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7.1.2

The domain of g is, | X = {1,3,5}|and the codomain of gis [y = Yaa b o= el )

Comment

Step 2 of 6

.

Froim the above defined function, it folleaws that

[} =2(3)=e(5)=5]

Comment
Step 3 ol 6
C
The range of & iz, [&).
Comrment
Stepd of 6 -~

d

The alament @ in y doas nol have an nversa image. Thus, he eleamanl 3in y 15 nol an
imraerse image of o

The inverss images of an alement pare, L35},

Hemnce, the slemant gin _y is an inverss image of &

Comrment

Step5of G -~
i

The inverss imagas of am alamant L ara, |':I._’I-__"i-:]'.-'.-|'|||9 the invearse imagse of odoss nod kst

Coimmment

StepGofe -

f

The notsticn of the funclion @ as a set of ordered pairs is

e =1{Lb).(3.8).(58).



7.1.4

(a)

a

b

/7.1

"

B« SN I ) &~ () T () VP

v

These are the functions from Xto Y

Comment

(b)

Step20of3 ~

This is the only possible function from Xto Y

Comment

(€)

Step3af3 ~

NN <O

ot O L

(8

These are the functions from Xto Y
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7.1.7

@
The objective is to determine the value of F({1,3,4}).
Since. X = {1,3,4} have odd number of elements
By the definition of 720,
F({x}) = F({13.4})

=0

Comments (3)

Step2 of4a

(o)
The objective is to determane the vaue of F(¢).
Since. X = ¢} have even number of elements.
By the definition of /2,
Fx))=F(9)

=[o]

Since, the empty st has 0 elements ( s cardinalty is 0), and 0 is even number

Comment

Step3of4 ~

«©
The objective is to determine the vaue of F({2.3}).
Since. X = |2, 3} have even number of elements.
Ey the definition of /2,

Fix})=rF(12.3})

-l

Comment

Step4or4 ~

(d)
The objective is 1o determine the vaise of ,({2.3.4.5)).
Since, X = {2.3.4,5} have even number of elements.
By the definition of /37,

F({X})=F({2.3.4.5})

-@
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7.1.10

{a) T(1)= =&l of posilive divisors of 1

- {l_‘I this s=l conlain one element
Comrmemt

Step I of 7

by T(I5)= the set of positive dvisors of 15

=11.3.5,15} this set contain four elements.
Comment

Step 4ol T -~

{c} T (17)= the set of positive divisors of 17

- .:l_ |_']':. thi=s s=f coniain bwvo elemsanis.
Comrmemnt

Step 5 of ¥ o~

(d} T(5)= the set of positive divisors of 5

={1. 5} this set cortain two elements.
Commrmeanl

Step 6ol 7 -~

(el T(18)= the s=t of positive dvisors of 18

={1, 23,69 18] the set contain six elements

Commment

Step Fof ¥ -~

N T (21)= the sel of positive divisors of 21

={1.3.7.21}
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7.1.15

Consider the functions F and G are defined from real numbers to itself.

Define the product F.G:R—> R and G-F:R—> R forall xeR as follows,
(F-G)(x)=F(x)-G(x)

(F-G)(x)=(G-F)(x)

Comment

Step20of2 ~

For all real number yeR

By the definition of f.@G,
(F-G)(x)=F(x)-G(x)
Now, apply the commutative law for multiplication of real numbers,
(F-G)(x)=G(x)-F(x)
Again by the definition of G.F
(F-G)(x)=(G-F)(x)
Therefore, the functions F and @G are satisfy the product | .G = G . F| for all real number

xekR.



/7.1

7.1.16

Consider the functions F and G from the set of all real numbers to itself.

Also, define the functions F-~G:R = Rand G - F : R — Ras follows,
(F-G)(x)=F(x)-G(x)and (G-F)(x)=G(x)-F(x)forall xeR.

The objective is to verify whether F -G = G - Fis true or not and explain the reason.

Comment

Step2of2 ~

Consider the function F -G .
(F-G)(x)=F(x)-G(x) (From theabove definiton)

=-(G(x)-F(x))
==(G=F)(x) forall xin R

Thus, F-G»#G-Fforall xin R.
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7.1.19

The objective is to prove log, b =1 for any positive real number b(: l},
By the definition of the logarithm, If 4* = y then,
log v=ux.
Let p be any positive real number with p #1.
For a positive real number b,
b =)
This is similar to 4* = y,

By the definition of logarithm,

log, b=1|




/7.1

7.1.20

The objective is to prove log, | = () for any positive real number b I),
By the definition of the logarithm, If 4* = y then,
log, y=x.

