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4.1

4.1.5

Consider the statement

“There are distinct integers m and n such that L B : is an integer.”
m n

The objective is to prove the statement.

Comment

Step20of2 A~

The above statement can be proved by taking example.
Let the distinct integerbe m =3,n=-3.

And both 3,-3 are integers.

Now substitute the value of m and » in the expression,

11
e
m n

o ——

1
_3)

W | -
—

n
S W -
o | =

And 0 is an integer so the statement is correct.

Hence, there are distinct integers |m and n| such that 14 + L is an integer.

m n




4.1

4.1.6

Let 4=1and b =0 be real numbers
Now, we must show that /g + b = Ja + b
~Na+b=+1+0 [by substitution]

i

=]

Va+Jb=\1+0

=1+0

=]

~Na+b=\a+Jb

. There are real numbers g=] and p=0 suchthat Ja+p =Ja+Vb



4.1

4.1.10

The objective of the question is to prove that there is an integer » suchthat 2, —§p+2 15
prime

Comment

Step2o0f3 ~

Consider the statement.

“There is an integer n such that 2,* _ 5y 4+ 215 a prime.”
Consider 2n* —5n+2.

Constructive Proof of Existence

When =3,

Now put the value of , =3 inequation 25° —§p+ 2.

Comment

Stepdof 3 ~

This implies;

' -5n+2=2(3) -5(3)+2

=2{9}—|5+2
=]8-13
=35

This implies;

2w’ -5n+2=5

Here, & is a prime number.
50, 24 —5p+2 Isalso prime.

Hence proved, there Is an integer » such that 2,° _ 5,4 2 Is prime.



4.1

4.1.14

Consider the property that, (a + h)I =a +b

Objective is to determine whether this property is true for all integers, true for no integers, or true
for some Integers, and false for other integers.

Comment

Step20of2 »

For this consider that, (a+ b)’ = a* +b* + 2ab
Therefore,

(a+b) =d’ +*

Implies that,

a'+b +2ab=a' +b’

This is possible only when, 2gh = (). Now since 4 and b are integers therefore, 2gh = ()implies
thateither g=0orb=0.

Therefore, the property (a + b)’ =qa +b istrueif and only if either g=0o0rh=0.

Hence, this property is true for some integers say ¢ is any non-zero integer and p is 0
and this property is false if ; and » are all non-zero integers.



4.1

4.1.16

The average of any two numbers is found by dividing their sum by 2.
Check if the average of any two odd numbers is odd.

An integer 15 odd if, and only if, 7 can be expressed as twice some integer plus 1. That is, if
can be written of the form 2% +1 where K is some integer.

Comment

Step20f3 -~

Let m and n be two odd numbers. Then, m and n can be expressed as m = 2%, +1 and

n =2k, +1 for some integers &,.&,.

Find the average of m and n

Average = m;"
_ 2k, 4142k, +1
2
2k +ky)+2
2
=k, +k, +1
Comment

Step3of 3 A

Mow, k, +k,+1 can be odd or even depending upon the value of the integers &, and &k,
Hence, the given propery is true for some integers and false for other integers

Consider the following examples
Let m=3.n=5

Then, their average is 3 ; 5 = g =4 which is even.
Let m=3.n="7.
3+7 10

Then, their average is T = ? =5 which is odd.



4.1

4.1.19

(@) ¥ Integer m and n. if misevenand n is odd. then {m +n) Is odd.

Comment

Step20i4 ~

v Eveninteger m and odd integer n, [m +n] is odd

Comment

Step3ofd ~

If m is aneveninteger and p is an odd integer, then (m + ﬂ] is odd

Comment

Stepd of 4 A

(b) Theorem: The sum of any even integer and any odd integer 15 odd.

Proof Suppose m 1s any even integer and » is any odd integer. By definition of even, py=2p
for some Integer r , and by definition of odd, p =25+ for some inleger s . By substitution and
algebra,

min= Ir+{2.s+|]=2[r‘+:.‘}+l.

Since r and s are both integers, so is their sum r+5. Hence m+ n has the form twice some
integer plus one, and so (m+n) is odd by definition of odd.



4.1

4.1.22

(@)

The objective is to rewrite the following statement with the quantification imgcit as if- then form.
Forallintegers mandn, f mn=1then m=n=lorm=n=-l.

Move the “for all” after the if-statement.

If m and » @re integers with mm =1, then pm =1

The statement without variables is.

If the product of two integers is 1, then both integers are 1 or both integers are -,

Comment

Step20f2 ~

(b)
The objective I1s to write the first sentence of a proof and the last sentence of a proof.

The first sentence of the proof will assume that for some values m and n for which the if-
statement is true

That is, SUPPOSEe m and n are integers suchthat pm=1.
The last sentence of the proof will be the conclusion which is the then-statement.

Thatis, m=n=lorm=n=-l.



4.1

4.1.25

Suppose that mis any even integer and n is any odd integer
MNow, we must show that m - nis odd
By the definition of even and odd inlagers,

m=2p and n=2g+1, for some integers p and g.

Comment
Step20of3 A
By substitution,
m—n=?,p—[2q+|]
=2p-2g-1
=2p=-2g-2+I1
=2(p-gq-1)+1
Let a= p-g~-1,thenaisan integer
Comment
StepIofd ~

Thus, m—n=2a+1.where ais an integer

So by the definition of odd, m—a is odd



4.1

4.1.27

The objective is to prove that the addition of two odd integers is even
Suppose m and n are two odd integers.

