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6.1

6.1.3

Lat R.S5, and T be defined as:

R ={x e Z|x is divisible by 2|

5 ={veZ| yis divisible by 3}

T'={zeZ|z is divisible by 6]

a.

The objective is to determine whether R o T,

For 2e &, 2is divisible by 2 and 2 is not divisible by &
Thatis, 2e R and 2&T.

Therefore, R g T.

Comment

Step 2o0f 3 A~

b

The objective is to delermine whether 7 o~ B,

Let -eT,

Then by the definition of T, =z is divisible by &

Thatis, z =6k, for some integer k.

As 6=2-3, 50 z=2(3k).

Implies that z is divisible by 2 as JeXfX ke dfd =3k e L.
Thus, =& R.

Thaerefore, r & T = r & K follows that o R

Comment

Step J ol 3 -~

=.

The objective is to determine whether T o §.

Let z&T.

Then by the definition of T, z is divisible by &

That is, = =6k, for some integer &,

As 6=3.2, s0 z=3[2k)

Implies that z isdivisible by 3as 2ef . bedf =2k L.
Thus, e 5.

Therefore, e T = = e § follows thal T 5.




6.1

6.1.4

Let 4 ={ neZn=5r for someintegerfand B —{ m e Zm = 20s for some integer s}.

(a)

Here Aq¢ B.

Explanation: Because there are elements of A that are not in B.
For example, S isin A because §=5-].

But 5 is not in B. because if it were, then § = 2()5 for some integer s.

Which would imply that 5 = & and this contradict to fact that 5 is an integer.

Comment

Step2of2 ~

(5)
Here Bc A.
Explanation: To explain B < A, we must show that every element of Bis in A.
Suppose m is any element of B.
Then m = 205 for some integer s.
Let , = 45. Then ris an integer.
Because product of two integers is also an integer.
Now,
Sr=5-(4s)
=20s
=m
Thus, m satisfies the condition for being in A.

Hence, every element of B is in A.



6.1

6.1.8

Let A, B be the subsets of universal set /.
(@)
The objective is to write the set {xe U |xe 4 and x € B} in words.
Consider the set,
X=|xeU|xeAdandxe B}
Write the set in words as below,

The set )y contains all the elements of [, which are also the elements of both the sets 4 and
B.
By the definition of intersection of the sets, the given setis same as A 8.

Therefore, the shorthand notation of the setis |{x e U | x € 4 and x € B} = AN B|.

Comment

Step2of4 ~

(b)
The objective is to write the set {xe U | x € 4 or x € B} in words.
Consider the set,
X={xeU|xedorxeB)
Write the set in words as below,

The set y contains all the elements of [/ which are the elements of both the sets 4 and g or
either the set 4 ortheset B.

By the definition of union of the sets, the given setis same as A|JB.

Therefore, the shorthand notation of the setis [{xe U |xe 4 orxe B} = AU B|.




6.1

(€)
The objective is to write the set {xe U | x € A and x & B}in words.
Consider the set,
X={xeU|xeAandx £ B}
Write the set in words as below,

The set y contains all the elements of {/ which are the elements of the sets 4 and not an
elementof set g.

By the definition of difference of sets, the given setis sameas 4-B.

Therefore, the shorthand notation of the setis |{xe U |xe 4 and x # B} = A- B|.

Comment

Step4of4 ~

(d)
The objective is to write the set {xe U | x g A4 }in words.
Consider the set,
X={xeU|xg A}
Write the set in words as below,
The set y contains all the elements of {7 which are not elements of the set 4.

By the definition of complement of set, the given set is same as 4.

Therefore, the shorthand notation of the setis {xe U |x & A} = A4 |.




6.1

6.1.10
(@) AUB={1,3,5,6,7,9)

Comment

Step20of8 A
(b) ANB={3,9}
Comment

Step3ofd ~
(c) AUC = {1.2,3.4.5.6.7,8.9}
Comment

Step4ofg ~

(d) ANC=¢



6.1

€) A-B={157)

Comment

Step6of 8 A
() B—A=1{6]
Comment

Step70ofg A
(9) BUC =1{2,3.4,6,8,9}
Comment

Step8of8 ~

M) BNC={6)



6.1

6.1.12

The objective istofind 4 A,
The union of 4 and B is:

AuB={xeR|-3sxs0)luixeRI-1<x<2}
={xeR|-3=x<2)

Therefore, the interval for 4,8 5 .

Commeant

Step 207 10 A~

)

The objective isto find 4 R,

The intersection of 4 and B IS

AnB={xeR|-3sx<0}n{xeR|-1<x<2}
={xeR|-1<xx0)

Therefore, the interval for g~ 8 is .