Let p be any positive real number with p 21,

For a positive real number b

L]

b’ =1.

Thisis similarto 4" = y,

By the definition of logarithm,

log, 1 =0}

Since, log, y=x.



/7.1

7.1.21

Let b be a positive real number, and x be a real number with

b#1.

Define the value of p* as follows:

The objective is to prove, log, (-'-) =~log, ().
u

Let v=log, (l)
u

By the definition of a logarithm,
b ==, ... (1)
Multiply both sides of equation (1), by v, and dividing by p*, obtained as,

u=b",
Thus, —v =log,(«) [by the definition of a logarithm]
Now, multiply both sides by -1, obtained as,
v=—log, (u).

Therefore,

log,(l)= ~log, (1)}
u

Since, v= Iog,,(l).
u



/7.1

7.1.22

Suppose that log, 7 is rational.
Then log, 7 = L for some integers p and g with g =0.
q

As logarithms are positive valued, p and g must be positive.

Use definition of logarithm to write,

Apply g™ power to both sides,

P q
Ok

3 =79

Comment

Step20of2 ~

Let &y =37 =79, and take its prime factorization.
As N =37, the prime factors are all 3 and also as y = 79, the prime factors are all 7 -
Since 3 and 7 are co-prime, no integer power of 3 is equal to an integer power of 7 -
This is a contradiction to the unique factorization theorem.

So the supposition is wrong, and therefore, log, 7 is irrational.
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7.1.25

A={2,3,5},B={x,y)
AxB={(2.x),(2.¥).(3.x).(3.5).(5.x).(5.)}

If p,(a,b)=a and p,(a,b)=>b are the projections of 4x B

Comment

Step2of3 A~
a) pl(2,y)=2
p,(5,x)=35,
Therange of p, is A
Comment
Steplofd ~

b) p,(2,y)=y,

py(5,x)=x
Therange of p, is B
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7.1.26

We define the functions from Z* U{O} XZt <52
mod(n,d)=nmodd and
div(n,d)=ndivd ¥ (n.d)e Z" U0} XZ*

Comment

Step2ofd4 ~
(@) mod(67.lO) =67mod10=7
le(67. lO) =67divli0 =6
Comment
Step 3 0of4 ~
(b) mod(59,8)=59mod8 =3
div(59,8)=50div8 =7
Comment
Step4of4 ~

(¢) mod(30,5)=30mod5=0
div(30,5)=30div5 =6
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7.1.27

j'[x] = number of b variables on the left side of the leftmost a

= () if there are no a variables In the string.

Comment

Step2of3 A

(@) flaba)=0

The leftmost variable in the string is an &, and so it has no b variables on its left.
£ (bbab)=2

There is only one &, and so it is the leftmost a

To its left, there are 2 b variables, consequently £ (bbab)=2
£ (b)=0, since there are no a variables.

The range of such a function fis {0}UZ"

Comment

Step3of3 ~

(b) g(aba)=aba
By reversing the given string
g bbab) = babb
g(b)=b
The range of S is the strings a's, b's whose length varies from zero to infinity
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7.1.34

m m’

h(_]=_ where h: 0 —Q, n=0, m are integers
n n

m,m
Suppose that —=—
",

m,

Then, 24 2 ™ for instance 3 - §3'=6'1
n o om 2 2 4

o 42 <n( )
n, ",

m,m, n, .,
So— = h| =L |=h| —=
LU EK [ " ] [ M, }

- b 18 not well defined

=

7.1.36

Given that J, ={0,1,2,3,4}

Student F is correct. Because §(x)is not well defined if §(x)is well defined then,
S(x).Foreach xeJ, -{0} would have a uniquely determined value

For,

Let x=3

Then §(3)=3 because (3.3)mod4 =1

And §(3)=7 because (3.7)mod4 =1

Hence S(3) does not have a uniquely determined values

Therefore S is not well defined
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7.1.38.b

(b)
Write the sets,

A={a,b} ,C={t}, D={u,v}, and {r,s}
Show these in the below diagram:

As the image for a,bis v, write f(4)={v}
As the range of the map is {1,v} Jwrite £(X)= {t.v}
The inverse map of the set D = {u, v} Is,
/(D)= £ {u)
={a.b}
The inverse map of the set C = {1} is,
S(C)={c}
As the elements r,s are not mapped, the inverse map of the set £ = {r.s} is,
SUE)=/"{r.s}
=¢

