EE 261 The Fourier Transform and its Applications
Fall 2004
Solutions to Final Exam

1. (15 points) Suppose f(t) and g(t) are periodic functions, of period 1, with

oo oo '
_ Z ane27rmt’ g(t): Z bne27rmt‘

n=-—oo n=—oo

ft—7)g(r)dr= | f(r)g(t—1)
/ A

(a) Working directly with the definition of convolution, show that

The convolution of f(¢) and g(t)

o

(f=g)(t)= Z Anbp ™

n=-—oo

(b) Suppose we take a windowed version of f(t), defined by

M
— § : wnane%rmt’
n=—M

where w, is a finite sequence of numbers indexed from —M to M. Write fy/(t) as a
convolution.

For part (a), plug the Fourier series for f(¢) and g(¢) into the formula for convolution:

1
(Fra)t) = / f(t—7)g(r) dr

() (£ )

n=—oo m=—0oQ

(Note that we use different indicies of summation for f and g)

_ / Z b e27rm(t T) 2mimT 1o

n,m=—00
1
_ Z nbme27rmt/ e—27rm7- 2mimT dr
n,m=—00 0
0 1
_ Z anbme27rint/ e27ri(m—n)7- dr
n,m=—00 0



We’ve seen that integral many times:

1
/ e27ri(m—n)7- dr = 0, m 7£ m
0 1, m=n

Thus

For part (b) we set
M .
g(t) — Z wne27rmt‘
n=—M

Then since the Fourier coefficients of g(t) are zero for |n| > M we have from part (a),

M .
(f % g)(t) _ Z wnane%rmt‘
n=—M



2. (20 points) Let X be a random variable whose probability density function is f(x). Let F(s)
be the Fourier transform of f(x).

(a) On your formula sheet you will find expressions for the mean (expected value), E[X; f(x)],
and the second moment E[X?; f(x)]:

B f@) = [ af@)de= o F(0)
2. _ o 2 _ i 2
B f(@) = [ 2 f(a)do = (o)F0)

Derive these formulas.

(b) If we consider a random variable X resulting from the sum of two independent random
variables X7 and Xo (X = X 4+ X2), where f(z) is the pdf of X; and g(x) is the pdf of
Xs. Find the mean and the second moment of the random variable X in terms of the
Fourier transforms of f and g.

(c) A shift of f(z) to f(z — a) is still a pdf, and

o o

EX; f(z—a)] = /_ af(x—a)de, E[X?%f(z—a)]= /_ 22 f(x —a)dx
Show that
Re[E[X?; f(z — a)] = E[X? f(2)] + a®

For part (a) we need to use the derivative property of the Fourier Transform. As written on
the formula sheet: o
n _ (2 (n)
=(— | F
Fafe) = (52) F)

which when written out for n =1 is

/00 e 2Ty f (1) d = iF’(s).

o 2

Thus

BIX: fa)) = [ af(@)de = 3-F'(0)
In a similar way, using the formula for the Fourier transform of the second derivative (n = 2),
BIX% f(@) = [ af(a)do = (P F"(O
—00 v

To do part (b) we need to remember that if a random variable X is the sum of two independent
random variables, X = X7 4+ X», then the pdf of X can is the convolution of the pdf of X3
with the pdf of X5. Thus X will have as pdf f(x) * g(z), and its first and second moments
will be:

B J(0)*g@)] = [ alf(@) wg(0))ds = 3-(FGY(0) = 1= (FO)G(0) + GO F(0)



B @) o) = [ (@) @) s

—0Q
7
2

1

5-) (F"(0)G(0) + 2F(0)G'(0) + G(0) F"(0))

= (52)°(FG)"(0) = (

Let’s substitute the shifted signal in formula for the second moment and use with the previous
exercises, including the shift property of the Fourier transform.
00 i 9 d2

E[X2 f(z— a)] = / 2f(z - a)de = (=)

(F(s)e—27ria5)
oo 2m° ds?|,_,

i
= (%
Now it’s just a matter of evaluating the real part of this result:

)2[F//(S) + 2(_27Tai)e—i27rasF/(s) _ 47T2a2ei27ra3] |s:0

Re{E[X? f(z —a)]} = %[F”(S) —4n?a®e™ | = E[X?; f(2)] + @



3. (25 points) The signal g(t) = cos(7t/2) is sampled by multiplication with ITI(¢). However, due
to an equipment malfunction every third sample is lost, including the sample at the origin,
yielding effectively a sampling train h(¢) as illustrated below (but of infinite length).

