Probability Distributions for Two Random Variable

In certain experiments, we may be interested in observing several quantities as they occur.
Examples are:

The magnitude and phase angle of the noise affecting the transmitted signal in a
communication system.

The altitude and speed of a moving target. CDF of one variable X:
The temperature, pressure, and wind speed at some location Fy (x) = P(X < x)
The input X to a system and the output Y.

The length and width of a manufactured part. y i

The diameter and thickness of a cylindrical disk model.

In the case of two quantities X and Y, the outcome of the experiment is a point in the x-y plane.

The joint cumulative distribution function of two r.v X and Y is defined as:
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Discrete Two Dimensional Distribution:

Two random variables X and Y are called discrete if the sample space of the experiment can
assume only countably finite or at most countably infinite pairs of values (X1,y1), (X2,¥2), ......

The joint probability mass function of (X) and (Y)is: P(x.1v)=LP(X =xY =)
Such that: P(X =x,Y =y)=0

S Y P(X=xY=y)=] Same conditions as
aix aly " those for the single
Fyp(x.9)=) > P(X=xTY=y) random variable.

If A is an event defined on S, then P(A) =) > P(X =x.V =y). x,ve 4

The joint probability mass function in the two-dimensional space is often represented in a table
as shown in the figure.
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Relations Related to Two Random Variables

Marginal Distributions of a Discrete Distribution

P(X=x)=) P(X =x.Y=y)

all v

This 1s the probability that (X) may assume a value (x), while (Y) may assume any value, which

we ignore. Likewise,

PY=y)=>) P(X =x.Y=y)

all x

Independence of Discrete Random Variable

Two discrete random variables X and Y are independent if:

P(X =x,Y =y)=P(X =x)P(Y = y); forallx and y|

Y

X 1 2 3 4
1 0.1 0 0.1 0
2 0.3 0 0.1 | 0.2
3 0 0.2 0 0

Expected Value of a Function of Two Random Variables X and Y

The expected value of a function g(X,y) of two random variables (X) and (Y) 1s

E{gx.»)}=2, D, glx.y) P(X =x.Y =)

all x all v

E{g(X)}= j 2(X) [, (x) d




Probability Mass Function of a Function of Two Random Variables X and Y

When (X) and (Y) are discrete random variables, we may obtain the probability mass function
P{Z = z} of some function Z = g(X,Y) by summing all probabilities for which g(X,Y) equals
the value of ( 2). That is,

P(Z =z) =Y YPX=x,Y=y) Will be investigated in a later lecture when we

o study the transformation of random variables

Correlation Coefficient The term association is also often used
The correlation coefficient between two random variables (X) and (Y) 1s a measure of similarity

between X and Y and is defined as The magnitude of the correlation

B E{(X - ,LLK) (Y - ,LLY)} B E(X Y) — MUy My coefficient indicates the strength of
Pxy — — the association. For example, a
Ox Oy Ox Oy correlation of p = 0.9 suggests a
More on the correlation strong, positive association
Pxy 18 bounded between —1<p, <1 coefficient will given in betwee? two variables, whereas a
. correlation of p = —0. 2 suggest a
future lectures weak, negative association . A
When p,, =0, (X) and (Y) are said to be uncorrelated. correlation close to zero suggests
When py, =+1, (X) and (Y) will have maximum positive correlation "° linear association between two
variables.

When p,, =-1, (X) and (Y) will have maximum negative correlation.



EXAMPLE: The joint probability mass function of two random variables X and Y is given in the table below:

1- Find the marginal pmf P(X =x) and P(Y=1y)
2- Find P(X = 2)
3- Find the mean and variance for both X and Y

SOLUTION: Marginal pm{f’s
P(X =x)= ZP(X =x.Y=y),

all v

PY=y)=2 P(X = x.Y=y)

all x
P(X=1)=0.2 P(Y=1)=04
P(X=2)=0.6 P(Y=2)=0.2
P(X=3)=0.2 P(Y=3)=0.2
P(Y=4)=0.2