The inverse map of the image set yis,

77 (V) =tab.c}
=X
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7.1.46

Lel F be a Tunclion mom sel & 1o st .
And suppose € — yand [ — y We must show that
F'(CuwuD)=F ' C)o F' (D) intwo parts

Comment

Step2or3 &~

wWe show F'(CuD)c F'(CyuF'(D)

Let xe F'(Cu D) thenwe show that xe F'(C) or xe F'(D)
re F{CuD)e F(x)e(Cu D)

e F(x)eCor F(x)eD

= xe F'(C) or xe F'(D)

< xeF ' (CYUF' (D)

Therefore F'(Cw D) FYCYyoF'(D) (1)

Comment

Step 3 of 3

Mow we show thal
FUC)uF (D) F'(CuD)

Let xe F'(C)wF (D)

= xeF'(C) orxeF (D)

= Fix)eC or F(x)eD

= F(x) = (Cw D) by defintion of union
= xeF'(CuD)

so F'(CYywF' (D) F'(CuD) ... (2)
So by (1) and (2) we can write

FUYCwD)y=F'(CYyoF' (D)
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7.1.48

Let F be a functon from X 1o ¥

Assume that, « o Dand Do v fo prove,
FUc-D)=F"'(C)-F " (D)

The proof can be divided info two par=
Port-1:F '(C— Dy F 'WC1—F 'im
Pan-2:F'(C-D) = F '(C)-F ' (D)

Cosmmant

Step 2 of 3 -~

Part -1:-
The proof of the part-1 is same &s

FxeF'(C—p).then xe F'(C)—F ' (D).

By the definition of inverse image, « < X such that f{x)e -
Thal means, r < X such that fix) e and filx) e D

By the dafintion of imverse imsge of the 58t

ca FCy and x & F-'{I)

By the definition of difference of two sets,

xeF'(C)-F (D)

Hence
F'lc-D)ys F'(C)-F' (D) - M
Commemnt
Step I of 3 -~
Eart |l -

The proof of the pari-2 15 same as.

F xe(F ' (C)-F'(2)).then xeF'(C-D).

Ey the definition of diference of bwo sets and the inverse image,
xe ' {(Cland x e F " 2)

FlxjeCand Fx)e D

By the definition of difference of bwo sets and the invarse image,
F(x)e{C-D)

xe F'(C-D)

Hanca.

FHUC)y-F D) F(C—D). .- [2)

Therelfore, by equaiion (1) and (2} it can ba concludse that,

[F(c-p)=F'(c)-F (D)}




7.2

7.2.3

We can see that every element in A is connected to exactly one element b in B by the function £.

This function fis not one-to-one because f(1)= f(2), but 1 #2

7.2.5

(a) This is a comect statement

Comment

Step20ofs ~

(b} This is an incormmect statement. Because for an onto function, the commespondence of domain is
not required.

Comment

Step3of 5 ~

(c) This is a correct statement

Comment

Stepd of 5 A

(d) This is an incorrect statement. The reason is given in (b).

Comment

StepBofs ~

(&) This is a correct statement



7.2

7.2.8.a

(a)

The domain of the function His X ={a,b,c} and co-domainis ¥ ={w,x,y.z|.
The function H is defined as H(a) =w, 1{(1;) = y.H(c) =y

The objective is to find if the function H is one-to-one.

One-to-one function: Afunction F: X — ¥ is said to be one-to-one if, and only if, V¥x,,x, € X,
it F(x)=F(x,) then yx, =x,.

For the function H,
H(b)=H(c)=y

But, hzec-

The function His | not one-to-one | as the elements b and ¢ are both sent by H to the same

element of Y, namely the element y.

Comment

Step20of4 A

The objective is to find if the function H is onto.

Onto function: A function F: X — Y is said tobe onto if, and only if, ¥yeY . Jre X such
that F(x)=y.

The function His | not onto | as for the elements x,z ¢ ¥, there is no element x, € X such

that H(x,)=xor H(x)=z.

In other words, His not onto because x,z# H(x,) forany yeX .