Comment

Step 3 0f 10 ~

{c)

The objective is to find g

The complement of 4 i=

A =|x e R| it is not the case that x «[-3,0]]
= {x e R|it is not the case that x > -3 and x < 0}
={reR| x<-3o0rx >0}
=(—=.—3)(0.2)

Therefore, the interval for g is [(—==,-3)(0,0)].

Comment

Step 4 0of 10 ~

(d)

The objectiveisto find 4L C.

The union of 4 and C =

AVUC={xeR|-3=x<0ju|xeR|6<x<8)]
IxeR|-3=xs0or6<xs<8]
=[-3.0](6.8]

Therefore, the interval for g, s [[-3,0](6.8]].



6.1

(=)

The abjective isto find 4~

The intersection of 4 and C 15

.-!r".{'={.tER|—3El'ﬂﬂ}r"'.{.reﬂlﬁ{x*_iﬂ}
={xeR|-32x<0 and 6<x<8}

qﬂ' since —3<x<0 and 6 =x<8§

have no common elements

Therefore, the interval far 4~ is .

Comment

Step 6 of 10 -~

(f)
The objective is to find  g*,

The complement of g is:

B =|xeR| itis not the case that x = (~1,2)}
={x e R|itis not the case that x > 1 and x < 2|
={.rE R| x=-1 ur.tzi}

=(—m,_—|]'.,_,.l[l::n}

Tnerefore, the interval for g is (o, —1]u[2,e0)|.

Comment

Step T of 10 A~

(@)
The objective is to find  4° ~ B°.

The intersection of 4% and & 15
4 A B = [(~0,-3) U (0.0) A (- 1]U[2.)]
= (-, —3) ]2, =)

Thersfore, the interval far  4° ~ g© is [—t-:e-, —3}u[2.m]l.




6.1

(i)
The objective isto find (A4 B)' .

The complementof 4~ B is:

(4nB) ={xeR] itis not the case that x € (~1,0]}
=|x e R|itis not the case that x > ~1 and x < 0}
={xeR| x<~lorx>0}
=(—m,—l]u(0.oo)

Therefore. the interval for (4~ B) s (—oo,—l]u(o,oo)l.

Comment

Step 10 0r 10 A

Ul

The objective is 1o find ( Avu B)’.

The complement of 4 B IS:

(4UB) ={xeR]| itisnot the case that x € [-3,2)}
={x e R]itis not the casc that x > -3 and x < 2}
={xeR|x<-3orx22|
:(-ac.—3)u[2,cc-)

Therefore, the interval for ( AuB)‘ s (—w,—})u[z,oo) .




6.1

6.1.19

A=(1,1)=(1)

A, ={2,2%=(2,4)
A,=(3,3"1=(3,9)
A, ={4,4%)=(4,16)

Comment
Step 2of4 A
(a)
AUAUAUA =(1}U4U((E9 U416
={1,2,5,4,9,16}
Comment
Step3ofd A
(b)
A NANANA, =(13N{2.4N{3.9N{4.16}
=¢
Comment
Stepdof4 ~

(¢) A, A, Asandd, are not mutually disjoint because A, 1A, ={4} = ¢



6.1

6.1.20

(a)

Consider the set,

BB By By

The objective is to determine the set B, s B, v 8y« 8, from the above defined seis

From the definition of set union,

AuB={xelU|xeAorxec B}.

So, the set B, B, v 8; ' B, Can be defined as follows:

By B, By By =|xeR|xe[0,1] orxe[0.2] or x«[0.3] or x «[0.4]]
-{xeRlxs[O.4]}
=(xeR|0sx<4)

Thus, the required result is,

muB,uB,uB‘ ={xeR|0<x<4] or [0.41

Comment

Step2of3 ~

b)
Consider the set,
B, By "By By
The obtjective is to determine the sel B, m B, m 8; M B, Trom the above definecd sels.
From the definition of set intersection,
AnB=|xelU|xec Aand xc B}.
So, the setl B, M B, M 8; ™ B, can be defined as follows:
BynBy,nBynBy={xeR xe[0,1] and x €[0.2] and x & [0.3] and x [0.4]]
={xeR | xc[o0,1]}
=lxeR 0sx<]]
Thus, the required resuli is,

[B,mB; B, "B ={xeR 0<x<1] or [0.1]|

Comment

Step3of3 ~

<

A colbection of sets are called mutually disjoint, if the intersection of any two s=ls must be an
empty set

Itis clear that the sets B, B,, By, and B; have elements common n pairwise, so they are not
mutuslly disjoint.



