ECE 307 - FOURIER TRANSFORMS - INVESTIGATION 10
FOURIER TRANSFORMS OF SOME COMMON SIGNALS

FALL 2000 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tabl es.

The main result of the previousinvestigation is that the Fourier Transforms - the spectral densities -
of signalslikethe following single pulse

X(t)

are given by the following integral
X(w) = F[x®)] = &), x(t) & 'ct

The objective of thisinvestigation isto extend these results to some of the basic signalswe seein
circuit and system analysis like constants, impul ses and sinusoids.

1. Let usbeginwith following genera pulse

t
X0
t
—-al2 al2
of magnitude h and pulse width a
a. Show that
L. aaagy
X(w) =has ncéz_pﬂ
b. Sketch [X(W)]

2. Theobjective of this problem isto find the Fourier Transform of a constant signal
X(t) = h by taking the limit of the Fourier Transform of a pulse asfollows

h X(t)

—al2 al2

as a® ¥
a. First sketch [X(w)|for h=2 and a=1,2and 10

b. Describe what's happening to your graphs of [X(w)| in part (a) asaincreases. Y our
results should be consistent with the fact that as aincreases and the pul se approaches a
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constant of value h as follows

X(t)

then the corresponding Fourier Transform X (w) is approaching an impulse. In particular
show that your results are consistent with the fact that

F[h] = Ii@gg X(w) = 2phd(w)
c. Find and sketch the Fourier Transform of x(t) = 10

3. Theobjective of this problem isto see what happens to the Fourier Transform of the pulsein
Problem (1) as we make it narrower and taller while keeping its area equal to one as follows

Ua p(H)

—al2 al2

a. First sketch [X(w)| for a=1, 0.5, 0.1
b. Describe what's happening to your graphs of |X(w)| as adecreases. Y our results should
be consistent with the fact that as a® 0 and the pul se approaches an impulse as follows

+d(t)
t

then the corresponding Fourier Transform X (w) is approaching a constant. In particular
show that your results are consistent with the fact that

Fld(D]=1

M emorize this result.

4. InProblem (2) we found the Fourier Transform of a constant x(t) = h by taking the limit of
the Fourier Transform of asingle pulse as follows

h X(t)

—al2 al2

asawent to infinity. Thisisastandard trick for finding the Fourier Transforms of signals that
go on forever. The objective of this problem isto apply thistrick to the following decaying
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exponentia asfollows

t

given by
X(t) = \I' - te or equivalentl X(t) = Ke btU(t)

with b> 0.
a. First take the Fourier Transform Xg(w) of x(t) truncated as follows

0
'\ o

[ a

b. And then take thelimit of Xg(w) as a® ¥ toobtain
X(w) =im X, (w)

Note that there are many functions for which the above limit does not exist — not all
functions x(t) have Fourier Transforms.

5. Amazing asit may at first sound, we can aso calculate Fourier Transforms of periodic signals
like sinusoids using the same method we outlined in Problem (4)

a. First make use of Euler's Relation to show that the Fourier Transform of the following
truncated sinusoid xg(t) of frequency b asfollows

xa(t)

a\ N\
S VARVARVARVE

isequal to
a @bt 4 g it

X () = §, X0 dt = O, — e

é. amom-bg . aa(w+ba
=agdnc .—m——~ +sinc .—m— -
?‘ e p o e p o

b. Make aseriesof plotsto illustrate what's happening to Xg(w) as agets larger. Describe

and explain what's going on
c. Veify that your graphical results are consistent with the fact that the Fourier Transform
of acosineisasum of impulses asfollows



Fcos(bt)] = lim X, ()= pd(w - b) +pd(w +b)

6. Find the Fourier Transform of x(t) =5 + 3cos100t + cos200t
7. Make use of the following result
Fle™]=2p8 (0 - b)
to find the Fourier Transform of

a x(t) —3g 11000 | 4 4 ggjt00n
b. x(t) — 3ai12g 11000 4 4 4 o (1241000

8. Make use of the result in Problem (7) to come up with agenera expression for the Fourier
Transform of a periodic signal given by

¥
x(t)= a X "
k=-¥

9. Find the Fourier Transform of an impulse train of period T asfollows

Hint — you might find it helpful to make use of your result in Investigation 7 for the Fourier
Series expansion of an impulsetrain. Memorize this result

10. Set up aTable of the Fourier Transforms developed in thisinvestigation. Be sureto include
Fourier Transforms of pulses, constants, impulses, decaying exponentials, sinusoids, pulse
trains and impulse trains