7.2

7.2.9.c

S h: X - X

Comment

=3

Step 6 of 2

A(1)=Fh(2) but 1=»2
So £ is not one-to-ons

3 has no pre-image with respect to /7. so h is not onto



7.2

7.2.9.d

d K:X>X

Comment

Step8of8 ~

Is one-to-one while distinct elements have distinct images

Co-domain of K = range of K ={1,2,3}

-. K Is onto and clearly K is one-to-one

However, we can see that f(2)#2 and /(3) =3

So K is not the identity function



7.2

7.2.12

(@) F:Z —» Z bytherule F(n)=2-3nforall integer n
(i} To prove F is one-to-one
Suppose p, and g, are two integer such that

F(m )= F(n,) [We must show that n, =n,]

By definition of F

2-3n,=2-13n,

Subtracting 2 o both sides

=3n, = -3n,

Dividing both side by _3gives

m=n,

Hence F is one-to-one

Commenl

Step 2 o0f 4 ~

(il) Fis onto:

F is onto if given any element » in Z, it is possible to find an element in £ {domain) with the
property that y= f(x)
Take | e Z thenwe cannotfind pe Z such that fi(m)=1

For F{n]=l=:—2—3n=l=:~n=%£2

Hence Fis not onto



7.2

b)
Given that G : R — R by the rule G(x) =2~ 3x for all real number x
To prove Gis onto, we must prove
for all y € Y, there exists x € X such that G(x) =y
Let ye R(co-domain)
Sowecanfind ye R suchthat G(x)=y

2-3x=y

:.\’=2-}?€R

Comment

Stepd4 ofd4 ~

Also we have
G(x)= G(Z;'VJ

o 3(2 ; -") (By definition of G )

=2-(2-y)

_-."

Therefore |G(x)=y

Hence G is onto.



7.2

7.2.18
b A L
f(x)=£+—| Vxzlel
x-1

Suppose f(x)= f(y) forsome x,y e domain

x+l  y+l

x=1 -_v-l
Dxy=x+y=l=xy=-y+x~l|
DX-y=y-x
=2x=2y
=x=y
~f(x)=f(y)=>x=y

.. f 1s one-to-one



7.2

7.2.23

The function F: P(la,b,c}) > Zis defined as F(A) = the number of elementsin A

(a)Counterexample:

Clearly, {a,b},{b,c} € P{a,b,c}
(a6} % {b.c]

F({a.b})=2

F(fb.c})=2

> F({ab}) = F({b.c)

But {a.b}#{b.c}

Therefore, the function F: P({a,b,c})—» Z is not one-to-one function

Comment

Step20i72 ~

(b)Counterexample:

Clearly, the number _|eZ

Since the cardinality of the sets is always non-negative,
there isno set Sin Pla,b,c} satisfying F(S)=~1

In other words, there exists no set S satisfying F(S) =]

Therefore, the function F: P({a,b.c}) — Z is not onto function.



7.2

7.2.27.a

Let D be the set of all finite subsets of positive integers, and define
T:2'-D-
Let for all integer, T(n)= the set of all of the positive divisors of n.
(a)
To prove: T is one-to-one.,
Let us assume that m and n have the same image.
MNow we need to prove that m and n are equal to prove T is one-to-one.
MNow,

T(m)=T(n)
Since the two sets T'(m) and T[u]' are same.

Thus, the largest integer in these two sets will be equal.

Comment

Step2of3 ~

Let us assume that the |EII‘QE’ST integer is x.

Since the largest divisor of an integer is always the integer itself. Thus, the largest element in
T(m} is m.

Similarly, the largest element in T(n) is n.
Now, since we assumed the largest element as x. Thus,
m=x=n
Since, we proved that if the images of two elements are same then the elements are also same.

Hence, T is one-to-one.



7.2

7.2.31.b

(b)

The function (G .7* x2Z* — 7 is defined as follows.
For all (n,m)e 27 %2, G(n,m) = 376"

The objeciive IS to check If the function G IS one-to-one

Cne-to-one function: A function F: X —» Y is said to be one-to-one if, and only if, Vx,.x, e X
if F(xq)=F(x,). then x =x,.

Comment

Step50T6 A~

Let (m.m).(n,.m)eZ " xZ".

Let G(nm,m,)=G(n,,m,). Checkir (m, m,)=/(n,,m,).
G(n,m)=G(n,,m,)

= 376" =376™

= 3" (2-3)" =3%(2-3)™

=S 2MINM o 2™ (BS G7G" = g™*")

According to the unique prime factorization theorem, every integer areater than 1 is either a
prime number or can be uniquely represented as the product of prmes

Comment

Step6 olrsc -~

The term 2= 3n*™ S expressed as product of pnme factors 2 and 3. Also, the term ™3™+ is
expressed as product of pnme factors 2 and 3

Therefore, 2m™3n*m o 2™:3%*™: is possible only if the powers of 2 and 3 are equal. That is,
m, =m, and n, +m =n,+m,

n +my =n, +m,
= nm+m=n+m (35 m =m,)
=> n, =n, (subiracting m, from both the sides)

Hence. It G(n,,m, )=G(n,,m,). men (n,m)=(n,,m)

Therefore, the function G IS one-to-one.



