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Set Theory

6.1. Basic Definitions of Set Theory
6.2 Properties of Sets

6.3 Algebraic Proofs

6.4 Boolean Algebras
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Set Theory

6.2 Properties of Sets
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Properties of Sets

m Subset Relations and Procedural Definitions

m Setldentities

m Proving Set Identities
— Distributive Law
- De Morgan’s Law
— Intersection and Union with a Subset

m [he Empty Set

m Proof of Conditional Statements

Dima Taji - Birzeit University - COMP233 - First Semester 2021/2022




Properties of Sets

m Subset Relations and Procedural Definitions
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Subset Relations - Inclusion of
Intersection

m ANBCA

m ANBCSHB
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Subset Relations - Inclusion in Union

m ACAUB U

Shaded region
represents A U B.
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Subset Relations - Transitive Property of
Subsets

m IfASBandB<S (C,then4A <€ C

m Remember:

NO N
IN 1N 1N
& = O

Z QR
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Procedural Versions of Set Definitions

m Let Xand Ybe subsets of a universal set U, and let xand y be elements of [, then:

o xeXUY — x€X V xeg€Y
o XUY={xeU|xeX VvV xeVY}

o xeXNY — xeX AN x€Y
o XNY={xeU|xeX AN xeY}

o xeEX-Y — xe€EX N x¢&Y
o X—-Y={xeU|xeEX AN x&VY}
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Procedural Versions of Set Definitions

m Let Xand Y'be subsets of a universal set U, and let xand ybe elements of [, then:

o x€EX¢ — x&X
o X¢={xeU|x¢X}

o (x,y)EXXY < x€X AN yEY
o XXY={(x,y)|xeX AN yeY}
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Properties of Sets

m Setldentities
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Set Identities

m Commutative Laws: for all sets 4 and 5
AUB=BUA

ANB=BNA
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Set Identities

m Associative Laws: for all sets 4, B, C:
(AUB)UC =AU ((BUC)

(AnB)NC=An(BNC(C)
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Set Identities

m Distributive Laws: for all sets 4, B, C:
AUBNC)=(AUB)N(AUC(C)

AN(BUC)=(ANB)UANC)
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Set Identities

m Identity Laws: for any set A:
Aup=A

ANU=A
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Set Identities

m Complement Laws: for any set A:
AUA=U

ANAC =0
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Set Identities

m Double Complement Law: for any set A:

(A = A
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Set Identities

m Idempotent Laws: for any set A:
ANA=A

AUA=A
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Set Identities

m Universal Bound Laws: for any set A:
ANP =90

AuU=U
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Set Identities

m De Morgan’s Laws: for all sets 4 and 5
(AUB)¢ = A° n B¢

(AN B)¢ = A° U B¢
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Set Identities

m Absorption Laws: for all sets A and 5.
AU(ANB)=A

AN(AUB) =A
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Set Identities

m Complements of Jand Q:

UC

|
S

@C

|
-
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Set Identities

m Set Difference Law: for all sets 4 and 5

A—B=AnB"
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Properties of Sets

m Proving Set Identities
— Distributive Law
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Proving Set ldentities

m We have seen that:

Two sets are equal « each is a subset of the other.

To prove that two sets, Xand Y, are equal:
Provethat X € Y
ProvethatY € X

You need to show both because set equality is a biconditional statement.
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Proof of Distributive Law

m Show that for all sets 4, B, and C,
AUBNC)=(AUB)N(AuC)

We must show that
AUBNC)<S(AUuB)Nn(AuC)

And
(AUB)N(AUuC)<S AU (Bn<C)
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Proof of Distributive Law - cont.

m [o show that
AUMBNC)S(AUB)N(AuUC)

We need to show that
Vx,if x€eAU(BNC),thenx€ (AUB)N(AUC)

m And to show that
(AUB)N(AUC)<S AU(BNC)

We need to show that
Vx,if xE(AUB)N(AUC),thenx € AU (B NC)
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Proof of Distributive Law - cont.

m [o show that
AUMBNC)S(AUB)N(AuUC)

Suppose thatx e AU (B NC)
By definition of union,x € A vx € (BN C)

Casel:x €A
Then, by definition of union,x € (AU B)andx € (AU C)

And, by definition of intersection, x € (AUB) N (A U C)
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Proof of Distributive Law - cont.

m Case2:xeBNC

Then, by definition of intersection,x € B A x € C

And, by definition of union, since x € B, then x € (AU B),
and since x € C,thenx € (AU ()

And, by definition of intersection,x € (AUB) N (AU C)

Therefore,
AUBNC)S(AUB)N(AuUuC)
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Proof of Distributive Law - cont.

m And to show that
(AUB)N(AuC)<Au(Bn<C)

Supposex E (AUB)N (AU CC)
By definition of intersection, x e (AUB)Ax € (AU ()

Casel:x €A

By definition of union, we can immediately conclude that x € AU (B N C)
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Proof of Distributive Law - cont.

Case2:x ¢ A

Since x € A U B, then, by definition of union,x € AV x € B.
Since x & A, then by elimination, x € B.

And since x € A U C, then, by definition of union, x € Av x € C.

Since x & A, then by elimination, x € C.

Since x € B and x € C, then, by definition of intersection, x € (B N ()
And, by definition of union, x € AU (B N C).
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Proof of Distributive Law - cont.

