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7.1: Functions Defined on
General Sets

mIntroduction and Motivation
= Domain/co-domain, image, inverse image, ordered pairs
= Equality of functions

Slightly Informal Definition of Function

Definition: A function f from a set X to a set Y is a relation between
elements of X, called inputs, and elements of ¥, called outputs, with the
properties that:

a) every input has a related output ~
b) no input has more than one related output. =
The notation f: X— Y means that 7 is a function from X to Y.

X is called the domain of the function and Yis called its co-domain.

Given an input element xin X, there is a unigue output element y that is related to
xby f. We say that “f sends xto y.”

The unique element y to which 7 sends x is denoted and is called f of x, or
the of £ for the input x, or the of fat x, or the of xunder £

The range of Fis{y e V| y = f(x) for some xin X}.
The inverse image of an element yin Yis {x e X| y= f(x)}.



Function

A function 7from set Ato set B is a relation that assigns
each element xin the set A to exactly one element yin

the set B.
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Definition of Function: Examples

Example: Which of the following arrow diagrams define functions?
What are the ranges of those that are functions? For each function,
what is the inverse image of v?

:::i::

A

::"i::
A

range = {u,v,w}

no
yes inverse image of v = {1}

D~

| >

—

i
(

es range = {v,w} no

inverse image of v = {1,2}



Examples of Functions

1. f:Z — Z defined by f(n) = 3n. The domain and codomain
are both the set of integers. However, the range is only the
set of integer multiples of 3.

N

. 8 :{1,2,3} — {a,b,c} defined by g(1) = ¢, g(2) = a and
£(3) = a. The domain is the set {1,2, 3}, the codomain is the
set {a, b, c} and the range is the set {a, c}. Note that g(2) and
8(3) are the same element of the codomain. This is okay since
each element in the domain still has only one output.

3. h:{1,2,3,4} — N defined by the table:

x |1 2 3 4
hx)|3 6 9 12
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Functions in programming

The domain and codomain of functions are often
specified in programming language.

Example:

Java:
int f(float x){...}
Pascal:
function f(x: real): integer

Domain of f: R
Codomain of f; Z

10



Examples: Representing Functions

==
<)
-

Functions Defined on a Cartesian Product

Defihe functions MR x R - R and RR:R X R - R x R as follows:
For all ordered pairs (a,b) of integers,

M(a,b) = ab
Then Mis the multiplication function that sends each pair of real
numbers to the product of the two.

R(a, b) = (-a,b)

R s the reflection function that sends each point in the plane that
corresponds to a pair of real numbers to the mirror image of the point
across the vertical axis.
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Equality of Functions

Theorem 7.1.1 A Test for Function Equality

If F: X — Y and G: X — Y are functions, then F = G if, and only if, F (x) = G (x)
forall x € X.

Let 7 = {0, 1, 2}, and define functions fand g from J to J as
follows: For all x /inJ

AX)=02+x+1)mod3 and gx) = (x+ 2)2 mod3.

Does f = g?
x | 4x+1 fiX)=(*+x+Dmod3 | (x+2 | glx)=(x+2)*mod3
0 1 | 1 mod3 =1 4 4dmodd =1
1 3 . Imod3 =0 9 9mod3 =0
2 7 _ Tmod3 =1 16 l6mod3 =1

Equal functions
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Sum/difference of Functions

Let F: R — R and G: R — R be functions.
Define new functions F+ G: R —> R and G + F: R—>R as

follows: F and G must have same Domains and Codomains
For all x €eR,

(F+ G)(¥) = Ax)+ &) and
(G+ AX) = &X) + AX).
Does F+ G= G+ F?
(F+G)(x) = F(x) +G(x) by definition of F + G
= G(x)+ F(x) by the commutative law for addition of real numbers
=G+ F)x) by definition of G + F

Hence F+ G =G+ F.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 12




Example: f1+f2 and f1f2
Let f1 and f2 be functions from R to R such that:

f1(x)=x? and f2(x)=x—x°.
What are the functions f1+f2 and f1f2 ?

Solution: From the definition of the sum and product of
functions, it follows that:

(fi+ E) =)+ HE) =x"+(x —x")=x

(fif(x) =x>(x —xH) =x> —x*

iExamples of Functions

The Identity Function on a Set
Given a set X, define a function /, from Xto X by
Iy (x)=x forall xin X

The function /y is called the identity function on X because it
sends each element of X'to the element that is identical to it.