Show that m+ n IS even.

Comment

Step20fZ2 ~

By the definition of odd integer,
m=2p+landn=2q+!, for some integers pand .
Substitute the values m=2p+landn=2g+1in m+n,
m+n=(2p+1)+(2g+1)
=2p+lg+2
=2(p+q+1) (by factoring out 2)
Let K=p+q+l1.
Male that & is an integer, bacause it is the sum of integers.
Thus, m+n=2K. where Kis an integer.
From the definiion of an even integer, m+ n 1S even.

Hence, the sum of two odd integers is even.



4.1

4.1.32

Given Statement:
If a isany odd integer and ) is any even integer, then, 2,4 3} is even

Let @be anodd integerand  be an even integer. Therefore, by definition of odd and even
Integer,

a=2m+1And ph=2n.

For some integer m and n.

Comment

Step20oi2 A
Therefore,
2a43b=2(2m+1)+3(2n)  (By substtution)
=4m+6n+2

=2(2m+3n+1) (By algebra)

Clearly being product and sum of inegers (2m + 3n + 1 ) is an integer and hence
2(2m+3n+1) is an even integer This implies 2¢ + 3h is an even integer



4.1

4.1.35

The objective is to prove that the following statement is false:
“There exists an integer m 2 3 suchthat ¢ —) 15 prime’. ... (1)

To prove that the above statement is false, consider the negation of the statement and prove that
the negation slatement is true.

The negation of the statement in (1) s,

For allintegers m 2 3. j* 11 not prime”.

Need to prove that the above statement is true

Consider that m is an integer that is greater than or equal to 3,

Thatis, m>3.

Comment

Step20of2 ~

Consider m* —1=(m~-1)(m+1) Since x* -a’ =(x-a)(x+a).

Since m 2 3.

m=123-1 m+1z3+l

m-122  m+lz4

Here, (m=1) and [m+|)am factors of ,,? _1, but neither of them is equal to one since
m=1z2and m+12z4

Thus, * —115 not a prime since for prime number the only factors are one and the number itself

Hence, the negation statement of (1) "For all integers = 3, s — 115 not pime” is true

Therefore, the onginal statement “There exists an integer g > 3 such that ,,? _| I1s pnme”
must be



4.1

4.1.36

3434-4 1-36E AlD: 43493 | 09/0872015

The negation of the statement is “For all integers n, gx® + 2715 not prime.
MNow proof of the negation is given below.

Suppose n 1S any integers.

By factoring the expression,

6n° +27=3(2n" +9)
The definition of the prime number is as follows.

Aninteger nis prime if and only is j » |, and for all positive integers r and s, if n = rsthen
gither r orsequalto n

Because (2’ +9) are positive integers greater than 1, and each is smaller than g,,? 4 27
S0, &n' + 27 is a product of two smaller positive integers, each greater than 1

Hence gg® 427 15 not pnime.

4.1.40

This incorrect proof begs the question
The word 'since’ in the third sentence is completely unjustified
The second sentence tells only what happens if k2 +2k +1 is composite

However, at that point in the proof it has not been established that g2 4 2k 4+ 15 composite



4.1

4.1.42

Assume m=2k and =2k
This implies that m=n
Then the sum of integers is given as,

m+n=2k+2k
m+n =4k

This means that addition of two even numbers is divisible by 4

Comment

Step3ofd ~

The mistake in the proof is that it is not necessary that the numbers m and n are equal
numbers using the same integer , in two different quantities

Thus, it deduces the conclusion only for this situation,

In other words, the proof does not deduce the conclusion for an arbitrarily chosen even or odd
integer or sum of both.

Comment

Stepdofd ~

The correct approach 1o the proof is,
Assume m =2k, and n =2k,
Then,
m+n =2k +2k,
=2(k +k,)
Here, m+ n is divisible by 4 for the case when k,,k: are both odd or both even.

Also, m+ n is not divisible by 4 for the case when k, k, are either odd and even or even and
odd.

Hence, the mistake in the proof is that is provided for the same integer which can be different
values



4.1

4.1.48

True
Suppose that m and 7 are any two even integers
Then. by the definition of an even integer,
m=2p and n = 2¢g . where p and g are some integers.
Then the difference is
m—n=2p-2q [by substitution]
=2( p-gq) [by algebra]
Let k=p-g
Then kis an integer, because the difference of any two integers is also an integer
Som=-n=2k
By the definition of an even integer, then m—n IS even

The difference of any two even integers is even

4.1.54

True

Suppose that n is any integer
We now claim that 4(;;’ +h+ I)- 3n° s a perfect square, then

4(:12 +n+ l)-3n: =40’ +4n+4-3n’

=0 +4n+4

=n'+2(2n)+2°

=(n+2)’ [by aigebra]

4(n’ +n+ |)- 3’ is a perfect square, because (,, + 2)’ Is a perfect square, and 42 1san
integer being a sum of n and 2

Thus, 4(,;’ +n+ l) -3’ is a perfect square



4.1

4.1.59

Let 2 and b be non-negative real numbers, 1e, ¢20,5h20

We must show that \[ah = Ja - Vb
Since a and b are non-negative real numbers, then the unique non-negative real numbers / and
m respectively denote /g and Vb .suchthat 4= /? and b=m’-

Since a and b are non-negative integers, then g is also a non-negative real number Then,
there is a unique non-negative real number k, which denotes /5 suchthat ,p = §°.

