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In this lecture:

au part 1: History of Algebra
JPart 2: What is Boolean Algebra

I Part 3: Proving Boolean Algebra Properties

What is Algebra?

Al-Khwarizmi 850 — 780 (Baghdad)

Developed an advanced arithmetical ™ )
A . e Compendious Book on
system with which they were able to do  calcuiation by Completion

calculations in an algorithmic fashion. and Balancing

Statements to describe relationships between things
Symbols and the rules for manipulating these symbols

Do you know any algebra (=)?

’
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Boolean Algebra

Introduced by George Boole in his first book The
Mathematical Analysis of Logic (1847),

A structure abstracting the computation with the George Boole
truth values false and true. 1815-1864,
England

Instead of elementary algebra where the values of the variables are
numbers, and the main operations are addition and multiplication, the
main operations of Boolean algebra are the conjunction (A)

the disjunction (V) and the negation not (—).

Used extensively in the simplification of logic Circuits




Compare

Logical Equivalences

Set Properties

For all statement variables p, g, and r:

For all sets A, B, and C:

apvg=qVp
b.pAng=qgAnp

a. AUB=BUA
bbANB=BNA

o

PAQ@AT)=PpA(GAT)
.pV(gVr)=pVigVvr)

o

2. AUBUC)=AUBUCQC)
bbAN(MBNC)=AN(BNC)

IS

pA@V)=(PAgQV(pAT)

[

LANBUC)=(ANB)UANC)

b.pvgAar)=(pVg ApVr) b.AUBNC)=(AUB)N(AUCQC)
apVve=p a AUP=A
b.pAat=p b.ANU =A
a.py~n=t aAUA =U

structure, known as a Boolean Algebra.

a. p Vp="p AaTATA=1A
b.pAp=p bbANA=A
apVvt=t a, AUU =U

Boolean Algebra

e Definition: Boolean Algebra

A Boolean algebra is a set B together with two operations, generally denoted +
and -, such that for all @ and b in B both a + b and a -b are in B and the following

properties hold:

(@a+b-c)=(@+b)-(a+c)

@a+a=1

1. Commutative Laws: For all a and b in B,

(@a+b=b+a

and (b)a-b=b-a.

2. Associative Laws: For all a, b, and ¢ in B,
@ @+b)+c=a+B+c) and (b)(a-b)-c=a-(b-c).
3. Distributive Laws: For all a, b, and ¢ in B,
and (b)a-(b+c)=(a-b)+ (a-c).
4. Identity Laws: There exist distinct elements 0 and 1 in B such that for all @ in B,
(@a+0=a and ((b)a-1=a.

5. Complement Laws: For each a in B, there exists an element in B, denoted a and
called the complement or negation of a, such that

and (b)a-a=0.
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Properties of a Boolean Algebra

Theorem 6.4.1 Properties of a Boolean Algebra
Let B be any Boolean algebra.

1. Uniqueness of the Complement Law: For all a and x in B, if a +x =1 and
a-x =0thenx =a.

2. Uniqueness of 0 and 1: If there exists x in B such that a + x = a for all @ in B,
then x = 0, and if there exists y in B suchthata-y = a foralla in B, then y = 1.

3. Double Complement Law: For all a € B, (@) = a.
4. Idempotent Law: For all a € B,

(@a+a=a and (b)a-a=a.
5. Universal Bound Law: For all a € B,

(@a+1=1 and (b)a-0=0.
6. De Morgan’s Laws: For alla and b € B,

(@a+b=ab and (b)a-b=a+b.
7. Absorption Laws: For alla and b € B,
(@@+b)ra=a and (b)(a-b)+a=a.

8. Complements of 0 and 1:

@0=1 and (b)1=0. 9

Mustafa Jarrar: Lecture Notes in Discrete Mathematics.
Birzeit University, Palestine, 2015

Set Theory
Boolean Algebra

In this lecture:
L Part 1: History of Algebra

L Part 2: What is Boolean Algebra
ﬁﬂ Part 3: Proving Boolean Algebra Properties

10

11/25/18



11/25/18

Proving of Boolean Algebra Properties

Uniqueness of the Complement Law: For all a and x in B, if a+x =1 and
a-x =0thenx =a.
Proof:

Suppose a and x are particular, but arbitrarily chosen, elements of B that satisfy
the following hypothesis: @ + x = 1 and a-x = 0. Then

x=2x-1 because 1 is an identity for -
=X- (a + (7) by the complement law for +
=x-a+x-a by the distributive law for - over +
=a-x+x-a by the commutative law for -
=0+x-a by hypothesis
=a-a+x-a by the complement law for -
=(a-a)+ (a-x) by the commutative law for -
=a- (a + x) by the distributive law for - over +
=a-1 by hypothesis
= . . o 11
r=a because 1 is an identity for -.

Proving of Boolean Algebra Properties

Theorem 6.4.1(3) Double Complement Law

For all elements a in a Boolean algebra B, @ =aq.

Proof:

Suppose B is a Boolean algebra and a is any element of B. Then

a+a by the commutative law

a+a

=1 by the complement law for 1
and ) :
a-a=a-a by the commutative law
=0 by the complement law for 0.

Thus a satisfies the two equations with respect to a that are satisfied by the complement

of @. From the fact that the complement of a is unique, we conclude that (@) = a.
12
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