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Motivation

■ Whenever you study mathematics or computer science, you will find functions 
everywhere.

■ So far, we have seen functions in the form of truth tables (Boolean functions), 
sequences (functions defined on a set of integers), mod and div (functions defined 
on Cartesian product of integers), and floor and ceiling (functions from ℝ to ℤ).

■ In this chapter we will cover functions that focus on discrete sets, such as finite sets 
and sets of integers.
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Definition

In ordinary language, the word function indicates the dependence of one varying 
quantity on another.

Saying that your grade in the course will be a function of your performance on the 
exams means that there is some rule that translates/converts exams scores into final 
grades.
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Definition – cont. 

■ A function 𝑓 from a set 𝑋 to a set 𝑌 is a relation between elements of 𝑋, called 
inputs, and elements of 𝑌, called outputs, with the property that each input is 
related to one and only one output.

The notation 𝑓 ∶ 𝑋 → 𝑌 means that 𝑓 is a function from 𝑋 to 𝑌.

𝑋 is called the domain of 𝑓, and 𝑌 is called the co-domain of 𝑓.

■ Given an input element 𝑥 in 𝑋, there is a unique output element 𝑦 in 𝑌 that is 
related to 𝑥 by 𝑓. We say that “𝑓 sends 𝑥 to 𝑦” and write it as 𝑥→

!
𝑦 or 𝑓 ∶ 𝑥 → 𝑦.
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Definition – cont.

■ The unique element 𝑦 to which 𝑓 send 𝑥 is denoted 𝑓(𝑥) and it called:
– 𝑓 of 𝑥
– The output of 𝑓 for the input 𝑥
– The value of 𝑓 at 𝑥
– The image of 𝑥 under 𝑓

■ The set of all value of 𝑓 taken together is called the range of 𝑓 or the image of 𝑋
under 𝑓. Symbolically,

range of 𝑓 = image of 𝑋 under 𝑓 = 𝑦 ∈ 𝑌 | 𝑦 = 𝑓 𝑥 , 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 𝑖𝑛 𝑋 .
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Definition – cont.

■ Given an element 𝑦 in 𝑌. There may exist elements in 𝑋 with 𝑦 as their image. If 
𝑓 𝑥 = 𝑦, then 𝑥 is called a preimage of 𝑦 or an inverse image of 𝑦. 

■ The set of all inverse images of 𝑦 is called the inverse image of 𝑦. Symbolically,

inverse image of 𝑦 = 𝑥 ∈ 𝑋 | 𝑓 𝑥 = 𝑦
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Co-domain vs Range

■ The co-domain and range are both on the output side of a function but are subtly different.
■ The co-domain is the set of values that could possibly come out. The co-domain is part of 

the definition of the function.
■ The range is the set of values that actually do come out.

■ The range is a subset of the co-domain.

■ Why both? Well, sometimes we don't know the exact range (because the function may be 
complicated or not fully known), but we know the set it lies in (such as integers or real 
numbers). So, we define the co-domain and continue.
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Co-domain vs Range – Example

We can define a function
𝑓 𝑥 = 2𝑥

with a domain of integers, and co-domain of integers, because the product of two integers is an 
integer.

But by thinking about it we can see that the range (actual output values) is just the even integers. 

So, the co-domain is integers, but the range is even integers.

Dima Taji – Birzeit University – COMP233 – First Semester 2021/2022



Arrow Diagrams

■ If 𝑋 and 𝑌 are finite sets, you can define a function 𝑓 from 𝑋 to 𝑌 by making a list of 
elements in 𝑋 and a list of elements in 𝑌 and drawing an arrow from each element 
in 𝑋 to the corresponding element in Y. 

