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| funo amantal UPS.' nal s
1_-7: In('rodud'(on - 9

what 13 asignal ¢
A Si.‘am’d 1S acl‘.mh\_-.-(-}.ve olESCrtPl'\OY\o-J OL.ID\’I\{)SICQ,(
Pheﬂomermn p) E’.uenf or P(OCESS, Some Camm.on e_x,am\o‘\e‘%

indude : _1 )

1-— [:—Lec.l((lCaJ C__w.re.h*- oy Uot‘qo‘je n CA{CLth' .

2. Daly d-cs_;pg value g-y a share of stock ' last yed
5. Audio Signals Gnlinious time n s ofiginal
‘?Ofm;or.digqe,]-e - time when stored on CD .

More --Prédlsel«d / OlegnoJ 15 a#u_nc}.‘on : USu.a&»u\_-j o one
Var'ta)éie in Yime  How ever, 'mgeneral. sicgjnwls Coanbe
funchkions of more +han one vadiakle . erg 1MoL
Signod . - .

Tn Yhis cdauss we aje 'm:LereSFeJ in Ywo lr‘;jPQ‘SC"? 5'“3“0]5

\. Conkinious . Yime signal XG) ., where ¥ i€ oureal _

Vodued vanable denoting time e, teR . We Use
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paranthesis () Fo denote a Gnbinkous - hime Signal. |
2. Discrete - time S'JQ}ROJ XIn] . .au_he_._n’-. nlS an nteger ...
valued vorable deno’ring the '.o{iSCrﬁe":SMPWSO’? Lime,

e cn€z , we USe Sgpare bYaC.lfQJrS -1 denote |
o ‘Biscreke - Fime Si-can%\,ls U\nder e definiYion of

a discrete - Fime signal | )(EIB'J 15 not defined  for
.’e,uc\'m‘)\ﬂ Uil ‘
T Periodlic an__gl Gu periodic 2ignads

Asignal x @) s perodic 1 and only 14 -
XCh Ty X oot oo

Evample 1:

'Fol’ bhe %\Low'm‘j 3’103nals : R ‘ |
L) = A ginCamfebigio ) [kl 1400 |
2. KglH = BENCiEE . | |
3. X3 () = A+ P @sCam R }) .

C,hec,k J'p ”".S PEV}OOQJC SiOc)n_auL or ﬂo*? |
TWSH Y Qowr onswer | |
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Ans

1- ACH = Agin (2Tt 4+ &)
we haye Yo check i XEAT) = )(C%-)
T = L s So B

o

not , wheye

‘3 \‘ Y\_C @ S
6| n (_\:E-B) = Sin(A) Gs(R) 5 GSA@) Sn(R)

P "',J,-;: / ‘HLEL“ : ‘
) =1 and Sln CZT",L T o

Xi (4 4Te)A  Sin (2T et +6) = X ()

There fore + X, (4) 1S Periqohc 3ignal

=



2.7, (h = 3sin (15 +)

X2 CtaT) = 2Sin Vst 4 15Te)

= 23in015+) GS QS™ + 3GsGsF)SN(I5H
where 16 = 2P K =5 8 2y o5 —g,,&_ =217
2y ¢ IS

= . : ' -
22 Cta4T) = 3Sin (151) @S (2T + 3 Gos (I5)) Sin

(z ) .
= 280 5Y)) = X2(H) 13 perioolc S[ci\n_ad

3“ X3 i) =+ B @S Car i)
A3UrT) = A & BGs C2arfo Chap))

‘ :\.@"'”,3 @S C‘Z]T_Poi_ KT Zﬂ“?o"}:)
SinCe

(s (A B) = (0¢ CA) @s(3) ¥ Sin(n) Sin (13)
Then

. Xo( 4+T) = g @@s(zrr% F) Gs@TR ) —BSin (21T
Pok) Sin Carr§ua) |

when Qo -~ 1.
-Te

= A3(t 4B = A Gs C2THY) - yaqy s

Petodic signal .
fundamental Srequency of Gnki nious Signals

To ~le::Lszrhl-ia[\:j Yhe P.erioJ e Thoe {Qreq_u_eylcv Psi = \ /T, or
The angular Frepuency w,= 21l of 2 B e
ov Gapley e XponenkiaJ %’)?)J’LGJ > U- 15 i
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helpfud fo write d-in any of the following foyms
SINCw} ) = SN Cem BF) = sin Ceir ¥ T)% |

The Pundamental Ffreguency ot asignal is the

Prakest G@ammon divisor CGCD) of all the Frequeny

Components  n¥ained 1h aSignal i and eguivalently

the fundamenta \oer'\od \3_'4-}\@* least @mmon mulkiple
clem) of all ‘ndivituad periods of the components -

Example 2 :

Find Yhe Pundamenia Prequency of the Solowing
(onHnueus "18'3‘&)(\915 - ' | _ |
1. A (H) = @5 (Ve )+ 3in (B F)

2. X203) = sin (ZER) + GsCETY) 4 Sin (L y)
3_ Xacy) = Gs C3%)+ Sin C-"’—Z}*)

Ans 2 e X () = s §\°.75'L"l7)+5in C%r L)

The .9(920{?—"‘ Ces and per]oJS’ of the Ywo berms ale
respechvely |
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o M U b = I "T=_3§ ) wfa'zsaT[ ,837_-:_$€ Te: 8
The ()molamervt-a} Prequency o N1s *\’\Q GCD of (3] = ’55;

£ 5
and Fo 2

g - I = )2 50 |
B-seo (g gy ey &

A (bernackively ) Phe period of the Pundamental (2) is
e LCM of T4 5% and Ta = __Sg .

