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Chapter 7

Circuit Analysis with Capacitors
and Inductors

Chapter 7 ENEE2301 — Network Analysis 1

Reading Assignment: Chapter 7 in Electric Circuits, 10t Ed. by Nilsson

Chapter 7 — Circuit Analysis with Capacitors and Inductors

KVL and KCL involving circuits with capacitors and inductors result in
differential equations (D.E.) rather than algebraic equations.

The order of a differential equation is equal to highest derivative.

1st-order DE: ((jj_)t( + a,X(t) = f(t)

d?x dx
2nd-order DE: —— +a,— + a x(t) = f(t
o 1 gt oX(t) = (1)

2

n n-1
nth-order DE: d'x + an_ld )1( +
dt" dt™

42, S ag() =)
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Capacitors and inductors:

Resistors are passive elements which dissipate energy only.

e Two important passive linear circuit elements: capacitor, and
inductor.

e Capacitors and inductors do not dissipate but store energy, which
can be retrieved at a later time.

e Capacitors and inductors are called storage elements.

Chapter 7 ENEE2301 — Network Analysis 1

We(t) = 5% C vE (1)

1
W) =2=*L i(t)

First Semester 2015-2016



BZU-ECE
ENEE2301

Chapter 7 ENEE2301 — Network Analysis 1

Some of the important characteristics of a capacitor:

N | O dv, (£)
. ic(t)=C i
t

£ 1
Vel T w@=w0) 47 [t
0

fort=>0

(O e ———— )

1. The current through a capacitor is zero if the voltage across it is
not changing with time.

A capacitor is therefore an open circuit to DC.

Chapter 7 ENEE2301 — Network Analysis 1

2. A finite amount of energy can be stored in a capacitor even if the

current through the capacitor is zero. .
We() = 5% C vE()

3. The capacitor never dissipate energy, but only store it.

4. ve(®) =vc(07) + % [_ic(dt 5 fort=0.

att =0*
0+

1
w0 =0 47 [ ic(ode

vc(0%) =vc(07)
=>» The Capacitor is a continuous voltage device
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=>» It is impossible to change the voltage across a capacitor by a
finite amount in zero time, for this requires an infinite current through
the capacitor.

Att =0% +

= C <:> 4 Vc (0)

ic(t) =C dv (t) P— —_— ]

dt

A capacitor is therefore an open circuit to DC.

Att=0- a nd t= =0 (after the change and the circuit have reached steady state)

O O

[}

= C <:> Open Circuit

o

[ ———— [ ——————

Chapter 7 ENEE2301 — Network Analysis 1 8

Some of the important characteristics of an Inductor:
—_ | i () () = L diy, (t)
o) 1 dt
1 t
§ L i,(t) =i,(07) +Z j v(t)ydt ; fort=0

1. There is no voltage across an inductor if the current through it is
not changing with time.

An inductor is therefore a short circuit to DC.

2. A finite amount of energy can be stored in an inductor even if the
voltage across inductor is zero.

3. The inductor never dissipate energy, but only store it.
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t

4.1, (t) =i, (07) +% f v, (t)dt, fort=0

att = 0"
(0% = i,(07) + 2 [ v (0) dt
i, (09) = 1,(07)

It is impossible to change the current through an inductor by
a finite amount in zero time, for this requires an infinite
voltage across the inductor.

Chapter 7 ENEE2301 — Network Analysis 1

10

att =07
n(o)l % L= ol
v (6) = L di, (t) o—— o—

dt
An inductor is therefore a short circuit to DC

At t=0- and t= o< (after the change)

[ — [ —————

L Short
3 <:> circuit
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First order circuits:

> A first-order circuit can only contain one energy storage element (a
capacitor or an inductor) or a combination of capacitors or inductors
that can be reduced to one capacitor or inductor.

» The circuit will also contain one or more resistances.

> A first-order circuit is characterized by a first-order differential
equation.