Thus the identity function can be pictured as a machine that
sends each piece of input directly to the output chute without
changing it in any way.

14
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Examples: Function defined on a power Set

P(A) denotes the set of all subsets of the set A. Define a function

F. P{a, b, c¢}) —Z""eg as follows: For each X € P{a, b, c}),
F(X) = the number of elements in X.
Draw an arrow diagram for F~.

({a, b, c}) Znonneg
@ .\\\. !!'/’.0 ~
{a)e *"'*..I - _ “Tel
| e e
r@({ﬂ’. b. C}) —y Fnomneg { (cle— . "3

{a.bys a4

fa,c)e | *5

{b,c)e- }
\_‘ )

15
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Examples : Boolean Function

Consider the three-place Boolean function defined from
the set of all 3-tuples of O’s and 1’s to {0, 1} as follows:

For each triple (x;, x,, x3) of O's and 1’s,
F(X, X, X3)= (X, + X + X3) mod 2.

Describe fusing an input/output table.
faA,1,1)=1+1+1)mod2=3 mod2=1
fA,1,0)=A+1+0)mod2=2mod2=0

f0,0,1)=0+0+1)mod2=1mod?2=1

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 16



Examples of Functions

A Boolean Function

Input Output

(xy 4+ X3 + x3) mod 2

1

=

X2

=
o8

===
SO e e OO e e
(=T = = = )
o = = o = o o
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Well-defined functions

= It can sometimes happen that what appears to be a function defined by a
rule is not really a function at all.

= A function is not well defined if it fails to satisfy at least one of the
requirements of being a function
= Example:

= Define a function f : R — R by specifying that for all real numbers x, f(x) is
the real number y such that x2+y2 =1.

= There are two reasons why this function is not well defined:
= For almost all values of x either

(1) there is no y that satisfies the given equation or

(2) there are two different values of y that satisfy the equation

= Consider when x=2 : there is no real number ysuch that x2 + )2 =1
= Consider when x=0 : both y= —1 and y = 1 satisfy the equation x2 + )2 =1



Well-defined functions

= A function is not well defined if it fails to satisfy at least one of the
requirements of being a function

= Example: f: Q — Z defines this formula:

f (T> = m for all integers m and n with n # 0.
n

Is fa well defined function?

No, Example:

f(é) =1 and /(;) =3,

Sequences as Function

Can we define the following L]
Sequence as a function? How? T3

This sequence is a function defined on set of integers that are greater than
or equal to a particular integer.

11 11 (="

can be thought of as the function f from the nonnegative integers to the real numbers
{_])F!
n+1°

that associates 0 — 1,1 — —%,2 — %, 3 - —‘]7, 4 — %, and, in general, n —

n+1
g2Z™ >R by g(n) = U for each n e Z+

n

20
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Logarithms and Logarithmic Functions

e Definition Logarithms and Logarithmic Functions

Let b be a positive real number with & # 1. For each positive real number x, the
logarithm with base b of x, written log, x, is the exponent to which b must be
raised to obtain x. Symbolically,

log,bx=y < b =x.

The logarithmic function with base b is the function from R™ to R that takes each
positive real number x to log, x.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 21

i Example: Logarithmic Function with Base b

Find the following:
a. log; 9 b. logz(%) c. log;,(1) d. log,(2™) (m is any real number)
e. 2lomamy ~ ()

Solution

a. log,9 = 2 because 3% = 9.
b. log, (%) = —1 because 27! = %
c. log,,(1) = 0 because 10° = 1.
d. log,(2") =m
Because the exponent to which 2 must be raised to obtain 2™ is m.
e. 2]0g2m —m

Because log, /mis the exponent to which 2 must be raised to obtain /7.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 22

11



% Examples: Strings

We have known that if S is a nonempty, finite set of
characters, then a string over S is a finite sequence of
elements of S.

The number of characters in a string is called the length
of the string. The null string over S is the "string” with
no characters.

It is usually denoted € and is said to have length O.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 23

% Functions Acting on Sets

If f:X — Yisafunctionand A € X and C C Y, then
f(A) ={yeY|y= f(x) for some x in A}

and O ={xeX|fix)eC).
f(A) is called the image of A, and f~'(C) is called the inverse image of C.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 24
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Example: The Action of a Function on Subsets
of a Set

Let X={1,2,3,4}and Y={a, b, ¢, d, €}, and define F: X— Y
by the following arrow diagram:

Let A={1,4},C={a b}, and D={c, €}.
Find F(A), F(X), F-(C), and F-1(D).

