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Relations on Sets - Definition

■ Let 𝐴 and 𝐵 be sets. A binary relation 𝑅 from 𝐴 to 𝐵 is a subset of 𝐴×𝐵. Given an 
ordered pair (𝑥, 𝑦) in 𝐴×𝐵, 𝑥 is related to 𝑦 by 𝑅, written 𝑥 𝑅 𝑦, if and only if, (𝑥, 𝑦) is 
in 𝑅.

■ Symbolically:
𝑥 𝑅 𝑦 ⟷ 𝑥, 𝑦 ∈ 𝑅

and
𝑥 𝑅 𝑦 ⟷ 𝑥, 𝑦 ∉ 𝑅
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Relations on Sets - Example

■ Suppose 𝐴 = {𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝐵𝑒𝑖𝑟𝑢𝑡, 𝐴𝑚𝑚𝑎𝑛, 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠} and 
𝐵 = {𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛, 𝐽𝑜𝑟𝑑𝑎𝑛, 𝑆𝑦𝑟𝑖𝑎}.

■ Define a relation 𝑅 from 𝐴 to 𝐵 as follows: For all (𝑎, 𝑏) ∈ 𝐴 × 𝐵,
𝑎 𝑅 𝑏 ⟷ 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 𝑜𝑓 𝑏

𝐴×𝐵
= { 𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 , 𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 , 𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝐽𝑜𝑟𝑑𝑎𝑛 , 𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝑆𝑦𝑟𝑖𝑎

, 𝐵𝑒𝑖𝑟𝑢𝑡, 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 , 𝐵𝑒𝑖𝑟𝑢𝑡, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 , 𝐵𝑒𝑖𝑟𝑢𝑡, 𝐽𝑜𝑟𝑑𝑎𝑛 , 𝐵𝑒𝑖𝑟𝑢𝑡, 𝑆𝑦𝑟𝑖𝑎 ,
𝐴𝑚𝑚𝑎𝑛, 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 , 𝐴𝑚𝑚𝑎𝑛, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 , 𝐴𝑚𝑚𝑎𝑛, 𝐽𝑜𝑟𝑑𝑎𝑛 , 𝐴𝑚𝑚𝑎𝑛, 𝑆𝑦𝑟𝑖𝑎 ,

𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠, 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 , 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 , 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠, 𝐽𝑜𝑟𝑑𝑎𝑛 , 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠, 𝑆𝑦𝑟𝑖𝑎 }

■ 𝑅 is the subset of 𝐴×𝐵 (𝑅 ⊆ 𝐴×𝐵) that satisfies the definition of the relation
𝑅 = { 𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 , 𝐵𝑒𝑖𝑟𝑢𝑡, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 , 𝐴𝑚𝑚𝑎𝑛, 𝐽𝑜𝑟𝑑𝑎𝑛 , 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠, 𝑆𝑦𝑟𝑖𝑎 }
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Relations on Sets - Example

■ Suppose 𝐴 = {𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚, 𝐵𝑒𝑖𝑟𝑢𝑡, 𝐴𝑚𝑚𝑎𝑛, 𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠} and 
𝐵 = {𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒, 𝐿𝑒𝑏𝑎𝑛𝑜𝑛, 𝐽𝑜𝑟𝑑𝑎𝑛, 𝑆𝑦𝑟𝑖𝑎}.

■ Define a relation 𝑅 from 𝐴 to 𝐵 as follows: For all (𝑎, 𝑏) ∈ 𝐴 × 𝐵,
𝑎 𝑅 𝑏 ⟷ 𝑎 𝑖𝑠 𝑡ℎ𝑒 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 𝑜𝑓 𝑏

