* COMP 233 Discrete Mathematics
|

Set Theory

E

6.3: Disproof, Algebraic Proofs, and
Boolean Algebras
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(Dis)proving

Prove that: For all sets A, B,andC, (A-B)U(B-C)=A-C?

Example: All people except who are Palestinians with the set of
Palestinians except who are female, are the same set as all
people except who are female

(."u|uull:rtxam]pll: l:LetA=1{I, 2,4,5}, B=1{2,3,5,6},andC = {4, 5,6, 7}.
Then

A—B=1{1,4, B—-C=1{2,3), and A—C={l, 2).
Hence
(A—B)U(B-C)={1,4}U{2, 3} ={1, 2, 3, 4}, whereas A—C ={1, 2}.
Since {1, 2, 3, 4} # {1, 2}, wehavethat (A — B)U(B—C)# A —C.

Counterexample 2: Let A =§, B={3},and C = @
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Problem-Solving Strategy

ow can you discover whether a given universal
statement about sets is true or false?
There are two basic approaches:

= Optimistic approach: simply plunge in and start trying to
prove the statement,

= Pessimistic approach, searching for conditions that must
be fulfilled to construct a counterexample.

+ The trick is to be ready to switch to the other approach if the
one you are trying does not look promising.

+ For more difficult questions, you may alternate several times
between the two approaches before arriving at the correct
answer.
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“Algebraic” Method for Proving
a Set Property

New prosperities can be devised directly
from existing prosperities.

Algebraic Proof of a Set Identity

To prove that an equation holds for all sets 4, B, and C,

suppose that 4, 5, and C are any sets. Then, starting with one
side of the identity,

show that you can transform it, by successive application of
the general properties in Theorem 6.2.2, into
the other side of the identity.
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Guidelines for constructing an Algebraic proof

= See Theorem 6.2.2
= Cite a property from Theorem 6.2.2 for every step of the proof.

= Be precise (e.g., by Theorem 6.2.2, 3. b.) or (by distributive law
of union)

= Simplify terms as much as you can
3. Distributive Laws: For all sets, A, B, and C,
(bB)AN(BUC) =(ANB)U(ANC).
A N(A2UA3)=(A NA)U(A N A;),
—_ == == =~

~—— —— ——

A N BUC = ANB U (AN O
WNX)NEUZ)=((WNX)NYUWNX)NZ),
I tt ¢

A NBUC = (A NB)U (A n o)
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Set Identies.pdf

Examplel: Set properties

Prove: Forallsets 4, B and G (AnB)u C = (Au O n (Bu O).
Proof: Let A, B, and Cbe any sets. Then

(AnBuUC= Cu(An B) by ?

(CUAN(CuB) by_ ?

AvOn(Bul) by_ ? .

Cite a property from Theorem 6.2.2 for every step of the proof.
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Exgmple2: Algebraic Proof

Construct an algebraic proof that for all sets A and B,
AUu(B—-A)=AUB

Proof:

Let A and B any sets. Then

Au(B-A)=AuU(BNAS°) - Set diff Law (12)
=(AuB)N (AuUAS -Assoc.Law (2.a)

=(AuB)NU - Complement Law (5.a)

=(A UB) - Identity Law (4.b)
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Exgmple3: Algebraic Proof

Construct an algebraic proof that for all sets A, B, and C,
(AUB)-C=(A-C)u(B-C).

Let A, B, and C be any sets. Then
(AUB)—C=(AUB)NC" by the set difference law
=C°N(AUB) by the commutative law for N
=(C°NAYU(C°NB) by the distributive law
=(ANCHYU(BNC) by the commutative law for N
=(A-C)U(B-=-0C) by the set difference law.
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Exqmple4: Algebraic Proof
Construct an algebraic proof to show that for all sets Aand 5,
A-(ANB)=A-B.
A—(ANB)=AN(ANB)* by the set difference law
=AN (AC U Bc) by De Morgan’s laws
=(ANA)YU (AN B by the distributive law
=0PU(ANB) by the complement law
=(AN BC) ug by the commutative law for U
= AN B by the identity law for U
=A-—B by the set difference law.
10
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6.4: Boolean Algebras
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i What is Algebra?

Al-Khwarizmi 850 - 780 (Baghdad)

ALl el Glua B paidall QL)

Developqd an gdvanced arithmetical o Cotipendies Beckioh
system with which they were able to do  calculation by completion
calculations in an algorithmic fashion. s Baancion

Statements to describe relationships between things
Symbols and the rules for manipulating these symbols
Do you know any algebra (o= )?
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i Boolean Algebra

Introduced by George Boole in his first book The
Mathematical Analysis of Logic (1847),

A structure abstracting the computation with the

truth values false and true.

George Boole
1815-1864,
England

Instead of elementary algebra where the values of the variables are
numbers, and the main operations are addition and multiplication, the
main operations of Boolean algebra are the conjunction (/)
the disjunction (/) and the negation not (—).

Used extensively in the simplification of logic Circuits
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{Compare logical equivalences and set properties

Logical Equivalences

Set Properties

For all statement variables p, ¢, and r:

For all sets A, B, and C:

a.

b

PVa=qVp

PAG=EqgAp

a.
b.