7.2

7.2.35

Cwr strategy is to prove that, for all real numbers g b, and x with § and x are positive and

bzl I:}

log, (x)" =alog, x

Proof:

Let g, b, and x are positive real numbers, and b1

Suppose that, Jog, (x)' =m

Recall the fact that, for each positive real numbers & and real number ¢ |
log, s=r= b =5 ... (1)

AS log, (x) =m. get p* = x* [By the fact (1)]

(5 -(<)

= log, x=— [By the fact (1)]
i

a log, x=nr

Replace m with log, (x)"in the above one

a log, x =log, (x)"

Thus, |log, (x)" =« log, x|-




7.2

7.2.40

The objective is to prowe that for all subsels A<= X F '{F{A}}= Al 7. X —= ¥ s one-lo-

one
Need lo show that F'(F(A))c A and A< F'(F(4)).
Suppose hat xe F'(F(A4)), then F(x)e F(A).

If x isnotin 4, then there is some element ye 4 suchthat x= y and F(x)=F(») but

this contradicts the fact that &= is one-to-one.

50. xe A
Thus, xe F'(F(A)) implies that ye A,

Therefore, F~'(F(A))< A.

Comment

Step2aofd ~

Supposs that x e 4, then F[_x}c .F'[.al} since § is one-t-one.
S0 IEF][F[A]}.
Thus, xe .4 Impliesthat xe F' (F(A4)).

Thersefore .-{-:;F"{F{A‘}}.

Hence, |F™ {F{A”= A|.

Comment

Step 3 of 3~

b.
The objective is to prove that for all subsets 4, and 4, in X, F(4 A)=F(4) F(4,).
A=z [ i= one-to-one

F(x)eF(4, 4)

S xed A

= xe A andx e A

= F(x)eF(4)and F{x)e F(4,)

< Fx)eF(A) F(A)

Therefore, |F(A, 4 )=F(4) F(4,)|



7.2

7.2.49

Letl &G : R — R be any function defined by the formuka

Glx) =2 —3x for all real numbers x.
To prove: & is one-to-one.
Let us assume that Glx, )= G(x,)forsome x and x, In R.
Mow, we need to prove that X, = X, o prove S s one-io-one
By the denniion of &,

2—-3x,=2—-3x,
Mow subtract 2 to both sides, we get

2—3x;, —2m2—3x, -2

= —3x; =—3x,
Again, divide both skdes by -3, we get

-3 -3
—x, =—X,
-3 -3

= X =X,
Which implies that & Is one-lo-one.

Hence proved the desired resul

Comiment

Step 2 of 2~

To find: Inverse mncion.
2=
3

By the inverse function, it is true if and only if

(252)-»

Let us claim that G'(v) =

3
MNow, by the definition of by the definition of &,

(*5%)-2-{*32)

=2—2+Jr

= 1

-y
3

Hence, G~'(y)=




7.2

7.2.53

x
x+1

Giventhal f:R—->R. f(x)=

To show [f'is one to one correspondence, we need 1o show that /' is one one and onto
To show fis one to one. let

Fx)=1(x)

% X,

x; +1 -x?-?l
x (x5 1) =x, (a7 +1)
xx%(x—-x)-1(x,—x)=0
(- ) (xx,-1)=0
x=x Or xx, =1 b

r(2)= f(%) but 2 2

Hence, fis notone toone

Comment

Step20r3 ~

¥ +1>x For xe[0.1]
For xe[0,1]

0<sx=1
St |
X Hlzlzx

x<x+]Foral x

Comment

Step3of3 ~

X

= <] Forall x
x +1

f(x)=
Hence, for all y e(Loo), thereexistno ye R suchthat f(x)=y

Therefore, fis not onto.

Hence fIS notone to one correspondence



7.2

7.2.57

Suppose X ={x,,x,,..,x,}and Y ={y, v,,....7,}
Then f:X — Yisone toone if and only if

f(x)= f(x,) Such that x, # X,

Domain of f: one dimensional array a(1],a(2].....a[n]

Introduce a new variable: answer

Comment

Step20of2 ~

Algorithm body:

While ( j < -] and answer = “one to one”)
J=i+l

While ( j <» and answer = “one to one”)
if(f(a[i]) = f(a[j]) and a[i] # a[j])

then answer = “not one to one”
J=j+l

end while
i=i+l

end while

Output: answer



