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8.1

8.1.2

The object is to prove that for all integers m and n, m—n is even if, and only if, both m and
n are even or both m and » are odd.

Case (1)

Let m and n both be even integers, and let ;4 =2k n=2t where kand fare integers.
Since even numbers are of the form 2n

Now, let m—n=2k-2¢

=2(k—1) Since 2 is a factor

=21 Where k-¢t=L, Lisaninteger

m—n is an even integer, since it is in the form of even difference.

~ Itmand nare even numbers, then m —n i5 also even.

Comment

Step20f2 ~

Case (2
Let m and n both be odd integers, then m=2k+1, p=2r+1 where k and ¢ are integers.
Since odd numbers are in the form of 2n + 1
m—n =[2k+|]—[2.’+|}
=2k 4+1-2¢—1 by basic algebra
=2k=-2t
=2(k-1)
=2M where M =k—¢ is an integer.
m=n is an even integer, since it is the form of a multiple of 2.

m—n is an even number, and either both m and n are even or both m and n are odd.

Hence proved.



8.1

8.1.3-D&E

(d)

Our strategy is to find five integers n suchthat » T 2
nT?2 = 3|[H—2)
—,  p-7=73k Here f isaninteger

—  p=3k+2 Here [ isaninteger

To find the five integers » such that , = 3% + 2, replace k with 1,2, 3, 4, and 5.
For k=1. n=3(1)+2

Fork=2. n=3(2)+2
For k=3. n=3(3)+2

For k=4. n=3(4)+2

=14

For k=5. n=3(5)+2

=17

Hence, the required integers are 5, 8, 11, 14, and 17.

(€)

All integers of the form 3% for some integer % are related by Tto 0
Since 3kT0=3k-0=3k .50 3|3k

All integers of the form 3% + 1, for some integer fare related by T to1
since (3k+1) T 1=3k+1-1=3k.so 3|3k

All integers of the form 3% + 2, for some integer krelatedby 7 to2
since (3k+2)T2=3k+2-2=3k, 50 3|3k



8.1

8.1.11

Step 1 of 3 A

Consider the two sets,
A={3,45} and B={456)
And a relation § is ‘divides’ relationship between A and B ie., ¥(x,y)e A= 8,

xSy & x|y

The objective is to indicate the ordered pairs are in § and g~

Comment

Step 2 o0f 3~

Let ,{:{3_4,5} and B:{q,j,ﬁ} e two sets.
Let & be the “divides™ relation.
That is, for all {x,}'}e,.qxﬂ . xSy = x|y

As A={3,4,5}and B={4,56}.then

Ax B ={(3,4).(3.5).(3.6).(4.4).(4,5).(4.6).(5.4).(5.5).(5.6)}.

Comment

Step I of 3 ~

Observe that, §=1{(3,6),(4,4).(5.5)}-
Here 3 divides G, 4 divides 4 and & divides 5. These 3 are frue.
Here § isthe relation x|y, s0 3|6,4|4,5|5 .

The inverse relation R ={(y.x)e BxA|(x.y)e AxB}
Also, observe that §' = {{ﬁj](dg]{jj]}b&muse,

§'={({wx)eBxA|(x,y)es, ie,x l.-}



8.1

8.1.12

Step 1072 A

(a)If F:X —Y isone-to-one, but notonto, then g1 is not a function.

Because F is not onto then -1 is not defined on all of . If y e ¥ such that ( y,x]iF"fﬂr any

xedX

Consequently, g does not satisfy the property of the defintion of functions.

Comment

Step 2072 A

()If F: X — Y isonto but not one-to-one, then -1 is not a function.

Because Fis not one-to-one, -1 is not defined for all x¢ X .
Since (x,y)e F and (x,,y)eF.but y #x, 50 -'doesn'tsatisfy the property

of the definition of the functions.



8.1

8.1.16

Step10fd A

(5,5)(5.7)(5.9)(6,6)(6.8)(6,10)(7,7)(7,9)(8.8)(7,5)(8,6)(8,10)(9,5)
) (9,7)(9.9)(10,6)(10,8)(10,10)

Because x§y=2|(x-y)

Comment

Step20id A

Note that 5 S5 because 5 —3=0and 2 | 0 since 0= 2(0). Thus there is a loop from 3 to itself.
Similarly there is a loop from 6 to itself, from 7 to itself, from 8 to itself, from 9 to itself and from
10 to itself.

Comment

Step3ofd A

Note also that 5 S7 because 5-7= -2=2(-1).And7 S5 because 7-5=2=21.
Hence there is an arrow from 2 to 7 and also an arrow from 7 {0 5.