Order Order of the The number of
ofa | = |differential equation | = | independent* energy
circuit (DE) required to storage elements
describe the circuit (C’sand L’s)

C’s and L’s are independent if they cannot be combined with
other C’s and L’s (in series or parallel, for example)

Chapter 7 ENEE2301 — Network Analysis 1 12

Natural response of first-order circuits:

Find i(t) fort>0 t=0 1

R
M-
] Vs — Q2
Solution Steps: i(t) )
L

1) Fort<0; t=0"

Switch in position 1

and L ==> short T @

. _ S
i,(07) = 7 This is initial condition for current
through the inductor

First Semester 2015-2016
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R

MV

2) Fort>0 iy
@ L

Switch have just switched to position 2
Current through inductor is equal to initial condition
since the inductor is a continuous current device

KVL

Ri(t)+ L % =0 Homogeneous first order differential equation
it)y=4et  fort>0

RAeSt+LASest =0

AeSt(R+LS)=0 W S=-— % To find Ai==>
Chapter 7 ENEE2301 — Network Analysis 1 14
==> To find A:

i()=Aest fort>0 HEE) i(0)=A4
i(0%) = i,(0%) = ,(07)

. e 14
~A=1,0 ):?S

Vs _R,
~i(t) = — L t>0
i(t) R e
lett = R T = Time constant
Vs _t
oi(t) = — t>0
i(t) R et

First Semester 2015-2016
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Vs Ai®

R Largert
0.14 %
R

0.05 L8
R

Chapter 7 ENEE2301 — Network Analysis 1 16

» 1 isrelated to the rate of exponential decay in a circuit as shown below

Smaller t (faster decay)
x(0)
Larger t (slower decay)

e

» lItis typically easier to sketch a response in terms of multiples of t than to be
concerning with scaling of the graph (otherwise choosing an appropriate

scale can be difficult).
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Time for a circuit to completely decay

From the last page note that x(5t) = x(0)e~>** = x(0)e~®> = 0.007x(0)

This means that magnitude of x(t) is only 0.7% of its initial value by time 5t (or
the function has lost 99.3% of its original value). Technically a decaying

exponential function never reaches zero, but we see that by time t = 5t it is very
close. So we generally use the approximation that:

5t = time for a circuit to decay or
to reach steady state

Chapter 7 ENEE2301 — Network Analysis 1 18
600
Find i (t) fort >0 VW
’t=° 1mH 500
ion: 1200 900
Solution: § sy —— § " 1.2mH

1) Fort<0; t=0"

50Q
NN
Switch is closed o
and L ==> short 18v—L— 909§ 1800§ iL(0)
18V
i;(07)=——=0364

502

This is initial condition for current through the inductor

First Semester 2015-2016
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2) Fort>0

Switch is open
R eq § IL(t) L eq

Req = (9002 // 18002) + 5002 = 1100

Leqg =1mH +1.2mH = 2.2mH

Leq
=—=20
T= s

eq
t
if(t)=Ae t fort>0

ip(t) =0.36e7°0000 fort >0

Chapter 7 ENEE2301 — Network Analysis 1 20

Equivalent Resistance seen by an Inductor

For the RL circuit in the previous example, it was determined that T = L/R. As
with the RC circuit, the value of R should actually be the equivalent (or
Thevenin) resistance seen by the inductor.

In general, a first-order RL circuit has the following time constant:

where

R EQ =R ‘seen from the terminals of the inductor for t >0
with independent sources killed

Circuit
Circuit L t>0 <+ R
independent | —

sources killed

First Semester 2015-2016
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21

RC Circuits t

Findi(t) fort>0 Vs —— 2
DFort<0 ;t=0"

Switch in position 1 and capacitor is open ( DC or steady state)

.

B E———

ve(07) = Vs
Vs —— Ve (0)

-

Initial condition for voltage across the capacitor
(note cap is continuous voltage device, i.e voltage cannot change
instantaneously)

