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Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
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■ The Empty Set
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Subset Relations – Inclusion of 
Intersection
■ 𝐴 ∩ 𝐵 ⊆ 𝐴

■ 𝐴 ∩ 𝐵 ⊆ 𝐵
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6.1 Set Theory: Definitions and the Element Method of Proof 341

Operations on Sets
Most mathematical discussions are carried on within some context. For example, in a cer-
tain situation all sets being considered might be sets of real numbers. In such a situation,
the set of real numbers would be called a universal set or a universe of discourse for the
discussion.

• Definition

Let A and B be subsets of a universal set U .

1. The union of A and B, denoted A ∪ B, is the set of all elements that are in at least
one of A or B.

2. The intersection of A and B, denoted A ∩ B, is the set of all elements that are
common to both A and B.

3. The difference of B minus A (or relative complement of A in B), denoted
B − A, is the set of all elements that are in B and not A.

4. The complement of A, denoted Ac, is the set of all elements in U that are
not in A.

Symbolically: A ∪ B = {x ∈ U | x ∈ A or x ∈ B},
A ∩ B = {x ∈ U | x ∈ A and x ∈ B},
B − A = {x ∈ U | x ∈ B and x /∈ A},

Ac = {x ∈ U | x /∈ A}.

The symbols ∈,∪, and ∩ were introduced in 1889 by the Italian mathematician
Giuseppe Peano.
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Venn diagram representations for union, intersection, difference, and complement are
shown in Figure 6.1.4.

U U

A B A B

Shaded region
represents B – A. 

Shaded region
represents Ac. 

U U

A B A B

Shaded region
represents A ! B. 

Shaded region
represents A " B. 

Figure 6.1.4

Example 6.1.5 Unions, Intersections, Differences, and Complements

Let the universal set be the set U = {a, b, c, d, e, f, g} and let A = {a, c, e, g} and
B = {d, e, f, g}. Find A ∪ B, A ∩ B, B − A, and Ac.

Solution A ∪ B = {a, c, d, e, f, g} A ∩ B = {e, g}
B − A = {d, f } Ac = {b, d, f } ■

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Subset Relations – Inclusion in Union

■ 𝐴 ⊆ 𝐴 ∪ 𝐵

■ 𝐵 ⊆ 𝐴 ∪ 𝐵
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Subset Relations - Transitive Property of 
Subsets
■ If 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐶, then 𝐴 ⊆ 𝐶

■ Remember:
ℤ ⊆ ℚ
ℚ ⊆ ℝ
ℤ ⊆ ℝ
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Procedural Versions of Set Definitions

■ Let X and Y be subsets of a universal set U, and let x and y be elements of U,	then:

o 𝑥 ∈ 𝑋 ∪ 𝑌 ⟷ 𝑥 ∈ 𝑋 ∨ 𝑥 ∈ 𝑌
o 𝑋 ∪ 𝑌 = 𝑥 ∈ 𝑈 | 𝑥 ∈ 𝑋 ∨ 𝑥 ∈ 𝑌

o 𝑥 ∈ 𝑋 ∩ 𝑌 ⟷ 𝑥 ∈ 𝑋 ∧ 𝑥 ∈ 𝑌
o 𝑋 ∩ 𝑌 = 𝑥 ∈ 𝑈 | 𝑥 ∈ 𝑋 ∧ 𝑥 ∈ 𝑌

o 𝑥 ∈ 𝑋 − 𝑌 ⟷ 𝑥 ∈ 𝑋 ∧ 𝑥 ∉ 𝑌
o 𝑋 − 𝑌 = 𝑥 ∈ 𝑈 | 𝑥 ∈ 𝑋 ∧ 𝑥 ∉ 𝑌
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Procedural Versions of Set Definitions

■ Let X and Y be subsets of a universal set U, and let x and y be elements of U,	then:

o 𝑥 ∈ 𝑋! ⟷ 𝑥 ∉ 𝑋
o 𝑋! = 𝑥 ∈ 𝑈 | 𝑥 ∉ 𝑋

o 𝑥, 𝑦 ∈ 𝑋×𝑌 ⟷ 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌
o 𝑋×𝑌 = 𝑥, 𝑦 | 𝑥 ∈ 𝑋 ∧ 𝑦 ∈ 𝑌
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Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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Set Identities

■ Commutative Laws: for all sets A and B:

𝐴 ∪ 𝐵 = 𝐵 ∪ 𝐴

𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐴
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Set Identities

■ Associative Laws: for all sets A, B, C:

(𝐴 ∪ 𝐵) ∪ 𝐶 = 𝐴 ∪ (𝐵 ∪ 𝐶)