The other arrows in the direct graph, as shown below, are obtained by similar reasoning.






8.1

8.1.20

Step 1075 ~

Itis giventhat 4={-1,1,2,4} and B={1,2}

Ax B ={(-1,1)(=1,2)(L1)(1,2)(2,1)(2,2)(4,1)(4,2)}

Because by the definition of 4x B. every element of A is mapped to all the elements of B as
pairs.

Comment

Step20f5 A
R={(-11)(1,1)(2,2)}
since xRy=»|x|=|y[so |-I|=1=(-L1)eR
=1 =(L1)eR
And |2|=3 =(2.2)eR
Comments (1)
Step30f5 A

S={(-L1)(L1)(2,2)(4,2)}

Because xSy—>x-y ISevenso —]-]=-2isevenand [-]=( iseven, 2-2=0),
4-7 =7 are even.



8.1

Stepdofd A~

RUS={(-L1)(L1)(2.2)(4.2)}=S$
RUS=S

Since RS means the ordered pairs, which belongs to R or §

Comment

Step5 075 A

RAS={(-LI)(L1)(2.2) =R
RAS=R

Since R~ § means the ordered pairs, which belongs to both Rand S



8.1

8.1.22

Step10of6 A

Given R={(.\',y)e.? x[ | x* +y? :4} and

S={(xy)e0 x0|x=y}

Comment
Step20of6

Graph of R is:
2
4+
3..

e R consists of the points
on this circle
$ $ } —>X
4 -3 - 2 3 4

e !
oy 4--

Since Ris defined as x? + y? =4, itis a circle equation and the points of R lie on this circle.



8.1

Graph or 5 1s:
A
<«— S consists of the
points on this line y = x
> X
Since =5 is defined by the eguation » = x, itis aline, which passes through the origin so the
ordered pairs of S lie onthe »=x line.
Comment
Stepdofg ~
Graph of g g is:
A

RS consists of points

/ on the circle and the line
/ > X

Since g5 represents the points that belong to R or 5. the circle and the line represent

Buss




8.1

Step 5of 6

R 8 is the common point of both R and 5,
Which represents {ﬁ.u’f] and {—q'E.— "E]
By solving 2 +_1-f =4 and y=x,

x? +_1': =4=2x"=4

==y =2

— x =2

So the intersection points are {\Eﬁ}{—wﬁ—ﬁ]

Comment

Step G ofg -~

Graph of R~ % is:

> <

The marked points
represent RMS

> X
4:—_/




8.2

8.2.10

The abjective is to determine whether the following relation is reflexive, symmetric, transitive, or
none of these:

The relation ¢ defined on the set of real numbers: x, yeR,xCy e x* +y' =1.
Reflexive:
For x=1, 1€1, as I +1*=2#1.

Thus, ¢ is not reflexive.

Comment

Step2073 ~

Symmetric:

Suppose xCy, then x* 4y* =1,

As sum of real numbers obeys commutative property, so % 4 x? =1,
So, vy C x.

Thus, ( is symmetric.

Comment

Step3of3 ~

Transitive:
For x=1,y=0,z=1, consider 1C0 and 0C1.
But 1 1.

Thus, ¢ is not transitive.



8.2

8.2.14

O is not reflexive

Ois reflexive <= for all integers w and  mOm by the definition of O, for all integers m,
m—m =0, any number. Which is false, since O is an even number.

Comment

Step20f3 ~

O is symmetric

By the definition of O, for all integers mand n, m-n isodd = m-n= (Ek - 1) by the

definition of odd

=> n—m=—(2k+1)number by algebra —(2k +1)is also odd, which implies that

mim = nOm forall mon ez so Ois symmetric.

Caomment

Step30f3 ~

O is not transitive

By the definition of O, forall m,nand p€z m-—n isodd. Solet m—n=(2k+1) by the
definition of odd where k,Jez now, m—p=m-n+n—-p

=(m=n)+(n-p)

=2k+1+21+1

=2k+21+2

=2(k+1+1)

=72 where y=Fk+/+1 aninteger.

m— p is an odd number which is false. S0 mOn,nOp but gl p



8.2

8.2.16

Step10f3 ~

A Is reflexive

Since for xe R, |x|=|x| = it shows that for xe 4, x4y, which s the definition of reflexive.

Comment

Step20f3 ~

A'1s symmetric

Because for x,yeR,|x

=[y|=|y{ =« which is true. It shows that for ,y € R, |y|=|x|, which

Is true, it shows that for x, y € R, xAdy=> yAx . S0 A follows the definition of symmetric.