We can say

𝐽𝑒𝑟𝑢𝑠𝑎𝑙𝑒𝑚 𝑅 𝑃𝑎𝑙𝑒𝑠𝑡𝑖𝑛𝑒 since Jerusalem is the capital of Palestine

𝐵𝑒𝑖𝑟𝑢𝑡 𝑅 𝐿𝑒𝑏𝑎𝑛𝑜𝑛 since Beirut is the capital of Lebanon

𝐴𝑚𝑚𝑎𝑛 𝑅 𝐽𝑜𝑟𝑑𝑎𝑛 since Amman is the capital of Jordan

𝐷𝑎𝑚𝑎𝑠𝑐𝑢𝑠 𝑅 𝑆𝑦𝑟𝑖𝑎 since Damascus is the capital of Syria
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Relations on Sets – Example

■ 0 𝑅 1 since 0 < 1

■ 0 𝑅 2 since 0 < 2

■ 0 𝑅 3 since 0 < 3

■ 1 𝑅 2 since 1 < 2

■ 1 𝑅 3 since 1 < 3

■ 2 𝑅 3 since 2 < 3

■ 0 𝑅 0 since 0 ≮ 0

■ 1 𝑅 1 since 1 ≮ 1

■ 2 𝑅 1 since 2 ≮ 1

■ 2 𝑅 2 since 2 ≮ 2
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Let 𝐴 = {0, 1, 2} and 𝐵 = {1, 2, 3}. Let us define a relation 𝑅 from 𝐴 to 𝐵 where for all (𝑎, 𝑏)
∈ 𝐴 𝑥 𝐵, 𝑎 𝑅 𝑏 ⟷ 𝑎 < 𝑏.



Relations on Sets – Example

■ If we expand the definition of the previous relation to become:

Define a relation 𝐿 from ℝ to ℝ as follows: For all real numbers 𝑥 and 𝑦, 𝑥 𝐿 𝑦 ⟷ 𝑥 < 𝑦.

a. Is 57 𝐿 53? 

b. Is (−17) 𝐿 (−14)?

c. Is 143 𝐿 143?

d. Is (−35) 𝐿 1?
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Yes, because −35 < 1

No, because 57 ≮ 53
Yes, because −17 < −14

No, because 143 ≮ 143



Arrow Diagrams of Relations
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■ From this diagram, we can notice that we do not have the same constraints in 
relationships that we had in functions.

■ This means that 
– there could be items in set 𝐴 of the relations that are not part of the relations
– one item in set 𝐴 may be related to multiple items in set 𝐵. 



Arrow Diagrams of Relations
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■ The relations in this diagram are
– 2 R 2
– 2 R 6
– 2 R 8
– 3 R 6
– 4 R 8

𝑅 = {(2, 2), (2, 6), (2, 8), (3, 6), (4, 8)}



The Congruence Modulo 2 Relation

■ Define a relation 𝐸 from ℤ to ℤ as follows: For all (𝑚, 𝑛) ∈ ℤ × ℤ,

𝑚 𝐸 𝑛 ⟷ 𝑚 − 𝑛 is even.

1. Is 4 𝐸 0? 

2. Is 2 𝐸 6? 

3. Is 3 𝐸 (−3)?

4. Is 5 𝐸 2?
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Yes, because 4 – 0 = 4, and 4 is even

Yes, because 2 – 6 = −4, and −4 is even

Yes, because 3 – (−3) = 6, and 6 is even

No, because 5 – 2 = 3, and 3 is not even



The Congruence Modulo 2 Relation

■ Define a relation 𝐸 from ℤ to ℤ as follows: For all (𝑚, 𝑛) ∈ ℤ × ℤ,

𝑚 𝐸 𝑛 ⟷ 𝑚 − 𝑛 is even.

List five integers that are related by E to 1.

1. 1, because 1 – 1 = 0, and 0 is even

2. 3, because 3 – 1 = −2, and 2 is even

3. 5, because 5 – 1 = 4, and 4 is even

4. -1 because (−1) – 1 = −2, and -2 is even

5. -3 because (−3) – 1 = −4, and -4 is even
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The Congruence Modulo 2 Relation

■ Define a relation 𝐸 from ℤ to ℤ as follows: For all (𝑚, 𝑛) ∈ ℤ × ℤ,

𝑚 𝐸 𝑛 ⟷ 𝑚 − 𝑛 is even.