PX=2)=PX=2)+P(X=3)=0.6+0.2=0.8
The mean value and variance of X

p, = E(X)=1(0.2)+2(0.6) + 3(0.2) = 2;
o2 = E(X*)-E*(X) =44-4=04

The mean and variance of Y

Y
X 1 2 3 4
1 0.1 0 0.1 0
2 0.3 0 0.1 0.2
3 0 0.2 0 0

PX=1)=PX=1Y=1)
+ P(X=1Y =2)
+P(X=1Y=3)
+P(X=1Y=4)=0.2

P¥=1)=PX=1Y=1)
+PX=2Y=1)
+P(X=3,Y=1)=0.4

E(X?)=1(0.2) + 4(0.6) + 9(0.2) = 4 4

p. = B(Y)=1(04)+ 2(02)+3(0.2) +4(02) = 2.2, E(Y?) =1(0.4) + 40.2) + 9(0.2) + 16(0.2). = 6.2

o, =E(Y?)-E*(Y) =62-(2.2)(22)=1.36




EXAMPLE: The joint probability mass function of two random Y

variables X and Y 1s given in the table below: X
1- A.IE‘ (X) and (Y) independent? 1 0.1 0 0.1 0
2- Find E {XY}
3- Find P(X>Y)and P(X =) 2 03] 0 || 01 | 02
a. Find the correlation coefficient between X and Y. 3 0 0.2 0 0
SOLUTION:

Check for independence: Consider all pairs of (x, y) folr the condition starting with the point (1, 1).
P(X =x.Y=y)=P(X =x)P(Y =y) = P(X =1.Y =1)=P(X =1)P(¥ =1)= 0.1 (0.2)(0.4) . Since the

condition is violated at one point, we do not have to check all points. As such, X and Y are dependent.

E{gx.nN}=D D glx.») P(X =x.Y =y)

allx aly

E (XY) = (1)(1)(0.1) + (1)(3)(0.1) + (2)(1)((0.3) + (2)(3)(0.1) + (2)(4)(0.2) +((3)(2)(0.2) = 4.4
Probability of Events: 2(4) =) > P(X =xT =y); x,ye 4

Find P(X > Y): The set {X > Y} consists of all pairs that form the event A, where
A=1{(2,1)(3.2),(3.1)}. Hence, P(A)=0.3+0.2+0=0.5

Find P( X =Y): The Set{X=Y} consists of the pairs {(1,1),(2,2),(3,3)} = P(X=Y)=0.1+0+0=0.1

Correlation Coefficient: The correlation coefficient is defined as:

CE{(X-p)(Y-p)) _ EXY)-pp,  44-(2)2.2)

= o oy o 0y +0.441.36

Note that in this example, X and Y are uncorrelated, yet they are dependent

=0

PX=1)=0.2

PY=1) = 0.4



Continuous Two Dimensional Distributions

Two random variables X and Y are called continuous if the sample space of the experiment is
uncountable and infinite. The joint cumulative distribution function F, .(x,y) of a continuous

distribution is given as:

Vo ox

Fip(xy) = j Svy@.v) du dv

-0 —

where, 7, ,(x,y) is the joint probability density function, with the following properties:

Properties of the joint pdf
1- fX__}.(x}y) > ()

2 [ [ i ey) dx dy=1

Extension of the
1-D properties

Px,<X<x,,y<Y<y
Y2 X

= J. J. Jfrr(x,¥) dx dv; Ais arectangular region

hn

3-

And in general
P(4) = PGr.ye )= [[ fer(ry)dxdy

x.yed

S

AY
Y2f=———- o
’ 7 //%
______ Yy
¥1 ! I b
i i S P(aSXSb)=ffX(u)du
X1 o * a
AY CDF of one variable X:
Ve )
SN, _ _
A, F0=PX=0=| frdu
WK o
- X |




Marginal Distributions of a Continuous Distribution y

For a continuous distribution, we have For the discrete case

F.(x) = P(X €£x)= I[Tfm.(n,v) dv}lhf 7/ P(X:x)=;.P(X =x.Y=y)