Solution: / ; ‘:*_H_ _ ;: ﬂ\
FA)={b) 2 P
FX)={a b, a} | 3o .'l_. ;,:”_/l >ed I.l
F(C)= {1, 2,4} \ 4o/ \ve
= (D ) =0 ‘\._/ .

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 25

Example 7.1.14 Interaction of a Function with Union
Page 392

Let X and Y be sets, let F be a function from X to ¥, and let A and B be any subsets of
X. Prove that F(AU B) € F(A)U F(B).

Thus to prove that F(AuU B) < F(A)U F(B), you only need show that if
is any elementin F(AU B), then yis an element of F(A)U F(B).

Suppose y € F(A U B). [We must show that y € F(A) U F(B).] By definition of function,
y = F(x) for some x € AU B. By definition of union, x € A orx € B.

Case 1, x € A: In this case, y = F(x) for some x in A. Hence y € F(A), and so by
definition of union, y € F(A) U F(B).

Case 2, x € B: In this case, y = F(x) for some x in B. Hence vy € F(B), and so by
definition of union, y € F(A) U F(B).

Thus in either case y € F(A) U F(B) [as was to be shown]. |

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 26
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7.2 One-to-One and Onto, Inverse
Functions

27
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i Must have properties of a function

« Give F: X>Y
1. vxeX, F3ye Y s.t. (xy)eF.

2. VXeX NV €Y s.t.
if (x,y)eF and (x,z)eF then y =

28
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Properties a Function can have

Definition: Let F: X— Y be a function.

a fF is_ onto Q_ Called: Many-to-One
Y yin Y, 3 xin X such that y = F(x).

b. F is one-to-one & No two elements of
V x;and x, in X if X3 2 X3, then F(x) 2 F(). the domain match

the same element

Oy, equivalently, of the co-domain.

A\ X1 and Xz in /\/, |f F(Xl) = F(Xz) the X1 = Xz-
nﬁ Can the size of Y be
smaller than X?

Therefore:

a. F is not onto &
3 yin Ysuch that vV xin X, y= F(X).

b. F is not one-to-one &
3 x; and x, in X'such that F(x) = F(x) and x; # Xs.

[ Contrapositive! ]

onto: surjective
1:1: injective

Injective vs. Surjective

A function is surjective (onto) provides every
element of the codomain is a the image of at least
one element from the domain.

A function is injective (one-to-one) provides
every element of the codomain is a the image of at
most one element from the domain.

15



Function Properties: Examples

I /_ ™, _.f/ ™ 4 \\_
Tl " N .4 How do the functions in
—=] a7 s
LT e ™ the top row differ from those
A T o] e in the bottom row?
[l / A
A\ A % N/
one-to-one onto  one-to-one not onto
N\ N 2 ~\ How do the functions in the
[ (A [1 ) [ 1) left column differ from those
; T—lps | R iy in the right column?
1 —'f'l"z | o .': ;p’ |
."\ _/’;- \ S i l-.\,/"'; \ /

not one-to-one onto not one-to-one not onto

Example: onto function

= A function is said to be onto (surjective):iff
there is no element in the co-domain that is
not matched to an element of the domain

F',)(_g\( i> ownto X Y
&> YueY, AxeX s, FlY =
?)I \se\(’-)km ':’LxeX s,

FOO= v

Size of X is bigger than the size of Y.

F
Many-to-One

16



Example: one-to-one function

f:Z — Z where f(x) = 2x is one-to-one

domain #—+—4—+—+—+++++++++++
8-7-6-56-4-32-10123452161728

co-domain ¢—4+—+—+—+—+++—++++++++m

8-7-6-56-4-3-2-1012345 5678

<
One-to-one Correspondences & Inverse Functions

Definition: A one-to-one correspondence from aset X'toa
set Yis a function from X to Y that is both one-to-one and onto.

Definition & Theorem: If F: A — Bis a function that is 1-1 and
onto, then for all yin B, there is a unique xin A that is sent to y
by £

Thus there is a 1-1, onto function from B to A, called the inverse
function for F, and denoted F ™.

