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COMP 233 Discrete Mathematics

Sequences and 
Mathematical Induction
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5.3 Mathematical Induction II

- Proving Divisibility Property 
- Proving an Inequality
- Proving a Property of a Sequence



2

3
© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved

int n;
scanf("%d",&n);

if(n >= 0) {
if( (pow(2,(2*n))  - 1) %3 == 0)

printf("this property is true");
else

printf("this property isn't true");
}

Is like proving that the output of this program for any 
input n will always be the same.

Proving Divisibility Property 

proving that 3 |  22n − 1

For all integers n ≥ 0,   22n − 1 is divisible by 3. 
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Basis Step:

Inductive Step:

← P(n) 3 |  22n − 1

P(0):  22.0 −1=20−1  = 1−1  =  0 .As 3 | 0 , thus P(0) is true. 

Show that P(0) is true.

Show that for all integers k ≥ 0, if P(k) is true then P(k + 1) 
is also true: 

Suppose: 22k − 1 is divisible by 3. ← P(k) inductive hypothesis 

22k − 1 = 3r     for some integer r. 

To show:          22(k+1) −1 is divisible by 3. ← P(k+1) 

22(k+1) − 1 = 22k + 2 − 1

= 22k · 22 − 1 = 22k · 4  − 1
= 22k (3 + 1) − 1 = 22k · 3 + (22k −1) = 22k · 3 + 3r
= 3(22k + r ) Which is integer 

by the laws of exponents 

so, by definition of divisibility, 22(k+1) − 1 is divisible by 3

Prove P(n): 3 |  22n − 1, n ≥ 0

For all integers n ≥ 0,   22n− 1 is divisible by 3. 
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Outline a proof by math induction for the statement:

For all integers n  0, 5n – 1 is divisible by 4.

Proof by mathematical induction: Let the property P(n) be the 

sentence

Show that the property is true for n = 0: We must show that 

Show that for all integers k  0, if the property is true for n = k, 
then it is true for n = k + 1: Let k be an integer with k  0, and 
suppose that 

We must show that 

50 – 1 is divisible by 4.

[the property is true for n = k. In other words,

suppose that]
5k – 1 is divisible by 4.  inductive hypothesis

[the property is true for n = k + 1. 

In other words, we must show that]

5k+1 – 1 is divisible by 4.

by 4 because 0 = 4 ∙ 0.
But 50 – 1 = 1 – 1 = 0, and 0 is divisible 

5n – 1 is divisible by 4. the property

Ref: Sec. 4.3
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Scratch Work for proving that

For all integers n  0, 5n – 1 is divisible by 4.

Inductive hypothesis: 5k – 1 is divisible by 4.  

Want to show: 5k+1– 1 is divisible by 4.

Working Backward: Want 5k+1– 1 = 4 ∙(some integer)

Working Forward: Know 5k – 1 = 4 ∙ r for some integer r

Experiment: 5k+1– 1 =  5k ∙5 – 1 
=  5k ∙ (4 + 1) – 1
=  5k ∙4 + 5k ∙1 – 1
=  5k ∙4 + (5k – 1)

Note: Each of these terms is divisible by 4.

So: 5k+1 – 1 =   5k ∙4 + 4 ∙ r (where r is an integer)
=   4 ∙ (5k + r)

(For the complete proof, see the book.)
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scanf(“%d”, &n);

If (n>=3)
{

If (2n+1 < pow (2,n))       // is 2n+1 < 2^n ?? //
printf (“true”);

Else
printf (“false”);

}

Is like proving that the output of this program for any 
input n>=3 will always be the same

Proving Inequality

Proving that For all integers n ≥ 3, 2n + 1 < 2n
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Let P(n) be             2n+1<2n

Basis Step:

Inductive Step:

P(3): 2.3+1 < 23 which is true.Show that P(3) is true.

Show that for all integers k ≥ 3, if P(k) is true then P(k + 1) 
is also true: 

Suppose:  2k +1<2k is true ← P(k) inductive hypothesis 

To show     2(k+1) +1 < 2k+1 ← P(k+1) 

2k+3 = (2k+1) +2   by algebra

< 2k + 2k as 2k + 1 < 2k by the hypothesis
and because 2 < 2k     (k ≥ 2)

∴ 2k + 3   <   2 · 2k = 2k+1

[This is what we needed to show.]

Prove P(n): 2n + 1 < 2n, n ≥ 3 

For all integers n ≥ 3, 2n + 1 < 2n
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From Appendix A

(2k+1) +2 < 2k + 2k

2k + 1 < 2k and 2 < 2k (k ≥ 2)
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Proving Inequalities

Note that here the basis step is P(4), since P(0), P(1), P(2), P(3) are 
all false.  
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Proving other properties of a Sequence 

Define a sequence a1, a2, a3 . . . as follows:
a1 =  2 
ak =  5ak-1 for all integers k ≥ 2.

What are the terms?

What is the explicit formula? Let it be P(n)
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Proving other properties of a Sequence 

Define a sequence a1, a2, a3 . . . as follows:
a1 =  2 
ak =  5ak-1 for all integers k ≥ 2. 

a1= 2
a2 = 5a2−1 = 5a1 = 5·2 = 10
a3 = 5a3−1 =5a2 = 5·10= 50 
a4 = 5a4−1 = 5a3= 5·50 = 250

P(n): The terms of the sequence satisfy the explicit formula
an= 2 · 5n-1
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a1 = 2 · 51-1 = 2 · 50 = 2Basis Step:

Inductive Step:

Show that P(1) is true.

Show that for all integers k ≥ 1, if P(k) is true then P(k + 1) 
is also true:
Suppose: ak= 2·5k-1 ← P(k) inductive hypothesis 

To show ak+1 = 2 . 5k ← P(k+1) 

ak+1 = 5a(k+1)-1 by definition of a1, a2, a3 . . .

= 5ak

= 5 . (2 . 5k-1)      by the hypothesis

= 2 . (5 . 5k-1)

= 2 . 5k

[This is what we needed to show.]

Prove P(n):an = 2 ·5n-1 for all integers n ≥ 1
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Induction Versus Deduction Thinking
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Induction Versus Deduction Thinking
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Miscellaneous Examples
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Example 1

n!=n(n-1)(n-2)…1

Prove P(n): 
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Prove P(n): 

Basis Step:

Inductive Step:

P(0): (1/(0+1)).(1/(0+2)) = 1/(0+2)!
1.1/2=1/2! 
½=1/2 which is true

Show that P(0) is true.

Show that for all integers k ≥ 0, if P(k) is true then P(k + 1) 
is also true: 

Suppose: P(k): 1/2 … 1/(2k+1)).(1/(2k+2)) = 1/(2k+2)! is true

We need to show: P(k+1):
1/2 … 1/(2k+1)).(1/(2k+2)).(1/(2(k+1)+1))).(1/(2(k+1)+2)) = 1/(2(k+1)+2)! 
=1/(2k+4)!  is true 
But 1/2 … 1/(2k+1)).(1/(2k+2)) =1/(2k+2)! (by inductive hypothesis)
1/(2k+2)! (1/(2k+3)).(1/(2k+4)) = 1/[(2k+4)*(2k+3)*(2k+2)!]=1/(2k+4)!
Which is what we needed to show.                                                                     

n!=n(n-1)(n-2)…1, so
(2k+4)!=(2k+4)*(2k+3)*(2k+2)!
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Example 2
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Example 3
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Example 4 - Homework
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Example 5
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Example 6 - Homework