Prove that if 𝑛 is any odd integer, then 𝑛 𝐸 1.

Suppose 𝑛 is any odd integer. Then 𝑛 = 2𝑘 + 1 for some integer 𝑘.

Now by definition of 𝐸, 𝑛 𝐸 1 if, and only if, 𝑛 − 1 is even. 

But by substitution, 𝑛 − 1 = (2𝑘 + 1) − 1 = 2𝑘, and since 𝑘 is an integer, 2𝑘 is even. 

Hence 𝑛 𝐸 1, as was to be shown.
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The Congruence Modulo 2 Relation

■ It can be shown that integers 𝑚 and 𝑛 are related by 𝐸 if, and only if,

𝑚𝑚𝑜𝑑 2 = 𝑛 𝑚𝑜𝑑 2

That is, both are even, or both are odd. 

When this occurs 𝑚 and 𝑛 are said to be congruent modulo 2.

■ Exercise for home:

Prove that for all integers 𝑚 and 𝑛, 𝑚 − 𝑛 is even if, and only if, both 𝑚 and 𝑛 are even or 
both 𝑚 and 𝑛 are odd.
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A Relation on a Power Set

■ Let 𝑋 = {𝑎, 𝑏, 𝑐}. Then 𝒫 𝑋 = {∅, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 

■ Define a relation 𝑆 from 𝒫(𝑋) to ℤ as follows: For all sets 𝐴 and 𝐵 in 𝒫(𝑋) (i.e., for 
all subsets 𝐴 and 𝐵 of 𝑋),

𝐴 𝑆 𝐵 ⟷ 𝐴 has at least as many elements as 𝐵.

a. Is {𝑎, 𝑏} 𝑆 {𝑏, 𝑐}?

b. Is {𝑎} 𝑆 ∅?

c. Is {𝑏, 𝑐} 𝑆 {𝑎, 𝑏, 𝑐}?

d. Is {𝑐} 𝑆 {𝑎}?
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Yes, because both sets have two elements

Yes, because {𝑎} has one element, and ∅ has 0 elements, and 1 ≥ 0

No, because {𝑏, 𝑐} has two elements, and {𝑎, 𝑏, 𝑐} has 3 elements and 2 ≱ 3

Yes, because both sets have one element



Relations on Sets

■ Definition of Relations

■ Relations and Functions

■ The Inverse of a Relation

■ Direct Graphs on a Relation

■ N-ary Relations

■ Relational Databases
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Relations and Functions

■ Functions are a special type of relations.

■ To define functions in terms of relations:

A function 𝐹 from a set 𝐴 to a set 𝐵 is a relation from 𝐴 to 𝐵 that satisfies the following two 
properties:

1. For every element 𝑥 in 𝐴, there is an element 𝑦 in 𝐵 such that (𝑥, 𝑦) ∈ 𝐹.
In other words: every 𝑥 in the domain has a relation to some element in the co-domain

2. For all elements 𝑥 in 𝐴 and 𝑦 and 𝑧 in 𝐵, if (𝑥, 𝑦) ∈ 𝐹 and (𝑥, 𝑧) ∈ 𝐹, then 𝑦 = 𝑧.
in other words: every 𝑥 in the domain has a relation to some unique element in the co-
domain.

If 𝐹 is a function from 𝐴 to 𝐵, we write
𝑦 = 𝐹(𝑥) ⟷ (𝑥, 𝑦) ∈ 𝐹
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Relations and Functions

■ Let 𝐴 = {2, 4, 6}, and 𝐵 = {1, 3, 5}. The relation 𝑅 is defined from 𝐴 to 𝐵 as:

𝑅 = { 2, 5 , 4, 1 , 4, 3 , 6, 5 }

Is 𝑅 a function?