Comment

Step3ofd ~

A Is fransitive

rd
-

For x,y,zeR if |;;|=‘y| and |y|=

By the equality of the absolute value, which shows test for real numbers x,p,z . If xdy, vdz,

e



8.2.17 8'2

The objective is to determine whether the following relation is reflexive, symmetric and transitive
or mot:

Forall mneZ. m P n<>3 aprime number p suchthat p|mandp|n.
P is reflexive:

F is reflexive if and only if for all integers n., » P n.

By definition of P, 3 a prime number p suchthat p|n» and p|n.

But this is false for 4 =1.

There is no prime number that divides 1.

Therefore, p is not reflexive.

Comment

Step 2 o0f3 -~

P is symmetric:

Suppose sy and p are integers such that m P n.

By the definition of P, 3 a prime number p suchthat p|m and p|n.
This is logically eguivalent to  p | #n and g | m.

Hence there exists a prime number p suchthat p|n and p|m.

So by the definition of P, »n P m.

Therefore, 2 is symmetric.

Comment

Step Jof3 ~

P is transitive:

Suppose [ m and n are integers such that / P m and m P n.

Then need to show that § P n.

For instance:

Take =2 m=6, andn=9.

Here the prime number 2 divides both 2 and 6 and prime number 3 divides 6 and 9.
But the numbers 2 and 9 have no common prime factors.

Thatis ¢ P

Therefore, j is not transitive.



8.2

8.2.18

Step1of3 A~

Let Q be a relation on R as for all real numbers x and y,
xQ vy < x - yis rational.
Reflexive: xOx <> x—x=0

and 0 is a rational no. s0 the relation is reflexive.

Comment

Step20f3 A~

Symmetric. xQy <» x -y is rational
<> —(x— y)is also rational
< ¥—X is rational
< y0Ox

S0 the relation is symmetric.

Comment

Step3of3 ~

Transitive: xQy <» x -y is rational number.
vz < y—z_is rational number.
x—z=(x—p)+(y—-2)

and (x —y) is rational number.

{(y —z) is rational number.

S0, X —Z is also rational number.

Thus the given relation is equivalence relation.



8.2

8.2.21

Let us consider a set X = {a,h,c}and P(X) be the power set of X.

Then P(X)={g.talibh ichta.bj {b.chtavcfa.bici]

Let a relafion L is defined on a set P(X') as follows:

Forall 4,Be P(X), ALB ifand onlyifthe number of elements in A is less than the

number of elements in B.

To determine: relation is reflexive.

Arelation is reflexive if and only if forall A€ P(X), ALA-
Butin the relation L, ({a},{a})e L.

Thus, the relation L is not reflexive.

Comment

Step2ofd A~

To determine: relation is symmetric.
A-relation is symmefric if and only if for all 4, B e P(X), it ALBthen B4, 1e. if
(4,B)eL then (B, A)e L.
Let us assume that |}, {a,b} e P(X), such that

la}Lla,b}

But { ,h} IS not related to {u] As the elements of {a,b} Is not less than the elements
of {a}.

Thus, the relation L is not symmetric.



8.2

Stepdofd ~

To determine: relation is transitive.

Arelation is fransitive if and only ifforall 4, B.C e P[X); f ALBand BLC

then ALC,ie.if (4, B]EL and (B,C)e L then (4,C)el.

Since 4rpand BLC implies that the number of elements of A is less than the number of
elements of B.

hence, ALC=(4,C)el.

Thus, the relation L is transitive.



8.2

8.2.29

Let 4=RxR-

Let a relation 5 is defined on a set A as follows:

For all '[-'fu-_l’u hx,, v, )e 4. {-'fu.!‘l B{I:d':] ifandonly if y =y,
To determine: relation is reflexive.

A relation is reflexive if and only if for all (x, y)e 4, (x. v)R(x, ¥).
But the second letter is same for (x, y) and (x,yv).ie. ¥=y.

Thus, the relation § is reflexive.

Comment

Step 2 0of 3 -~

To determine: relation is symmetric.

A relation is symmetric if and only i for all (x,, v, L(x,, ¥, )e 4, i (x,, v, B(x,,y,) then
(x50 Blx,. 0 )

since (x,, v, S(x,. v, ). Which implies that
¥y =¥,
= ¥y =¥

Hence, (x,.», Blx,. v ).

Thus, the relation 8 is symmetric.

Comment

Step Jof 3~

To determine: relation is transitive.