𝐴 ∩ 𝐵 ∩ 𝐶 = 𝐴 ∩ (𝐵 ∩ 𝐶)
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Set Identities

■ Distributive Laws: for all sets A, B, C:

𝐴 ∪ (𝐵 ∩ 𝐶) = (𝐴 ∪ 𝐵) ∩ (𝐴 ∪ 𝐶)

𝐴 ∩ (𝐵 ∪ 𝐶) = (𝐴 ∩ 𝐵) ∪ (𝐴 ∩ 𝐶)
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Set Identities

■ Identity Laws: for any set A:

𝐴 ∪ ∅ = 𝐴

𝐴 ∩ 𝑈 = 𝐴
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Set Identities

■ Complement Laws: for any set A:

𝐴 ∪ 𝐴! = 𝑈

𝐴 ∩ 𝐴! = ∅
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Set Identities

■ Double Complement Law: for any set A:

𝐴! ! = 𝐴
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Set Identities

■ Idempotent Laws: for any set A:

𝐴 ∩ 𝐴 = 𝐴

𝐴 ∪ 𝐴 = 𝐴
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Set Identities

■ Universal Bound Laws: for any set A:

𝐴 ∩ ∅ = ∅

𝐴 ∪ 𝑈 = 𝑈
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Set Identities

■ De Morgan’s Laws: for all sets A and B:

𝐴 ∪ 𝐵 ! = 𝐴! ∩ 𝐵!

𝐴 ∩ 𝐵 ! = 𝐴! ∪ 𝐵!

Dima Taji – Birzeit University – COMP233 – First Semester 2021/2022



Set Identities

■ Absorption Laws: for all sets A and B:

𝐴 ∪ 𝐴 ∩ 𝐵 = 𝐴

𝐴 ∩ 𝐴 ∪ 𝐵 = 𝐴
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Set Identities

■ Complements of U and ∅:

𝑈! = ∅

∅! = 𝑈
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Set Identities

■ Set Difference Law: for all sets A and B:

𝐴 − 𝐵 = 𝐴 ∩ 𝐵!
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Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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Proving Set Identities

■ We have seen that:

Two sets are equal ↔ each is a subset of the other.

To prove that two sets, X and Y, are equal:

Prove that 𝑋 ⊆ 𝑌

Prove that 𝑌 ⊆ 𝑋

You need to show both because set equality is a biconditional statement.
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Proof of Distributive Law

■ Show that for all sets A, B, and C,
𝐴 ∪ 𝐵 ∩ 𝐶 = 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

We must show that
𝐴 ∪ 𝐵 ∩ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

And
𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐶
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Proof of Distributive Law – cont.

■ To show that
𝐴 ∪ 𝐵 ∩ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

We need to show that
∀𝑥, 𝑖𝑓 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐶 , 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

■ And to show that 
𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐶

We need to show that 
∀𝑥, 𝑖𝑓 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 , 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐶
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Proof of Distributive Law – cont.

■ To show that
𝐴 ∪ 𝐵 ∩ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

Suppose that 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐶

By definition of union, 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵 ∩ 𝐶

Case 1: 𝑥 ∈ 𝐴

Then, by definition of union, 𝑥 ∈ 𝐴 ∪ 𝐵 and 𝑥 ∈ 𝐴 ∪ 𝐶

And, by definition of intersection, 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

Dima Taji – Birzeit University – COMP233 – First Semester 2021/2022



Proof of Distributive Law – cont.

■ Case 2: 𝑥 ∈ 𝐵 ∩ 𝐶

Then, by definition of intersection, 𝑥 ∈ 𝐵 ∧ 𝑥 ∈ 𝐶

And, by definition of union, since 𝑥 ∈ 𝐵, then 𝑥 ∈ (𝐴 ∪ 𝐵),

and since 𝑥 ∈ 𝐶, then 𝑥 ∈ (𝐴 ∪ 𝐶)

And, by definition of intersection, 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

Therefore,

𝐴 ∪ 𝐵 ∩ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶
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Proof of Distributive Law – cont.

■ And to show that 
𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐶

Suppose 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

By definition of intersection, 𝑥 ∈ 𝐴 ∪ 𝐵 ∧ 𝑥 ∈ 𝐴 ∪ 𝐶

Case 1: 𝑥 ∈ 𝐴

By definition of union, we can immediately conclude that 𝑥 ∈ 𝐴 ∪ 𝐵 ∩ 𝐶
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Proof of Distributive Law – cont.

Case 2: 𝑥 ∉ 𝐴

Since 𝑥 ∈ 𝐴 ∪ 𝐵, then, by definition of union, 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵. 

Since 𝑥 ∉ 𝐴, then by elimination, 𝑥 ∈ 𝐵.