6.1

6.1.29

Let R be the set of all real numbers.

Define the sel R+ is the set which contains all the positive real numbers and the setl R-
contains all the negative real numbers.

The objective Is to check that the set {R' R ,{0}} Is partition of real number set R.

Partition of the set:

Let the set {AI,A:,,._A,}be the subsels of 4. The set {A,,Az,,.,An} is said to be partition of 4
if each the elements are mutually disjointand 4, U A, U..UA4, =4

Comment

Step20f3 A~

Check that whether the set {R’, R',{O}} is mutually disjoint set or not

By the definition of the sets R* and R, there are no commaon elements in both the sets
R and R

Thus, R'NR =@

By the definition of the set g+. the set does not contain the element 0

Thus, R*N{0} =2
By the definition of the set R-. the set dees not conlain the element 0.
Thus, R™N{0} =2

By the definition of mutually disjoint, the set { R“R',{O}} is mutuzally disjoint set.

Comment

Step3ofd A
As the real number set contains negative numbers, zero and positive numbers so the real
numbers set can be winite as union of sets R™,{0}, and R".
Therefore. R=R"U{0JUR"
The set {R' ,R‘.{o}} satisfies all the conditions of the partition of the set

Hence, the set {R‘ ‘R {0}} is a partition of the sel.



6.1

6.1.31

Consider the sets 4 = {]‘2} am:lB:{ZJ}-
Power set of set 4:

Let 4 be any set. The set P (A) contains all the subsets of the set 4 and the set is called as

power setof 4
(a)
Objective is to find the power set P [Ar'] B).

By the definition of intersection of sets, 4B = '2}

The power set of 4 Bset is set of all subsets of the set {2} .

P (4NB)={4.(2})

Therefore, the power setof A Bis [P (ANB)= {ﬁ{l}}

Comment

Step2ofd A

(b)
Objective is to find the power set P ( A).

The power set of 4 set is set of all subsets of the set {1,2}.

P (A)={4.(1}.{2}.(0.2}}

Therefore, the power set of 4 is [P {,4}={¢,{[:.,{2},{|_2}} )




6.1

(€
Objective is to find the power set P (AU B).

By the definition of intersection of sets, AU B ={1,2,3}

The power set of 4| Bset is set of all subsets of the set {1,2,3}
P (AUB)={g.{1}.{2}.43}.{1.2}.{1,3},{2.3},{1.2,3}}

Therefore, the powersetof 4| B is.

P (AU B)={¢.{1}.{2}.{3}.{1.2}.{1.3}.{2.3}.{1,2,3}}

Comment

Step4ora ~

(@)
Objective Is to find the power set P (Ax B).

By the definition of Cross product of sets,
AxB={(1.2).(1.3),(2.2).(2.3)}
The power set of 4x gset is set of all subsets of the set {(1,2),(1,3).(2.2).(2.3)}-

(¢.{(1.2)}.{(1.3)}.,{(2.2)}.{(2.3)}.(1.2).(1.3)}, |
{(1.2),(2.2)}.{(1.2).(2.3)}.{(1.3).(2.2)}.

P (AxB)=1{(13).(2,3)}.{(2.2).(2.3)}.{(1.2).(1.3).(2.2)}.
1(1.2).(1.3).(2.3)}.4(1.2).(2.2).(2.3)}.
1(1.3).(2.2).(2.3)}.{(1.2).(1.3).(2.2),(2.3)}

Therefore, the powersetof 4x B IS,

440,211} {22)1{23)).{0.2).03))
{(1.2).(2.2)].{(1.2).(2.3)}.{(1.3).(2.2)}.

P (AxB)=4{{(1,3).(2.3)}.{(2.2).(2.3)}.{(1.2).(1.3).(2.2)}.
1(1.2).(1.3).(2,3)}.1(0.2).(2.2).(2.3)],
1(1,3).(2.2),(2,3)},{(1.2).(1,3).(2,2).(2.3)} |

v

W




6.1

6.1.33

=l

Objective is to find the power set P (&)

Power set of set 4°

Let 4 beanyset Theset P {,.]] contains all the subsets of the set 4 and the set is called as
power set of 4

The power set of @set is set of all subsets of the set &

The only subset of the empty set is the set itself. thus
P(2)-={2}

Therefore, the power setof @ is |P (@) =@}

Comment

Step2oi3 ~

(D)
Objective is to find the power set P [P [!Eﬁ}]
The power setof P {E]a&t is sel of all subsets of the set P [Q}] = {@}

P (P (2)-(2.12)

Therefore, the power setof 4 is |P (P {Eﬁ})z{@.{ﬁ}} .