=0 —x

But, Fy(x) = P(Y <x)= [ frlwdu PU ==Y P(X =x.T=
and,  fo(0) = L o) /
ane,  Jxt e XN A x
2| fir(x) = JAff(x ¥)dv ; Marginal pdf of X /
=2 S (v) = I]Z_T-(A‘._1’) dx ; Marginal pdf of Y %
- Region for which:
Independence of Continuous Random Variable X <x}
Theorem: Two random variables (X) and (Y) are independent 1if: (oY) FF _ o (y) .x[ T (v

OXOX

—00 —00

Fyyp(x,y)= Iy (X)F;(y); forallx and y or, equivalently, 7y ;(x,v) = 75 (x)/:(3)

dF, (x) . h
. f () =2 2= F () = | fy (u)du
Proof: Two events A and B are independent when P(A (1 B) = P(A) P(B) dx <
Let: A:event {X < x} _dR,(Y). 7
B: event {Y < y! L) ==g = RO)=[ o

Hence, P{X < X, Y < y} = P(X < ) P(Y < ¥) = Fr;(x.3) = F(0)F ()



Expected Value of a Function of Two Random Variables X and Y
The expected value of a function g(x,y) of two random variables (X) and (Y) is

E{g(x.0}= [ | gCx.3)fyy(x y)dxdy

—0 00

Conditional Density Functions

Let X and Y be discrete random variables. The conditional probability mass function of Y given
X =X, 1s given by

- - P(Er:x I’r:];)
P r )= J.D I’ =V / E = X) = ’ -
o (l ) ( 3 ) P(s’r — 3:)
It (X) and (Y) are continuous random variables, the conditional pdf of Y given X = X 1s given

by
I Xy (x,y)
S (x)

Jrix(¥) =



EXAMPLE: The joint pdf of two random variables X and Y is given by

w i

kxy ., 0 <x <1, 0<y <], AY
IYJ'(I: 1’) - { 0 .
, otherwise 1 =

a- Find k so that f, (x,¥) 1s a proper pdf. ///ﬁz
b- Find P(X>0.5,Y >0.5) // 7
c- Find the marginal pdf’s f,.(x) and f.(v) 0.5 + ///A
d- Are (X) and (Y) independent?
SOLUTION: Y
o oo 1 1
[[faemyavax=1 = k{x _Uw-] v =1 w0l x 05 1

1 [ af 1 2 |!
k[:{ Y d’{:EIIdT: kx :E — E:1 = k=4

s | 2, 29 22| 4 4

b- fe () = [frr(e ) dy = fod) = [4xydy = 4x 2

1
Jr(v) = Iﬁl xyde > 4y
0

2

X

1

0

1 |
05 .2

03

:-‘E1

Y

0

=2y 0<y<l

Since [ (x,v)=fr (%) fr(v) = 4xy=(2x)(2y) = X and Y are independent

=2x 0=<sx<l

J 0.75 x 0.75 = 0.5625



EXAMPLE: The joint pdf of two random variables X and Y is given

-)G;I:Y(K:Y):%(G_K_Y) ; 0<x=2,2<y=4

v §b

4
1- Find f+(X) and f,(Y) . .
2- Find the conditional pdf f;,+(V).
3- Find P(2<Y <3) :
4- Find P(2<Y <3/x=1) 14+
5- Find P2<Y <3/0<x<1)
6- Are X and Y independent? 0




Solution: Continued

?

Since f5(%.)# /(D () => 3 (6-x-3) # £ (6-2%)

1

Jl'[(ﬁ—zx)fs].cﬁc

1

(5-y)= X and Y are dependent 1{5_
|

v fi

ao 4 .
1 1
- fo(x) = Ifﬁ—(x,y)aﬁ‘ZJ.g(ﬁ—x—y)@Zg(éﬂx};ﬂixﬂ *
-00 . 4
a0 21 1
fe@)= [ fr () dx = [2(6-x-y)dx=-(5-y) ; 25y <4 ;
-0 0
L (6-x-) 2
(x.v) lo—x—Yy e
2 fp= 25 _8 X)) gex<2,2<y<4 L4
S5 (x) 1(6— 2x) (6—2x) (5-y)
] = Forx=1 X | |
3 3 4 0 Il l;
1 5
- PR<Y<I=[/i0)dy =] GV dy=2 - Find £y (x) and £,(y) .
2 2
Th
4- For x=1 f (y;‘x:]): (5_'};):}}’(2{}7{3{3;:1):'?2 dyzg 3- Find P(2<Y <3)
e 4 - ) g 4- Find PQ<Y<3/x=1)
L3 5- Find PQ<Y<3/0<x<])
A B P(Z{Y{?,ﬁﬂ{X{l) I I [(6—x—y)f’8]afvdx 1/g 6-3Arc}{aII1inndEpendent?
5- P<Y<3/0<X<])= — ‘{ —— — /_x0y —— 1

Find the conditional pdf f; .(»).