F

Picture: /™ /TN ST LN
[ ‘ [ [ a7 [ |

u e | ‘ d s
\ ST = )

"7 N
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One-to-One Correspondence
| oDefmiton |

A one-to-one correspondence (or bijection) from a set X to a set ¥ is a function
F: X — Y that is both one-to-one and onto.

X =domain of F F ¥ = co-domain of F

ﬂ"\\ el

|" be '.I > 2
|I ce— > 03 |
\ de J,' I'.t:= o4 |
et x

Injective, Surjective and Bijective

T

A A A A
® o ° o ° o ° o
070 oO— =0 ° 70 ° o

) ® o e—»0 e o o&o
0/0 o o/ ® °

NOT a General Injective Surjective Bijective
Function Function (not surjective) (not injective) (injective, surjective)
A has many B B can have many A B can't have many A Every B has some A A to B, perfectly

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved
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Inverse Functions

Theorem 7.2.2

Suppose F: X — Y'is a one-to-one correspondence; that is, suppose F' is one-to-
one and onto. Then there is a function F-': ¥ — X that is defined as follows:
Given any element y in ¥,
F-'(y) = that unique element x in X such that F(x) equals y.
In other words,

Flo)=x © y=FQ).

X = domain of F Y = co-domain of F
N e Ve N\
|x=Fl(ye fﬁ’ ,,/-F(x) v

S N

=>» Is it always that the inverse of a function is a function?

Inverse Functions

Given an arrow diagram for a function. Draw the arrow diagram for
the inverse of this function

38
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H Finding an Inverse Function

The function 7: R — R defined by the formula
f(x)=4x-1, forallreal numbers x

Solution  For any [particular but arbitrarily chosen] y in R, by definition of f~!,

f~!(y) = that unique real number x such that f(x) = y.

But fx)y=y
& dx—1=y by definition of f
y+1 _
i X =——  byalgebra
4
y+1

Hence f~!(y) = 0

39
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Direct proof or Counter example

= Whether a Function is One-to-one
= Whether a Function is Onto

= Whether a Function is One-to-Onto
correspondence

20



Review: Formal Definitions of One-to-one and
Onto

= Given a function 7 from a set X to a set ¥, fis onto if, and only if,

VY yin Y, 3 xin X such that y= £(x).
= Given a function 7 from a set X to a set ¥, fis not onto if, and only if,

3d yin Ysuch that Vxin X, y= F(x).

= Given a function £ from a set X' to a set ¥, fis one-to-one if, and only
if,
V X1 and Xz |n )(, |f f(Xl) = f(Xz) then X]_ = Xz.
® Given a function 7 from a set X to a set Y, fis not one-to-one if, and
only if,

3 X1 and Xz in X's. th. f(Xl) = f(Xz) and X1 #* Xz.

How to prove or disprove?

Suppose that f : A — B.

To show that | is injective Show that it f(x) = f(y) for arbitrary x, y € A with x #£ y,
then x = y.

To show that f is not injective Find particular elements x, y € A such that x # y and
filx) = f(y).

To show that f is surjective Consider an arbitrary element y € B and find an element x € A
such that f(x) = y.

To show that f is not surjective Find a particular y € B such that f(x) # y forall x € A.

21



How to prove: One-to-one Functions on Infinite Sets?

Now suppose fis a function defined on an infinite set X. By
definition, fis one-to-one if, and only if, the following universal
statement is true:

vx1, x2 € X, if f (x1) = f (x2) then x1 = x2

Thus, to prove f is one-to-one, you will generally use the method of direct proof:

suppose x; and x> are elements of X such that f(x;) = f(x;)
and show that x; = x5.

To show that f is not one-to-one, you will ordinarily

find elements x; and x7 in X sothat f(x;) = f(x2) but x; # 1.

Writing Up the Proof That a Function
is One-to-one

Define 7: Z — Z by the formula
f(n) = 2n+ 1 for all integers n.
Claim: fis one-to-one.

(& V xgand x, in X if £(xy) = F(x) then x3= x,.)

Proof: Suppose n, aniﬁmmmﬁegmmhw.
[Show that ny = y.] To answer, must use the definition of f.

By definitionof , 2m+1=2m+1
So 2, =2,
and thus m=n. QED

22



Proving That a Function is One-to-one

Define £: Z— Z by the formula
f(n) = 3n — 2 for all integers n.

Claim: fis one-to-one.
(e Vn and nyin Z, if f(ny) = £(,) then ny = m,.)

