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Fourier Series
3

 Any function that periodically repeats 
itself can be expressed as the sum of 
sines and/or cosines of different 
frequencies, each multiplied by a 
different coefficients. This sum is 
called a Fourier series
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Fourier Transform
4

 A function that is not periodic but the area under its 
curve is finite can be expressed as the integral of 
sines and/or cosines multiplied by a weighing 
function. The formulation in this case is Fourier 
transform.



The Fourier Transform and its Inverse

 The Fourier transform F(u) :

 The inverse Fourier transform f(x) :

 Two variables Fourier transform F(u, v) : 

 The inverse transform f(x, y) : 
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Fourier Transform 1D - Example
6

 The Fourier Transform of One Continuous Variable

 Usually we work with the magnitude of F(u)



Fourier Transform 2D - Example
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The one dimensional DFT and its 

Inverse
 The discrete Fourier Transform F(u) :

 The inverse DFT :

 Apply euler’s formula : 
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The two dimensional DFT and its 

Inverse
 The discrete fourier transform of a function f(x,y) of size M x N :

 The inverse Fourier transform :
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Some Properties of the 2-D DFT -

Periodicity

 It is more convenient for processing and display to shift 
the spectrum to the middle of domain by multiplying 
the sampled function by (-1)x+y
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Some Properties of the 2-D DFT -

Periodicity
11

0 N 2N-N

DFT repeats itself every N points (Period = N) but we usually 
display it for n = 0 ,…, N-1

We display only in this range







1

0

/2)(
1

)(
M

x

Muxjexf
M

uF From DFT:



Some Properties of the 2-D DFT - Periodicity

 Conventional Display for 1-D DFT
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The graph F(u) is not easy to understand !



Some Properties of the 2-D DFT - Periodicity

 Conventional Display for 1-D DFT
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Periodicity of 2-D DFT

For an image of size NxM
pixels, its 2-D DFT repeats 
itself every N points in x-
direction and every M points 
in y-direction.

We display only 
in this range
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Conventional Display for 2-D DFT

High frequency area

Low frequency area

F(u,v) has low frequency areas
at corners of the image while high
frequency areas are at the center
of the image which is inconvenient
to interpret.



2-D FFT Shift : Better Display of 2-D DFT

2D FFTSHIFT

High frequency area Low frequency area



Original display
of 2D DFT
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Display of 2D DFT
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2-D FFT Shift (cont.) : How it works



Example of 2-D DFT
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Some Properties of the 2-D DFT
19

 Fourier Spectrum and Phase Angle

 The 2-D DFT is complex in general and usually is expressed 
as two separate functions in the frequency domain

 The Magnitude 

 Phase

 The power spectrum

 The magnitude of F(0,0) (dc component) is proportional to the 
average value of f(x,y) and is typically the largest component in 
the spectrum
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Some Properties of the 2-D DFT
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Some Properties of the 2-D DFT

 Fourier Spectrum and Phase Angle
 The components of the spectrum of the DFT reflects the 

amplitudes of the sinusoids that combine to represent the 
images.

 A large amplitude at any frequency implies greater 
prominence of that frequency in the image, and vice versa.

 The phase of the spectrum is a measure of the 
displacement of various sinusoids with respect to their 
origin.

 We can say that the magnitude of the DFT is an array 
whose components determine the intensities in the image 
while the phase angle carry the information about where 
discernable objects are located
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Some Properties of the 2-D DFT

 Fourier Spectrum and Phase Angle
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Some Properties of the 2-D DFT
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Some Properties of the 2-D DFT

 Zero padding
24



Some Properties of the 2-D DFT

 Zero padding

 A simple solution is to zero-pad both functions f(x,y) and 
h(x,y) such they are of equal size P that satisfies

P≥A+B−1

 where A and B are the size of the original functions B 

 If we perform convolution after zero-padding the result will 
be periodic and each period contains the desired result
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Some Properties of the 2-D DFT
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 Zero padding



Some Properties of the 2-D DFT

 Zero padding - Example
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Some Properties of the 2-D DFT

 Zero padding - Example
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Some Properties of the 2-D DFT

 Zero padding – Example
 Note

 More blurring in the image that was padded
 Blurring near the image borders is symmetric in the padded case
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Fundamentals of Frequency Filtering
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Fundamentals of Frequency Filtering
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Smoothing Using Frequency Filtering
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Smoothing Using Frequency Filtering
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Sharpening Using Frequency Filtering
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Homomorphic Filtering
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