Comment

Stepdofd &
(c)
Objective is to find the power set P [P (P {EJ]})
The power set of P {P (@) )set is set of all subsets of the set P (P {Q}-}] = {Eﬁ{{?ﬁ}:

P (P (P (2))={2.12}.{2}}.12.(2}}}

Therefore, the power setof 4 is iP (P(P(@)))=!2, @},{{@}},{@,:@}}Ei

o



6.1

6.1.35
Given A = {ﬂ,b; , B= {1,2} and ={1,3}

Cromiment

Step 2 o0f 5 A~
BUC=(L2,3
AxBUC)={(@.1),@, 2),,3)(&1).&, 2),E&,3)

Comment

Step 3 of 5 -~

b)
AxB={{@.D. @ 2) &1, 2))

AxC=(@.2).(a.3).3.2). @ 3)
(AxB)UAXC) =((a,1), (a2}, (@, 3, (&, D.(5, 2), &,3)}

Comment

Step 4 of &
c)
EB[C={2}
AxEBMOC)={(a,2),(b,2))

Comment

Step G of 5

d) (A xBIN(AxC)={(a,2),(b,2)}



6.2

6.2.9

Let 4.8 and ¢ are any three sets

Prove that (A-B)p(C—-B)=(AwC)-B.

First prove that (4-B)(C-B)g (A C)-B.

Suppose there is an element x in (A - )| C - B). by definition of union,
red-BouxeC-B.

Case I:
f xe& 44— 8 then by set diference yre Adand r e B

Since y e 4, by definition of union it follows that ¢ & 4w

Thus, ye 4w and x g B.the definition of set diference implies that x = [Auf] — B

Hence, xe A-B=xe(AC)-8.

Cas= -

¥ x g —F then by set difierence ygC and yg B

Since x &, by definition of union it follows that y & 4w

Thus, ye 4w and y g B. the definition of zet diference impliea that x & {.—[u{'] - B.
Hence, xeC-B=xe(AwC)-8.
Therefore, both the cases yields xe (4w C)— B.

Therefare, (A-B)u(C-B)c(AwC)-B.

Comment

Step 2 0f 2 -~

Now prove that (A C)-Bg(A-B)yu(C-8).

Supposa thera is an eleament x In {.-luf.'} — B, by definiticn of sat diferance,
xe A and x & B

Since ye 4w . by defimition ofunion y& A orve O

Casa I:

f xe 4 andx e 8 then the definition of set difference implies that y = 4 - 8,

Cas= |l

f xe¢ and .y« B then the definition of set difference implies that vy & - B,

From case | and Il and by definition of union it follows that r < {_-I = B‘]U{f_'- .ﬂ']-_
Therefore, (A C)=-Bg(A-8)u(C-8).
Mow both sel containmeants are proved.

Hance, by definition of set agquality, concluda that [,.-1 = E]u{{'— B} = {,-l i r_‘] - 8.



6.2

6.2.11

Let 4 and B be any sels.

The objective is to prove that AU(AMNB)= A forallsets 4 and B .

To show AU(ANB)= A, itis enough to show that AU(ANB)c 4 and Ac AlJ( AN B)

Comment

Step2of3 ~

Show that AU(ANB)c A
Thatis Vx, ifxe AU(ANB), thenxe A
Let xe AU(ANB)

By the definition of union, xe Aorxe ANB

By the definition of intersection, xe 4 or [_t edandxe B']
This implies that, ye 4

Therefore, AU(ANB)c A

Comment

Step3ofd A

Show that A< AU(ANR)
Thatis Vx, ifxe A, thenxe AU(ANB)

Let xe A
By the definition of union, xe A L_l[,q N 3] because ye 4.

Therefore, A AU(ANB)

Hence, from both the proofs, the required resultis |AU(ANB) = 4|




6.2

The objective i1s to prove that AUCc BuC If Ac Bforallthe sets 4,8 and C.
Suppose A, B and C aresets and 4c B.

Let x e A, then by definition of union either ye Aorxe C.

Case ().

Supposethal xe A.

Then, xe B since Ac B.

Thus, itistrue that x e BorxeC.

Hence, by the definition of union ye B C.

Comment

Step2of2 ~

Case (i)
suppose that ye (.
Then, by the definition of union ye B uC.

Thus, in both the cases, ye Bu (.

Therefore, |AuCc BuC|if Ac Bforallthesels A8 and C.

6.2.16

Let 4,8, and C be any sels.