A relation is transitive if and only if for all (x,, », b{x,, v, M{x,. 0, )& A, if
(x. 0 8lxey. v, ) @nd (g, Sl ws ) then (x,, p, Slx,, p)-

since (x,, v, S(x,. v, ) and (x,, v, Blx,. v, )

Which implies that
=y, and y, =y,

=M=V

Hence, {Il ». M b{-‘—t* ¥a } :
Thus, the relation § is transitive.




8.2

8.2.33

R is not reflexive

Ris reflexive «sforalllines/inA, JR/. By the definitionof R, [ isaline in A, then JR] means |
I perpendicular to /. but this is false. Since every line is parallel to itself, but not perpendicular to
itself so R is not reflexive.

Comment

Step20fd ~

R is symmetric

R is symmetric < for all ,'I_i:inA, If f:RJE_Then; LRI, by the definition of R, inA LRI,
means /, is perpendicular to {,, which implies that /, is perpendicularto /- This is true since if
I, L1, then [, Lithen [, L/ ,so LRI

Comment

Stepdofd ~

R is not fransitive

Suppose,

Ris transitive <»forall /,1,,/; inA.If LRI, and LRI, then R, By the definition of R, for al
{1‘!2,1‘"1 A |,Rl,means /,is perpendicular to j?,and l,Rl;means [, Is perpendicular to l;;
but /s not perpendicular to /. Since if two lines are perpendicular to one line, then the two
lines are parallel. Here, [ and I, are perpendicular to l, 50 l,and |, are parallel, so [ RI,.



8.2

8.2.38

Step10f2 ~

Suppose two relations R and § onasetA.

The objective is to identify whether g ~ § symmetric when R and S are symmetric.
Recollect the definition of symmetric property

LetAbeaset AndRisarelationonasetA

Forall x,ye 4, the condition if xRy then yRx then Ris symmetric.

Comment

Step20f2 ~

Given: R and § are symmetriconaset A

Claim: R~ S Is symmetric, means

Vre dVye A,[(_T,J-')E RnS-(y.x)e RﬁS]

Let x,ye A

Assume (x,y)e RNS

This implies that (,r, y)e R and (x, )-)ES, Definition of Intersection
=(y.x)eR and (y,x)e S Since R and § are symmetric on A
=(y.x)eRNS

Hence, If (x,y)e RnSthen (y,x)e RNS.

Therefore, R~ §is symmetric relation on aset A.



8.2

8.2.39

Step1of1 ~

Assumethat p and § are fransitive relations on aset 4.

Its need to determine whether R~ § is transitive or not.

As g and § are transitive relations, R~ § also transitive relation.
Proof:

Given: g and § are transitive on set 4

Claim: R~ § is fransitive, means
Vxed Vyed Vzed ([(I,)‘)ERF"\S!\(]’..’)ER:"\S]—}{,r,:)ERF‘\S}

Let x,y,z€ 4. Assume (_\',J')E Rn§ and (y,::) e RnS.Then (_t;‘_p) eR, (_\',yle S,
(v.z)eR (n.z)es

By the transitive property of g and §, (x,z)e Rand (x,z)eS
As (x,z)eRand (x,z)eS§, (x,z)e RnS (By the definition of intersection)

Thus, if (x,y)e RNS and (y,z)e RS, then (x,z)e RS

Hence, R S§is transitive relation.



8.2

8.2.50

Step1ofd ~

Let us consider the set, A=10,1,2,3)

Suppose that R, ={(0,0),(1,1)} be arelation defined on 4

Determine whether the relation R, is, Irreflexive, asymmetric, intransitive, or none of these
Recall the definition that A relation on a set 4 is defined to be

Ireflexive if, and only if, forall ye 4, x jj
Asymmetric if, and only if, for all x,ye 4,if x Ry then Kx

Intransitive if, and only if, for all x, y,ze A,if x R yand y R zthen y X 7

Comment

Step20f4 ~

To determine the irreflexivity of the relation R.on 4 :

Observe that, 0 and 1 are the elements of the set 4 = {0,1, 2*3}, ({],{)) e R,and (Ll ) R,

Thus, property of irreflexive does not satisfied.

Therefore, the relation R, is not irreflexive



8.2

Step3ofd A

To determine the asymmetricity of the relation R.on 4 :
Observe that, ¥0,1€ 4, Ois related to 0 and 1 is related to 1 only.
Thus, 0 and 1 are not mapped to the different elements.

So, property of asymmetric safisfied by default.

Therefore, the relation R, is asymmetric

Comments (1)

Stepdoid ~

To determine the intransitivity of the relation R.on 4 :

Observe that, ¥0,1e A, Qisrelated to 0 and 1 is related to 1 only.
Thus, 0 and 1 are not mapped to the different elements.
Thus, property of intransitive does satisfy by default.