" 5/8 5 g(ﬁ—zx);ﬂi:xiz

y) : 2=y <4



EXAMPLE: Two random variables (X) and (Y) have the joint pdf:

T x
5, 2
—xy, 0sy<x<2 £ [FTTTToTomsmsm-2
fror(%,3)=116 //I
0 . othewise /D
a- Verify that £, ,(x,y) is a valid pfd. = 1]
b- Find the marginal density functions of X and Y. Y
c- Are X and Y statistically independent?
d- Find P{X<1},P{Y<0.5},P{XY<l} 1
SOLUTION: X 2
2x 5
a- ([ frr(e.y) dedy=[[ ="y dy dx
R {}{}16
2 x 2 2 2 4 5 |2
5 xz{j},@,]dxﬁ e P e S e = S L X _ 5132
167 . 167 2 |, 16+ 16 2 5| 16 2 5
r s 5 , ¥ s
b- x) = (Y =>Ff(x)= | —xXydv=—x = = —x".0<x<2
f @) = | fuwy) = £ |GEra= s g = 5E
- 25 s X[ s
(y) = (x.y)dx=Ff() = | = xXyd=>—y = = — 8 -)0<y<?2
£ ) ::[:fx}( M= f0) = [ ydis =y T = 2@ - y7)0<)

¥

¥




c- Since f..(x,p)# fX(x)ﬁ.(}f)ji Xy i(i x4J[i (@8 -y )J = X and Y are dependent .

16 32 48
1 1 5 |2
5 5% 1
d- P(X <1)= xX)dx = |—x"dxr = —| =—=0.03125
X= !f""() {32 325 32
2 05 5 5 #7105
PY<05=|£f0O)dy = | —y@8 -y)dy=—|4y" - —| =——=0.1025
(¥ 0.5) !ﬁ(})ﬂb £48;( ') d 48{; TGy
1 1
P(XY <1)=P(¥ <—)= [ fir (x.3) dy dx
1 N 2 b\ ___
1 x . 1
:,” }cﬁdx+IJ—x}cﬁdx y_;
{}{}
=1/32 + 5/32 = 6/’32 R
a- Verify that f, .(x.y) is a valid pfd. S A 0<x<2 !
b- Find the marginal density| functions of X and Y. 32 T~
c- Are X and Y statistically independent? 5 ' > X
d- Find P{X<l} ,P{Y<0.5} , P{XY<Il} 25 Y8 -y i0SyE2 ! )




Operations on Multiple Random Variables
Review: Basic operations on a single random variable

o

E(X)= [ xfi(x)

—o

E{g(X)} = [ g(X) fi(x) d
E{g(X) + g (X)j=E{g(X)}+E{g,(X)}

If Y=aX+b,then, [t =al, +b and oF =doy

Expected Value of a Function of Two Random Variables X and Y

The expected value of a function g(x,y) of two random variables (X) and (Y) 1s
E{g(X.1)}= [ [ g(x . 0)fcy(x,y)dxdy

—n =0

Since summation and integration are linear processes, we have:

E{algl(X}Y) +a,g, (X}Y)} = alE{gl (X}Y)} +a, {gz (X}Y)}



Application 1: Let g(X.Y)=aX +bY
Then, E{g(X.Y)} =aEX)+bE(Y)=a p, +b;

Remark: This result applies in all cases whether X any Y are independent or not.