Now, consider x* —pPm® =0
= (k=Im)(k+Im)=0
We musthave k=im=0 (vk+im#0)

Therefore, Jab -Javb =0
=>ab =Ja-Jb

4.1.60

False
Counterexample
Let @ =4 and b =9 be non-negative real numbers

Now, consider [z +p =/4+9 [by substitution]
=13

Ja=v4=2

And

Jb=v9=3

ca+db=2+3=5and Jaip2Ja+b



4.2.8

Fene product proparty: IT & preduct of bwo real numbears is 0, then one of the numbers must be

Zero

The objective is to rewrite this stafement formally using quandifers and wariables in the form © &
, i then y

The properiy is frue for all real numiers. Therefore, the domain is the set of all real numibers
Fommal resiatement “ wreal mnumbers xand ¥, i xp =0, 1hen y=0 or =07

Commrmenl

Step 2 of 4 -~

)

The ojectve 15 1o wite the conirapossirse of the statement obtained in psEnt (a).

If the statement is of the form “ vy o ﬂ.jj'P[,-.,-j then Qi_.r}'. then ifs contrapos®ve = the
statement © wix = O, O @ x) them 0 Mx)”

The staternent obtained in part (&) 5~ v real numbers x and ¥, i xp=0,MeN =0 O yw=0"

Comment

Step 3 of 4 -~

In this statemen], A=) 5" xp =07

Qx5 " r=00r =0

Hence, 0 Px) is" oy =0"

N x)is" xeoand y=07

Hence, the contrapositve of the given statemment is

“wreal numbers x and ¥, if x=0 8nd p= 0. then xy=07

Comment

Stepdof 4 ~

)

Wirite tha infonmal wersion of the statament = wreal numbears x and ¥, T y =0 and y = 0, then
b U

The staterment 15 tree for all real numbers. The hypothesis of the statement is° r=0 and p =0

=, which meesans that botih the numbers are non-Zero.

The conclusion of the steterment is * gy 22 0°. which means that the product of the fwwo numbers is
MON-ZEr0.

Hemnce, the stetement can be rewmiten in the infomal way as follows:
“If nesther of fhe two real numbers = zerg, then their produect iz also not zero”
oOR

“The product of any bwo non-zero resl numbers is non-zero™.



4.2

4.2.10

The cbjective is to explain why Sm+12n

dn

must be a rational number.

Suppose that m and n are both intggem, and p=0,

As 5 and m are integers, so their product 5y is also an integer.
As 12 and n are integers, so thelr product |24, Is also an integer.
Also, 5m+12n Is aninteger, by addition rule of integers.

As 4 and n are integers, so their product 4y is also an integer,

Comment

Step2of2 ~

Sm+12n

Mote that is the ratio of two integers.

4n
AS 4200rnz0=4n=0.
AlsT, Sm+12n=0.

Sm+12n
4n

Thus, is a quotient of two integers with a non-zero denominator and so it is rational.

Sm+12n . .
Therefore, ————— is a rational number.

4.2.13

Given Statement:
The negative of any rational number is rational.

(@) ¥ real numbers r . if r is a rational number, then —p- is also a rational number.

Comment

Step2of2 ~

(b) The statement is true. Let - be a rational number, then there exist two integer p,qg with
g # 0 such that

r = £ . Now
q
—_—y = _£
q
.
q
As p isaninteger. p, = —p is also an integer. Therefore —) is the ratio between two

integers with no zero denominators. Hence —- is also rational.



4.2

4.2.16

Consider the statement,
“The quotient of any two rational numbers is a rational number.”
The objective is to identify whether the above statement is true or false.

And prove if it is true and give counter example if it is false.

Comment

Step2ofd4 A
The above statement is false.
Counter example:

. : :
Let x be any rational number and y = (), then x and y are both rational, but the quotient — is
y

undefined. (Since % = oo)

Therefore, the quotient of any two rational numbers is not a rational number.



4.2

The correct statement is:

i . X
For all rational numbers x and y, if y# 0 then — is rational.
y

Proof;

Let x, y be any two rational numbers and y 0.

To show that B is rational.
-]r

By definition of rational, x=<_ =< for some Integers
b’ d

ab,e,anddwith b0 andd 2 0.

X
Thus —=
y

By substitution

onlrin

aed .
= — By basic algebra
e Y g

Comment

Stepdof4 ~

Let p=ad,q = bc, then p and g are integers because products of integers are integers and
because a, b, ¢, and d are all integers.

Also by the zero product property be # 0,

Z=L here p and g are integers and g # 0,

y 49

i . ’ "
Therefore, |= is rationalif y = 0|
v

Hence, the statement ‘'the quotient of any two rational numbers is a rational number’ is false.




4.2

4.2.18

True
Suppose rand s are rational numbers, with r<s

By the definition of rational,

r="ands=% , for some integers m.n, p, and ¢, With n20, g 20

n q
m + p
Thus, r+s n g [by substitution]
2 2
a P [by algebra]
Comment

Step20of2 A

Let a=mg+np and b=2nq

Then & and b are integers, because the products and sums are integers, and because
m,q.n, and p are all integers.

Also, n# 0 and ¢ # 0 from the zero product property
Thus,

Trs. ;)_' where a and bare integers and p 2 ()

2

Therefore, _r? is rational by the definition of a rational number



4.2

4.2.19

Consider the below statement,

a+b

IF g<b then g< <h istrueforal a.beR .