-5 43 -2 -1 I 1 2 3 4 5

(a) Sketch the spectrum of h(t), labeling the location and strength of all the delta functions
involved. Hint: Express h(t) in terms of two III functions.

(b) Sketch two or more periods of the spectrum of the sampled signal h(t)g(t), again labeling
all delta functions. (You may use the identity 6(x — a) * §(z —b) = 6(x —a — b).)

(c) Suppose we attempt to reconstruct the sampled signal by passing it through a filter whose
transfer function is II(s) (following the derivation of the sampling formula). What is the
resulting signal?

For part (a), the gap-toothed shah function arises by deleting the impulses at 0, £3, £6, . ...
This can be written as the difference of two shahs, one the shah with impulses at the integers
and the other the shah with impulses at the multiples of 3:

h(t) = T0(t) — TM5(t).

The Fourier transform of this is

Here’s a plot.

A A LY A A

For part (b), the sampled signal is (cos(7t/2))h(t) and its Fourier transform is

F(cos(mt/2))« Fh = %((5(3 — i) +65(s+ i)) + (TMI(s) — émyg(s))
1 & 1 1 1 & n .
— §n__oo(5(8—n—z) —5(S—n+1)) _gn;oo((S(s—g— )4 6(s—=42))



This looks like

A A A A A A
1312 1012 L -2 LYY iraiy 12 131l
-514 -14 -1 14 i M
-1
In part (c) we cut this off by II(s), leaving
A A1
-3l LYY iy

-1

-1

14

If we now take the inverse Fourier transform we obtain the signal

2
3

Tt

1
3

omt
—COS — — — COS — — — COS ——

6



4. (20 points) Zero Order Hold: The music on your CD has been sampled at the rate 44.1 kHz.
This sampling rate comes from the Nyquist theorem together with experimental observations
that your ear cannot respond to sounds with frequencies above about 20 kHz. (The precise
value 44.1 kHz comes from the technical specs of the earlier audio tape machines that were
used when CDs were first getting started.)

A problem with reconstructing the original music from samples is that interpolation based
on the sinc function is not physically realizable — for one thing, the sinc function is not time-
limited. Cheap CD players use what is known as ‘zero-order hold’. This means that the value
of a given sample is held until the next sample is read, at which point that sample value is
held, and so on.

Suppose the input is represented by a train of J-functions, spaced T" = 1/44.1 msec apart
with strengths determined by the sampled values of the music, and the output looks like a
staircase function. The system for carrying out zero-order hold then looks like the diagram,
below. (The scales on the axes are the same for both the input and the output.)

Sero order
hold

(a) Is this a linear system? Is it time invariant for shifts of integer multiples of the sampling
period?

(b) Find the impulse response for this system.

(c) Find the transfer function.

Say the music is represented by a signal u(t). We sample u at a rate T and so the input can

be written
o0

v(t)= Y u(nT)s(t—nT).
The output, w(t), takes the value u(nT') and holds it for T' seconds, then takes the value
u((n+1)T)) and holds it for T seconds, and so on. We can express this as follows. Start with
the rect function of width 7', that’s Ilz(¢), and center it on the interval from nT to (n+1)T,
that’s IIp(t — (n 4 3)T); the shifted rect looks like



T @ ()T
Then the output is

o

w(t) = Lu(t) = > u(nT)r(t — (n + %)T).

n=—oo

From this expression we can easily see that the system is linear, for

o

Llur(t) +up(t)) = Y (ua(nT)+ ug(nT))p(t — (n+ %)T)
_ n;oo(m(nT)HT(t ~(n+ HT) + n;m ua (T (t = (n+ $)T)

= Lul(t) + L’ng(t)

Similarl
’ L(au(t)) = aLu(t).

Next, suppose we shift the time by an integer multiple of T', say mT. Then the input is

o

u(t —mT) = Z u(nT)o(t —mT —nT)
= i u(nT)o(t — (n+m)T) (now let k = m + n to write the sum as)
= ) ul((k—m)T)s(t— kT)
k=—o00



If w(t) = Lo(t) then the output resulting from the shift is

o

Llu(t—mT)) = > u((k—m)T)p(t— (k+

k=—o00

1

§)T)

(now, undoing what we did before, let n = k — m to write the sum as)
[e.e]

= n;oo u(nT)p(t — (n+ m + %)T)
= > umD)p(t— (n+ )T mT)
= nw_(to—o mT)

Thus the system is time invariant for shifts by integer multiples of T'.