Application 2: Let X and Y be two independent random variables, then
E(XY) = E(X)E(Y)
E{gX. D)= [ [xyferGey)ydedy = [xfe(x)dx [y fi() dv=E(X)EX)

Note that for independent random variables X and Y 1 Xy (x,y) =, P (x) ﬁ (»)

Remark: This result applies only when X any Y are independent.
Application 3: Let X and Y be two independent random variable

E{g(Xg, (M)} =E{g (N} E{g, (V)

E{gl(X)gg(Y)} = ‘[ J. 21(X) g, (Y) fay(x.¥) dx dy

=0

o

= [ @@ fe(x) dx [ g, (V) fr(») dv = E{g,(X)} E{g,(Y)}



[Example: If X and Y are independent, find E {(X — U)X — ,ur)}
Solution: E{(X_#x)(Y_ ‘U},)} = E(X _JU'X )E(Y_ zu}’) = (#X _#X)((#}’ _.uf) =0
Example: If X and Y are independent, find E {(X — 1) (Y - ﬂr)z}

Solution: E{(X—ﬂX)E(Y—,uf)z} =E(X —py Y EY - 1)" = (05 )(07)

Application 4: Let Y = gl}(l + %Xz , then The correlation coefficient is a measure of
N N L. association between the variables X1 and X2
Oy = 04 + a,0, + 2 40,0, Oy Pxx, and is bounded betweenl< p<1

Proof: p >0 : positive association

2 2 2 0 : negative
o; = E{(Y - u,)’} = E{(aX, + a, X, - ayu, - a,u e

¥ {( #}") } {( 1°71 2772 alyXI E#XE) } association

= E{[al(Xl - #XI ) + a, (){2 _ #X:.; )]*} p =0 : no association

= Elay (X, - )} + Bla;(Xp- p1y))'y + 2.0y 0y E{(X, - g )X, - 4

— 6y = a;0y + a0y + 2 a,a,64 Gy Py x,

E{(X, - u X, - U,
_ {6 Hx (X - H))s 1s the correlation coefficient

> Px,x, 3
Oy, Ox,

where




Application 5: If (X) and (Y) are independent random variables, then they are uncorrelated.

E{(X - p XY - p,)} = EXXY }- 1 EXXG- (o ERY } + 1 d,

Proof:
= EXY}- o fd,
Since (X) and (Y) are independent, then E{XY} = p, 1y

E{(X - Y - u, E{XY; - EXXEY
Mheretore, py, = BV - p)} | EQT} - ECGER)
o, Oy 0,0y

Remark: This result asserts that if X and Y are independent then they are uncorrelated (
Py = 0). However, the converse is not necessarily true. Thatis,if p.,, = 0, then X and

Y are not necessarily independent. The only exception 1s when X and Y are Gaussian. In this
case, p,, = 0 1mplied that X and Y are independent.

Application 6: Let Y =a X, +a,X,, and let X and Y be independent random variables, then

?_ 2 2 2 2
oy = a0, + 4oy

This result follows immediately from the above two results.
|



EXAMPLE: Two random variables X and Y are related by Y =aX +5 , where X is a random
variable with mean 4z , and variance o,

a. Find the mean and variance of Y
b. Find the correlation coefficient between X and Y.

SOLUTION:

Y=aX+b = u,=au,+b; o;=a’cy

_ E{(X - pe)Y - p1y)} _ E{(X- puy)aX +b -au —b)}
Oy Oy oy (aoy)

Pxy

 Ea(X - )’} aoy _ WE have maximum positive
o, (ao) o, (ac ) N association between X and Y




EXAMPLE: Let X be a uniformly distributed random variable on the interval 0 < X <10 and zero
elsewhere and let Y be another uniformly distributed random variable on 0 <Y <20 and zero

elsewhere. Assuming that X and Y are independent, find
a. P(X<4nY<8); b. EQX+Y); c. Va(2X+Y); d. E(Z=XY) e. Var(Z=XY);

SOLUTION: For the uniform random variable defined on an interval (a, b), we have
u=(@+b)/2; o> =0b-a) /12 f(x) | 1/(b-a)
ty=(0+10)/2=5; o' =(10-0)"/12=100/12
1, =(0+20)/2=10; o> =(20-0)"/12=400/12

a
P(X <4nY <8)= P(X <4)P(Y <8); Due to independence 0
"" e ot (5
= — WIX I —_— __-‘ =| — —_—
2\ 10 5 20 10120
b. EQX+Y)=2E(X)+EX)=10+10=20
. Var(2X+Y):4oj§+Jf:T};Jrﬁllgzozggj; pyy =0 since X any Y are independent|
d E(Z)=EXY)=EX)EX)=(510)=50 2 — 242 2 42
(Z)= E(XY) = E(X)E(Y) =(5)(10) oy = ajox, + a;oy,