Chapter 7 ENEE2301 — Network Analysis 1

22

2)Fort >0

Switch in position 2, cap acts as voltage source

Ri(t) +vs(07) + % j_i(t)dt =0 , t>0
dit) 1.
R at +E i(t)=0

Homogeneous first order differential equation

1
~i(t) = Aest t>0 mm) RASeSt+EAeSt=O
t 1) _ 1
Aes (RS+C)—O ‘ "'S:_ﬁ

First Semester 2015-2016
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1
~i(t)=Ae RY  t>0

t
~i(t)=Ae = t>0

To find A: J

let T = RC = time constant

DFort<0 ;t=0"

i(t)=Ae t>0 mm) ((0) =4
To find i(01)
vc(07) Vs
at t =07 (0)= - —= ——=
0" = (0% = -
Vv o_t i
AN o= Lot 0
h ) )
i(0%) — Vc(0) =Vs
. /
R
Chapter 7 ENEE2301 — Network Analysis 1 24
Calculate v (t) and i(t) fort >0 ‘\~ /\r}l{x i)
Ry

12V —— 100pf == C 3KQ§ R,
6KQ l

Wy 1 2)For t >0
+ 6KQ ()
12V = Ve(0) § 3k !
- Ry
| L

ve(07) = opox 12V =4V I
o ove® | ve® dvg(t) _ dvc(t)
KCL: ——=+ — +C " =0 =) e + 5v:(t) =0
t
~ve(t)=Ae 7 t>0

First Semester 2015-2016
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25

T=Req C
Req = 6K // 3KQ = 2K
C =100 pF
T= ReqC=02s
_t
ve(t)=Ae 02 t>0
To find A:
Uc(0+) =A= vc(o_) =4V

cve(t)=4e5t  t>0

i(t) =

ve(t)
R,

4
i(t) =3 e mA t>0

Chapter 7 ENEE2301 — Network Analysis 1

26

Equivalent Resistance seen by a Capacitor

T=Rg C

For the RC circuit in the previous example, it was determined that t = RC. But
what value of R should be used in circuits with multiple resistors?

In general, a first-order RC circuit has the following time constant:

where R, is the Thevenin resistance seen by the capacitor.

More specifically,

R EQ =R ‘seen from the terminals of the capacitor for t > 0
with independent sources killed

1

Circuit C

Circuit
t>0
independent
sources killed

First Semester 2015-2016
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The step response of RC and RL circuits:

The response of a circuit to the sudden

application of a constant

voltage or current source is referred to as the step response of the

circuit.

The step response of an RL circuit

KVL:

t=0; R

VS=Ri(D+L di()dt — t>0

Nonhomogeneous first order

Vs =/ it) L differential equation
iL(0)=0 i(t) = in(t) + ir(t)
in(t) = natural response
Find it for t>0
ir(t) = forcedresponse

Chapter 7 ENEE2301 — Network Analysis 1 28

To find lf(t)

L
t
. N -, Vs
V5=Ri(t)+Ld;(;) i(t)y=A4e + 7 t>0
Ve=RK+L (0) To find A
V.
Vs=RK i(t)=ES+Ae_% fort>0
14 .

» K =2 =ip(t) i(0+)=%+A

Now But i(0%) = i,(0%) = i,(07) =0
Vs
i(t) = in() +ir(t) t>0 A= -75
t
i(t)y=Ae 7 +K t>0 :4(15):%—%(5 t >0

First Semester 2015-2016
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29

V. t
i(t)=§(1— e 7)
0

Vs

Vs —_
0.63 = R

0.86 L5
R

0.95 LS
R

Vs
0.98 =

t =0

i)

0.99326 12
: R

Chapter 7 ENEE2301 — Network Analysis 1

30

Findi(t) fort>0

fort>0

KCL: NO)

Is = ig(t) +i(t) t>0

V(t) >§ _1i(t)
) t=0
12w L

(1) iL(0)=0

Il

Is = -t i(t) t>0
o () = i () +ip(2)
v(t) =vp() =v,(t) =L dt let if(t) =K
1 L 0+K
. = — %
s=%d;(f)+i(t) t>0 R
~ K= Ig = if(t)
L
T=—
Req

First Semester 2015-2016
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R.q = the thevenin resistor seen by the inductor

Open circuit § R L

T

O
O

“Req =R
t

i(t)=K+ Ae = ;t> 0
t

i(t)=I+ Ae™ = ;>0

Chapter 7 ENEE2301 — Network Analysis 1 32

To find A
1(07) =i, (07) = iL(07) =0
l(0+) = IS + A= lL(O_) =0

WA= —I
L i) = i () +ip(2) t>0
i(t)=Ae_£+IS ;>0
i(t)=—15e‘£+15 ;t>0

- i(t)=15(1—e_%) ;>0

First Semester 2015-2016

16



BZU-ECE
ENEE2301

Chapter 7

ENEE2301 — Network Analysis 1

33

The step response of an RC circuit:

= C

Ve(0)=0

=[5
-
-/
AN

=

Il

1]

(@]

Find vc(t)fort >0

KCL:

Vs . .
E:lR(t) +ic(t) t>0

V t d t
_Sva()_l_C ve(t) £>0

R R dt
Vs _ ve(t) + dvc(t)
R R dt
First order nonhomogeneous

differential equation

34

Chapter 7 ENEE2301 — Network Analysis 1
2 ve(t) = ven(8) +vep(2) t>0
vc(t)er_% + K o
) +
Tofind K VTS (D § R c Vc(t)
s_K .o 1 -
R
K =Vs
vC(t)=Ae_$ + Vs t>0
T=Req C
Req =R

First Semester 2015-2016
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Tofind A

ve(07) =V:(07) =0

ve(0%) = K44 =V(07) =0
wA= —K= -V

t

o vC(t)=V5—V58_? t=>0
_t b Velt)
vc(t)zVS(l—e 7) t >0 ¢
Vs =
>t
Chapter 7 ENEE2301 — Network Analysis 1 36

General Solution

When all the independent sources are constant, the response of the first
order circuit has the form

r(t) =nt) +K t>0
t
rt)=Ae *+K t>0
r(oo) =K

() = Ade T 4 r(®) t>0
r(07) = A+ r(o0)
w A= r(0%) —r(wo)

s 1r(t) =1r(0) + [r(0%) — r(0) ] e_g t>0
L

T= or T =Rg,C

eq

First Semester 2015-2016
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Find i(t)fort >0 )

10Q ? 60Q
200Q
120v (0) 50V i(t)

1)Fort<o0 it =07

A"

500 § = 0.05F

+

KVL: —120+ 101 + 50 =0
1on§ '

600 Ve(0)
200Q § 50Q
120v (]) 50V

~ 1 =24

ve(07) =501 =100V

Chapter 7 ENEE2301 — Network Analysis 1 38

Fort >0

600 200Q 500 +
§ § —— 0.05F
sov(? imy

r(t) = (o) + [r(0) — 7(00) ] e_% t>0

i(t) =i(0) + [i(0F) — i(o0) ] e_% t>0

First Semester 2015-2016
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To find i(01)
att = 07"
60Q § 200Q 50Q § L 100v
Ve(0)
5ovci> Y i(0")
ve(07) 100
i(0%) = =——=054
10" =00 = 200
Chapter 7 ENEE2301 — Network Analysis 1 40
To find i() —
att = oo
60Q 2000§ 50Q § Open circuit
50
. -
() = 555200 5 sov Y
Is = >0 =054
ST 5002//2000 +6002
~i(0) =014
To find © 600 § 2000 § 500 § @
fort >0
T=Req C
Req = Rrp seen by the capacitor

First Semester 2015-2016
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1

Ry = 600 // 2000 // 500
RTh = 24..(2
T=1(0.5)(24)=1.2s

t

i) =(01+04e712) 4
i) =(01+04e12) 4

i)

oA —K—

s t>0
>0
i(07) =0.192 4
i(0t) =054
i(0)=0.14

>t

Chapter 7 ENEE2301 — Network Analysis 1

42

To find v¢(t) fort > 0

50V
fort>0

The circuit can be simplified to

Rru

MV °
/s (D) ::; Ve ®

Ryp =600 //2000 //500
=240

500 //200 0

~500//20002 +600 °
=20V

50

First Semester 2015-2016
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24Q

—\W\,

20V —— 005F == vt

26 (®) = ve (@) + [16(0%) — ve(w) ] e £>0
240

1) v:(0%7) = v(07) = 100V AA
2) To find v () *

[0}

2 ve(00) =20V 20V —— Vc(o)  Open circuit

o

Chapter 7 ENEE2301 — Network Analysis 1 44

3)T=Ry, C=125

t
ve(t) =20+ (100 —20) e 12 V t=0

t
ve®) = (20 +80e712) V £>0

First Semester 2015-2016
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Find vy(t) fort >0

