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i 5.2 Mathematical Induction I

Part 1:What is Mathematical Induction

Part 2:Induction as a Method of Proof/Thinking

Part 3:Proving sum of integers and geometric sequences
Part 4: Proving a Divisibility Property and Inequality

Part 5:Proving a Property of a Sequence

Part 6:Induction Versus Deduction Thinking
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Warm-up 1: Consider the expression
1+3+5+7+...+(2n-1)

1. Whatisl+3+5+7+.---+2n-1)
whenn=3? 2-1-1)+2-2-1)+(2-3-1) = 1+3+5
when n=2? (2-1-1)+(2-2-1) = 1+3

NOTE: The numbers 3, 5,
1 o _ y Iy
whenn=1? (2-1-1) = 1 and 7 don’ t appear!

2. Whatis1+3+5+7+.---+(12n-1)

when n=k? 1+3+5+7+---+(2k-1)

when n=k+1? 1 +3 +5+ .-+ k- 1)+ (2(k+1)-1)
=1+3+5+.---+2k+1)

What is the next-to-last term of
1+3+5+7+---+k+1)?
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Warm-up 1: Consider the expression
1+3+5+7+..-+(2n-1)

1. Whatis1+3+5+7+---+(2n-1)
whenn=3? (2-1-1)+2-2-1)+(2-3-1) = 1+3+5
when n=2? (2-1-1)+(2-2-1) = 1+3

NOTE: The numbers 3, 5,
_ o _ y Iy
whenn=1? (2-1-1) =1 and 7 don’ t appear!

2. Whatis1+3+5+7+---+(2n-1)
when /1= k? 1+3+5+7+ . +(2k—1)|=2k+2-1=2k+1 |
,_;:

when n=k+1? 1 +3 +5+ ...+ (2k- 1) (2(k+1)-1)
= 1+3p5+ - -+2k+1)

What is the next-to-last term of

1+3+5+7+---+Rk+1)?|2k-1
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i Mathematical Induction Note

Do not mix between the index of a term (e.g, k) and the
value of that term (e.g., 2k-1)

the next term after k is k+1 which makes the value

2(k+1)-1

When proving a formula by mathematical induction, it is
virtually always desirable to make the next-to-last-term
explicit, as was done above.

Doing so, makes it easier to see how the inductive
hypothesis will apply.
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Warm-up 2: Consider the property
P(n): 1+3+5+7+..-+(2n-1) = n?

Why the colon? ]
1. Whatis P(1)? 1 =12 Why not = ?

2. Whatis P(K)? 1+3+5+7+...+(2k-1) = k2

3. Whatis P(k+ 1)?1+3+5+7+...+(2(k+1) - 1) = (k+1)?

Or: 1+3+5+7+.--+(2k+1) = (k+1)2

Caution! P(1) isNOT 1+3+5+7 +...+ 1= 12, ’
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Introduction

Any lWwhole number of cents of at least 8c/ can be obtained using 3e=and 5¢ coins.
More formally:
For all integers n=8, ncents can be obtained using 3¢ and 5¢ coins.
Even more formally:
For all integers n=8, P(n)is true, where P(n)is the sentence
“n cents can be obtained using 3¢ and 5¢ coins.”

Number of Cents How to Obtain It

B¢ 3¢+ 5¢

9¢ 3¢+ 3¢+ 3¢

10¢ S5¢+ 5¢

11¢ 3¢+ 3¢+ 5¢

12¢ 3¢+ 3¢+ 3¢+ 3¢
13¢ 3¢+ 5¢+5¢

14¢ 3+ 3e+ 3¢+ 5¢
15¢ 5S¢+ 5S¢+ 5¢

16¢ 3¢+ 3¢+ 5S¢+ 5¢
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Cont...

The cases shown in the table provide inductive_evidence to support the
claim that P(n)is true for general n. Indeed, P(n) is true for all n=8 if, and
only If, it is possible to continue filling in the table for arbitrarily large values
of n. The A" line of the table gives information about how to obtain s using
3e and 5¢ coins. To continue the table to the next row, directions must be
given for how to obtain (k + 1)< using 3¢ and 5¢ coins. The secret is to
observe first that if A& can be obtained using at least one 5¢ coin, then
(k+ 1)< can be obtained by replacing the 5¢ coin by two 3¢ coins,

(k+ ¢

O . ::?%f;“;:;n v O
Q OO0\
\®®)/

® / XcIo)

4 Remove Add
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Cont...

If, on the other hand, Ae is obtained without using a 5€ coin,
then 3e coins are used exclusively. And since the total is at
least 8¢, three or more 3e coins must be included. Three of
the 3e coins can be replaced by two 5€ coins to obtain a total
of (k+ 1)<€. Any argument of this form is an argument by
mathematical induction. In general, mathematical induction
is a method for proving that a property defined for integers n
is true for all values of n that are greater than or equal to

some initial integer. 2 (ke
o T —
O e
20 @Q@
N () /
=\

10
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Principal Of Mathematical Induction

Principle of Mathematical Induction

Let P(n) be a property that is defined for integers n, and let a be a fixed integer.
Suppose the following two statements are true:

1. P(a) is true.
2. For all integers k = a, if P(k) 15 true then P(k + 1) is true.

Then the statement
for all integers n = a, P(n)
is true.

