KXV��PLQLPL]LQJ�WKH�ILQDO�FRPSOHWLRQ�WLPH�
LV�DSSDUHQWO\�PXFK�KDUGHU�WKDQ�PLQLPL]LQJ�WKH�PHDQ�FRPSOHWLRQ�WLPH���

��

)LJXUH������$�VHFRQG�RSWLPDO�VROXWLRQ�IRU�WKH�PXOWLSURFHVVRU�FDVH�

��

)LJXUH������0LQLPL]LQJ�WKH�ILQDO�FRPSOHWLRQ�WLPH�

��������+XIIPDQ�&RGHV�

,Q�WKLV�VHFWLRQ��ZH�FRQVLGHU�D�VHFRQG�DSSOLFDWLRQ�RI�JUHHG\�DOJRULWKPV��NQRZQ�DV�
ILOH�FRPSUHVVLRQ���

7KH�QRUPDO�ASCII�FKDUDFWHU�VHW�FRQVLVWV�RI�URXJKO\������SULQWDEOH��FKDUDFWHUV��

,Q�RUGHU�WR�GLVWLQJXLVK�WKHVH�FKDUDFWHUV�� ORJ����   ���ELWV�DUH�UHTXLUHG��
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6HYHQ�ELWV�DOORZ�WKH�UHSUHVHQWDWLRQ�RI�����FKDUDFWHUV��VR�WKH�ASCII�FKDUDFWHU�
VHW�DGGV�VRPH�RWKHU��QRQSULQWDEOH��FKDUDFWHUV��$Q�HLJKWK�ELW�LV�DGGHG�DV�D�SDULW\�
FKHFN��7KH�LPSRUWDQW�SRLQW��KRZHYHU��LV�WKDW�LI�WKH�VL]H�RI�WKH�FKDUDFWHU�VHW�LV�

&��WKHQ� ORJ�& �ELWV�DUH�QHHGHG�LQ�D�VWDQGDUG�HQFRGLQJ���

6XSSRVH�ZH�KDYH�D�ILOH�WKDW�FRQWDLQV�RQO\�WKH�FKDUDFWHUV�D��H��L��V��W��SOXV�
EODQN�VSDFHV�DQG�QHZOLQHV��6XSSRVH�IXUWKHU��WKDW�WKH�ILOH�KDV�WHQ�D
V��ILIWHHQ�
H
V��WZHOYH�L
V��WKUHH�V
V��IRXU�W
V��WKLUWHHQ�EODQNV��DQG�RQH�QHZOLQH��$V�WKH�
WDEOH�LQ�)LJXUH������VKRZV��WKLV�ILOH�UHTXLUHV�����ELWV�WR�UHSUHVHQW��VLQFH�WKHUH�
DUH����FKDUDFWHUV�DQG�HDFK�FKDUDFWHU�UHTXLUHV�WKUHH�ELWV���

&KDUDFWHU��&RGH��)UHTXHQF\��7RWDO�%LWV�

���������������������������������������
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���W�������������������������������

�VSDFH�����������������������������

QHZOLQH����������������������������
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)LJXUH������8VLQJ�D�VWDQGDUG�FRGLQJ�VFKHPH�

,Q�UHDO�OLIH��ILOHV�FDQ�EH�TXLWH�ODUJH��0DQ\�RI�WKH�YHU\�ODUJH�ILOHV�DUH�RXWSXW�
RI�VRPH�SURJUDP�DQG�WKHUH�LV�XVXDOO\�D�ELJ�GLVSDULW\�EHWZHHQ�WKH�PRVW�IUHTXHQW�
DQG�OHDVW�IUHTXHQW�FKDUDFWHUV��)RU�LQVWDQFH��PDQ\�ODUJH�GDWD�ILOHV�KDYH�DQ�
LQRUGLQDWHO\�ODUJH�DPRXQW�RI�GLJLWV��EODQNV��DQG�QHZOLQHV��EXW�IHZ�T
V�DQG�[
V��
:H�PLJKW�EH�LQWHUHVWHG�LQ�UHGXFLQJ�WKH�ILOH�VL]H�LQ�WKH�FDVH�ZKHUH�ZH�DUH�
WUDQVPLWWLQJ�LW�RYHU�D�VORZ�SKRQH�OLQH��$OVR��VLQFH�RQ�YLUWXDOO\�HYHU\�PDFKLQH�
GLVN�VSDFH�LV�SUHFLRXV��RQH�PLJKW�ZRQGHU�LI�LW�ZRXOG�EH�SRVVLEOH�WR�SURYLGH�D�
EHWWHU�FRGH�DQG�UHGXFH�WKH�WRWDO�QXPEHU�RI�ELWV�UHTXLUHG���

7KH�DQVZHU�LV�WKDW�WKLV�LV�SRVVLEOH��DQG�D�VLPSOH�VWUDWHJ\�DFKLHYHV����SHUFHQW�
VDYLQJV�RQ�W\SLFDO�ODUJH�ILOHV�DQG�DV�PXFK�DV����WR����SHUFHQW�VDYLQJV�RQ�PDQ\�
ODUJH�GDWD�ILOHV��7KH�JHQHUDO�VWUDWHJ\�LV�WR�DOORZ�WKH�FRGH�OHQJWK�WR�YDU\�IURP�
FKDUDFWHU�WR�FKDUDFWHU�DQG�WR�HQVXUH�WKDW�WKH�IUHTXHQWO\�RFFXUULQJ�FKDUDFWHUV�
KDYH�VKRUW�FRGHV��1RWLFH�WKDW�LI�DOO�WKH�FKDUDFWHUV�RFFXU�ZLWK�WKH�VDPH�
IUHTXHQF\��WKHQ�WKHUH�DUH�QRW�OLNHO\�WR�EH�DQ\�VDYLQJV���

7KH�ELQDU\�FRGH�WKDW�UHSUHVHQWV�WKH�DOSKDEHW�FDQ�EH�UHSUHVHQWHG�E\�WKH�ELQDU\�
WUHH�VKRZQ�LQ�)LJXUH��������
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7KH�WUHH�LQ�)LJXUH������KDV�GDWD�RQO\�DW�WKH�OHDYHV��7KH�UHSUHVHQWDWLRQ�RI�HDFK�
FKDUDFWHU�FDQ�EH�IRXQG�E\�VWDUWLQJ�DW�WKH�URRW�DQG�UHFRUGLQJ�WKH�SDWK��XVLQJ�D���
WR�LQGLFDWH�WKH�OHIW�EUDQFK�DQG�D���WR�LQGLFDWH�WKH�ULJKW�EUDQFK��)RU�LQVWDQFH��V�
LV�UHDFKHG�E\�JRLQJ�OHIW��WKHQ�ULJKW��DQG�ILQDOO\�ULJKW��7KLV�LV�HQFRGHG�DV������
7KLV�GDWD�VWUXFWXUH�LV�VRPHWLPHV�UHIHUUHG�WR�DV�D�WULH��,I�FKDUDFWHU�FL�LV�DW�

GHSWK�GL�DQG�RFFXUV�IL�WLPHV��WKHQ�WKH�FRVW�RI�WKH�FRGH�LV�HTXDO�WR� �GL�IL��
�

��

)LJXUH������5HSUHVHQWDWLRQ�RI�WKH�RULJLQDO�FRGH�LQ�D�WUHH�

��

)LJXUH�������$�VOLJKWO\�EHWWHU�WUHH�

$�EHWWHU�FRGH�WKDQ�WKH�RQH�JLYHQ�LQ�)LJXUH������FDQ�EH�REWDLQHG�E\�QRWLFLQJ�WKDW�
WKH�QHZOLQH�LV�DQ�RQO\�FKLOG��%\�SODFLQJ�WKH�QHZOLQH�V\PERO�RQH�OHYHO�KLJKHU�DW�
LWV�SDUHQW��ZH�REWDLQ�WKH�QHZ�WUHH�LQ�)LJXUH�������7KLV�QHZ�WUHH�KDV�FRVW�RI������
EXW�LV�VWLOO�IDU�IURP�RSWLPDO���

1RWLFH�WKDW�WKH�WUHH�LQ�)LJXUH�������LV�D�IXOO�WUHH��$OO�QRGHV�HLWKHU�DUH�OHDYHV�
RU�KDYH�WZR�FKLOGUHQ��$Q�RSWLPDO�FRGH�ZLOO�DOZD\V�KDYH�WKLV�SURSHUW\��VLQFH�
RWKHUZLVH��DV�ZH�KDYH�DOUHDG\�VHHQ��QRGHV�ZLWK�RQO\�RQH�FKLOG�FRXOG�PRYH�XS�D�
OHYHO���

,I�WKH�FKDUDFWHUV�DUH�SODFHG�RQO\�DW�WKH�OHDYHV��DQ\�VHTXHQFH�RI�ELWV�FDQ�DOZD\V�
EH�GHFRGHG�XQDPELJXRXVO\��)RU�LQVWDQFH��VXSSRVH�WKH�HQFRGHG�VWULQJ�LV�
�����������������������������LV�QRW�D�FKDUDFWHU�FRGH�����LV�QRW�D�FKDUDFWHU�FRGH��
EXW�����UHSUHVHQWV�L��VR�WKH�ILUVW�FKDUDFWHU�LV�L��7KHQ�����IROORZV��JLYLQJ�D�W��
7KHQ����IROORZV��ZKLFK�LV�D�QHZOLQH��7KH�UHPDLQGHU�RI�WKH�FRGH�LV�D��VSDFH��W��L��
H��DQG�QHZOLQH��7KXV��LW�GRHV�QRW�PDWWHU�LI�WKH�FKDUDFWHU�FRGHV�DUH�GLIIHUHQW�
OHQJWKV��DV�ORQJ�DV�QR�FKDUDFWHU�FRGH�LV�D�SUHIL[�RI�DQRWKHU�FKDUDFWHU�FRGH��6XFK�
DQ�HQFRGLQJ�LV�NQRZQ�DV�D�SUHIL[�FRGH��&RQYHUVHO\��LI�D�FKDUDFWHU�LV�FRQWDLQHG�LQ�
D�QRQOHDI�QRGH��LW�LV�QR�ORQJHU�SRVVLEOH�WR�JXDUDQWHH�WKDW�WKH�GHFRGLQJ�ZLOO�EH�
XQDPELJXRXV���

3XWWLQJ�WKHVH�IDFWV�WRJHWKHU��ZH�VHH�WKDW�RXU�EDVLF�SUREOHP�LV�WR�ILQG�WKH�IXOO�
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ELQDU\�WUHH�RI�PLQLPXP�WRWDO�FRVW��DV�GHILQHG�DERYH���ZKHUH�DOO�FKDUDFWHUV�DUH�
FRQWDLQHG�LQ�WKH�OHDYHV��7KH�WUHH�LQ�)LJXUH�������VKRZV�WKH�RSWLPDO�WUHH�IRU�RXU�
VDPSOH�DOSKDEHW��$V�FDQ�EH�VHHQ�LQ�)LJXUH��������WKLV�FRGH�XVHV�RQO\�����ELWV���

��

)LJXUH�������2SWLPDO�SUHIL[�FRGH�

&KDUDFWHU���&RGH��)UHTXHQF\��7RWDO�%LWV�
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)LJXUH�������2SWLPDO�SUHIL[�FRGH�

1RWLFH�WKDW�WKHUH�DUH�PDQ\�RSWLPDO�FRGHV��7KHVH�FDQ�EH�REWDLQHG�E\�VZDSSLQJ�
FKLOGUHQ�LQ�WKH�HQFRGLQJ�WUHH��7KH�PDLQ�XQUHVROYHG�TXHVWLRQ��WKHQ��LV�KRZ�WKH�
FRGLQJ�WUHH�LV�FRQVWUXFWHG��7KH�DOJRULWKP�WR�GR�WKLV�ZDV�JLYHQ�E\�+XIIPDQ�LQ�
������7KXV��WKLV�FRGLQJ�V\VWHP�LV�FRPPRQO\�UHIHUUHG�WR�DV�D�+XIIPDQ�FRGH���

+XIIPDQ
V�$OJRULWKP��

+XIIPDQ
V�$OJRULWKP�

7KURXJKRXW�WKLV�VHFWLRQ�ZH�ZLOO�DVVXPH�WKDW�WKH�QXPEHU�RI�FKDUDFWHUV�LV�&��
+XIIPDQ
V�DOJRULWKP�FDQ�EH�GHVFULEHG�DV�IROORZV��:H�PDLQWDLQ�D�IRUHVW�RI�WUHHV��
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7KH�ZHLJKW�RI�D�WUHH�LV�HTXDO�WR�WKH�VXP�RI�WKH�IUHTXHQFLHV�RI�LWV�OHDYHV��&�����
WLPHV��VHOHFW�WKH�WZR�WUHHV��7��DQG�7���RI�VPDOOHVW�ZHLJKW��EUHDNLQJ�WLHV�

DUELWUDULO\��DQG�IRUP�D�QHZ�WUHH�ZLWK�VXEWUHHV�7O�DQG�7���$W�WKH�EHJLQQLQJ�RI�WKH�

DOJRULWKP��WKHUH�DUH�&�VLQJOH�QRGH�WUHHV�RQH�IRU�HDFK�FKDUDFWHU��$W�WKH�HQG�RI�
WKH�DOJRULWKP�WKHUH�LV�RQH�WUHH��DQG�WKLV�LV�WKH�RSWLPDO�+XIIPDQ�FRGLQJ�WUHH���

$�ZRUNHG�H[DPSOH�ZLOO�PDNH�WKH�RSHUDWLRQ�RI�WKH�DOJRULWKP�FOHDU��)LJXUH�������
VKRZV�WKH�LQLWLDO�IRUHVW��WKH�ZHLJKW�RI�HDFK�WUHH�LV�VKRZQ�LQ�VPDOO�W\SH�DW�WKH�
URRW��7KH�WZR�WUHHV�RI�ORZHVW�ZHLJKW�DUH�PHUJHG�WRJHWKHU��FUHDWLQJ�WKH�IRUHVW�
VKRZQ�LQ�)LJXUH��������:H�ZLOO�QDPH�WKH�QHZ�URRW�7���VR�WKDW�IXWXUH�PHUJHV�FDQ�EH�
VWDWHG�XQDPELJXRXVO\��:H�KDYH�PDGH�V�WKH�OHIW�FKLOG�DUELWUDULO\��DQ\�WLHEUHDNLQJ�
SURFHGXUH�FDQ�EH�XVHG��7KH�WRWDO�ZHLJKW�RI�WKH�QHZ�WUHH�LV�MXVW�WKH�VXP�RI�WKH�
ZHLJKWV�RI�WKH�ROG�WUHHV��DQG�FDQ�WKXV�EH�HDVLO\�FRPSXWHG��,W�LV�DOVR�D�VLPSOH�
PDWWHU�WR�FUHDWH�WKH�QHZ�WUHH��VLQFH�ZH�PHUHO\�QHHG�WR�JHW�D�QHZ�QRGH��VHW�WKH�
OHIW�DQG�ULJKW�SRLQWHUV��DQG�UHFRUG�WKH�ZHLJKW���

��

)LJXUH�������,QLWLDO�VWDJH�RI�+XIIPDQ
V�DOJRULWKP�

��

)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�ILUVW�PHUJH�

��

)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�VHFRQG�PHUJH�

��

)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�WKLUG�PHUJH�

1RZ�WKHUH�DUH�VL[�WUHHV��DQG�ZH�DJDLQ�VHOHFW�WKH�WZR�WUHHV�RI�VPDOOHVW�ZHLJKW��
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7KHVH�KDSSHQ�WR�EH�7��DQG�W��ZKLFK�DUH�WKHQ�PHUJHG�LQWR�D�QHZ�WUHH�ZLWK�URRW�7��
DQG�ZHLJKW����7KLV�LV�VKRZQ�LQ�)LJXUH��������7KH�WKLUG�VWHS�PHUJHV�7��DQG�D��
FUHDWLQJ�7���ZLWK�ZHLJKW�������� �����)LJXUH�������VKRZV�WKH�UHVXOW�RI�WKLV�
RSHUDWLRQ���

$IWHU�WKH�WKLUG�PHUJH�LV�FRPSOHWHG��WKH�WZR�WUHHV�RI�ORZHVW�ZHLJKW�DUH�WKH�
VLQJOH�QRGH�WUHHV�UHSUHVHQWLQJ�L�DQG�WKH�EODQN�VSDFH��)LJXUH�������VKRZV�KRZ�
WKHVH�WUHHV�DUH�PHUJHG�LQWR�WKH�QHZ�WUHH�ZLWK�URRW�7���7KH�ILIWK�VWHS�LV�WR�PHUJH�
WKH�WUHHV�ZLWK�URRWV�H�DQG�7���VLQFH�WKHVH�WUHHV�KDYH�WKH�WZR�VPDOOHVW�ZHLJKWV��
7KH�UHVXOW�RI�WKLV�VWHS�LV�VKRZQ�LQ�)LJXUH���������

)LQDOO\��WKH�RSWLPDO�WUHH��ZKLFK�ZDV�VKRZQ�LQ�)LJXUH��������LV�REWDLQHG�E\�
PHUJLQJ�WKH�WZR�UHPDLQLQJ�WUHHV��)LJXUH�������VKRZV�WKLV�RSWLPDO�WUHH��ZLWK�URRW�
7����

��

)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�IRXUWK�PHUJH�

��

)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�ILIWK�PHUJH�

��
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)LJXUH�������+XIIPDQ
V�DOJRULWKP�DIWHU�WKH�ILQDO�PHUJH�

:H�ZLOO�VNHWFK�WKH�LGHDV�LQYROYHG�LQ�SURYLQJ�WKDW�+XIIPDQ
V�DOJRULWKP�\LHOGV�DQ�
RSWLPDO�FRGH��ZH�ZLOO�OHDYH�WKH�GHWDLOV�DV�DQ�H[HUFLVH��)LUVW��LW�LV�QRW�KDUG�WR�
VKRZ�E\�FRQWUDGLFWLRQ�WKDW�WKH�WUHH�PXVW�EH�IXOO��VLQFH�ZH�KDYH�DOUHDG\�VHHQ�KRZ�
D�WUHH�WKDW�LV�QRW�IXOO�LV�LPSURYHG���

1H[W��ZH�PXVW�VKRZ�WKDW�WKH�WZR�OHDVW�IUHTXHQW�FKDUDFWHUV� �DQG� �PXVW�EH�
WKH�WZR�GHHSHVW�QRGHV��DOWKRXJK�RWKHU�QRGHV�PD\�EH�DV�GHHS���$JDLQ��WKLV�LV�HDV\�

WR�VKRZ�E\�FRQWUDGLFWLRQ��VLQFH�LI�HLWKHU� �RU� LV�QRW�D�GHHSHVW�QRGH��WKHQ�

WKHUH�PXVW�EH�VRPH� �WKDW�LV��UHFDOO�WKDW�WKH�WUHH�LV�IXOO���,I� �LV�OHVV�

IUHTXHQW�WKDQ� ��WKHQ�ZH�FDQ�LPSURYH�WKH�FRVW�E\�VZDSSLQJ�WKHP�LQ�WKH�WUHH���

:H�FDQ�WKHQ�DUJXH�WKDW�WKH�FKDUDFWHUV�LQ�DQ\�WZR�QRGHV�DW�WKH�VDPH�GHSWK�FDQ�EH�
VZDSSHG�ZLWKRXW�DIIHFWLQJ�RSWLPDOLW\��7KLV�VKRZV�WKDW�DQ�RSWLPDO�WUHH�FDQ�DOZD\V�
EH�IRXQG�WKDW�FRQWDLQV�WKH�WZR�OHDVW�IUHTXHQW�V\PEROV�DV�VLEOLQJV��WKXV�WKH�ILUVW�
VWHS�LV�QRW�D�PLVWDNH���

7KH�SURRI�FDQ�EH�FRPSOHWHG�E\�XVLQJ�DQ�LQGXFWLRQ�DUJXPHQW��$V�WUHHV�DUH�PHUJHG��
ZH�FRQVLGHU�WKH�QHZ�FKDUDFWHU�VHW�WR�EH�WKH�FKDUDFWHUV�LQ�WKH�URRWV��7KXV��LQ�RXU�
H[DPSOH��DIWHU�IRXU�PHUJHV��ZH�FDQ�YLHZ�WKH�FKDUDFWHU�VHW�DV�FRQVLVWLQJ�RI�H�DQG�
WKH�PHWDFKDUDFWHUV�7��DQG�7���7KLV�LV�SUREDEO\�WKH�WULFNLHVW�SDUW�RI�WKH�SURRI��
\RX�DUH�XUJHG�WR�ILOO�LQ�DOO�RI�WKH�GHWDLOV���

7KH�UHDVRQ�WKDW�WKLV�LV�D�JUHHG\�DOJRULWKP�LV�WKDW�DW�HDFK�VWDJH�ZH�SHUIRUP�D�
PHUJH�ZLWKRXW�UHJDUG�WR�JOREDO�FRQVLGHUDWLRQV��:H�PHUHO\�VHOHFW�WKH�WZR�VPDOOHVW�
WUHHV���

,I�ZH�PDLQWDLQ�WKH�WUHHV�LQ�D�SULRULW\�TXHXH��RUGHUHG�E\�ZHLJKW��WKHQ�WKH�UXQQLQJ�
WLPH�LV�2�&�ORJ�&���VLQFH�WKHUH�ZLOO�EH�RQH�EXLOGBKHDS���&�����GHOHWHBPLQV��DQG�&
����LQVHUWV��RQ�D�SULRULW\�TXHXH�WKDW�QHYHU�KDV�PRUH�WKDQ�&�HOHPHQWV��$�VLPSOH�

LPSOHPHQWDWLRQ�RI�WKH�SULRULW\�TXHXH��XVLQJ�D�OLQNHG�OLVW��ZRXOG�JLYH�DQ�2��&���
DOJRULWKP��7KH�FKRLFH�RI�SULRULW\�TXHXH�LPSOHPHQWDWLRQ�GHSHQGV�RQ�KRZ�ODUJH�& LV��
,Q�WKH�W\SLFDO�FDVH�RI�DQ�ASCII�FKDUDFWHU�VHW��&�LV�VPDOO�HQRXJK�WKDW�WKH�
TXDGUDWLF�UXQQLQJ�WLPH�LV�DFFHSWDEOH��,Q�VXFK�DQ�DSSOLFDWLRQ��YLUWXDOO\�DOO�WKH�
UXQQLQJ�WLPH�ZLOO�EH�VSHQW�RQ�WKH�GLVN�,�2�UHTXLUHG�WR�UHDG�WKH�LQSXW�ILOH�DQG�
ZULWH�RXW�WKH�FRPSUHVVHG�YHUVLRQ���

7KHUH�DUH�WZR�GHWDLOV�WKDW�PXVW�EH�FRQVLGHUHG��)LUVW��WKH�HQFRGLQJ�LQIRUPDWLRQ�
PXVW�EH�WUDQVPLWWHG�DW�WKH�VWDUW�RI�WKH�FRPSUHVVHG�ILOH��VLQFH�RWKHUZLVH�LW�ZLOO�
EH�LPSRVVLEOH�WR�GHFRGH��7KHUH�DUH�VHYHUDO�ZD\V�RI�GRLQJ�WKLV��VHH�([HUFLVH�������
)RU�VPDOO�ILOHV��WKH�FRVW�RI�WUDQVPLWWLQJ�WKLV�WDEOH�ZLOO�RYHUULGH�DQ\�SRVVLEOH�
VDYLQJV�LQ�FRPSUHVVLRQ��DQG�WKH�UHVXOW�ZLOO�SUREDEO\�EH�ILOH�H[SDQVLRQ��2I�
FRXUVH��WKLV�FDQ�EH�GHWHFWHG�DQG�WKH�RULJLQDO�OHIW�LQWDFW��)RU�ODUJH�ILOHV��WKH�
VL]H�RI�WKH�WDEOH�LV�QRW�VLJQLILFDQW���

7KH�VHFRQG�SUREOHP�LV�WKDW�DV�GHVFULEHG��WKLV�LV�D�WZR�SDVV�DOJRULWKP��7KH�ILUVW�
SDVV�FROOHFWV�WKH�IUHTXHQF\�GDWD�DQG�WKH�VHFRQG�SDVV�GRHV�WKH�HQFRGLQJ��7KLV�LV�
REYLRXVO\�QRW�D�GHVLUDEOH�SURSHUW\�IRU�D�SURJUDP�GHDOLQJ�ZLWK�ODUJH�ILOHV��6RPH�
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DOWHUQDWLYHV�DUH�GHVFULEHG�LQ�WKH�UHIHUHQFHV���

��������$SSUR[LPDWH�%LQ�3DFNLQJ�

,Q�WKLV�VHFWLRQ��ZH�ZLOO�FRQVLGHU�VRPH�DOJRULWKPV�WR�VROYH�WKH�ELQ�SDFNLQJ�
SUREOHP��7KHVH�DOJRULWKPV�ZLOO�UXQ�TXLFNO\�EXW�ZLOO�QRW�QHFHVVDULO\�SURGXFH�
RSWLPDO�VROXWLRQV��:H�ZLOO�SURYH��KRZHYHU��WKDW�WKH�VROXWLRQV�WKDW�DUH�SURGXFHG�
DUH�QRW�WRR�IDU�IURP�RSWLPDO���

:H�DUH�JLYHQ�Q�LWHPV�RI�VL]HV�V���V�����������VQ��$OO�VL]HV�VDWLVI\�����VL� ���

7KH�SUREOHP�LV�WR�SDFN�WKHVH�LWHPV�LQ�WKH�IHZHVW�QXPEHU�RI�ELQV��JLYHQ�WKDW�HDFK�
ELQ�KDV�XQLW�FDSDFLW\��$V�DQ�H[DPSOH��)LJXUH�������VKRZV�DQ�RSWLPDO�SDFNLQJ�IRU�
DQ�LWHP�OLVW�ZLWK�VL]HV�������������������������������������

��

)LJXUH�������2SWLPDO�SDFNLQJ�IRU�����������������������������������

7KHUH�DUH�WZR�YHUVLRQV�RI�WKH�ELQ�SDFNLQJ�SUREOHP��7KH�ILUVW�YHUVLRQ�LV�RQ�OLQH�
ELQ�SDFNLQJ��,Q�WKLV�YHUVLRQ��HDFK�LWHP�PXVW�EH�SODFHG�LQ�D�ELQ�EHIRUH�WKH�QH[W�
LWHP�FDQ�EH�SURFHVVHG��7KH�VHFRQG�YHUVLRQ�LV�WKH�RII�OLQH ELQ�SDFNLQJ�SUREOHP��,Q�
DQ�RII�OLQH�DOJRULWKP��ZH�GR�QRW�QHHG�WR�GR�DQ\WKLQJ�XQWLO�DOO�WKH�LQSXW�KDV�EHHQ�
UHDG��7KH�GLVWLQFWLRQ�EHWZHHQ�RQ�OLQH�DQG�RII�OLQH�DOJRULWKPV�ZDV�GLVFXVVHG�LQ�
6HFWLRQ�������

2Q�OLQH�$OJRULWKPV�

7KH�ILUVW�LVVXH�WR�FRQVLGHU�LV�ZKHWKHU�RU�QRW�DQ�RQ�OLQH�DOJRULWKP�FDQ�DFWXDOO\�
DOZD\V�JLYH�DQ�RSWLPDO�DQVZHU��HYHQ�LI�LW�LV�DOORZHG�XQOLPLWHG�FRPSXWDWLRQ��
5HPHPEHU�WKDW�HYHQ�WKRXJK�XQOLPLWHG�FRPSXWDWLRQ�LV�DOORZHG��DQ�RQ�OLQH�DOJRULWKP�
PXVW�SODFH�DQ�LWHP�EHIRUH�SURFHVVLQJ�WKH�QH[W�LWHP�DQG�FDQQRW�FKDQJH�LWV�
GHFLVLRQ���

7R�VKRZ�WKDW�DQ�RQ�OLQH�DOJRULWKP�FDQQRW�DOZD\V�JLYH�DQ�RSWLPDO�VROXWLRQ��ZH�ZLOO�
JLYH�LW�SDUWLFXODUO\�GLIILFXOW�GDWD�WR�ZRUN�RQ��&RQVLGHU�DQ�LQSXW�VHTXHQFH�,��RI�

P�VPDOO�LWHPV�RI�ZHLJKW� �IROORZHG�E\�P�ODUJH�LWHPV�RI�ZHLJKW� ������ �
��������,W�LV�FOHDU�WKDW�WKHVH�LWHPV�FDQ�EH�SDFNHG�LQ�P�ELQV�LI�ZH�SODFH�RQH�
VPDOO�LWHP�DQG�RQH�ODUJH�LWHP�LQ�HDFK�ELQ��6XSSRVH�WKHUH�ZHUH�DQ�RSWLPDO�RQ�OLQH�
DOJRULWKP�$�WKDW�FRXOG�SHUIRUP�WKLV�SDFNLQJ��&RQVLGHU�WKH�RSHUDWLRQ�RI�DOJRULWKP�

$�RQ�WKH�VHTXHQFH�,���FRQVLVWLQJ�RI�RQO\�P�VPDOO�LWHPV�RI�ZHLJKW� ��,� FDQ�EH�
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SDFNHG�LQ�>P��@�ELQV��+RZHYHU��$�ZLOO�SODFH�HDFK�LWHP�LQ�D�VHSDUDWH�ELQ��VLQFH�$�
PXVW�\LHOG�WKH�VDPH�UHVXOWV�RQ�,��DV�LW�GRHV�IRU�WKH�ILUVW�KDOI�RI�,���VLQFH�WKH�

ILUVW�KDOI�RI�,��LV�H[DFWO\�WKH�VDPH�LQSXW�DV�,���7KLV�PHDQV�WKDW�$�ZLOO�XVH�

WZLFH�DV�PDQ\�ELQV�DV�LV�RSWLPDO�IRU�,���:KDW�ZH�KDYH�SURYHQ�LV�WKDW�WKHUH�LV�QR�

RSWLPDO�DOJRULWKP�IRU�RQ�OLQH�ELQ�SDFNLQJ���

:KDW�WKH�DUJXPHQW�DERYH�VKRZV�LV�WKDW�DQ�RQ�OLQH�DOJRULWKP�QHYHU�NQRZV�ZKHQ�WKH�
LQSXW�PLJKW�HQG��VR�DQ\�SHUIRUPDQFH�JXDUDQWHHV�LW�SURYLGHV�PXVW�KROG�DW�HYHU\�
LQVWDQW�WKURXJKRXW�WKH�DOJRULWKP��,I�ZH�IROORZ�WKH�IRUHJRLQJ�VWUDWHJ\��ZH�FDQ�
SURYH�WKH�IROORZLQJ���

7+(25(0��������

7KHUH�DUH�LQSXWV�WKDW�IRUFH�DQ\�RQ�OLQH�ELQ�SDFNLQJ�DOJRULWKP�WR�XVH�DW�OHDVW�
WKH�RSWLPDO�QXPEHU�RI�ELQV���

3522)���

6XSSRVH�RWKHUZLVH��DQG�VXSSRVH�IRU�VLPSOLFLW\�WKDW�P�LV�HYHQ��&RQVLGHU�DQ\�RQ�
OLQH�DOJRULWKP�$�UXQQLQJ�RQ�WKH�LQSXW�VHTXHQFH�,���DERYH��5HFDOO�WKDW�WKLV�

VHTXHQFH�FRQVLVWV�RI�P�VPDOO�LWHPV�IROORZHG�E\�P�ODUJH�LWHPV��/HW�XV�FRQVLGHU�
ZKDW�WKH�DOJRULWKP�$�KDV�GRQH�DIWHU�SURFHVVLQJ�WKH�PWK�LWHP��6XSSRVH�$�KDV�
DOUHDG\�XVHG�E�ELQV��$W�WKLV�SRLQW�LQ�WKH�DOJRULWKP��WKH�RSWLPDO�QXPEHU�RI�ELQV�
LV�P����EHFDXVH�ZH�FDQ�SODFH�WZR�HOHPHQWV�LQ�HDFK�ELQ��7KXV�ZH�NQRZ�WKDW�

��E\�RXU�DVVXPSWLRQ�RI�D� �SHUIRUPDQFH�JXDUDQWHH���

1RZ�FRQVLGHU�WKH�SHUIRUPDQFH�RI�DOJRULWKP�$ DIWHU�DOO�LWHPV�KDYH�EHHQ�SDFNHG��$OO�
ELQV�FUHDWHG�DIWHU�WKH�EWK�ELQ�PXVW�FRQWDLQ�H[DFWO\�RQH�LWHP��VLQFH�DOO�VPDOO�
LWHPV�DUH�SODFHG�LQ�WKH�ILUVW�E�ELQV��DQG�WZR�ODUJH�LWHPV�ZLOO�QRW�ILW�LQ�D�ELQ��
6LQFH�WKH�ILUVW�E�ELQV�FDQ�KDYH�DW�PRVW�WZR�LWHPV�HDFK��DQG�WKH�UHPDLQLQJ�ELQV�
KDYH�RQH�LWHP�HDFK��ZH�VHH�WKDW�SDFNLQJ��P�LWHPV�ZLOO�UHTXLUH�DW�OHDVW��P���E�
ELQV��6LQFH�WKH��P�LWHPV�FDQ�EH�RSWLPDOO\�SDFNHG�XVLQJ�P�ELQV��RXU�SHUIRUPDQFH�

JXDUDQWHH�DVVXUHV�XV�WKDW� ���

��

)LJXUH�������1H[W�ILW�IRU�����������������������������������

7KH�ILUVW�LQHTXDOLW\�LPSOLHV�WKDW� ��DQG�WKH�VHFRQG�LQHTXDOLW\�LPSOLHV�
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WKDW� ��ZKLFK�LV�D�FRQWUDGLFWLRQ��7KXV��QR�RQ�OLQH�DOJRULWKP�FDQ�

JXDUDQWHH�WKDW�LW�ZLOO�SURGXFH�D�SDFNLQJ�ZLWK�OHVV�WKDQ� WKH�RSWLPDO�QXPEHU�RI�
ELQV���

7KHUH�DUH�WKUHH�VLPSOH�DOJRULWKPV�WKDW�JXDUDQWHH�WKDW�WKH�QXPEHU�RI�ELQV�XVHG�LV�
QR�PRUH�WKDQ�WZLFH�RSWLPDO��7KHUH�DUH�DOVR�TXLWH�D�IHZ�PRUH�FRPSOLFDWHG�
DOJRULWKPV�ZLWK�EHWWHU�JXDUDQWHHV���

1H[W�)LW�

3UREDEO\�WKH�VLPSOHVW�DOJRULWKP�LV�QH[W�ILW��:KHQ�SURFHVVLQJ�DQ\�LWHP��ZH�FKHFN�
WR�VHH�ZKHWKHU�LW�ILWV�LQ�WKH�VDPH�ELQ�DV�WKH�ODVW�LWHP��,I�LW�GRHV��LW�LV�SODFHG�
WKHUH��RWKHUZLVH��D�QHZ�ELQ�LV�FUHDWHG��7KLV�DOJRULWKP�LV�LQFUHGLEO\�VLPSOH�WR�
LPSOHPHQW�DQG�UXQV�LQ�OLQHDU�WLPH��)LJXUH�������VKRZV�WKH�SDFNLQJ�SURGXFHG�IRU�
WKH�VDPH�LQSXW�DV�)LJXUH���������

1RW�RQO\�LV�QH[W�ILW�VLPSOH�WR�SURJUDP��LWV�ZRUVW�FDVH�EHKDYLRU�LV�DOVR�HDV\�WR�
DQDO\]H���

7+(25(0��������

/HW�P�EH�WKH�RSWLPDO�QXPEHU�RI�ELQV�UHTXLUHG�WR�SDFN�D�OLVW�,�RI�LWHPV��7KHQ�QH[W�
ILW�QHYHU�XVHV�PRUH�WKDQ��P�ELQV��7KHUH�H[LVW�VHTXHQFHV�VXFK�WKDW�QH[W�ILW�XVHV�
�P�����ELQV���

3522)���

&RQVLGHU�DQ\�DGMDFHQW�ELQV�%M�DQG�%M������7KH�VXP�RI�WKH�VL]HV�RI�DOO�LWHPV�LQ�%M�

DQG�%M�����PXVW�EH�ODUJHU�WKDQ����VLQFH�RWKHUZLVH�DOO�RI�WKHVH�LWHPV�ZRXOG�KDYH�

EHHQ�SODFHG�LQ�%M��,I�ZH�DSSO\�WKLV�UHVXOW�WR�DOO�SDLUV�RI�DGMDFHQW�ELQV��ZH�VHH�

WKDW�DW�PRVW�KDOI�RI�WKH�VSDFH�LV�ZDVWHG��7KXV�QH[W�ILW�XVHV�DW�PRVW�WZLFH�WKH�
QXPEHU�RI�ELQV���

7R�VHH�WKDW�WKLV�ERXQG�LV�WLJKW��VXSSRVH�WKDW�WKH�Q�LWHPV�KDYH�VL]H�VL� �����LI�L

LV�RGG�DQG�VL� ���Q�LI�L�LV�HYHQ��$VVXPH�Q�LV�GLYLVLEOH�E\����7KH�RSWLPDO�

SDFNLQJ��VKRZQ�LQ�)LJXUH��������FRQVLVWV�RI�Q���ELQV��HDFK�FRQWDLQLQJ���HOHPHQWV�
RI�VL]H������DQG�RQH�ELQ�FRQWDLQLQJ�WKH�Q���HOHPHQWV�RI�VL]H���Q��IRU�D�WRWDO�RI�
�Q���������)LJXUH�������VKRZV�WKDW�QH[W�ILW�XVHV�Q���ELQV��7KXV��QH[W�ILW�FDQ�EH�
IRUFHG�WR�XVH�DOPRVW�WZLFH�DV�PDQ\�ELQV�DV�RSWLPDO���
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��

)LJXUH�������2SWLPDO�SDFNLQJ�IRU��������Q���������Q���������Q��������

��

)LJXUH�������1H[W�ILW�SDFNLQJ�IRU��������Q���������Q���������Q��������

)LUVW�)LW�

$OWKRXJK�QH[W�ILW�KDV�D�UHDVRQDEOH�SHUIRUPDQFH�JXDUDQWHH��LW�SHUIRUPV�SRRUO\�LQ�
SUDFWLFH��EHFDXVH�LW�FUHDWHV�QHZ�ELQV�ZKHQ�LW�GRHV�QRW�QHHG�WR��,Q�WKH�VDPSOH�
UXQ��LW�FRXOG�KDYH�SODFHG�WKH�LWHP�RI�VL]H�����LQ�HLWKHU�%��RU�%���UDWKHU�WKDQ�

FUHDWH�D�QHZ�ELQ���

7KH�ILUVW�ILW�VWUDWHJ\�LV�WR�VFDQ�WKH�ELQV�LQ�RUGHU�DQG�SODFH�WKH�QHZ�LWHP�LQ�WKH�
ILUVW�ELQ�WKDW�LV�ODUJH�HQRXJK�WR�KROG�LW��7KXV��D�QHZ�ELQ�LV�FUHDWHG�RQO\�ZKHQ�
WKH�UHVXOWV�RI�SUHYLRXV�SODFHPHQWV�KDYH�OHIW�QR�RWKHU�DOWHUQDWLYH��)LJXUH�������
VKRZV�WKH�SDFNLQJ�WKDW�UHVXOWV�IURP�ILUVW�ILW�RQ�RXU�VWDQGDUG�LQSXW���

$�VLPSOH�PHWKRG�RI�LPSOHPHQWLQJ�ILUVW�ILW�ZRXOG�SURFHVV�HDFK�LWHP�E\�VFDQQLQJ�

GRZQ�WKH�OLVW�RI�ELQV�VHTXHQWLDOO\��7KLV�ZRXOG�WDNH�2�Q����,W�LV�SRVVLEOH�WR�
LPSOHPHQW�ILUVW�ILW�WR�UXQ�LQ�2�Q�ORJ�Q���ZH�OHDYH�WKLV�DV�DQ�H[HUFLVH���

$�PRPHQW
V�WKRXJKW�ZLOO�FRQYLQFH�\RX�WKDW�DW�DQ\�SRLQW��DW�PRVW�RQH�ELQ�FDQ�EH�
PRUH�WKDQ�KDOI�HPSW\��VLQFH�LI�D�VHFRQG�ELQ�ZHUH�DOVR�KDOI�HPSW\��LWV�FRQWHQWV�
ZRXOG�ILW�LQWR�WKH�ILUVW�ELQ��7KXV��ZH�FDQ�LPPHGLDWHO\�FRQFOXGH�WKDW�ILUVW�ILW�
JXDUDQWHHV�D�VROXWLRQ�ZLWK�DW�PRVW�WZLFH�WKH�RSWLPDO�QXPEHU�RI�ELQV���
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��

)LJXUH�������)LUVW�ILW�IRU�����������������������������������

2Q�WKH�RWKHU�KDQG��WKH�EDG�FDVH�WKDW�ZH�XVHG�LQ�WKH�SURRI�RI�QH[W�ILW
V�
SHUIRUPDQFH�ERXQG�GRHV�QRW�DSSO\�IRU�ILUVW�ILW��7KXV��RQH�PLJKW�ZRQGHU�LI�D�
EHWWHU�ERXQG�FDQ�EH�SURYHQ��7KH�DQVZHU�LV�\HV��EXW�WKH�SURRI�LV�FRPSOLFDWHG���

7+(25(0��������

/HW�P�EH�WKH�RSWLPDO�QXPEHU�RI�ELQV�UHTXLUHG�WR�SDFN�D�OLVW�,�RI�LWHPV��7KHQ�

ILUVW�ILW�QHYHU�XVHV�PRUH�WKDQ� ELQV��7KHUH�H[LVW�VHTXHQFHV�VXFK�WKDW�ILUVW�

ILW�XVHV� �ELQV���

3522)���

6HH�WKH�UHIHUHQFHV�DW�WKH�HQG�RI�WKH�FKDSWHU���

$Q�H[DPSOH�ZKHUH�ILUVW�ILW�GRHV�DOPRVW�DV�SRRUO\�DV�WKH�SUHYLRXV�WKHRUHP�ZRXOG�

LQGLFDWH�LV�VKRZQ�LQ�)LJXUH��������7KH�LQSXW�FRQVLVWV�RI��P�LWHPV�RI�VL]H� ��

IROORZHG�E\��P�LWHPV�RI�VL]H� ���IROORZHG�E\��P�LWHPV�RI�VL]H� ��2QH�
VLPSOH�SDFNLQJ�SODFHV�RQH�LWHP�RI�HDFK�VL]H�LQ�D�ELQ�DQG�UHTXLUHV��P�ELQV��)LUVW�
ILW�UHTXLUHV���P�ELQV���

:KHQ�ILUVW�ILW�LV�UXQ�RQ�D�ODUJH�QXPEHU�RI�LWHPV�ZLWK�VL]HV�XQLIRUPO\�GLVWULEXWHG�
EHWZHHQ���DQG����HPSLULFDO�UHVXOWV�VKRZ�WKDW�ILUVW�ILW�XVHV�URXJKO\���SHUFHQW�
PRUH�ELQV�WKDQ�RSWLPDO��,Q�PDQ\�FDVHV��WKLV�LV�TXLWH�DFFHSWDEOH���

��
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)LJXUH�������$�FDVH�ZKHUH�ILUVW�ILW�XVHV���P�ELQV�LQVWHDG�RI��P�

��

)LJXUH�������%HVW�ILW�IRU�����������������������������������

)LUVW�)LW�

$OWKRXJK�QH[W�ILW�KDV�D�UHDVRQDEOH�SHUIRUPDQFH�JXDUDQWHH��LW�SHUIRUPV�SRRUO\�LQ�
SUDFWLFH��EHFDXVH�LW�FUHDWHV�QHZ�ELQV�ZKHQ�LW�GRHV�QRW�QHHG�WR��,Q�WKH�VDPSOH�
UXQ��LW�FRXOG�KDYH�SODFHG�WKH�LWHP�RI�VL]H�����LQ�HLWKHU�%��RU�%���UDWKHU�WKDQ�

FUHDWH�D�QHZ�ELQ���

7KH�ILUVW�ILW�VWUDWHJ\�LV�WR�VFDQ�WKH�ELQV�LQ�RUGHU�DQG�SODFH�WKH�QHZ�LWHP�LQ�WKH�
ILUVW�ELQ�WKDW�LV�ODUJH�HQRXJK�WR�KROG�LW��7KXV��D�QHZ�ELQ�LV�FUHDWHG�RQO\�ZKHQ�
WKH�UHVXOWV�RI�SUHYLRXV�SODFHPHQWV�KDYH�OHIW�QR�RWKHU�DOWHUQDWLYH��)LJXUH�������
VKRZV�WKH�SDFNLQJ�WKDW�UHVXOWV�IURP�ILUVW�ILW�RQ�RXU�VWDQGDUG�LQSXW���

$�VLPSOH�PHWKRG�RI�LPSOHPHQWLQJ�ILUVW�ILW�ZRXOG�SURFHVV�HDFK�LWHP�E\�VFDQQLQJ�

GRZQ�WKH�OLVW�RI�ELQV�VHTXHQWLDOO\��7KLV�ZRXOG�WDNH�2�Q����,W�LV�SRVVLEOH�WR�
LPSOHPHQW�ILUVW�ILW�WR�UXQ�LQ�2�Q�ORJ�Q���ZH�OHDYH�WKLV�DV�DQ�H[HUFLVH���

$�PRPHQW
V�WKRXJKW�ZLOO�FRQYLQFH�\RX�WKDW�DW�DQ\�SRLQW��DW�PRVW�RQH�ELQ�FDQ�EH�
PRUH�WKDQ�KDOI�HPSW\��VLQFH�LI�D�VHFRQG�ELQ�ZHUH�DOVR�KDOI�HPSW\��LWV�FRQWHQWV�
ZRXOG�ILW�LQWR�WKH�ILUVW�ELQ��7KXV��ZH�FDQ�LPPHGLDWHO\�FRQFOXGH�WKDW�ILUVW�ILW�
JXDUDQWHHV�D�VROXWLRQ�ZLWK�DW�PRVW�WZLFH�WKH�RSWLPDO�QXPEHU�RI�ELQV���

��

)LJXUH�������)LUVW�ILW�IRU�����������������������������������

2Q�WKH�RWKHU�KDQG��WKH�EDG�FDVH�WKDW�ZH�XVHG�LQ�WKH�SURRI�RI�QH[W�ILW
V�
SHUIRUPDQFH�ERXQG�GRHV�QRW�DSSO\�IRU�ILUVW�ILW��7KXV��RQH�PLJKW�ZRQGHU�LI�D�
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EHWWHU�ERXQG�FDQ�EH�SURYHQ��7KH�DQVZHU�LV�\HV��EXW�WKH�SURRI�LV�FRPSOLFDWHG���

7+(25(0��������

/HW�P�EH�WKH�RSWLPDO�QXPEHU�RI�ELQV�UHTXLUHG�WR�SDFN�D�OLVW�,�RI�LWHPV��7KHQ�

ILUVW�ILW�QHYHU�XVHV�PRUH�WKDQ� ELQV��7KHUH�H[LVW�VHTXHQFHV�VXFK�WKDW�ILUVW�

ILW�XVHV� �ELQV���

3522)���

6HH�WKH�UHIHUHQFHV�DW�WKH�HQG�RI�WKH�FKDSWHU���

$Q�H[DPSOH�ZKHUH�ILUVW�ILW�GRHV�DOPRVW�DV�SRRUO\�DV�WKH�SUHYLRXV�WKHRUHP�ZRXOG�

LQGLFDWH�LV�VKRZQ�LQ�)LJXUH��������7KH�LQSXW�FRQVLVWV�RI��P�LWHPV�RI�VL]H� ��

IROORZHG�E\��P�LWHPV�RI�VL]H� ���IROORZHG�E\��P�LWHPV�RI�VL]H� ��2QH�
VLPSOH�SDFNLQJ�SODFHV�RQH�LWHP�RI�HDFK�VL]H�LQ�D�ELQ�DQG�UHTXLUHV��P�ELQV��)LUVW�
ILW�UHTXLUHV���P�ELQV���

:KHQ�ILUVW�ILW�LV�UXQ�RQ�D�ODUJH�QXPEHU�RI�LWHPV�ZLWK�VL]HV�XQLIRUPO\�GLVWULEXWHG�
EHWZHHQ���DQG����HPSLULFDO�UHVXOWV�VKRZ�WKDW�ILUVW�ILW�XVHV�URXJKO\���SHUFHQW�
PRUH�ELQV�WKDQ�RSWLPDO��,Q�PDQ\�FDVHV��WKLV�LV�TXLWH�DFFHSWDEOH���

��

)LJXUH�������$�FDVH�ZKHUH�ILUVW�ILW�XVHV���P�ELQV�LQVWHDG�RI��P�

��

)LJXUH�������%HVW�ILW�IRU�����������������������������������
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������'LYLGH�DQG�&RQTXHU�

$QRWKHU�FRPPRQ�WHFKQLTXH�XVHG�WR�GHVLJQ�DOJRULWKPV�LV�GLYLGH�DQG�FRQTXHU��'LYLGH�
DQG�FRQTXHU�DOJRULWKPV�FRQVLVW�RI�WZR�SDUWV���

'LYLGH��6PDOOHU�SUREOHPV�DUH�VROYHG�UHFXUVLYHO\��H[FHSW��RI�FRXUVH��EDVH�FDVHV���

&RQTXHU��7KH�VROXWLRQ�WR�WKH�RULJLQDO�SUREOHP�LV�WKHQ�IRUPHG�IURP�WKH�VROXWLRQV�
WR�WKH�VXESUREOHPV���

7UDGLWLRQDOO\��URXWLQHV�LQ�ZKLFK�WKH�WH[W�FRQWDLQV�DW�OHDVW�WZR�UHFXUVLYH�FDOOV�
DUH�FDOOHG�GLYLGH�DQG�FRQTXHU�DOJRULWKPV��ZKLOH�URXWLQHV�ZKRVH�WH[W�FRQWDLQV�RQO\�
RQH�UHFXUVLYH�FDOO�DUH�QRW��:H�JHQHUDOO\�LQVLVW�WKDW�WKH�VXESUREOHPV�EH�GLVMRLQW�
�WKDW�LV��HVVHQWLDOO\�QRQRYHUODSSLQJ���/HW�XV�UHYLHZ�VRPH�RI�WKH�UHFXUVLYH�
DOJRULWKPV�WKDW�KDYH�EHHQ�FRYHUHG�LQ�WKLV�WH[W���

:H�KDYH�DOUHDG\�VHHQ�VHYHUDO�GLYLGH�DQG�FRQTXHU�DOJRULWKPV��,Q�6HFWLRQ��������ZH�
VDZ�DQ�2��Q�ORJ�Q��VROXWLRQ�WR�WKH�PD[LPXP�VXEVHTXHQFH�VXP�SUREOHP��,Q�&KDSWHU����
ZH�VDZ�OLQHDU�WLPH�WUHH�WUDYHUVDO�VWUDWHJLHV��,Q�&KDSWHU����ZH�VDZ�WKH�FODVVLF�
H[DPSOHV�RI�GLYLGH�DQG�FRQTXHU��QDPHO\�PHUJHVRUW�DQG�TXLFNVRUW��ZKLFK�KDYH�2��Q�
ORJ�Q��ZRUVW�FDVH�DQG�DYHUDJH�FDVH�ERXQGV��UHVSHFWLYHO\���

:H�KDYH�DOVR�VHHQ�VHYHUDO�H[DPSOHV�RI�UHFXUVLYH�DOJRULWKPV�WKDW�SUREDEO\�GR�QRW�
FODVVLI\�DV�GLYLGH�DQG�FRQTXHU��EXW�PHUHO\�UHGXFH�WR�D�VLQJOH�VLPSOHU�FDVH��,Q�
6HFWLRQ������ZH�VDZ�D�VLPSOH�URXWLQH�WR�SULQW�D�QXPEHU��,Q�&KDSWHU����ZH�XVHG�
UHFXUVLRQ�WR�SHUIRUP�HIILFLHQW�H[SRQHQWLDWLRQ��,Q�&KDSWHU����ZH�H[DPLQHG�VLPSOH�
VHDUFK�URXWLQHV�IRU�ELQDU\�VHDUFK�WUHHV��,Q�6HFWLRQ������ZH�VDZ�VLPSOH�UHFXUVLRQ�
XVHG�WR�PHUJH�OHIWLVW�KHDSV��,Q�6HFWLRQ������DQ�DOJRULWKP�ZDV�JLYHQ�IRU�VHOHFWLRQ�
WKDW�WDNHV�OLQHDU�DYHUDJH�WLPH��7KH�GLVMRLQW�VHW�ILQG�RSHUDWLRQ�ZDV�ZULWWHQ�
UHFXUVLYHO\�LQ�&KDSWHU����&KDSWHU���VKRZHG�URXWLQHV�WR�UHFRYHU�WKH�VKRUWHVW�SDWK�
LQ�'LMNVWUD
V�DOJRULWKP�DQG�RWKHU�SURFHGXUHV�WR�SHUIRUP�GHSWK�ILUVW�VHDUFK�LQ�
JUDSKV��1RQH�RI�WKHVH�DOJRULWKPV�DUH�UHDOO\�GLYLGH�DQG�FRQTXHU�DOJRULWKPV��
EHFDXVH�RQO\�RQH�UHFXUVLYH�FDOO�LV�SHUIRUPHG���

:H�KDYH�DOVR�VHHQ��LQ�6HFWLRQ������D�YHU\�EDG�UHFXUVLYH�URXWLQH�WR�FRPSXWH�WKH�
)LERQDFFL�QXPEHUV��7KLV�FRXOG�EH�FDOOHG�D�GLYLGH�DQG�FRQTXHU�DOJRULWKP��EXW�LW�LV�
WHUULEO\�LQHIILFLHQW��EHFDXVH�WKH�SUREOHP�UHDOO\�LV�QRW�GLYLGHG�DW�DOO���

,Q�WKLV�VHFWLRQ��ZH�ZLOO�VHH�PRUH�H[DPSOHV�RI�WKH�GLYLGH�DQG�FRQTXHU�SDUDGLJP��
2XU�ILUVW�DSSOLFDWLRQ�LV�D�SUREOHP�LQ�FRPSXWDWLRQDO�JHRPHWU\��*LYHQ�Q�SRLQWV�LQ�D�
SODQH��ZH�ZLOO�VKRZ�WKDW�WKH�FORVHVW�SDLU�RI�SRLQWV�FDQ�EH�IRXQG�LQ�2�Q�ORJ�Q��
WLPH��7KH�H[HUFLVHV�GHVFULEH�VRPH�RWKHU�SUREOHPV�LQ�FRPSXWDWLRQDO�JHRPHWU\�ZKLFK�
FDQ�EH�VROYHG�E\�GLYLGH�DQG�FRQTXHU��7KH�UHPDLQGHU�RI�WKH�VHFWLRQ�VKRZV�VRPH�
H[WUHPHO\�LQWHUHVWLQJ��EXW�PRVWO\�WKHRUHWLFDO��UHVXOWV��:H�SURYLGH�DQ�DOJRULWKP�
ZKLFK�VROYHV�WKH�VHOHFWLRQ�SUREOHP�LQ�2�Q��ZRUVW�FDVH�WLPH��:H�DOVR�VKRZ�WKDW���

Q�ELW�QXPEHUV�FDQ�EH�PXOWLSOLHG�LQ�R�Q���RSHUDWLRQV�DQG�WKDW�WZR�Q�[�Q�PDWULFHV�

FDQ�EH�PXOWLSOLHG�LQ�R�Q���RSHUDWLRQV��8QIRUWXQDWHO\��HYHQ�WKRXJK�WKHVH�
DOJRULWKPV�KDYH�EHWWHU�ZRUVW�FDVH�ERXQGV�WKDQ�WKH�FRQYHQWLRQDO�DOJRULWKPV��QRQH�
DUH�SUDFWLFDO�H[FHSW�IRU�YHU\�ODUJH�LQSXWV���

��������5XQQLQJ�7LPH�RI�'LYLGH�DQG�&RQTXHU�$OJRULWKPV��
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��������5XQQLQJ�7LPH�RI�'LYLGH�DQG�&RQTXHU�$OJRULWKPV�

$OO�WKH�HIILFLHQW�GLYLGH�DQG�FRQTXHU�DOJRULWKPV�ZH�ZLOO�VHH�GLYLGH�WKH�SUREOHPV�
LQWR�VXESUREOHPV��HDFK�RI�ZKLFK�LV�VRPH�IUDFWLRQ�RI�WKH�RULJLQDO�SUREOHP��DQG�
WKHQ�SHUIRUP�VRPH�DGGLWLRQDO�ZRUN�WR�FRPSXWH�WKH�ILQDO�DQVZHU��$V�DQ�H[DPSOH��ZH�
KDYH�VHHQ�WKDW�PHUJHVRUW�RSHUDWHV�RQ�WZR�SUREOHPV��HDFK�RI�ZKLFK�LV�KDOI�WKH�VL]H�
RI�WKH�RULJLQDO��DQG�WKHQ�XVHV�2�Q��DGGLWLRQDO�ZRUN��7KLV�\LHOGV�WKH�UXQQLQJ�WLPH�
HTXDWLRQ��ZLWK�DSSURSULDWH�LQLWLDO�FRQGLWLRQV���

7�Q�� ��7�Q������2�Q��

:H�VDZ�LQ�&KDSWHU���WKDW�WKH�VROXWLRQ�WR�WKLV�HTXDWLRQ�LV�2�Q�ORJ�Q���7KH�
IROORZLQJ�WKHRUHP�FDQ�EH�XVHG�WR�GHWHUPLQH�WKH�UXQQLQJ�WLPH�RI�PRVW�GLYLGH�DQG�
FRQTXHU�DOJRULWKPV���

7+(25(0��������

7KH�VROXWLRQ�WR�WKH�HTXDWLRQ�7�Q�� �D7�Q�E���� �QN���ZKHUH�D� ���DQG�E�!����
LV��

��

3522)���

)ROORZLQJ�WKH�DQDO\VLV�RI�PHUJHVRUW�LQ�&KDSWHU����ZH�ZLOO�DVVXPH�WKDW�Q�LV�D�

SRZHU�RI�E��WKXV��OHW�Q� �EP��7KHQ�Q�E� �EP�O�DQG�QN� ��EP�N� �EPN� �ENP� ��EN�P��

/HW�XV�DVVXPH�7���� ����DQG�LJQRUH�WKH�FRQVWDQW�IDFWRU�LQ� �QN���7KHQ�ZH�KDYH�

7�EP�� �D7�EP�O���EN�P
�

,I�ZH�GLYLGH�WKURXJK�E\�DP��ZH�REWDLQ�WKH�HTXDWLRQ�

�

�

�

������

�

:H�FDQ�DSSO\�WKLV�HTXDWLRQ�IRU�RWKHU�YDOXHV�RI�P��REWDLQLQJ�

�

�

�

������

�
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�

�

������

�

�

�

������

�

:H�XVH�RXU�VWDQGDUG�WULFN�RI�DGGLQJ�XS�WKH�WHOHVFRSLQJ�HTXDWLRQV��������WKURXJK���������9LUWXDOO\�

DOO�WKH�WHUPV�RQ�WKH�OHIW�FDQFHO�WKH�OHDGLQJ�WHUPV�RQ�WKH�ULJKW��\LHOGLQJ��

�

�

������

�

�

�

������

�

7KXV�

�

�

�

������

�

,I�D�!�EN��WKHQ�WKH�VXP�LV�D�JHRPHWULF�VHULHV�ZLWK�UDWLR�VPDOOHU�WKDQ����6LQFH�WKH�VXP�RI�
LQILQLWH�VHULHV�ZRXOG�FRQYHUJH�WR�D�FRQVWDQW��WKLV�ILQLWH�VXP�LV�DOVR�ERXQGHG�E\�D�FRQVWDQW��DQG�
WKXV�(TXDWLRQ���������DSSOLHV���

7�Q�� �2�DP�� �2�DORJE�
Q��2� �2�QORJE�D��

�

�������

�

,I�D� �EN��WKHQ�HDFK�WHUP�LQ�WKH�VXP�LV����6LQFH�WKH�VXP�FRQWDLQV�����ORJE�Q�WHUPV�DQG�D� �E
N�

LPSOLHV�WKDW�ORJE�D� �N���

7�Q�� �2�DP�ORJE�Q�� �2�Q
ORJ

E
D
�ORJE�Q�� �2�Q

N�ORJE�Q��

�

 �2��QN�ORJ�Q��

�
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��������

)LQDOO\��LI�D���EN��WKHQ�WKH�WHUPV�LQ�WKH�JHRPHWULF�VHULHV�DUH�ODUJHU�WKDQ����DQG�WKH�VHFRQG�
IRUPXOD�LQ�6HFWLRQ�������DSSOLHV��:H�REWDLQ��

�

�

�������

�

SURYLQJ�WKH�ODVW�FDVH�RI�WKH�WKHRUHP��

�

$V�DQ�H[DPSOH��PHUJHVRUW�KDV�D� �E� ���DQG�N� ����7KH�VHFRQG�FDVH�DSSOLHV��JLYLQJ�WKH�DQVZHU�2�Q�
ORJ�Q���,I�ZH�VROYH�WKUHH�SUREOHPV��HDFK�RI�ZKLFK�LV�KDOI�WKH�RULJLQDO�VL]H��DQG�FRPELQH�WKH�
VROXWLRQV�ZLWK�2�Q��DGGLWLRQDO�ZRUN��WKHQ�D� ����E� ���DQG�N� ����&DVH���DSSOLHV�KHUH��JLYLQJ�D�

ERXQG�RI�2�QORJ�
��� �2�Q�������$Q�DOJRULWKP�WKDW�VROYHG�WKUHH�KDOI�VL]HG�SUREOHPV��EXW�UHTXLUHG�2

�Q���ZRUN�WR�PHUJH�WKH�VROXWLRQ��ZRXOG�KDYH�DQ�2�Q���UXQQLQJ�WLPH��VLQFH�WKH�WKLUG�FDVH�ZRXOG�
DSSO\���

7KHUH�DUH�WZR�LPSRUWDQW�FDVHV�WKDW�DUH�QRW�FRYHUHG�E\�7KHRUHP�������:H�VWDWH�WZR�PRUH�WKHRUHPV��

OHDYLQJ�WKH�SURRIV�DV�H[HUFLVHV��7KHRUHP������JHQHUDOL]HV�WKH�SUHYLRXV�WKHRUHP���

7+(25(0�������

�

7KH�VROXWLRQ�WR�WKH�HTXDWLRQ�7�Q�� �D7�Q�E���� �QN�ORJS�Q���ZKHUH�D� ����E�!����DQG�S�
��LV��

�

�

7+(25(0�������

�

��WKHQ�WKH�VROXWLRQ�WR�WKH�HTXDWLRQ� �LV�7�Q�� �2�Q���

�

��������&ORVHVW�3RLQWV�3UREOHP
�

7KH�LQSXW�WR�RXU�ILUVW�SUREOHP�LV�D�OLVW�3�RI�SRLQWV�LQ�D�SODQH��,I�SO� ��[���\���DQG�S�� ��[���

\����WKHQ�WKH�(XFOLGHDQ�GLVWDQFH�EHWZHHQ�Sl�DQG�S2�LV�>�[����[��
�����\O���\��

�@O����:H�DUH�

UHTXLUHG�WR�ILQG�WKH�FORVHVW�SDLU�RI�SRLQWV��,W�LV�SRVVLEOH�WKDW�WZR�SRLQWV�KDYH�WKH�VDPH�
SRVLWLRQ��LQ�WKDW�FDVH�WKDW�SDLU�LV�WKH�FORVHVW��ZLWK�GLVWDQFH�]HUR���

,I�WKHUH�DUH�Q�SRLQWV��WKHQ�WKHUH�DUH�Q��Q��������SDLUV�RI�GLVWDQFHV��:H�FDQ�FKHFN�DOO�RI�WKHVH��

REWDLQLQJ�D�YHU\�VKRUW�SURJUDP��EXW�DW�WKH�H[SHQVH�RI�DQ�2�Q���DOJRULWKP��6LQFH�WKLV�DSSURDFK�LV�
MXVW�DQ�H[KDXVWLYH�VHDUFK��ZH�VKRXOG�H[SHFW�WR�GR�EHWWHU���

/HW�XV�DVVXPH�WKDW�WKH�SRLQWV�KDYH�EHHQ�VRUWHG�E\�[�FRRUGLQDWH��$W�ZRUVW��WKLV�DGGV�2�Q�ORJ�Q��WR�
WKH�ILQDO�WLPH�ERXQG��6LQFH�ZH�ZLOO�VKRZ�DQ�2�Q�ORJ�Q��ERXQG�IRU�WKH�HQWLUH�DOJRULWKP��WKLV�VRUW�
LV�HVVHQWLDOO\�IUHH��IURP�D�FRPSOH[LW\�VWDQGSRLQW���
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)LJXUH�������VKRZV�D�VPDOO�VDPSOH�SRLQW�VHW�3��6LQFH�WKH�SRLQWV�DUH�VRUWHG�E\�[�FRRUGLQDWH��ZH�

FDQ�GUDZ�DQ�LPDJLQDU\�YHUWLFDO�OLQH�WKDW�SDUWLWLRQV�WKH�SRLQWV�VHW�LQWR�WZR�KDOYHV��3O�DQG�3U��

7KLV�LV�FHUWDLQO\�VLPSOH�WR�GR��1RZ�ZH�KDYH�DOPRVW�H[DFWO\�WKH�VDPH�VLWXDWLRQ�DV�ZH�VDZ�LQ�WKH�
PD[LPXP�VXEVHTXHQFH�VXP�SUREOHP�LQ�6HFWLRQ��������(LWKHU�WKH�FORVHVW�SRLQWV�DUH�ERWK�LQ�3O��RU�

WKH\�DUH�ERWK�LQ�3U��RU�RQH�LV�LQ�3O�DQG�WKH�RWKHU�LV�LQ�3U��/HW�XV�FDOO�WKHVH�GLVWDQFHV�GO��GU��

DQG�GF��)LJXUH�������VKRZV�WKH�SDUWLWLRQ�RI�WKH�SRLQW�VHW�DQG�WKHVH�WKUHH�GLVWDQFHV���

:H�FDQ�FRPSXWH�GO�DQG dr�UHFXUVLYHO\��7KH�SUREOHP��WKHQ��LV�WR�FRPSXWH�GF��6LQFH�ZH�ZRXOG�OLNH�
DQ�2�Q�ORJ�Q��VROXWLRQ��ZH�PXVW�EH�DEOH�WR�FRPSXWH�GF�ZLWK�RQO\�2�Q��DGGLWLRQDO�ZRUN��:H�KDYH�

DOUHDG\�VHHQ�WKDW�LI�D�SURFHGXUH�FRQVLVWV�RI�WZR�KDOI�VL]HG�UHFXUVLYH�FDOOV�DQG�2�Q��DGGLWLRQDO�
ZRUN��WKHQ�WKH�WRWDO�WLPH�ZLOO�EH�2�Q�ORJ�Q����

/HW� � �PLQ�GO��GU���7KH�ILUVW�REVHUYDWLRQ�LV�WKDW�ZH�RQO\�QHHG�WR�FRPSXWH�GF�LI�GF�LPSURYHV�

RQ� ��,I�GF�LV�VXFK�D�GLVWDQFH��WKHQ�WKH�WZR�SRLQWV�WKDW�GHILQH�GF�PXVW�EH�ZLWKLQ� RI�WKH�

GLYLGLQJ�OLQH��ZH�ZLOO�UHIHU�WR�WKLV�DUHD�DV�D�VWULS��$V�VKRZQ�LQ�)LJXUH��������WKLV�REVHUYDWLRQ�

OLPLWV�WKH�QXPEHU�RI�SRLQWV�WKDW�QHHG�WR�EH�FRQVLGHUHG��LQ�RXU�FDVH�� � �GU���

�

7KHUH�DUH�WZR�VWUDWHJLHV�WKDW�FDQ�EH�WULHG�WR�FRPSXWH�GF��)RU�ODUJH�SRLQW�VHWV�WKDW�DUH�XQLIRUPO\�

GLVWULEXWHG��WKH�QXPEHU�RI�SRLQWV�WKDW�DUH�H[SHFWHG�WR�EH�LQ�WKH�VWULS�LV�YHU\�VPDOO��,QGHHG��LW�

LV�HDV\�WR�DUJXH�WKDW�RQO\� �SRLQWV�DUH�LQ�WKH�VWULS�RQ�DYHUDJH��7KXV��ZH�FRXOG�SHUIRUP�D�
EUXWH�IRUFH�FDOFXODWLRQ�RQ�WKHVH�SRLQWV�LQ�2�Q��WLPH��7KH�SVHXGRFRGH�LQ�)LJXUH�������LPSOHPHQWV�
WKLV�VWUDWHJ\��DVVXPLQJ�WKH�&�FRQYHQWLRQ�WKDW�WKH�SRLQWV�DUH�LQGH[HG�VWDUWLQJ�DW�����

�

�

)LJXUH�������$�VPDOO�SRLQW�VHW

�
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�

�

)LJXUH�������3�SDUWLWLRQHG�LQWR�3� and P2; shortest distances are shown
�

�

�

)LJXUH�������7ZR�ODQH�VWULS��FRQWDLQLQJ�DOO�SRLQWV�FRQVLGHUHG�IRU�GF strip
�

��3RLQWV�DUH�DOO�LQ�WKH�VWULS��

�

IRU��L ���L�180B32,176B,1B675,3��L����

�

IRU��M L����M�180B32,176B,1B675,3��M����

�

LI��GLVW��SL�SM����� �

�

� �GLVW��SL�SM���

�

)LJXUH�������%UXWH�IRUFH�FDOFXODWLRQ�RI�PLQ� ��GF)

�

��3RLQWV�DUH�DOO�LQ�WKH�VWULS�DQG�VRUWHG�E\�\�FRRUGLQDWH��

�

IRU��L ���L�180B32,176B,1B675,3��L����

�
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IRU��M L����M�180B32,176B,1B675,3��M�����

LI���SL�DQG�SM�
V�FRRUGLQDWHV�GLIIHU�E\�PRUH�WKDQ� ��

�

EUHDN��������JRWR�QH[W�SL��

�

HOVH

�

LI��GLVW��SL��SM���� �

�

� �GLVW��SL��SM��

�

)LJXUH�������5HILQHG�FDOFXODWLRQ�RI�PLQ� ��GF)

�

,Q�WKH�ZRUVW�FDVH��DOO�WKH�SRLQWV�FRXOG�EH�LQ�WKH�VWULS��VR�WKLV�VWUDWHJ\�GRHV�QRW�DOZD\V�ZRUN�LQ�
OLQHDU�WLPH��:H�FDQ�LPSURYH�WKLV�DOJRULWKP�ZLWK�WKH�IROORZLQJ�REVHUYDWLRQ��7KH�\�FRRUGLQDWHV�RI�

WKH�WZR�SRLQWV�WKDW�GHILQH�GF�FDQ�GLIIHU�E\�DW�PRVW� ��2WKHUZLVH��GF�!� ��6XSSRVH�WKDW�WKH�

SRLQWV�LQ�WKH�VWULS�DUH�VRUWHG�E\�WKHLU�\�FRRUGLQDWHV��7KHUHIRUH��LI�SL�DQG�SM
V�\�FRRUGLQDWHV�

GLIIHU�E\�PRUH�WKDQ� ��WKHQ�ZH�FDQ�SURFHHG�WR�SL���O��7KLV�VLPSOH�PRGLILFDWLRQ�LV�LPSOHPHQWHG�

LQ�)LJXUH���������

7KLV�H[WUD�WHVW�KDV�D�VLJQLILFDQW�HIIHFW�RQ�WKH�UXQQLQJ�WLPH��EHFDXVH�IRU�HDFK�SL�RQO\�D�IHZ�

SRLQWV�SM�DUH�H[DPLQHG�EHIRUH�SL
V�DQG�SM
V�\�FRRUGLQDWHV�GLIIHU�E\�PRUH�WKDQ� �DQG�IRUFH�DQ�

H[LW�IURP�WKH�LQQHU�IRU�ORRS��)LJXUH�������VKRZV��IRU�LQVWDQFH��WKDW�IRU�SRLQW�S���RQO\�WKH�WZR�

SRLQWV�S��DQG�S��OLH�LQ�WKH�VWULS�ZLWKLQ� �YHUWLFDO�GLVWDQFH��

�

�

�

)LJXUH�������2QO\�S� and p5 are considered in the second for loop
�
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�

�

)LJXUH�������$W�PRVW�HLJKW�SRLQWV�ILW�LQ�WKH�UHFWDQJOH��WKHUH�DUH�WZR�FRRUGLQDWHV�VKDUHG�E\�WZR�

SRLQWV�HDFK�

,Q�WKH�ZRUVW�FDVH��IRU�DQ\�SRLQW�SL��DW�PRVW���SRLQWV�SM�DUH�FRQVLGHUHG��7KLV�LV�EHFDXVH�WKHVH�

SRLQWV�PXVW�OLH�HLWKHU�LQ�WKH� �E\� �VTXDUH�LQ�WKH�OHIW�KDOI�RI�WKH�VWULS�RU�LQ�WKH� �

E\� �VTXDUH�LQ�WKH�ULJKW�KDOI�RI�WKH�VWULS��2Q�WKH�RWKHU�KDQG��DOO�WKH�SRLQWV�LQ�HDFK� E\�

�VTXDUH�DUH�VHSDUDWHG�E\�DW�OHDVW� ��,Q�WKH�ZRUVW�FDVH��HDFK�VTXDUH�FRQWDLQV�IRXU�SRLQWV��
RQH�DW�HDFK�FRUQHU��2QH�RI�WKHVH�SRLQWV�LV�SL��OHDYLQJ�DW�PRVW�VHYHQ�SRLQWV�WR�EH�FRQVLGHUHG��

7KLV�ZRUVW�FDVH�VLWXDWLRQ�LV�VKRZQ�LQ�)LJXUH��������1RWLFH�WKDW�HYHQ�WKRXJK�SO��DQG�SU��KDYH�WKH�

VDPH�FRRUGLQDWHV��WKH\�FRXOG�EH�GLIIHUHQW�SRLQWV��)RU�WKH�DFWXDO�DQDO\VLV��LW�LV�RQO\�LPSRUWDQW�

WKDW�WKH�QXPEHU�RI�SRLQWV�LQ�WKH� �E\�� �UHFWDQJOH�EH�2�����DQG�WKLV�PXFK�LV�FHUWDLQO\�
FOHDU���

%HFDXVH�DW�PRVW�VHYHQ�SRLQWV�DUH�FRQVLGHUHG�IRU�HDFK�SL��WKH�WLPH�WR�FRPSXWH�D�GF�WKDW�LV�EHWWHU�

WKDQ� �LV�2�Q���7KXV��ZH�DSSHDU�WR�KDYH�DQ�2�Q�ORJ�Q��VROXWLRQ�WR�WKH�FORVHVW�SRLQWV�SUREOHP��
EDVHG�RQ�WKH�WZR�KDOI�VL]HG�UHFXUVLYH�FDOOV�SOXV�WKH�OLQHDU�H[WUD�ZRUN�WR�FRPELQH�WKH�WZR�
UHVXOWV��+RZHYHU��ZH�GR�QRW�TXLWH�KDYH�DQ�2��Q�ORJ�Q��VROXWLRQ�\HW���

7KH�SUREOHP�LV�WKDW�ZH�KDYH�DVVXPHG�WKDW�D�OLVW�RI�SRLQWV�VRUWHG�E\�\�FRRUGLQDWH�LV�DYDLODEOH��,I�
ZH�SHUIRUP�WKLV�VRUW�IRU�HDFK�UHFXUVLYH�FDOO��WKHQ�ZH�KDYH�2�Q�ORJ�Q��H[WUD�ZRUN��WKLV�JLYHV�DQ�2

�Q�ORJ��Q��DOJRULWKP��7KLV�LV�QRW�DOO�WKDW�EDG��HVSHFLDOO\�ZKHQ�FRPSDUHG�WR�WKH�EUXWH�IRUFH�2

�Q����+RZHYHU��LW�LV�QRW�KDUG�WR�UHGXFH�WKH�ZRUN�IRU�HDFK�UHFXUVLYH�FDOO�WR�2�Q���WKXV�HQVXULQJ�
DQ�2�Q�ORJ�Q��DOJRULWKP���

:H�ZLOO�PDLQWDLQ�WZR�OLVWV��2QH�LV�WKH�SRLQW�OLVW�VRUWHG�E\�[�FRRUGLQDWH��DQG�WKH�RWKHU�LV�WKH�
SRLQW�OLVW�VRUWHG�E\�\�FRRUGLQDWH��:H�ZLOO�FDOO�WKHVH�OLVWV�3�DQG�4��UHVSHFWLYHO\��7KHVH�FDQ�EH�
REWDLQHG�E\�D�SUHSURFHVVLQJ�VRUWLQJ�VWHS�DW�FRVW�2�Q�ORJ�Q��DQG�WKXV�GRHV�QRW�DIIHFW�WKH�WLPH�
ERXQG��3O�DQG�4O�DUH�WKH�OLVWV�SDVVHG�WR�WKH�OHIW�KDOI�UHFXUVLYH�FDOO��DQG�3U�DQG�4U�DUH�WKH�

OLVWV�SDVVHG�WR�WKH�ULJKW�KDOI�UHFXUVLYH�FDOO��:H�KDYH�DOUHDG\�VHHQ�WKDW�3�LV�HDVLO\�VSOLW�LQ�WKH�
PLGGOH��2QFH�WKH�GLYLGLQJ�OLQH�LV�NQRZQ��ZH�VWHS�WKURXJK�4�VHTXHQWLDOO\��SODFLQJ�HDFK�HOHPHQW�LQ�
4O�RU�4U��DV�DSSURSULDWH��,W�LV�HDV\�WR�VHH�WKDW�4O�DQG�4U�ZLOO�EH�DXWRPDWLFDOO\�VRUWHG�E\�\�

FRRUGLQDWH��:KHQ�WKH�UHFXUVLYH�FDOOV�UHWXUQ��ZH�VFDQ�WKURXJK�WKH�4�OLVW�DQG�GLVFDUG�DOO�WKH�
SRLQWV�ZKRVH�[�FRRUGLQDWHV�DUH�QRW�ZLWKLQ�WKH�VWULS��7KHQ�4�FRQWDLQV�RQO\�SRLQWV�LQ�WKH�VWULS��
DQG�WKHVH�SRLQWV�DUH�JXDUDQWHHG�WR�EH�VRUWHG�E\�WKHLU�\�FRRUGLQDWHV���
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7KLV�VWUDWHJ\�HQVXUHV�WKDW�WKH�HQWLUH�DOJRULWKP�LV�2��Q�ORJ�Q���EHFDXVH�RQO\�2��Q��H[WUD�ZRUN�LV�
SHUIRUPHG���

��������7KH�6HOHFWLRQ�3UREOHP
�

7KH�VHOHFWLRQ�SUREOHP�UHTXLUHV�XV�WR�ILQG�WKH�NWK�VPDOOHVW�HOHPHQW�LQ�D�OLVW�6�RI�Q�HOHPHQWV��2I�

SDUWLFXODU�LQWHUHVW�LV�WKH�VSHFLDO�FDVH�RI�ILQGLQJ�WKH�PHGLDQ��7KLV�RFFXUV�ZKHQ�N� � n�� ��

,Q�&KDSWHUV���������ZH�KDYH�VHHQ�VHYHUDO�VROXWLRQV�WR�WKH�VHOHFWLRQ�SUREOHP��7KH�VROXWLRQ�LQ�

&KDSWHU���XVHV�D�YDULDWLRQ�RI�TXLFNVRUW�DQG�UXQV�LQ�2�Q��DYHUDJH�WLPH��,QGHHG��LW�LV�GHVFULEHG�LQ�
+RDUH
V�RULJLQDO�SDSHU�RQ�TXLFNVRUW���

$OWKRXJK�WKLV�DOJRULWKP�UXQV�LQ�OLQHDU�DYHUDJH�WLPH��LW�KDV�D�ZRUVW�FDVH�RI�2��Q����6HOHFWLRQ�FDQ�
HDVLO\�EH�VROYHG�LQ�2�Q�ORJ�Q��ZRUVW�FDVH�WLPH�E\�VRUWLQJ�WKH�HOHPHQWV��EXW�IRU�D�ORQJ�WLPH�LW�
ZDV�XQNQRZQ�ZKHWKHU�RU�QRW�VHOHFWLRQ�FRXOG�EH�DFFRPSOLVKHG�LQ�2�Q��ZRUVW�FDVH�WLPH��7KH�
TXLFNVHOHFW�DOJRULWKP�RXWOLQHG�LQ�6HFWLRQ�������LV�TXLWH�HIILFLHQW�LQ�SUDFWLFH��VR�WKLV�ZDV�
PRVWO\�D�TXHVWLRQ�RI�WKHRUHWLFDO�LQWHUHVW���

5HFDOO�WKDW�WKH�EDVLF�DOJRULWKP�LV�D�VLPSOH�UHFXUVLYH�VWUDWHJ\��$VVXPLQJ�WKDW�Q�LV�ODUJHU�WKDQ�
WKH�FXWRII�SRLQW�ZKHUH�HOHPHQWV�DUH�VLPSO\�VRUWHG��DQ�HOHPHQW�Y��NQRZQ�DV�WKH�SLYRW��LV�FKRVHQ��
7KH�UHPDLQLQJ�HOHPHQWV�DUH�SODFHG�LQWR�WZR�VHWV��6��DQG�6���6��FRQWDLQV�HOHPHQWV�WKDW�DUH�

JXDUDQWHHG�WR�EH�QR�ODUJHU�WKDQ�Y��DQG�6��FRQWDLQV�HOHPHQWV�WKDW�DUH�QR�VPDOOHU�WKDQ�Y��)LQDOO\��

LI�N� �_6�_��WKHQ�WKH�NWK�VPDOOHVW�HOHPHQW�LQ�6�FDQ�EH�IRXQG�E\�UHFXUVLYHO\�FRPSXWLQJ�WKH�NWK�

VPDOOHVW�HOHPHQW�LQ�6���,I�N� �_6�_������WKHQ�WKH�SLYRW�LV�WKH�NWK�VPDOOHVW�HOHPHQW��2WKHUZLVH��

WKH�NWK�VPDOOHVW�HOHPHQW�LQ�6�LV�WKH��N���_6�_�����VW�VPDOOHVW�HOHPHQW�LQ�6���7KH�PDLQ�GLIIHUHQFH�

EHWZHHQ�WKLV�DOJRULWKP�DQG�TXLFNVRUW�LV�WKDW�WKHUH�LV�RQO\�RQH�VXESUREOHP�WR�VROYH�LQVWHDG�RI�
WZR���

,Q�RUGHU�WR�REWDLQ�D�OLQHDU�DOJRULWKP��ZH�PXVW�HQVXUH�WKDW�WKH�VXESUREOHP�LV�RQO\�D�IUDFWLRQ�RI�
WKH�RULJLQDO�DQG�QRW�PHUHO\�RQO\�D�IHZ�HOHPHQWV�VPDOOHU�WKDQ�WKH�RULJLQDO��2I�FRXUVH��ZH�FDQ�
DOZD\V�ILQG�VXFK�DQ�HOHPHQW�LI�ZH�DUH�ZLOOLQJ�WR�VSHQG�VRPH�WLPH�WR�GR�VR��7KH�GLIILFXOW�SUREOHP�
LV�WKDW�ZH�FDQQRW�VSHQG�WRR�PXFK�WLPH�ILQGLQJ�WKH�SLYRW���

)RU�TXLFNVRUW��ZH�VDZ�WKDW�D�JRRG�FKRLFH�IRU�SLYRW�ZDV�WR�SLFN�WKUHH�HOHPHQWV�DQG�XVH�WKHLU�
PHGLDQ��7KLV�JLYHV�VRPH�H[SHFWDWLRQ�WKDW�WKH�SLYRW�LV�QRW�WRR�EDG��EXW�GRHV�QRW�SURYLGH�D�
JXDUDQWHH��:H�FRXOG�FKRRVH����HOHPHQWV�DW�UDQGRP��VRUW�WKHP�LQ�FRQVWDQW�WLPH��XVH�WKH���WK�
ODUJHVW�DV�SLYRW��DQG�JHW�D�SLYRW�WKDW�LV�HYHQ�PRUH�OLNHO\�WR�EH�JRRG��+RZHYHU��LI�WKHVH����
HOHPHQWV�ZHUH�WKH����ODUJHVW��WKHQ�WKH�SLYRW�ZRXOG�VWLOO�EH�SRRU��([WHQGLQJ�WKLV��ZH�FRXOG�XVH�XS�
WR�2��Q���ORJ�Q��HOHPHQWV��VRUW�WKHP�XVLQJ�KHDSVRUW�LQ�2�Q��WRWDO�WLPH��DQG�EH�DOPRVW�FHUWDLQ��
IURP�D�VWDWLVWLFDO�SRLQW�RI�YLHZ��RI�REWDLQLQJ�D�JRRG�SLYRW��,Q�WKH�ZRUVW�FDVH��KRZHYHU��WKLV�
GRHV�QRW�ZRUN�EHFDXVH�ZH�PLJKW�VHOHFW�WKH�2��Q���ORJ�Q��ODUJHVW�HOHPHQWV��DQG�WKHQ�WKH�SLYRW�
ZRXOG�EH�WKH�>Q���2�Q���ORJ�Q�@WK�ODUJHVW�HOHPHQW��ZKLFK�LV�QRW�D�FRQVWDQW�IUDFWLRQ�RI�Q���

7KH�EDVLF�LGHD�LV�VWLOO�XVHIXO��,QGHHG��ZH�ZLOO�VHH�WKDW�ZH�FDQ�XVH�LW�WR�LPSURYH�WKH�H[SHFWHG�
QXPEHU�RI�FRPSDULVRQV�WKDW�TXLFNVHOHFW�PDNHV��7R�JHW�D�JRRG�ZRUVW�FDVH��KRZHYHU��WKH�NH\�LGHD�LV�
WR�XVH�RQH�PRUH�OHYHO�RI�LQGLUHFWLRQ��,QVWHDG�RI�ILQGLQJ�WKH�PHGLDQ�IURP�D�VDPSOH�RI�UDQGRP�
HOHPHQWV��ZH�ZLOO�ILQG�WKH�PHGLDQ�IURP�D�VDPSOH�RI�PHGLDQV���

7KH�EDVLF�SLYRW�VHOHFWLRQ�DOJRULWKP�LV�DV�IROORZV��

�

���$UUDQJH�WKH�Q�HOHPHQWV�LQWR� n�� �JURXSV�RI���HOHPHQWV��LJQRULQJ�WKH��DW�PRVW�IRXU��
H[WUD�HOHPHQWV���
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���)LQG�WKH�PHGLDQ�RI�HDFK�JURXS��7KLV�JLYHV�D�OLVW�0�RI� n�� �PHGLDQV��

�

���)LQG�WKH�PHGLDQ�RI�0��5HWXUQ�WKLV�DV�WKH�SLYRW��Y��

�

:H�ZLOO�XVH�WKH�WHUP�PHGLDQ�RI�PHGLDQ�RI�ILYH�SDUWLWLRQLQJ�WR�GHVFULEH�WKH�TXLFNVHOHFW�DOJRULWKP�
WKDW�XVHV�WKH�SLYRW�VHOHFWLRQ�UXOH�JLYHQ�DERYH��:H�ZLOO�QRZ�VKRZ�WKDW�PHGLDQ�RI�PHGLDQ�RI�ILYH�
SDUWLWLRQLQJ�JXDUDQWHHV�WKDW�HDFK�UHFXUVLYH�VXESUREOHP�LV�DW�PRVW�URXJKO\����SHUFHQW�DV�ODUJH�DV�
WKH�RULJLQDO��:H�ZLOO�DOVR�VKRZ�WKDW�WKH�SLYRW�FDQ�EH�FRPSXWHG�TXLFNO\�HQRXJK�WR�JXDUDQWHH�DQ�2�
�Q��UXQQLQJ�WLPH�IRU�WKH�HQWLUH�VHOHFWLRQ�DOJRULWKP���

/HW�XV�DVVXPH�IRU�WKH�PRPHQW�WKDW�Q�LV�GLYLVLEOH�E\����VR�WKHUH�DUH�QR�H[WUD�HOHPHQWV��6XSSRVH�
DOVR�WKDW�Q���LV�RGG��VR�WKDW�WKH�VHW�0�FRQWDLQV�DQ�RGG�QXPEHU�RI�HOHPHQWV��7KLV�SURYLGHV�VRPH�
V\PPHWU\��DV�ZH�VKDOO�VHH��:H�DUH�WKXV�DVVXPLQJ��IRU�FRQYHQLHQFH��WKDW�Q�LV�RI�WKH�IRUP���N������
:H�ZLOO�DOVR�DVVXPH�WKDW�DOO�WKH�HOHPHQWV�DUH�GLVWLQFW��7KH�DFWXDO�DOJRULWKP�PXVW�PDNH�VXUH�WR�
KDQGOH�WKH�FDVH�ZKHUH�WKLV�LV�QRW�WUXH��)LJXUH�������VKRZV�KRZ�WKH�SLYRW�PLJKW�EH�FKRVHQ�ZKHQ�Q  �
�����

,Q�)LJXUH��������Y�UHSUHVHQWV�WKH�HOHPHQW�ZKLFK�LV�VHOHFWHG�E\�WKH�DOJRULWKP�DV�SLYRW��6LQFH�Y LV�
WKH�PHGLDQ�RI�QLQH�HOHPHQWV��DQG�ZH�DUH�DVVXPLQJ�WKDW�DOO�HOHPHQWV�DUH�GLVWLQFW��WKHUH�PXVW�EH�
IRXU�PHGLDQV�WKDW�DUH�ODUJHU�WKDQ�Y�DQG�IRXU�WKDW�DUH�VPDOOHU��:H�GHQRWH�WKHVH�E\�/�DQG�6��
UHVSHFWLYHO\��&RQVLGHU�D�JURXS�RI�ILYH�HOHPHQWV�ZLWK�D�ODUJH�PHGLDQ��W\SH�/���7KH�PHGLDQ�RI�WKH�
JURXS�LV�VPDOOHU�WKDQ�WZR�HOHPHQWV�LQ�WKH�JURXS�DQG�ODUJHU�WKDQ�WZR�HOHPHQWV�LQ�WKH�JURXS��:H�
ZLOO�OHW�+�UHSUHVHQW�WKH�KXJH�HOHPHQWV��7KHVH�DUH�HOHPHQWV�WKDW�DUH�NQRZQ�WR�EH�ODUJHU�WKDQ�D�
ODUJH�PHGLDQ��6LPLODUO\��7�UHSUHVHQWV�WKH�WLQ\�HOHPHQWV��ZKLFK�DUH�VPDOOHU�WKDQ�D�VPDOO�PHGLDQ��
7KHUH�DUH����HOHPHQWV�RI�W\SH�+��7ZR�DUH�LQ�HDFK�RI�WKH�JURXSV�ZLWK�DQ�/�W\SH�PHGLDQ��DQG�WZR�
HOHPHQWV�DUH�LQ�WKH�VDPH�JURXS�DV�Y��6LPLODUO\��WKHUH�DUH����HOHPHQWV�RI�W\SH�7���

�

�

)LJXUH�������+RZ�WKH�SLYRW�LV�FKRVHQ

�

(OHPHQWV�RI�W\SH�/�RU�+�DUH�JXDUDQWHHG�WR�EH�ODUJHU�WKDQ�Y��DQG�HOHPHQWV�RI�W\SH�6�RU�7�DUH�

JXDUDQWHHG�WR�EH�VPDOOHU�WKDQ�Y��7KHUH�DUH�WKXV�JXDUDQWHHG�WR�EH����ODUJH�DQG����VPDOO�HOHPHQWV�
LQ�RXU�SUREOHP��7KHUHIRUH��D�UHFXUVLYH�FDOO�FRXOG�EH�RQ�DW�PRVW������������� ����HOHPHQWV���

/HW�XV�H[WHQG�WKLV�DQDO\VLV�WR�JHQHUDO�Q�RI�WKH�IRUP���N������,Q�WKLV�FDVH��WKHUH�DUH�N�HOHPHQWV�
RI�W\SH�/�DQG�N�HOHPHQWV�RI�W\SH�6���7KHUH�DUH��N�����HOHPHQWV�RI�W\SH�+��DQG�DOVR��N�����
HOHPHQWV�RI�W\SH�7��7KXV��WKHUH�DUH��N�����HOHPHQWV�WKDW�DUH�JXDUDQWHHG�WR�EH�ODUJHU�WKDQ�Y�DQG�
�N�����HOHPHQWV�WKDW�DUH�JXDUDQWHHG�WR�EH�VPDOOHU��7KXV��LQ�WKLV�FDVH��WKH�UHFXUVLYH�FDOO�FDQ�
FRQWDLQ�DW�PRVW��N����������Q�HOHPHQWV��,I�Q�LV�QRW�RI�WKH�IRUP���N �����VLPLODU�DUJXPHQWV�FDQ�EH�
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PDGH�ZLWKRXW�DIIHFWLQJ�WKH�EDVLF�UHVXOW���

,W�UHPDLQV�WR�ERXQG�WKH�UXQQLQJ�WLPH�WR�REWDLQ�WKH�SLYRW�HOHPHQW��7KHUH�DUH�WZR�EDVLF�VWHSV��:H�
FDQ�ILQG�WKH�PHGLDQ�RI�ILYH�HOHPHQWV�LQ�FRQVWDQW�WLPH��)RU�LQVWDQFH��LW�LV�QRW�KDUG�WR�VRUW�ILYH�

HOHPHQWV�LQ�HLJKW�FRPSDULVRQV��:H�PXVW�GR�WKLV� n�� �WLPHV��VR�WKLV�VWHS�WDNHV�2�Q��WLPH��

:H�PXVW�WKHQ�FRPSXWH�WKH�PHGLDQ�RI�D�JURXS�RI� n�� �HOHPHQWV��7KH�REYLRXV�ZD\�WR�GR�WKLV�

LV�WR�VRUW�WKH�JURXS�DQG�UHWXUQ�WKH�HOHPHQW�LQ�WKH�PLGGOH��%XW�WKLV�WDNHV�2� n/5 �ORJ�

n/5 �� �2�Q�ORJ�Q��WLPH��VR�WKLV�GRHV�QRW�ZRUN��7KH�VROXWLRQ�LV�WR�FDOO�WKH�VHOHFWLRQ�

DOJRULWKP�UHFXUVLYHO\�RQ�WKH� n�� HOHPHQWV��

�

7KLV�FRPSOHWHV�WKH�GHVFULSWLRQ�RI�WKH�EDVLF�DOJRULWKP��7KHUH�DUH�VWLOO�VRPH�GHWDLOV�WKDW�QHHG�WR�
EH�ILOOHG�LQ�LI�DQ�DFWXDO�LPSOHPHQWDWLRQ�LV�GHVLUHG��)RU�LQVWDQFH��GXSOLFDWHV�PXVW�EH�KDQGOHG�
FRUUHFWO\��DQG�WKH�DOJRULWKP�QHHGV�D�FXWRII�ODUJH�HQRXJK�WR�HQVXUH�WKDW�WKH�UHFXUVLYH�FDOOV�PDNH�
SURJUHVV��7KHUH�LV�TXLWH�D�ODUJH�DPRXQW�RI�RYHUKHDG�LQYROYHG��DQG�WKLV�DOJRULWKP�LV�QRW�SUDFWLFDO�
DW�DOO��VR�ZH�ZLOO�QRW�GHVFULEH�DQ\�PRUH�RI�WKH�GHWDLOV�WKDW�QHHG�WR�EH�FRQVLGHUHG��(YHQ�VR��IURP�
D�WKHRUHWLFDO�VWDQGSRLQW��WKH�DOJRULWKP�LV�D�PDMRU�EUHDNWKURXJK��EHFDXVH��DV�WKH�IROORZLQJ�
WKHRUHP�VKRZV��WKH�UXQQLQJ�WLPH�LV�OLQHDU�LQ�WKH�ZRUVW�FDVH���

7+(25(0�������

�

7KH�UXQQLQJ�WLPH�RI�TXLFNVHOHFW�XVLQJ�PHGLDQ�RI�PHGLDQ�RI�ILYH�SDUWLWLRQLQJ�LV�2�Q���

�

3522)��

�

7KH�DOJRULWKP�FRQVLVWV�RI�WZR�UHFXUVLYH�FDOOV�RI�VL]H����Q�DQG����Q��SOXV�OLQHDU�H[WUD�ZRUN��%\�

7KHRUHP�������WKH�UXQQLQJ�WLPH�LV�OLQHDU���

5HGXFLQJ�WKH�$YHUDJH�1XPEHU�RI�&RPSDULVRQV�

�

5HGXFLQJ�WKH�$YHUDJH�1XPEHU�RI�&RPSDULVRQV
�

'LYLGH�DQG�FRQTXHU�FDQ�DOVR�EH�XVHG�WR�UHGXFH�WKH�H[SHFWHG�QXPEHU�RI�FRPSDULVRQV�UHTXLUHG�E\�WKH�
VHOHFWLRQ�DOJRULWKP��/HW�XV�ORRN�DW�D�FRQFUHWH�H[DPSOH��6XSSRVH�ZH�KDYH�D�JURXS�6�RI�������
QXPEHUV�DQG�DUH�ORRNLQJ�IRU�WKH����WK�VPDOOHVW�QXPEHU��ZKLFK�ZH�ZLOO�FDOO�[��:H�FKRRVH�D�VXEVHW�
6
�RI�6�FRQVLVWLQJ�RI�����QXPEHUV��:H�ZRXOG�H[SHFW�WKDW�WKH�YDOXH�RI�[�LV�VLPLODU�LQ�VL]H�WR�WKH�
��WK�VPDOOHVW�QXPEHU�LQ�6
��0RUH�VSHFLILFDOO\��WKH�ILIWK�VPDOOHVW�QXPEHU�LQ�6
�LV�DOPRVW�
FHUWDLQO\�OHVV�WKDQ�[��DQG�WKH���WK�VPDOOHVW�QXPEHU�LQ�6
�LV�DOPRVW�FHUWDLQO\�JUHDWHU�WKDQ�[���

0RUH�JHQHUDOO\��D�VDPSOH�6
�RI�V�HOHPHQWV�LV�FKRVHQ�IURP�WKH�Q�HOHPHQWV��/HW� �EH�VRPH�QXPEHU��
ZKLFK�ZH�ZLOO�FKRRVH�ODWHU�VR�DV�WR�PLQLPL]H�WKH�DYHUDJH�QXPEHU�RI�FRPSDULVRQV�XVHG�E\�WKH�

SURFHGXUH��:H�ILQG�WKH��Y�� �NV�Q��� �WK�DQG��Y�� �NV�Q��� �WK�VPDOOHVW�HOHPHQWV�LQ�6
��

$OPRVW�FHUWDLQO\��WKH�NWK�VPDOOHVW�HOHPHQW�LQ�6�ZLOO�IDOO�EHWZHHQ�Y��DQG�Y���VR�ZH�DUH�OHIW�ZLWK�

D�VHOHFWLRQ�SUREOHP�RQ�� �HOHPHQWV��:LWK�ORZ�SUREDELOLW\��WKH�NWK�VPDOOHVW�HOHPHQW�GRHV�QRW�
IDOO�LQ�WKLV�UDQJH��DQG�ZH�KDYH�FRQVLGHUDEOH�ZRUN�WR�GR��+RZHYHU��ZLWK�D�JRRG�FKRLFH�RI�V�DQG�

��ZH�FDQ�HQVXUH��E\�WKH�ODZV�RI�SUREDELOLW\��WKDW�WKH�VHFRQG�FDVH�GRHV�QRW�DGYHUVHO\�DIIHFW�
WKH�WRWDO�ZRUN���
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,I�DQ�DQDO\VLV�LV�SHUIRUPHG��ZH�ILQG�WKDW�LI�V� �Q����ORJ����Q�DQG� � �Q����ORJ����Q��WKHQ�WKH�

H[SHFWHG�QXPEHU�RI�FRPSDULVRQV�LV�Q���N���2�Q����ORJ����Q���ZKLFK�LV�RSWLPDO�H[FHSW�IRU�WKH�ORZ�
RUGHU�WHUP���,I�N�!�Q����ZH�FDQ�FRQVLGHU�WKH�V\PPHWULF�SUREOHP�RI�ILQGLQJ�WKH��Q���N�WK�ODUJHVW�
HOHPHQW����

0RVW�RI�WKH�DQDO\VLV�LV�HDV\�WR�GR��7KH�ODVW�WHUP�UHSUHVHQWV�WKH�FRVW�RI�SHUIRUPLQJ�WKH�WZR�
VHOHFWLRQV�WR�GHWHUPLQH�Y��DQG�Y���7KH�DYHUDJH�FRVW�RI�WKH�SDUWLWLRQLQJ��DVVXPLQJ�D�UHDVRQDEO\�

FOHYHU�VWUDWHJ\��LV�HTXDO�WR�Q�SOXV�WKH�H[SHFWHG�UDQN�RI�Y��LQ�6��ZKLFK�LV�Q���N���2�Q �V���,I�

WKH�NWK�HOHPHQW�ZLQGV�XS�LQ�6
��WKH�FRVW�RI�ILQLVKLQJ�WKH�DOJRULWKP�LV�HTXDO�WR�WKH�FRVW�RI�
VHOHFWLRQ�RQ�6
��QDPHO\�2�V���,I�WKH�NWK�VPDOOHVW�HOHPHQW�GRHVQ
W�ZLQG�XS�LQ�6
��WKH�FRVW�LV�2

�Q���+RZHYHU��V�DQG� �KDYH�EHHQ�FKRVHQ�WR�JXDUDQWHH�WKDW�WKLV�KDSSHQV�ZLWK�YHU\�ORZ�
SUREDELOLW\�R���Q���VR�WKH�H[SHFWHG�FRVW�RI�WKLV�SRVVLELOLW\�LV�R�����ZKLFK�LV�D�WHUP�WKDW�JRHV�
WR�]HUR�DV�Q�JHWV�ODUJH��$Q�H[DFW�FDOFXODWLRQ�LV�OHIW�DV�([HUFLVH���������

7KLV�DQDO\VLV�VKRZV�WKDW�ILQGLQJ�WKH�PHGLDQ�UHTXLUHV�DERXW����Q�FRPSDULVRQV�RQ�DYHUDJH��2I�
FRXUVH��WKLV�DOJRULWKP�UHTXLUHV�VRPH�IORDWLQJ�SRLQW�DULWKPHWLF�WR�FRPSXWH�V��ZKLFK�FDQ�VORZ�GRZQ�
WKH�DOJRULWKP�RQ�VRPH�PDFKLQHV��(YHQ�VR��H[SHULPHQWV�KDYH�VKRZQ�WKDW�LI�FRUUHFWO\�LPSOHPHQWHG��
WKLV�DOJRULWKP�FRPSDUHV�IDYRUDEO\�ZLWK�WKH�TXLFNVHOHFW�LPSOHPHQWDWLRQ�LQ�&KDSWHU�����

��������7KHRUHWLFDO�,PSURYHPHQWV�IRU�$ULWKPHWLF�3UREOHPV
�

,Q�WKLV�VHFWLRQ�ZH�GHVFULEH�D�GLYLGH�DQG�FRQTXHU�DOJRULWKP�WKDW�PXOWLSOLHV�WZR�Q�GLJLW�QXPEHUV��

2XU�SUHYLRXV�PRGHO�RI�FRPSXWDWLRQ�DVVXPHG�WKDW�PXOWLSOLFDWLRQ�ZDV�GRQH�LQ�FRQVWDQW�WLPH��EHFDXVH�
WKH�QXPEHUV�ZHUH�VPDOO��)RU�ODUJH�QXPEHUV��WKLV�DVVXPSWLRQ�LV�QR�ORQJHU�YDOLG��,I�ZH�PHDVXUH�
PXOWLSOLFDWLRQ�LQ�WHUPV�RI�WKH�VL]H�RI�QXPEHUV�EHLQJ�PXOWLSOLHG��WKHQ�WKH�QDWXUDO�PXOWLSOLFDWLRQ�
DOJRULWKP�WDNHV�TXDGUDWLF�WLPH��7KH�GLYLGH�DQG�FRQTXHU�DOJRULWKP�UXQV�LQ�VXETXDGUDWLF�WLPH��:H�
DOVR�SUHVHQW�WKH�FODVVLF�GLYLGH�DQG�FRQTXHU�DOJRULWKP�WKDW�PXOWLSOLHV�WZR�Q�E\�Q�PDWULFHV�LQ�
VXEFXELF�WLPH���

0XOWLSO\LQJ�,QWHJHUV�

�

0DWUL[�0XOWLSOLFDWLRQ�

�

0XOWLSO\LQJ�,QWHJHUV
�

6XSSRVH�ZH�ZDQW�WR�PXOWLSO\�WZR�Q�GLJLW�QXPEHUV�[�DQG�\��,I�H[DFWO\�RQH�RI�[�DQG�\�LV�QHJDWLYH��
WKHQ�WKH�DQVZHU�LV�QHJDWLYH��RWKHUZLVH�LW�LV�SRVLWLYH��7KXV��ZH�FDQ�SHUIRUP�WKLV�FKHFN�DQG�WKHQ�

DVVXPH�WKDW�[��\� ����7KH�DOJRULWKP�WKDW�DOPRVW�HYHU\RQH�XVHV�ZKHQ�PXOWLSO\LQJ�E\�KDQG�

UHTXLUHV� �Q���RSHUDWLRQV��EHFDXVH�HDFK�GLJLW�LQ�[�LV�PXOWLSOLHG�E\�HDFK�GLJLW�LQ�\��

�

,I�[� ������������DQG�\� �������������[\� ������������������������/HW�XV�EUHDN�[�DQG�\�LQWR�WZR�
KDOYHV��FRQVLVWLQJ�RI�WKH�PRVW�VLJQLILFDQW�DQG�OHDVW�VLJQLILFDQW�GLJLWV��UHVSHFWLYHO\��7KHQ�[O� �

�������[U� ��������\O� ��������DQG�\U� ��������:H�DOVR�KDYH�[� �[O��
����[U�DQG�\� �\O��

����\U��,W�

IROORZV�WKDW��

[\� �[O\O��
�����[O\U���[U\O���

����[U\U

�

1RWLFH�WKDW�WKLV�HTXDWLRQ�FRQVLVWV�RI�IRXU�PXOWLSOLFDWLRQV��[O\O��[O\U��[U\O��DQG�[U\U��ZKLFK�DUH�

HDFK�KDOI�WKH�VL]H�RI�WKH�RULJLQDO�SUREOHP��Q���GLJLWV���7KH�PXOWLSOLFDWLRQV�E\�����DQG�����
DPRXQW�WR�WKH�SODFLQJ�RI�]HURV��7KLV�DQG�WKH�VXEVHTXHQW�DGGLWLRQV�DGG�RQO\�2�Q��DGGLWLRQDO�ZRUN��
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,I�ZH�SHUIRUP�WKHVH�IRXU�PXOWLSOLFDWLRQV�UHFXUVLYHO\�XVLQJ�WKLV�DOJRULWKP��VWRSSLQJ�DW�DQ�
DSSURSULDWH�EDVH�FDVH��WKHQ�ZH�REWDLQ�WKH�UHFXUUHQFH��

7�Q�� ��7�Q������2�Q�

�

)URP�7KHRUHP�������ZH�VHH�WKDW�7�Q�� �2�Q����VR��XQIRUWXQDWHO\��ZH�KDYH�QRW�LPSURYHG�WKH�

DOJRULWKP��7R�DFKLHYH�D�VXETXDGUDWLF�DOJRULWKP��ZH�PXVW�XVH�OHVV�WKDQ�IRXU�UHFXUVLYH�FDOOV��7KH�
NH\�REVHUYDWLRQ�LV�WKDW��

[O\U���[U\O� ��[O���[U��\U���\O����[O\O���[U\U

�

7KXV��LQVWHDG�RI�XVLQJ�WZR�PXOWLSOLFDWLRQV�WR�FRPSXWH�WKH�FRHIILFLHQW�RI������ZH�FDQ�XVH�RQH�
PXOWLSOLFDWLRQ��SOXV�WKH�UHVXOW�RI�WZR�PXOWLSOLFDWLRQV�WKDW�KDYH�DOUHDG\�EHHQ�SHUIRUPHG��)LJXUH�
������VKRZV�KRZ�RQO\�WKUHH�UHFXUVLYH�VXESUREOHPV�QHHG�WR�EH�VROYHG���

,W�LV�HDV\�WR�VHH�WKDW�QRZ�WKH�UHFXUUHQFH�HTXDWLRQ�VDWLVILHV�

�

7�Q�� ��7�Q������2�Q��

�

DQG�VR�ZH�REWDLQ�7�Q�� �2�QORJ���� �2�Q�������7R�FRPSOHWH�WKH�DOJRULWKP��ZH�PXVW�KDYH�D�EDVH�
FDVH��ZKLFK�FDQ�EH�VROYHG�ZLWKRXW�UHFXUVLRQ���

�

�

)LJXUH�������7KH�GLYLGH�DQG�FRQTXHU�DOJRULWKP�LQ�DFWLRQ

�

:KHQ�ERWK�QXPEHUV�DUH�RQH�GLJLW��ZH�FDQ�GR�WKH�PXOWLSOLFDWLRQ�E\�WDEOH�ORRNXS��,I�RQH�QXPEHU�KDV�
]HUR�GLJLWV��WKHQ�ZH�UHWXUQ�]HUR��,Q�SUDFWLFH��LI�ZH�ZHUH�WR�XVH�WKLV�DOJRULWKP��ZH�ZRXOG�FKRRVH�
WKH�EDVH�FDVH�WR�EH�WKDW�ZKLFK�LV�PRVW�FRQYHQLHQW�IRU�WKH�PDFKLQH���

$OWKRXJK�WKLV�DOJRULWKP�KDV�EHWWHU�DV\PSWRWLF�SHUIRUPDQFH�WKDQ�WKH�VWDQGDUG�TXDGUDWLF�DOJRULWKP��
LW�LV�UDUHO\�XVHG��EHFDXVH�IRU�VPDOO�Q�WKH�RYHUKHDG�LV�VLJQLILFDQW��DQG�IRU�ODUJHU�Q�WKHUH�DUH�
HYHQ�EHWWHU�DOJRULWKPV��7KHVH�DOJRULWKPV�DOVR�PDNH�H[WHQVLYH�XVH�RI�GLYLGH�DQG�FRQTXHU���

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5�����$/*25,7+0�'(6,*1�7(&+���

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



0DWUL[�0XOWLSOLFDWLRQ�

$�IXQGDPHQWDO�QXPHULFDO�SUREOHP�LV�WKH�PXOWLSOLFDWLRQ�RI�WZR�PDWULFHV��)LJXUH�������JLYHV�D�

VLPSOH�2�Q���DOJRULWKP�WR�FRPSXWH�&� �$%��ZKHUH�$��%��DQG�&�DUH�Q� �Q�PDWULFHV��7KH�DOJRULWKP�
IROORZV�GLUHFWO\�IURP�WKH�GHILQLWLRQ�RI�PDWUL[�PXOWLSOLFDWLRQ��7R�FRPSXWH�&L�M��ZH�FRPSXWH�WKH�

GRW�SURGXFW�RI�WKH�LWK�URZ�LQ�$�ZLWK�WKH�MWK�FROXPQ�LQ�%��$V�XVXDO��DUUD\V�EHJLQ�DW�LQGH[�����

)RU�D�ORQJ�WLPH�LW�ZDV�DVVXPHG�WKDW� �Q���ZDV�UHTXLUHG�IRU�PDWUL[�PXOWLSOLFDWLRQ��+RZHYHU��LQ�

WKH�ODWH�VL[WLHV�6WUDVVHQ�VKRZHG�KRZ�WR�EUHDN�WKH� �Q���EDUULHU��7KH�EDVLF�LGHD�RI�6WUDVVHQ
V�
DOJRULWKP�LV�WR�GLYLGH�HDFK�PDWUL[�LQWR�IRXU�TXDGUDQWV��DV�VKRZQ�LQ�)LJXUH��������7KHQ�LW�LV�HDV\�
WR�VKRZ�WKDW��

&���� �$���%������$���%���

�

&���� �$���%������$���%���

�

&���� �$���%������$���%���

�

&���� �$���%������$���%���

�

��6WDQGDUG�PDWUL[�PXOWLSOLFDWLRQ��$UUD\V�VWDUW�DW����

�

YRLG

�

PDWUL[BPXOWLSO\��PDWUL[�$��PDWUL[�%��PDWUL[�&��XQVLJQHG�LQW�Q��

�

^

�

LQW�L��M��N�

�

IRU��L ���L�Q��L�����������,QLWLDOL]DWLRQ��

�

IRU��M 2��M�Q��M����

�

&>L@>M@� �����

�

IRU��L ���L�Q��L����

�

IRU��M ���M�Q��M����

�

IRU��N ���N�Q��N����

�

&>L@>M@�� �$>L@>N@��%>N@>M@�

�

`

�

)LJXUH�������6LPSOH�2�Q�� matrix multiplication

�

�

�

)LJXUH�������'HFRPSRVLQJ�$%� �&�LQWR�IRXU�TXDGUDQWV

�

$V�DQ�H[DPSOH��WR�SHUIRUP�WKH�PXOWLSOLFDWLRQ�$%�

�
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�

�

ZH�GHILQH�WKH�IROORZLQJ�HLJKW�Q���E\�Q���PDWULFHV��

�

�

�

:H�FRXOG�WKHQ�SHUIRUP�HLJKW�Q���E\�Q���PDWUL[�PXOWLSOLFDWLRQV�DQG�IRXU�Q���E\�Q���PDWUL[�

DGGLWLRQV��7KH�PDWUL[�DGGLWLRQV�WDNH�2�Q���WLPH��,I�WKH�PDWUL[�PXOWLSOLFDWLRQV�DUH�GRQH�
UHFXUVLYHO\��WKHQ�WKH�UXQQLQJ�WLPH�VDWLVILHV��

7�Q�� ��7�Q������2�Q���

�

)URP�7KHRUHP�������ZH�VHH�WKDW�7�Q�� �2�Q����VR�ZH�GR�QRW�KDYH�DQ�LPSURYHPHQW��$V�ZH�VDZ�ZLWK�

LQWHJHU�PXOWLSOLFDWLRQ��ZH�PXVW�UHGXFH�WKH�QXPEHU�RI�VXESUREOHPV�EHORZ����6WUDVVHQ�XVHG�D�
VWUDWHJ\�VLPLODU�WR�WKH�LQWHJHU�PXOWLSOLFDWLRQ�GLYLGH�DQG�FRQTXHU�DOJRULWKP�DQG�VKRZHG�KRZ�WR�XVH�
RQO\�VHYHQ�UHFXUVLYH�FDOOV�E\�FDUHIXOO\�DUUDQJLQJ�WKH�FRPSXWDWLRQV��7KH�VHYHQ�PXOWLSOLFDWLRQV�DUH�

0�� ��$������$�����%������%����

�

0�� ��$������$�����%������%����

�

0�� ��$������$�����%������%����

�

0�� ��$������$����%���

�

0�� �$����%������%����

�

0�� �$����%������%����

�

0�� ��$������$����%���

�

2QFH�WKH�PXOWLSOLFDWLRQV�DUH�SHUIRUPHG��WKH�ILQDO�DQVZHU�FDQ�EH�REWDLQHG�ZLWK�HLJKW�PRUH�
DGGLWLRQV���

&���� �0����0����0����0�

�

&���� �0����0�

�

&���� �0����0�

�

&���� �0����0����0����0�

�

,W�LV�VWUDLJKWIRUZDUG�WR�YHULI\�WKDW�WKLV�WULFN\�RUGHULQJ�SURGXFHV�WKH�GHVLUHG�YDOXHV��7KH�
UXQQLQJ�WLPH�QRZ�VDWLVILHV�WKH�UHFXUUHQFH��

7�Q�� ��7�Q������2�Q���

�
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7KH�VROXWLRQ�RI�WKLV�UHFXUUHQFH�LV�7�Q�� �2�QORJ���� �2�Q��������

$V�XVXDO��WKHUH�DUH�GHWDLOV�WR�FRQVLGHU��VXFK�DV�WKH�FDVH�ZKHQ�Q LV�QRW�D�SRZHU�RI�WZR��EXW�WKHVH�
DUH�EDVLFDOO\�PLQRU�QXLVDQFHV��6WUDVVHQ
V�DOJRULWKP�LV�ZRUVH�WKDQ�WKH�VWUDLJKWIRUZDUG�DOJRULWKP�
XQWLO�Q�LV�IDLUO\�ODUJH��,W�GRHV�QRW�JHQHUDOL]H�IRU�WKH�FDVH�ZKHUH�WKH�PDWULFHV�DUH�VSDUVH�
�FRQWDLQ�PDQ\�]HUR�HQWULHV���DQG�LW�GRHV�QRW�HDVLO\�SDUDOOHOL]H��:KHQ�UXQ�ZLWK�IORDWLQJ�SRLQW�
HQWULHV��LW�LV�OHVV�VWDEOH�QXPHULFDOO\�WKDQ�WKH�FODVVLF�DOJRULWKP��7KXV��LW�LV�KDV�RQO\�OLPLWHG�
DSSOLFDELOLW\��1HYHUWKHOHVV��LW�UHSUHVHQWV�DQ�LPSRUWDQW�WKHRUHWLFDO�PLOHVWRQH�DQG�FHUWDLQO\�VKRZV�
WKDW�LQ�FRPSXWHU�VFLHQFH��DV�LQ�PDQ\�RWKHU�ILHOGV��HYHQ�WKRXJK�D�SUREOHP�VHHPV�WR�KDYH�DQ�
LQWULQVLF�FRPSOH[LW\��QRWKLQJ�LV�FHUWDLQ�XQWLO�SURYHQ���

������'\QDPLF�3URJUDPPLQJ
�

,Q�WKH�SUHYLRXV�VHFWLRQ��ZH�KDYH�VHHQ�WKDW�D�SUREOHP�WKDW�FDQ�EH�PDWKHPDWLFDOO\�H[SUHVVHG�

UHFXUVLYHO\�FDQ�DOVR�EH�H[SUHVVHG�DV�D�UHFXUVLYH�DOJRULWKP��LQ�PDQ\�FDVHV�\LHOGLQJ�D�VLJQLILFDQW�
SHUIRUPDQFH�LPSURYHPHQW�RYHU�D�PRUH�QDïYH�H[KDXVWLYH�VHDUFK���

$Q\�UHFXUVLYH�PDWKHPDWLFDO�IRUPXOD�FRXOG�EH�GLUHFWO\�WUDQVODWHG�WR�D�UHFXUVLYH�DOJRULWKP��EXW�WKH�
XQGHUO\LQJ�UHDOLW\�LV�WKDW�RIWHQ�WKH�FRPSLOHU�ZLOO�QRW�GR�MXVWLFH�WR�WKH�UHFXUVLYH�DOJRULWKP��DQG�
DQ�LQHIILFLHQW�SURJUDP�UHVXOWV��:KHQ�ZH�VXVSHFW�WKDW�WKLV�LV�OLNHO\�WR�EH�WKH�FDVH��ZH�PXVW�
SURYLGH�D�OLWWOH�PRUH�KHOS�WR�WKH�FRPSLOHU��E\�UHZULWLQJ�WKH�UHFXUVLYH�DOJRULWKP�DV�D�
QRQUHFXUVLYH�DOJRULWKP�WKDW�V\VWHPDWLFDOO\�UHFRUGV�WKH�DQVZHUV�WR�WKH�VXESUREOHPV�LQ�D�WDEOH��2QH�
WHFKQLTXH�WKDW�PDNHV�XVH�RI�WKLV�DSSURDFK�LV�NQRZQ�DV�G\QDPLF�SURJUDPPLQJ���

��������8VLQJ�D�7DEOH�,QVWHDG�RI�5HFXUVLRQ
�

,Q�&KDSWHU����ZH�VDZ�WKDW�WKH�QDWXUDO�UHFXUVLYH�SURJUDP�WR�FRPSXWH�WKH�)LERQDFFL�QXPEHUV�LV�YHU\�

LQHIILFLHQW��5HFDOO�WKDW�WKH�SURJUDP�VKRZQ�LQ�)LJXUH�������KDV�D�UXQQLQJ�WLPH�7�Q��WKDW�VDWLVILHV�

7�Q�� �7�Q��������7�Q�������6LQFH�7�Q��VDWLVILHV�WKH�VDPH�UHFXUUHQFH�UHODWLRQ�DV�WKH�)LERQDFFL�
QXPEHUV�DQG�KDV�WKH�VDPH�LQLWLDO�FRQGLWLRQV��7�Q��LQ�IDFW�JURZV�DW�WKH�VDPH�UDWH�DV�WKH�)LERQDFFL�
QXPEHUV��DQG�LV�WKXV�H[SRQHQWLDO���

2Q�WKH�RWKHU�KDQG��VLQFH�WR�FRPSXWH�)Q��DOO�WKDW�LV�QHHGHG�LV�)Q���DQG�)Q����ZH�RQO\�QHHG�WR�

UHFRUG�WKH�WZR�PRVW�UHFHQWO\�FRPSXWHG�)LERQDFFL�QXPEHUV��7KLV�\LHOGV�WKH�2�Q��DOJRULWKP�LQ�)LJXUH�
�������

7KH�UHDVRQ�WKDW�WKH�UHFXUVLYH�DOJRULWKP�LV�VR�VORZ�LV�EHFDXVH�RI�WKH�DOJRULWKP�XVHG�WR�VLPXODWH�
UHFXUVLRQ��7R�FRPSXWH�)Q��WKHUH�LV�RQH�FDOO�WR�)Q���DQG�)Q����+RZHYHU��VLQFH�)Q���UHFXUVLYHO\�

PDNHV�D�FDOO�WR�)Q���DQG�)Q����WKHUH�DUH�DFWXDOO\�WZR�VHSDUDWH�FDOOV�WR�FRPSXWH�)Q����,I�RQH�

WUDFHV�RXW�WKH�HQWLUH�DOJRULWKP��WKHQ�ZH�FDQ�VHH�WKDW�)Q���LV�FRPSXWHG�WKUHH�WLPHV��)Q���LV�

FRPSXWHG�ILYH�WLPHV��)Q���LV�FRPSXWHG�HLJKW�WLPHV��DQG�VR�RQ��$V�)LJXUH�������VKRZV��WKH�JURZWK�

RI�UHGXQGDQW�FDOFXODWLRQV�LV�H[SORVLYH��,I�WKH�FRPSLOHU
V�UHFXUVLRQ�VLPXODWLRQ�DOJRULWKP�ZHUH�
DEOH�WR�NHHS�D�OLVW�RI�DOO�SUHFRPSXWHG�YDOXHV�DQG�QRW�PDNH�D�UHFXUVLYH�FDOO�IRU�DQ�DOUHDG\�VROYHG�
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DV�WKH�ZRUVW�RUGHULQJ��7KXV��LW�PLJKW�EH�ZRUWKZKLOH�WR�SHUIRUP�D�IHZ�FDOFXODWLRQV�WR�GHWHUPLQH�
WKH�RSWLPDO�RUGHULQJ��8QIRUWXQDWHO\��QRQH�RI�WKH�REYLRXV�JUHHG\�VWUDWHJLHV�VHHPV�WR�ZRUN��
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WKLV�FRXQWLQJ�DUJXPHQW�SURYLGHV�D�EDVLV�IRU�D�VROXWLRQ�WKDW�LV�VXEVWDQWLDOO\�EHWWHU�WKDQ�

H[SRQHQWLDO��/HW�FL�EH�WKH�QXPEHU�RI�FROXPQV�LQ�PDWUL[�$L�IRU��� �L� �Q��7KHQ�$L�KDV�FL���
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E\�UHSODFLQJ�WKH�VXERSWLPDO�FRPSXWDWLRQ�E\�DQ�RSWLPDO�FRPSXWDWLRQ���

7KH�IRUPXOD�WUDQVODWHV�GLUHFWO\�WR�D�UHFXUVLYH�SURJUDP��EXW��DV�ZH�KDYH�VHHQ�LQ�WKH�ODVW�VHFWLRQ��

VXFK�D�SURJUDP�ZRXOG�EH�EODWDQWO\�LQHIILFLHQW��+RZHYHU��VLQFH�WKHUH�DUH�RQO\�DSSUR[LPDWHO\�Q����
YDOXHV�RI�0/HIW�5LJKW�WKDW�HYHU�QHHG�WR�EH�FRPSXWHG��LW�LV�FOHDU�WKDW�D�WDEOH�FDQ�EH�XVHG�WR�
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,I�ZH�ZDQW�WR�SULQW�RXW�WKH�DFWXDO�RUGHULQJ�RI�WKH�PXOWLSOLFDWLRQV�LQ�DGGLWLRQ�WR�WKH�ILQDO�
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D�VROXWLRQ��,W�LV�HVVHQWLDOO\�WKH�GLYLGH�DQG�FRQTXHU�SDUDGLJP�RI�VROYLQJ�VLPSOHU�SUREOHPV�ILUVW��
ZLWK�WKH�LPSRUWDQW�GLIIHUHQFH�EHLQJ�WKDW�WKH�VLPSOHU�SUREOHPV�DUH�QRW�D�FOHDU�GLYLVLRQ�RI�WKH�
RULJLQDO��%HFDXVH�VXESUREOHPV�DUH�UHSHDWHGO\�VROYHG��LW�LV�LPSRUWDQW�WR�UHFRUG�WKHLU�VROXWLRQV�LQ�
D�WDEOH�UDWKHU�WKDQ�UHFRPSXWH�WKHP��,Q�VRPH�FDVHV��WKH�VROXWLRQ�FDQ�EH�LPSURYHG��DOWKRXJK�LW�LV�
FHUWDLQO\�QRW�DOZD\V�REYLRXV�DQG�IUHTXHQWO\�GLIILFXOW���DQG�LQ�RWKHU�FDVHV��WKH�G\QDPLF�
SURJUDPPLQJ�WHFKQLTXH�LV�WKH�EHVW�DSSURDFK�NQRZQ���

,Q�VRPH�VHQVH��LI�\RX�KDYH�VHHQ�RQH�G\QDPLF�SURJUDPPLQJ�SUREOHP��\RX�KDYH�VHHQ�WKHP�DOO��0RUH�
H[DPSOHV�RI�G\QDPLF�SURJUDPPLQJ�FDQ�EH�IRXQG�LQ�WKH�H[HUFLVHV�DQG�UHIHUHQFHV���

������5DQGRPL]HG�$OJRULWKPV
�

6XSSRVH�\RX�DUH�D�SURIHVVRU�ZKR�LV�JLYLQJ�ZHHNO\�SURJUDPPLQJ�DVVLJQPHQWV��<RX�ZDQW�WR�PDNH�VXUH�

WKDW�WKH�VWXGHQWV�DUH�GRLQJ�WKHLU�RZQ�SURJUDPV�RU��DW�WKH�YHU\�OHDVW��XQGHUVWDQG�WKH�FRGH�WKH\�
DUH�VXEPLWWLQJ��2QH�VROXWLRQ�LV�WR�JLYH�D�TXL]�RQ�WKH�GD\�WKDW�HDFK�SURJUDP�LV�GXH��2Q�WKH�RWKHU�
KDQG��WKHVH�TXL]]HV�WDNH�WLPH�RXW�RI�FODVV��VR�LW�PLJKW�RQO\�EH�SUDFWLFDO�WR�GR�WKLV�IRU�URXJKO\�
KDOI�RI�WKH�SURJUDPV��<RXU�SUREOHP�LV�WR�GHFLGH�ZKHQ�WR�JLYH�WKH�TXL]]HV���

2I�FRXUVH��LI�WKH�TXL]]HV�DUH�DQQRXQFHG�LQ�DGYDQFH��WKDW�FRXOG�EH�LQWHUSUHWHG�DV�DQ�LPSOLFLW�
OLFHQVH�WR�FKHDW�IRU�WKH����SHUFHQW�RI�WKH�SURJUDPV�WKDW�ZLOO�QRW�JHW�D�TXL]��2QH�FRXOG�DGRSW�WKH�
XQDQQRXQFHG�VWUDWHJ\�RI�JLYLQJ�TXL]]HV�RQ�DOWHUQDWH�SURJUDPV��EXW�VWXGHQWV�ZRXOG�ILJXUH�RXW�WKH�
VWUDWHJ\�EHIRUH�WRR�ORQJ��$QRWKHU�SRVVLELOLW\�LV�WR�JLYH�TXL]]HV�RQ�ZKDW�VHHPV�OLNH�WKH�LPSRUWDQW�
SURJUDPV��EXW�WKLV�ZRXOG�OLNHO\�OHDG�WR�VLPLODU�TXL]�SDWWHUQV�IURP�VHPHVWHU�WR�VHPHVWHU��6WXGHQW�
JUDSHYLQHV�EHLQJ�ZKDW�WKH\�DUH��WKLV�VWUDWHJ\�ZRXOG�SUREDEO\�EH�ZRUWKOHVV�DIWHU�D�VHPHVWHU���

2QH�PHWKRG�WKDW�VHHPV�WR�HOLPLQDWH�WKHVH�SUREOHPV�LV�WR�XVH�D�FRLQ��$�TXL]�LV�PDGH�IRU�HYHU\�
SURJUDP��PDNLQJ�TXL]]HV�LV�QRW�QHDUO\�DV�WLPH�FRQVXPLQJ�DV�JUDGLQJ�WKHP���DQG�DW�WKH�VWDUW�RI�
FODVV��WKH�SURIHVVRU�ZLOO�IOLS�D�FRLQ�WR�GHFLGH�ZKHWKHU�WKH�TXL]�LV�WR�EH�JLYHQ��7KLV�ZD\��LW�LV�
LPSRVVLEOH�WR�NQRZ�EHIRUH�FODVV�ZKHWKHU�RU�QRW�WKH�TXL]�ZLOO�RFFXU��DQG�WKHVH�SDWWHUQV�GR�QRW�
UHSHDW�IURP�VHPHVWHU�WR�VHPHVWHU��7KXV��WKH�VWXGHQWV�ZLOO�KDYH�WR�H[SHFW�WKDW�D�TXL]�ZLOO�RFFXU�
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ZLWK����SHUFHQW�SUREDELOLW\��UHJDUGOHVV�RI�SUHYLRXV�TXL]�SDWWHUQV��7KH�GLVDGYDQWDJH�LV�WKDW�LW�LV�
SRVVLEOH�WKDW�WKHUH�LV�QR�TXL]�IRU�DQ�HQWLUH�VHPHVWHU��7KLV�LV�QRW�D�OLNHO\�RFFXUUHQFH��XQOHVV�
WKH�FRLQ�LV�VXVSHFW��(DFK�VHPHVWHU��WKH�H[SHFWHG�QXPEHU�RI�TXL]]HV�LV�KDOI�WKH�QXPEHU�RI�
SURJUDPV��DQG�ZLWK�KLJK�SUREDELOLW\��WKH�QXPEHU�RI�TXL]]HV�ZLOO�QRW�GHYLDWH�PXFK�IURP�WKLV���

7KLV�H[DPSOH�LOOXVWUDWHV�ZKDW�ZH�FDOO�UDQGRPL]HG�DOJRULWKPV��$W�OHDVW�RQFH�GXULQJ�WKH�DOJRULWKP��
D�UDQGRP�QXPEHU�LV�XVHG�WR�PDNH�D�GHFLVLRQ��7KH�UXQQLQJ�WLPH�RI�WKH�DOJRULWKP�GHSHQGV�QRW�RQO\�RQ�
WKH�SDUWLFXODU�LQSXW��EXW�DOVR�RQ�WKH�UDQGRP�QXPEHUV�WKDW�RFFXU���

7KH�ZRUVW�FDVH�UXQQLQJ�WLPH�RI�D�UDQGRPL]HG�DOJRULWKP�LV�DOPRVW�DOZD\V�WKH�VDPH�DV�WKH�ZRUVW�FDVH�
UXQQLQJ�WLPH�RI�WKH�QRQUDQGRPL]HG�DOJRULWKP��7KH�LPSRUWDQW�GLIIHUHQFH�LV�WKDW�D�JRRG�UDQGRPL]HG�
DOJRULWKP�KDV�QR�EDG�LQSXWV��EXW�RQO\�EDG�UDQGRP�QXPEHUV��UHODWLYH�WR�WKH�SDUWLFXODU�LQSXW���7KLV�
PD\�VHHP�OLNH�RQO\�D�SKLORVRSKLFDO�GLIIHUHQFH��EXW�DFWXDOO\�LW�LV�TXLWH�LPSRUWDQW��DV�WKH�
IROORZLQJ�H[DPSOH�VKRZV���

&RQVLGHU�WZR�YDULDQWV�RI�TXLFNVRUW��9DULDQW�$�XVHV�WKH�ILUVW�HOHPHQW�DV�SLYRW��ZKLOH�YDULDQW�%�

XVHV�D�UDQGRPO\�FKRVHQ�HOHPHQW�DV�SLYRW��,Q�ERWK�FDVHV��WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�LV� �Q����
EHFDXVH�LW�LV�SRVVLEOH�DW�HDFK�VWHS�WKDW�WKH�ODUJHVW�HOHPHQW�LV�FKRVHQ�DV�SLYRW��7KH�GLIIHUHQFH�
EHWZHHQ�WKHVH�ZRUVW�FDVHV�LV�WKDW�WKHUH�LV�D�SDUWLFXODU�LQSXW�WKDW�FDQ�DOZD\V�EH�SUHVHQWHG�WR�

YDULDQW�$�WR�FDXVH�WKH�EDG�UXQQLQJ�WLPH��9DULDQW�$�ZLOO�UXQ�LQ� �Q�� WLPH�HYHU\�VLQJOH�WLPH�LW�
LV�JLYHQ�DQ�DOUHDG\�VRUWHG�OLVW��,I�YDULDQW�%�LV�SUHVHQWHG�ZLWK�WKH�VDPH�LQSXW�WZLFH��LW�ZLOO�
KDYH�WZR�GLIIHUHQW�UXQQLQJ�WLPHV��GHSHQGLQJ�RQ�ZKDW�UDQGRP�QXPEHUV�RFFXU���

7KURXJKRXW�WKH�WH[W��LQ�RXU�FDOFXODWLRQV�RI�UXQQLQJ�WLPHV��ZH�KDYH�DVVXPHG�WKDW�DOO�LQSXWV�DUH�
HTXDOO\�OLNHO\��7KLV�LV�QRW�WUXH��EHFDXVH�QHDUO\�VRUWHG�LQSXW��IRU�LQVWDQFH��RFFXUV�PXFK�PRUH�
RIWHQ�WKDQ�LV�VWDWLVWLFDOO\�H[SHFWHG��DQG�WKLV�FDXVHV�SUREOHPV��SDUWLFXODUO\�IRU�TXLFNVRUW�DQG�
ELQDU\�VHDUFK�WUHHV��%\�XVLQJ�D�UDQGRPL]HG�DOJRULWKP��WKH�SDUWLFXODU�LQSXW�LV�QR�ORQJHU�
LPSRUWDQW��7KH�UDQGRP�QXPEHUV�DUH�LPSRUWDQW��DQG�ZH�FDQ�JHW�DQ�H[SHFWHG�UXQQLQJ�WLPH��ZKHUH�ZH�
QRZ�DYHUDJH�RYHU�DOO�SRVVLEOH�UDQGRP�QXPEHUV�LQVWHDG�RI�RYHU�DOO�SRVVLEOH�LQSXWV��8VLQJ�TXLFNVRUW�
ZLWK�D�UDQGRP�SLYRW�JLYHV�DQ�2�Q�ORJ�Q��H[SHFWHG�WLPH�DOJRULWKP��7KLV�PHDQV�WKDW�IRU�DQ\�LQSXW��
LQFOXGLQJ�DOUHDG\�VRUWHG�LQSXW��WKH�UXQQLQJ�WLPH�LV�H[SHFWHG�WR�EH�2�Q�ORJ�Q���EDVHG�RQ�WKH�
VWDWLVWLFV�RI�UDQGRP�QXPEHUV��$Q�H[SHFWHG�UXQQLQJ�WLPH�ERXQG�LV�VRPHZKDW�VWURQJHU�WKDQ�DQ�
DYHUDJH�FDVH�ERXQG�EXW��RI�FRXUVH��LV�ZHDNHU�WKDQ�WKH�FRUUHVSRQGLQJ�ZRUVW�FDVH�ERXQG��2Q�WKH�
RWKHU�KDQG��DV�ZH�VDZ�LQ�WKH�VHOHFWLRQ�SUREOHP��VROXWLRQV�WKDW�REWDLQ�WKH�ZRUVW�FDVH�ERXQG�DUH�
IUHTXHQWO\�QRW�DV�SUDFWLFDO�DV�WKHLU�DYHUDJH�FDVH�FRXQWHUSDUWV��5DQGRPL]HG�DOJRULWKPV�XVXDOO\�
DUH���

,Q�WKLV�VHFWLRQ�ZH�ZLOO�H[DPLQH�WZR�XVHV�RI�UDQGRPL]DWLRQ��)LUVW��ZH�ZLOO�VHH�D�QRYHO�VFKHPH�IRU�
VXSSRUWLQJ�WKH�ELQDU\�VHDUFK�WUHH�RSHUDWLRQV�LQ�2�ORJ�Q��H[SHFWHG�WLPH��2QFH�DJDLQ��WKLV�PHDQV�
WKDW�WKHUH�DUH�QR�EDG�LQSXWV��MXVW�EDG�UDQGRP�QXPEHUV��)URP�D�WKHRUHWLFDO�SRLQW�RI�YLHZ��WKLV�LV�
QRW�WHUULEO\�H[FLWLQJ��VLQFH�EDODQFHG�VHDUFK�WUHHV�DFKLHYH�WKLV�ERXQG�LQ�WKH�ZRUVW�FDVH��
1HYHUWKHOHVV��WKH�XVH�RI�UDQGRPL]DWLRQ�OHDGV�WR�UHODWLYHO\�VLPSOH�DOJRULWKPV�IRU�VHDUFKLQJ��
LQVHUWLQJ��DQG�HVSHFLDOO\�GHOHWLQJ���

2XU�VHFRQG�DSSOLFDWLRQ�LV�D�UDQGRPL]HG�DOJRULWKP�WR�WHVW�WKH�SULPDOLW\�RI�ODUJH�QXPEHUV��1R�
HIILFLHQW�SRO\QRPLDO�WLPH�QRQUDQGRPL]HG�DOJRULWKPV�DUH�NQRZQ�IRU�WKLV�SUREOHP��7KH�DOJRULWKP�ZH�
SUHVHQW�UXQV�TXLFNO\�EXW�RFFDVLRQDOO\�PDNHV�DQ�HUURU��7KH�SUREDELOLW\�RI�HUURU�FDQ��KRZHYHU��EH�
PDGH�QHJOLJLEO\�VPDOO���

��������5DQGRP�1XPEHU�*HQHUDWRUV
�

6LQFH�RXU�DOJRULWKPV�UHTXLUH�UDQGRP�QXPEHUV��ZH�PXVW�KDYH�D�PHWKRG�WR�JHQHUDWH�WKHP��$FWXDOO\��

WUXH�UDQGRPQHVV�LV�YLUWXDOO\�LPSRVVLEOH�WR�GR�RQ�D�FRPSXWHU��VLQFH�WKHVH�QXPEHUV�ZLOO�GHSHQG�RQ�
WKH�DOJRULWKP��DQG�WKXV�FDQQRW�SRVVLEO\�EH�UDQGRP��*HQHUDOO\��LW�VXIILFHV�WR�SURGXFH�SVHXGRUDQGRP
QXPEHUV��ZKLFK�DUH�QXPEHUV�WKDW�DSSHDU�WR�EH�UDQGRP��5DQGRP�QXPEHUV�KDYH�PDQ\�NQRZQ�VWDWLVWLFDO�
SURSHUWLHV��SVHXGRUDQGRP�QXPEHUV�VDWLVI\�PRVW�RI�WKHVH�SURSHUWLHV��6XUSULVLQJO\��WKLV�WRR�LV�PXFK�
HDVLHU�VDLG�WKDQ�GRQH���
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6XSSRVH�ZH�RQO\�QHHG�WR�IOLS�D�FRLQ��WKXV��ZH�PXVW�JHQHUDWH�D���RU���UDQGRPO\��2QH�ZD\�WR�GR�WKLV�
LV�WR�H[DPLQH�WKH�V\VWHP�FORFN��7KH�FORFN�PLJKW�UHFRUG�WLPH�DV�DQ�LQWHJHU�WKDW�FRXQWV�WKH�QXPEHU�

RI�VHFRQGV�VLQFH�-DQXDU\����������:H�FRXOG�WKHQ�XVH�WKH�ORZHVW�ELW��7KH�SUREOHP�LV�WKDW�WKLV�
GRHV�QRW�ZRUN�ZHOO�LI�D�VHTXHQFH�RI�UDQGRP�QXPEHUV�LV�QHHGHG��2QH�VHFRQG�LV�D�ORQJ�WLPH��DQG�WKH�
FORFN�PLJKW�QRW�FKDQJH�DW�DOO�ZKLOH�WKH�SURJUDP�LV�UXQQLQJ��(YHQ�LI�WKH�WLPH�ZHUH�UHFRUGHG�LQ�
XQLWV�RI�PLFURVHFRQGV��LI�WKH�SURJUDP�ZHUH�UXQQLQJ�E\�LWVHOI�WKH�VHTXHQFH�RI�QXPEHUV�WKDW�ZRXOG�
EH�JHQHUDWHG�ZRXOG�EH�IDU�IURP�UDQGRP��VLQFH�WKH�WLPH�EHWZHHQ�FDOOV�WR�WKH�JHQHUDWRU�ZRXOG�EH�
HVVHQWLDOO\�LGHQWLFDO�RQ�HYHU\�SURJUDP�LQYRFDWLRQ��:H�VHH��WKHQ��WKDW�ZKDW�LV�UHDOO\�QHHGHG�LV�D�

VHTXHQFH�RI�UDQGRP�QXPEHUV�ç 7KHVH�QXPEHUV�VKRXOG�DSSHDU�LQGHSHQGHQW��,I�D�FRLQ�LV�IOLSSHG�DQG�
KHDGV�DSSHDUV��WKH�QH[W�FRLQ�IOLS�VKRXOG�VWLOO�EH�HTXDOO\�OLNHO\�WR�FRPH�XS�KHDGV�RU�WDLOV���

*UNIX does this.�

�

çWe will use random in place of pseudorandom in the rest of this section.�

�

7KH�VWDQGDUG�PHWKRG�WR�JHQHUDWH�UDQGRP�QXPEHUV�LV�WKH�OLQHDU�FRQJUXHQWLDO�JHQHUDWRU��ZKLFK�ZDV�

ILUVW�GHVFULEHG�E\�/HKPHU�LQ�������1XPEHUV�[���[���������DUH�JHQHUDWHG�VDWLVI\LQJ��

[L����� �D[L�PRG�P�

�

7R�VWDUW�WKH�VHTXHQFH��VRPH�YDOXH�RI�[��PXVW�EH�JLYHQ��7KLV�YDOXH�LV�NQRZQ�DV�WKH�VHHG��,I�[�� �

���WKHQ�WKH�VHTXHQFH�LV�IDU�IURP�UDQGRP��EXW�LI�D�DQG�P�DUH�FRUUHFWO\�FKRVHQ��WKHQ�DQ\�RWKHU���

�[����P�LV�HTXDOO\�YDOLG��,I�P�LV�SULPH��WKHQ�[L�LV�QHYHU����$V�DQ�H[DPSOH��LI�P� �����D  ����

DQG�[�� ����WKHQ�WKH�QXPEHUV�JHQHUDWHG�DUH��

���������������������������������������������

�

1RWLFH�WKDW�DIWHU�P����� ����QXPEHUV��WKH�VHTXHQFH�UHSHDWV��7KXV��WKLV�VHTXHQFH�KDV�D�SHULRG�RI�P
����ZKLFK�LV�DV�ODUJH�DV�SRVVLEOH��E\�WKH�SLJHRQKROH�SULQFLSOH���,I�P�LV�SULPH��WKHUH�DUH�DOZD\V�
FKRLFHV�RI�D�WKDW�JLYH�D�IXOO�SHULRG�RI�P������6RPH�FKRLFHV�RI�D�GR�QRW��LI�D� ���DQG�[�� ����WKH�

VHTXHQFH�KDV�D�VKRUW�SHULRG�RI�����

�����������������������������

�

2EYLRXVO\��LI�P�LV�FKRVHQ�WR�EH�D�ODUJH�����ELW�SULPH��WKH�SHULRG�VKRXOG�EH�VLJQLILFDQWO\�ODUJH�

IRU�PRVW�DSSOLFDWLRQV��/HKPHU�VXJJHVWHG�WKH�XVH�RI�WKH����ELW�SULPH�P� ��������� ����������������

)RU�WKLV�SULPH��D� ���� ��������LV�RQH�RI�WKH�PDQ\�YDOXHV�WKDW�JLYHV�D�IXOO�SHULRG�JHQHUDWRU��,WV�
XVH�KDV�EHHQ�ZHOO�VWXGLHG�DQG�LV�UHFRPPHQGHG�E\�H[SHUWV�LQ�WKH�ILHOG��:H�ZLOO�VHH�ODWHU�WKDW�ZLWK�
UDQGRP�QXPEHU�JHQHUDWRUV��WLQNHULQJ�XVXDOO\�PHDQV�EUHDNLQJ��VR�RQH�LV�ZHOO�DGYLVHG�WR�VWLFN�ZLWK�
WKLV�IRUPXOD�XQWLO�WROG�RWKHUZLVH���

7KLV�VHHPV�OLNH�D�VLPSOH�URXWLQH�WR�LPSOHPHQW��*HQHUDOO\��D�JOREDO�YDULDEOH�LV�XVHG�WR�KROG�WKH�
FXUUHQW�YDOXH�LQ�WKH�VHTXHQFH�RI�[
V��7KLV�LV�WKH�UDUH�FDVH�ZKHUH�D�JOREDO�YDULDEOH�LV�XVHIXO��
7KLV�JOREDO�YDULDEOH�LV�LQLWLDOL]HG�E\�VRPH�URXWLQH��:KHQ�GHEXJJLQJ�D�SURJUDP�WKDW�XVHV�UDQGRP�
QXPEHUV��LW�LV�SUREDEO\�EHVW�WR�VHW�[�� ����VR�WKDW�WKH�VDPH�UDQGRP�VHTXHQFH�RFFXUV�DOO�WKH�WLPH��

:KHQ�WKH�SURJUDP�VHHPV�WR�ZRUN��HLWKHU�WKH�V\VWHP�FORFN�FDQ�EH�XVHG�RU�WKH�XVHU�FDQ�EH�DVNHG�WR�
LQSXW�D�YDOXH�IRU�WKH�VHHG���

,W�LV�DOVR�FRPPRQ�WR�UHWXUQ�D�UDQGRP�UHDO�QXPEHU�LQ�WKH�RSHQ�LQWHUYDO�����������DQG���DUH�QRW�
SRVVLEOH�YDOXHV���WKLV�FDQ�EH�GRQH�E\�GLYLGLQJ�E\�P��)URP�WKLV��D�UDQGRP�QXPEHU�LQ�DQ\�FORVHG�
LQWHUYDO�>D��E@�FDQ�EH�FRPSXWHG�E\�QRUPDOL]LQJ��7KLV�\LHOGV�WKH��REYLRXV��URXWLQH�LQ�)LJXUH������

ZKLFK��XQIRUWXQDWHO\��ZRUNV�RQ�IHZ�PDFKLQHV���

7KH�SUREOHP�ZLWK�WKLV�URXWLQH�LV�WKDW�WKH�PXOWLSOLFDWLRQ�FRXOG�RYHUIORZ��DOWKRXJK�WKLV�LV�QRW�DQ�
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HUURU��LW�DIIHFWV�WKH�UHVXOW�DQG�WKXV�WKH�SVHXGR�UDQGRPQHVV��6FKUDJH�JDYH�D�SURFHGXUH�LQ�ZKLFK�
DOO�RI�WKH�FDOFXODWLRQV�FDQ�EH�GRQH�RQ�D����ELW�PDFKLQH�ZLWKRXW�RYHUIORZ��:H�FRPSXWH�WKH�TXRWLHQW�
DQG�UHPDLQGHU�RI�P�D�DQG�GHILQH�WKHVH�DV�T�DQG�U��UHVSHFWLYHO\��,Q�RXU�FDVH��T� ����������U� �
�������DQG�U���T��:H�KDYH��

�

�

XQVLJQHG�LQW�VHHG�����������JOREDO�YDULDEOH��

�

�GHILQH�D�������������������������A���

�

�GHILQH�P�������������������������A��������

�

GRXEOH

�

UDQGRP��YRLG��

�

^

�

VHHG� ���D��VHHG�����P�

�

UHWXUQ�����GRXEOH��VHHG�����P���

�

`

�

)LJXUH�������5DQGRP�QXPEHU�JHQHUDWRU�WKDW�GRHV�QRW�ZRUN

�

6LQFH� ��ZH�FDQ�UHSODFH�WKH�OHDGLQJ�D[L�DQG�REWDLQ�

�

�

�

6LQFH�P� �DT���U��LW�IROORZV�WKDW�DT���P� ��U��7KXV��ZH�REWDLQ�

�

�

�

7KH�WHUP� �LV�HLWKHU���RU����EHFDXVH�ERWK�WHUPV�DUH�LQWHJHUV�DQG�WKHLU�
GLIIHUHQFH�OLHV�EHWZHHQ���DQG����7KXV��ZH�KDYH��
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�

�

$�TXLFN�FKHFN�VKRZV�WKDW�EHFDXVH�U���T��DOO�WKH�UHPDLQLQJ�WHUPV�FDQ�EH�FDOFXODWHG�ZLWKRXW�

RYHUIORZ��WKLV�LV�RQH�RI�WKH�UHDVRQV�IRU�FKRVLQJ�D� ������)XUWKHUPRUH�� �[L�� ���RQO\�LI�WKH�

UHPDLQLQJ�WHUPV�HYDOXDWH�WR�OHVV�WKDQ�]HUR��7KXV� �[L��GRHV�QRW�QHHG�WR�EH�H[SOLFLWO\�FRPSXWHG�

EXW�FDQ�EH�GHWHUPLQHG�E\�D�VLPSOH�WHVW��7KLV�OHDGV�WR�WKH�SURJUDP�LQ�)LJXUH���������

7KLV�SURJUDP�ZRUNV�DV�ORQJ�DV�,17B0$;� ����������2QH�PLJKW�EH�WHPSWHG�WR�DVVXPH�WKDW�DOO�
PDFKLQHV�KDYH�D�UDQGRP�QXPEHU�JHQHUDWRU�DW�OHDVW�DV�JRRG�DV�WKH�RQH�LQ�)LJXUH�������LQ�WKHLU�
VWDQGDUG�OLEUDU\��6DGO\��WKLV�LV�QRW�WUXH��0DQ\�OLEUDULHV�KDYH�JHQHUDWRUV�EDVHG�RQ�WKH�IXQFWLRQ��

[L��� ��D[L���F��PRG��
E

�

ZKHUH�E�LV�FKRVHQ�WR�PDWFK�WKH�QXPEHU�RI�ELWV�LQ�WKH�PDFKLQH
V�LQWHJHU��DQG�F�LV�RGG��7KHVH�
OLEUDULHV�DOVR�UHWXUQ�[L��LQVWHDG�RI�D�YDOXH�EHWZHHQ���DQG����8QIRUWXQDWHO\��WKHVH�JHQHUDWRUV�

DOZD\V�SURGXFH�YDOXHV�RI�[L�WKDW�DOWHUQDWH�EHWZHHQ�HYHQ�DQG�RGG��KDUGO\�D�GHVLUDEOH�SURSHUW\��

,QGHHG��WKH�ORZHU�N�ELWV�F\FOH�ZLWK�SHULRG��N��DW�EHVW���0DQ\�RWKHU�UDQGRP�QXPEHU�JHQHUDWRUV�KDYH�
PXFK�VPDOOHU�F\FOHV�WKDQ�WKH�RQH�SURYLGHG�LQ�)LJXUH��������7KHVH�DUH�QRW�VXLWDEOH�IRU�WKH�FDVH�
ZKHUH�ORQJ�VHTXHQFHV�RI�UDQGRP�QXPEHUV�DUH�QHHGHG��)LQDOO\��LW�PD\�VHHP�WKDW�ZH�FDQ�JHW�D�EHWWHU�
UDQGRP�QXPEHU�JHQHUDWRU�E\�DGGLQJ�D�FRQVWDQW�WR�WKH�HTXDWLRQ��)RU�LQVWDQFH��LW�VHHPV�WKDW��

[L��� �������[L������PRG���
�������

�

ZRXOG�VRPHKRZ�EH�HYHQ�PRUH�UDQGRP��7KLV�LOOXVWUDWHV�KRZ�IUDJLOH�WKHVH�JHQHUDWRUV�DUH��

�

>���������������������@�PRG��������� ������������

�

VR�LI�WKH�VHHG�LV����������������WKH�JHQHUDWRU�JHWV�VWXFN�LQ�D�F\FOH�RI�SHULRG����

�

XQVLJQHG�LQW�VHHG���������JOREDO�YDULDEOH��

�

�GHILQH�D������������������������A���

�

�GHILQH�P������������������������A�������

�

�GHILQH�T�����������������������P�D��

�

�GHILQH�U�����������������������P�D��

�

GRXEOH

�

UDQGRP��YRLG��

�

^

�

LQW�WPSBVHHG�

�

WPSBVHHG� �D����VHHG���T�����U���VHHG���T���

�

LI��WPSBVHHG�! ���

�

VHHG� �WPSBVHHG�

�
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HOVH�

VHHG� �WPSBVHHG���P�

�

UHWXUQ�����GRXEOH��VHHG�����P���

�

`

�

)LJXUH�������5DQGRP�QXPEHU�JHQHUDWRU�WKDW�ZRUNV�RQ����ELW�PDFKLQHV

�

��������6NLS�/LVWV
�

2XU�ILUVW�XVH�RI�UDQGRPL]DWLRQ�LV�D�GDWD�VWUXFWXUH�WKDW�VXSSRUWV�ERWK�VHDUFKLQJ�DQG�LQVHUWLRQ�LQ�

2�ORJ�Q��H[SHFWHG�WLPH��$V�PHQWLRQHG�LQ�WKH�LQWURGXFWLRQ�WR�WKLV�VHFWLRQ��WKLV�PHDQV�WKDW�WKH�
UXQQLQJ�WLPH�IRU�HDFK�RSHUDWLRQ�RQ�DQ\�LQSXW�VHTXHQFH�KDV�H[SHFWHG�YDOXH�2�ORJ�Q���ZKHUH�WKH�
H[SHFWDWLRQ�LV�EDVHG�RQ�WKH�UDQGRP�QXPEHU�JHQHUDWRU��,W�LV�SRVVLEOH�WR�DGG�GHOHWLRQ�DQG�DOO�WKH�
RSHUDWLRQV�WKDW�LQYROYH�RUGHULQJ�DQG�REWDLQ�H[SHFWHG�WLPH�ERXQGV�WKDW�PDWFK�WKH�DYHUDJH�WLPH�
ERXQGV�RI�ELQDU\�VHDUFK�WUHHV���

7KH�VLPSOHVW�SRVVLEOH�GDWD�VWUXFWXUH�WR�VXSSRUW�VHDUFKLQJ�LV�WKH�OLQNHG�OLVW��)LJXUH�������VKRZV�

D�VLPSOH�OLQNHG�OLVW��7KH�WLPH�WR�SHUIRUP�D�VHDUFK�LV�SURSRUWLRQDO�WR�WKH�QXPEHU�RI�QRGHV�WKDW�
KDYH�WR�EH�H[DPLQHG��ZKLFK�LV�DW�PRVW�Q���

)LJXUH�������VKRZV�D�OLQNHG�OLVW�LQ�ZKLFK�HYHU\�RWKHU�QRGH�KDV�DQ�DGGLWLRQDO�SRLQWHU�WR�WKH�QRGH�

WZR�DKHDG�RI�LW�LQ�WKH�OLVW��%HFDXVH�RI�WKLV��DW�PRVW� Q�� �����QRGHV�DUH�H[DPLQHG�LQ�WKH�
ZRUVW�FDVH���

:H�FDQ�H[WHQG�WKLV�LGHD�DQG�REWDLQ�)LJXUH��������+HUH��HYHU\�IRXUWK�QRGH�KDV�D�SRLQWHU�WR�WKH�

QRGH�IRXU�DKHDG��2QO\� Q�� �����QRGHV�DUH�H[DPLQHG��

�

7KH�OLPLWLQJ�FDVH�RI�WKLV�DUJXPHQW�LV�VKRZQ�LQ�)LJXUH��������(YHU\��LWK�QRGH�KDV�D�SRLQWHU�WR�WKH�

QRGH��L�DKHDG�RI�LW��7KH�WRWDO�QXPEHU�RI�SRLQWHUV�KDV�RQO\�GRXEOHG��EXW�QRZ�DW�PRVW� ORJ�Q

�QRGHV�DUH�H[DPLQHG�GXULQJ�D�VHDUFK��,W�LV�QRW�KDUG�WR�VHH�WKDW�WKH�WRWDO�WLPH�VSHQW�IRU�D�
VHDUFK�LV�2�ORJ�Q���EHFDXVH�WKH�VHDUFK�FRQVLVWV�RI�HLWKHU�DGYDQFLQJ�WR�D�QHZ�QRGH�RU�GURSSLQJ�WR�
D�ORZHU�SRLQWHU�LQ�WKH�VDPH�QRGH��(DFK�RI�WKHVH�VWHSV�FRQVXPHV�DW�PRVW�2�ORJ�Q��WRWDO�WLPH�GXULQJ�
D�VHDUFK��1RWLFH�WKDW�WKH�VHDUFK�LQ�WKLV�GDWD�VWUXFWXUH�LV�HVVHQWLDOO\�D�ELQDU\�VHDUFK���

�

�

)LJXUH�������6LPSOH�OLQNHG�OLVW

�

�

�

)LJXUH�������/LQNHG�OLVW�ZLWK�SRLQWHUV�WR�WZR�FHOOV�DKHDG

�
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�

�

)LJXUH�������/LQNHG�OLVW�ZLWK�SRLQWHUV�WR�IRXU�FHOOV�DKHDG

�

�

�

)LJXUH�������/LQNHG�OLVW�ZLWK�SRLQWHUV�WR��L cells ahead

�

�

�

)LJXUH�������$�VNLS�OLVW

�

7KH�SUREOHP�ZLWK�WKLV�GDWD�VWUXFWXUH�LV�WKDW�LW�LV�PXFK�WRR�ULJLG�WR�DOORZ�HIILFLHQW�LQVHUWLRQ��
7KH�NH\�WR�PDNLQJ�WKLV�GDWD�VWUXFWXUH�XVDEOH�LV�WR�UHOD[�WKH�VWUXFWXUH�FRQGLWLRQV�VOLJKWO\��:H�
GHILQH�D�OHYHO�N�QRGH�WR�EH�D�QRGH�WKDW�KDV�N�SRLQWHUV��$V�)LJXUH�������VKRZV��WKH�LWK�SRLQWHU�LQ�

DQ\�OHYHO�N�QRGH��N� �L��SRLQWV�WR�WKH�QH[W�QRGH�ZLWK�DW�OHDVW�L�OHYHOV��7KLV�LV�DQ�HDV\�
SURSHUW\�WR�PDLQWDLQ��KRZHYHU��)LJXUH�������VKRZV�D�PRUH�UHVWULFWLYH�SURSHUW\�WKDQ�WKLV��:H�WKXV�

GURS�WKH�UHVWULFWLRQ�WKDW�WKH�LWK�SRLQWHU�SRLQWV�WR�WKH�QRGH��L DKHDG��DQG�ZH�UHSODFH�LW�ZLWK�WKH�
OHVV�UHVWULFWLYH�FRQGLWLRQ�DERYH���

:KHQ�LW�FRPHV�WLPH�WR�LQVHUW�D�QHZ�HOHPHQW��ZH�DOORFDWH�D�QHZ�QRGH�IRU�LW��:H�PXVW�DW�WKLV�SRLQW�
GHFLGH�ZKDW�OHYHO�WKH�QRGH�VKRXOG�EH��([DPLQLQJ�)LJXUH��������ZH�ILQG�WKDW�URXJKO\�KDOI�WKH�QRGHV�

DUH�OHYHO���QRGHV��URXJKO\�D�TXDUWHU�DUH�OHYHO����DQG��LQ�JHQHUDO��DSSUR[LPDWHO\����L�QRGHV�DUH�
OHYHO�L��:H�FKRRVH�WKH�OHYHO�RI�WKH�QRGH�UDQGRPO\��LQ�DFFRUGDQFH�ZLWK�WKLV�SUREDELOLW\�
GLVWULEXWLRQ��7KH�HDVLHVW�ZD\�WR�GR�WKLV�LV�WR�IOLS�D�FRLQ�XQWLO�D�KHDG�RFFXUV�DQG�XVH�WKH�WRWDO�
QXPEHU�RI�IOLSV�DV�WKH�QRGH�OHYHO��)LJXUH�������VKRZV�D�W\SLFDO�VNLS�OLVW���

*LYHQ�WKLV��WKH�VNLS�OLVW�DOJRULWKPV�DUH�VLPSOH�WR�GHVFULEH��7R�SHUIRUP�D�ILQG��ZH�VWDUW�DW�WKH�
KLJKHVW�SRLQWHU�DW�WKH�KHDGHU��:H�WUDYHUVH�DORQJ�WKLV�OHYHO�XQWLO�ZH�ILQG�WKDW�WKH�QH[W�QRGH�LV�
ODUJHU�WKDQ�WKH�RQH�ZH�DUH�ORRNLQJ�IRU��RU����:KHQ�WKLV�RFFXUV��ZH�JR�WR�WKH�QH[W�ORZHU�OHYHO�DQG�
FRQWLQXH�WKH�VWUDWHJ\��:KHQ�SURJUHVV�LV�VWRSSHG�DW�OHYHO����HLWKHU�ZH�DUH�LQ�IURQW�RI�WKH�QRGH�ZH�
DUH�ORRNLQJ�IRU��RU�LW�LV�QRW�LQ�WKH�OLVW��7R�SHUIRUP�DQ�LQVHUW��ZH�SURFHHG�DV�LQ�D�ILQG��DQG�
NHHS�WUDFN�RI�HDFK�SRLQW�ZKHUH�ZH�VZLWFK�WR�D�ORZHU�OHYHO��7KH�QHZ�QRGH��ZKRVH�OHYHO�LV�
GHWHUPLQHG�UDQGRPO\��LV�WKHQ�VSOLFHG�LQWR�WKH�OLVW��7KLV�RSHUDWLRQ�LV�VKRZQ�LQ�)LJXUH���������

$�FXUVRU\�DQDO\VLV�VKRZV�WKDW�VLQFH�WKH�H[SHFWHG�QXPEHU�RI�QRGHV�DW�HDFK�OHYHO�LV�XQFKDQJHG�IURP�
WKH�RULJLQDO��QRQUDQGRPL]HG��DOJRULWKP��WKH�WRWDO�DPRXQW�RI�ZRUN�WKDW�LV�H[SHFWHG�WR�EH�SHUIRUPHG�
WUDYHUVLQJ�WR�QRGHV�RQ�WKH�VDPH�OHYHO�LV�XQFKDQJHG��7KLV�WHOOV�XV�WKDW�WKHVH�RSHUDWLRQV�KDYH�2
�ORJ�Q��H[SHFWHG�FRVWV��2I�FRXUVH��D�PRUH�IRUPDO�SURRI�LV�UHTXLUHG��EXW�LW�LV�QRW�PXFK�GLIIHUHQW�
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IURP�WKLV���

6NLS�OLVWV�DUH�VLPLODU�WR�KDVK�WDEOHV��LQ�WKDW�WKH\�UHTXLUH�DQ�HVWLPDWH�RI�WKH�QXPEHU�RI�HOHPHQWV�
WKDW�ZLOO�EH�LQ�WKH�OLVW��VR�WKDW�WKH�QXPEHU�RI�OHYHOV�FDQ�EH�GHWHUPLQHG���,I�DQ�HVWLPDWH�LV�QRW�
DYDLODEOH��ZH�FDQ�DVVXPH�D�ODUJH�QXPEHU�RU�XVH�D�WHFKQLTXH�VLPLODU�WR�UHKDVKLQJ��([SHULPHQWV�KDYH�
VKRZQ�WKDW�VNLS�OLVWV�DUH�DV�HIILFLHQW�DV�PDQ\�EDODQFHG�VHDUFK�WUHH�LPSOHPHQWDWLRQV�DQG�DUH�
FHUWDLQO\�PXFK�VLPSOHU�WR�LPSOHPHQW�LQ�PDQ\�ODQJXDJHV���

��������3ULPDOLW\�7HVWLQJ
�

,Q�WKLV�VHFWLRQ�ZH�H[DPLQH�WKH�SUREOHP�RI�GHWHUPLQLQJ�ZKHWKHU�RU�QRW�D�ODUJH�QXPEHU�LV�SULPH��$V�

ZDV�PHQWLRQHG�DW�WKH�HQG�RI�&KDSWHU����VRPH�FU\SWRJUDSK\�VFKHPHV�GHSHQG�RQ�WKH�GLIILFXOW\�RI�
IDFWRULQJ�D�ODUJH������GLJLW�QXPEHU�LQWR�WZR�����GLJLW�SULPHV��,Q�RUGHU�WR�LPSOHPHQW�WKLV�VFKHPH��
ZH�QHHG�D�PHWKRG�RI�JHQHUDWLQJ�WKHVH�WZR�SULPHV��7KH�SUREOHP�LV�RI�PDMRU�WKHRUHWLFDO�LQWHUHVW��
EHFDXVH�QRERG\�QRZ�NQRZV�KRZ�WR�WHVW�ZKHWKHU�D�G�GLJLW�QXPEHU�Q�LV�SULPH�LQ�WLPH�SRO\QRPLDO�LQ�G��

)RU�LQVWDQFH��WKH�REYLRXV�PHWKRG�RI�WHVWLQJ�IRU�WKH�GLYLVLELOLW\�E\�RGG�QXPEHUV�IURP���WR� �

UHTXLUHV�URXJKO\� �GLYLVLRQV��ZKLFK�LV�DERXW��G����2Q�WKH�RWKHU�KDQG��WKLV�SUREOHP�LV�QRW�
WKRXJKW�WR�EH�13�FRPSOHWH��WKXV��LW�LV�RQH�RI�WKH�IHZ�SUREOHPV�RQ�WKH�IULQJH��LWV�FRPSOH[LW\�LV�
XQNQRZQ�DW�WKH�WLPH�RI�WKLV�ZULWLQJ���

�

�

)LJXUH�������%HIRUH�DQG�DIWHU�DQ�LQVHUWLRQ

�

,Q�WKLV�FKDSWHU��ZH�ZLOO�JLYH�D�SRO\QRPLDO�WLPH�DOJRULWKP�WKDW�FDQ�WHVW�IRU�SULPDOLW\��,I�WKH�

DOJRULWKP�GHFODUHV�WKDW�WKH�QXPEHU�LV�QRW�SULPH��ZH�FDQ�EH�FHUWDLQ�WKDW�WKH�QXPEHU�LV�QRW�SULPH��
,I�WKH�DOJRULWKP�GHFODUHV�WKDW�WKH�QXPEHU�LV�SULPH��WKHQ��ZLWK�KLJK�SUREDELOLW\�EXW�QRW�����
SHUFHQW�FHUWDLQW\��WKH�QXPEHU�LV�SULPH��7KH�HUURU�SUREDELOLW\�GRHV�QRW�GHSHQG�RQ�WKH�SDUWLFXODU�
QXPEHU�WKDW�LV�EHLQJ�WHVWHG�EXW�LQVWHDG�GHSHQGV�RQ�UDQGRP�FKRLFHV�PDGH�E\�WKH�DOJRULWKP��7KXV��
WKLV�DOJRULWKP�RFFDVLRQDOO\�PDNHV�D�PLVWDNH��EXW�ZH�ZLOO�VHH�WKDW�WKH�HUURU�UDWLR�FDQ�EH�PDGH�
DUELWUDULO\�QHJOLJLEOH���

7KH�NH\�WR�WKH�DOJRULWKP�LV�D�ZHOO�NQRZQ�WKHRUHP�GXH�WR�)HUPDW��

�

7+(25(0��������

�

)HUPDW
V�/HVVHU�7KHRUHP��,I�S�LV�SULPH��DQG�����D���S��WKHQ�DS��� ���PRG�S���

�

3522)��

�

$�SURRI�RI�WKLV�WKHRUHP�FDQ�EH�IRXQG�LQ�DQ\�WH[WERRN�RQ�QXPEHU�WKHRU\��

�
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)RU�LQVWDQFH��VLQFH����LV�SULPH������ ���PRG �����7KLV�VXJJHVWV�DQ�DOJRULWKP�WR�WHVW�ZKHWKHU�D�

QXPEHU�Q�LV�SULPH��0HUHO\�FKHFN�ZKHWKHU��Q��� ���PRG�Q���,I� ��PRG�Q���WKHQ�ZH�FDQ�EH�
FHUWDLQ�WKDW�Q�LV�QRW�SULPH��2Q�WKH�RWKHU�KDQG��LI�WKH�HTXDOLW\�KROGV��WKHQ�Q�LV�SUREDEO\�SULPH��

)RU�LQVWDQFH��WKH�VPDOOHVW�Q�WKDW�VDWLVILHV��Q��� ���PRG�Q��EXW�LV�QRW�SULPH�LV�Q� ������

�

7KLV�DOJRULWKP�ZLOO�RFFDVLRQDOO\�PDNH�HUURUV��EXW�WKH�SUREOHP�LV�WKDW�LW�ZLOO�DOZD\V�PDNH�WKH�
VDPH�HUURUV��3XW�DQRWKHU�ZD\��WKHUH�LV�D�IL[HG�VHW�RI�Q�IRU�ZKLFK�LW�GRHV�QRW�ZRUN��:H�FDQ�

DWWHPSW�WR�UDQGRPL]H�WKH�DOJRULWKP�DV�IROORZV��3LFN�����D���Q�����DW�UDQGRP��,I�DQ��� ���PRG�
Q���GHFODUH�WKDW�Q�LV�SUREDEO\�SULPH��RWKHUZLVH�GHFODUH�WKDW�Q�LV�GHILQLWHO\�QRW�SULPH��,I�Q� �

�����DQG�D� ����ZH�ILQG�WKDW������ ����PRG�������7KXV��LI�WKH�DOJRULWKP�KDSSHQV�WR�FKRRVH�D� �
���LW�ZLOO�JHW�WKH�FRUUHFW�DQVZHU�IRU�Q� �������

$OWKRXJK�WKLV�VHHPV�WR�ZRUN��WKHUH�DUH�QXPEHUV�WKDW�IRRO�HYHQ�WKLV�DOJRULWKP�IRU�PRVW�FKRLFHV�RI�

D��2QH�VXFK�VHW�RI�QXPEHUV�LV�NQRZQ�DV�WKH�&DUPLFKDHO�QXPEHUV��7KHVH�DUH�QRW�SULPH�EXW�VDWLVI\�

DQ��� ���PRG�Q��IRU�DOO�����D���Q�WKDW�DUH�UHODWLYHO\�SULPH�WR�Q��7KH�VPDOOHVW�VXFK�QXPEHU�LV�
�����7KXV��ZH�QHHG�DQ�DGGLWLRQDO�WHVW�WR�LPSURYH�WKH�FKDQFHV�RI�QRW�PDNLQJ�DQ�HUURU���

,Q�&KDSWHU����ZH�SURYHG�D�WKHRUHP�UHODWHG�WR�TXDGUDWLF�SURELQJ��$�VSHFLDO�FDVH�RI�WKLV�WKHRUHP�LV�

WKH�IROORZLQJ���

7+(25(0��������

�

,I�S�LV�SULPH�DQG�����[���S��WKH�RQO\�VROXWLRQV�WR�[� ���PRG�S��DUH�[� ����S������

�

3522)��

�

[�� ���PRG�S��LPSOLHV�WKDW�[����� ���PRG�S���7KLV�LPSOLHV��[������[������ ���PRG�S���

6LQFH�S�LV�SULPH���� �[���S��DQG�S�PXVW�GLYLGH�HLWKHU��[������RU��[ ������WKH�WKHRUHP�IROORZV��

7KHUHIRUH��LI�DW�DQ\�SRLQW�LQ�WKH�FRPSXWDWLRQ�RI�DQ��PRG�Q�ZH�GLVFRYHU�D�YLRODWLRQ�RI�WKLV�
WKHRUHP��ZH�FDQ�FRQFOXGH�WKDW�Q�LV�GHILQLWHO\�QRW�SULPH��,I�ZH�XVH�SRZHU��IURP�6HFWLRQ��������ZH�

VHH�WKDW�WKHUH�ZLOO�EH�VHYHUDO�RSSRUWXQLWLHV�WR�DSSO\�WKLV�WHVW��:H�PRGLI\�WKLV�URXWLQH�WR�
SHUIRUP�RSHUDWLRQV�PRG�Q��DQG�DSSO\�WKH�WHVW�RI�7KHRUHP��������7KLV�VWUDWHJ\�LV�LPSOHPHQWHG�LQ�
)LJXUH��������%HFDXVH�SRZHU�QHHGV�WR�UHWXUQ�WZR�SLHFHV�RI�LQIRUPDWLRQ��ZH�SDVV�WKH�DGGUHVV�RI�
WKHVH�LWHPV���UHVXOW�DQG�ZKDWBQBLV���E\�SRLQWHUV���

5HFDOO�WKDW�LI�WHVWBSULPH�UHWXUQV�'(),1,7(/<B&20326,7(��LW�KDV�SURYHQ�WKDW�Q�FDQQRW�EH�SULPH��7KH�
SURRI�LV�QRQFRQVWUXFWLYH��EHFDXVH�LW�JLYHV�QR�PHWKRG�RI�DFWXDOO\�ILQGLQJ�WKH�IDFWRUV��,W�KDV�EHHQ�
VKRZQ�WKDW�IRU�DQ\��VXIILFLHQWO\�ODUJH��Q��DW�PRVW��Q��������YDOXHV�RI�D�IRRO�WKLV�DOJRULWKP��
7KXV��LI�D�LV�FKRVHQ�DW�UDQGRP��DQG�WKH�DOJRULWKP�DQVZHUV�352%$%/<B35,0(��WKHQ�WKH�DOJRULWKP�LV�
FRUUHFW�DW�OHDVW����SHUFHQW�RI�WKH�WLPH��6XSSRVH�WHVWBSULPH LV�UXQ����WLPHV��7KH�SUREDELOLW\�WKDW�
WKH�DOJRULWKP�LV�IRROHG�RQFH�LV�DW�PRVW������7KXV��WKH�SUREDELOLW\�WKDW����LQGHSHQGHQW�UDQGRP�

WULDOV�IRRO�WKH�DOJRULWKP�LV�QHYHU�PRUH�WKDQ������� ��������7KLV�LV�DFWXDOO\�D�YHU\�FRQVHUYDWLYH�
HVWLPDWH��ZKLFK�KROGV�IRU�RQO\�D�IHZ�FKRLFHV�RI�Q��(YHQ�VR��RQH�LV�PRUH�OLNHO\�WR�VHH�D�KDUGZDUH�
HUURU�WKDQ�DQ�LQFRUUHFW�FODLP�RI�SULPDOLW\���
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������%DFNWUDFNLQJ�$OJRULWKPV�

7KH�ODVW�DOJRULWKP�GHVLJQ�WHFKQLTXH�ZH�ZLOO�H[DPLQH�LV�EDFNWUDFNLQJ��,Q�PDQ\�FDVHV��D�

EDFNWUDFNLQJ�DOJRULWKP�DPRXQWV�WR�D�FOHYHU�LPSOHPHQWDWLRQ�RI�H[KDXVWLYH�VHDUFK��ZLWK�JHQHUDOO\�
XQIDYRUDEOH�SHUIRUPDQFH��7KLV�LV�QRW�DOZD\V�WKH�FDVH��KRZHYHU��DQG�HYHQ�VR��LQ�VRPH�FDVHV��WKH�
VDYLQJV�RYHU�D�EUXWH�IRUFH�H[KDXVWLYH�VHDUFK�FDQ�EH�VLJQLILFDQW��3HUIRUPDQFH�LV��RI�FRXUVH��

UHODWLYH��$Q�2�Q���DOJRULWKP�IRU�VRUWLQJ�LV�SUHWW\�EDG��EXW�DQ�2�Q���DOJRULWKP�IRU�WKH�WUDYHOLQJ�
VDOHVPDQ��RU�DQ\�13�FRPSOHWH��SUREOHP�ZRXOG�EH�D�ODQGPDUN�UHVXOW���

$�SUDFWLFDO�H[DPSOH�RI�D�EDFNWUDFNLQJ�DOJRULWKP�LV�WKH�SUREOHP�RI�DUUDQJLQJ�IXUQLWXUH�LQ�D�QHZ�

KRXVH��7KHUH�DUH�PDQ\�SRVVLELOLWLHV�WR�WU\��EXW�W\SLFDOO\�RQO\�D�IHZ�DUH�DFWXDOO\�FRQVLGHUHG��
6WDUWLQJ�ZLWK�QR�DUUDQJHPHQW��HDFK�SLHFH�RI�IXUQLWXUH�LV�SODFHG�LQ�VRPH�SDUW�RI�WKH�URRP��,I�DOO�
WKH�IXUQLWXUH�LV�SODFHG�DQG�WKH�RZQHU�LV�KDSS\��WKHQ�WKH�DOJRULWKP�WHUPLQDWHV��,I�ZH�UHDFK�D�
SRLQW�ZKHUH�DOO�VXEVHTXHQW�SODFHPHQW�RI�IXUQLWXUH�LV�XQGHVLUDEOH��ZH�KDYH�WR�XQGR�WKH�ODVW�VWHS�
DQG�WU\�DQ�DOWHUQDWLYH��2I�FRXUVH��WKLV�PLJKW�IRUFH�DQRWKHU�XQGR��DQG�VR�IRUWK��,I�ZH�ILQG�WKDW�
ZH�XQGR�DOO�SRVVLEOH�ILUVW�VWHSV��WKHQ�WKHUH�LV�QR�SODFHPHQW�RI�IXUQLWXUH�WKDW�LV�VDWLVIDFWRU\��
2WKHUZLVH��ZH�HYHQWXDOO\�WHUPLQDWH�ZLWK�D�VDWLVIDFWRU\�DUUDQJHPHQW��1RWLFH�WKDW�DOWKRXJK�WKLV�
DOJRULWKP�LV�HVVHQWLDOO\�EUXWH�IRUFH��LW�GRHV�QRW�WU\�DOO�SRVVLELOLWLHV�GLUHFWO\��)RU�LQVWDQFH��
DUUDQJHPHQWV�WKDW�FRQVLGHU�SODFLQJ�WKH�VRID�LQ�WKH�NLWFKHQ�DUH�QHYHU�WULHG��0DQ\�RWKHU�EDG�
DUUDQJHPHQWV�DUH�GLVFDUGHG�HDUO\��EHFDXVH�DQ�XQGHVLUDEOH�VXEVHW�RI�WKH�DUUDQJHPHQW�LV�GHWHFWHG��
7KH�HOLPLQDWLRQ�RI�D�ODUJH�JURXS�RI�SRVVLELOLWLHV�LQ�RQH�VWHS�LV�NQRZQ�DV�SUXQLQJ���

:H�ZLOO�VHH�WZR�H[DPSOHV�RI�EDFNWUDFNLQJ�DOJRULWKPV��7KH�ILUVW�LV�D�SUREOHP�LQ�FRPSXWDWLRQDO�

JHRPHWU\��2XU�VHFRQG�H[DPSOH�VKRZV�KRZ�FRPSXWHUV�VHOHFW�PRYHV�LQ�JDPHV��VXFK�DV�FKHVV�DQG�
FKHFNHUV���

��������7KH�7XUQSLNH�5HFRQVWUXFWLRQ�3UREOHP
�

6XSSRVH�ZH�DUH�JLYHQ�Q�SRLQWV��S���S�����������SQ��ORFDWHG�RQ�WKH�[�D[LV��[L�LV�WKH�[�FRRUGLQDWH�

RI�SL��/HW�XV�IXUWKHU�DVVXPH�WKDW�[�� ���DQG�WKH�SRLQWV�DUH�JLYHQ�IURP�OHIW�WR�ULJKW��7KHVH�Q�

SRLQWV�GHWHUPLQH�Q�Q���������QRW�QHFHVVDULO\�XQLTXH��GLVWDQFHV�G���G�����������GQ�EHWZHHQ�HYHU\�

SDLU�RI�SRLQWV�RI�WKH�IRUP�_�[L���[M�_��L� �M����,W�LV�FOHDU�WKDW�LI�ZH�DUH�JLYHQ�WKH�VHW�RI�

SRLQWV��LW�LV�HDV\�WR�FRQVWUXFW�WKH�VHW�RI�GLVWDQFHV�LQ�2�Q���WLPH��7KLV�VHW�ZLOO�QRW�EH�VRUWHG��

EXW�LI�ZH�DUH�ZLOOLQJ�WR�VHWWOH�IRU�DQ�2�Q��ORJ�Q��WLPH�ERXQG��WKH�GLVWDQFHV�FDQ�EH�VRUWHG��WRR��
7KH�WXUQSLNH�UHFRQVWUXFWLRQ�SUREOHP�LV�WR�UHFRQVWUXFW�D�SRLQW�VHW�IURP�WKH�GLVWDQFHV��7KLV�ILQGV�
DSSOLFDWLRQV�LQ�SK\VLFV�DQG�PROHFXODU�ELRORJ\��VHH�WKH�UHIHUHQFHV�IRU�SRLQWHUV�WR�PRUH�VSHFLILF�
LQIRUPDWLRQ���7KH�QDPH�GHULYHV�IURP�WKH�DQDORJ\�RI�SRLQWV�WR�WXUQSLNH�H[LWV�RQ�(DVW�&RDVW�
KLJKZD\V��-XVW�DV�IDFWRULQJ�VHHPV�KDUGHU�WKDQ�PXOWLSOLFDWLRQ��WKH�UHFRQVWUXFWLRQ�SUREOHP�VHHPV�
KDUGHU�WKDQ�WKH�FRQVWUXFWLRQ�SUREOHP��1RERG\�KDV�EHHQ�DEOH�WR�JLYH�DQ�DOJRULWKP�WKDW�LV�

JXDUDQWHHG�WR�ZRUN�LQ�SRO\QRPLDO�WLPH��7KH�DOJRULWKP�WKDW�ZH�ZLOO�SUHVHQW�VHHPV�WR�UXQ�LQ�2�Q�ORJ�
Q���QR�FRXQWHUH[DPSOH�WR�WKLV�FRQMHFWXUH�LV�NQRZQ��EXW�LW�LV�VWLOO�MXVW�WKDW���D�FRQMHFWXUH���

HQXP�WHVWBUHVXOW�^�352%$%/<B35,0(��'(),1,7(/<B&20326,7(�`�

�

W\SHGHI�HQXP�WHVWBUHVXOW�WHVWBUHVXOW�

�

��&RPSXWH�UHVXOW� �DS�PRG�Q���

�

��,I�DW�DQ\�SRLQW�[�� ���PRG�Q��LV�GHWHFWHG�ZLWK�[� ����[� �Q�������

�
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��WKHQ�VHW�ZKDWBQBLV�WR�'(),1,7(/<B&20326,7(���

��:H�DUH�DVVXPLQJ�YHU\�ODUJH�LQWHJHUV��VR�WKLV�LV�SVHXGRFRGH���

�

YRLG

�

SRZHU��XQVLJQHG�LQW�D��XQVLJQHG�LQW�S��XQVLJQHG�LQW�Q�

�

XQVLJQHG�LQW�UHVXOW��WHVWBUHVXOW�ZKDWBQBLV��

�

^

�

XQVLJQHG�LQW�[�

�

����������LI��S� ���������������%DVH�FDVH��

�

���������������UHVXOW� ���

�

HOVH

�

^

�

���������������SRZHU��D��S����Q��	[��ZKDWBQBLV���

�

���������������UHVXOW� ��[��[����Q�

�

��&KHFN�ZKHWKHU�[�� ���PRG�Q���[� ����[� �Q������

�

���������������LI���UHVXOW� ����		��[�� ����		��[�� �Q�����

�

��������������������ZKDWBQBLV� �'(),1,7(/<B&20326,7(�

�

��,I�S�LV�RGG��ZH�QHHG�RQH�PRUH�D��

�

���������������LI���S������ ����

�

��������������������UHVXOW� ��UHVXOW��D����Q�

�

`

�

`

�

��WHVWBSULPH��7HVW�ZKHWKHU�Q� ���LV�SULPH�XVLQJ�RQH�YDOXH�RI�D��

�

��UHSHDW�WKLV�SURFHGXUH�DV�PDQ\�WLPHV�DV�QHHGHG��

�

��IRU�GHVLUHG�HUURU�UDWH��

�

WHVWBUHVXOW

�

WHVWBSULPH��XQVLJQHG�LQW�Q��

�

^

�

XQVLJQHG�LQW�D��UHVXOW�

�

WHVWBUHVXOW�ZKDWBQBLV�

�

����������D� �UDQGBLQW�����Q��������FKRRVH�D�UDQGRPO\�IURP����Q����

�

����������ZKDWBQBLV� �352%$%/<B35,0(�

�
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��&RPSXWH�DQ���PRG�Q���

����������SRZHU��D��Q����Q��	UHVXOW��	ZKDWBQBLV���

�

����������LI����UHVXOW�� ����_�_��ZKDWBQBLV� �'(),1,7(/<B&20326,7(���

�

���������������UHWXUQ�'(),1,7(/<B&20326,7(�

�

HOVH

�

���������������UHWXUQ�352%$%/<B35,0(�

�

`

�

)LJXUH�������$�SUREDELOLVWLF�SULPDOLW\�WHVWLQJ�DOJRULWKP

�

2I�FRXUVH��JLYHQ�RQH�VROXWLRQ�WR�WKH�SUREOHP��DQ�LQILQLWH�QXPEHU�RI�RWKHUV�FDQ�EH�FRQVWUXFWHG�E\�
DGGLQJ�DQ�RIIVHW�WR�DOO�WKH�SRLQWV��7KLV�LV�ZK\�ZH�LQVLVW�WKDW�WKH�ILUVW�SRLQW�LV�DQFKRUHG�DW���
DQG�WKDW�WKH�SRLQW�VHW�WKDW�FRQVWLWXWHV�D�VROXWLRQ�LV�RXWSXW�LQ�QRQGHFUHDVLQJ�RUGHU���

/HW�'�EH�WKH�VHW�RI�GLVWDQFHV��DQG�DVVXPH�WKDW�_�'�_� �P� �Q�Q���������$V�DQ�H[DPSOH��VXSSRVH�
WKDW��

'� �^��������������������������������������������`

�

6LQFH�_�'�_� �����ZH�NQRZ�WKDW�Q� ����:H�VWDUW�WKH�DOJRULWKP�E\�VHWWLQJ�[�� ����&OHDUO\��[�  �����

VLQFH����LV�WKH�ODUJHVW�HOHPHQW�LQ�'��:H�UHPRYH����IURP�'��7KH�SRLQWV�WKDW�ZH�KDYH�SODFHG�DQG�WKH�
UHPDLQLQJ�GLVWDQFHV�DUH�DV�VKRZQ�LQ�WKH�IROORZLQJ�ILJXUH���

�

�

7KH�ODUJHVW�UHPDLQLQJ�GLVWDQFH�LV����ZKLFK�PHDQV�WKDW�HLWKHU�[�� ���RU�[�� ����%\�V\PPHWU\��ZH�

FDQ�FRQFOXGH�WKDW�WKH�FKRLFH�LV�XQLPSRUWDQW��VLQFH�HLWKHU�ERWK�FKRLFHV�OHDG�WR�D�VROXWLRQ��ZKLFK�
DUH�PLUURU�LPDJHV�RI�HDFK�RWKHU���RU�QHLWKHU�GR��VR�ZH�FDQ�VHW�[�� ���ZLWKRXW�DIIHFWLQJ�WKH�

VROXWLRQ��:H�WKHQ�UHPRYH�WKH�GLVWDQFHV�[����[�� ���DQG�[����[�� ���IURP�'��REWDLQLQJ��

�

�

7KH�QH[W�VWHS�LV�QRW�REYLRXV��6LQFH���LV�WKH�ODUJHVW�YDOXH�LQ�'��HLWKHU�[�� ���RU�[�� ����,I�[�  �

���WKHQ�WKH�GLVWDQFHV�[������ ���DQG�[������ ���PXVW�DOVR�EH�SUHVHQW�LQ�'��$�TXLFN�FKHFN�VKRZV�

WKDW�LQGHHG�WKH\�DUH��2Q�WKH�RWKHU�KDQG��LI�ZH�VHW�[�� ����WKHQ�����[�� ���DQG�[������ ���PXVW�EH�

SUHVHQW�LQ�'��7KHVH�GLVWDQFHV�DUH�DOVR�LQ�'��VR�ZH�KDYH�QR�JXLGDQFH�RQ�ZKLFK�FKRLFH�WR�PDNH��
7KXV��ZH�WU\�RQH�DQG�VHH�LI�LW�OHDGV�WR�D�VROXWLRQ��,I�LW�WXUQV�RXW�WKDW�LW�GRHV�QRW��ZH�FDQ�FRPH�
EDFN�DQG�WU\�WKH�RWKHU��7U\LQJ�WKH�ILUVW�FKRLFH��ZH�VHW�[�� ����ZKLFK�OHDYHV��
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�

�

$W�WKLV�SRLQW��ZH�KDYH�[�� ����[�� ����[�� ����DQG�[�� �����1RZ�WKH�ODUJHVW�GLVWDQFH�LV����VR�

HLWKHU�[�� ���RU�[�� ����%XW�LI�[�� ����WKHQ�[����[�� ����ZKLFK�LV�LPSRVVLEOH��VLQFH���LV�QR�

ORQJHU�LQ�'��2Q�WKH�RWKHU�KDQG��LI�[�� ���WKHQ�[����[�� ����DQG�[����[�� ����7KLV�LV�DOVR�

LPSRVVLEOH��VLQFH���RQO\�DSSHDUV�RQFH�LQ�'��7KXV��WKLV�OLQH�RI�UHDVRQLQJ�OHDYHV�QR�VROXWLRQ��VR�
ZH�EDFNWUDFN���

6LQFH�[�� ���IDLOHG�WR�SURGXFH�D�VROXWLRQ��ZH�WU\�[�� ����,I�WKLV�DOVR�IDLOV��ZH�JLYH�XS�DQG�

UHSRUW�QR�VROXWLRQ��:H�QRZ�KDYH��

�

�

2QFH�DJDLQ��ZH�KDYH�WR�FKRRVH�EHWZHHQ�[�� ���DQG�[�� ����[�� ���LV�LPSRVVLEOH��EHFDXVH�' RQO\�KDV�

RQH�RFFXUUHQFH�RI����DQG�WZR�ZRXOG�EH�LPSOLHG�E\�WKLV�FKRLFH��[�  ���LV�SRVVLEOH��VR�ZH�REWDLQLQJ�

�

�

7KH�RQO\�UHPDLQLQJ�FKRLFH�LV�WR�DVVLJQ�[�� ����WKLV�ZRUNV�EHFDXVH�LW�OHDYHV�'�HPSW\��DQG�VR�ZH�

KDYH�D�VROXWLRQ���

�

�

)LJXUH�������VKRZV�D�GHFLVLRQ�WUHH�UHSUHVHQWLQJ�WKH�DFWLRQV�WDNHQ�WR�DUULYH�DW�WKH�VROXWLRQ��

,QVWHDG�RI�ODEHOLQJ�WKH�EUDQFKHV��ZH�KDYH�SODFHG�WKH�ODEHOV�LQ�WKH�EUDQFKHV
�GHVWLQDWLRQ�QRGHV��$�
QRGH�ZLWK�DQ�DVWHULVN�LQGLFDWHV�WKDW�WKH�SRLQWV�FKRVHQ�DUH�LQFRQVLVWHQW�ZLWK�WKH�JLYHQ�GLVWDQFHV��
QRGHV�ZLWK�WZR�DVWHULVNV�KDYH�RQO\�LPSRVVLEOH�QRGHV�DV�FKLOGUHQ��DQG�WKXV�UHSUHVHQW�DQ�LQFRUUHFW�
SDWK���
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�

�

)LJXUH�������'HFLVLRQ�WUHH�IRU�WKH�ZRUNHG�WXUQSLNH�UHFRQVWUXFWLRQ�H[DPSOH

�

LQW

�

WXUQSLNH�LQW�[�>@��GLVWBVHW�'���XQVLJQHG�LQW�Q�

�

^

�

����������[>�@� ���

�

����������[>Q�@� �GHOHWHBPD[�'���

�

����������[>Q����@� �GHOHWHBPD[�'���

�

����������LI�[>Q�@�[>Q����@� �'��

�

^

�

����������������GHOHWH��[>Q�@�[>Q����@�'���

�

����������������UHWXUQ�SODFH��[��'��Q����Q�������`

�

HOVH

�

����������������UHWXUQ�)$/6(�

�

`

�

)LJXUH�������7XUQSLNH�UHFRQVWUXFWLRQ�DOJRULWKP��GULYHU�URXWLQH��SVHXGRFRGH�

�

7KH�SVHXGRFRGH�WR�LPSOHPHQW�WKLV�DOJRULWKP�LV�PRVWO\�VWUDLJKWIRUZDUG��7KH�GULYLQJ�URXWLQH��
WXUQSLNH��LV�VKRZQ�LQ�)LJXUH��������,W�UHFHLYHV�WKH�SRLQW�DUUD\�[��ZKLFK�QHHG�QRW�EH�

LQLWLDOL]HG���WKH�GLVWDQFH�DUUD\�'��DQG�Q��,I�D�VROXWLRQ�LV�GLVFRYHUHG��WKHQ�758(�ZLOO�EH�
UHWXUQHG��WKH�DQVZHU�ZLOO�EH�SODFHG�LQ�[��DQG�' ZLOO�EH�HPSW\��2WKHUZLVH��)$/6(�ZLOO�EH�UHWXUQHG��
[�ZLOO�EH�XQGHILQHG��DQG�WKH�GLVWDQFH�DUUD\�'�ZLOO�EH�XQWRXFKHG��7KH�URXWLQH�VHWV�[���[Q����DQG�

[Q��DV�GHVFULEHG�DERYH��DOWHUV�'��DQG�FDOOV�WKH�EDFNWUDFNLQJ�DOJRULWKP�SODFH�WR�SODFH�WKH�RWKHU�

SRLQWV��:H�SUHVXPH�WKDW�D�FKHFN�KDV�DOUHDG\�EHHQ�PDGH�WR�HQVXUH�WKDW�_�'�_� �Q�Q���������
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*We have used one-letter variable names, which is generally poor style, for consistency with the worked example. We 
also, for simplicity, do not give the type of variables.��

7KH�PRUH�GLIILFXOW�SDUW�LV�WKH�EDFNWUDFNLQJ�DOJRULWKP��ZKLFK�LV�VKRZQ�LQ�)LJXUH��������/LNH�PRVW�
EDFNWUDFNLQJ�DOJRULWKPV��WKH�PRVW�FRQYHQLHQW�LPSOHPHQWDWLRQ�LV�UHFXUVLYH��:H�SDVV�WKH�VDPH�
DUJXPHQWV�SOXV�WKH�ERXQGDULHV�/HIW�DQG�5LJKW��[/HIW����������[5LJKW�DUH�WKH�[�FRRUGLQDWHV�RI�

SRLQWV�WKDW�ZH�DUH�WU\LQJ�WR�SODFH��,I�'�LV�HPSW\��RU�/HIW�!�5LJKW����WKHQ�D�VROXWLRQ�KDV�EHHQ�
IRXQG��DQG�ZH�FDQ�UHWXUQ��2WKHUZLVH��ZH�ILUVW�WU\�WR�SODFH�[5LJKW� �'PD[��,I�DOO�WKH�DSSURSULDWH�

GLVWDQFHV�DUH�SUHVHQW��LQ�WKH�FRUUHFW�TXDQWLW\���WKHQ�ZH�WHQWDWLYHO\�SODFH�WKLV�SRLQW��UHPRYH�
WKHVH�GLVWDQFHV��DQG�WU\�WR�ILOO�IURP�/HIW�WR�5LJKW�����,I�WKH�GLVWDQFHV�DUH�QRW�SUHVHQW��RU�WKH�
DWWHPSW�WR�ILOO�/HIW�WR�5LJKW����IDLOV��WKHQ�ZH�WU\�VHWWLQJ�[/HIW� �[Q���GPD[��XVLQJ�D�VLPLODU�

VWUDWHJ\��,I�WKLV�GRHV�QRW�ZRUN��WKHQ�WKHUH�LV�QR�VROXWLRQ��RWKHUZLVH�D�VROXWLRQ�KDV�EHHQ�IRXQG��
DQG�WKLV�LQIRUPDWLRQ�LV�HYHQWXDOO\�SDVVHG�EDFN�WR�WXUQSLNH�E\�WKH�UHWXUQ�VWDWHPHQW�DQG�[�DUUD\���

7KH�DQDO\VLV�RI�WKH�DOJRULWKP�LQYROYHV�WZR�IDFWRUV��6XSSRVH�OLQHV���WKURXJK����DQG����WKURXJK����
DUH�QHYHU�H[HFXWHG��:H�FDQ�PDLQWDLQ�'�DV�D�EDODQFHG�ELQDU\�VHDUFK��RU�VSOD\��WUHH��WKLV�ZRXOG�

UHTXLUH�D�FRGH�PRGLILFDWLRQ��RI�FRXUVH���,I�ZH�QHYHU�EDFNWUDFN��WKHUH�DUH�DW�PRVW�2�Q���
RSHUDWLRQV�LQYROYLQJ�'��VXFK�DV�GHOHWLRQ�DQG�WKH�ILQGV�LPSOLHG�DW�OLQHV���DQG����WR�����7KLV�

FODLP�LV�REYLRXV�IRU�GHOHWLRQV��VLQFH�'�KDV�2�Q���HOHPHQWV�DQG�QR�HOHPHQW�LV�HYHU�UHLQVHUWHG��
(DFK�FDOO�WR�SODFH�XVHV�DW�PRVW��Q�ILQGV��DQG�VLQFH�SODFH�QHYHU�EDFNWUDFNV�LQ�WKLV�DQDO\VLV��

WKHUH�FDQ�EH�DW�PRVW��Q��ILQGV��7KXV��LI�WKHUH�LV�QR�EDFNWUDFNLQJ��WKH�UXQQLQJ�WLPH�LV�2�Q��ORJ�

Q����

2I�FRXUVH��EDFNWUDFNLQJ�KDSSHQV��DQG�LI�LW�KDSSHQV�UHSHDWHGO\��WKHQ�WKH�SHUIRUPDQFH�RI�WKH�
DOJRULWKP�LV�DIIHFWHG��1R�SRO\QRPLDO�ERXQG�RQ�WKH�DPRXQW�RI�EDFNWUDFNLQJ�LV�NQRZQ��EXW�RQ�WKH�
RWKHU�KDQG��WKHUH�DUH�QR�SDWKRORJLFDO�H[DPSOHV�WKDW�VKRZ�WKDW�EDFNWUDFNLQJ�PXVW�RFFXU�PRUH�WKDQ�2

����WLPHV��7KXV��LW�LV�HQWLUHO\�SRVVLEOH�WKDW�WKLV�DOJRULWKP�LV�2�Q��ORJ�Q���([SHULPHQWV�KDYH�
VKRZQ�WKDW�LI�WKH�SRLQWV�KDYH�LQWHJHU�FRRUGLQDWHV�GLVWULEXWHG�XQLIRUPO\�DQG�UDQGRPO\�IURP�>���

'PD[@��ZKHUH�'PD[� � �Q����WKHQ��DOPRVW�FHUWDLQO\��DW�PRVW�RQH�EDFNWUDFN�LV�SHUIRUPHG�GXULQJ�

WKH�HQWLUH�DOJRULWKP���

��������*DPHV
�

$V�RXU�ODVW�DSSOLFDWLRQ��ZH�ZLOO�FRQVLGHU�WKH�VWUDWHJ\�WKDW�D�FRPSXWHU�PLJKW�XVH�WR�SOD\�D�

VWUDWHJLF�JDPH��VXFK�DV�FKHFNHUV�RU�FKHVV��:H�ZLOO�XVH��DV�DQ�H[DPSOH��WKH�PXFK�VLPSOHU�JDPH�RI�
WLF�WDF�WRH��EHFDXVH�LW�PDNHV�WKH�SRLQWV�HDVLHU�WR�LOOXVWUDWH���

7LF�WDF�WRH�LV��RI�FRXUVH��D�GUDZ�LI�ERWK�VLGHV�SOD\�RSWLPDOO\��%\�SHUIRUPLQJ�D�FDUHIXO�FDVH�E\�
FDVH�DQDO\VLV��LW�LV�QRW�D�GLIILFXOW�PDWWHU�WR�FRQVWUXFW�DQ�DOJRULWKP�WKDW�QHYHU�ORVHV�DQG�DOZD\V�
ZLQV�ZKHQ�SUHVHQWHG�WKH�RSSRUWXQLW\��7KLV�FDQ�EH�GRQH��EHFDXVH�FHUWDLQ�SRVLWLRQV�DUH�NQRZQ�WUDSV�
DQG�FDQ�EH�KDQGOHG�E\�D�ORRNXS�WDEOH��2WKHU�VWUDWHJLHV��VXFK�DV�WDNLQJ�WKH�FHQWHU�VTXDUH�ZKHQ�LW�
LV�DYDLODEOH��PDNH�WKH�DQDO\VLV�VLPSOHU��,I�WKLV�LV�GRQH��WKHQ�E\�XVLQJ�D�WDEOH�ZH�FDQ�DOZD\V�
FKRRVH�D�PRYH�EDVHG�RQO\�RQ�WKH�FXUUHQW�SRVLWLRQ��2I�FRXUVH��WKLV�VWUDWHJ\�UHTXLUHV�WKH�
SURJUDPPHU��DQG�QRW�WKH�FRPSXWHU��WR�GR�PRVW�RI�WKH�WKLQNLQJ���

��%DFNWUDFNLQJ�DOJRULWKP�WR�SODFH�WKH�SRLQWV��

�

��[>OHIW@���[>ULJKW@���

�

��[>�@���>OHIW��@�DQG�[>ULJKW��@���[>Q@

�

��DUH�DOUHDG\�WHQWDWLYHO\�SODFHG���

�

��,I�SODFH�UHWXUQV�WUXH�

�
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��WKHQ�[>OHIW@���[>ULJKW@�ZLOO�KDYH�YDOXH����

LQW

�

SODFH��LQW�[>�@��GLVWBVHW�'���XQVLJQHG�LQW�Q��LQW�/HIW��LQW�5LJKW��

�

^

�

LQW�GBPD[��IRXQG� �)$/6(�

�

����������LI�'�LV�HPSW\�WKHQ

�

���������������UHWXUQ�758(�

�

����������GBPD[� �ILQGBPD[��'���

�

��&KHFN�LI�VHWWLQJ�[>5LJKW@� �GBPD[�LV�IHDVLEOH���

�

����������LI��_[>�M�@�GBPD[_� �'�IRU�DOO��� �M���/HIW�DQG�5LJKW���M� �Q��

�

^

�

���������������[>5LJKW@� �GBPD[����7U\�[>5LJKW@� �GBPD[��

�

���������������IRU���� �M���/HIW��5LJKW���M� �Q��

�

��������������������GHOHWH��_[>M�@�GBPD[_��'���

�

���������������IRXQG� �SODFH��[��'��Q��/HIW��5LJKW�����

�

���������������LI���IRXQG�����%DFNWUDFN��

�

��������������������IRU���� �M���/HIW��5LJKW���M� �Q����8QGR�WKH�GHOHWLRQ��

�

�������������������������LQVHUW��_[>M�@�GBPD[�_�'���

�

`

�

��,I�ILUVW�DWWHPSW�IDLOHG��WU\�WR�VHH�LI�VHWWLQJ��

�

��[>/HIW@ [>Q@�GBPD[�LV�IHDVLEOH��

�

����������LI���IRXQG�		��_[>Q@�GBPD[�[>M�@_� �'

�

���������������IRU�DOO��� �M���/HIW�DQG�5LJKW���M� � Q���

�

^

�

���������������[>/HIW@� �[�>Q@��GBPD[����������6DPH�ORJLF�DV�EHIRUH��

�

���������������IRU���� �M���/HIW��5LJKW���M� �Q��

�
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��������������������GHOHWH��_[>Q@�GBPD[��[�>M�@�_��'����

���������������IRXQG� �SODFH��[��'��Q��/HIW������5LJKW���

�

����������LI���IRXQG���������%DFNWUDFN��XQGR�WKH�GHOHWLRQ��

�

���������������IRU���� �M���/HIW��5LJKW���M� �Q��

�

��������������������LQVHUW��_[>Q@�GBPD[�[>M�@_��'���

�

`

�

����������UHWXUQ�IRXQG�

�

`

�

)LJXUH�������7XUQSLNH�UHFRQVWUXFWLRQ�DOJRULWKP��EDFNWUDFNLQJ�VWHSV��SVHXGRFRGH�

�

0LQLPD[�6WUDWHJ\
�

7KH�JHQHUDO�VWUDWHJ\�LV�WR�XVH�DQ�HYDOXDWLRQ�IXQFWLRQ�WR�TXDQWLI\�WKH��JRRGQHVV��RI�D�SRVLWLRQ��$�

SRVLWLRQ�WKDW�LV�D�ZLQ�IRU�D�FRPSXWHU�PLJKW�JHW�WKH�YDOXH�RI�����D�GUDZ�FRXOG�JHW����DQG�D�
SRVLWLRQ�WKDW�WKH�FRPSXWHU�KDV�ORVW�ZRXOG�JHW�D������$�SRVLWLRQ�IRU�ZKLFK�WKLV�DVVLJQPHQW�FDQ�EH�
GHWHUPLQHG�E\�H[DPLQLQJ�WKH�ERDUG�LV�NQRZQ�DV�D�WHUPLQDO�SRVLWLRQ���

,I�D�SRVLWLRQ�LV�QRW�WHUPLQDO��WKH�YDOXH�RI�WKH�SRVLWLRQ�LV�GHWHUPLQHG�E\�UHFXUVLYHO\�DVVXPLQJ�
RSWLPDO�SOD\�E\�ERWK�VLGHV��7KLV�LV�NQRZQ�DV�D�PLQLPD[�VWUDWHJ\��EHFDXVH�RQH�SOD\HU��WKH�KXPDQ��
LV�WU\LQJ�WR�PLQLPL]H�WKH�YDOXH�RI�WKH�SRVLWLRQ��ZKLOH�WKH�RWKHU�SOD\HU��WKH�FRPSXWHU��LV�WU\LQJ�
WR�PD[LPL]H�LW���

$�VXFFHVVRU�SRVLWLRQ�RI�3�LV�DQ\�SRVLWLRQ�3V�WKDW�LV�UHDFKDEOH�IURP�3 E\�SOD\LQJ�RQH�PRYH��,I�WKH�

FRPSXWHU�LV�WR�PRYH�ZKHQ�LQ�VRPH�SRVLWLRQ�3��LW�UHFXUVLYHO\�HYDOXDWHV�WKH�YDOXH�RI�DOO�WKH�
VXFFHVVRU�SRVLWLRQV��7KH�FRPSXWHU�FKRRVHV�WKH�PRYH�ZLWK�WKH�ODUJHVW�YDOXH��WKLV�LV�WKH�YDOXH�RI�
3��7R�HYDOXDWH�DQ\�VXFFHVVRU�SRVLWLRQ�3V��DOO�RI�3V
V�VXFFHVVRUV�DUH�UHFXUVLYHO\�HYDOXDWHG��DQG�

WKH�VPDOOHVW�YDOXH�LV�FKRVHQ��7KLV�VPDOOHVW�YDOXH�UHSUHVHQWV�WKH�PRVW�IDYRUDEOH�UHSO\�IRU�WKH�
KXPDQ�SOD\HU���

7KH�FRGH�LQ�)LJXUH�������PDNHV�WKH�FRPSXWHU
V�VWUDWHJ\�PRUH�FOHDU��/LQHV���WKURXJK���HYDOXDWH�

LPPHGLDWH�ZLQV�RU�GUDZV��,I�QHLWKHU�RI�WKHVH�FDVHV�DSSO\��WKHQ�WKH�SRVLWLRQ�LV�QRQWHUPLQDO��
5HFDOOLQJ�WKDW�YDOXH�VKRXOG�FRQWDLQ�WKH�PD[LPXP�RI�DOO�SRVVLEOH�VXFFHVVRU�SRVLWLRQV��OLQH���
LQLWLDOL]HV�LW�WR�WKH�VPDOOHVW�SRVVLEOH�YDOXH��DQG�WKH�ORRS�LQ�OLQHV���WKURXJK����VHDUFKHV�IRU�
LPSURYHPHQWV��(DFK�VXFFHVVRU�SRVLWLRQ�LV�UHFXUVLYHO\�HYDOXDWHG�LQ�WXUQ�E\�OLQHV���WKURXJK�����
7KLV�LV�UHFXUVLYH��EHFDXVH��DV�ZH�ZLOO�VHH��WKH�SURFHGXUH�ILQGBKXPDQBPRYH�FDOOV�ILQGBFRPSBPRYH��
,I�WKH�KXPDQ
V�UHVSRQVH�WR�D�PRYH�OHDYHV�WKH�FRPSXWHU�ZLWK�D�PRUH�IDYRUDEOH�SRVLWLRQ�WKDQ�WKDW�
REWDLQHG�ZLWK�WKH�SUHYLRXVO\�EHVW�FRPSXWHU�PRYH��WKHQ�WKH�YDOXH�DQG�EHVWBPRYH�DUH�XSGDWHG��)LJXUH�
������VKRZV�WKH�SURFHGXUH�IRU�WKH�KXPDQ
V�PRYH�VHOHFWLRQ��7KH�ORJLF�LV�YLUWXDOO\�LGHQWLFDO��
H[FHSW�WKDW�WKH�KXPDQ�SOD\HU�FKRRVHV�WKH�PRYH�WKDW�OHDGV�WR�WKH�ORZHVW�YDOXHG�SRVLWLRQ��,QGHHG��
LW�LV�QRW�GLIILFXOW�WR�FRPELQH�WKHVH�WZR�SURFHGXUHV�LQWR�RQH�E\�SDVVLQJ�DQ�H[WUD�YDULDEOH��ZKLFK�
LQGLFDWHV�ZKRVH�WXUQ�LW�LV�WR�PRYH��7KLV�GRHV�PDNH�WKH�FRGH�VRPHZKDW�OHVV�UHDGDEOH��VR�ZH�KDYH�
VWD\HG�ZLWK�VHSDUDWH�URXWLQHV���

6LQFH�WKHVH�URXWLQHV�PXVW�SDVV�EDFN�ERWK�WKH�YDOXH�RI�WKH�SRVLWLRQ�DQG�WKH�EHVW�PRYH��ZH�SDVV�WKH�
DGGUHVV�RI�WZR�YDULDEOHV�WKDW�ZLOO�JHW�WKLV�LQIRUPDWLRQ��E\�XVLQJ�SRLQWHUV��7KH�ODVW�WZR�
SDUDPHWHUV�QRZ�DQVZHU�WKH�TXHVWLRQ��:+(5("��LQVWHDG�RI��:+$7"����
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��5HFXUVLYH�SURFHGXUH�WR�ILQG�EHVW�PRYH�IRU�FRPSXWHU���

��EHVWBPRYH�SRLQWV�WR�D�QXPEHU�IURP�����LQGLFDWLQJ�VTXDUH���

�

��3RVVLEOH�HYDOXDWLRQV�VDWLVI\�&203B/266���'5$:���&203B:,1��

�

��&RPSOHPHQWDU\�SURFHGXUH�ILQGBKXPDQBPRYH�LV�EHORZ��

�

��ERDUGBW\SH�LV�DQ�DUUD\��WKXV�ERDUG�FDQ�EH�FKDQJHG�E\�SODFH������

�

YRLG

�

ILQGBFRPSBPRYH��ERDUGBW\SH�ERDUG��LQW�EHVWBPRYH��LQW�YDOXH��

�

^

�

LQW�GF��L��UHVSRQVH����GF�PHDQV�GRQ
W�FDUH��

�

����������LI��IXOOBERDUG��ERDUG����

�

���������������YDOXH� �'5$:�

�

HOVH

�

����������LI��LPPHGLDWHBFRPSBZLQ��ERDUG��EHVWBPRYH����

�

����������YDOXH� �&203B:,1�

�

HOVH

�

^

�

���������������YDOXH� �&203B/266�

�

���������������IRU��L ���L� ���L����������WU\�HDFK�VTXDUH��

�

^

�

��������������������LI��LVBHPSW\��ERDUG��L����

�

^

�

������������������������SODFH��ERDUG��L��&203���

�

������������������������ILQGBKXPDQBPRYH��ERDUG��	GF��	UHVSRQVH���

�

������������������������XQSODFH��ERDUG��L������5HVWRUH�ERDUG��

�

������������������������LI��UHVSRQVH�!�YDOXH�����8SGDWH�EHVW�PRYH��

�

^

�

�����������������������������YDOXH� �UHVSRQVH�

�

�����������������������������EHVWBPRYH� �L�

�

`

�

`
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�
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�

)LJXUH�������0LQLPD[�WLF�WDF�WRH�DOJRULWKP��FRPSXWHU�VHOHFWLRQ

�

YRLG

�

ILQGBKXPDQBPRYH��ERDUGBW\SH�ERDUG��LQW�EHVWBPRYH��LQW�YDOXH��

�

^

�

LQW�GF��L��UHVSRQVH����GF�PHDQV�GRQ
W�FDUH��

�

����������LI��IXOOBERDUG��ERDUG����

�

���������������YDOXH� �'5$:�

�

HOVH

�

����������LI��LPPHGLDWHBKXPDQBZLQ��ERDUG��EHVWBPRYH����

�

���������������YDOXH� �&203B/266�

�

HOVH

�

^

�

���������������YDOXH� �&203B:,1�

�

���������������IRU��L ���L� ���L�������WU\�HDFK�VTXDUH��

�

^

�

��������������������LI��LVBHPSW\��ERDUG��L����
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^

�

�������������������������SODFH��ERDUG��L��+80$1���

�

�������������������������ILQGBFRPSBPRYH��ERDUG��	GF��	UHVSRQVH���

�

�������������������������XQSODFH��ERDUG��L������5HVWRUH�ERDUG��

�

�������������������������LI��UHVSRQVH����YDOXH�����8SGDWH�EHVW�PRYH��

�

^
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`

�

)LJXUH�������0LQ�PD[�WLF�WDF�WRH�DOJRULWKP��KXPDQ�VHOHFWLRQ

�

$V�DQ�H[DPSOH��LQ�)LJXUH��������EHVWBPRYH FRQWDLQV�WKH�DGGUHVV�ZKHUH�WKH�EHVW�PRYH�FDQ�EH�SODFHG��

ILQGBFRPSBPRYH�FDQ�H[DPLQH�RU�DOWHU�WKH�GDWD�DW�WKDW�DGGUHVV�E\�DFFHVVLQJ�EHVWBPRYH��/LQH���
VKRZV�KRZ�WKH�FDOOLQJ�URXWLQH�VKRXOG�EHKDYH��6LQFH�WKH�FDOOHU�KDV�WZR�LQWHJHUV�SUHSDUHG�WR�VWRUH�
WKH�GDWD��DQG�ILQGBKXPDQBPRYH�RQO\�ZDQWV�WKH�DGGUHVVHV�RI�WKHVH�WZR�LQWHJHUV��WKH�DGGUHVV�
RSHUDWRU��	��LV�XVHG���

,I�WKH�	�RSHUDWRU�LV�QRW�XVHG�DW�OLQH����DQG�ERWK�GF�DQG�UHVSRQVH�DUH�]HUR��ZKLFK�ZRXOG�EH�
W\SLFDO�RI�XQLQLWLDOL]HG�GDWD���WKH�ILQGBKXPDQBPRYH�ZLOO�WU\�WR�SODFH�LWV�EHVW�PRYH�DQG�SRVLWLRQ�
YDOXH�LQ�PHPRU\�ORFDWLRQ�]HUR��2I�FRXUVH��WKLV�LV�QRW�ZKDW�ZDV�LQWHQGHG��DQG�ZLOO�DOPRVW�
FHUWDLQO\�UHVXOW�LQ�D�SURJUDP�FUDVK��WU\�LW����7KLV�LV�WKH�PRVW�FRPPRQ�HUURU�ZKHQ�XVLQJ�WKH�VFDQI
IDPLO\�RI�OLEUDU\�URXWLQHV���

:H�OHDYH�VXSSRUWLQJ�URXWLQHV�DV�DQ�H[HUFLVH��7KH�PRVW�FRVWO\�FRPSXWDWLRQ�LV�WKH�FDVH�ZKHUH�WKH�
FRPSXWHU�LV�DVNHG�WR�SLFN�WKH�RSHQLQJ�PRYH��6LQFH�DW�WKLV�VWDJH�WKH�JDPH�LV�D�IRUFHG�GUDZ��WKH�
FRPSXWHU�VHOHFWV�VTXDUH����$�WRWDO�RI��������SRVLWLRQV�ZHUH�H[DPLQHG��DQG�WKH�FDOFXODWLRQ�WRRN�
����VHFRQGV�RQ�D�9$;�������1R�DWWHPSW�ZDV�PDGH�WR�RSWLPL]H�WKH�FRGH��:KHQ�WKH�FRPSXWHU�PRYHV�
VHFRQG��WKH�QXPEHU�RI�SRVLWLRQV�H[DPLQHG�LV�������LI�WKH�KXPDQ�VHOHFWV�WKH�FHQWHU�VTXDUH��������
ZKHQ�D�FRUQHU�VTXDUH�LV�VHOHFWHG��DQG��������ZKHQ�D�QRQFRUQHU�HGJH�VTXDUH�LV�VHOHFWHG���

*We numbered the squares starting from the top left and moving right. However, this is only important for the supporting 
routines.��

)RU�PRUH�FRPSOH[�JDPHV��VXFK�DV�FKHFNHUV�DQG�FKHVV��LW�LV�REYLRXVO\�LQIHDVLEOH�WR�VHDUFK�DOO�WKH�
ZD\�WR�WKH�WHUPLQDO�QRGHV�ç ,Q�WKLV�FDVH��ZH�KDYH�WR�VWRS�WKH�VHDUFK�DIWHU�D�FHUWDLQ�GHSWK�RI�
UHFXUVLRQ�LV�UHDFKHG��7KH�QRGHV�ZKHUH�WKH�UHFXUVLRQ�LV�VWRSSHG�EHFRPH�WHUPLQDO�QRGHV��7KHVH�
WHUPLQDO�QRGHV�DUH�HYDOXDWHG�ZLWK�D�IXQFWLRQ�WKDW�HVWLPDWHV�WKH�YDOXH�RI�WKH�SRVLWLRQ��)RU�
LQVWDQFH��LQ�D�FKHVV�SURJUDP��WKH�HYDOXDWLRQ�IXQFWLRQ�PHDVXUHV�VXFK�YDULDEOHV�DV�WKH�UHODWLYH�
DPRXQW�DQG�VWUHQJWK�RI�SLHFHV�DQG�SRVLWLRQDO�IDFWRUV��7KH�HYDOXDWLRQ�IXQFWLRQ�LV�FUXFLDO�IRU�
VXFFHVV��EHFDXVH�WKH�FRPSXWHU
V�PRYH�VHOHFWLRQ�LV�EDVHG�RQ�PD[LPL]LQJ�WKLV�IXQFWLRQ��7KH�EHVW�
FRPSXWHU�FKHVV�SURJUDPV�KDYH�VXUSULVLQJO\�VRSKLVWLFDWHG�HYDOXDWLRQ�IXQFWLRQV���

çIt is estimated that if this search were conducted for chess, at least 10100 positions would be examined for the first 
move. Even if the improvements described later in this section were incorporated, this number could not be reduced to a 
practical level.��

1HYHUWKHOHVV��IRU�FRPSXWHU�FKHVV��WKH�VLQJOH�PRVW�LPSRUWDQW�IDFWRU�VHHPV�WR�EH�QXPEHU�RI�PRYHV�RI�
ORRN�DKHDG�WKH�SURJUDP�LV�FDSDEOH�RI��7KLV�LV�VRPHWLPHV�NQRZQ�DV�SO\��LW�LV�HTXDO�WR�WKH�GHSWK�RI�
WKH�UHFXUVLRQ��7R�LPSOHPHQW�WKLV��DQ�H[WUD�SDUDPHWHU�LV�JLYHQ�WR�WKH�VHDUFK�URXWLQHV���

7KH�EDVLF�PHWKRG�WR�LQFUHDVH�WKH�ORRN�DKHDG�IDFWRU�LQ�JDPH�SURJUDPV�LV�WR�FRPH�XS�ZLWK�PHWKRGV�
WKDW�HYDOXDWH�IHZHU�QRGHV�ZLWKRXW�ORVLQJ�DQ\�LQIRUPDWLRQ��2QH�PHWKRG�ZKLFK�ZH�KDYH�DOUHDG\�VHHQ�
LV�WR�XVH�D�WDEOH�WR�NHHS�WUDFN�RI�DOO�SRVLWLRQV�WKDW�KDYH�EHHQ�HYDOXDWHG��)RU�LQVWDQFH��LQ�WKH�
FRXUVH�RI�VHDUFKLQJ�IRU�WKH�ILUVW�PRYH��WKH�SURJUDP�ZLOO�H[DPLQH�WKH�SRVLWLRQV�LQ�)LJXUH��������
,I�WKH�YDOXHV�RI�WKH�SRVLWLRQV�DUH�VDYHG��WKH�VHFRQG�RFFXUUHQFH�RI�D�SRVLWLRQ�QHHG�QRW�EH�
UHFRPSXWHG��LW�HVVHQWLDOO\�EHFRPHV�D�WHUPLQDO�SRVLWLRQ��7KH�GDWD�VWUXFWXUH�WKDW�UHFRUGV�WKLV�LV�
NQRZQ�DV�D�WUDQVSRVLWLRQ�WDEOH��LW�LV�DOPRVW�DOZD\V�LPSOHPHQWHG�E\�KDVKLQJ��,Q�PDQ\�FDVHV��WKLV�
FDQ�VDYH�FRQVLGHUDEOH�FRPSXWDWLRQ��)RU�LQVWDQFH��LQ�D�FKHVV�HQGJDPH��ZKHUH�WKHUH�DUH�UHODWLYHO\�
IHZ�SLHFHV��WKH�WLPH�VDYLQJV�FDQ�DOORZ�D�VHDUFK�WR�JR�VHYHUDO�OHYHOV�GHHSHU���

� �3UXQLQJ

�
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3UREDEO\�WKH�PRVW�VLJQLILFDQW�LPSURYHPHQW�RQH�FDQ�REWDLQ�LQ�JHQHUDO�LV�NQRZQ�DV� � �
SUXQLQJ��)LJXUH�������VKRZV�WKH�WUDFH�RI�WKH�UHFXUVLYH�FDOOV�XVHG�WR�HYDOXDWH�VRPH�K\SRWKHWLFDO�
SRVLWLRQ�LQ�D�K\SRWKHWLFDO�JDPH��7KLV�LV�FRPPRQO\�UHIHUUHG�WR�DV�D�JDPH�WUHH���:H�KDYH�DYRLGHG�
WKH�XVH�RI�WKLV�WHUP�XQWLO�QRZ��EHFDXVH�LW�LV�VRPHZKDW�PLVOHDGLQJ��QR�WUHH�LV�DFWXDOO\�
FRQVWUXFWHG�E\�WKH�DOJRULWKP��7KH�JDPH�WUHH�LV�MXVW�DQ�DEVWUDFW�FRQFHSW���7KH�YDOXH�RI�WKH�JDPH�
WUHH�LV������

�

�

)LJXUH�������7ZR�VHDUFKHV�WKDW�DUULYH�DW�LGHQWLFDO�SRVLWLRQ

�

)LJXUH�������VKRZV�WKH�HYDOXDWLRQ�RI�WKH�VDPH�JDPH�WUHH��ZLWK�VHYHUDO�XQHYDOXDWHG�QRGHV��$OPRVW�

KDOI�RI�WKH�WHUPLQDO�QRGHV�KDYH�QRW�EHHQ�FKHFNHG��:H�VKRZ�WKDW�HYDOXDWLQJ�WKHP�ZRXOG�QRW�FKDQJH�
WKH�YDOXH�DW�WKH�URRW���

)LUVW��FRQVLGHU�QRGH�'��)LJXUH�������VKRZV�WKH�LQIRUPDWLRQ�WKDW�KDV�EHHQ�JDWKHUHG�ZKHQ�LW�LV�WLPH�
WR�HYDOXDWH�'��$W�WKLV�SRLQW��ZH�DUH�VWLOO�LQ�ILQGBKXPDQBPRYH�DQG�DUH�FRQWHPSODWLQJ�D�FDOO�WR�
ILQGBFRPSBPRYH�RQ�'��+RZHYHU��ZH�DOUHDG\�NQRZ�WKDW�ILQGBKXPDQBPRYH�ZLOO�UHWXUQ�DW�PRVW�����VLQFH�
LW�LV�D�PLQ�QRGH��2Q�WKH�RWKHU�KDQG��LWV�PD[�QRGH�SDUHQW�KDV�DOUHDG\�IRXQG�D�VHTXHQFH�WKDW�
JXDUDQWHHV�����1RWKLQJ�WKDW�'�GRHV�FDQ�SRVVLEO\�LQFUHDVH�WKLV�YDOXH��7KHUHIRUH��'�GRHV�QRW�QHHG�

WR�EH�HYDOXDWHG��7KLV�SUXQLQJ�RI�WKH�WUHH�LV�NQRZQ�DV� SUXQLQJ��$Q�LGHQWLFDO�VLWXDWLRQ�RFFXUV�

DW�QRGH�%��7R�LPSOHPHQW� �SUXQLQJ��JHWBFRPSBPRYH�SDVVHV�LWV�WHQWDWLYH�PD[LPXP�� ��WR�
JHWBKXPDQBPRYH��,I�WKH�WHQWDWLYH�PLQLPXP�RI�JHWBKXPDQBPRYH�IDOOV�EHORZ�WKLV�YDOXH��WKHQ�
JHWBKXPDQBPRYH�UHWXUQV�LPPHGLDWHO\���

$�VLPLODU�WKLQJ�KDSSHQV�DW�QRGHV�$�DQG�&��7KLV�WLPH��ZH�DUH�LQ�WKH�PLGGOH�RI�D�ILQGBFRPSBPRYH DQG�
DUH�DERXW�WR�PDNH�D�FDOO�WR�ILQGBKXPDQBPRYH�WR�HYDOXDWH�&��)LJXUH�������VKRZV�WKH�VLWXDWLRQ�WKDW�
LV�HQFRXQWHUHG�DW�QRGH�&��+RZHYHU��WKH�VILQGBKXPDQBPRYH��DW�WKH�PLQ�OHYHO��ZKLFK�KDV�FDOOHG�
ILQGBFRPSBPRYH��KDV�DOUHDG\�GHWHUPLQHG�WKDW�LW�FDQ�IRUFH�D�YDOXH�RI�DW�PRVW�����UHFDOO�WKDW�ORZ�
YDOXHV�DUH�JRRG�IRU�WKH�KXPDQ�VLGH���6LQFH�ILQGBFRPSBPRYH�KDV�D�WHQWDWLYH�PD[LPXP�RI�����QRWKLQJ�
WKDW�&�GRHV�ZLOO�DIIHFW�WKH�UHVXOW�DW�WKH�PLQ�OHYHO��7KHUHIRUH��&�VKRXOG�QRW�EH�HYDOXDWHG��7KLV�

W\SH�RI�SUXQLQJ�LV�NQRZQ�DV� �SUXQLQJ��LW�LV�WKH�V\PPHWULF�YHUVLRQ�RI� �SUXQLQJ��:KHQ�ERWK�

WHFKQLTXHV�DUH�FRPELQHG��ZH�KDYH� � �SUXQLQJ��

�
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�

�

)LJXUH�������$�K\SRWKHWLFDO�JDPH�WUHH

�

�

�

)LJXUH�������$�SUXQHG�JDPH�WUHH

�

�

�

)LJXUH�������7KH�QRGH�PDUNHG�"�LV�XQLPSRUWDQW

�

�

�
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)LJXUH�������7KH�QRGH�PDUNHG�"�LV�XQLPSRUWDQW�

,PSOHPHQWLQJ� � �SUXQLQJ�UHTXLUHV�VXUSULVLQJO\�OLWWOH�FRGH��,W�LV�QRW�DV�GLIILFXOW�DV�RQH�
PLJKW�WKLQN��DOWKRXJK�PDQ\�SURJUDPPHUV�KDYH�D�YHU\�KDUG�WLPH�GRLQJ�LW�ZLWKRXW�ORRNLQJ�DW�D�
UHIHUHQFH�ERRN��

)LJXUH�������VKRZV�KDOI�RI�WKH� � �SUXQLQJ�VFKHPH��PLQXV�W\SH�

GHFODUDWLRQV���\RX�VKRXOG�KDYH�QR�WURXEOH�FRGLQJ�WKH�RWKHU�KDOI���

��6DPH�DV�EHIRUH��EXW�SHUIRUP� �� �SUXQLQJ����

�

��7KH�PDLQ�URXWLQH�VKRXOG�PDNH�WKH�FDOO�ZLWK� � �&203B/266�

�

����� � �&203B:,1���

�

YRLG

�

ILQGBFRPSBPRYH��ERDUGBW\SH�ERDUG��LQW�EHVWBPRYH��LQW�YDOXH�

�

LQW� ��LQW� ��

�

^

�

LQW�GF��L��UHVSRQVH����GF�PHDQV�GRQ
W�FDUH��

�

����������LI��IXOOBERDUG��ERDUG����

�

���������������YDOXH� �'5$:�

�

HOVH

�

����������LI��LPPHGLDWH�FRPSBZLQ��ERDUG��EHVWBPRYH����

�

���������������YDOXH� �&203B:,1�

�

HOVH

�

^

�

���������������YDOXH� � ��

�

���������������IRU��L ����L� ���		��YDOXH� ���L����������WU\�HDFK�VTXDUH��

�

^

�

��������������������LI��LVBHPSW\��ERDUG��L����

�

^

�

�������������������������SODFH��ERDUG��L��&203���

�
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�������������������������ILQGBKXPDQBPRYH��ERDUG��	GF��	UHVSRQVH��YDOXH�� ���

�

�������������������������XQSODFH��ERDUG��L������5HVWRUH�ERDUG��

�

�������������������������LI��UHVSRQVH�!�YDOXH�����8SGDWH�EHVW�PRYH��

�

^

�

������������������������������YDOXH� �UHVSRQVH�

�

������������������������������EHVWBPRYH� �L�

�

`

�

`

�

`

�

`

�

`

�

)LJXUH�������0LQ�PD[�WLF�WDF�WRH�DOJRULWKP�ZLWK� � �SUXQLQJ��&RPSXWHU�VHOHFWLRQ�

�

7R�WDNH�IXOO�DGYDQWDJH�RI� � �SUXQLQJ��JDPH�SURJUDPV�XVXDOO\�WU\�WR�DSSO\�WKH�HYDOXDWLRQ�
IXQFWLRQ�WR�QRQWHUPLQDO�QRGHV�LQ�DQ�DWWHPSW�WR�SODFH�WKH�EHVW�PRYHV�HDUO\�LQ�WKH�VHDUFK��7KH�
UHVXOW�LV�HYHQ�PRUH�SUXQLQJ�WKDQ�RQH�ZRXOG�H[SHFW�IURP�D�UDQGRP�RUGHULQJ�RI�WKH�QRGHV��2WKHU�
WHFKQLTXHV��VXFK�DV�VHDUFKLQJ�GHHSHU�LQ�PRUH�DFWLYH�OLQHV�RI�SOD\��DUH�DOVR�HPSOR\HG���

,Q�SUDFWLFH�� � �SUXQLQJ�OLPLWV�WKH�VHDUFKLQJ�WR�RQO\� �QRGHV��ZKHUH�Q�LV�WKH�VL]H�

RI�WKH�IXOO�JDPH�WUHH��7KLV�D�KXJH�VDYLQJ�DQG�PHDQV�WKDW�VHDUFKHV�XVLQJ� � �SUXQLQJ�FDQ�JR�
WZLFH�DV�GHHS�DV�FRPSDUHG�WR�DQ�XQSUXQHG�WUHH��2XU�WLF�WDF�WRH�H[DPSOH�LV�QRW�LGHDO��EHFDXVH�
WKHUH�DUH�VR�PDQ\�LGHQWLFDO�YDOXHV��EXW�HYHQ�VR��WKH�LQLWLDO�VHDUFK�RI��������QRGHV�LV�UHGXFHG�WR�
������QRGHV���7KHVH�FRXQWV�LQFOXGH�QRQWHUPLQDO�QRGHV����

,Q�PDQ\�JDPHV��FRPSXWHUV�DUH�DPRQJ�WKH�EHVW�SOD\HUV�LQ�WKH�ZRUOG��7KH�WHFKQLTXHV�XVHG�DUH�YHU\�
LQWHUHVWLQJ��DQG�FDQ�EH�DSSOLHG�WR�PRUH�VHULRXV�SUREOHPV��0RUH�GHWDLOV�FDQ�EH�IRXQG�LQ�WKH�
UHIHUHQFHV���

6XPPDU\
�

7KLV�FKDSWHU�LOOXVWUDWHV�ILYH�RI�WKH�PRVW�FRPPRQ�WHFKQLTXHV�IRXQG�LQ�DOJRULWKP�GHVLJQ��:KHQ�
FRQIURQWHG�ZLWK�D�SUREOHP��LW�LV�ZRUWKZKLOH�WR�VHH�LI�DQ\�RI�WKHVH�PHWKRGV�DSSO\��$�SURSHU�FKRLFH�
RI�DOJRULWKP��FRPELQHG�ZLWK�MXGLFLRXV�XVH�RI�GDWD�VWUXFWXUHV��FDQ�RIWHQ�OHDG�TXLFNO\�WR�HIILFLHQW�
VROXWLRQV���

([HUFLVHV
�

�����6KRZ�WKDW�WKH�JUHHG\�DOJRULWKP�WR�PLQLPL]H�WKH�PHDQ�FRPSOHWLRQ�WLPH�IRU�PXOWLSURFHVVRU�MRE�

VFKHGXOLQJ�ZRUNV���
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�����7KH�LQSXW�LV�D�VHW�RI�MREV�M���M�����������MQ��HDFK�RI�ZKLFK�WDNHV�RQH�WLPH�XQLW�WR�

FRPSOHWH��(DFK�MRE�ML�HUDQV�GL�GROODUV�LI�LW�LV�FRPSOHWHG�E\�WKH�WLPH�OLPLW�WL��EXW�QR�PRQH\�LI�

FRPSOHWHG�DIWHU�WKH�WLPH�OLPLW���

�D��*LYH�DQ�2�Q���JUHHG\�DOJRULWKP�WR�VROYH�WKH�SUREOHP��

�

�E��0RGLI\�\RXU�DOJRULWKP�WR�REWDLQ�DQ�2�Q�ORJ�Q��WLPH�ERXQG��+LQW��7KH�WLPH�ERXQG�LV�GXH�
HQWLUHO\�WR�VRUWLQJ�WKH�MREV�E\�PRQH\��7KH�UHVW�RI�WKH�DOJRULWKP�FDQ�EH�LPSOHPHQWHG��XVLQJ�WKH�
GLVMRLQW�VHW�GDWD�VWUXFWXUH��LQ�R�Q�ORJ�Q����

�����$�ILOH�FRQWDLQV�RQO\�FRORQV��VSDFHV��QHZOLQH��FRPPDV��DQG�GLJLWV�LQ�WKH�IROORZLQJ�IUHTXHQF\��

FRORQ��������VSDFH��������QHZOLQH��������FRPPDV���������������������������������������������
����������������������������������������������������&RQVWUXFW�WKH�+XIIPDQ�FRGH���

�����3DUW�RI�WKH�HQFRGHG�ILOH�PXVW�EH�D�KHDGHU�LQGLFDWLQJ�WKH�+XIIPDQ�FRGH��*LYH�D�PHWKRG�IRU�

FRQVWUXFWLQJ�WKH�KHDGHU�RI�VL]H�DW�PRVW�2�Q���LQ�DGGLWLRQ�WR�WKH�V\PEROV���ZKHUH�Q�LV�WKH�QXPEHU�
RI�V\PEROV���

�����&RPSOHWH�WKH�SURRI�WKDW�+XIIPDQ
V�DOJRULWKP�JHQHUDWHV�DQ�RSWLPDO�SUHIL[�FRGH��

�

�����6KRZ�WKDW�LI�WKH�V\PEROV�DUH�VRUWHG�E\�IUHTXHQF\��+XIIPDQ
V�DOJRULWKP�FDQ�EH�LPSOHPHQWHG�LQ�

OLQHDU�WLPH���

�����:ULWH�D�SURJUDP�WR�LPSOHPHQW�ILOH�FRPSUHVVLRQ��DQG�XQFRPSUHVVLRQ��XVLQJ�+XIIPDQ
V�DOJRULWKP�

�����6KRZ�WKDW�DQ\�RQ�OLQH�ELQ�SDFNLQJ�DOJRULWKP�FDQ�EH�IRUFHG�WR�XVH�DW�OHDVW� �WKH�RSWLPDO�

QXPEHU�RI�ELQV��E\�FRQVLGHULQJ�WKH�IROORZLQJ�VHTXHQFH�RI�LWHPV��Q�LWHPV�RI�VL]H� ��Q LWHPV�

RI�VL]H� ��Q�LWHPV�RI�VL]H� ��

�

�����([SODLQ�KRZ�WR�LPSOHPHQW�ILUVW�ILW�DQG�EHVW�ILW�LQ�2�Q�ORJ�Q��WLPH��

�

������6KRZ�WKH�RSHUDWLRQ�RI�DOO�RI�WKH�ELQ�SDFNLQJ�VWUDWHJLHV�GLVFXVVHG�LQ�6HFWLRQ��������RQ�WKH�

LQSXW�������������������������������������������������������������������������������������������
�������������������������

������:ULWH�D�SURJUDP�WKDW�FRPSDUHV�WKH�SHUIRUPDQFH��ERWK�LQ�WLPH�DQG�QXPEHU�RI�ELQV�XVHG��RI�WKH�

YDULRXV�ELQ�SDFNLQJ�KHXULVWLFV���

������3URYH�7KHRUHP�������

�

������3URYH�7KHRUHP�������

�

������Q�SRLQWV�DUH�SODFHG�LQ�D�XQLW�VTXDUH��6KRZ�WKDW�WKH�GLVWDQFH�EHWZHHQ�WKH�FORVHVW�SDLU�LV�2
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�Q��������

������$UJXH�WKDW�IRU�WKH�FORVHVW�SRLQWV�DOJRULWKP��WKH�DYHUDJH�QXPEHU�RI�SRLQWV�LQ�WKH�VWULS�LV�

� ��+LQW��8VH�WKH�UHVXOW�RI�WKH�SUHYLRXV�H[HUFLVH��
�

������:ULWH�D�SURJUDP�WR�LPSOHPHQW�WKH�FORVHVW�SDLU�DOJRULWKP��

�

������:KDW�LV�WKH�DV\PSWRWLF�UXQQLQJ�WLPH�RI�TXLFNVHOHFW��XVLQJ�D�PHGLDQ�RI�PHGLDQ�RI�WKUHH�

SDUWLWLRQLQJ�VWUDWHJ\"��

������6KRZ�WKDW�TXLFNVHOHFW�ZLWK�PHGLDQ�RI�PHGLDQ�RI�VHYHQ�SDUWLWLRQLQJ�LV�OLQHDU��:K\�LV�PHGLDQ�

RI�PHGLDQ�RI�VHYHQ�SDUWLWLRQLQJ�QRW�XVHG�LQ�WKH�SURRI"��

������,PSOHPHQW�WKH�TXLFNVHOHFW�DOJRULWKP�LQ�&KDSWHU����TXLFNVHOHFW�XVLQJ�PHGLDQ�RI�PHGLDQ�RI�

ILYH�SDWLWLRQLQJ��DQG�WKH�VDPSOLQJ�DOJRULWKP�DW�WKH�HQG�RI�6HFWLRQ���������&RPSDUH�WKH�UXQQLQJ�
WLPHV���

������0XFK�RI�WKH�LQIRUPDWLRQ�XVHG�WR�FRPSXWH�WKH�PHGLDQ�RI�PHGLDQ�RI�ILYH�LV�WKURZQ�DZD\��6KRZ�

KRZ�WKH�QXPEHU�RI�FRPSDULVRQV�FDQ�EH�UHGXFHG�E\�PRUH�FDUHIXO�XVH�RI�WKH�LQIRUPDWLRQ���

������&RPSOHWH�WKH�DQDO\VLV�RI�WKH�VDPSOLQJ�DOJRULWKP�GHVFULEHG�DW�WKH�HQG�RI�6HFWLRQ���������

DQG�H[SODLQ�KRZ�WKH�YDOXHV�RI� �DQG�V�DUH�FKRVHQ��

�

������6KRZ�KRZ�WKH�UHFXUVLYH�PXOWLSOLFDWLRQ�DOJRULWKP�FRPSXWHV�[\��ZKHUH�[� ������DQG�\� �������

,QFOXGH�DOO�UHFXUVLYH�FRPSXWDWLRQV���

������6KRZ�KRZ�WR�PXOWLSO\�WZR�FRPSOH[�QXPEHUV�[� �D���EL�DQG�\� �F���GL�XVLQJ�RQO\�WKUHH�

PXOWLSOLFDWLRQV���

�������D��6KRZ�WKDW�

�

[O\U���[U\O� ��[O���[U��\O���\U����[O\O���[U\U

�

�E��7KLV�JLYHV�DQ�2�Q������DOJRULWKP�WR�PXOWLSO\�Q�ELW�QXPEHUV��&RPSDUH�WKLV�PHWKRG�WR�WKH�
VROXWLRQ�LQ�WKH�WH[W���

��������D��6KRZ�KRZ�WR�PXOWLSO\�WZR�QXPEHUV�E\�VROYLQJ�ILYH�SUREOHPV�WKDW�DUH�URXJKO\�RQH�WKLUG�

RI�WKH�RULJLQDO�VL]H���

�E��*HQHUDOL]H�WKLV�SUREOHP�WR�REWDLQ�DQ�2�Q�� ��DOJRULWKP�IRU�DQ\�FRQVWDQW� �!����

�

�F��,V�WKH�DOJRULWKP�LQ�SDUW��E��EHWWHU�WKDQ�2�Q�ORJ�Q�"�

�
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3URFHHGLQJV�RI�WKH�6L[WK�$QQXDO�$&0�6\PSRVLXP�RQ�&RPSXWDWLRQDO�*HRPHWU\�������������������

����9��6WUDVVHQ���*DXVVLDQ�(OLPLQDWLRQ�LV�1RW�2SWLPDO���1XPHULVFKH�0DWKHPDWLN��������������������

����5��$��:DJQHU�DQG�0��-��)LVFKHU���7KH�6WULQJ�WR�6WULQJ�&RUUHFWLRQ�3UREOHP���-RXUQDO�RI�WKH�$&0

���������������������

����$��&��<DR���1HZ�$OJRULWKPV�IRU�%LQ�3DFNLQJ���-RXUQDO�RI�WKH�$&0���������������������

�

����)��)��<DR���(IILFLHQW�'\QDPLF�3URJUDPPLQJ�8VLQJ�4XDGUDQJOH�,QHTXDOLWLHV���3URFHHGLQJV�RI�WKH�

7ZHOIWK�$QQXDO�$&0�6\PSRVLXP�RQ�WKH�7KHRU\�RI�&RPSXWLQJ�������������������
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����-��=LY�DQG�$��/HPSHO���$�8QLYHUVDO�$OJRULWKP�IRU�6HTXHQWLDO�'DWD�&RPSUHVVLRQ���,(((�

7UDQVDFWLRQV�RQ�,QIRUPDWLRQ�7KHRU\�,7���������������������

����-��=LY�DQG�$��/HPSHO���&RPSUHVVLRQ�RI�,QGLYLGXDO�6HTXHQFHV�YLD�9DULDEOH�UDWH�&RGLQJ���,(((�

7UDQVDFWLRQV�RQ�,QIRUPDWLRQ�7KHRU\�,7���������������������

*R�WR�&KDSWHU����5HWXUQ�WR�7DEOH�RI�&RQWHQWV�

�
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&+$37(5�����
$0257,=('�$1$/<6,6�

,Q�WKLV�FKDSWHU��ZH�ZLOO�DQDO\]H�WKH�UXQQLQJ�WLPH�IRU�VHYHUDO�RI�WKH�DGYDQFHG�
GDWD�VWUXFWXUHV�WKDW�KDYH�EHHQ�SUHVHQWHG�LQ�&KDSWHUV���DQG����,Q�SDUWLFXODU��ZH�
ZLOO�FRQVLGHU�WKH�ZRUVW�FDVH�UXQQLQJ�WLPH�IRU�DQ\�VHTXHQFH�RI�P�RSHUDWLRQV��7KLV�
FRQWUDVWV�ZLWK�WKH�PRUH�W\SLFDO�DQDO\VLV��LQ�ZKLFK�D�ZRUVW�FDVH�ERXQG�LV�JLYHQ�
IRU�DQ\�VLQJOH�RSHUDWLRQ���

$V�DQ�H[DPSOH��ZH�KDYH�VHHQ�WKDW�AVL�WUHHV�VXSSRUW�WKH�VWDQGDUG�WUHH�RSHUDWLRQV�
LQ�2�ORJ�Q��ZRUVW�FDVH�WLPH�SHU�RSHUDWLRQ��AVL WUHHV�DUH�VRPHZKDW�FRPSOLFDWHG�WR�
LPSOHPHQW��QRW�RQO\�EHFDXVH�WKHUH�DUH�D�KRVW�RI�FDVHV��EXW�DOVR�EHFDXVH�KHLJKW�
EDODQFH�LQIRUPDWLRQ�PXVW�EH�PDLQWDLQHG�DQG�XSGDWHG�FRUUHFWO\��7KH�UHDVRQ�WKDW�

AVL�WUHHV�DUH�XVHG�LV�WKDW�D�VHTXHQFH�RI� �Q��RSHUDWLRQV�RQ�DQ�XQEDODQFHG�

VHDUFK�WUHH�FRXOG�UHTXLUH� �Q���WLPH��ZKLFK�ZRXOG�EH�H[SHQVLYH��)RU�VHDUFK�
WUHHV��WKH�2�Q��ZRUVW�FDVH�UXQQLQJ�WLPH�RI�DQ�RSHUDWLRQ�LV�QRW�WKH�UHDO�SUREOHP��
7KH�PDMRU�SUREOHP�LV�WKDW�WKLV�FRXOG�KDSSHQ�UHSHDWHGO\��6SOD\�WUHHV�RIIHU�D�

SOHDVDQW�DOWHUQDWLYH��$OWKRXJK�DQ\�RSHUDWLRQ�FDQ�VWLOO�UHTXLUH� �Q��WLPH��WKLV�
GHJHQHUDWH�EHKDYLRU�FDQQRW�RFFXU�UHSHDWHGO\��DQG�ZH�FDQ�SURYH�WKDW�DQ\�VHTXHQFH�
RI�P�RSHUDWLRQV�WDNHV�2�P�ORJ�Q��ZRUVW�FDVH�WLPH��WRWDO���7KXV��LQ�WKH�ORQJ�UXQ�
WKLV�GDWD�VWUXFWXUH�EHKDYHV�DV�WKRXJK�HDFK�RSHUDWLRQ�WDNHV�2�ORJ�Q���:H�FDOO�WKLV�
DQ�DPRUWL]HG�WLPH�ERXQG���

$PRUWL]HG�ERXQGV�DUH�ZHDNHU�WKDQ�WKH�FRUUHVSRQGLQJ�ZRUVW�FDVH�ERXQGV��EHFDXVH�
WKHUH�LV�QR�JXDUDQWHH�IRU�DQ\�VLQJOH�RSHUDWLRQ��6LQFH�WKLV�LV�JHQHUDOO\�QRW�
LPSRUWDQW��ZH�DUH�ZLOOLQJ�WR�VDFULILFH�WKH�ERXQG�RQ�D�VLQJOH�RSHUDWLRQ��LI�ZH�FDQ�
UHWDLQ�WKH�VDPH�ERXQG�IRU�WKH�VHTXHQFH�RI�RSHUDWLRQV�DQG�DW�WKH�VDPH�WLPH�
VLPSOLI\�WKH�GDWD�VWUXFWXUH��$PRUWL]HG�ERXQGV�DUH�VWURQJHU�WKDQ�WKH�HTXLYDOHQW�
DYHUDJH�FDVH�ERXQG��)RU�LQVWDQFH��ELQDU\�VHDUFK�WUHHV�KDYH�2��ORJ�Q��DYHUDJH�WLPH�
SHU�RSHUDWLRQ��EXW�LW�LV�VWLOO�SRVVLEOH�IRU�D�VHTXHQFH�RI�P�RSHUDWLRQV�WR�WDNH�2�
�PQ��WLPH���

%HFDXVH�GHULYLQJ�DQ�DPRUWL]HG�ERXQG�UHTXLUHV�XV�WR�ORRN�DW�DQ�HQWLUH�VHTXHQFH�RI�
RSHUDWLRQV�LQVWHDG�RI�MXVW�RQH��ZH�H[SHFW�WKDW�WKH�DQDO\VLV�ZLOO�EH�PRUH�WULFN\��
:H�ZLOO�VHH�WKDW�WKLV�H[SHFWDWLRQ�LV�JHQHUDOO\�UHDOL]HG���

,Q�WKLV�FKDSWHU�ZH�VKDOO��

�$QDO\]H�WKH�ELQRPLDO�TXHXH�RSHUDWLRQV���

�$QDO\]H�VNHZ�KHDSV���

�,QWURGXFH�DQG�DQDO\]H�WKH�)LERQDFFL�KHDS���

5HWXUQ�WR�7DEOH�RI�&RQWHQWV3UHYLRXV�&KDSWHU
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�$QDO\]H�VSOD\�WUHHV���

������$Q�8QUHODWHG�3X]]OH�

&RQVLGHU�WKH�IROORZLQJ�SX]]OH��7ZR�NLWWHQV�DUH�SODFHG�RQ�RSSRVLWH�HQGV�RI�D�
IRRWEDOO�ILHOG������\DUGV�DSDUW��7KH\�ZDON�WRZDUGV�HDFK�RWKHU�DW�WKH�VSHHG�RI�WHQ�
\DUGV�SHU�PLQXWH��$W�WKH�VDPH�WLPH��WKHLU�PRWKHU�LV�DW�RQH�HQG�RI�WKH�ILHOG��6KH�
FDQ�UXQ�DW�����\DUGV�SHU�PLQXWH��7KH�PRWKHU�UXQV�IURP�RQH�NLWWHQ�WR�WKH�RWKHU��
PDNLQJ�WXUQV�ZLWK�QR�ORVV�RI�VSHHG��XQWLO�WKH�NLWWHQV��DQG�WKXV�WKH�PRWKHU��PHHW�
DW�PLGILHOG��+RZ�IDU�GRHV�WKH�PRWKHU�UXQ"��

,W�LV�QRW�KDUG�WR�VROYH�WKLV�SX]]OH�ZLWK�D�EUXWH�IRUFH�FDOFXODWLRQ��:H�OHDYH�WKH�
GHWDLOV�WR�\RX��EXW�RQH�H[SHFWV�WKDW�WKLV�FDOFXODWLRQ�ZLOO�LQYROYH�FRPSXWLQJ�WKH�
VXP�RI�DQ�LQILQLWH�JHRPHWULF�VHULHV��$OWKRXJK�WKLV�VWUDLJKWIRUZDUG�FDOFXODWLRQ�
ZLOO�OHDG�WR�DQ�DQVZHU��LW�WXUQV�RXW�WKDW�D�PXFK�VLPSOHU�VROXWLRQ�FDQ�EH�DUULYHG�
DW�E\�LQWURGXFLQJ�DQ�H[WUD�YDULDEOH��QDPHO\��WLPH���

%HFDXVH�WKH�NLWWHQV�DUH�����\DUGV�DSDUW�DQG�DSSURDFK�HDFK�RWKHU�DW�D�FRPELQHG�
YHORFLW\�RI����\DUGV�SHU�PLQXWH��LW�WDNHV�WKHP�ILYH�PLQXWHV�WR�JHW�WR�PLGILHOG��
6LQFH�WKH�PRWKHU�UXQV�����\DUGV�SHU�PLQXWH��KHU�WRWDO�LV�����\DUGV���

7KLV�SX]]OH�LOOXVWUDWHV�WKH�SRLQW�WKDW�VRPHWLPHV�LW�LV�HDVLHU�WR�VROYH�D�SUREOHP�
LQGLUHFWO\�WKDQ�GLUHFWO\��7KH�DPRUWL]HG�DQDO\VHV�WKDW�ZH�ZLOO�SHUIRUP�ZLOO�XVH�
WKLV�LGHD��:H�ZLOO�LQWURGXFH�DQ�H[WUD�YDULDEOH��NQRZQ�DV�WKH�SRWHQWLDO��WR�DOORZ�
XV�WR�SURYH�UHVXOWV�WKDW�VHHP�YHU\�GLIILFXOW�WR�HVWDEOLVK�RWKHUZLVH���

������%LQRPLDO�4XHXHV�

7KH�ILUVW�GDWD�VWUXFWXUH�ZH�ZLOO�ORRN�DW�LV�WKH�ELQRPLDO�TXHXH�RI�&KDSWHU����
ZKLFK�ZH�QRZ�UHYLHZ�EULHIO\��5HFDOO�WKDW�D�ELQRPLDO�WUHH�%��LV�D�RQH�QRGH�WUHH��

DQG�IRU�N�!����WKH�ELQRPLDO�WUHH�%N�LV�EXLOW�E\�PHOGLQJ�WZR�ELQRPLDO�WUHHV�%N���

WRJHWKHU��%LQRPLDO�WUHHV�%��WKURXJK�%��DUH�VKRZQ�LQ�)LJXUH��������

��

)LJXUH������%LQRPLDO�WUHHV�%���%���%���%���DQG�%�

�

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5�����$0257,=('�$1$/<6,6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



�

�

)LJXUH������7ZR�ELQRPLDO�TXHXHV�+� and H2

�

7KH�UDQN�RI�D�QRGH�LQ�D�ELQRPLDO�WUHH�LV�HTXDO�WR�WKH�QXPEHU�RI�FKLOGUHQ��LQ�SDUWLFXODU��WKH�UDQN�
RI�WKH�URRW�RI�%N�LV�N��$�ELQRPLDO�TXHXH�LV�D�FROOHFWLRQ�RI�KHDS�RUGHUHG�ELQRPLDO�WUHHV��LQ�ZKLFK�

WKHUH�FDQ�EH�DW�PRVW�RQH�ELQRPLDO�WUHH�%N�IRU�DQ\�N��7ZR�ELQRPLDO�TXHXHV��+��DQG�+���DUH�VKRZQ�LQ�

)LJXUH��������

7KH�PRVW�LPSRUWDQW�RSHUDWLRQ�LV�PHUJH��7R�PHUJH�WZR�ELQRPLDO�TXHXHV��DQ�RSHUDWLRQ�VLPLODU�WR�
DGGLWLRQ�RI�ELQDU\�LQWHJHUV�LV�SHUIRUPHG��$W�DQ\�VWDJH�ZH�PD\�KDYH�]HUR��RQH��WZR��RU�SRVVLEO\�
WKUHH�%N�WUHHV��GHSHQGLQJ�RQ�ZKHWKHU�RU�QRW�WKH�WZR�SULRULW\�TXHXHV�FRQWDLQ�D�%N�WUHH�DQG�ZKHWKHU�

RU�QRW�D�%N�WUHH�LV�FDUULHG�RYHU�IURP�WKH�SUHYLRXV�VWHS��,I�WKHUH�LV�]HUR�RU�RQH�%N�WUHH��LW�LV�

SODFHG�DV�D�WUHH�LQ�WKH�UHVXOWDQW�ELQRPLDO�TXHXH��,I�WKHUH�DUH�WZR�%N WUHHV��WKH\�DUH�PHOGHG�LQWR�

D�%N���WUHH�DQG�FDUULHG�RYHU��LI�WKHUH�DUH�WKUHH�%N�WUHHV��RQH�LV�SODFHG�DV�D�WUHH�LQ�WKH�

ELQRPLDO�TXHXH�DQG�WKH�RWKHU�WZR�DUH�PHOGHG�DQG�FDUULHG�RYHU��7KH�UHVXOW�RI�PHUJLQJ�+��DQG�+��LV�

VKRZQ�LQ�)LJXUH��������

,QVHUWLRQ�LV�SHUIRUPHG�E\�FUHDWLQJ�D�RQH�QRGH�ELQRPLDO�TXHXH�DQG�SHUIRUPLQJ�D�PHUJH��7KH�WLPH�WR�
GR�WKLV�LV�P������ZKHUH�P�UHSUHVHQWV�WKH�VPDOOHVW�W\SH�RI�ELQRPLDO�WUHH�%P�QRW�SUHVHQW�LQ�WKH�

ELQRPLDO�TXHXH��7KXV��LQVHUWLRQ�LQWR�D�ELQRPLDO�TXHXH�WKDW�KDV�D�%��WUHH�EXW�QR�%��WUHH�UHTXLUHV�

WZR�VWHSV��'HOHWLRQ�RI�WKH�PLQLPXP�LV�DFFRPSOLVKHG�E\�UHPRYLQJ�WKH�PLQLPXP�DQG�VSOLWWLQJ�WKH�
RULJLQDO�ELQRPLDO�TXHXH�LQWR�WZR�ELQRPLDO�TXHXHV��ZKLFK�DUH�WKHQ�PHUJHG��$�OHVV�WHUVH�H[SODQDWLRQ�
RI�WKHVH�RSHUDWLRQV�LV�JLYHQ�LQ�&KDSWHU�����

:H�FRQVLGHU�D�YHU\�VLPSOH�SUREOHP�ILUVW��6XSSRVH�ZH�ZDQW�WR�EXLOG�D�ELQRPLDO�TXHXH�RI�Q�HOHPHQWV��
:H�NQRZ�WKDW�EXLOGLQJ�D�ELQDU\�KHDS�RI�Q�HOHPHQWV�FDQ�EH�GRQH�LQ�2��Q���VR�ZH�H[SHFW�D�VLPLODU�
ERXQG�IRU�ELQRPLDO�TXHXHV���

�

�

)LJXUH������%LQRPLDO�TXHXH�+�: the result of merging H1 and H2 

�

&/$,0��

�

$�ELQRPLDO�TXHXH�RI�Q�HOHPHQWV�FDQ�EH�EXLOW�E\�Q�VXFFHVVLYH�LQVHUWLRQV�LQ�2�Q��WLPH��

�

7KH�FODLP��LI�WUXH��ZRXOG�JLYH�DQ�H[WUHPHO\�VLPSOH�DOJRULWKP��6LQFH�WKH�ZRUVW�FDVH�WLPH�IRU�HDFK�
LQVHUWLRQ�LV�2��ORJ�Q���LW�LV�QRW�REYLRXV�WKDW�WKH�FODLP�LV�WUXH��5HFDOO�WKDW�LI�WKLV�DOJRULWKP�
ZHUH�DSSOLHG�WR�ELQDU\�KHDSV��WKH�UXQQLQJ�WLPH�ZRXOG�EH�2�Q�ORJ�Q����

7R�SURYH�WKH�FODLP��ZH�FRXOG�GR�D�GLUHFW�FDOFXODWLRQ��7R�PHDVXUH�WKH�UXQQLQJ�WLPH��ZH�GHILQH�WKH�
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FRVW�RI�HDFK�LQVHUWLRQ�WR�EH�RQH�WLPH�XQLW�SOXV�DQ�H[WUD�XQLW�IRU�HDFK�OLQNLQJ�VWHS��6XPPLQJ�WKLV�
FRVW�RYHU�DOO�LQVHUWLRQV�JLYHV�WKH�WRWDO�UXQQLQJ�WLPH��7KLV�WRWDO�LV�Q�XQLWV�SOXV�WKH�WRWDO�
QXPEHU�RI�OLQNLQJ�VWHSV��7KH��VW���UG���WK��DQG�DOO�RGG�QXPEHUHG�VWHSV�UHTXLUH�QR�OLQNLQJ�VWHSV��
VLQFH�WKHUH�LV�QR�%��SUHVHQW�DW�WKH�WLPH�RI�LQVHUWLRQ��7KXV��KDOI�RI�WKH�LQVHUWLRQV�UHTXLUH�QR�

OLQNLQJ�VWHSV��$�TXDUWHU�RI�WKH�LQVHUWLRQV�UHTXLUH�RQO\�RQH�OLQNLQJ�VWHS���QG���WK����WK��DQG�VR�
RQ���$Q�HLJKWK�UHTXLUH�WZR��DQG�VR�RQ��:H�FRXOG�DGG�WKLV�DOO�XS�DQG�ERXQG�WKH�QXPEHU�RI�OLQNLQJ�
VWHSV�E\�Q��SURYLQJ�WKH�FODLP��7KLV�EUXWH�IRUFH�FDOFXODWLRQ�ZLOO�QRW�KHOS�ZKHQ�ZH�WU\�WR�DQDO\]H�
D�VHTXHQFH�RI�RSHUDWLRQV�WKDW�LQFOXGH�PRUH�WKDQ�MXVW�LQVHUWLRQV��VR�ZH�ZLOO�XVH�DQRWKHU�DSSURDFK�
WR�SURYH�WKLV�UHVXOW���

&RQVLGHU�WKH�UHVXOW�RI�DQ�LQVHUWLRQ��,I�WKHUH�LV�QR�%� WUHH�SUHVHQW�DW�WKH�WLPH�RI�WKH�LQVHUWLRQ��

WKHQ�WKH�LQVHUWLRQ�FRVWV�D�WRWDO�RI�RQH�XQLW��E\�XVLQJ�WKH�VDPH�DFFRXQWLQJ�DV�DERYH��7KH�UHVXOW�
RI�WKH�LQVHUWLRQ�LV�WKDW�WKHUH�LV�QRZ�D�%� WUHH��DQG�WKXV�ZH�KDYH�DGGHG�RQH�WUHH�WR�WKH�IRUHVW�RI�

ELQRPLDO�WUHHV��,I�WKHUH�LV�D�%��WUHH�EXW�QR�%� WUHH��WKHQ�WKH�LQVHUWLRQ�FRVWV�WZR�XQLWV��7KH�QHZ�

IRUHVW�ZLOO�KDYH�D�%��WUHH�EXW�ZLOO�QR�ORQJHU�KDYH�D�%��WUHH��VR�WKH�QXPEHU�RI�WUHHV�LQ�WKH�

IRUHVW�LV�XQFKDQJHG��$Q�LQVHUWLRQ�WKDW�FRVWV�WKUHH�XQLWV�ZLOO�FUHDWH�D�%��WUHH�EXW�GHVWUR\�D�%��

DQG�%��WUHH��\LHOGLQJ�D�QHW�ORVV�RI�RQH�WUHH�LQ�WKH�IRUHVW��,Q�IDFW��LW�LV�HDV\�WR�VHH�WKDW��LQ�

JHQHUDO��DQ�LQVHUWLRQ�WKDW�FRVWV�F�XQLWV�UHVXOWV�LQ�D�QHW�LQFUHDVH�RI�����F�WUHHV�LQ�WKH�IRUHVW��

EHFDXVH�D�%F���WUHH�LV�FUHDWHG�EXW�DOO�%L�WUHHV��� �L���F�����DUH�UHPRYHG��7KXV��H[SHQVLYH�

LQVHUWLRQV�UHPRYH�WUHHV��ZKLOH�FKHDS�LQVHUWLRQV�FUHDWH�WUHHV���

/HW�&L�EH�WKH�FRVW�RI�WKH�LWK�LQVHUWLRQ��/HW�7L�EH�WKH�QXPEHU�RI�WUHHV�DIWHU�WKH�LWK�LQVHUWLRQ��

7�� ���LV�WKH�QXPEHU�RI�WUHHV�LQLWLDOO\��7KHQ�ZH�KDYH�WKH�LQYDULDQW��

&L����7L���7L���� ���

�

������

�

:H�WKHQ�KDYH�

�

�����&�����7����7��� ��

�

�����&�����7����7��� ��

�

������� � �

�

&Q������7Q�����7Q���� ��

�

���&Q����7Q���7Q���� ��

�

,I�ZH�DGG�DOO�WKHVH�HTXDWLRQV��PRVW�RI�WKH�7L�WHUPV�FDQFHO��OHDYLQJ�

�

�

�

RU�HTXLYDOHQWO\��

�

�

�
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5HFDOO�WKDW�7�� ���DQG�7Q��WKH�QXPEHU�RI�WUHHV�DIWHU�WKH�Q LQVHUWLRQV��LV�FHUWDLQO\�QRW�QHJDWLYH��

VR��7Q���7���LV�QRW�QHJDWLYH��7KXV��

�

�

ZKLFK�SURYHV�WKH�FODLP��

�

'XULQJ�WKH�EXLOGBELQRPLDOBTXHXH�URXWLQH��HDFK�LQVHUWLRQ�KDG�D�ZRUVW�FDVH�WLPH�RI�2�ORJ�Q���EXW�
VLQFH�WKH�HQWLUH�URXWLQH�XVHG�DW�PRVW��Q�XQLWV�RI�WLPH��WKH�LQVHUWLRQV�EHKDYHG�DV�WKRXJK�HDFK�
XVHG�QR�PRUH�WKDQ���XQLWV�HDFK���

7KLV�H[DPSOH�LOOXVWUDWHV�WKH�JHQHUDO�WHFKQLTXH�ZH�ZLOO�XVH��7KH�VWDWH�RI�WKH�GDWD�VWUXFWXUH�DW�
DQ\�WLPH�LV�JLYHQ�E\�D�IXQFWLRQ�NQRZQ�DV�WKH�SRWHQWLDO��7KH�SRWHQWLDO�IXQFWLRQ�LV�QRW�PDLQWDLQHG�
E\�WKH�SURJUDP��EXW�UDWKHU�LV�DQ�DFFRXQWLQJ�GHYLFH�WKDW�ZLOO�KHOS�ZLWK�WKH�DQDO\VLV��:KHQ�
RSHUDWLRQV�WDNH�OHVV�WLPH�WKDQ�ZH�KDYH�DOORFDWHG�IRU�WKHP��WKH�XQXVHG�WLPH�LV��VDYHG��LQ�WKH�IRUP�
RI�D�KLJKHU�SRWHQWLDO��,Q�RXU�H[DPSOH��WKH�SRWHQWLDO�RI�WKH�GDWD�VWUXFWXUH�LV�VLPSO\�WKH�QXPEHU�
RI�WUHHV��,Q�WKH�DQDO\VLV�DERYH��ZKHQ�ZH�KDYH�LQVHUWLRQV�WKDW�XVH�RQO\�RQH�XQLW�LQVWHDG�RI�WKH�
WZR�XQLWV�WKDW�DUH�DOORFDWHG��WKH�H[WUD�XQLW�LV�VDYHG�IRU�ODWHU�E\�DQ�LQFUHDVH�LQ�SRWHQWLDO��:KHQ�
RSHUDWLRQV�RFFXU�WKDW�H[FHHG�WKH�DOORWWHG�WLPH��WKHQ�WKH�H[FHVV�WLPH�LV�DFFRXQWHG�IRU�E\�D�
GHFUHDVH�LQ�SRWHQWLDO��2QH�PD\�YLHZ�WKH�SRWHQWLDO�DV�UHSUHVHQWLQJ�D�VDYLQJV�DFFRXQW��,I�DQ�
RSHUDWLRQ�XVHV�OHVV�WKDQ�LWV�DOORWWHG�WLPH��WKH�GLIIHUHQFH�LV�VDYHG�IRU�XVH�ODWHU�RQ�E\�PRUH�
H[SHQVLYH�RSHUDWLRQV��)LJXUH������VKRZV�WKH�FXPXODWLYH�UXQQLQJ�WLPH�XVHG�E\�EXLOGBELQRPLDOBTXHXH�
RYHU�D�VHTXHQFH�RI�LQVHUWLRQV��2EVHUYH�WKDW�WKH�UXQQLQJ�WLPH�QHYHU�H[FHHGV��Q�DQG�WKDW�WKH�
SRWHQWLDO�LQ�WKH�ELQRPLDO�TXHXH�DIWHU�DQ\�LQVHUWLRQ�PHDVXUHV�WKH�DPRXQW�RI�VDYLQJV���

�

�

)LJXUH������$�VHTXHQFH�RI�Q�LQVHUWV

�

2QFH�D�SRWHQWLDO�IXQFWLRQ�LV�FKRVHQ��ZH�ZULWH�WKH�PDLQ�HTXDWLRQ��

�

7DFWXDO��� 3RWHQWLDO� �7DPRUWL]HG�

�

������

�

7DFWXDO��WKH�DFWXDO�WLPH�RI�DQ�RSHUDWLRQ��UHSUHVHQWV�WKH�H[DFW��REVHUYHG��DPRXQW�RI�WLPH�UHTXLUHG�

WR�H[HFXWH�D�SDUWLFXODU�RSHUDWLRQ��,Q�D�ELQDU\�VHDUFK�WUHH��IRU�H[DPSOH��WKH�DFWXDO�WLPH�WR�
SHUIRUP�D�ILQG�[��LV���SOXV�WKH�GHSWK�RI�WKH�QRGH�FRQWDLQLQJ�[��,I�ZH�VXP�WKH�EDVLF�HTXDWLRQ�RYHU�
WKH�HQWLUH�VHTXHQFH��DQG�LI�WKH�ILQDO�SRWHQWLDO�LV�DW�OHDVW�DV�ODUJH�DV�WKH�LQLWLDO�SRWHQWLDO��
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WKHQ�WKH�DPRUWL]HG�WLPH�LV�DQ�XSSHU�ERXQG�RQ�WKH�DFWXDO�WLPH�XVHG�GXULQJ�WKH�H[HFXWLRQ�RI�WKH�
VHTXHQFH��1RWLFH�WKDW�ZKLOH�7DFWXDO�YDULHV�IURP�RSHUDWLRQ�WR�RSHUDWLRQ��7DPRUWL]HG�LV�VWDEOH���

3LFNLQJ�D�SRWHQWLDO�IXQFWLRQ�WKDW�SURYHV�D�PHDQLQJIXO�ERXQG�LV�D�YHU\�WULFN\�WDVN��WKHUH�LV�QR�
RQH�PHWKRG�WKDW�LV�XVHG��*HQHUDOO\��PDQ\�SRWHQWLDO�IXQFWLRQV�DUH�WULHG�EHIRUH�WKH�RQH�WKDW�ZRUNV�
LV�IRXQG��1HYHUWKHOHVV��WKH�GLVFXVVLRQ�DERYH�VXJJHVWV�D�IHZ�UXOHV��ZKLFK�WHOO�XV�WKH�SURSHUWLHV�
WKDW�JRRG�SRWHQWLDO�IXQFWLRQV�KDYH��7KH�SRWHQWLDO�IXQFWLRQ�VKRXOG��

�$OZD\V�DVVXPH�LWV�PLQLPXP�DW�WKH�VWDUW�RI�WKH�VHTXHQFH��$�SRSXODU�PHWKRG�RI�FKRRVLQJ�
SRWHQWLDO�IXQFWLRQV�LV�WR�HQVXUH�WKDW�WKH�SRWHQWLDO�IXQFWLRQ�LV�LQLWLDOO\����DQG�DOZD\V�
QRQQHJDWLYH��$OO�RI�WKH�H[DPSOHV�WKDW�ZH�ZLOO�HQFRXQWHU�XVH�WKLV�VWUDWHJ\���

�&DQFHO�D�WHUP�LQ�WKH�DFWXDO�WLPH��,Q�RXU�FDVH��LI�WKH�DFWXDO�FRVW�ZDV�F��WKHQ�WKH�SRWHQWLDO�
FKDQJH�ZDV�����F��:KHQ�WKHVH�DUH�DGGHG��DQ�DPRUWL]HG�FRVW�RI���LV�REWDLQHG��7KLV�LV�VKRZQ�LQ�

)LJXUH��������

:H�FDQ�QRZ�SHUIRUP�D�FRPSOHWH�DQDO\VLV�RI�ELQRPLDO�TXHXH�RSHUDWLRQV��

�

�

�

)LJXUH������7KH�LQVHUWLRQ�FRVW�DQG�SRWHQWLDO�FKDQJH�IRU�HDFK�RSHUDWLRQ�LQ�D�VHTXHQFH

�

7+(25(0�������

�

7KH�DPRUWL]HG�UXQQLQJ�WLPHV�RI�LQVHUW��GHOHWHBPLQ��DQG�PHUJH�DUH�2�����2�ORJ�Q���DQG�2�ORJ�Q���
UHVSHFWLYHO\��IRU�ELQRPLDO�TXHXHV���

3522)��

�

7KH�SRWHQWLDO�IXQFWLRQ�LV�WKH�QXPEHU�RI�WUHHV��7KH�LQLWLDO�SRWHQWLDO�LV����DQG�WKH�SRWHQWLDO�LV�
DOZD\V�QRQQHJDWLYH��VR�WKH�DPRUWL]HG�WLPH�LV�DQ�XSSHU�ERXQG�RQ�WKH�DFWXDO�WLPH��7KH�DQDO\VLV�IRU�
LQVHUW�IROORZV�IURP�WKH�DUJXPHQW�DERYH��)RU�PHUJH��DVVXPH�WKH�WZR�WUHHV�KDYH�Q��DQG�Q��QRGHV�ZLWK�

7��DQG�7��WUHHV��UHVSHFWLYHO\��/HW�Q� �Q����Q���7KH�DFWXDO�WLPH�WR�SHUIRUP�WKH�PHUJH�LV�2�ORJ�Q���

��ORJ�Q���� �2�ORJ�Q���$IWHU�WKH�PHUJH��WKHUH�FDQ�EH�DW�PRVW�ORJ�Q�WUHHV��VR�WKH�SRWHQWLDO�FDQ�

LQFUHDVH�E\�DW�PRVW�2�ORJ�Q���7KLV�JLYHV�DQ�DPRUWL]HG�ERXQG�RI�2�ORJ�Q���7KH�GHOHWHBPLQ�ERXQG�
IROORZV�LQ�D�VLPLODU�PDQQHU���

������6NHZ�+HDSV
�

7KH�DQDO\VLV�RI�ELQRPLDO�TXHXHV�LV�D�IDLUO\�HDV\�H[DPSOH�RI�DQ�DPRUWL]HG�DQDO\VLV��:H�QRZ�ORRN�DW�
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VNHZ�KHDSV��$V�LV�FRPPRQ�ZLWK�PDQ\�RI�RXU�H[DPSOHV��RQFH�WKH�ULJKW�SRWHQWLDO�IXQFWLRQ�LV�IRXQG��
WKH�DQDO\VLV�LV�HDV\��7KH�GLIILFXOW�SDUW�LV�FKRRVLQJ�D�PHDQLQJIXO�SRWHQWLDO�IXQFWLRQ���

5HFDOO�WKDW�IRU�VNHZ�KHDSV��WKH�NH\�RSHUDWLRQ�LV�PHUJLQJ��7R�PHUJH�WZR�VNHZ�KHDSV��ZH�PHUJH�WKHLU�
ULJKW�SDWKV�DQG�PDNH�WKLV�WKH�QHZ�OHIW�SDWK��)RU�HDFK�QRGH�RQ�WKH�QHZ�SDWK��H[FHSW�WKH�ODVW��WKH�
ROG�OHIW�VXEWUHH�LV�DWWDFKHG�DV�WKH�ULJKW�VXEWUHH��7KH�ODVW�QRGH�RQ�WKH�QHZ�OHIW�SDWK�LV�NQRZQ�WR�
QRW�KDYH�D�ULJKW�VXEWUHH��VR�LW�LV�VLOO\�WR�JLYH�LW�RQH��7KH�ERXQG�GRHV�QRW�GHSHQG�RQ�WKLV�
H[FHSWLRQ��DQG�LI�WKH�URXWLQH�LV�FRGHG�UHFXUVLYHO\��WKLV�LV�ZKDW�ZLOO�KDSSHQ�QDWXUDOO\��)LJXUH�
�����VKRZV�WKH�UHVXOW�RI�PHUJLQJ�WZR�VNHZ�KHDSV���

6XSSRVH�ZH�KDYH�WZR�KHDSV��+��DQG�+���DQG�WKHUH�DUH�U��DQG�U��QRGHV�RQ�WKHLU�UHVSHFWLYH�ULJKW�

SDWKV��7KHQ�WKH�DFWXDO�WLPH�WR�SHUIRUP�WKH�PHUJH�LV�SURSRUWLRQDO�WR�U����U���VR�ZH�ZLOO�GURS�WKH�

%LJ�2K�QRWDWLRQ�DQG�FKDUJH�RQH�XQLW�RI�WLPH�IRU�HDFK�QRGH�RQ�WKH�SDWKV��6LQFH�WKH�KHDSV�KDYH�QR�
VWUXFWXUH��LW�LV�SRVVLEOH�WKDW�DOO�WKH�QRGHV�LQ�ERWK�KHDSV�OLH�RQ�WKH�ULJKW�SDWK��DQG�WKLV�ZRXOG�

JLYH�D� �Q��ZRUVW�FDVH�ERXQG�WR�PHUJH�WKH�KHDSV��([HUFLVH������DVNV�\RX�WR�FRQVWUXFW�DQ�
H[DPSOH���:H�ZLOO�VKRZ�WKDW�WKH�DPRUWL]HG�WLPH�WR�PHUJH�WZR�VNHZ�KHDSV�LV�2�ORJ�Q����

�

�

)LJXUH������0HUJLQJ�RI�WZR�VNHZ�KHDSV

�

:KDW�LV�QHHGHG�LV�VRPH�VRUW�RI�D�SRWHQWLDO�IXQFWLRQ�WKDW�FDSWXUHV�WKH�HIIHFW�RI�VNHZ�KHDS�
RSHUDWLRQV��5HFDOO�WKDW�WKH�HIIHFW�RI�D�PHUJH�LV�WKDW�HYHU\�QRGH�RQ�WKH�ULJKW�SDWK�LV�PRYHG�WR�
WKH�OHIW�SDWK��DQG�LWV�ROG�OHIW�FKLOG�EHFRPHV�WKH�QHZ�ULJKW�FKLOG��2QH�LGHD�PLJKW�EH�WR�FODVVLI\�
HDFK�QRGH�DV�D�ULJKW�QRGH�RU�OHIW�QRGH��GHSHQGLQJ�RQ�ZKHWKHU�RU�QRW�LW�LV�D�ULJKW�FKLOG��DQG�XVH�
WKH�QXPEHU�RI�ULJKW�QRGHV�DV�D�SRWHQWLDO�IXQFWLRQ��$OWKRXJK�WKH�SRWHQWLDO�LV�LQLWLDOO\���DQG�
DOZD\V�QRQQHJDWLYH��WKH�SUREOHP�LV�WKDW�WKH�SRWHQWLDO�GRHV�QRW�GHFUHDVH�DIWHU�D�PHUJH�DQG�WKXV�
GRHV�QRW�DGHTXDWHO\�UHIOHFW�WKH�VDYLQJV�LQ�WKH�GDWD�VWUXFWXUH��7KH�UHVXOW�LV�WKDW�WKLV�SRWHQWLDO�
IXQFWLRQ�FDQQRW�EH�XVHG�WR�SURYH�WKH�GHVLUHG�ERXQG���

$�VLPLODU�LGHD�LV�WR�FODVVLI\�QRGHV�DV�HLWKHU�KHDY\�RU�OLJKW��GHSHQGLQJ�RQ�ZKHWKHU�RU�QRW�WKH�
ULJKW�VXEWUHH�RI�DQ\�QRGH�KDV�PRUH�QRGHV�WKDQ�WKH�OHIW�VXEWUHH���

'(),1,7,21: $�QRGH�S�LV�KHDY\�LI�WKH�QXPEHU�RI�GHVFHQGDQWV�RI�S
V�ULJKW�VXEWUHH�LV�DW�OHDVW�KDOI�
RI�WKH�QXPEHU�RI�GHVFHQGDQWV�RI�S��DQG�OLJKW�RWKHUZLVH��1RWH�WKDW�WKH�QXPEHU�RI�GHVFHQGDQWV�RI�D�
QRGH�LQFOXGHV�WKH�QRGH�LWVHOI���

$V�DQ�H[DPSOH��
)LJXUH������VKRZV�D�VNHZ�KHDS��7KH�QRGHV�ZLWK�NH\V���������������DQG���DUH�KHDY\��

DQG�DOO�RWKHU�QRGHV�DUH�OLJKW���

7KH�SRWHQWLDO�IXQFWLRQ�ZH�ZLOO�XVH�LV�WKH�QXPEHU�RI�KHDY\�QRGHV�LQ�WKH��FROOHFWLRQ��RI�KHDSV��
7KLV�VHHPV�OLNH�D�JRRG�FKRLFH��EHFDXVH�D�ORQJ�ULJKW�SDWK�ZLOO�FRQWDLQ�DQ�LQRUGLQDWH�QXPEHU�RI�
KHDY\�QRGHV��%HFDXVH�QRGHV�RQ�WKLV�SDWK�KDYH�WKHLU�FKLOGUHQ�VZDSSHG��WKHVH�QRGHV�ZLOO�EH�
FRQYHUWHG�WR�OLJKW�QRGHV�DV�D�UHVXOW�RI�WKH�PHUJH���

7+(25(0�������

�

7KH�DPRUWL]HG�WLPH�WR�PHUJH�WZR�VNHZ�KHDSV�LV�2�ORJ�Q���

�
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3522)���

/HW�+��DQG�+��EH�WKH�WZR�KHDSV��ZLWK�Q��DQG�Q��QRGHV�UHVSHFWLYHO\��6XSSRVH�WKH�ULJKW�SDWK�RI�+��

KDV�O��OLJKW�QRGHV�DQG�K��KHDY\�QRGHV��IRU�D�WRWDO�RI�O����K���/LNHZLVH��+��KDV�O��OLJKW�DQG�K��

KHDY\�QRGHV�RQ�LWV�ULJKW�SDWK��IRU�D�WRWDO�RI�O����K��QRGHV���

�

�

)LJXUH������6NHZ�KHDS����KHDY\�QRGHV�DUH��������������DQG���

�

�

�

)LJXUH������&KDQJH�LQ�KHDY\�OLJKW�VWDWXV�DIWHU�D�PHUJH

�

,I�ZH�DGRSW�WKH�FRQYHQWLRQ�WKDW�WKH�FRVW�RI�PHUJLQJ�WZR�VNHZ�KHDSV�LV�WKH�WRWDO�QXPEHU�RI�QRGHV�
RQ�WKHLU�ULJKW�SDWKV��WKHQ�WKH�DFWXDO�WLPH�WR�SHUIRUP�WKH�PHUJH�LV�O����O����K����K���1RZ�WKH�

RQO\�QRGHV�ZKRVH�KHDY\�OLJKW�VWDWXV�FDQ�FKDQJH�DUH�QRGHV�WKDW�DUH�LQLWLDOO\�RQ�WKH�ULJKW�SDWK�
�DQG�ZLQG�XS�RQ�WKH�OHIW�SDWK���VLQFH�QR�RWKHU�QRGHV�KDYH�WKHLU�VXEWUHHV�DOWHUHG��7KLV�LV�VKRZQ�
E\�WKH�H[DPSOH�LQ�)LJXUH��������

,I�D�KHDY\�QRGH�LV�LQLWLDOO\�RQ�WKH�ULJKW�SDWK��WKHQ�DIWHU�WKH�PHUJH�LW�PXVW�EHFRPH�D�OLJKW�QRGH��
7KH�RWKHU�QRGHV�WKDW�ZHUH�RQ�WKH�ULJKW�SDWK�ZHUH�OLJKW�DQG�PD\�RU�PD\�QRW�EHFRPH�KHDY\��EXW�VLQFH�
ZH�DUH�SURYLQJ�DQ�XSSHU�ERXQG��ZH�ZLOO�KDYH�WR�DVVXPH�WKH�ZRUVW��ZKLFK�LV�WKDW�WKH\�EHFRPH�KHDY\�
DQG�LQFUHDVH�WKH�SRWHQWLDO��7KHQ�WKH�QHW�FKDQJH�LQ�WKH�QXPEHU�RI�KHDY\�QRGHV�LV�DW�PRVW�O����O���

K����K���$GGLQJ�WKH�DFWXDO�WLPH�DQG�WKH�SRWHQWLDO�FKDQJH��(TXDWLRQ�������JLYHV�DQ�DPRUWL]HG�ERXQG�

RI���O����O�����

1RZ�ZH�PXVW�VKRZ�WKDW�O����O�� �2�ORJ�Q���6LQFH�O��DQG�O��DUH�WKH�QXPEHU�RI�OLJKW�QRGHV�RQ�WKH�

RULJLQDO�ULJKW�SDWKV��DQG�WKH�ULJKW�VXEWUHH�RI�D�OLJKW�QRGH�LV�OHVV�WKDQ�KDOI�WKH�VL]H�RI�WKH�
WUHH�URRWHG�DW�WKH�OLJKW�QRGH��LW�IROORZV�GLUHFWO\�WKDW�WKH�QXPEHU�RI�OLJKW�QRGHV�RQ�WKH�ULJKW�
SDWK�LV�DW�PRVW�ORJ�Q����ORJ�Q���ZKLFK�LV�2�ORJ�Q����

7KH�SURRI�LV�FRPSOHWHG�E\�QRWLQJ�WKDW�WKH�LQLWLDO�SRWHQWLDO�LV���DQG�WKDW�WKH�SRWHQWLDO�LV�DOZD\V�
QRQQHJDWLYH��,W�LV�LPSRUWDQW�WR�YHULI\�WKLV��VLQFH�RWKHUZLVH�WKH�DPRUWL]HG�WLPH�GRHV�QRW�ERXQG�
WKH�DFWXDO�WLPH�DQG�LV�PHDQLQJOHVV���
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6LQFH�WKH�LQVHUW�DQG�GHOHWHBPLQ�RSHUDWLRQV�DUH�EDVLFDOO\�MXVW�PHUJHV��WKH\�DOVR�KDYH�2�ORJ�Q��
DPRUWL]HG�ERXQGV���

������)LERQDFFL�+HDSV
�

,Q�6HFWLRQ��������ZH�VKRZHG�KRZ�WR�XVH�SULRULW\�TXHXHV�WR�LPSURYH�RQ�WKH�QDïYH�2�_9_���UXQQLQJ�
WLPH�RI�'LMNVWUD
V�VKRUWHVW�SDWK�DOJRULWKP��7KH�LPSRUWDQW�REVHUYDWLRQ�ZDV�WKDW�WKH�UXQQLQJ�WLPH�
ZDV�GRPLQDWHG�E\_(_GHFUHDVHBNH\�RSHUDWLRQV�DQG�_9_�LQVHUW�DQG�GHOHWHBPLQ�RSHUDWLRQV��7KHVH�
RSHUDWLRQV�WDNH�SODFH�RQ�D�VHW�RI�VL]H�DW�PRVW�_9_��%\�XVLQJ�D�ELQDU\�KHDS��DOO�WKHVH�RSHUDWLRQV�
WDNH�2�ORJ�_9_��WLPH��VR�WKH�UHVXOWLQJ�ERXQG�IRU�'LMNVWUD
V�DOJRULWKP�FDQ�EH�UHGXFHG�WR�2�_(_�ORJ�
_9_����

,Q�RUGHU�WR�ORZHU�WKLV�WLPH�ERXQG��WKH�WLPH�UHTXLUHG�WR�SHUIRUP�WKH�GHFUHDVHBNH\�RSHUDWLRQ�PXVW�
EH�LPSURYHG��G�KHDSV��ZKLFK�ZHUH�GHVFULEHG�LQ�6HFWLRQ������JLYH�DQ�2�ORJG�_9_��WLPH�ERXQG�IRU�WKH�

GHOHWHBPLQ�RSHUDWLRQ�DV�ZHOO�DV�IRU�LQVHUW��EXW�DQ�2�G�ORJG�_9_��ERXQG�IRU�GHOHWHBPLQ��%\�

FKRRVLQJ�G�WR�EDODQFH�WKH�FRVWV�RI�_(_�GHFUHDVHBNH\�RSHUDWLRQV�ZLWK�_9_�GHOHWHBPLQ�RSHUDWLRQV��
DQG�UHPHPEHULQJ�WKDW�G�PXVW�DOZD\V�EH�DW�OHDVW����ZH�VHH�WKDW�D�JRRG�FKRLFH�IRU�G�LV��

G� �PD[��� ( � 9 ��

�

7KLV�LPSURYHV�WKH�WLPH�ERXQG�IRU�'LMNVWUD
V�DOJRULWKP�WR�

�

2� ( ORJ��� ( � 9 � 9 ��

�

7KH�)LERQDFFL�KHDS�LV�D�GDWD�VWUXFWXUH�WKDW�VXSSRUWV�DOO�WKH�EDVLF�KHDS�RSHUDWLRQV�LQ�2����
DPRUWL]HG�WLPH��ZLWK�WKH�H[FHSWLRQ�RI�GHOHWHBPLQ�DQG�GHOHWH��ZKLFK�WDNH�2��ORJ�Q��DPRUWL]HG�WLPH��
,W�LPPHGLDWHO\�IROORZV�WKDW�WKH�KHDS�RSHUDWLRQV�LQ�'LMNVWUD
V�DOJRULWKP�ZLOO�UHTXLUH�D�WRWDO�RI�2
�_(_���_9_�ORJ�_9_��WLPH���

)LERQDFFL�KHDSV�JHQHUDOL]H�ELQRPLDO�TXHXHV�E\�DGGLQJ�WZR�QHZ�FRQFHSWV��

�

7KH�QDPH�FRPHV�IURP�D�SURSHUW\�RI�WKLV�GDWD�VWUXFWXUH��ZKLFK�ZH�ZLOO�SURYH�ODWHU�LQ�WKH�VHFWLRQ��

$�GLIIHUHQW�LPSOHPHQWDWLRQ�RI�GHFUHDVHBNH\��7KH�PHWKRG�ZH�KDYH�VHHQ�EHIRUH�LV�WR�SHUFRODWH�WKH�
HOHPHQW�XS�WRZDUG�WKH�URRW��,W�GRHV�QRW�VHHP�UHDVRQDEOH�WR�H[SHFW�DQ�2����DPRUWL]HG�ERXQG�IRU�
WKLV�VWUDWHJ\��VR�D�QHZ�PHWKRG�LV�QHHGHG���

/D]\�PHUJLQJ��7ZR�KHDSV�DUH�PHUJHG�RQO\�ZKHQ�LW�LV�UHTXLUHG�WR�GR�VR��7KLV�LV�VLPLODU�WR�OD]\�
GHOHWLRQ��)RU�OD]\�PHUJLQJ��PHUJHV�DUH�FKHDS��EXW�EHFDXVH�OD]\�PHUJLQJ�GRHV�QRW�DFWXDOO\�FRPELQH�
WUHHV��WKH�GHOHWHBPLQ�RSHUDWLRQ�FRXOG�HQFRXQWHU�ORWV�RI�WUHHV��PDNLQJ�WKDW�RSHUDWLRQ�H[SHQVLYH��
$Q\�RQH�GHOHWHBPLQ�FRXOG�WDNH�OLQHDU�WLPH��EXW�LW�LV�DOZD\V�SRVVLEOH�WR�FKDUJH�WKH�WLPH�WR�
SUHYLRXV�PHUJH�RSHUDWLRQV��,Q�SDUWLFXODU��DQ�H[SHQVLYH�GHOHWHBPLQ�PXVW�KDYH�EHHQ�SUHFHGHG�E\�D�
ODUJH�QXPEHU�RI�XQGXO\�FKHDS�PHUJHV��ZKLFK�KDYH�EHHQ�DEOH�WR�VWRUH�XS�H[WUD�SRWHQWLDO���

��������&XWWLQJ�1RGHV�LQ�/HIWLVW�+HDSV

�

,Q�ELQDU\�KHDSV��WKH�GHFUHDVHBNH\�RSHUDWLRQ�LV�LPSOHPHQWHG�E\�ORZHULQJ�WKH�YDOXH�DW�D�QRGH�DQG�
WKHQ�SHUFRODWLQJ�LW�XS�WRZDUG�WKH�URRW�XQWLO�KHDS�RUGHU�LV�HVWDEOLVKHG��,Q�WKH�ZRUVW�FDVH��WKLV�
FDQ�WDNH�2�ORJ�Q��WLPH��ZKLFK�LV�WKH�OHQJWK�RI�WKH�ORQJHVW�SDWK�WRZDUG�WKH�URRW�LQ�D�EDODQFHG�
WUHH���

7KLV�VWUDWHJ\�GRHV�QRW�ZRUN�LI�WKH�WUHH�WKDW�UHSUHVHQWV�WKH�SULRULW\�TXHXH�GRHV�QRW�KDYH�2�ORJ�Q��

义ⷕˈ����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5�����$0257,=('�$1$/<6,6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������



GHSWK��$V�DQ�H[DPSOH��LI�WKLV�VWUDWHJ\�LV�DSSOLHG�WR�OHIWLVW�KHDSV��WKHQ�WKH�GHFUHDVHBNH\�

RSHUDWLRQ�FRXOG�WDNH� �Q��WLPH��DV�WKH�H[DPSOH�LQ�)LJXUH������VKRZV��
�

:H�VHH�WKDW�IRU�OHIWLVW�KHDSV��DQRWKHU�VWUDWHJ\�LV�QHHGHG�IRU�WKH�GHFUHDVHBNH\�RSHUDWLRQ��2XU�
H[DPSOH�ZLOO�EH�WKH�OHIWLVW�KHDS�LQ�)LJXUH��������6XSSRVH�ZH�ZDQW�WR�GHFUHDVH�WKH�NH\�ZLWK�YDOXH�
��GRZQ�WR����,I�ZH�PDNH�WKH�FKDQJH��ZH�ILQG�WKDW�ZH�KDYH�FUHDWHG�D�YLRODWLRQ�RI�KHDS�RUGHU��ZKLFK�
LV�LQGLFDWHG�E\�D�GDVKHG�OLQH�LQ�)LJXUH���������

�

�

)LJXUH������'HFUHDVLQJ�Q�����WR���YLD�SHUFRODWH�XS�ZRXOG�WDNH� �Q��WLPH

�

�

�

)LJXUH�������6DPSOH�OHIWLVW�KHDS�+

�

�

�

)LJXUH�������'HFUHDVLQJ���WR���FUHDWHV�D�KHDS�RUGHU�YLRODWLRQ

�
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�

�

)LJXUH�������7KH�WZR�WUHHV�DIWHU�WKH�FXW

�

:H�GR�QRW�ZDQW�WR�SHUFRODWH�WKH���WR�WKH�URRW��EHFDXVH��DV�ZH�KDYH�VHHQ��WKHUH�DUH�FDVHV�ZKHUH�
WKLV�FRXOG�EH�H[SHQVLYH��7KH�VROXWLRQ�LV�WR�FXW WKH�KHDS�DORQJ�WKH�GDVKHG�OLQH��WKXV�FUHDWLQJ�WZR�
WUHHV��DQG�WKHQ�PHUJH�WKH�WZR�WUHHV�EDFN�LQWR�RQH��/HW�[�EH�WKH�QRGH�WR�ZKLFK�WKH�GHFUHDVHBNH\�
RSHUDWLRQ�LV�EHLQJ�DSSOLHG��DQG�OHW�S�EH�LWV�SDUHQW��$IWHU�WKH�FXW��ZH�KDYH�WZR�WUHHV��QDPHO\��+�
ZLWK�URRW�[��DQG�7���ZKLFK�LV�WKH�RULJLQDO�WUHH�ZLWK�+��UHPRYHG��7KH�VLWXDWLRQ�LV�VKRZQ�LQ�

)LJXUH�
��������

,I�WKHVH�WZR�WUHHV�ZHUH�ERWK�OHIWLVW�KHDSV��WKHQ�WKH\�FRXOG�EH�PHUJHG�LQ�2��ORJ�Q��WLPH��DQG�ZH�
ZRXOG�EH�GRQH��,W�LV�HDV\�WR�VHH�WKDW�+��LV�D�OHIWLVW�KHDS��VLQFH�QRQH�RI�LWV�QRGHV�KDYH�KDG�DQ\�

FKDQJHV�LQ�WKHLU�GHVFHQGDQWV��7KXV��VLQFH�DOO�RI�LWV�QRGHV�RULJLQDOO\�VDWLVILHG�WKH�OHIWLVW�
SURSHUW\��WKH\�VWLOO�PXVW���

1HYHUWKHOHVV��LW�VHHPV�WKDW�WKLV�VFKHPH�ZLOO�QRW�ZRUN��EHFDXVH�7��LV�QRW�QHFHVVDULO\�OHIWLVW��

+RZHYHU��LW�LV�HDV\�WR�UHLQVWDWH�WKH�OHIWLVW�KHDS�SURSHUW\�E\�XVLQJ�WZR�REVHUYDWLRQV���

�2QO\�QRGHV�RQ�WKH�SDWK�IURP�S�WR�WKH�URRW�RI�7��FDQ�EH�LQ�YLRODWLRQ�RI�WKH�OHIWLVW�KHDS�

SURSHUW\��WKHVH�FDQ�EH�IL[HG�E\�VZDSSLQJ�FKLOGUHQ���

�6LQFH�WKH�PD[LPXP�ULJKW�SDWK�OHQJWK�KDV�DW�PRVW� ORJ�Q�����  QRGHV��ZH�RQO\�QHHG�WR�

FKHFN�WKH�ILUVW� ORJ�Q����� �QRGHV�RQ�WKH�SDWK�IURP�S�WR�WKH�URRW�RI�7���)LJXUH�������

VKRZV�+��DQG�7��DIWHU�7��LV�FRQYHUWHG�WR�D�OHIWLVW�KHDS���

�

�

)LJXUH�������7� converted to the leftist heap H2

�
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�

�

)LJXUH�������GHFUHDVHBNH\��+�[����FRPSOHWHG�E\�PHUJLQJ�+O and H2

�

%HFDXVH�ZH�FDQ�FRQYHUW�7��WR�WKH�OHIWLVW�KHDS�+��LQ�2��ORJ�Q��VWHSV��DQG�WKHQ�PHUJH�+��DQG�+���ZH�

KDYH�DQ�2��ORJ�Q��DOJRULWKP�IRU�SHUIRUPLQJ�WKH�GHFUHDVHBNH\�RSHUDWLRQ�LQ�OHIWLVW�KHDSV��7KH�KHDS�
WKDW�UHVXOWV�LQ�RXU�H[DPSOH�LV�VKRZQ�LQ�

)LJXUH��������

�

��������/D]\�0HUJLQJ�IRU�%LQRPLDO�4XHXHV
�

7KH�VHFRQG�LGHD�WKDW�LV�XVHG�E\�)LERQDFFL�KHDSV�LV�OD]\�PHUJLQJ��:H�ZLOO�DSSO\�WKLV�LGHD�WR�
ELQRPLDO�TXHXHV�DQG�VKRZ�WKDW�WKH�DPRUWL]HG�WLPH�WR�SHUIRUP�D�PHUJH�RSHUDWLRQ��DV�ZHOO�DV�
LQVHUWLRQ��ZKLFK�LV�D�VSHFLDO�FDVH��LV�2�����7KH�DPRUWL]HG�WLPH�IRU�GHOHWHBPLQ�ZLOO�VWLOO�EH�2
�ORJ�Q����

7KH�LGHD�LV�DV�IROORZV��7R�PHUJH�WZR�ELQRPLDO�TXHXHV��PHUHO\�FRQFDWHQDWH�WKH�WZR�OLVWV�RI�
ELQRPLDO�WUHHV��FUHDWLQJ�D�QHZ�ELQRPLDO�TXHXH��7KLV�QHZ�TXHXH�PD\�KDYH�VHYHUDO�WUHHV�RI�WKH�VDPH�
VL]H��VR�LW�YLRODWHV�WKH�ELQRPLDO�TXHXH�SURSHUW\��:H�ZLOO�FDOO�WKLV�D�OD]\�ELQRPLDO�TXHXH�LQ�
RUGHU�WR�PDLQWDLQ�FRQVLVWHQF\��7KLV�LV�D�IDVW�RSHUDWLRQ��ZKLFK�DOZD\V�WDNHV�FRQVWDQW��ZRUVW�FDVH��
WLPH��$V�EHIRUH��DQ�LQVHUWLRQ�LV�GRQH�E\�FUHDWLQJ�D�RQH�QRGH�ELQRPLDO�TXHXH�DQG�PHUJLQJ��7KH�
GLIIHUHQFH�LV�WKDW�WKH�PHUJH�LV�OD]\���

7KH�GHOHWHBPLQ�RSHUDWLRQ�LV�PXFK�PRUH�SDLQIXO��EHFDXVH�LW�LV�ZKHUH�ZH�ILQDOO\�FRQYHUW�WKH�OD]\�
ELQRPLDO�TXHXH�EDFN�LQWR�D�VWDQGDUG�ELQRPLDO�TXHXH��EXW��DV�ZH�ZLOO�VKRZ��LW�LV�VWLOO�2��ORJ�Q��
DPRUWL]HG�WLPH�EXW�QRW�2�ORJ�Q��ZRUVW�FDVH�WLPH��DV�EHIRUH��7R�SHUIRUP�D�GHOHWHBPLQ��ZH�ILQG��DQG�
HYHQWXDOO\�UHWXUQ��WKH�PLQLPXP�HOHPHQW��$V�EHIRUH��ZH�GHOHWH�LW�IURP�WKH�TXHXH��PDNLQJ�HDFK�RI�
LWV�FKLOGUHQ�QHZ�WUHHV��:H�WKHQ�PHUJH�DOO�WKH�WUHHV�LQWR�D�ELQRPLDO�TXHXH�E\�PHUJLQJ�WZR�HTXDO�
VL]HG�WUHHV�XQWLO�LW�LV�QR�ORQJHU�SRVVLEOH���

$V�DQ�H[DPSOH��)LJXUH�������VKRZV�D�OD]\�ELQRPLDO�TXHXH��,Q�D�OD]\�ELQRPLDO�TXHXH��WKHUH�FDQ�EH�
PRUH�WKDQ�RQH�WUHH�RI�WKH�VDPH�VL]H��:H�FDQ�WHOO�WKH�VL]H�RI�D�WUHH�E\�H[DPLQLQJ�WKH�URRW
V�UDQN�
ILHOG��ZKLFK�JLYHV�WKH�QXPEHU�RI�FKLOGUHQ��DQG�WKXV�LPSOLFLWO\�WKH�W\SH�RI�WUHH���7R�SHUIRUP�WKH�
GHOHWHBPLQ��ZH�UHPRYH�WKH�VPDOOHVW�HOHPHQW��DV�EHIRUH��DQG�REWDLQ�WKH�WUHH�LQ�)LJXUH���������

�

�

)LJXUH�������/D]\�ELQRPLDO�TXHXH

�
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�

�

)LJXUH�������/D]\�ELQRPLDO�TXHXH�DIWHU�UHPRYLQJ�WKH�VPDOOHVW�HOHPHQW����

�

:H�QRZ�KDYH�WR�PHUJH�DOO�WKH�WUHHV�DQG�REWDLQ�D�VWDQGDUG�ELQRPLDO�TXHXH��$�VWDQGDUG�ELQRPLDO�
TXHXH�KDV�DW�PRVW�RQH�WUHH�RI�HDFK�UDQN��,Q�RUGHU�WR�GR�WKLV�HIILFLHQWO\��ZH�PXVW�EH�DEOH�WR�
SHUIRUP�WKH�PHUJH�LQ�WLPH�SURSRUWLRQDO�WR�WKH�QXPEHU�RI�WUHHV�SUHVHQW��7���RU�ORJ�Q��ZKLFKHYHU�LV�
ODUJHU���7R�GR�WKLV��ZH�IRUP�DQ�DUUD\�RI�OLVWV��/���/�����������/5max+ 1��ZKHUH�5PD[�LV�WKH�UDQN�
RI�WKH�ODUJHVW�WUHH��(DFK�OLVW�/U�FRQWDLQV�DOO�RI�WKH�WUHHV�RI�UDQN�U��7KH�SURFHGXUH�LQ�)LJXUH�

������LV�WKHQ�DSSOLHG���

(DFK�WLPH�WKURXJK�WKH�ORRS��DW�OLQHV���WKURXJK����WKH�WRWDO�QXPEHU�RI�WUHHV�LV�UHGXFHG�E\����7KLV�
PHDQV�WKDW�WKLV�SDUW�RI�WKH�FRGH��ZKLFK�WDNHV�FRQVWDQW�WLPH�SHU�H[HFXWLRQ��FDQ�RQO\�EH�SHUIRUPHG�
7�����WLPHV��ZKHUH�7�LV�WKH�QXPEHU�RI�WUHHV��7KH�IRU�ORRS�FRXQWHUV��DQG�WHVWV�DW�WKH�HQG�RI�WKH�
ZKLOH�ORRS�WDNH�2��ORJ�Q��WLPH��VR�WKH�UXQQLQJ�WLPH�LV�2��7���ORJ�Q���DV�UHTXLUHG��)LJXUH�������
VKRZV�WKH�H[HFXWLRQ�RI�WKLV�DOJRULWKP�RQ�WKH�SUHYLRXV�FROOHFWLRQ�RI�ELQRPLDO�WUHHV���

$PRUWL]HG�$QDO\VLV�RI�/D]\�%LQRPLDO�4XHXHV�

�

$PRUWL]HG�$QDO\VLV�RI�/D]\�%LQRPLDO�4XHXHV
�

7R�FDUU\�RXW�WKH�DPRUWL]HG�DQDO\VLV�RI�OD]\�ELQRPLDO�TXHXHV��ZH�ZLOO�XVH�WKH�VDPH�SRWHQWLDO�
IXQFWLRQ�WKDW�ZDV�XVHG�IRU�VWDQGDUG�ELQRPLDO�TXHXHV��7KXV��WKH�SRWHQWLDO�RI�D�OD]\�ELQRPLDO�TXHXH�
LV�WKH�QXPEHU�RI�WUHHV���

7+(25(0�������

�

7KH�DPRUWL]HG�UXQQLQJ�WLPHV�RI�PHUJH�DQG�LQVHUW�DUH�ERWK�2����IRU�OD]\�ELQRPLDO�TXHXHV��7KH�
DPRUWL]HG�UXQQLQJ�WLPH�RI�GHOHWHBPLQ�LV�2�ORJ�Q����

3522)��

�

7KH�SRWHQWLDO�IXQFWLRQ�LV�WKH�QXPEHU�RI�WUHHV�LQ�WKH�FROOHFWLRQ�RI�ELQRPLDO�TXHXHV��7KH�LQLWLDO�
SRWHQWLDO�LV����DQG�WKH�SRWHQWLDO�LV�DOZD\V�QRQQHJDWLYH��7KXV��RYHU�D�VHTXHQFH�RI�RSHUDWLRQV��WKH�
WRWDO�DPRUWL]HG�WLPH�LV�DQ�XSSHU�ERXQG�RQ�WKH�WRWDO�DFWXDO�WLPH���

�����IRU��U� ����U�� � ORJ�Q ���U����

�

�����ZKLOH���_/U_� ����

�

^

�

�����������UHPRYH�WZR�WUHHV�IURP�/U�

�

�����������PHUJH�WKH�WZR�WUHHV�LQWR�D�QHZ�WUHH�

�

�����������DGG�WKH�QHZ�WUHH�WR�/U����

�
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`�

)LJXUH�������3URFHGXUH�WR�UHLQVWDWH�D�ELQRPLDO�TXHXH

�

�

�

)LJXUH�������&RPELQLQJ�WKH�ELQRPLDO�WUHHV�LQWR�D�ELQRPLDO�TXHXH

�

)RU�WKH�PHUJH�RSHUDWLRQ��WKH�DFWXDO�WLPH�LV�FRQVWDQW��DQG�WKH�QXPEHU�RI�WUHHV�LQ�WKH�FROOHFWLRQ�
RI�ELQRPLDO�TXHXHV�LV�XQFKDQJHG��VR��E\�

(TXDWLRQ���������WKH�DPRUWL]HG�WLPH�LV�2�����

�

)RU�WKH�LQVHUW�RSHUDWLRQ��WKH�DFWXDO�WLPH�LV�FRQVWDQW��DQG�WKH�QXPEHU�RI�WUHHV�FDQ�LQFUHDVH�E\�DW�
PRVW����VR�WKH�DPRUWL]HG�WLPH�LV�2������

7KH�GHOHWHBPLQ�RSHUDWLRQ�LV�PRUH�FRPSOLFDWHG��/HW�U�EH�WKH�UDQN�RI�WKH�WUHH�WKDW�FRQWDLQV�WKH�
PLQLPXP�HOHPHQW��DQG�OHW�7�EH�WKH�QXPEHU�RI�WUHHV��7KXV��WKH�SRWHQWLDO�DW�WKH�VWDUW�RI�WKH�
GHOHWHBPLQ�RSHUDWLRQ�LV�7��7R�SHUIRUP�D�GHOHWHBPLQ��WKH�FKLOGUHQ�RI�WKH�VPDOOHVW�QRGH�DUH�VSOLW�
RII�LQWR�VHSDUDWH�WUHHV��7KLV�FUHDWHV�7���U�WUHHV��ZKLFK�PXVW�EH�PHUJHG�LQWR�D�VWDQGDUG�ELQRPLDO�
TXHXH��7KH�DFWXDO�WLPH�WR�SHUIRUP�WKLV�LV�7���U���ORJ�Q��LI�ZH�LJQRUH�WKH�FRQVWDQW�LQ�WKH�%LJ�2K�

QRWDWLRQ��E\�WKH�DUJXPHQW�DERYH��2Q�WKH�RWKHU�KDQG��RQFH�WKLV�LV�GRQH��WKHUH�FDQ�EH�DW�PRVW�ORJ�
Q�WUHHV�UHPDLQLQJ��VR�WKH�SRWHQWLDO�IXQFWLRQ�FDQ�LQFUHDVH�E\�DW�PRVW��ORJ�Q����7��$GGLQJ�WKH�
DFWXDO�WLPH�DQG�WKH�FKDQJH�LQ�SRWHQWLDO�JLYHV�DQ�DPRUWL]HG�ERXQG�RI���ORJ�Q���U��6LQFH�DOO�WKH�

WUHHV�DUH�ELQRPLDO�WUHHV��ZH�NQRZ�WKDW�U� �ORJ�Q��7KXV�ZH�DUULYH�DW�DQ�2�ORJ�Q��DPRUWL]HG�WLPH�
ERXQG�IRU�WKH�GHOHWHBPLQ�RSHUDWLRQ���

:H�FDQ�GR�WKLV�EHFDXVH�ZH�FDQ�SODFH�WKH�FRQVWDQW�LPSOLHG�E\�WKH�%LJ�2K�QRWDWLRQ�LQ�WKH�SRWHQWLDO�
IXQFWLRQ�DQG�VWLOO�JHW�WKH�FDQFHOODWLRQ�RI�WHUPV��ZKLFK�LV�QHHGHG�LQ�WKH�SURRI���

��������7KH�)LERQDFFL�+HDS�2SHUDWLRQV
�

$V�ZH�PHQWLRQHG�EHIRUH��WKH�)LERQDFFL�KHDS�FRPELQHV�WKH�OHIWLVW�KHDS�GHFUHDVHBNH\�RSHUDWLRQ�ZLWK�
WKH�OD]\�ELQRPLDO�TXHXH�PHUJH�RSHUDWLRQ��8QIRUWXQDWHO\��ZH�FDQQRW�XVH�ERWK�RSHUDWLRQV�ZLWKRXW�D�
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VOLJKW�PRGLILFDWLRQ��7KH�SUREOHP�LV�WKDW�LI�DUELWUDU\�FXWV�DUH�PDGH�LQ�WKH�ELQRPLDO�WUHHV��WKH�
UHVXOWLQJ�IRUHVW�ZLOO�QR�ORQJHU�EH�D�FROOHFWLRQ�RI�ELQRPLDO�WUHHV��%HFDXVH�RI�WKLV��LW�ZLOO�QR�

ORQJHU�EH�WUXH�WKDW�WKH�UDQN�RI�HYHU\�WUHH�LV�DW�PRVW� ORJ�Q ��6LQFH�WKH�DPRUWL]HG�ERXQG�
IRU�GHOHWHBPLQ�LQ�OD]\�ELQRPLDO�TXHXHV�ZDV�VKRZQ�WR�EH���ORJ�Q���U��ZH�QHHG�U� �2�ORJ�Q��IRU�WKH�
GHOHWHBPLQ�ERXQG�WR�KROG���

,Q�RUGHU�WR�HQVXUH�WKDW�U� �2�ORJ�Q���ZH�DSSO\�WKH�IROORZLQJ�UXOHV�WR�DOO�QRQ�URRW�QRGHV��

�

�0DUN�D��QRQURRW��QRGH�WKH�ILUVW�WLPH�WKDW�LW�ORVHV�D�FKLOG��EHFDXVH�RI�D�FXW���

�

�,I�D�PDUNHG�QRGH�ORVHV�DQRWKHU�FKLOG��WKHQ�FXW�LW�IURP�LWV�SDUHQW��7KLV�QRGH�QRZ�EHFRPHV�WKH�
URRW�RI�D�VHSDUDWH�WUHH�DQG�LV�QR�ORQJHU�PDUNHG��7KLV�LV�FDOOHG�D�FDVFDGLQJ�FXW��EHFDXVH�VHYHUDO�
RI�WKHVH�FRXOG�RFFXU�LQ�RQH�GHFUHDVHBNH\�RSHUDWLRQ���

)LJXUH�������VKRZV�RQH�WUHH�LQ�D�)LERQDFFL�KHDS�SULRU�WR�D�GHFUHDVHBNH\�RSHUDWLRQ��

�

:KHQ�WKH�QRGH�ZLWK�NH\����LV�FKDQJHG�WR�����WKH�KHDS�RUGHU�LV�YLRODWHG��7KHUHIRUH��WKH�QRGH�LV�
FXW�IURP�LWV�SDUHQW��EHFRPLQJ�WKH�URRW�RI�D�QHZ�WUHH��6LQFH�WKH�QRGH�FRQWDLQLQJ����LV�PDUNHG��
WKLV�LV�LWV�VHFRQG�ORVW�FKLOG��DQG�WKXV�LW�LV�FXW�IURP�LWV�SDUHQW�������1RZ����KDV�ORVW�LWV�
VHFRQG�FKLOG��VR�LW�LV�FXW�IURP����7KH�SURFHVV�VWRSV�KHUH��VLQFH���ZDV�XQPDUNHG����LV�QRZ�PDUNHG��
7KH�UHVXOW�LV�VKRZQ�LQ�)LJXUH���������

1RWLFH�WKDW����DQG�����ZKLFK�XVHG�WR�EH�PDUNHG�QRGHV��DUH�QR�ORQJHU�PDUNHG��EHFDXVH�WKH\�DUH�QRZ�
URRW�QRGHV��7KLV�ZLOO�EH�D�FUXFLDO�REVHUYDWLRQ�LQ�RXU�SURRI�RI�WKH�WLPH�ERXQG���

�

�

)LJXUH�������$�WUHH�LQ�WKH�)LERQDFFL�KHDS�SULRU�WR�GHFUHDVLQJ����WR���

�

�

�

)LJXUH�������7KH�UHVXOWLQJ�VHJPHQW�RI�WKH�)LERQDFFL�KHDS�DIWHU�WKH�GHFUHDVHBNH\�RSHUDWLRQ

�

��������3URRI�RI�WKH�7LPH�%RXQG

�

5HFDOO�WKDW�WKH�UHDVRQ�IRU�PDUNLQJ�QRGHV�LV�WKDW�ZH�QHHGHG�WR�ERXQG�WKH�UDQN��QXPEHU�RI�FKLOGUHQ��
U�RI�DQ\�QRGH��:H�ZLOO�QRZ�VKRZ�WKDW�DQ\�QRGH�ZLWK�Q�GHVFHQGDQWV�KDV�UDQN�2�ORJ�Q����
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/(00$�������

�

/HW�[�EH�DQ\�QRGH�LQ�D�)LERQDFFL�KHDS��/HW�FL�EH�WKH�LWK�\RXQJHVW�FKLOG�RI�[��7KHQ�WKH�UDQN�RI�FL
LV�DW�OHDVW�L�������
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�

$W�WKH�WLPH�ZKHQ�FL�ZDV�OLQNHG�WR�[��[�DOUHDG\�KDG��ROGHU��FKLOGUHQ�F���F�����������FL����7KXV��[
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)LJXUH�������VKRZV�WKH�VWHSV�ZKLFK�DUH�SHUIRUPHG�LQ�D�VSOD\�DW�QRGH����/HW�5�������5������5������

DQG�5�����EH�WKH�UDQN�RI�QRGH���LQ�HDFK�RI�WKH�IRXU�WUHHV��7KH�FRVW�RI�WKH�ILUVW�VWHS��ZKLFK�LV�D�

]LJ�]DJ��LV�DW�PRVW���5�������5��������7KH�FRVW�RI�WKH�VHFRQG�VWHS��ZKLFK�LV�D�]LJ�]LJ��LV���5�
������5�������7KH�ODVW�VWHS�LV�D�]LJ�DQG�KDV�D�FRVW�QR�ODUJHU�WKDQ���5�������5�����������7KH�

WRWDO�FRVW�WKXV�WHOHVFRSHV�WR���5�������5������������

,Q�JHQHUDO��E\�DGGLQJ�XS�WKH�DPRUWL]HG�FRVWV�RI�DOO�WKH�URWDWLRQV��RI�ZKLFK�DW�PRVW�RQH�FDQ�EH�D�
]LJ��ZH�VHH�WKDW�WKH�WRWDO�DPRUWL]HG�FRVW�WR�VSOD\�DW�QRGH�[�LV�DW�PRVW���5I�[����5L�[��������

ZKHUH�5L�[��LV�WKH�UDQN�RI�[�EHIRUH�WKH�ILUVW�VSOD\LQJ�VWHS�DQG�5I�[��LV�WKH�UDQN�RI�[�DIWHU�WKH�

ODVW�VSOD\LQJ�VWHS��6LQFH�WKH�ODVW�VSOD\LQJ�VWHS�OHDYHV�[�DW�WKH�URRW��ZH�REWDLQ�DQ�DPRUWL]HG�
ERXQG�RI���5I�7����5L�[��������ZKLFK�LV�2�ORJ�Q����

%HFDXVH�HYHU\�RSHUDWLRQ�RQ�D�VSOD\�WUHH�UHTXLUHV�D�VSOD\��WKH�DPRUWL]HG�FRVW�RI�DQ\�RSHUDWLRQ�LV�
ZLWKLQ�D�FRQVWDQW�IDFWRU�RI�WKH�DPRUWL]HG�FRVW�RI�D�VSOD\��7KXV��DOO�VSOD\�WUHH�RSHUDWLRQV�WDNH�2
�ORJ�Q��DPRUWL]HG�WLPH��%\�XVLQJ�D�PRUH�JHQHUDO�SRWHQWLDO�IXQFWLRQ��LW�LV�SRVVLEOH�WR�VKRZ�WKDW�
VSOD\�WUHHV�KDYH�VHYHUDO�UHPDUNDEOH�SURSHUWLHV��7KLV�LV�GLVFXVVHG�LQ�PRUH�GHWDLO�LQ�WKH�
H[HUFLVHV���

6XPPDU\
�

,Q�WKLV�FKDSWHU��ZH�KDYH�VHHQ�KRZ�DQ�DPRUWL]HG�DQDO\VLV�FDQ�EH�XVHG�WR�DSSRUWLRQ�FKDUJHV�DPRQJ�
RSHUDWLRQV��7R�SHUIRUP�WKH�DQDO\VLV��ZH�LQYHQW�D�ILFWLWLRXV�SRWHQWLDO�IXQFWLRQ��7KH�SRWHQWLDO�
IXQFWLRQ�PHDVXUHV�WKH�VWDWH�RI�WKH�V\VWHP��$�KLJK�SRWHQWLDO�GDWD�VWUXFWXUH�LV�YRODWLOH��KDYLQJ�
EHHQ�EXLOW�RQ�UHODWLYHO\�FKHDS�RSHUDWLRQV��:KHQ�WKH�H[SHQVLYH�ELOO�FRPHV�IRU�DQ�RSHUDWLRQ��LW�LV�
SDLG�IRU�E\�WKH�VDYLQJV�RI�SUHYLRXV�RSHUDWLRQV��2QH�FDQ�YLHZ�SRWHQWLDO�DV�VWDQGLQJ�IRU�SRWHQWLDO�
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IRU�GLVDVWHU��LQ�WKDW�YHU\�H[SHQVLYH�RSHUDWLRQV�FDQ�RQO\�RFFXU�ZKHQ�WKH�GDWD�VWUXFWXUH�KDV�D�KLJK�
SRWHQWLDO�DQG�KDV�XVHG�FRQVLGHUDEO\�OHVV�WLPH�WKDQ�KDV�EHHQ�DOORFDWHG���

/RZ�SRWHQWLDO�LQ�D�GDWD�VWUXFWXUH�PHDQV�WKDW�WKH�FRVW�RI�HDFK�RSHUDWLRQ�KDV�EHHQ�URXJKO\�HTXDO�WR�
WKH�DPRXQW�DOORFDWHG�IRU�LW��1HJDWLYH�SRWHQWLDO�PHDQV�GHEW���PRUH�WLPH�KDV�EHHQ�VSHQW�WKDQ�KDV�
EHHQ�DOORFDWHG��VR�WKH�DOORFDWHG��RU�DPRUWL]HG��WLPH�LV�QRW�D�PHDQLQJIXO�ERXQG���

$V�H[SUHVVHG�E\�

(TXDWLRQ���������WKH�DPRUWL]HG�WLPH�IRU�DQ�RSHUDWLRQ�LV�HTXDO�WR�WKH�VXP�RI�WKH�
DFWXDO�WLPH�DQG�SRWHQWLDO�FKDQJH��7DNHQ�RYHU�DQ�HQWLUH�VHTXHQFH�RI�RSHUDWLRQV��WKH�DPRUWL]HG�WLPH�
IRU�WKH�VHTXHQFH�LV�HTXDO�WR�WKH�WRWDO�VHTXHQFH�WLPH�SOXV�WKH�QHW�FKDQJH�LQ�SRWHQWLDO��$V�ORQJ�DV�
WKLV�QHW�FKDQJH�LV�SRVLWLYH��WKHQ�WKH�DPRUWL]HG�ERXQG�SURYLGHV�DQ�XSSHU�ERXQG�IRU�WKH�DFWXDO�WLPH�
VSHQW�DQG�LV�PHDQLQJIXO���

7KH�NH\V�WR�FKRRVLQJ�D�SRWHQWLDO�IXQFWLRQ�DUH�WR�JXDUDQWHH�WKDW�WKH�PLQLPXP�SRWHQWLDO�RFFXUV�DW�
WKH�EHJLQQLQJ�RI�WKH�DOJRULWKP��DQG�WR�KDYH�WKH�SRWHQWLDO�LQFUHDVH�IRU�FKHDS�RSHUDWLRQV�DQG�
GHFUHDVH�IRU�H[SHQVLYH�RSHUDWLRQV��,W�LV�LPSRUWDQW�WKDW�WKH�H[FHVV�RU�VDYHG�WLPH�EH�PHDVXUHG�E\�
DQ�RSSRVLWH�FKDQJH�LQ�SRWHQWLDO��8QIRUWXQDWHO\��WKLV�LV�VRPHWLPHV�HDVLHU�VDLG�WKDQ�GRQH���

([HUFLVHV
�

�����:KHQ�GR�P�FRQVHFXWLYH�LQVHUWLRQV�LQWR�D�ELQRPLDO�TXHXH�WDNH�OHVV�WKDQ��P�WLPH�XQLWV"�

�

�����6XSSRVH�D�ELQRPLDO�TXHXH�RI�Q� ��N�����HOHPHQWV�LV�EXLOW��$OWHUQDWHO\�SHUIRUP�P�LQVHUW�DQG�
GHOHWHBPLQ�SDLUV��&OHDUO\��HDFK�RSHUDWLRQ�WDNHV�2�ORJ�Q��WLPH��:K\�GRHV�WKLV�QRW�FRQWUDGLFW�WKH�
DPRUWL]HG�ERXQG�RI�2����IRU�LQVHUWLRQ"��

�����6KRZ�WKDW�WKH�DPRUWL]HG�ERXQG�RI�2�ORJ�Q��IRU�WKH�VNHZ�KHDS�RSHUDWLRQV�GHVFULEHG�LQ�WKH�
WH[W�FDQQRW�EH�FRQYHUWHG�WR�D�ZRUVW�FDVH�ERXQG��E\�JLYLQJ�D�VHTXHQFH�RI�RSHUDWLRQV�WKDW�OHDG�WR�D�

PHUJH�UHTXLULQJ� �Q��WLPH��

�

�����6KRZ�KRZ�WR�PHUJH�WZR�VNHZ�KHDSV�ZLWK�RQH�WRS�GRZQ�SDVV�DQG�UHGXFH�WKH�PHUJH�FRVW�WR�2����
DPRUWL]HG�WLPH���

�����([WHQG�VNHZ�KHDSV�WR�VXSSRUW�WKH�GHFUHDVHBNH\�RSHUDWLRQ�LQ�2�ORJ�Q��DPRUWL]HG�WLPH��

�

�����,PSOHPHQW�)LERQDFFL�KHDSV�DQG�FRPSDUH�WKHLU�SHUIRUPDQFH�ZLWK�ELQDU\�KHDSV�ZKHQ�XVHG�LQ�
'LMNVWUD
V�DOJRULWKP���

�����$�VWDQGDUG�LPSOHPHQWDWLRQ�RI�)LERQDFFL�KHDSV�UHTXLUHV�IRXU�SRLQWHUV�SHU�QRGH��SDUHQW��FKLOG��
DQG�WZR�VLEOLQJV���6KRZ�KRZ�WR�UHGXFH�WKH�QXPEHU�RI�SRLQWHUV��DW�WKH�FRVW�RI�DW�PRVW�D�FRQVWDQW�
IDFWRU�LQ�WKH�UXQQLQJ�WLPH���
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�����6KRZ�WKDW�WKH�DPRUWL]HG�WLPH�RI�D�]LJ�]LJ�VSOD\�LV�DW�PRVW���5I�[����5L�[����

�

�����%\�FKDQJLQJ�WKH�SRWHQWLDO�IXQFWLRQ��LW�LV�SRVVLEOH�WR�SURYH�GLIIHUHQW�ERXQGV�IRU�VSOD\LQJ��
/HW�WKH�ZHLJKW�IXQFWLRQ�:�L��EH�VRPH�IXQFWLRQ�DVVLJQHG�WR�HDFK�QRGH�LQ�WKH�WUHH��DQG�OHW�6�L��EH�
WKH�VXP�RI�WKH�ZHLJKWV�RI�DOO�WKH�QRGHV�LQ�WKH�VXEWUHH�URRWHG�DW�L��LQFOXGLQJ�L�LWVHOI��7KH�
VSHFLDO�FDVH�:�L�� ���IRU�DOO�QRGHV�FRUUHVSRQGV�WR�WKH�IXQFWLRQ�XVHG�LQ�WKH�SURRI�RI�WKH�VSOD\LQJ�
ERXQG��/HW�Q�EH�WKH�QXPEHU�RI�QRGHV�LQ�WKH�WUHH��DQG�OHW�P�EH�WKH�QXPEHU�RI�DFFHVVHV��3URYH�WKH�
IROORZLQJ�WZR�WKHRUHPV���

D��7KH�WRWDO�DFFHVV�WLPH�LV�2�P����P���Q�ORJ�Q���

�

E��,I�TL�LV�WKH�QXPEHU�RI�WLPHV�WKDW�LWHP�L�LV�DFFHVVHG��DQG�TL�!���IRU�DOO�L��WKHQ�WKH�WRWDO�

DFFHVV�WLPH�LV��

�

�

������D��6KRZ�KRZ�WR�LPSOHPHQW�WKH�PHUJH�RSHUDWLRQ�RQ�VSOD\�WUHHV�VR�WKDW�D�VHTXHQFH�RI�Q����

PHUJHV�VWDUWLQJ�IURP�Q�VLQJOH�HOHPHQW�WUHHV�WDNHV�2�Q�ORJ��Q��WLPH���

E��,PSURYH�WKH�ERXQG�WR�2�Q�ORJ�Q���

�

������,Q�&KDSWHU����ZH�GHVFULEHG�UHKDVLQJ��:KHQ�D�WDEOH�EHFRPHV�PRUH�WKDQ�KDOI�IXOO��D�QHZ�WDEOH�
WZLFH�DV�ODUJH�LV�FRQVWUXFWHG��DQG�WKH�HQWLUH�ROG�WDEOH�LV�UHKDVKHG��*LYH�D�IRUPDO�DPRUWL]HG�
DQDO\VLV��ZLWK�SRWHQWLDO�IXQFWLRQ��WR�VKRZ�WKDW�WKH�DPRUWL]HG�FRVW�RI�DQ�LQVHUWLRQ�LV�VWLOO�2����

������6KRZ�WKDW�LI�GHOHWLRQV�DUH�QRW�DOORZHG��WKHQ�DQ\�VHTXHQFH�RI�P�LQVHUWLRQV�LQWR�DQ�Q�QRGH���
��WUHH�SURGXFHV�2�P���Q��QRGH�VSOLWV���

������$�GHTXH�ZLWK�KHDS�RUGHU�LV�D�GDWD�VWUXFWXUH�FRQVLVWLQJ�RI�D�OLVW�RI�LWHPV��RQ�ZKLFK�WKH�
IROORZLQJ�RSHUDWLRQV�DUH�SRVVLEOH���

SXVK�[�G���,QVHUW�LWHP�[�RQ�WKH�IURQW�HQG�RI�GHTXH�G��

�

SRS�G���5HPRYH�WKH�IURQW�LWHP�IURP�GHTXH�G�DQG�UHWXUQ�LW��

�

LQMHFW�[�G���,QVHUW�LWHP�[�RQ�WKH�UHDU�HQG�RI�GHTXH�G��

�

HMHFW�G���5HPRYH�WKH�UHDU�LWHP�IURP�GHTXH�G�DQG�UHWXUQ�LW��

�

ILQG�BPLQ�G���5HWXUQ�WKH�VPDOOHVW�LWHP�IURP�GHTXH�G��EUHDNLQJ�WLHV�DUELWUDULO\���

�

D��'HVFULEH�KRZ�WR�VXSSRUW�WKHVH�RSHUDWLRQV�LQ�FRQVWDQW�DPRUWL]HG�WLPH�SHU�RSHUDWLRQ��

�

E��'HVFULEH�KRZ�WR�VXSSRUW�WKHVH�RSHUDWLRQV�LQ�FRQVWDQW�ZRUVW�FDVH�WLPH�SHU�RSHUDWLRQ��

�
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5HIHUHQFHV�

$Q�H[FHOOHQW�VXUYH\�RI�DPRUWL]HG�DQDO\VLV�LV�SURYLGHG�LQ�

>�@��

�

0RVW�RI�WKH�UHIHUHQFHV�EHORZ�GXSOLFDWH�FLWDWLRQV�LQ�HDUOLHU�FKDSWHUV��:H�FLWH�WKHP�DJDLQ�IRU�
FRQYHQLHQFH�DQG�FRPSOHWHQHVV��%LQRPLDO�TXHXHV�ZHUH�ILUVW�GHVFULEHG�LQ�>��@�DQG�DQDO\]HG�LQ�>�@��
6ROXWLRQV�WR������DQG������DSSHDU�LQ�>�@��)LERQDFFL�KHDSV�DUH�GHVFULEHG�LQ�>�@��([HUFLVH�����D�
VKRZV�WKDW�VSOD\�WUHHV�DUH�RSWLPDO��WR�ZLWKLQ�D�FRQVWDQW�IDFWRU�RI�WKH�WKH�EHVW�VWDWLF�VHDUFK�
WUHHV������E�VKRZV�WKDW�VSOD\�WUHHV�DUH�RSWLPDO��WR�ZLWKLQ�D�FRQVWDQW�IDFWRU�RI�WKH�EHVW�RSWLPDO�
VHDUFK�WUHHV��7KHVH��DV�ZHOO�DV�WZR�RWKHU�VWURQJ�UHVXOWV��DUH�SURYHG�LQ�WKH�RULJLQDO�VSOD\�WUHH�
SDSHU�>�@���

7KH�PHUJH�RSHUDWLRQ�IRU�VSOD\�WUHHV�LV�GHVFULEHG�LQ�>�@��([HUFLVH�������LV�VROYHG��ZLWK�DQ�
LPSOLFLW�XVH�RI�DPRUWL]DWLRQ��LQ�>�@��7KH�SDSHU�DOVR�VKRZV�KRZ�WR�PHUJH�����WUHHV�HIILFLHQWO\��$�
VROXWLRQ�WR�������FDQ�EH�IRXQG�LQ�>�@���

$PRUWL]HG�DQDO\VLV�LV�XVHG�LQ�>�@�WR�GHVLJQ�DQ�RQ�OLQH�DOJRULWKP�WKDW�SURFHVVHV�D�VHULHV�RI�
TXHULHV�LQ�WLPH�RQO\�D�FRQVWDQW�IDFWRU�ODUJHU�WKDQ�DQ\�RII�OLQH�DOJRULWKP�LQ�LWV�FODVV���

���0��5��%URZQ���,PSOHPHQWDWLRQ�DQG�$QDO\VLV�RI�%LQRPLDO�4XHXH�$OJRULWKPV���6,$0�-RXUQDO�RQ�
&RPSXWLQJ���������������������

���0��5��%URZQ�DQG�5��(��7DUMDQ���'HVLJQ�DQG�$QDO\VLV�RI�D�'DWD�6WUXFWXUH�IRU�5HSUHVHQWLQJ�6RUWHG�
/LVWV���6,$0�-RXUQDO�RQ�&RPSXWLQJ���������������������

���0��/��)UHGPDQ�DQG�5��(��7DUMDQ���)LERQDFFL�+HDSV�DQG�7KHLU�8VHV�LQ�,PSURYHG�1HWZRUN�
2SWLPL]DWLRQ�$OJRULWKPV���-RXUQDO�RI�WKH�$&0����������������������

���+��*DMHZVND�DQG�5��(��7DUMDQ���'HTXHV�ZLWK�+HDS�2UGHU���,QIRUPDWLRQ�3URFHVVLQJ�/HWWHUV����
������������������

���*��3RUW�DQG�$��0RIIDW���$�)DVW�$OJRULWKP�IRU�0HOGLQJ�6SOD\�7UHHV���3URFHHGLQJV�RI�WKH�)LUVW�
:RUNVKRS�RQ�$OJRULWKPV�DQG�'DWD�6WUXFWXUHV������������������

���'��'��6OHDWRU�DQG�5��(��7DUMDQ���6HOI�DGMXVWLQJ�%LQDU\�6HDUFK�7UHHV���-RXUQDO�RI�WKH�$&0����
������������������

���'��'��6OHDWRU�DQG�5��(��7DUMDQ���$PRUWL]HG�(IILFLHQF\�RI�/LVW�8SGDWH�DQG�3DJLQJ�5XOHV���
&RPPXQLFDWLRQV�RI�WKH�$&0����������������������

���'��'��6OHDWRU�DQG�5��(��7DUMDQ���6HOI�DGMXVWLQJ�+HDSV���6,$0�-RXUQDO�RQ�&RPSXWLQJ������������
��������
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���5��(��7DUMDQ���$PRUWL]HG�&RPSXWDWLRQDO�&RPSOH[LW\���6,$0�-RXUQDO�RQ�$OJHEUDLF�DQG�'LVFUHWH�
0HWKRGV���������������������

����-��9XLOOHPLQ���$�'DWD�6WUXFWXUH�IRU�0DQLSXODWLQJ�3ULRULW\�4XHXHV���&RPPXQLFDWLRQV�RI�WKH�$&0�
���������������������

5HWXUQ�WR�

7DEOH�RI�&RQWHQWV�

�

义ⷕˈ�����6WUXFWXUHV��$OJRULWKP�$QDO\VLV��&+$37(5�����$0257,=('�$1$/<6,6

���������PN�#06,76WRUH�.�?'DWD�6WUXFWXUHV�DQG�$OJRULWKP�$QDO\VLV�LQ�&�FKP������


	Data.Structures.and.Algorithm.Analysis.in.C.pdf
	Preface.pdf
	CHAPTER 1 INTRODUCTION.pdf
	CHAPTER 2 ALGORITHM ANALYSIS.pdf
	CHAPTER 3 LISTS, STACKS, AND QUEUES.pdf
	CHAPTER 4  TREES.pdf
	CHAPTER 5  HASHING.pdf
	CHAPTER 6  PRIORITY QUEUES (HEAPS).pdf
	CHAPTER 7  SORTING.pdf
	CHAPTER 8  THE DISJOINT SET ADT.pdf
	CHAPTER 9  GRAPH ALGORITHMS.pdf
	CHAPTER 10  ALGORITHM DESIGN TECHNIQUES.pdf
	CHAPTER 11  AMORTIZED ANALYSIS.pdf