The objective 1s to determing whether this 15 true or false.

Comment

Step 2 o0f3 A

Suppose a and b are arbitrary real numbers such that g« b
Use b= g .whichis equivalentto g<b:

a+bh a+a
-

2 2
p ]
T2
=
a+b a+ b
Thus, —— » g, which means that g<—— ...... (1)
2 2
Comment

Step 3 of 3 -~

Use g«<b .whichiseguwvalentto g«<b:

a+b _b+b
—{—
2 2
_2k
T2
Thus, 2*8 o @

From relations (1) and (2),

a+b

< <h.




4.2

4.2.23

True M
Suppose that k is any even integer and m is any odd integer
We must show that (k +2)’ -(m- 1)’ is even

Since kis even and 2 is even, then k + 2 is even, because the known result of the sum of any
two even Integers s even

We know that k +2 is even, then (k+ z)’ is also even, because the product of even integers is

even

Also, mis odd and 1is odd, then ;| is even. It follows that (m- |)’ s also even
because (,,, - 1)’ = ( m- 1)(,,, - |), and the product of any two even integers is even.
We know that (& + 2)" is even, and (m- 1)’ iS even

Then, (k+ 2)’ ~(m- |)’ is even, because the difference of any two even integers is even

4.2.24

The statement is “For any rational numbers » and s, 25 + 35is rational ”
Mow the objective 15 to derive the statement.

The derivation is shown below.

Suppose r and 5 are any rational numbers. [:}

By Theorem 4.2.1, it1s said that “every integer i1s a rational number”.

And both 2 and 3 are integers which can be expressed in quotient of two integers with a nonzero
denominator.

50, both 2 and 3 are rational numbars.

Alsa, it is assume that » and 5 are rational numbers. And if and rational number is multiplied
with any other rational number then the resultant number is a rational number which is proved in
exarcise 15

Sﬂ,

2 = r = rational number
3= s = rational number

From the exercise 15, both 2r and 3s are rational.

And by Theorem 4,2.2, it is said that “sum of ant two rational number is a rational number”.

Hence, 2 4 35 is rational.



4.2

4.2.28

Yes
Let a,b,c, and d be Integers, and a#c¢
Let x be a real number that satisfies the equation

ax+b |
ex+d

By cross multiplication, we have
ax+b=cx+d

= ax-cx=d=b
= xla-¢c)=d-b

d-b
D X=—— qRC
a-c¢

Comment

Step20f2 ~

Let p=d-band g=a~-c, then pand g are integers, because the difference of any two
integers is also an integer, and g=a-c#0 ( a c)

SX= L for some integer pand gwith ¢ # 0
4q

Therefore, x Is a ratio of two integers



4.2

4.2.30

Consider the quadratic equation,

b+ e=0

The objective is to prove that i one solution is rational then the other solulion is also rational.

Comment

Step 2 of 4 -~
The objective is to prove that if one solution for 3 quadratic equation of the form 42 4 iy 4 e =0
i rational, then the other solution is also rational.
Here, & and ¢ are ralional numbers.

Let x = De e rational Solution o o2 4 by 40 =0,

Then, the quadratic equation can be written as,

x*+bx+c=(x—r){x—5) for some unknown number s.

Comment

Stepdorg4 o~

Expand (x—r)(x—s5) as follows.

{_r—r}f_x—.\-}=_r=—r_r—.tr+.r-_¢

=x:—[r+rz]_r+r.s

Comment

Step 4 of 4 ~

Compare x* —(r+s)x+rs With 2 s hrse=0.

b=—(r+s)andc=rs
s=—r—n
Here p is rational and - is also rafional.

The sum of any two rational numbers is rational.
Thus, s =—(r+#&) Is arational number, as b and » are rational

Theretore, the other solution of x4 Ay 4 ¢ = ( IS also raticnal



4.2

4.2.33.a

Given

When expressions of the form (x —»)(x~s) are multpled out, 3 quadratic polynomial is
oblained. For instance,

(x=2)x=(-7))=(x=2)(x=T7)=x" +5xr—14

{a) We note Toliowing before writing answer of this prodiem:
(1) Sum of two odd {even} integers i even (aven).

() Sum of one odd and one even integer is odd.

{n) Product of two odd (even) integers is odd (even)

{iv) Product of one odd and one even integer is even,

Comment

Step20of5 A

NOW (x=r ) x=5)=x"=(r+s)x+rs

It both r.s are ood then the coefficient are given as follows:

() coeflicient of 2 ssequalto |,

() Coefcient of x i€ —( y 4+ 5 ). i.e. sum of two 0dd. and hence even.
(iii) Constantis r § product of two odd hence odd

Commenl

Step 3 of 5 ~

it both r.s5 are even then the coeflicient are given as TolOWsS:
(1) coefficient of 2 isequaito |

(i) Coeflcient of x is -( r+s ) i.e. sum of lwo even, and hence even.

(i) Conslaniis r 8§ product of bwo even, hence sven

Comment

Step4 of 5 ~

If ene of .5 is o0d and other is even, then the coeflicients are given as rollows.

(1) coeflcient of 2 isegualio |,

(ii) Coeflicient of x is _( r+s )A ie sum of one odd and one even, and hance odd.
(i) Constantis 8§ product of on= odd and one even hence even



4.2

4.2.37

In the proof, the rational numbers r and s are both are the same,

i.e., both rand s are equal to % .

This incorrect proof violates the requirement that r and s are both arbitrarily chosen rational
numbers.