Proof: Suppose n; and r, are any integers such that A{(n,) = A(m).
[Show that ny = . ]

By definition of f, 3m -2 =3m,-2

So 3m =3m,

and thus n=nm. QED

Proving that a Function is Not One-to-one

Define f: Z — Z by the formula
f(n) = n2 for all integers n.

Is Fone-to-one? (& V Xy and x, in X if £(xq) = F(x) then X = x,.)
Answer: No.

Counterexample:
Let ny = 2 and n, = —2. Then by definition of g,
g(n) =g(2)=2>=4 andalso
gny) = g(-2) = (-2 =4.
Hence g(ny) =g(ny) but ny #ny,

and so g is not one-to-one.

23



Onto Functions on Infinite Sets

To prove that fis onto, you must prove

Vye€ Y, dxe Xsuchthat 7(x)= y.

1. There exists real number x such thaty = f(x)?

2. Does freally send x to y?

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 47

Onto Functions on Infinite Sets

Now suppose F is a function from a set X to a set Y, and suppose Y is infinite. By
definition, F is onto if, and only if, the following universal statement 1s true:

Vy € ¥,3x € X such that F(x) = y.
Thus to prove F is onto, you will ordinarily use the method of generalizing from the
generic particular:
suppose that y is any element of ¥
and show that there is an element X of X with F(x) = y.

To prove F is not onto, you will usually
find an element y of ¥ such that y # F(x) for any x in X.

48
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Example: Onto Functions on Infinite Sets

If f:R— R is the function defined by the rule f(x) =4x — 1 for all real
numbers x, then f is onto.

Proof:

Let y € R. [We must show that x in R such that f(x) = y.] Let x = (y + 1)/4.
Then x is a real number since sums and quotients (other than by 0) of real num-
bers are real numbers. It follows that

y+1
fxy=f (’ : ) by substitution

y+

=4.| = —1 by definition of f
4

=(y+4+1)—1=1y bybasicalgebra.

[This is what was to be shown. |

49
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Evalua*l:ing Whether a Function is Onto

Define f: Z—»Z by the formula
f(n) = 3n- 2 for all integers n.

Is fonto? (& V min Z 3 nin Z such that m= £(n).)

Scratch work: Start as if to prove that it is: Suppose m is any element
of the co-domain. I.e., mis any integer.

Then ask: Must there be an element 57 of the domain (i.e., an integer )
such that £(r) = m? «{ To answer, must use the definition of £
Def.of f = 3n-2=m = 3n=m+2 = n= M+2

Will it always be true that n7is an integer? Nq. 3

Example? m=10

Therefore, the answer will be no, 7 is not onto.

50
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Evaluating Whether a Function is Onto

Define f: Z — Z by the formula
f(n) = 2n+ 1 for all integers n.

Is fonto? (& V yin ¥, 3 xin X such that y = f(x).)

Scratch work: Start as if to prove that it is: Suppose m is any element
of the co-domain. I.e., mis any integer.

Then ask: Must there be an element n of the domain (i.e., an integer n)
such that () = m? To answer, need to use the definition of £

Def.of f = 2n+1=m = 2n=m-1 = n= m -1
Will it always be true that nis an integer? No.
Example? m=2
Therefore, the answer will be no, 7 is not onto.
51

Proving that a Function is Onto

Define a function g:Z — Z by the formula
g(n) = 2 — nfor all integers n.

Isgonto? (< V min Z, 3 nin Zsuch that m= g(n).)

Proof: (Given an integer m, can we find an integer nsuch that m=2-n?)

1. Suppose mis any integer. Let n=2-m.

2. Thengn=9g2-m=2-Q2-m=2-2+m=m. QED

26



Showiné That a Function is Not Onto

Define £ Z»Z, by the formula

f(n) = 3n- 2 for all integers n.

Is fonto? (VmZ ,3Fin suchthat m= F(n).)
Answer: No.

Counterexample:
Let m = 0, and note that 7 () = 0 for any integer n. To see why this is
true, suppose it is not. That is, suppose that

f(n) = 0 for some integer 1.

Then 3n-2=0
SO 3n=2
and so n = 2/3, which is not an integer.

Thus nis an integer and nis not an integer, which is a contradiction.
Hence the supposition is false, and, therefore, there is no integer n with 7
(n) = 0. Thus f is not onto.