Therefore, the relation R, s intransitive.



8.2

8.2.53

Step10f3 ~

Let T={(0,2),(1,0),(2,3).(3.1)} be a relation defined on A ={0,1,2,3}.

The objective is to find the transitive closure of T,

Every ordered pairin T isin 7' so

100.2),(1,0),(2.3).(3. 1)} = T".

Thus, the directed graph of T contains the arrows:

Comment

Step20f3 A~

From the figure, observe that the arrows are going from 0 to 2 and 2 to 3, 7 must have an
arrow going from 0 to 3.

Hence, (0,3)eT".

As (0,3)eT"and (3,1)eT’, and 7 is transitive, (0,1)eT".

The arrows going from 2 to 3 and 3 to 1 then 7+ must have an arrow going from 2 to 1.
Hence, (2,1)eT".

As (2,1)eT" and (1,0)eT", and 7 is transitive, (2,0)eT".

The arrows going from 3 to 1 and 1 to 0 then g+ must have an amrow going from 3 to 0.
Hence, (3,0)e T".

As (3,0)eT’ and (0,3)eT’, and 7 is transitive, (3,3)eT".



8.2

Step3of3 A

The arrows going from 1 to 0 and 0 to 2 then 7+ must have an arrow going from 1 to 2.
Hence, (1,2)eT".

As (1,2)eT" and (2,1)eT’, and 7 is transitive, (2,2)eT".

Also, (1,0),(0,1)eT" then (1,1)eT" and (0,2),(2,0)eT" then (0,0)eT".
Similarly, for (3,1),(1,2)e 7" then (3,2)e 7' and for (1,2),(2,3)e 7" then (1,3)eT".

Thus, 7 contains at least the following ordered pairs:

(0,2),(1,0),(2,3).(3,1),(0,3),(0,1),(2,1),(2,0),
(3.0).(1.2).(2.2).(1.1).(0.0).(3.3).(3.2).(1.3) } '

The directed graph of 7 is:

N TN
I. | I. |
. 0% = i‘
A A
34 M



8.3

8.3.2-c

Step 6 0f 7 A~

ic) R=

(0,0)(L1)(1,2)(13)(1,4)(2.1)(2.2)(2,3)(2,4)(3,1)(3, 2)}

(3,3)(3.4)(4.1)(4,2)(4.3)(4.4)

Because {0} is a partitions subset 0 R0 since 0:and Oare in {0}-

Comment

Step7 0f 7 ~

since {1,2,3,4} is a subset of partition
1R 1since 1and 1arein {1,2,3,4}
2,3,4)
1R3since 1and 3arein {1,2,3,4}

{1
1R2since 1and2arein {I
{1
1R4since 1and4 arein {I

2,3,4)

Similarly, for2 R1,2R3,2R2,2R4andfor3R1,3R2 3R3,3R4andalso4R1,4R2 4
R3, 4R 4als0.



8.3

8.3.4

Step1of2 ~

Considerthe set 4= {u,b,c,d} and an equivalence relation gpdefined onaset 4,

R=1(a,a),(b,b),(b,d),(c.c).(d,b),(d.d)}.
The objective is to find distinct equivalence classes of R,
Recall the definition of an equivalence class as,

Let 4be setand gbe an equivalence class on 4, then for some element 4 e 4 an equivalence
class Is defined as, [a] ={xe 4| xRa}.

Comment

Step2of2 ~

Write the equivalence classes for each element in the set 4 using the above definition.
al= {JrE Afoa} ={a}

b]={xeA/xRb}=1{bd

¢cl= {.t € Ai.ch} = {c}

d|={xed/xRd}={bd}

Here, observe that [b]=([d]={b,d}.

Therefore, the distinct equivalence classes of pgare,

ta},|b,d} and|c}|




8.3

8.3.6

The objective is to find the distinct equivalence classes of R.
The relation R is definedon A ={-4,-3,-2,-1,0,1,2,3,4,5} is:
forallx,ye 4, xRy = 3|x-y.
For each integer a,
[a]= {x € A| xRa|
={xeA|3|x-a}
={x e A|x =3k +a, for some integer k|
In particular,
[1] ={x e4: xR1}
xeAd:3x-1}

{
{xeA:x—1=3k, for some integer k|
{

x €A:x =3k +1, for some integer k}

As 3|-2-1,3|1-1, and 3|4 -1 follows that the equivalence class is [-2.I,4}.