And since 𝑥 ∈ 𝐴 ∪ 𝐶, then, by definition of union, 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐶. 

Since 𝑥 ∉ 𝐴, then by elimination, 𝑥 ∈ 𝐶.

Since 𝑥 ∈ 𝐵 and 𝑥 ∈ 𝐶, then, by definition of intersection, 𝑥 ∈ (𝐵 ∩ 𝐶)

And, by definition of union, 𝑥 ∈ 𝐴 ∪ (𝐵 ∩ 𝐶).
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Proof of Distributive Law – cont.

Since we showed that in both cases (𝑥 ∈ 𝐴 and 𝑥 ∉ 𝐴)

𝑥 ∈ 𝐴 ∪ (𝐵 ∩ 𝐶)

We can conclude that
𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐶
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Proof of Distributive Law – cont.

And since we’ve shown that both

𝐴 ∪ 𝐵 ∩ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶

and

𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶 ⊆ 𝐴 ∪ 𝐵 ∩ 𝐶

then we can conclude that 

𝐴 ∪ 𝐵 ∩ 𝐶 = 𝐴 ∪ 𝐵 ∩ 𝐴 ∪ 𝐶
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Proof of Distributive Law– cont.

■ Show that for all sets A, B, and C,
𝐴 ∩ 𝐵 ∪ 𝐶 = 𝐴 ∩ 𝐵 ∪ 𝐴 ∩ 𝐶

We must show that
𝐴 ∩ 𝐵 ∪ 𝐶 ⊆ 𝐴 ∩ 𝐵 ∪ 𝐴 ∩ 𝐶

And
𝐴 ∩ 𝐵 ∪ 𝐴 ∩ 𝐶 ⊆ 𝐴 ∩ 𝐵 ∪ 𝐶
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An exercise to do at home



Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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Proof of De Morgan’s Law for Sets

■ For all sets A and B:

𝐴 ∪ 𝐵 ! = 𝐴! ∩ 𝐵!

We must show that
𝐴 ∪ 𝐵 ! ⊆ 𝐴! ∩ 𝐵!

And
𝐴! ∩ 𝐵! ⊆ 𝐴 ∪ 𝐵 !
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Proof of De Morgan’s Law for Sets –
cont.
To prove that 𝐴 ∪ 𝐵 ! ⊆ 𝐴! ∩ 𝐵!, suppose 𝑥 ∈ 𝐴 ∪ 𝐵 !.

By definition of complement, 𝑥 ∉ 𝐴 ∪ 𝐵

Which is equivalent to saying that it is false that (x is in A or x is in B)

By De Morgan’s laws of logic, this means

x is not in A and x is not B
Which can be written as

𝑥 ∉ 𝐴 ∧ 𝑥 ∉ 𝐵
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Proof of De Morgan’s Law for Sets –
cont.
Since 𝑥 ∉ 𝐴 ∧ 𝑥 ∉ 𝐵, then, 

by definition of complement, 𝑥 ∈ 𝐴! ∧ 𝑥 ∈ 𝐵!

And, by definition of intersection, 𝑥 ∈ 𝐴! ∩ 𝐵!

Therefore, 
𝐴 ∪ 𝐵 ! ⊆ 𝐴! ∩ 𝐵!
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Proof of De Morgan’s Law for Sets –
cont.
To prove that 𝐴! ∩ 𝐵! ⊆ 𝐴 ∪ 𝐵 !, suppose 𝑥 ∈ 𝐴! ∩ 𝐵!

By definition of intersection, 𝑥 ∈ 𝐴! ∧ 𝑥 ∈ 𝐵!

And, by definition of complement, 𝑥 ∉ 𝐴 ∧ 𝑥 ∉ 𝐵

In other word, x is not in A and x is not in B
By De Morgan’s laws of logic that means

It is false that (x is in A or x is in B)
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Proof of De Morgan’s Law for Sets –
cont.

It is false that (x is in A or x is in B)

which, by definition of union, can be written as
𝑥 ∉ 𝐴 ∪ 𝐵

And, by definition of complement, 
𝑥 ∈ 𝐴 ∪ 𝐵 !

Therefore, 
𝐴! ∩ 𝐵! ⊆ 𝐴 ∪ 𝐵 !
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Proof of De Morgan’s Law for Sets –
cont.
Since we showed that

𝐴 ∪ 𝐵 ! ⊆ 𝐴! ∩ 𝐵!

and
𝐴! ∩ 𝐵! ⊆ 𝐴 ∪ 𝐵 !

Then, we can conclude that 
𝐴 ∪ 𝐵 ! = 𝐴! ∩ 𝐵!
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Proof of De Morgan’s Law for Sets

■ For all sets A and B:

𝐴 ∩ 𝐵 ! = 𝐴! ∪ 𝐵!