AUB=BUA
ANB=BNA

apAlgar)=pnalgar)
b.pvigvr)=pvigVvr)

pAalgvr)=(parg)Vvi(pAr)

a AU(BUC)=AU(BUC)

AN(BNC)=AN(BNC)

AL AN(BUC)=(ANB)UANC)

b.pvigar)=(pvg)A(pvr) b.AUBNC)=(AUB)N(AUC)
apve=p a AUA=A
b.pat=p b.ANU =A
apv~p=t aAUA =U
b. pa~p=c b.ANA =0¢
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iCompare logical equivalences and set properties

apvp=p A AUA=A
b.pap=p bbANA=A
apvt=t a AUU=U
b.prc=c bANK=0

a~(pVvgq)=~pn~q
b.~(pAng)=~pV ~q

B

(AU B)* = A<n B<| Both are special
(AN B) = A< U B°| cases of the
AUANB)=4 |Same general
An@uUB) =4 |Structure,
known as a
Boolean algebra

=3

apv(prg)=p
b.pa(pvg)=p

=R

a~=c a =0
b.~c=t b. ¥ =U

The structure of the statement forms is
essentially identical to the structure of the
set of subsets of a universal set
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Correspondence between Logic & Sets
V(or) correspondtou (union)

A (and) correspond to N (intersection)

t (a tautology) correspond to U (a universal set)

c (a contradiction) correspond to ¢ (the empty set)
~ (negation) correspond to c (complementation)

Logic Sets

statement set

F empty set @

T universal set U
disjunction V union '
conjunction A intersection M
Negation ~ Set complement
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D¢ We'll show how to derive the various
 Boolean a; Properties associated with a Boolean | , .

and -, such tha @lgebra from a set of just five axioms 1owing
properties hold:

1. Commutative Laws: For all @ and b in B,
(@a+b=b+a and (b)a-b=b-a.
2. Associative Laws: For all a, b, and ¢ in B,
@a@+b)+c=a+({b+c) and (b)(a-b)-c=a-(b-c).
3. Distributive Laws: For all a, b, and ¢ in B,
(@Qa+ (b-c)=(a+b)-(a+c) and (b)a-(b+c)=1(a-b)+ (a-c).
4. Identity Laws: There exist distinct elements 0 and 1 in B such that for all @ in B,
(aA)a+0=a and (b)a-1=a.

5. Complement Laws: For each a in B, there exists an element in B, denoted @ and
called the complement or negation of «, such that

(aA)a+a=1 and (b)a-a=0.
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Properties of a Boolean Algebra
Theorem 6.4.1 Properties of a Boolean Algebra
Let B be any Boolean algebra.
1. Uniqueness of the Complement Law: For all a and x in B, if a + x =1 and
a-x =0thenx =a.
2. Uniqueness of O and 1: If there exists x in B such that a 4+ x = a forall a in B,
then x = 0, and if there exists y in B such thata-y = a foralla in B, then y = 1.
3. Double Complement Law: Foralla € B, E =da.
4. Idempotent Law: For all a € B,
(a)a+a=a and (b)a-a =a.
5. Universal Bound Law: For alla € B,
(aA)a+1=1 and (b)a-0=0.
6. De Morgan’s Laws: Foralla and b € B,
(a)a+b=a-b and (byab=a+b
7. Absorption Laws: For alla and b € B,
(@ (a+b)-a=a and (b)(a-b)4+a=a.
8. Complements of 0 and 1:
@0=1 and (b)1=0. 18
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i Example

Using the axioms we can prove that

X=X.X
Xx=x.l By axiom 4
=x(x+~x) By axiom 5 (1 =a + ~a)
=xX.Xx+x.~X By axiom 3 (distributive law)
=x.x+0 By axiom 3 (0=a.~a)
=x.X Byaxiom4 (a+0=a)
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i Example

Using the axioms we can prove that
X=X+X

19

x=x +0

By axiom 4

=x +(x.~X)

Byaxiom 5(0=a.~a)

=(x+x).(x +~x)

By axiom 3 (distributive law)

—(x+x).1

By axiom 5 (1 =a + ~a)

=X +X

Byaxiom4(a .1=a)
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iProof : Uniqueness of the Complement Law

For all a and x in B,
if a+x=1 and a-x=0 then x=~a

x=x"1 because 1 is an identity for -
=x"'(a+~a) by the complement law for +
=X'a +X'~a by the distributive law for * over +
=a'X+Xx'~a by the commutative law for *
=0+x" ~a by hypothesis

=a'~a+Xx'~a by the complement law for *
=(~a‘a)+(~a'x) by the commutative law for -

=~a‘(a+x) by the distributive law for * over +

=~a'l by hypothesis

=~a because 1 is an identity for - N
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#Theor‘em 6.4.1 Double Complement Law

For all elements a in a Boolean algebra B, (@) = a.
Proof:
Suppose B is a Boolean algebra and a is any element of B. Then
a+a=a+a by the commutative law
=1 by the complement law for 1

and

a-a=a-a by the commutative law
=0 by the complement law for 0.

Thus a satisfies the two equations with respect to @ that are satisfied by the complement
of a. From the fact that the complement of « is unique, we conclude that (a) = a.
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