Comment

Step20of 3 ~

Similarly,
[2]={x e 4: xR2]
={xed:3|x-2}
={xed:x-2=3k, for some integer k|

={xed:x=3k+2, for some integer k|

As 3|-4-2,3|-1-2,3|2~2and 3|5~-2 follows that the equivalence class is [-4,-1,2,5}.



8.3

o

{xEA 3x- 3]
={reA:x-3=3k, for some integer k|
=|

x€A:x=3k+3, for some integer k|

As 3|-3-3,3|0-3, and 3|3~ 3 follows that the equivalence class is [-3,0,3].

Therefore, the distinct equivalence classes of g are

Al | g
1-2,1,41,1-4,-1,2,5,1-3,0,3}|.




8.3

8.3.9

Step1of 5 ~

Arelation R on a set A is said to be an equivalence relation if it is reflexive, symmetric and
transitive.

Also, Tor each element a in 4, the equivalence class of 8 (denoted by [a]j iz the set of all those
elements x in A such that x is related to a by £

Comment

Step 2o0f5 &~

Consider the set X ={-1,0,1}.

The set 4 is the set of all subsets of Y

A=P(X)
={¢.{-1}.{0}.{1}.{-1,0}.{0.1} . {-10,1},{-1,0,1}}

The relation g is an equivalence relation on the set 4. for all sets 5 and ¢ in the power set of 4
. and is defined as;

& R ¢ it and only if the sum of the elements in 5 equals the sum of the elements in

Comment

Step 3of 5 ~

Dretermine the required eguivalence classes of the elemenis in A as follows;
[#]=1se RIsR@)}
=g
And;
[{-1}]={seA1s R{-1}}
= {{-10}}
Similarly;
[{0}]={s e RIsR{0}}
={{1.,-1}.{-1,0,1}}
Similarly obtain;
[{1}]={s5e 415 R{1}}

={to.1}}
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Stepdof s
Proceed in & similar manner to obtain;
[{-I,U}] = {.f eAls R {-I,ﬂ}}
={{-1}}
Also then;
[{l},l}] = {5 eAls R{{],I}}
= {{1}}
Comment
Step5ofo

Continue further to obtain;

[{L-1}]={s 4|s R{1,-1}}
=[{0}.{1.-1.0} ]

And;

[{-1.0.1}]={sesR{-10,1}}
={{0}.{-1L.1}}

Hence, the required equivalence classes are;

foh -1 103 o -1, 10,0 g fo )
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8.3.10

The objective is to find the distinct equivalence classes of R,
The relation g is defined on 4 ={-5,-4,-3,-2,-1,0,1,2,3,4,5} is
for all {m._,n] ced, mRne3 |m'2 -n'.
In particular for p = -5,
[-5]={meA:mR(-5)}
={m ed:3|m’ —{—5]2}
={mEA: 3| m’ —25}

As 3|(-5)"-25,3|(-4)" -25,3|(-2)" -25,3|(~1)" -25,3|1° - 25,3]2* ~25,3|4° - 25, and
3|5% — 25 follows that the equivalence class is {-5,-4,-2,-1,1,2,4,5}.

Caomment

Step20fd A~

For n=-4,
[4] = {m e A: mR(-4)}
==meﬁ:3|m1—[—4]z}
={med:3|m3—lﬁ}
As 3|(-5)"-16,3](-4)" -16,3|(~2)" ~16,3|(~1)" ~16,3|1° ~16,3]2* ~16,3|4" ~ 16, and
3|5% —16 follows that the equivalence class is {-5,-4,-2,-1,1,2,4,5}.
[-3]= e demk(3),
={me:4:3|m‘—(—3}2}
={mEA:3|.-rr3—9}

As 3 |[_3}1 -9,3|0° -9, and 3|3* -9 follows that the equivalence class is {-3,0,3}.
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Step3ofd A~

For p=-2,
[-2]={mea: mR{—E)}
{med 3|m’ - ]z}
={mEA 3| m’ 4}
AS 3|(=5) ~4.31(-4) ~4.31(-2)" =43 (1) ~4.3]1" -4,3]2 - 4,3]4’ -4, anc
3|5% —4 follows that the equivalence class is {-5,-4,-2,-1,1,2,4,5}.
For n=10,

[0] = {m € 4: mRO}
{mEA:Elm -Dz}

{mEA: 3|m:}

As 3| (_3]:' -0,3|0% -0, and 3| 3* — 0 Tollows that the equivalence class is {-3,0,3}.

Comment

Step4ofd ~

As the square of any integer is always positive, so [-5]=[5].[-4] =[4], [-3]=[3].[-2]=[2].
and[-1]=1].