■ The definition of function implies that the arrow diagram for a 
function 𝑓 has the following two properties:

– Every element of 𝑋 has an arrow coming out of it.
– No element of 𝑋 has two arrows coming out of it that point

to two different elements of 𝑌.
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Example

■ Which of the arrow diagrams below define a function from 𝑋 = {𝑎, 𝑏, 𝑐} to 𝑌 = 1, 2, 3, 4 ?
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7.1 Functions Defined on General Sets 385

Example 7.1.1 Functions and Nonfunctions

Which of the arrow diagrams in Figure 7.1.2 define functions from X = {a, b, c} to
Y = {1, 2, 3, 4}?

a
b
c

1
2
3
4

a
b
c

1
2
3
4

a
b
c

1
2
3
4

(a) (b) (c)

Figure 7.1.1

Solution Only (c) defines a function. In (a) there is an element of X , namely b, that is not
sent to any element of Y ; that is, there is no arrow coming out of b. And in (b) the element
c is not sent to a unique element of Y ; that is, there are two arrows coming out of c, one
pointing to 2 and the other to 3. ■

Example 7.1.2 A Function Defined by an Arrow Diagram

Let X = {a, b, c} and Y = {1, 2, 3, 4}. Define a function f from X to Y by the arrow
diagram in Figure 7.1.3.

a
b
c

1
2
3
4

X Yf

Figure 7.1.1

a. Write the domain and co-domain of f .

b. Find f (a), f (b), and f (c).

c. What is the range of f ?

d. Is c an inverse image of 2? Is b an inverse image of 3?

e. Find the inverse images of 2, 4, and 1.

f. Represent f as a set of ordered pairs.

Solution

a. domain of f = {a, b, c}, co-domain of f = {1, 2, 3, 4}
b. f (a) = 2, f (b) = 4, f (c) = 2

c. range of f = {2, 4}
d. Yes, No

e. inverse image of 2 = {a, c}
inverse image of 4 = {b}
inverse image of 1 = ∅ (since no arrows point to 1)

f. {(a, 2), (b, 4), (c, 2)} ■

In Example 7.1.2 there are no arrows pointing to the 1 or the 3. This illustrates the
fact that although each element of the domain of a function must have an arrow pointing
out from it, there can be elements of the co-domain to which no arrows point. Note also
that there are two arrows pointing to the 2—one coming from a and the other from c.

In Section 1.3 we gave a test for determining whether two functions with the same
domain and co-domain are equal, saying that the test results from the definition of a
function as a binary relation. We formalize this justification in Theorem 7.1.1.
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Not a function, because 
because there is an 
element of X, namely b, 
that is not sent to any 
element of Y

Not a function because 
there is an element of 
X, namely c, that is not 
sent to a unique 
element of Y.

A function, because 
each element of X is 
sent to a unique 
element of Y.



Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ Write the domain and co-domain of 𝑓.

Domain of 𝑓 = 𝑎, 𝑏, 𝑐

Co-domain of 𝑓 = {1, 2, 3, 4}

Dima Taji – Birzeit University – COMP233 – First Semester 2021/2022



Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ Find 𝑓 𝑎 , 𝑓(𝑏), and 𝑓(𝑐).
𝑓 𝑎 = 2
𝑓 𝑏 = 4
𝑓 𝑐 = 2

Dima Taji – Birzeit University – COMP233 – First Semester 2021/2022



Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ What is the range of 𝑓?

The range of 𝑓 = {2, 4}
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Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ Is 𝑐 an inverse image of 2? 

■ Is 𝑏 an inverse image of 3?
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Yes

No



Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ Find the inverse images of 2, 4, and 1.
The inverse image of 2 = 𝑎, 𝑐
The inverse image of 4 = {𝑏}
The inverse image of 1 = ∅
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Example

■ Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝑌 = {1, 2, 3, 4}. Define a function 𝑓 from 𝑋 to 𝑌 by the arrow 
diagram below:

■ Represent 𝑓 as a set of ordered pairs.

{ 𝑎, 2 , 𝑏, 4 , 𝑐, 2 }
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■ What is a Function?

■ Function Equality

■ Examples of Functions

■ Boolean Functions

■ Well-Defined Functions
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Function Equality – Definition 

■ Suppose 𝑓 and 𝑔 are functions from 𝑋 to 𝑌. Then 𝑓 equals 𝑔, written 𝑓 = 𝑔, if, and 
only if,

𝑓 𝑥 = 𝑔 𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋
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Function Equality – Proof Using Tables

■ Let 𝑋 = {0,1, 2, }, and define the following functions 𝑓: 𝑋 → 𝑋, and 𝑔: 𝑋 → 𝑋 as 
follows:

𝑓 𝑥 = 𝑥" + 𝑥 + 1 𝑚𝑜𝑑 3
𝑔 𝑥 = (𝑥 + 2)"𝑚𝑜𝑑 3

Does 𝑓 = 𝑔?
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𝒙 𝑥! + 𝑥 + 1 𝑥! + 𝑥 + 1 𝑚𝑜𝑑 3 (𝑥 + 2)! (𝑥 + 2)! 𝑚𝑜𝑑 3 𝒇(𝒙) 𝒈(𝒙)

0 1 1 mod 3 = 1 4 4 mod 3 = 1 1 1

1 3 3 mod 3 = 0 9 9 mod 3 = 0 0 0

2 7 7 mod 3 = 1 16 16 mod 3 = 1 1 1



Function Equality – Proof 

■ Let 𝑓:ℝ → ℝ and  g: ℝ → ℝ be functions. Define new functions  𝑓 + 𝑔:ℝ → ℝ and  
g + 𝑓:ℝ → ℝ as follows:

𝑓 + 𝑔 𝑥 = 𝑓 𝑥 + 𝑔 𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ
𝑔 + 𝑓 𝑥 = 𝑔 𝑥 + 𝑓 𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ ℝ

Does 𝑓 + 𝑔 = 𝑔 + 𝑓?

𝑓 + 𝑔 𝑥 = 𝑓 𝑥 + 𝑔(𝑥) by definition of 𝑓 + 𝑔
= 𝑔 𝑥 + 𝑓(𝑥) by the commutative law for addition of real numbers

= (𝑔 + 𝑓)(𝑥) by definition of 𝑔 + 𝑓
Hence 𝑓 + 𝑔 = 𝑔 + 𝑓.
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The Identity Function on a Set

■ Given a set 𝑋, define a function 𝑖! from 𝑋 to 𝑋 by
𝑖! 𝑥 = 𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝑖𝑛 𝑋

The function 𝑖! is called the identity function on 𝑋 because it sends each element of 𝑋 to the 
element that is identical to it. 

Example:

Let 𝑋 be any set and suppose that 𝑎"#$ and 𝜙(𝑧) are elements of 𝑋. Find 𝑖! 𝑎"#$ and 
𝑖! 𝜙(𝑧) .

Since 𝑖! is an identity function, the input comes out unchanged:
𝑖! 𝑎"#$ = 𝑎"#$

𝑖! 𝜙(𝑧) = 𝜙(𝑧)
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Sequences

■ The formal definition of sequences specifies that a sequence is a function defined 
on the set of integers that are greater than or equal to a particular integer. 

■ For example, the sequence denoted

1,−
1
2
,
1
3
, −
1
4
,
1
5
, … ,

−1 #

𝑛 + 1
can be thought of as the function 𝑓 from the nonnegative integers to the real 

numbers that associates 0 → 1, 1 → − $
"
, 2 → $

%
, 3 → − $

&
, 4 → $

'
, and, in general,      𝑛

→ ($ !

#)$
. 

■ In other words, 𝑓: ℤ#*##+, → ℝ is the function defined as follows:

Send each integer 𝑛 ≥ 0 to 𝑓 𝑛 = ($ !

#)$
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A Function Defined on a Power Set

■ Recall that 𝒫(𝐴) denotes the set of all subsets of the set 𝐴. Define a function 
𝑓:𝒫({𝑎, 𝑏, 𝑐} ⟶ ℤ#*##+, as follows:

For each 𝑋 ∈ 𝒫( 𝑎, 𝑏, 𝑐 , 𝑓 𝑥 = the number of elements in 𝑋.

Draw an arrow diagram for 𝑓.
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Functions Defined on a Cartesian Product

■ Define the functions 𝑚:ℝ×ℝ → ℝ and 𝑛:ℝ×ℝ → ℝ×ℝ as follows: for all ordered 
pairs (𝑎, 𝑏) of integers:

𝑚 𝑎, 𝑏 = 𝑎𝑏
𝑛 𝑎, 𝑏 = (−𝑎, 𝑏)

Find the following:

𝑚(−1,−1) 𝑚 $
"
, $
"

𝑚( 2, 2)

𝑛(2,5) 𝑛(−2, 5) 𝑛(3, −4)
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Functions Defined on a Cartesian Product