If the kth domino falls backward, it pushes the (k 4 1)st domino backward also.
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Method Of Proof

Method of Proof by Mathematical Induction
Consider a statement of the form, “For all integers n > a, a property P(n) is true.”
To prove such a statement, perform the following two steps:
Step 1 (basis step): Show that P(a) is true.
Step 2 (inductive step): Show that for all integers k > a, if P(k) is true then
Pik + 1) 1s true. To perform this step,
suppose that P(k) is true, where k is any
particular but arbitrarily chosen integer with k = a.

[This supposition is called the inductive hypothesis. |
Then

show that P(k + 1) is true.

Induction is a technique for proving things on finite
and infinite sequences.
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Finding Terms of Sequences

Proposition: For all integers n= 8, ne can be obtained
using 3e and 5¢ coins

Proof: Let the property P(n)be the sentence “ne can be
obtained using 3e and 5e coins”. < P(n)

Show that P(8) is true:

A(8) is true because 8¢ can be obtained using one 3¢
coin and one 5¢ coin.

Show that for all integers k 2 8, if P(k) is true then
P(k+1) is also true:

Suppose that kis any integer with & = 8 such that ke
can be obtained using 3e and 5¢ coins. «— P(k)
(inductive hypothesis)
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Explicit formula

(k + 1 )e-can be obtained using 3e-and 5ecoins. — Ptk+ 1)

Case 1 (There is a 5e-coin among those used to make up the ke
In this case replace the 5e-coin by two 3e-coins; the result will be (k

+1)k

Case 2 (There is not a 5c/ coin among those used to make up
the ke

In this case, because k = 8, at least three 3¢ coins must have been
used. So remove three 3e-coins and replace them by two 5e- coins;
the result will be (k+ 1)e.

Thus in either case (k + 1)¢ can be obtained using 3e= and 5e
coins.
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Prove P(n): 1+2+3+._+n=n(n+1)/2

Formula for the sum of the first n integers: For all integers n > 1,

n(n+1
Proving 1+2+3+"'+n=7(2 ). < An)

Is like proving that these programs prints the same results for n > 1

for (i=1, i<n; i++) S=(n(n+1))/2;
S=S+i; Print ("%d",S);

Print ("%d”, S);
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Propositions

Proposition: For all integers n= 1,
1+2+ - -+n=nn+121)2
Proof:

Show that P(1) is frue:

To establish P(1), we must show that
| = WI+1) . P
2
But the left-hand side of this equation is 1 and the right-hand side is
I(14+1)
3 =

b3 b

also. Hence P(1) is true.

Show that for all integers k = 1, if P(k) is true then P(k + 1) is also true:
[Suppose that P(k) is true for a particular but arbitrarily chosen integer k = 1.
That is: | Suppose that k 1s any integer with k > 1 such that
ktk+1) — PR

2

142434 +k= = P )
inductive hypothesis 16
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Theorem: T of the first n integers is ngml)
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Cont...

[We must show that P(k + 1) is true. That is: ] We must show that

(k+ DIk +1+1]

I 4+243 4+ +k+1)= 5

or, equivalently, that

k+DE+2 _ pps
—

[We will show that the left-hand side and the right-hand side of P(k 4+ 1) are equal to
the same quantity and thus are equal to each other. |

The left-hand side of P(k + 1) is
1 4+243 4+ (k+1)
=14+2434+ +k+(k+1) by making the next-to-last

14+243+--+k+ D)=

térm ¢ ‘\'pllu
il-\+l.l by substitution from th
= +k+1) inductive hyp: uLh”\ )
B k(k+l) 2+ 1)
- 2 + 2

18
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Cont...

Kk 2k42
I
k4 3k+1
=

And the right-hand side of P(k + 1) 1s

k+Dk+2) K 4+3k+1
2 -z
Thus the two sides of Pk + 1) are equal to the same quantity and so they are equal
to each other. Therefore the equation Pk 4 1) is true [as was to be shown].
[Since we have proved both the basis step and the inductive step, we conclude that the
theorem is true.]

by algebra.
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Sum of Geometric Series

For any real number r except 1, and any integer n = 0,
n 1
I
P r—1

Proof (by mathematical induction):

Suppose r is a particular but arbitrarily chosen real number that is not equal to 1,
and let the property P(n) be the equation

i+l
er _r -1 rw
r—1

i=0
We must show that P(n) is true for all integers n = 0. We do this by mathematical
induction on n.

Show that P(0) is true:
To establish P(0), we must show that
0 r
i +— P(y
Z "= r—1

i=0
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Cont....

The left-hand side of this equation is #” = 1 and the right-hand side is

ri+l _r—1 -1
r—1 — r—1"
also because r! = r and r # 1. Hence P(0) is true.