Proving that a Function is Not Onto

Define 7: Z — Z by the formula
f(n) = 2n+ 1 for all integers n.

Is fonto?
Answer: No

Counterexample: Let m = 2. Suppose there is an integer n such that
f(n) = 2. By definition of £,

2n+1=2 = 2n=1= n=1/2
But 1/2 is not an integer. So there is no integer n with 7(n7) = 2.

27



Proving One-to-One correspondence

Example: Define f: Z — Z by the formula

f(n) = 2n + 1 for all integers n.

a. Prove that f is one to one.

b. Prove thatfis onto (< Vvy inY, 3xin X suchthaty =f

(x).)

c. find the inverse function

Reducing Co-Domain

Glven a function that is not onto, it is always possible to define a

related, similar function that is onto by reducing the co-domain to be

the range and keeping the rest of the definition the same.

Example: Let Zodd be the set of all odd integers.
Definef : Z — Zeodd by theformula
f (n) = 2n + 1 for all integers n.
Proof: Suppose m is any odd integer s.t. 2n + 1 =m.
=2n=m-1=n= m=1
2

Is Mm=1¢ Z? Yes! Basically, because m is odd.
2

or simply (By definition of
odd, m = 2n + 1 for some
integer n. But then by
definition of f, for all m,
thereis n s.t. m = f (n).

(I.e., m = 2k + 1 for some integer k, and so k :%.) QED

Thus, we proved that fis a one-to-one correspondence

f1(m) = ’"2*1 for all m e Zodd .
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Examples

= fis a function from {a, b, c} to {1, 2, 3} with
f(a)=2, f(b)=3, f(c)=1. Is it invertible? What
is it its inverse?

= Let f: Z—Z such that f(x)=x+1, Is f invertible?
If so, what is its inverse?
y=x+1, x=y-1, fi(y)=y-1

= Let f: R—R with f(x)=x?, Is it invertible?

= Since f(2)=f(-2)=4, f is not one-to-one, and so
not invertible

Theorem — Homework !

If X and Y are sets and F: X — Y is one-to-one and onto, then F~': ¥ — X is also
one-to-one and onto.

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved

Proof:
F~! is one-to-one: Suppose y; and y, are elements of ¥ such that F~'(y;) =
F-! (v2). [We must show that y; = y».] Let x = F_I()-‘|) = F‘l(_\-'g]. Then x € X,
and by definition of F~!,

F(x)=y; sincex = F"(_\-‘l)
and F(x)=1y, sincex =F ().
Consequently, y; = y, since each is equal to F(x). This is what was to be shown.

F~Yis onto: Suppose x € X. [We must show that there exists an element y in' Y such
that F~'(y) = x.] Let y = F(x). Then y € Y, and by definition of F~!, F~(y) =
x. This is what was to be shown.

58
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Examples of functions

= Hash functions

= String Functions

= Cartesian Products Functions (2 variables)
= Logarithmic functions

Example: Hash Functions

Hash functions are functions that when given an input, map
it to a certain value.

Define a function Hash from the set of all Palestinian ids 7to
the set M={0, 1, 2, 3, 4, 5, 6} as follows:

Hash(n) = n mod 7 for all Palestinian ids n

Is Hash one-to-one?
O | s

no, 14 and 7 both give mod of 0 =
when divided by 7. 3 | 223799061 |

1 I
[ [smsess
2 —
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Example: String Functions

String functions take a sequence of characters as

input (e.g., 0's and 1's or a’s and b’s etc.).

Let S be the set of all strings of &s and /s, and

define M: S— Z by

M) = the number of &sin s, for all se S.

= s /Vone-to-one? Prove or give a counterexample.

= Is Vonto? Prove or give a counterexample.

Example: Cartesian Products Functions

Define a function F: R x R — R x Ras follows: For all (x, y) e R x R,
Flx,y)=(x+y,x—y).
Is F a one-to-one correspondence from R x R to itself?

Proof that F is one-to-one: Suppose that (xy, y;) and (xz, y2) are any ordered pairs in
R x R such that

Fixg, ,\"L] = F(xa2, )'2]-
[We must show that (xy, ¥;) = (x2, y2).] By definition of F,
(x1 + ¥1, X1 — ¥1) = (x2 + y2. X2 — »).