We must show that
𝐴 ∩ 𝐵 ! ⊆ 𝐴! ∪ 𝐵!

And
𝐴! ∪ 𝐵! ⊆ 𝐴 ∩ 𝐵 !
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Another exercise to do at home



Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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Intersection and Union with a Subset

■ For any sets A and B, if 𝐴 ⊆ 𝐵, then

(a) 𝐴 ∩ 𝐵 = 𝐴

and

(b) 𝐴 ∪ 𝐵 = 𝐵
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Intersection and Union with a Subset
Part (a)
■ Show that for any sets A and B, if 𝐴 ⊆ 𝐵, then

𝐴 ∩ 𝐵 = 𝐴

We must show that 
𝐴 ∩ 𝐵 ⊆ 𝐴

and
𝐴 ⊆ 𝐴 ∩ 𝐵
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Intersection and Union with a Subset
Part (a) – cont.
To show that

𝐴 ∩ 𝐵 ⊆ 𝐴

We already know that it is true by definition of the intersection property.
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Intersection and Union with a Subset
Part (a) – cont.
To show that

𝐴 ⊆ 𝐴 ∩ 𝐵

We suppose that 𝑥 ∈ 𝐴, and we want to show that 𝑥 ∈ 𝐴 ∩ 𝐵.

Since 𝐴 ⊆ 𝐵, then, by definition of subsets, 𝑥 ∈ 𝐵.

Since 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵, then, by definition of intersection, 𝑥 ∈ 𝐴 ∩ 𝐵.

Therefore,
𝐴 ⊆ 𝐴 ∩ 𝐵
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Intersection and Union with a Subset
Part (a) – cont.
Since we showed that

𝐴 ∩ 𝐵 ⊆ 𝐴

and
𝐴 ⊆ 𝐴 ∩ 𝐵

then we can conclude that
𝐴 ∩ 𝐵 = 𝐴
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Intersection and Union with a Subset

■ For any sets A and B, if 𝐴 ⊆ 𝐵, then

(a) 𝐴 ∩ 𝐵 = 𝐴

and

(b) 𝐴 ∪ 𝐵 = 𝐵
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Show that part (b) is true
Another exercise to do at home



Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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The Empty Set is a Subset of Every Set

■ If E is a set with no elements, and A is any set, then 𝐸 ⊆ 𝐴.

■ This is easier proved by contradiction.

Let’s suppose that there exists a set E with no elements, and a set A, and that 𝐸 ⊈ 𝐴.

By definition of subsets, this means that there is an element of E that is not an element 
of A.

However, there is no such element since E has no elements because it’s an empty set.
We have a contradiction, making our assumption false, therefore 𝐸 ⊆ 𝐴.
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Uniqueness of the Empty Set

■ There is only one set with no elements.

Suppose 𝐸" and 𝐸# are two sets with no elements.

We have already proved that 𝐸" ⊆ 𝐸# since 𝐸" is an empty set.

We have also already proved that 𝐸# ⊆ 𝐸" since 𝐸# is an empty set.

And, by definition of equality, since 𝐸" ⊆ 𝐸# and 𝐸# ⊆ 𝐸", then 𝐸" = 𝐸#.
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Properties of Sets

■ Subset Relations and Procedural Definitions

■ Set Identities

■ Proving Set Identities
– Distributive Law
– De Morgan’s Law
– Intersection and Union with a Subset

■ The Empty Set

■ Proof of Conditional Statements
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Proof for a Conditional Statement

■ Show that for all sets A, B, and C, if 𝐴 ⊆ 𝐵 and 𝐵 ⊆ 𝐶!, then 𝐴 ∩ 𝐶 = ∅.

Suppose not, meaning suppose there is an element 𝑥 in 𝐴 ∩ 𝐶.

By definition of intersection, 𝑥 ∈ 𝐴 and 𝑥 ∈ 𝐶.

Since 𝐴 ⊆ 𝐵 and 𝑥 ∈ 𝐴, then 𝑥 ∈ 𝐵 by definition of subsets.

Also, since 𝐵 ⊆ 𝐶! and 𝑥 ∈ 𝐵, then 𝑥 ∈ 𝐶! by definition of subsets.

Since 𝑥 ∈ 𝐶!, it follows, by definition of complements, that 𝑥 ∉ 𝐶, which is a 
contradiction to our assumption.

Hence, our supposition that there is an element 𝑥 in 𝐴 ∩ 𝐶 is wrong, and 𝐴 ∩ 𝐶 = ∅.
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ADVICE
Prove all the subset relations and set identities in this section. 
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