Since we showed that in both cases (x € A and x & A)

x€AU(BNC)

We can conclude that
(AUB)N(AUuC)<S AU (Bn<C)
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Proof of Distributive Law - cont.

And since we’ve shown that both
AUMBNC)S€S(AUB)N(AuUC)
and

(AUB)N(AUC)<S AU (BnC)

then we can conclude that
AUBNC)=(AUB)N(AuC)
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Proof of Distributive Law- cont.

m Show that for all sets 4, B, and C,
ANBUC)=UANB)UANC)

We must show that
ANBUC)SANB)U(ANC)
An exercise to do at home
And
(ANB)UANC)SAnN(BUC)
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Properties of Sets

m Proving Set Identities

- De Morgan’s Law
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Proof of De Morgan’s Law for Sets

m Forallsets Aand A

(AU B)¢ = A° n B¢

We must show that
(AU B)¢ € A° n B¢

And
AN B¢ c (AUB)*
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Proof of De Morgan’s Law for Sets -
cont.

To prove that (A U B)¢ € A° N B¢, suppose x € (A U B)°.

By definition of complement, x € AU B

Which is equivalent to saying that it is false that (xisin Aor xis in B)

By De Morgan’s laws of logic, this means

xisnotin Aand xis not B

Which can be written as
XA N x&B
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Proof of De Morgan’s Law for Sets -
cont.

Sincex ¢ A AN x & B, then,

by definition of complement, x € A° A x € B¢
And, by definition of intersection, x € A N B¢

Therefore,
(AU B)¢ € A n B¢

Dima Taji - Birzeit University - COMP233 - First Semester 2021/2022




Proof of De Morgan’s Law for Sets -
cont.

To prove that A° N B€ € (A U B)¢, suppose x € A° N B¢
By definition of intersection, x € A Ax € B¢

And, by definition of complement, x € A Ax &€ B
In other word, xis notin Aand xis notin B

By De Morgan’s laws of logic that means

It is false that (xisin Aor xis in B)
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Proof of De Morgan’s Law for Sets -
cont.

It is false that (xisin Aor xis in B)

which, by definition of union, can be written as
x & (AUB)

And, by definition of complement,
x € (AU B)¢

Therefore,
A°NB¢ € (AUB)*
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Proof of De Morgan’s Law for Sets -
cont.

Since we showed that
(AU B)¢ € A° n B¢

and
A°NB¢ € (AUB)*

Then, we can conclude that
(AU B)¢ = A° N B¢
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Proof of De Morgan’s Law for Sets

m Forallsets Aand A

(AN B)¢ = A° U B¢

We must show that
(AN B)° € A° U B¢

And Another exercise to do at home
A°UB¢ € (AN B)¢
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Properties of Sets

m Proving Set ldentities

- Intersection and Union with a Subset
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Intersection and Union with a Subset

m Foranysets Aand B, if A € B, then
(@@ ANB=A4
and

(0))AUB =B
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Intersection and Union with a Subset
Part (a)

m Show that for any sets Aand B, if A € B, then

ANB=A
We must show that

ANBCA
and

ACANB
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Intersection and Union with a Subset
Part (a) - cont.

To show that
ANBCA

We already know that it is true by definition of the intersection property.
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Intersection and Union with a Subset
Part (a) - cont.

To show that
ACANB

We suppose that x € A, and we want to show that x € A N B.

Since A € B, then, by definition of subsets, x € B.

Since x € A A x € B, then, by definition of intersection, x € A N B.

Therefore,
ACANB

Dima Taji - Birzeit University - COMP233 - First Semester 2021/2022




Intersection and Union with a Subset
Part (a) - cont.

Since we showed that

ANBCA
and

ACANB
then we can conclude that

ANB=A
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Intersection and Union with a Subset

m Foranysets Aand B, if A € B, then
(@@ ANB=A4

and
Show that part (b) is true

(b)AVUEB =5 Another exercise to do at home
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Properties of Sets

m [he Empty Set
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The Empty Set is a Subset of Every Set

m |If £is a set with no elements, and A4 is any set, then E C A.

m This is easier proved by contradiction.

Let’s suppose that there exists a set £'with no elements, and a set 4, and that E € A.

By definition of subsets, this means that there is an element of £that is not an element
of A.

However, there is no such element since E has no elements because it's an empty set.

We have a contradiction, making our assumption false, therefore E C A.
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Unigueness of the Empty Set

m Thereis only one set with no elements.

Suppose E; and E, are two sets with no elements.
We have already proved that E; € E, since E; is an empty set.
We have also already proved that E, € E; since E, is an empty set.

And, by definition of equality, since E; € E, and E, € E;, then E; = E,.
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Properties of Sets

m Proof of Conditional Statements
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Proof for a Conditional Statement

m Showthatforallsets 4, B,and C if A€ Band B € C¢, thenANC = Q.

Suppose not, meaning suppose there is an element x in A N C.

By definition of intersection, x € A and x € C.

Since A € B and x € A, then x € B by definition of subsets.

Also, since B € C°¢ and x € B, then x € C° by definition of subsets.

Since x € C¢, it follows, by definition of complements, that x ¢ C, which is a
contradiction to our assumption.

Hence, our supposition that there is an element x in A N C is wrong, and A N C = Q.
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ADVICE

Prove all the subset relations and set identities in this section.
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