()

Fort<0 ;t=0"

20 3H

2 t=0

_IVV\I_O Yy

1 60 Vo(t)

12v
ia(t) 2ia(t)

w@  Ze

iL(0 = =
6

o KVL:

in Y 2ia(t) 4 i,(07) = 34
Chapter 7 ENEE2301 — Network Analysis 1 46
t

Vo (t) = vo() +[v9(0") = vo(e0) J ™7 £>0
i 2Q 3A=i.(0)

To find vy (0% _\NARER .

find vo(0")  wmmh  —AM——(>) +

6Q Vo(0")
36VC_> 40
ia 2ia

vo(07) = (34)(602) =18V

First Semester 2015-2016
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20
To find vy () —\W\ T °
60 > Vo(o)
36V C_) D a0 D -
iA 2|A
KVL for mesh 1 : \ 36
36 = 61, — 41, ‘\ solving for I, ; we getl, = 5 A
\
. \
KVLformeShZ- ‘ 170(00):(6.(2)(3?6 A):27V
. \
2iy = =41, + 101,
. \ L
ta=h—1 . Tofindt=—
\ Rrp

Chapter 7 ENEE2301 — Network Analysis 1 48
20 + Vg -
To find Ryp, —\\\ °© 0
— Yrn 60
Th =7
5 36V (_) a0
Ve = (402) iy + 2i4 = 6i4 i 2n
is=2=6A e
20 _
o Ve =36V N
To flnd IS'C 6Q
KVL for mesh 1: 36V () 1 40 D
36 = 611 — 412 ia 2ip
KVL for mesh 2:
ZiA = _411 + 1012

First Semester 2015-2016
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49

iAzlz—Il

_ 36
Solving forl, =Igc =— A

8
%
.RTh=ILh=8[2
SC
L 3
" "Rm 8°

= Vo () = () + [ (07) — vp(e0) ] 7

t
Svo(t) =27+[18— 27]e © t>0

2 vo(t) = (27 —-9e %t) |4

for t>0

t>0

Chapter 7 ENEE2301 — Network Analysis 1

50

Sequential Switching

40 %t =0
60V 120 §

Find iy (t) fort>0

6o § iL(t)l

3Q t=35ms
NN

150mH 18Q

AAAS
M

Fort<O0 ;t=0"

40 30

60V 120 § 6Q § § 180

i(0) ¢

iL(0-)=2/(2+3)*15

iL(O_) =64

First Semester 2015-2016
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51

2) For 35ms >t =0

3Q

Source-free circuit

_t 6Q
sip(t)=Ae = ,t=0 §

i)

150mH § 180

i(t)

L
1= Rrp,
Rrp, = 1802 //(6 02+ 302) =60
T = 15221H =25ms
To find A

(0N =A4=i,(00)=64

wi () =6e70t 4, 0 <t <35ms

Chapter 7 ENEE2301 — Network Analysis 1

52

3) Fort > 35ms

Source-free circuit GQ§

t —35ms
RS lL(t) =A e_( T2 )

30
aA'AY

iL(35ms)

L 150mH

L

T =
2 RThZ

Rrn, =602 +302=90

w To = 16.67 ms

_(t - 35m5)
iL(t) = 1.48 ¢ \16.67ms

i, (t) = (1.48 ¢700(-0039)) 4+ ¢ > 35ms

First Semester 2015-2016
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v —|—

2) At t= o

Vo(OO ) <T> 2Q § VO(OO )

Chapter 7
Circuits with dependent sources
+-
N
>0 Vot T> 20 § 32"' Vol(t)
6
1ov —l—
1) Fort<0 ;t=0" ’
v
?O = (0  Open circuit
20 //0 = ( m=—) 50 0 T zn§ y il(0)
) 2] Open circuit 19y _l_
Chapter 7 ENEE2301 — Network Analysis 1 54
>0 1@ =) - (0)=24

3) Tofindt

o

First Semester 2015-2016
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55

KCL:
(0] UO + +
e TIr=
Yo =Vt 6 T<f> T
V.
_T = 3.(2 - RTh - -
It
) B L B 2
" "Ry 3°
t
Vo (1) = vp(0) + [v(0%) — vp () J e = t>0