Show that for all integers k = 0, if P(k) is true then P(k 4 1) is also true:
[Suppose that P(k) is true for a particular but arbitrarily chosen integer k = 0. That is: ]
Let k be any integer with & = 0, and suppose that

E k+1
SEPaT R
£ r—1 inductive hypothesis
= ¥E
[We must show that P(k + 1) is true. That is: | We must show that
r”‘ +0+1 _ 1

k+1
i
E S
r—1
i=0

or, equivalently, that

k+1 k+2
Z,J:’ —1 o pe+y
: r—1
i=0 21
© Susanna >. £pp, KeNnMneul A. Kuserl, ANMdu AdiNo ZUZU, All TIGILS reserveu
Cont...
k+1 k
i i k+1 by writing the (k+ I)st term
Z r= Zr +r separately from the first k terms
i=0 i=0
k+1 o
_r + 1 4 by substitution from the
T r—1 inductive hypothesis
rktl rh+l r—1 by multiplying the numerator and denominator
= ] 1 of the second term by (r — 1) to obtain a
= r= common denominator
(rk+|_]J+rR+|(r_]) -
= by adding fractions
r—1
k+1 k+1 k+1 L ) .
_r —l+r —-r by multiplying out and using the fact
r—1 that F¥ 1. phtl ol — pht2
P . L
=0 by canceling the r**''s.
r—1
which is the right-hand side of P(k 4 1) [as was to be shown. ]
22
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5n+1 _

Prove P(n):1+5+52+53 +...457

Formula for the sum of the terms of a geometric sequence: For all
real numbers r= 1 and all integers n > 0, proving

rn+1 1
1+r+r2+r3+..-+rn ="~
r-1
Is like proving that these codes will return the same output.
int n, r, sum=0; int n, r, sum=0;
inti; scanf("%d",&n);
scanf("%d",&n); scanf("%d",&r);
scanf("%d",&r);
if(r'=1) {
if(r'=1) { sum=((pow(r,n+1))-1)/(r-1);
for(i=0; i<=n; i++) { printf("%d\n", sum);
sum = sum + pow(r,i); }
by
printf("%d\n", sum);
by
© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, Al rights reserved 23
Outline a proof by math induction:
5n+1 _

1+5+5%2 453 4...457 = for all integers n > 0.

Proof by mathematical induction: Let the property P(7) be the
equation n+l
145452453 ... 457 :%.

Show that the property is true for 7 = 0: We must show that
0+1
5 -1

4
Show that for all integers k> 0, if the property is true for n = &,
then it is true for n = k+ 1: Let kbe an integer with k> 0, and
suppose that

145452453 4.4 5K =
We must show that

1+5+52 453 4. 45K+l _

1

5K+l 1 [Thisis the
4 ° inductive hypothesis.]

5(k+1)+1 -1
74 .
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for all integers n > 0.
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Prove P(n):1 +3+5+7+...+(2n-1)= n?

Example: Prove that for all integers n> 1,

1+3+5+7+ - - - +@2n-1) = A
Proof: Consider the equation
[1+3+5+7+ C +(2/7—1)=f72]<—thepr0perty«

Show that the property is true for n = 1.

When n = 1, the property is the equation 1 = 12,

But the left-hand side (LHS) of this equation is 1,

and the right-hand side (RHS) is 12, which equals 1 also.
So the property is true for n = 1. |

| It’s really important to know what the property is. |

25
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Inductive Step for the proof that for all integers n
1+43+5+7+...+(2n-1) = n?,

Show that V integers k > 1, if the property is true for n = k
then it is true for n = k + 1:
Let & be any integer with £ > 1, and suppose that the property is true

for n = k. In other words, suppose that
1+3+5+7+ - - +(Qk-1)= k2

This supposition is called the inductive hypothesis.

We must show that the property is true for n= £+ 1.
In other words, we must show that

1+3+5+7+ - - +Qk+1)-1)=(k+1)?

or, equivalently, we must show that
1+3+45+7+ - - - +Qk+1)=(k+ 1)

26
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Inductive hypothesis: 1+3+5+7+ - -+ (2k—1) = k2
Show: 1+3+5+7+ .-+ (2k+1) = (k+ 1)2

But the LHS of the equation to be shown is
1+3+5+7+.--+2k+1)
= 14+3+5+7+ - -+2k-1)+2(k+ 1)-1)
by making the next-to-last-term explicit

K+ (2k+ 1) by substitution from the inductive
hypothesis

(k+1)2 by algebra,

which equals the RHS of the equation to be shown.

This proves that if the property is true for n = £, then it is true for
n= k+ 1 and completes the proof by mathematical induction.
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Example: Sum of Cubes

Proposition: For all integers n= 1,
P+22 433+ 4n®=(1+2+3+:+n)?
Is there another way of writing this?

L N 2 We know —)'k\.‘s S
o= . 2 2
= _ (n(nN\A nRn )
2 <ZL i

So, our theorem now is:

Zn:_g né(n+1)2
i?= —
4

i=1

28
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$ Base Case Step
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i Inductive Step
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i Example: Sum of Squares - HW
Proposition: For all integers n=1,
n(n+1)(2n+1)
12422+ 4+n?= p
32
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