The objective is to prove thatif Ac Band Ac Cthen 4c BNC.

To show A< BNC . itis enough to show that Vx, ifxe A, thenxe BNC .
let xye4and Ac B, AcC

By the definition of subset, xye Bandx e C.

By the definition of intersection, xe BNC.

Therefore, forany x  if ye 4 then xe BNC.

By the definition of subset, 4 < BNC.

Therefore, the result |4 < BN Clis true for allsets A.B, and C with Ac Band AcC



6.2

6.2.19

The objective is to prove that for all sets A, Band C, Ax(BNC)=(AxB)n(AxC).
Toprove that Ax(BNC)=(AxB)n(A4xC), prove that

() Ax(BNC)c(AxB)n(AxC) and

() (AxB)N(AxC)c Ax(BNC)

Comment

Step2of5 A~

Prove that Ax(BNC)c(AxB)n(AxC)
Suppose (x,y)e Ax(BNC).

Then, xed4and ye BNC.

By definition of intersection, ye B and yeC.

Comment

Step3ofo ~

As yeAand yeB, (x,y)eAxB.
Also,As ye g4 and yeC, (x,y)e AxC.
By definition of intersection, since (x,y)e AxB and (x,y)e AxC.

(x,y)e(AxB)n(AxC)

Therefore, Ax(BNC)c(AxB)n(AxC) ...(1)



6.2

Prove that (AxB)n(AxC)c Ax(BNC)
Suppose (x,y)e(AxB)n(A4xC)

By definition of intersection,

(x.y)€(4xB) and (x,y)e(4xC)

Now

!

(x,y)e(AxB) = xeAand yeB

and (x,y)e(AxC) = xeAdand yeC

Comment

StepSofs A

As yeBand ye(C, yve Bn(C (bydefinition if intersection)
Also, xe A

Therefore,

(x,y)e Ax(BNC)

Hence. (AxB)N(AxC)g Ax(BNC)---....(2)
From (1)and (2), Ax(BNC)=(AxB)n(AxC).



6.2

6.2.31

Consider the statement as,

‘Forallsets A4 and B.if B 4'then ANB=¢."
The objective is to prove the above statement is true.
Suppose that ANB = ¢.

Let y e 4 Bfor some element say x.

Then, by the definition of intersection. xe A and xe B. ... (1)

Comment

Step2of2 ~
Giventhat g~ 4°and xye B-
Then, by the definition of subsel, y ¢ 4°-
By the definition of compliment, xg 4. ..... (2)

From, (1)and (2), xe 4 and x & A.
This is a contradiction,
Therefore, the assumption that A B # ¢is false

Hence, the statement "For all sets A and B,if Bc Athen ANB=¢."istrue.



6.2

6.2.36

(@)

Let 4 and B be two sets.

Prove that (A-B)u(B-A)u(ANB)=AUB.
First we prove that (4-B)uU(B-A)u(AnB)c AUB.
Observe the following conditions.

(WM xe A-B thatimplies ye A and x & B.

(2)IT xeB- A4 hatimplies ye B and x & A.

E2)F xedn B thatimplies xe 4 and x € B.
The set 4 B contains all the elements of the set 4 and of the set B,

So if an element x satisfies any one of the above three conditions then x must be in the union
of 4 and B.

Therefore. (A-B)u(B-A)u(ANB)c AUB. ... (1)
Similarly, prove that AUB c(A—-B) (B~ A)u(ANB).
If xe Aw B then it must be in one of the sels 4 and B.
Then It satisfies exactly one of the above three conditions.
That implies that xe(4-B)U(B~A)u(AnB).
Therefore, AUBc(A-B)J(B-A)u(ANB). -..... (2)

From (1) and (2) conciude that (4—B)U(B- A)U(ANB)=AUB.

Comment

Step2of2

(b)
Snhow that the sets (A~ B),(B - A) and (4N B)are mutually disjoint.

In order to prove these three sets are mutually disjoint, show that the Intersection of any two of
them is the emply seL.

Consider the three conditions in the part (a).

Notice that, the three conditions are muiually exclusive and so no two of them can be satistied at
the same time.

That implies that. the intersection of any two of the sels doesn’t contain any element.
Therefore, the intersection of any two of the sets IS the empty set

Hence, conclude that the sets (A4 —B).(B— A) and (4 B)are mutually disjoint.