From the above result, the equivalence classes of [-5]=[-2]=[-4] and [-3]=[0]

Therefore, the distinct equivalence classes of R are: |{-5,-4,-2,-1,1,2,4,5},1-3,0,3}|.
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8.3.18

a.

The objective is to give an example of two sets that are distinct but not disjoint.
The distinct sets contain one or more different elements.

Disjoint sets are those sets whose intersection is an empty set.

Example of two sets which are distinct but not disjoint are,
Let 4= {2,3} and B = {3,4}

50, sets 4 and B are distinct because 4 g.but A and B are not disjoint since
AnB={3}#4¢.

Comment

Step20f2 ~

b.
Consider the values of x, y,zas,
x=2,vy=3,and z=
The set 4, contains the elements x and y.
Therefore, the set 4, ={2,3}.
The set 4, contains the elements y and z.
Hence, the set 4, ={3,4}.
Here, the element 2= x e 4,, but it is not in the set 4, thatis x ¢ 4,.
Similarly, the element 4 =z € 4,butitis notin the set A4 thatis z ¢ A,.

However, neither of the sets 4, and 4, contain both 2 and 4.

Hence, the required sets are, 4, ={2,3} and 4, = {3,4}.
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8.3

Step1ofd A

Consider the relation g definedon 7, as follows:

mEn ¢ 2|(m-n) Foral mnelZ.

(1)

The objective is to prove the given relation is equivalence relation.

The equivalence relation satisfies reflexive, symmetric, and transitive properties.

Show that £ Is reflexive:

Forall mez, mem
2|(m-m)=2|0, whichis true.

Hence, the relation F is reflexive.

Comment

Show that g is symmetric:

Forall mnez,men
=2|(m=n)
=2|(~(n-m))=nem-.

It1s true.

Hence, the relation g is symmedric.

Step2ofd ~
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Step3ofd ~

Show that g Is transitive:
Forall mn,p€zif mEnand nE p
2|(m=n) and 2|(n-p)=2| ((m—n}+(n - p))
=2|(m-p)=>mEp,
This Is true.

Hence, the relation [ is transitive.

Therefore, F Is an equivalence relation since E is reflexive, symmetric and transitive.

Comment

Stepdofd ~

(2)
The objective is to describe the distinct equivalence classes of the relation g
Here, the relation g has two distinct equivalence classes, they are,

{xeZ|x=2k, for some integer k| and {xeZ|x=2k+1, for some integer k|

Since the difference of two even numbers is divestible by 2, and the difference of two odd
numbers is divisible by 2 by base algebra and 24 is an even number and 2j 41 IS an odd
number.
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8.3.26

(1)
The objective is to determine whether the following relation p» defined on Z, is an equivalence

or not:
Forall (mn)eZ, mDne 3| {mz —-n’ }

Acrelation is said to be an equivalence relation if it satisfies reflexive, symmetric, and transitive

properties.

Let's check whether relation [ satisfies all the three properties or not.

Comment

Step 2 of 6 A~

Reflexive:

For me Z, ",2—;"2 = ),
As 3|0, itfollows that 3|(m" —m* )= m D m.

Therefore, p is reflexive.

Comment

Step 3 of 6 ~

Symmetric:

For mneZ, let m D n then by the definition of relation, 3|l:ml —nl],
Rewrite the expression Jl{m: -nl] as:

JI{m: _nz}: 3| -{nz —mz].

It follows that 3|{"2 - m:].

Thus, n D m.

Therefore, p is symmetric.
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B

Transitive:
For mn.pe, let m Dmnandn D p.
Then by the definition of relation, 3|{m: -nz] and 3| (n"‘ -p }

Combine the exprassion J|{m' -nz} and 3| l:n}' -p’ }
3|{m= —n3)+[n= - p"] =3 (m2 —_r::),
It follows that, m D p.

Therefore, p is transitive.

As D being reflexive, symmetric and transitive, so0 [ is an equivalence relation.

Comment

Step 5 of 6 A~

(2)
The objective is to describe the distinct equivalence classes of each relation.
To find the equivalence classes, use division algorithm.
For any m e Z, there exists unique 4.7 suchthat m=3g+r, for 0=r <3,
For r=0, m=3q.
Squaring on both sides,
m' =(3q)
m =0 = 3(3{;2]
For r=1, m=3g+1
Squaring on both sides,
m* =(3g+1)’
m* =(3q)" +2(3¢)+1°
m* =1 =3(3¢" +2q)
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Step6.of6 A

For r=2, m=3¢+2
Squaring on both sides,
m'=(3+2)
' =(3g) +2(3q)(2)+3+1
m =1 =3(3¢" +4q+1)

From all the three expressions, 3|m* -0° or 3| m* - I*

Therefore, there are tWo equivalence classes [0] and [I] _
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8.3.37

Step1ofd A

Consider R is equivalence relationonaset 4 and a,be A.