If both r and s are equal % then r=s

4.2.39

In the later step, it Is assumed that such variables exist because of which
I m a
rt§=—+—=-

jon

which has not been proved.

Here, there is confusion between what is known and what is still to be shown. The existence of
variables a and b has been assumed when it has not been established.

Instead, the proof should have statement such as “show that there exists integers & and b such

that peg=2.
h



4.3

4.3.5

Consider the expression 6m(2m +10), where m s an integer.

The objective s to find that provided expression s divided by 4 or not.

Comment

Step20f3 A

Simplify provided expression as follows,

6m(2m+10)= 6m[2{m+ 5}]
=12m(m+5)

=12(m: +5m)

Comment

Step3of3 A

As mis aninteger. So, . 4+ 5, be also an integer.

AS m? +Sm is multiple of 12 and 12 is divided by 4. Therefore, 12(m” +5m )thatis,
6m(2m+10) is divided by 4.

Hence, 6m(2m+10) is divided by 4.



4.3

4.3.12

Yes

Let p=dk+1
\We must show that , _{ is divisible by §

Now, »* -1 = (4k+1)' -1 [by substiution]
=16k + 8k +1-1 [by algebra]

=16k + 8

=§( 24 +1)

From the definition of divisibility,

16k" + 8k =8( 2K +£)

And 24* 4k Is an integer, because k is an integer, and sums and products of integers are
integers.



4.3

4.3.15

The objective is to prove that a|(b+¢) if a|banda|e.
From the definition of divisibility,

a| b= b=ak, for some integer k

a|c=» ¢ = as, Tor some integer s

Substitute the values of hapd ¢ N h+e,

b+c =(ak +as)
=a(k+s)
As k and 5 are Integers, follows that p = k + 5 Is also an integer.
Thus, b+ ¢ =ap for some integer p.
Therefore, by the definition of divisibility, a is divisible by p+¢,

Thatis, a|(b+c).

4.3..16

The objective is to prove that g| (b -c) if a|bandalec.
From the definition of divisibility,

a|b = b= ak, for some integer k

a|c=> ¢ =as, for some integer s
Substitute the values of pand ¢ iN b-ec.

b—c=(ak-as)

=a(k-s)

As k and s are integers, follows that p =k ~ s is also an integer.
Thus, b-c = ap for some integer p.
Therefore, by the definition of divisibility, a is divisible by b -¢.
Thatis, g |(b-c),



4.3

4.3.21

True
Suppose that 2/ and 2m are any two even integers
Then the product of the even integers is 2/.2m = 4Im
~. By the definition of divisibility,
(27)(2m) is a muitiple of 4.

Therefore, the product of any two even integers is a multiple of 4

4.3.22

Conslider the statement, “A necessary condition for an integer to be divisible by 6 is that it be
divisible by 2".

The objective is to prove this statement is true or false,

Comment

Step20of3 ~

Let n be an integer divisible by 6.

By definition, for some integer Kk,
" _k
6
n =6k

Thus,

n=2-3-k
=2-(3k)

Comment

Step3of 3 A

As 3k is aninteger since it is the product of integers. Therefore,
n=2-(Integer)
Thus, by definition of divides 2| n.

Hence, proved that provided statement is true.



4.3

4.3.23

This statement is true
Suppose nis any integer that is divisible by 16
From the definition of divisibility,

n = 16p , for some integer p

However, 16p =8(2p)

Let k=2p

Then, k Is an Integer because p is an integer

Thus, p =gk, for some integer &,

Since from the definition of divisibility, »is divisible by 8
Therefore, an integer that is divisible by 16 is also divisible by 8
The given statement can be rewritten formally as

For all integers n, if i is divisible by 16, then i is divisible by 8

4.3.25

The statement is false

Counterexample

Let a=3, b=4, and ¢£=15

Then a is a factor of ¢

ie, 3]15

But ab+te

ab=3.-4=12,and 15 is not divisible by 12

Therefore, ab is a not factor of ¢



4.3

4.3.26

The statement is: “for all integers a,b,¢ if ab|c then a|c and b|c.”

Assume that ab|c then by the definition of divisible there exists an integer p such that
c=(ab)p.

Rewrite ¢ as:

c=a(bx) using associative property

c=(ab)x=(ba)x=b(ax)  using commutative and associative property

As p and x areintegers, so py is also integer.

Similarly, 4 and x are integers implies that ax is also integer.

Comment

Step2of2 ~

This can be written as:
c=ak andc=5bl Taking px=k andax=1.
Thus, ¢ is divisible by a and divisible by p,

Hence, if ab|c then a|c and b|c.

4.3.27

The statement is false.
Write the Counter example:
Leta=S5, b=6,and ¢=4
Then a|(b+c)
Thatis, 5|(6+4)

5110

But,

5/6 and 5[4

So,

a[h and a/c

Hence, the above statement is [false].



4.3

4.3.31

Consider the statement “For all integers a and b, if a| 10b then a| 10 or a| b

The objective is to determine whether the above statement is true or false.
The given statement is false.

The counterexample is as follows:

Let g=20and p=2.

Substitute g =20 and p=2 in a|10b.

a|10b=20[10(2)
=20/20

2
Here, 20 divides 20 since ;—g is an integer.

Comment

Step2of2 ~

Substitute ;=20 and p=2 in a| 10.

a| 10= 20| 10

Here, 20 doesn’t divides 10 since % is not an integer.
Substitute g =20 and p=2 in a|b.

a| b= 20| 2.
Here, 20 doesn’t divides 2 since 326 is not an integer.