For part (b) we input the delta function, §(¢), and have to determine the output. The input
is concentrated at t = 0 with strength 1 and is thereafter 0. So, starting at ¢ = 0, the output
holds the value 1 for T seconds and is then O for ¢t > T. The output is also 0 for ¢ < 0. In
other words, the impulse response is

h(t) =

1, 0<t<T
0, otherwise

From the impulse response in part (b) we can now calculate the transfer function asked for
in part (c). This is

H(s) = Fhs)= / sty () gy

T
— / e —2mist dt
0

e—27rzst
- —2mis
1-—

—27rusT

 2rmis
s SinmsT

wsT
= Te™ T gine sT

= Te



. (20 points) Let X be a 14-point DFT of a length-14 real sequence x. The first 8 values of
X[k] are given by:

X[0]=12, X[1]=-1+3i, X[2]=3+4i, X[3]=1-5i,
X4 =—-2+2, X[5]=6+3i, X[6]=-2-3i, X[7]=10.

(a) Determine the remaining values of X[k].
(b) Evaluate the following without computing the inverse DFT of X. Justify your answers.
i. x[0]

ii. x[7]

i, 212 xln)

. 13 4min

v. Zn 0 [ ]6 7

Ve Yt x[n])?
For part (a), since x[n] is real then X[k| is Hermitian. Hence X [—k] = X[k]. Since the DFT

is periodic, this also means that X [N — k] = X[k] where N = 14 in our case. This gives us
that:

X[8] = X[6] = -2+ 31
X[9] = X[5] = 6 — 3
X[10] = X[4] = -2 - 2i
X[11] = X[3] =1 + 5i
X[12] = X[2] = 3 — 4i
X[13] = X[0] = —1 — 3.
Now for part (b),

i x[0]=3 3,20 X[n] = ¥

i, x[7] = 45 Y0y X[n](~1)" = -2

i, Y2, x[n] = X[0] = 12

iv. Since the DFT of y[n| = x[n|e™ 7
X[-4] = -2 -2

is Y[k] = X[k —4] then 312 (x[nle 7 =Y[0] =

Ve Yo [xIn]P = 5 2alo XK = 22

10



6. (20 points) Let f[n] be a sequence of length N, where N is even. Let F[m] be its DFT. Let
g[n] be the 2N-element sequence obtained by adding N trailing zeros to f[n]. Let G[m] be its
DFT.

(a) Show that G[2m] = F[m] where m =0,1,..., N —1
(b) Show that the odd-indexed elements of G can be obtained as follows:

o

v 1. . 1
Glv] = Z E[g —k— 5] sinc(k + 5)
k=—o00
where v =1,3,...,2N — 1
For part (a)
k=2N—1 '
Glm] = glnle—2m ¥
k=0
k=N—-1 '
= glnle ™
k=0
Hence,
k=N—-1 '
G[2m] = Z g[n]e 2R
k=0
k=N—-1
= ) [l
k=0
= F[m]

For part (b), let’s find the formula for midpoint interpolation. We know that the general
formula for interpolating a function from its samples is given by:

o

x(t) = Z :E(%)sincp(t—%)

m=—0oQ

The midpoints in this case will be at % and the formula becomes:

%) - > ZE(;)SinCp(% - ;)

m=—0oQ

n

a(

Let u = % — m. Then

11



Now if p =1 then

[e.e]
:E(g) = Z :E(g — u) sinc(u)
U=—00
Note here that u is not an integer: u = %TH Thus we have
[e.e]
1 1
:n(g) _ kz :n(g — k= ) sinc(k + 3)

=—00

Now the trick is to see that when we zero pad to 2N points, we are effectively sampling the
Fourier transform of the f[n] at double sampling rate in the frequency domain to get the
DFT of G. Hence we can reconstitute the odd-indexed points of G by using the previous
formula, considering that the given points are G[0], G[2],...G[2N — 2] (i.e., assuming that the
sampling period is 1). Equivalently the odd-indexed points of G will be obtained by mid-point
interpolation between the values F[0], F[1], F[2],... Hence we get the following:

Gv] = Z F[g —k— %] sinc(k + %)

which is the result we want.
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