EE 261 The Fourier Transform and its Applications
Fall 2004
Midterm Solutions
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. (10 points) Two signals are plotted below. Without computing the Fourier transforms, de-
termine if one can be the Fourier transform of the other. Explain your reasoning, and give at
least two reasons for your conclusion.
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Solution Call the top function f(t) and the bottom function g(¢). Notice that f(¢) is odd, so
it’s Fourier transform is odd. The function g(¢) is not odd, so we can’t have F f = g. Another

Midterm solutions—2



reason why we can’t have F f = ¢ is that g is not continuous, whereas the Fourier transform
of an integrable function (and f(¢) is integrable) must be continuous. In the other direction,
since ¢(t) has no even-odd symmetries its Fourier transform will be complex, so it can’t be

ft).
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. (10 points each)
(a) If f(t) x g(t) = h(t) what is f(t—1)xg(t+1)?

Solution Take the Fourier transform. Convolution becomes multiplication and the result
is:That gives

eI f(s) T Fg(s) = Ff(5)Fg(s) = F(f * g)(s) = Fh(s)
Thus we get back what we started with:

fit=1)xg(t+1) = h(t).

The next three parts are related.

(b) Show that the following relation holds for any two functions u and v:

/_OO u(t)v(—t)dt = /_OO Fu(s)Fu(s)ds
Solution Let w(t) = (u*v)(t) then
w(t) = /OO u(T)v(t — 7)dr

—0o0

We also know that w = F~(Fu - Fv) by the convolution theorem. This means that
w(t) = / Fu(s)Fuo(s)e*™sds

Hence

Tt —rydr = [ a(s)i(s)er o tds
/ /

—0o0 —0o0

FEvaluating this equality at ¢ = 0, we obtain the desired relation

/OO u(r)v(—7)dr = /_Z Fu(s)Fu(s)ds

—0o0

(Replace the variable 7 with the variable t.)

(c) Using the result derived in the previous part (even if you couldn’t derive it), show that
the following holds for any two functions f and g:

/ T HFed = / " Fi(s)g(s)ds

Solution Notice that v~ = FFv. Let g = Fv and f = v then Fg = v~ and Ff = .
Therefore the relation derived in the previous part becomes

/ " p 0ty de = / " Fi(s)g(s)ds
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(d) Calculate the following integral:

/°° e sinc(t)

oo 1+ 4m2t2

Solution Take f(t) = e/™ sinc(t) and Fg(t) = m. Then F f(s) = II(s — 3) and

— 1ol
g9(s) = 2¢€ .
Plugging into the expression derived in the previous part, we obtain the following result

00 g7t o} t 1 00 1
/ Mdt - _/ H(S—§)e‘|s|ds

oo 1+ 4m2t? 2 J_
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3. (15 points) (a) Find the Fourier coefficients of the signals f(t) and g(¢) shown below; assume
period 1 for each. (Hint: it should be sufficient to do the calculation for just one of the
signals.)

(b) Find the Fourier series for the signal h(t) shown below. Again assume period 1.

by

11 12

Solution Formulas for the two functions are:

2t +1 l<t<o
1) = ) 2 =V =Y
Uy {0, else.
—2t+1, 0<t<i
g(t) = 2
0, else.
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From looking at the graphs, or from the formulas, we can see that g(t) = f(—¢). From
this, and from

Foy= [ et

(NI

we find that N
g(n) = f(-n).

Thus if we calculate f(n) we can get §(n) with no extra work. We proceed:

0 0 0

fln) = / (2t + 1)e~ 2™ dt = / 2t ¢~ df 4+ / eI gt —
1
2

_1 _L
2 2

Integrating by parts, leads us to:

t — 0 1 2mnt 1 —
-9 —i27n o —i2mnt gy —i27n
[(—i%m)e ]_% /_% (—Z’27m)e * [(—ian)e ]_%

To simplify the computations, let’s study each part independently so we do not get
confused with all the different signs.

t 27t ’ —1/2 iorn1)2 1 j
: e—i2mn — 0+ - ei2mmn /2 _ : el
(—i2mn) 1 i2mn —idmn

(Note that we have written ¢™ but if in your solution you have specified e™ = (—1)"
the answer is also valid.)

For the second term:

0 T
/ ‘ 1 p—i2mnt g 1 o—i2mnt _ 1 + e
1 (—i27n) (—i2mn)? (2mn)?  (27n)?

_1
2

Combining the terms leads to

1 i ( -1 e 1 +ei7m 1 1— &™) 1
—idmn (2mn)?2  (27n)? i2nn  i27mn 2m2n? i2mn’
that is,
ry 1 imn 1
fn) = 2772112[ B ] i2mn
Then,
. . 1
-~ — _ - 1_ —1Tn
() = Fl-n) = gl — ] 4 L

Once we have solved the first part, the second one is not that complicated, since it is
clear that h(n) = f(n) 4+ g(n). Thus,

h(n) = 27T%712[2 — (e 4 ™| = 7r21n2 [1— cos(mn)] = 52 [1-— cos(27r(g))]
hn) = —5 25
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The Fourier Series for h is then

o
h(t) = Z 5 2251&(%) 1mnt
n=—oo
which can be written -
1 .
h(t) = Z Esincz(g)elzmt
n=—oo

For those who separated terms when n is odd, even, or 0, the results are: lAl(n) =
if n is odd, h(n) = 0 for n even and h(0) = %
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4. (15 points) Sketch the Fourier transform of the periodic cosine pulse shown below. Explain
your work.

1

Solution The cosine has frequency 2, so it’s given by cos4nt. To cut it off at +1 (width 2)
we multiply by Ils(t), producing the single cosine pulse Il5(¢) cos4nt. Finally, we periodize
by convolving with Il (spacing 4) to produce the repeating cosine pulse given by

f(t) =Ty (t) * (IIo(t) cos4mt).

Using the convolution theorem, twice, the Fourier transform is then
Ff=FIl - (FIlz x F cos4rt).

Look at the convolution first:

1
Flly x F cosdnt = 2sinc2s*§(5(s—2)—|—5(s—|—2))

= sinc2s* (s —2) +sinc2s * §(s + 2)
= sinc(2(s — 2)) + sinc(2(s + 2))
= sinc(2s —4) + sinc(2s + 4)

Next, with
1
‘7:[[[4 — Zm1/4

we have

Ff(s) = i[[[l/4(s)(sinc(23—4)—|—sinc(2s—|—4))

= i Z (sinc(g—4)+sinc(§—|—4))5(s—§)

k=—o00

There are many values of k for which both sincs are zero. If k is even and # +8 then
k k
——4 d —+14
5 an 5 +

are nonzero integers and

k k
sinc(g —4)=0 and sinc(g +4)=0
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Here’s a plot of the Fourier transform. Your answer should have this basic shape, but need
not be so carefully rendered, of course.
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