The objective is to prove that @ R b whenever he [a] .

Comment

Step20f4 ~

Recall that R is an equivalence relation when it is reflexive, symmetric and transitive.
Also recall the definition of equivalence class:

Suppose R is equivalence relation on a set A . The equivalence class of g e 4 is the set of all
elements of A that are related to a.

Symbolically:

[a]={xe 4| xRa}.
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Step3of4 ~

Consider @ and b be two elementsin 4 such that b &|a].
The equivalence class of a in R s given by,

[a] = {.tE A| .tﬁ'a}-

Since bea).

This implies, hRa.

Comment

Step4of4 ~

Recall the definition of symmetric:

Suppose Ris arelationonaset A.The Ris said to be symmetric if for a,be 4, (h,a] eR

whenever (a,h) eR.
Since the relation R is an equivalence relation.

So, the relation R is symmetric.

Hence, by the definition of symmetric relation bR« implies |aRb|.
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8.3.42

Step1ofd A

(a) R is reflexive

Because (a,b) € A,(g,h) = ab = ba by the definition of R. This is true by commutation

property of multiplication of integers, so R is reflexive.

Comment

Step20ofd A

(b) R is symmetric

Because forall (a,b),(c,d)e 4 if (a,h]R(c,d) = ad = be by the definition of R, which
implies be =ad -

By the equality of integers, which gives (c,d)R(a,b)-

This is true, so Ris symmetric.

Comment
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(c) The distinct four elements in [(]3)] are
(2,6)(-2.-6)(3,9)(-3.-9)

Since (2,6)R(1,3)=>2x3=6x1, whichis true
(-2,-6)R(1,3) =-2x3=-6x1, which is true
(3,9)R(1,3) =3x3x =9x1, which is true

(-3,-9)R(1,3) = -3x3=-9x], which is true.

Comment

Step4ofd ~

(d) The distinct four elements in [(2.5)] are
(-2,-5)(4,10)(-4,-10)(6,15)

Since (~2,~5)R(2,5) = -2x5=~5x2, which s true.
(4,10)R(2,5) = 4x5=10x2, which is true.
(—4,-10)R(2,5) =-4x5=—-10x2, which is true.

(6,15)R(2,5) =6x5=15x2, which s true.
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8.3.44-c

Step3of 11 A

()

The objective is to prove that R is transitive.

For (a,b),(c.d),(e,f)e 4, and (a,b)R(c,d),(c,d)R(e,f).
Then by definition of R,

(a,b)R(c,d)a+d=c+b - (1)
(c.d)R(e,f)>c+f=e+d ---(2)

Add (1) and (2) to get

a+d+c+ f=c+b+e+d

Subtract ¢+ 4 from both sides.

a+f=b+e

Thus, by definition of R, (a,b)R(e,f).

Therefore, R is transitive.
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8.3.44-f

The objective is to list 5 elements of [{1,1)].

For (1,2)e 4 then [(1,2)]={(a.b) € 4|(a,b) R(1,2)}.
For (2,3)R(1,2), then by definition of R:

2+2=1+3
4=4
This is true.
For (3,4)R(1,2), then by definition of R:
3+2=1+4
5=5

This is true.

Comment

Step 10 of 11 A~

For (4,5)R(1,2), then by definition of R:
4+2=1+5

6=06
This is true.
For (5,6)R(1,2), then by definition of R:
542=1+6

7=7
This is true.
For (6,7)R(1,2), then by definition of R:
6+2=1+7

8=8

This is true.

Therefore, the five possible elements of [{I,E]] are [(2,3).(3.4).(4.5).(5.6).(6.7)|.
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8.3.46

Step1of1 A

Consider the relation g onaset 4
Suppose R Is symmetric and transitive.

The objective is to prove that if forevery x inaset 4 thereisa y in 4 suchthat xRy, then
R is an equivalence relation.

The equivalence relation satisfies reflexive, symmetric and transitive properties.
Ifforeveryxin Athereisayin Asuchthat xRy=yRx (since g is symmelric).
If xRy and yRx, then xRy sinceby p istransitive.

So, xRx itisgiventhat gis reflexive.

For ye 4, then xRx.

Hence, the relation g is reflexive.

Therefore, the relation g is an equivalence relation.