6.3

6.3.4

Consider the statement as,
“For all sets 4,Band C,If BnC c Athen {.-1 —B)r"‘-{.-f—C] =¢."
The objective is to find a counter example to show that the above statement is false.
Consider that all sets are subsets of a universal set [/
Counterexample:
Let {/ be a universal set defined as, L
U ={I.2.3,4.5,ﬁ}
Suppose for some sefs 4and gdefined as,
A={1,4}.8={1,2,3} and C ={1,5,6}.
BnC ={1,2,3}n{1,5,6}

Comment

Step2of2 ~

Now, consider the value of (A - E}n{A -{‘,‘}.

(4-B)n(4-C)={4}n{4|

From (1) and (2), though B~ C ¢ A. itis not necessary that (,1 - 3},.-,(',1 _ (,'] = ¢ is true.
Therefore, the statement “For all sets 4, Band C,if Bn(C g Athen (A-B)n(4-C)=¢."

is false.



6.3

6.3.7

Consider the following statement,
‘Forallsets 4,B, and C,(A-B)n(C-B)=A-(BuC).
The objective is to prove the above statement If it is true else provide a counter example.
The above statement is false.
Observe the following counter example,
Let A={x,y,z},B={y,z,w,q},C =|x,z, p}be the subsets of a universal set [/,
Then,
A-B={x,y,z}-{y.z,w.q)
=¥}
C-B={xz,p}-{r.z2.wq)
={x, p}
Thus, (4=B)N(C-B)={x}n{x,p}={x} ...... (1)

Comment

Step20of2 A

Now,
(BUC)={y.z,wq}{xzp|
={x,y.2.w, p.q}
A-(BUC)={xy,z}-{x,y.2,w. p.q)
= (2)

From (1) and (2), it is clear that,

(A-B)n(C-B)# A-(BUC)|




6.3

6.3.10

Consider the statement,

f AC B .then 4~B =Q@.

The objective is to verify whether the statement is true or not

Recall, the definition for Unions, and, Intersections,

Suppose A, and, B are two subsets of a universal set U.

1. For aset A to be a subset of a set Bis denoted by 4 < B. and, is defined by,
Ac B:{Vx,if xe A then xe B}

2 The Complement of A is denoted by 4, and, is defined by,
A ={xeU|xe4d].

3 The intersection of A, and, B is denoted by 4~ B . and, is defined by,
AnB={xelU|xeAd, and, xe B}.

Comment

Step2of2 ~

Prove that whether the statement is true or false as,
Let A, B, be any sets and given that 4c B.
Toprove, AnB =@
Conversely assumethat 4~B =&
That is, there exists an element v ¢ 4~ B
xXeANB
— xe A and x e B° Intersection of two sets

=xedand xe B Complement of a set
=>xedand xg A SinceAc B

Since xe A and x ¢ Awhich is not possible.

Therefore, which is contradiction to our assumption 4~ B » @ -
Thus, 4nB =@

Thatis, Forallsets Aand B if AcBthen 4~B =@

Hence, the given statement is True.
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6.3.12

Consider the statement,
AN(B-C)=(ANnB)-(ANC).
Forallsets 4.8 and C.

Here all sets are subsets of a universal set [,

The objective is to verify whether the statement is true or not.

Comment

Step2ofd4 ~

Recall, the definition for Differences, and, Intersections,

Suppose A and B are two subsets of a universal set U.

1. The difference of B minus A is denoted by g - 4. and, is defined by,
B-A=|xeU|xeB, and x ¢ A}.

2. The intersection of A, and B is denoted by 4~ B . and is defined by,
AnB={xeU|xe A, and x€ B}.



6.3

LetA, B, and C be any sets

Consider the left hand side:
An(B-C)

Let xe AN(B-C)
= xe A and xe(B-C) Intersection of two sets
= xe A and x€ B and x ¢ C Difference of two sels
= xe(AnB) and x g (ANC) Intersection of two sets
= xe(AnB)~(AnC) Difference of two sets

Thus

’

AN(B-C)c(ANB)=(ANC) ...... (1)

Comment

Stepd4ofd4 ~

Consider the right hand side.

(ANB)-(ANC)

Let ye(AnB)-(ANC)

= yve(AnB) and y ¢(AnC) Difference of two sets
=>yeAd and ye B and y ¢ C Intersection of two sets
= ye A and y €(B-C) Difference of two sets

= ye A n(B-C) Intersection of two sels

Thus,

(ANB)-(ANC)gc AN(B-C) ... (2)

From (1) and (2),

AN(B-C)=(AnB)-(ANC)

Therefore, the given statement is True
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6.3.15

Assumethat 4~ C=F~Cand Jouc=8wuC. foral sets 4.8, and .
Thus, the statement 4 = g is true.

Froof: To prove 4 = g.wemusishowthal 4c B and Bc A.
Mow, there are wo cases. eilhel ye i OF v & .