2

Var(Z)=E(Z)~(1;) = EQXY) (1) =EX)EX?) (1)
e. : » (100 400

~{ot + (o) Hot# ) f-tomen ) = {157 +25 {00 4100~ 50y




EXAMPLE: The joint pdf of two random variables X and Y 1s given
X
j},m,(x,y):%(tﬁ—x—y) ; 0<x<2,2<y<4 4
1- Find the correlation coefficient p, 3
2- DefineZ=X+Y, find £, and o, ’
SOLUTION:
4
1 1 +
- fe(x) = LﬁﬂrVM#=IS®—x—£M@=E@—Zﬂ££x£2 : .
2 | —
1 0 1 2
uﬁwﬁﬂfﬁﬁﬂﬁk=fgﬁriywxlﬂ -y) ; 25y<4
-0 0
2 1 5 4
= | (%) dx= | x—(6-2x) dx=—; () dy=|y—(5- Y)dv——
- frna-fe et . i
)y 2 - 2 1 4 11
op = [(x=pe) fi(x) de=[(x— py) (6-2) d’r——; = [V - ) /&) b= f y—tiy) —(“7 y)dv=_
0 0 2
2 4 2 4 1 Y—a1X1+a2X2
E{XY}=[[xy fer(x.p) dv dx ZIIX.V ~(6—x—y)dy dx :5 i L L
02 Oy = a10'X1 + a20-X2 + 2a1a20'X10X2pX1X2

%I:ﬂ@-%ﬁ“mM:Eﬂﬂ EET) | oo
Oy Oy OOy

2- E{Z}= iy + ity =3.6667 ; o, = Oy +0;+2 040:pyy =0.5556




Probability Density Function of a Sum of Two Independent Random Variables
Let X and Y be two random variables with a joint pdf fy(x.}) and let Z = g(X.Y) be

any continuous function of the variables X and Y.

A function of a random variable 1s also a random variable. Therefore, Z 1s a random variable.
The objective is to find f,(Z); the probability density function of Z.

When (X) and (Y) are discrete random variables, we may obtain the probability mass
function P(Z =) by summing all probabilities for which Z = g(X.Y) equals the value of

z considered, thus:

P(Z=z)=) YPX=x.T=y).

g(x.y)=z

In the case of continuous random variables X and Y we first find F(2)

F,(2) = H Jrr(x,p) dx dy

g(x.y)=z
d F.(2)
d-
In this section we consider the special case when Z=X+Y, where X and Y are

then, we find f;(2)=

independent.

The general case will be treated in the next lecture.



Discrete Case: Example

EXAMPLE: The joint probability mass function of two random Y
variables X and Y is given in the table below: X 1 2 3 4
b. Define Z=X+Y.Find the pmf of Z. 1 0.1 0 0.1 0
c. DefineZ =|X — Y‘. Find the pmf of Z. 2 0.3 0 0.1 0.2
SOLUTION: PMF of Z=X+Y 3 0 0.2 0 0
The random variable Z assumes the values 2, 3, 4, 5, 6,
Z 2 3 4 S 6
P(X=1,Y=1) | P(X=2,Y=1) | P(X=1,Y=3) | P(X=2,Y=3) | P(X=2,Y=4)
+ P(X=3, Y=2)
P(Z=z) 0.1 0.3 0.1 0.1+0.2=0.3 0.2
PMF of Z = |X —Y|: The random variable Z assumes the values 0, 1, 2.
Z 0 1 2
P(X=1,Y-1) P(X=2, Y=1)+ P(X=1, Y=3)+
P(X=3,Y=2)+ P(X=2,Y=4)
P(X=2. Y=3)+ 0.1+0.2
P(Z-2) 0.1 0.3+0.2+0.1=0.6 0.3