No, because 4, 1 ∈ 𝑅 and (4, 3) ∈ 𝑅, but 1 ≠ 3.
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Relations and Functions

■ Let 𝐴 = {2, 4, 6}, and 𝐵 = {1, 3, 5}. The relation 𝑆 is defined from 𝐴 to 𝐵 as:

For all 𝑥, 𝑦 ∈ 𝐴×𝐵, 𝑥, 𝑦 ∈ 𝑆 ⟷ 𝑦 = 𝑥 + 1

Is 𝑆 a function?

No, because the element 6 of the domain 𝐴 does not have a relation to any element in 
the co-domain 𝐵.
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The Inverse of a Relation

■ Let 𝑅 be a relation from 𝐴 to 𝐵. Define the inverse relation 𝑅!" from 𝐵 to 𝐴 as 
follows:

𝑅!" = {(𝑦, 𝑥) ∈ 𝐵×𝐴 | (𝑥, 𝑦) ∈ 𝑅}

Symbolically, 
𝐹𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑋 𝑎𝑛𝑑 𝑦 ∈ 𝑌, 𝑦, 𝑥 ∈ 𝑅!" ⟷ 𝑥, 𝑦 ∈ 𝑅

■ Unlike functions, every inverse of a relation is a relation.
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The Inverse of a Relation – Example 

■ Let A = {2, 3, 4} and B = {2, 6, 8}, and let R be the “divides” relation from A to B:
𝐹𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝐴×𝐵, 𝑥 𝑅 𝑦 ⟷ 𝑥|𝑦

■ State explicitly:

1. Which are the ordered pairs of 𝑅

𝑅 = {(2, 2), (2, 6), (2, 8), (3, 6), (4, 8)}

2. Which are the ordered pairs of 𝑅!"

𝑅!" = { 2, 2 , 6, 2 , 8, 2 , 6, 3 , 8, 4 }
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The Inverse of a Relation – Example 

■ Let A = {2, 3, 4} and B = {2, 6, 8}, and let R be the “divides” relation from A to B:
𝐹𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝐴×𝐵, 𝑥 𝑅 𝑦 ⟷ 𝑥|𝑦

Define 𝑅!" in words:

𝐹𝑜𝑟 𝑎𝑙𝑙 𝑦, 𝑥 ∈ 𝐵×𝐴, 𝑦 𝑅!" 𝑥 ⟷ 𝑦 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒 𝑜𝑓 𝑥
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Directed Graph on a Relation

■ A binary relation on a set 𝑨 is a binary relation from 𝐴 to 𝐴.

■ When a binary relation 𝑅 is defined on a set 𝐴, the arrow diagram of the relation can 
be modified so that is becomes a directed graph. 

■ This means:
Instead of representing 𝐴 as two separate sets of points represent 𝐴 only once and 
draw an arrow diagram from each point of 𝐴 to each related point.

■ For all points 𝑥 and 𝑦 in 𝐴,

there is an arrow from 𝑥 𝑡𝑜 𝑦 ⟷ 𝑥 𝑅 𝑦 ⟷ (𝑥, 𝑦) ∈ 𝑅
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Directed Graph of a Relation – Example 

■ Let 𝐴 = {3, 4, 5, 6, 7, 8} and define a relation 𝑅 on 𝐴 as follows: 

For all 𝑥 , 𝑦 ∈ 𝐴, 𝑥 𝑅 𝑦 ⇔ 2 | (𝑥 − 𝑦)

Draw the directed graph of 𝑅
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446 Chapter 8 Relations

Directed Graph of a Relation
In the remaining sections of this chapter, we discuss important properties of relations that
are defined from a set to itself.

Note It is important to
distinguish clearly
between a relation and the
set on which it is defined.

• Definition

A relation on a set A is a relation from A to A.