Therefore, the given statement is [false].



4.3

4.3.33

Suppose that number of nickels, dimes and quarters are x, ¥,z respectively.
Values of coins as follows:

1 nickel = §0.05

1dime =%0.10

1 quarter = $0.25

Total = S[U.US_r+U.IU[§+ 0.25z)

=5x+10y+25z Cents

Comment

Step20f2 ~

Since 5, 10, and 25 are divisible by 5. Therefore, 5x+ 10y + 25z is divisible by 5.
But the total amount §4,72 = 472Cents can't divisible by 5.

Hence it is not possible to have a combination of nickels, dimes and quarters that add up to
§4.72.



4.3

4.3.36

(a) We are given that an integer is 637,425,403,705,125,
The sum of the digits is 54

From the division property, it is divisible by 9

Thus, it is also divisible by 3 (by transitivity of divisibility)

Also, the number is not divisible by 4 because the two rightmost digits are 25, which is not
divisible by 4.

Then, 637,425,403,705,125 is not divisible by 4, because the rightmost digit is 5.
Then 637 425 403 705 125 i1s dwisible by 5

Comment

Step2oi5 ~

(b) We are given that an integer is 12,858,306,120,312

The sum of the digits is 42

From the division property, 42 is not divisible by 9,

Therefore, 12,858,306,120,312 is not divisible by 9.

Also, 42 is divisible by 3

Then the number 12,858,306,120,312 is divisible by 3

Also, the number is divisible by 4. because the two rightmost digits are 12, which is divisible by 4.
Also, the number is not divisible by 5 because the rightmost digit is neither 0 nor 5.

Comment

Step3ofo ~

(c) We are given that an integer is 517,924, 440,926,512
The sum of the digits is 61

From the division property, 61 is not divisible by 9, and so is not divisible by 3 Also, the number is
divisible by 4 because the two rightmost digits are 12 , which is divisible by 4.

The number is not divisible by 5 because the nghtmost digit is neither 0 nor 5




4.3

Stepdofs ~

(d) We are given that an integer is 14,328,083,360,232
The sum of the digits is 45

From the division property, 45 is divisible by 9

Thus, it is also divisible by 3 (by transitivity of divisibility)

Comment

StepSofi ~

Also, the number is divisible by 4 because the two rightmost digits are 32, which is divisible by 4.
Also, the number is not divisible by 5 because the nightmost digit is neither 0 nor 5.



4.3

4.3.39

(a)
The objective |s to find the standard factored form for g?

1
The standara factored form for 4% = (p;ﬁ P i)

=(p ) Aps) (e )

=0 Py By
Hence, the standard factored form for 21 a' =|p’ - pd* .. pi |,
Commment
Step3 ofd
(o)

Consider the perfect cube, 24.3%.7.117 .k
The objective is 1o find e leas! positive inleger
Now, Ting the lowest posiiive integer i, such hat 2% .3%.7.11% .k |5 @ perfect cube.
Perfect cube is equals an integer to the third power
Take the least positive integer g = 2%.3'.9%.11
2437017 k=23 T 0. 273 T
=2°.3%.11".7
=(2)(3) ar.7
=(2*-3-1-7)

=(2172)'

Camment

Stepd of4

By the definilion of a perfect cube,

k=22.3.72.11
=4.3.49.11
= 6468

Hence, the least posiiive integer is & =[sd68



4.3

4.3.48

The objective is to prove that for any nonnegative integer n, if the sum of the
digits of n is divisible by 3, then n is divisible by 3.

Suppose n is any positive integer with 4 | digit.

S0, n=a,+a,-10+a,-10° +..+a,-10".

Let s be the sum of the digits:

S=a,+a,+a,+.+4,

Now

n-s=(a,-a,)+(a,-10-aq, }+(a=-|[|= —:zr.r:)+..+[.|:.l1 10° —ﬂi)
n-s=a(10-1)+a,(10°~1)+...+a, (10' -1)

Comment

Step2of2 A

If b =10"-1, then
n-s=a b +a,-b+..+a b
So,
b =10"-1
=99...
Itis seen that b =9..9(9 occurs x times).
Implies that, all the numbers b are divisible by 3 because it is divisible by 9.
Hence, all the numbers g b, are divisible by 3.
So, their sum n—s is divisible by 3.

Therefore, n is divisible by 3 then sois sum s and vice versa.



4.4

4.4.4

Consider the values =3 and d =11.

The objective Is to find the Integers g and rsuchthat n=gd +r and Q0<r<d.

Comment

Step2of3 ~

Find the integers g and r as,
Theorem:
Given any integer n and positive integer d, there exist unique integer g and r such that

n=qd+rand 0gr<d

Comment

Step30f3 A~

By the quotient-remainder theorem,

For m=3and d =11

3=0(11)+3 ... (1)

Compare equation (1) with n=gd +r,obtain g=0and r=3 and 0 <3 <|1.

Therefore, the integers g =0 and r = 3.



