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Proposition

 Definition
A statement (or proposition) is a sentence that is true or false but not both.
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Negation

o Definition

If p is a statement variable, the negation of p is “not p” or “It is not the case that
p” and is denoted ~p. It has opposite truth value from p: if p is true, ~p is false;
if p is false, ~p is true.
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Conjunction

* Definition

If p and ¢ are statement variables, the conjunction of p and ¢ is “p and ¢,” denoted
p A q.Itis true when, and only when, both p and ¢ are true. If either p or ¢ is false,
or if both are false, p A ¢ is false.
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Disjunction

® Definition

If p and ¢ are statement variables, the disjunction of p and ¢ is “p or ¢,” denoted
p V q.ltis true when either p is true, or g is true, or both p and g are true; it is false
only when both p and ¢ are false.
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Truth Table for Exclusive Or

p®q or pXORg

(pVq)\ ~(pAq)

P q | pVvqg pAqg  ~pAg) | (pV@OA~NPAG)
T T T T F F
T F T F T T
F T T F T T
F F F F T F

Logical Equivalence

Two statement forms are called logically equivalent if, and only if, they have identical
truth values for each possible substitution of statements for their statement variables.
The logical equivalence of statement forms P and Q is denoted by writing P = Q.

Two statements are called logically equivalent if, and only if, they have logically
equivalent forms when identical component statement variables are used to replace
identical component statements.
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p Aqandg A palways
have the same truth
values, so they are

logically equivalent
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Logical Equivalence

P ~p | ~(~p)

T F T
F T F

p and ~(~p) always have
the same truth values, so they

are logically equivalent

P 49 | ~p ™~ PAg | ~MpAg) ~p A~

T T F F T F F

T F F T F T + F

F T T F F T # F

F F T T F T T
(p A q)and ~p q have

different truth values in rows 2 and 3,

so they are not logically equivalent 9
9
Negations of And and Or: De Morgan’s Laws
~(pAg)=~pV . ~(pVg)=~p A~y
P q |~ ~ pAqg | MpAg  ~pV™q
T T F F T F F
T F F T F T T
F T T F F T T
F F T T F T T
(p ANg)and ~p q always
have the same truth values, so they
are logically equivalent
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Tautologies and Contradictions

A tautology is a statement form that is always true regardless of the truth values of
the individual statements substituted for its statement variables. A statement whose
form is a tautology is a tautological statement.

A contradication is a statement form that is always false regardless of the truth val-
ues of the individual statements substituted for its statement variables. A statement
whose form is a contradication is a contradictory statement.

)4 t P At p c PAC
T T T T F F
F T F F F F
1 ) 1 )
same truth same truth
values, so values, so
pAt=p pPAC=C

~pP pNy~p P AP
F T F
T F
1 1
all T’s so all F's so
pVv ~pis pA~pisa
atautology contradiction
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Summary of Logical Equivalences
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Commutative laws:

. Associative laws:

. Distributive laws:

. Identity laws:

. Negation laws:

. Double negative law:
. Idempotent laws:

. Universal bound laws:
. De Morgan’s laws:

. Absorption laws:

. Negations of tand c:

Theorem 2.1.1 Logical Equivalences

PAgG=qAp

(pA@ AT =pA(gAT)
pA(gVr)=(pAg)V(pAr)

PAt=p

pY ~p =0
~(~p)=p
PAP=Dp
pVt=t
~pAg)=~pV~q
pV((pAg)=p

~t=c¢c

pPVg=qVp

(pv@Vr=pVvigVr)

Given any statement variables p, ¢, and r, a tautology t and a contradiction ¢, the following logical equivalences
hold.

1.

pV@Ar)=(pVgApVr)

pVEe=p
PA~p=C
PVP=p
PAC=C

~(pVg)=~pA~q
pA(PVg)=p

~=t

/';l\
\\N/\

12

9/22/20



Simplifying Statement Forms

~(~pAq) A (pVq) =p

~(~pAg)N(pVg)=(~(~p)V~q)N(pVq) byD

e Morgan’s laws

e double negative law

=(pVv~q)N(pVq) by th

=pVi(i~gNqg) by the distributive law
=pV ((/ A ’\’(/) by the commutative law for
=pVve by the negation law

=p by the identity law
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