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Set Theory
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6.3: Disproof, Algebraic Proofs, and 
Boolean Algebras
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(Dis)proving

Example: All people except who are Palestinians with the set of 
Palestinians except who are female, are the same set as all 
people except who are female

Prove that: For all sets A, B, and C,  (A -B) U (B -C) = A -C ?
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Problem-Solving Strategy

How can you discover whether a given universal 
statement about sets is true or false?

There are two basic approaches: 

 Optimistic approach: simply plunge in and start trying to 
prove the statement, 

 Pessimistic approach, searching for conditions that must 
be fulfilled to construct a counterexample. 

 The trick is to be ready to switch to the other approach if the 
one you are trying does not look promising. 

 For more difficult questions, you may alternate several times 
between the two approaches before arriving at the correct 
answer.
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“Algebraic” Method for Proving
a Set Property 

Algebraic Proof of a Set Identity

To prove that an equation holds for all sets A, B, and C, 

suppose that A, B, and C are any sets. Then, starting with one

side of the identity,

show that you can transform it, by successive application of 

the general properties in Theorem 6.2.2, into 
the other side of the identity.

New prosperities can be devised directly 
from existing prosperities. 
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 See Theorem 6.2.2

 Cite a property from Theorem 6.2.2 for every step of the proof.

 Be precise (e.g., by Theorem 6.2.2, 3. b.) or (by distributive law 
of union)

 Simplify terms as much as you can

Guidelines for constructing an Algebraic proof

Set Identies.pdf
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Example1: Set properties

Prove: For all sets A, B, and C, (A  B)  C  =  (A  C)  (B  C).

Proof: Let A, B, and C be any sets. Then

(A  B)  C  =  C  (A  B)             by _________

=  (C  A)  (C  B)    by _________

=  (A  C)  (B  C)    by _________.

?

?

?

Cite a property from Theorem 6.2.2 for every step of the proof.
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Exqmple2: Algebraic Proof

Construct an algebraic proof that for all sets A and B,
A ∪ (B − A) = A ∪ B

Proof:
Let A and B any sets. Then

A ∪ (B − A) = A ∪ (B ∩ AC)            - Set diff Law (12)

= (A ∪ B) ∩ (A ∪ AC) - Assoc. Law (2.a)

= (A ∪ B) ∩ U             - Complement Law (5.a)

=(A ∪ B)                     - Identity Law (4.b)

∙
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Construct an algebraic proof that for all sets A, B, and C,
(A ∪ B) − C = (A − C) ∪ (B − C). 

Exqmple3: Algebraic Proof
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Construct an algebraic proof to show that for all sets A and B,

A − (A ∩ B) = A − B.

Exqmple4: Algebraic Proof
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6.4: Boolean Algebras
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What is Algebra?
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Boolean Algebra
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Compare logical equivalences and set properties
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Compare logical equivalences and set properties

Both are special 
cases of the 
same general 
structure, 
known as a 
Boolean algebra

The structure of the statement forms is 
essentially identical to the structure of the 
set of subsets of a universal set
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Correspondence between Logic & Sets

∨ (or) correspond to ∪ (union)

∧ (and) correspond to ∩ (intersection)

t (a tautology) correspond to U (a universal set)

c (a contradiction) correspond to ∅ (the empty set)

∼ (negation) correspond to c (complementation)
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Definition: Boolean AlgebraWe’ll show how to derive the various 
properties associated with a Boolean 
algebra from a set of just five axioms
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Properties of a Boolean Algebra
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Example

Using the axioms we can prove that 

x = x . x
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Example

Using the axioms we can prove that 

x = x + x
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Proof: Uniqueness of the Complement Law

Suppose a and x are particular, but arbitrarily chosen, elements 
of B that satisfy the following hypothesis:

a+x=1 and a·x=0. Then

x=x·1                 because 1 is an identity for ·
=x·(a+~a)        by the complement law for +
=x·a +x·~a       by the distributive law for · over +
=a·x+x·~a        by the commutative law for ·
=0+x· ~a          by hypothesis
=a·~a+x·~a      by the complement law for ·
=(~a·a)+(~a·x) by the commutative law for ·
=~a·(a+x)         by the distributive law for · over +
=~a·1                by hypothesis
=~a                   because 1 is an identity for ·

For all a and x in B, 

if a+x=1 and a·x=0 then x=~a
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Theorem 6.4.1 Double Complement Law