For two ordered pairs to be equal, both the first and second components must be equal.
Thus xy, y1, xa, and y, satisfy the following system of equations:

X+y=x+my
N—yn=&n—>»n
Adding equations (1) and (2) gives that
2x; =2x;, andso x; = x,.
Substituting x; = x2 into equation (1) yields
X1+ yi=x1+y, andso y =y.

Thus, by definition of equality of ordered pairs, (xy, y;) = (xa. y2) [as was to be shown].

Full
Proof
on
Page
409
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The Exponential and Logarithmic Functions

The exponential function with positive real number base b = 1 is
the function that sends each positive real number x to 5%, where £ = 1

and b= 1 .
b
For any positive real number b= 1,
if b = b¥ then u=v.
The exponential function with base bis
one-to-one.
y=2%

The logarithmic function with positive real number base b = 1 is
the inverse function for the exponential function with base 5.

Lojar'i'rhms

Definition: Let b be a positive real number with 6= 1. For each positive
real number x, the logarithm with base b of x, denoted log, X, is
defined as follows:

log, x = the exponent to which 6 must be raised to obtain x
That is,

logpx=y < bY=x

Exercises: 1.l0g,8 2.log,2 3. Iogz(lj 4.log,1 5. log,(2%)
3 1 2 Y k

The logarithmic function with base b = 1 is the function that sends
each positive real number x to log,(x).

the exponent to
which 2 must be
raised to obtain 2%

64
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<4

6raphs of Exponential and Logarithmic Functions

y:
ZX

y = logyx

Note: (u,v) € graph of y=2* < (v,u) e graph of y = log,x

Laws of Exponents

If band care any positive real numbers with 6= 1 and c# 1,
and if vand vare any real numbers, then

bUb¥ = pU*v Ex:2223 = (22)(222) = 25
(69"= 6™ Ex: (227 = (2:2)(2:2)(2-2) = 28
ﬁ - pu-v EX.‘27§:£:1:2*1

5 22 222 2

(69" = b“" Ex: 2353 = (2.2.2)(5.5.5) = (2.5)3

Fact: For any positive real number b= 1,

if b = b" then u=v.
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Properties of Logarithms

Theorem 7.2.1 Properties of Logarithms

For any positive real numbers b, ¢ and x with b = 1 and ¢ # 1:

a. log,(xy) =log, x +log, ¥

X
b. log, (;) =log, x —log, ¥

c. log,(x%) = alog, x

We want proof d!

Using the One-to-Oneness of the Exponential Function

Use the definition of logarithm, the laws of exponents, and the one-to-oneness of the
exponential function (property 7.2.5) to prove part (d) of Theorem 7.2.1: For any positive
real numbers b, ¢, and x, with b # 1 and ¢ # 1,

log, x
log, 08, X

- log, ¢’
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Solution  Suppose positive real numbers b, ¢, and x are given. Let
(1) u=log,ec (2) v=1log.x (3) w=log,x.
Then, by definition of logarithm,
(1 c=b" (2) x=c¢" (3) x =0b".
Substituting (1) into (2') and using one of the laws of exponents gives
x=c"=({B")"=b"" by722
But by (3). x = b" also. Hence
b =b",
and so by the one-to-oneness of the exponential function (property 7.2.5),
Hy = w.
Substituting from (1), (2), and (3) gives that
(log, c)(log, x) = log,, x.
And dividing both sides by log,, ¢ (which is nonzero because ¢ # 1) results in

log,, x

log. x = .
log, ¢

Cartesian product

Define functions M: R x R— R and R: R x R = R x R as follows: For all ordered
pairs (a, b) of integers,

M(a,b)=ab and R(a,b) = (—a,b).

M is the multiplication function that sends each pair of real numbers to the

product of the two. Ris the reflection function that sends each point in the

plane that corresponds to a pair of real numbers to the mirror image of the
point across the vertical axis.

Find the following:

a M(~1,-1) b M (33 c. M(¥2,7/2)

d. R(2,5) e. R(-2,5) f. R(3,-4)

© Susanna S. Epp, Kenneth H. Rosen, Ahmad Hamo 2020, All rights reserved 70
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Functions in programming

Given the C functions below, for each function:

= Use the notation F: S — S where F(x)=y to
define the function.

= Is F one-to-one correspondence? Prove or give a
counterexample.

= If you answered “yes” for b above, what is
formula for F1?

float f(float x) { float gl(float x){
1f (x!=0)

return (3*x - 4);
( ) return ((x+1)/x):

}
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