Chapter 7 ENEE2301 — Network Analysis 1

56

4) Att =0t

KCL: Vo(0) <T> 20 §
6

2A CD Vo(0Y)

v0(0%) _ ., , vo(0*) .
6 2
2ve(0H) = —6V
Now
t
vo(t) = v9(0) + [V (07) — vo(o) e T ;>0

t
~v(t)= —6e = V ;t>0

2vp(t) = —6e7 5 VO t>0

(e}

First Semester 2015-2016
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Unbounded response

Find v (t) fort >0 t=°> _

Uc(0+) = 17(:(0_) =18V
+
18V —

1) To find v (o0)

— 5uF § 10KQ <T> Tix 20KQ

+ 0
Ve () § 10KQ <T> Tix

Since the circuit is dead

20KQ (no independent sources)

1 i ~vc(0) =0
Chapter 7 ENEE2301 — Network Analysis 1 58
3) Tofindt -
+
T= RTh Cc
vy I Cf) Vr §1om <T>7ix 20kQ
Rrp = I _
- Ix
KCL: l
. 14 14 -
It +7i, 10—2 + 20—2
_Vr Rth and is negative
X 7 20K which leads to
Ve unbounded response
7= K =Rm ** i.e. the output keeps

~T=Rpy C= —25ms

hS Vc(t) =18 e+40t %

increasing

fort =20

First Semester 2015-2016
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59

Assessment 7.4

The switch in the circuit shown has
been closed for a long time before
being opened at t = 0.

Find vo(t) for t > 0.

Answer 8e 2 + 410y

Chapter 7 ENEE2301 — Network Analysis 1

60

Assessment 7.5

104 8A

Assume that the switch in the circuit shown has been in position b for a
long time, and at t = 0 it moves to position
Find: i(t), t>0; andv(t), t>0.

Answer -8 + 20 At =0
_zm)e_sm V, = 0+.

First Semester 2015-2016
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61

Problem 7.6

The switch in the circuit has
been closed a long time. Att=0
it is opened.

Find io(t) fort > 0.

Answer
4.05¢ 89V t>0"

Problem 7.10

In the circuit ,the switch has been
closed for a long time before
opening at t = 0.

Find the value of L so that vo(t)

equals to 0.5 Vo(0+) when t = 1 ms Answer
10 x 1073

In2

mA

= 14.43mH
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Problem 7.23 33kQ g p 25k
The switch in the circuit has been in 6‘»—‘ ﬁ
1 uF

position a for a long time and v2 =10 V. 4”F
At t = 0, the switch is thrown to position b.
Calculate

i, vi and vz for t > 0+.

Answer

i(t)= 1.6e """ mA, t>0"
Vi(t)= 32¢ " +8V. >0
V()= =8¢ " +8V, t=>0
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Problem 7.30

The switch in the circuit has been in
position 1 for a long time before
moving to position 2 att = 0.

Find io(t) for t > 0+.

47k} |

T=2uF

Answer

v, =15 "V >0

. Vo - —25.000¢ - +
1o = —— = —0.75e <" A t>=0
¢ 20 i o
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Problem 7.55

Assume that the switch in the
circuit has been in position a for
alongtimeandthatatt=0itis

400K,

S0V

v

moved to position b.
Find

(@) vc, t>0;

(b) i, t > 0+.

Answer )
(8) —24 + Tde 1"t V,

(0) _185e 107t A, ¢

~—
‘ \_v_.-"
o

I'v
o
+
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Problem 7.71
15A<5:E

The action of the two switches in the circuit seen in is as follows.

For t <0, switch 1 is in position a and switch 2 is open.

This state has existed for a long time.

At t =0, switch 1 moves instantaneously from position a to position b,
while switch 2 remains open. Ten milliseconds after switch 1 operates,
switch 2 closes, remains closed for 10 ms and

then opens.

Find vo(t) for t>20 ms.

AnSWQr Uy = I":;U % 1[]—."3][’_ lGIr_',)('—]U[]ff —0.02)

= —8.26e 1000002} 7 t > 20" ms
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