4.4

4.4.8

(a)50 div7

50
H

7 —s50dv7
9
1

ie., 50=7(7)+1
= 50 div 7 = the quotient when 50 is divided by 7
=7

Comment

Step20f2 ~

(b) 50 mod 7

| & g~

+« 50mod 7
ie, 50=7(7)+1
= 50mod 7 = the remainder when 50 is divided by 7



4.4

4.4.10

(a)30div2

15«30 div2
5 30
30
0
i€, 30=2(15)+0
= 30 div 2 = quotient when 30 is divided by 2
=15

Comment

Step20f2 ~

(b) 30 mod 2

15
30
2
30
0 « 30mod 2
ie, 30=2(15)+0
=> 30mod 2 = remainder when 30 is divided by 2
=0



4.4

4.4.17

The objective is to prove that the product of any two consecutive integers is even.
Let mand p+1 are two arbitrarily consecutive integers.
There exist two cases for choosing », either » Is even or » is odd.
Case 1:
It n is even, then by definition » = 2k, for some integer k.
Substitute » =2k In n(n+1).

n(n+1)=2k(2k+1)

=2(2k* + k)

As Lisaninteger, 242 4 k is also an integer.
Take p =2k +k then n(n+1)=2p.

Therefore, n(n+1) Is an even integer.

Comment

Step20of2 ~

Case 2:
If n is odd, then by definition » =2k +1, for some integer k.

Substitute n=2k+1in n(n+1).

n(n+1)=(2k+1)(2k +2)
=2(2k+1)(k+1)

As kisaninteger, (2k +1)(k+1) is also an integer.
Take p=(2k+1)(k+1) then n(n+1)=2p.
Thus, n(n+1) is an even integer.

Therefore, the product of any two consecutive integers is even.



4.4

4.4.19

Consider the expression,
n* —n+3 Forallintegers m.

The objective is to prove the given expression ,? _ ;4315 odd for all integers n.

Comment

Step2ofo ~

It can be prove in two cases.

Let » be any integer.

Casel: (mis even)

Then p = 2k, for some integer & (since n is even).
w —n+3=(2k) -2k +3 Replace nwith 2k
=4k -2k +2+1 (+3=2+1)
=2(26" -k +1)+1

n=n+3=2(2k" ~k+1)+1

Comment

Step3ofd A

Let 4 =2k -k +1
Then {is an integer because products, differences, and sums of integers are integers.
Thus, the expression can be written as,

n —n+3=2r+1, Here ¢ is aninteger.

By the definition of odd, ,* — 4+ 3 15 0dd.



4.4

Case 2 (nis odd):
Then p = 2k +1, for some integer k (since n is odd)
n' —n+3=(2k +1)" =(2k +1)+3 Replace n with 2k+1

=4k +\ +4k -2k -\ +3
=4k* +2k +3
=4k* +2k +2 +1
=2(2k’+k+l)+l

Comment

Step50f5 A

Let y =2k +k +1
Then tis an integer because products, differences, and sums of integers are integers.
Thus, the expression can be written as,
n® —n+3=21+1, Here ¢ is an integer.
By the definition of odd, ,* — , 4 3 is odd.
Therefore, from the two cases,

The expression ,* _ , 4 3 is odd for all integers n.



4.4

4.4.21

Consider p isanintegerand bmod 12 =5,
That is division of p by 12 gives a remainder 5.

Therefore, there exist an integer ¢ such that,

b=12q+5

Multiply both sides by 8.

86 =8(12¢ +5)
=8¢(12)+40
=8¢(12)+36+4
=12(8g+3)+4

As gq is aninteger, then 8g+3 is also an integer.

Thus, if a division of 8p by 12 give a remainder of 4, then 8hmod12 =4.
Hence. 8hmod12 =[4].

4.4.22

The objective is to determine the value of 10¢ mod 15, when ¢ mod 15=3,and c is any
constant.

When ¢ is divided by 15, the remainder is 3.By definition of modular, there exists an integer k
such that =15k + 3,

Multiply both sides by 10.

10c = ID{ISk +3]'
=10-15k + 30
=15(10k +2)
=15(10k+2)+0

Comment

Step 2of2 ~

As 10k + 2 Is an integer, 50 |0¢ is divisible by 15.
Thatis, 10c mod 15=0.
Therefore, the value of 10c mod 15 Is [0].



4.4

4.4.25

Let @ be aninteger such that amod 7=35 i.e. division of @ by 7 gives a remainder of §.
Therefore, there exists an integer » such thal

a=Tr+3

Comment

Step I of4 A

Let b be aninteger such that hmod 7 =6 i.e. division of b by 7 gives a remainder of 6.
Therefore, there exists an integer ¢ such that

b=Tg+6.

Comment

Stepdofd ~

This implies
ab=(Tr+5)(7q+6)
=49g r+42 r+ 35g + 30
=T(Tgr+6r+5g+4)+2

As ¢, r both are integers, (7gr+6r+5g+4) is also an integer. If we divide gh by 7, the

reminder will be 7. Hence

ab mod 7=2




4.4

4.4.26

We know that for any integer » and positive integer > 0,

nmodd = r
Sn=dg+r

Where g,rareintegersand 0<r<d

Suppose pmodd =0-

Then there exist an integer ¢ suchthat n=dg+0
n = dg
15 afactor of m

Therefore, nis divisible by 4

Comment

Step2of2 ~

Conversely, suppose that nis divisible by 4. Then there exist an integer g such that n = dy
Therefore
n=dg+0
nmodd =0
Therefore, a necessary and sufficient condition for a nonnegative integer nto be divisible by a
positive integer disthat pmodd =0



4.4

4.4.28.a

{a) We know by the quotient-remainder theorem that when three consecutwe integers

n, n+1 andn~+2 are dvided by 3 the remainders 0. 1, and 2 are left in the same order starting
fromonecfOor1or2