■ Define the functions 𝑚:ℝ×ℝ → ℝ and 𝑛:ℝ×ℝ → ℝ×ℝ as follows: for all ordered 
pairs (𝑎, 𝑏) of integers:

𝑚 𝑎, 𝑏 = 𝑎𝑏
𝑛 𝑎, 𝑏 = (−𝑎, 𝑏)

Find the following:

𝑚 −1,−1 = 1 𝑚 $
"
, $
"
= $

&
𝑚 2, 2 = 2

𝑛 2,5 = (−2,5) 𝑛 −2, 5 = (2,5) 𝑛 3, −4 = (−3,−4)
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String Functions

■ Let 𝑆 be the set of all strings of 𝑎’s and 𝑏’s, and let 𝜖 represent the null string (the 
string with no characters.

■ Define a function 𝑔: 𝑆 → ℤ as follows: for each string 𝑠 ∈ 𝑆,
𝑔 𝑠 = 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓𝑎-𝑠 𝑖𝑛 𝑠.

Find the following:
𝑔 𝜖 =
𝑔 𝑏𝑏 =
𝑔 𝑎𝑏𝑎𝑏𝑏 =
𝑔 𝑏𝑏𝑏𝑎𝑎 =
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String Functions

■ Let 𝑆 be the set of all strings of 𝑎’s and 𝑏’s, and let 𝜖 represent the null string (the 
string with no characters.

■ Define a function 𝑔: 𝑆 → ℤ as follows: for each string 𝑠 ∈ 𝑆,
𝑔 𝑠 = 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓𝑎-𝑠 𝑖𝑛 𝑠.

Find the following:
𝑔 𝜖 = 0
𝑔 𝑏𝑏 = 0
𝑔 𝑎𝑏𝑎𝑏𝑏 = 2
𝑔 𝑏𝑏𝑏𝑎𝑎 = 2
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The Logarithmic Function with Base b 
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log% 9 =

log"
1
2
=

log$. 1 =
log" 2/ =



The Logarithmic Function with Base b 
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log% 9 = 2 because 3" = 9

log"
$
"
= −1 because 2($ = $

"

log$. 1 = 0 because 10. = 1

log" 2/ =𝑚 because 2/ = 2/
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Boolean Functions
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Boolean Functions – cont.
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Boolean Functions – example 

■ Consider the three-place Boolean function defined from the set of all 3-tuples of 0’s 
and 1’s to {1,0} as follows: For each triple (x1, x2, x3) of 0’s and 1’s,

𝑓 𝑥$, 𝑥", 𝑥% = 𝑥$ + 𝑥" + 𝑥% 𝑚𝑜𝑑 2

Describe 𝑓 using an input/output table.
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Checking Whether a Function Is Well-
Defined – Definition 

■ A function is not well-defined if it fails to satisfy at least one of the requirements of 
being a function

■ This means that the function either:
– For at least one value of x there is no value of y that satisfies the function 

definition.
– For at least one value of x there are multiple possible values of y.

■ You need to find one single value of x that fails to satisfy one of the conditions to call 
the function not well-defined.
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Checking Whether a Function Is Well 
Defined – Example 

■ Let’s define a function f : R → R by specifying that for all real numbers x,  f (x) is the 
real number y such that 𝑥" + 𝑦" = 1. 

■ There are two reasons why this function is not well defined:

For almost all values of 𝑥 either:

(1) there is no 𝑦 that satisfies the given equation 

Consider when 𝑥 = 2

(2) there are two different values of 𝑦 that satisfy the equation

Consider when 𝑥 = 0
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Checking Whether a Function Is Well 
Defined – Example
■ Let’s define the following function 𝑓:ℚ → ℤ that’s defined by the following formula:

𝑓
𝑚
𝑛

= 𝑚, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠 𝑚 𝑎𝑛𝑑 𝑛,𝑤𝑖𝑡ℎ 𝑛 ≠ 0

Is 𝑓 a well-defined function?

If we represent 0.5 as both $
"

and %
0
, the function will give us 

𝑓
1
2 = 1

𝑓
3
6

= 3

And since 1 ≠ 3 then the function is not producing unique images for the same value of 𝑥.