Case 1:wWhen ye .

Firstto show 4 B

fssume that y e 4. Then we must show that y e B toprove A B.
Since yedand ye.Then ye A -

MNow, A~C=8BnC.

which implles that AnCg 8nC ...(1)

and BnCcAnC. ,..(2)

Because yec 4O

Thus, ye B (- (from 1)

Which implies thal ye 5 and ye (.
Mow, since y g B impliesthat Ac B. ... (a)

Comment

Step 2 0f4 -~

Mow, to show B o A

Assume that p < . Then we musi showthat y g 4 toprove Be 4
Since yefand yeg©.Then ye B
Now, 4~C=8BnC-

Which impliesthal 4~Cc= B C ...(1)
and BnCcAnC- ..(2)

Because ye A

Thus, ye A~C . (from 2.)

Which implies that yc 4 and ye= (-

Mow, since y g 4 impliesthat B 4. ...(#)
MNowfrom aand o, i clkearthat 4= 8

Hence proved the desired result
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Case 2:VWhen ye (.

Firstto show A< B

Aszsume that y g 4. Then we must show that y g B toprove 4 B
Since yedand yg . Then e 410

Now, 4o C=BuC.

which implies that AuCc BuC ...(1)

and BuCc AvC. ...(2)

Because ye duC

Thus, x e BwC - (from 1)

Which impliesthat yxe B or y (.
But xe (C.
Thus xe B impliesthal Ac B. ...(a)

C-omment

Step 4 of 4

Mow, to show B e A.

Assume that y e B. Then we must show that y e 4 toprove Bc 4.
Since ygRand yeg.Then ye BT

Mow, AuC=BuC.

Which implles that 4w C = BuC ...(1)

and BuCc AvC. ...(2)

Because ye Bl

Thus, xeg 4w {from 2.)
Which impliesthat y & 4 or ye (.

Bul vy
Thus xe A impliesthat Bo A. ... (b)
Mow from a and b, it i= clearthat 4= g

Hence proved the desired result
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6.3.20

Let 4 and B be subsets of a universal set [/

The objective is to prove whether the following statement is true or not else provide a counter
example.

Forallsets 4 and B,

~(ArB)=.~(4) .~(8).

Comment

Step2of3 ~

Let x e.~ (AnB).

By the definition of power set,

xreANnB.

From the definition of intersection,

xcdand xcB.

Thus, by the definition of a power set, x ¢ - (4) and x ¢~ (8).
Therefore,

X e.~ (A~ (B)

Hence,

~(AnB)g .~ (4) ~(8) ......(1)
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Conversely,
Let x e~ (A)r - (B)
By the definition of intersection,
Xe.~(A) and X .~ | 8).
Thus, by the definition of a power set,
xcd and xc B..
Since, x ¢ A, all the elements of Y are also the elements of 4,
Since, x < B, all the elements of X are also the elements of B,
Thus,
xgcAnB.
Hence, by the definition of a power set,
X e.~ [AnB).
Therefore,
#4) ~(B) e .~ (AnB) ...... (2).
Hence, from (1) and (2),

~AnB)= .~ (4) .~(B)
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6.3.32

Consider the following statement as,
‘For all sets Aand B, (4-B)u(4ANB)=A"
Here, A and B are subsets of universal set.

The objective is to provide an algebraic proof for the above statement by mentioning appropriate
properties for each step of the proof.

Comment

Step20of2 ~

Consider the left-hand side part of the equation as,
(A-B)U(AnB)=(AnB°)u(An B) By the set difference law
= An( B U B) By the distributive law
=A n( BuU B ) By the commutative law for union

=A n(U) By the compliment law for union.

= A By the identity law for intersection

Therefore, |(A-B)u(ANB)= A.
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6.3.39

(4-B)U(B-A4)=(ANB)U(BNA) by set difference
={AU(BNA)|N{BU(BN A°)] by the distributive law
={(AUB)N(AUA){N{(B°UB)N(B UA)|

by the distributive law

={(4uB)nuinfun(scu )|

by the complement laws

=(AUB)N(BNA)" by De Morgan's law

=(4U B)-(AﬂB) by the set difference law

. (A4-B)U(B-4)=(AUB)-(ANB)
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6.3.45.b

(b)

Derive the stated property. (A4-B)\(B~C)=(AuB)-(B () Inthe metnod of aigedraic
argument

Suppose A, B, and € are any three sels. Then, consider the sel expression.
(A-B)u(B-C)