Theorem: Let Z=X +Y where X and Y are independent random variables, then

Jz(2)= Ifg(f)]‘;(: - x) dx

Proof:

F,(z)=P(Z <z) =P(X+Y< o)

F,(z)=P(Y < z-X)= H fy v (32 )dydx
R

Since (X) and (Y) are independent random variables, then

ft’:}' (x,y) = fx(x) fr(¥)

N

>
e

@ I—=X

FG)= [ [ @A) dvde = F ()= I[T £ dv]]&(x) dx

00 —O0 -00

oo

F.(3)= [ fe(x) F(z=x) dx

o dEQ)

But, f,(2)= s

J(2)= J.f,{(r)j;(: - x) dx; the Convolution Integral.
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EXAMPLE: Let (X) and (Y) be two independent exponential random variables, such that:

ae™ ., x=20 pe™ . y=0
(x) = s ()= " -
Jx(%) 0 , otherwise 5 (¥) 0 , otherwise JEIET
LetZ=X+Y.Find f,(z) Z=X+Y
0<z< .
SOLUTION > X

r Si(x)
£ = [ (0 G- x)dx \
b x
For z<20, f,(2) =0 9
> X

Forz >0, .f;r(:)zﬂﬁe_ﬁ:Ie_(“_ﬂjxdr
0

3 -5z ~{x— =z ﬁ'(ai_x}
fi(2) = = (1- ) 4
> X

@9 »
a3
(o —B)

1 (2) = (-‘3_3; —c*), z>0 v's




fx(x) = ae™*,x>0

Example: Let X have an exponential

er(Z) N distribution with parameter a and let
fx(x) \ Y be a uniform distribution over the
0 _ interval (0,2). DefineZ=X+Y, find
1 2 4 x-axis the pdf of Z assuming X and Y are
. fr(x) 1/2 independent.
2 J 0<z<w
fr (=) ’ fx(x) = ae™%,x > 0
| i 06D =0 p@) = [ @ pe-0d
-2 Z o
fyr(z —x) 1 1
. OSZSZ,fZ(Z)=fae‘“x><E dx=§(1—e‘“z)
| ;
-2+2 2 1 1
£z — %) I z=21;(2) = jae‘“x X > dx = 5(1 — e™%%)
0
-2+2 7 z
1 1
z22,f;(z) = J ae ™ x = dx = = (1 — e72%)e~2(-2)
frfe— o | | bz e

242 z

>



Example: Let X and Y fx(x) 1/2 A
be two independent 0 1 | 2 3 ‘
random variables | X-axis
uniformly distributed fr(x) 1/2
over (0,2). Find the J
pdf of Z=X+Y >
0<z<4 fr(=x) _
| ) 2<0,f,(2) = 0 @ = [ f frz=x) dx
0 B
- —00 Z
2 fr(z —x) 1 1
OSZSZ»fZ(Z)=f§XE dx =
| : )
-2+2 z 2
1 1 1
fy(z —x) Z=2:fz(Z)=J§X§ dx =7
R 0
-2+2 z : 5
(, 2 <254 f5(2) X dx =225, = ~[4—2]
I —I\ —2+z
-2+2 z
fr(z —x) I I z2>24,f,(z2)=0

-2+2

-Z

Z
4



OOIN

Example: Let X be a random fx(x) 1/2 A
variable uniformly distributed 0 I 5 4 6 [2(%)
over (0, 2) and let Y be another .
random variable uniformly X=aXis g Lo __
distributed over (0, 4). Assume fr (%) 1/4
that X and Y are independent, &
find the pdf of Z= X + . ] - ; -
0<z<e6 fy(—x)
| - 2<0,f,(2) =0 @ = | fG frz=x) dx
V) > Z
4 _ - 1 1
fr(z —x) OSZSZfZ(z)=j X— dx =
I 2 4
-4+2 z ] 2
— 1 1
fr(z =) 2<Z<4fz(zzf_ Z dx =
2 4
| | o
-4+z
— 1 1 1
M = %) 4<7<6f(2) = j§x4dx——[6—z]
I I —4+z
-4+2 Z
fr(z —x)
Y | | 2> 6,f,(z) =0
-4+z ”
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