So these integers can, without loss of generality. be writien in one of the three forms
as3q.3q+1,0r3g+2
Now, consider the product of these consecutive integers

Comment

Step2of 6 ~

Case (1)

n = 3¢, for some Integer q

Now. n (n+1) (n+2) = 30 {39+1) (30+2)

= 3m, where m = q (3g+1) (3g+2)

So from the definition of divisioiity, n (n+1) (7+2) Is dvisible by 3

Comment

Step3ofc ~

Case (2)

n = 3g~-1, for some integer g

Now, n (7+1) (n+2) = (30+1) (30+2) (2¢+3)

= 3(39+1) (3a+2) (g+1)

= 3m, where m = (3¢+1) (39-2) (g+1)

So from the cefinition of divisiodity, n (n=1) (n+2) is divisible by 3

Comment

Step4 ol ~

Cass (3)

n = 3g-2, for som= integer g

Now, n (n+1) (n+2) = (3g+2} (3g+3) (3q+4)

= 3(39+2) (g+1) (3g+4)

= 3m, where m = (3g-2) (3g-4) (9=1)

S0 by definition of divisibility » (n~1) (n7+2) is divisibie by 3

Therefore, the product of any three consecutive Integers IS divisible oy 2



4.4

4.4.31
(5)

Let m and n are positive infegers.

m’ —n® =56

Since, m® —n® =(m-n)m+n). Thus, 56 is the product of m+n and m—n.

And, by the part (a). m+n and m—n are either both odd or both even

Mow the factonzation of 56 15 22 7.

Since both terms should be even or odd. Thus, the possible factors are (2,28),(4,14),
and (8,7).

But for the factor (E,T]: m+n and m—n are not both odd or not both even. Thus, i will

not be considered hare.

Comment

Step 6 of 9 A

When mapn=28 and pm—_pn=2, then
2m =30

=m=15

And for m=15

n=28-m

=28-15

=13

When me+n=14 and g —p=4,then
2m=18

=m=9

And for m=9

n=14-m

=14-9

=3

Hence, the solutions are m=15and p=13.0r m=9 and p=5.



4.4

4.4.32

The objective is to find the parity of 2a-(b+ c), with g -b and b -¢ are even integers for
integers a,b, and c.

Rewrite 2a~-(b+c) as follows:
2a-(b+c)=(a+a)-(b+c)
=(a=h)+(a=c)

As a-b and b-c¢ are even, and sum of two even integers is even, and then
(a-b)+(b—c) =a~c isalso even

Thus, by applying the rule of sum of even integers is even, conclude that
(a=b)+(a-c)=2a~(b+c) iseven.

4.4.39

Let m, n+], n+2,and p+3 be four consecutive integers
Now,

n+(n+l)+(n+2)+(n+3)=n+ntntn+1+2+3
=4n+6

=4n+4+2

=4(n+1)+2

=4k+2.

Where p+|=k. for some integer
snt(nel)+(n+2)+(n+3)=4k+2

Thus, the sum of any four consecutive integers is of the form 44 + 2, for some integer



4.4

The objective is to show that i_:.-l-[_-rl = |_|;’|,-| for all real numbers x anmd w.

4.4.44

Case 1:
Suppose x< 0,y <0, then |x|=—x|y=-».
Sa

be|¥| = (==)(=»)

= X}
On the otherhand, x <0, p <0 =xp >0,
El-l:l‘I |_|_'J'| = J_j-

Therefore, |x|-|y]=|xy|.

Commeant

Step Z2of3 A~

Case 2:

Suppose x <0,y >0, then |x|=—x,|y|=r
So,

bl || = (=x)(»)

= -
Cn the other hand, yx<,y>0=xp <0,
So. |xy|==xy

Therefore. |x|-[3] = |xy].

Comment

Step 3of 3 A

Case 3:

Suppose x>0,y >0, then |x|=x|v|=».
So,

|| = (=)} »)

= xy

Cn the other hand, x>0,y > 0=xy > 0.
Sﬂ.l |_tr.|| — 3 _'.':.'
Therefore, |x|-|v]=|x¥].

From the abovs cases, conclude that |x|-|v|=|xy|.



4.4

4.4.49

[t is given that m and n are integers, dis a positive integer such that mmod d = nmod d
Suppose mmod d = k= nmod d

So from the quotient-remainder theorem. we have

m=dp+kandn=dg+k, for some integers p and q

lfp # g thendp # dg

=>dpt+k #dg+k

=>m=#n

So from this. we can say that m mod d = n mod d need not imply m=n

Comment

Step2of3 A

On the other hand, m—n=(dp + k) - (dq + k)
=dp-dq

=d(p-q)

Sincep 2q.p-q 20

Som-n=d(p-q)

=» m-nis an integer multiple of d

In other words, d divides m—n

Comment

Step3of3 A

For instance, 13 mod7 = 20 mod7

However, 13 #20



4.4

4.4.50

We are given d | (m—n)

So from the quobient-remainder theorem, we have

(m-n)=ds+0. --—o-o (1)

Suppose mmod d = p, nmod d = g, for some integers pand g

Le., m=da+p n=db+g, for some integers aand b

= m-n=d(a-b)+(p-g)-—(2)

Now, from the unigueness of the quotient-remainder theoram, equations (1) and (2) give
p-gq=0

=p=q

= mmodd=nmodd