=(AnE )u(BAC) Using set difference law twice
=((AnB )uB)n((4nB )uc) Using distributive law
-(BV(AAB‘))('\{(A/'\B‘)UC) Applying commutative law on "'
=((BUA)A(BUB))A((AnB)uC ) Using distributive law
=((BuA)U)A (408 )uC) Using complement law for "'
=(BuA)((4nB)uC) By the identity kiw for '~
=(Au8)r\“.4r\8')u(") Applying commutative law on '’

=((AuB) (AN B ))U((AUB)AC)  Using distributive law
=(((4=B)nd)nB )u((4uB)NCT)  Applying associative law on '’
=((An(AUB)nB )u((AuB)NC)  Applying commutative law on ‘'
=(AnB" Ju{(AuB)NC) By the absorption law
=((An8‘)u0)u((4u8)n(‘) By the identity law for "'
=((4nB)u(BAE ))u(4UB)NC)  Using complement law for ‘'
=((8 A A)o(B AB))o((AUB)NC)  Applying commutative law on '’

o (8 A(AuB))U((AVB)AC) Using distributive law
“((AuB)NB )u((AuB)NC) Applying commutative law on '
=(AuB)n (B L) Using distributive law
=(AUB)N(BNC) Using De Morgan's law
=(AuB)-(BNC) Using set difference law

Therefore, it can be concluded that
(A=B)YU(B~C)=(AuB)-(BNC)
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6.4.5

Let & be the Boolean algebra, with the operations, addition “+" and multiplication * - ".
Suppose g and b are any elements of B.

Then, by the Commutative law for addition “+",
(a-b)+a=a+(a-b)

By the Distributive law for addition “+" over multiplication * -~
=(a+a)-(a+h)

As B be the Boolean algebra, forallain B, a+a=a.
=a-(a+h)

By the Distributive law for multiplication * -~ over addition “+”,
=a-a+a-b

As B is the Boolean algebra, forallain B, a-a=a.
=a+a-b

By the Identity law for multiplication * -7,
=a-l1+a-b

By the Distributive law for multiplication “ - " over addition “+”,
=a-(1+b)

By the Commutative law for addition "+",
=a-(b+ l)

As B is the Boolean algebra, forall bin B, p4]1=1.
=a-l

By the Identity law for multiplication * -,

=4

Therefore, forallaand bin B, |(a-b)+a=al
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6.4.7.b

(b)
Let B be the Boolean algebra, with the operations, addition “+" and multiplication * - ".

Suppose | and |” are the identity elements of B with respect to multiplication * -",

To show that there is only identity element of B with respect to multiplication * -7, it is enough to
showthat 1=]".

The Identity law for multiplication “ -" tells that, for all 4 ¢ B,
al=aand a'l'=a

It follows that,
a-l=a-l

Add , to both sides,
a:-4r+(u*l)= :-H(a*l']

By the Distributive law for addition “+"over multiplication * -”,
(E+a}~(;r+I}={E+a]-(ﬁ+l')

By the Commutative law for addition®+",
(a+a)-(a+1)=(a+a)-(a+1)

By the Complement law for addition "+",
1-{a+1)=1"(a+1)

By the Universal bound law for addition *+",
=11

By the Identity law for multiplication * -,
=1

Thus, there exists only one element of B that is an identity for multiplication® -”.
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6.4.10

o

Let &8 be the Boolean algebra with operations addition “+", and multiplication = -
Suppose  x, y, and z are any elements of 5.
Consider the statement,

X4+ y=x4z.
As B be the Boolean algebra and forall aand bin B, (a+b)-a=a.
By using the above fact that, y can be written as,

y={y+x)y

=(x+ y)-y By the Commutative law for adaition "4",

=y {x +_].-] By the Commutative [aw for multiplication =™
=_];.{_-.;+;3] By hypothesis, x+ y=x+z.

= {_],- . x}+ {y . z] By the Distributive law Tor multiplication ™" owver

addition "

y=(x:y)+(z-y) By the Commutative law for addition *.=,

Comment

Step 2 of 2 A~

Consider the statement,
X-yP=X-Z
From the above proof,
y=(x-y)+(z-»)
y=(x-z)+(z-y) By hypotnesis, x-y=x-z.
= {; -.r} +(z-y) By the Commutaiive law for multiplication *.»
= g,{_r + ."*'] By the Distributive law for multiplication ™™ ower addition
",
=z-(x+z) By hypothesis, x+y=x+z.
= z-(z + x) By the Commutative law for addition "4,
= z By using the fact (a+b)-a=a.

Therefore, for all x, v, and z in B, if x+ y=x+z, and

x-y=x-z,then