When a relation R is defined on a set A, the arrow diagram of the relation can be modified
so that it becomes a directed graph. Instead of representing A as two separate sets of
points, represent A only once, and draw an arrow from each point of A to each related
point. As with an ordinary arrow diagram,

For all points x and y in A,

there is an arrow from x to y ⇔ x R y ⇔ (x, y) ∈ R.

If a point is related to itself, a loop is drawn that extends out from the point and goes
back to it.

Example 8.1.6 Directed Graph of a Relation

Let A = {3, 4, 5, 6, 7, 8} and define a relation R on A as follows: For all x, y ∈ A,

x R y ⇔ 2 | (x − y).

Draw the directed graph of R.

Solution Note that 3 R 3 because 3− 3 = 0 and 2 | 0 since 0 = 2 · 0. Thus there is a loop
from 3 to itself. Similarly, there is a loop from 4 to itself, from 5 to itself, and so forth,
since the difference of each integer with itself is 0, and 2 | 0.

Note also that 3 R 5 because 3− 5 = −2 = 2 · (−1). And 5 R 3 because 5− 3 =
2 = 2 · 1. Hence there is an arrow from 3 to 5 and also an arrow from 5 to 3. The other
arrows in the directed graph, as shown below, are obtained by similar reasoning.

5

4

6

7

8
3

■

N-ary Relations and Relational Databases
N -ary relations form the mathematical foundation for relational database theory. A binary
relation is a subset of a Cartesian product of two sets, similarly, an n-ary relation is a
subset of a Cartesian product of n sets.

Copyright 2010 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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N-ary Relations – Definition 

■ Given sets 𝐴", 𝐴#, … , 𝐴$, an n-ary relation 𝑅 on 𝐴"× 𝐴#×⋯×𝐴$ is a subset of 
𝐴"× 𝐴#×⋯×𝐴$. The special cases of 2-ary, 3-ary, and 4-ary relations are called 
binary, ternary, and quaternary relations, respectively. 

■ A binary relation is a subset of the Cartesian product of two sets.

■ Similarly, an n-ary relation is a subset of the Cartesian product of 𝑛 sets.
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■ Relations and Functions

■ The Inverse of a Relation

■ Direct Graphs on a Relation

■ N-ary Relations

■ Relational Databases

Dima Taji – Birzeit University – COMP233 – Second Semester 2021/2022



Relational Databases

■ Let 𝐴" be a set of positive integers,
𝐴# be a set of alphabetic character strings
𝐴% be a set of numeric character strings
𝐴& a set of alphabetic character strings.

■ Define a quaternary relation 𝑅 on 𝐴"×𝐴#×𝐴%×𝐴& as follows:

𝑎", 𝑎#, 𝑎%, 𝑎& ∈ 𝑅 ⟷ a patient with patient ID number 𝑎", named 𝑎#, was admitted on 
date 𝑎%, with primary diagnosis 𝑎&.
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Relational Databases – cont.

■ At some hospital, this relation might contain the following 4-tuples:

(011985, John Schmidt, 020710, asthma) 

(574329, Tak Kurosawa, 0114910, pneumonia) 

(466581, Mary Lazars, 0103910, appendicitis) 

(008352, Joan Kaplan, 112409, gastritis) 

(011985, John Schmidt, 021710, pneumonia) 

(244388, Sarah Wu, 010310, broken leg) 

(778400, Jamal Baskers, 122709, appendicitis)
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Relational Databases – cont.
■ When talking about relational databases, tuples are normally thought of as being 

written in tables.

■ The name of the table is the name of the relation

■ Each row of the table corresponds to one tuple.

■ The header for each column gives the descriptive attribute for the elements in the 
column
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Patient

Patient ID Patient Name Admission Date Primary Diagnosis

011985 John Schmidt 020795 asthma

574329 Tak Kurosawa 011495 pneumonia

466581 Mary Lazars 010395 appendicitis

… … … …