Toalom () -2

Yow Weigeh Wz b 2 2T/ T 2 ST iR ol e S, of
Can be wiithen as Vol L

X C“').-%__CO'S CS sl \L) + S‘nh'<’3 gﬁrg L)
Tz Gsic g (_uo[.)__\__g“hC%on_) _

Lo Lhoe J«w*erm’qre the 3¢ and gt Msarmonicw
_jr\'\e Qunaame’t‘a} Q|eil«@h0j wWo s res‘ped}velj

2o K2(L) o ain s | | ‘ '
2(}) - S,nC?g_lT}.)-l— CBQCS'Z;_II‘-) +3,'M@L)

T) i
he ﬁe@&eng es anol Per’ ods P the Hhiee berms oy e
fespedively |
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The ?runo\ox(he"\ﬁ‘a} QW‘D&”_‘@ Bo s the GCDsf -£: 2 and
Y3

< PR i
! B %0 2—‘*24-‘2%)
L

ff-:\uerna_l; UQJ% / 'H’l@ PenoJ of Fhe Qunolamen,lq] To 15 the
LCm ot 1,’ , o and T3

:LCMC,\% ,__,g) =Lcm C?o’ i}i,qo)_

\s Is

The S\‘g)naj G be Wwyitken aS
X () = S Q'“’Ty)arcss (REUY L Bin (Lm 1)

l.e the ?unalamenl-al Pre%uenw IS We T‘/\’Z (The
fundamenta/ perwd s To = &I =24 and the thre
\exms are ‘e 1854 # and * Navm onic of o, feSPeCt Vek
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3. X3C1) = Gos (121) + S (B4

Here lhe angular freguencies of the +wo ar_e_é}'_ résioedweH

wi = o _ y Wwv =" 51 |
3 P

The Sundamenta/ Freguency we ShouJa’be the GCD &t wi ;Pwa;
We = GCD ‘E"I %—-

which does nel exisf-__as ‘JTIS an -;rraul—iona/ number which Gn ‘
nek Voe expressed as aralio of fwo integers , therefore fhe

fwo frezuencies can nok e mulhiplies of Jrhg’ Same fundame -
nl-a./ frEEZM?hC*j""'I" .TYI other worols i the Suﬂnal as 'H'LtSum ‘
o +he dwo kems is nol perioo/"c Signed -
From {he above examphe - can be Gneladed Jhat Fhe Sum o

fwo Smuseids ‘ig peiiodiC i the radio of e res peckire
peiiods Can be expressed as a hiona] vumber - |

One +he ckher and | for o discrebe Goplex edponenhal X 3=

.Jm’n ‘ 7 . .
e ~ Jolve perodic with Per‘nod N s>+ has o satisty
VW) dwan QW iV 2K
e = € gitRiyg 6=l =€
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et is ; wiN Vos Yo be amuwlliple of 2T
WIN =2TK 5 ‘(@ 5 Wl —K "

Caa 1 A4 .
As “J-"\s an - T ]zfﬂ“ has Yo be a pkiona) number
( aratio of +UJQ 'ntegers) . In oder far dhe Per‘;g—d
N = KT s
e

to e the fund amen'}cJ.P@—\’\Od K has Yo be the smallest

integer thak moakes v an integer | and the fundamental
angular feguend) s
L e Ve 27 2 ..bi!..

gm—

? g N g
e Cbr'\g)‘w\aa\ Signal Can now Yoe witten as .
. L)UJY\ ;)Kuo\’\ JK Q%:L“

XCm]f—Q:e = &

Example > $ Show Mol oo discrede S'sgnal
* KB sgon G
has Sundament o Per'uod- |

N o :(\/'/ Geb Cvim)
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ACCorc'l'mQ\ Yo Yhe discussion albove | '\\r\Q -‘?_undq@?n#a} P@I'toc’:
Ne Shouwld Sq,\-is-ch ' ‘ |

M2 _No= K2V 2 OF No KN = (N .

We See thak for No Yo be an '\n\‘_ecﬁf | [_ L K has ‘o
ditide N . buk since K—.m!L*'_;g “an ‘wieger { al so hasto
divide on | moreover S.f:nCe K needs Yo be smdllest ‘
nkeger Sokistmg Yhe above- equakony Lz ok has to be
WP _cbwo_l—es\r Common .d_'\_u_f-%o*r_ ¥ Yvolh N and m i
e m|k has }o 'bQ“.:"\‘-\;Q.g[ea}PSJ'. Gommon divisa &8 ol v
and @ 5. 1 L=°3Cal Cniem) ;) and he fundamertal |

Pei\aa’ an \o"ﬂ__,__wr'f\lreh as i
7 ”c.Jf“N/ (M/K\ :N/GCD(NJ/”) ; |

. 3 phasor signals cawnd Specta.
QUMOMV\ P\\\gS\CaJ gystems adways ‘nlerack with real Signals|

=18 ofven  mathemaki @lly G»nVQrﬁvn¥',}o fePfeSenJr (o
S‘%MJQ InterMs of Com\ole)( CLoLan‘\Lleg,

A @ow\eX Sipuserd Can be viwed as Arotaking pPhaser

2C
T e R

|
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From J'-his &Z(«LOJ‘\GH.«U’- (an oe noled Hﬂa"' e ‘Siﬂhaj has
Yhree poramelers , amplilude 0 pfezuenaj £ 1 and phase &
the §ixed phaser pottion 'is (\e  while the fofaking parkioh
S QJN \. Therefore . @5 shount th ?_\%‘-’L'Ca) Lthe real
Sinusod Agnal X(Ck) Gan be o\o¥wik\ fom X Cr) where

X Q4 = Re i ouE

o et + @
Refae™ Y
Bu; Wsing E'Lde\' S f‘/‘leofef"‘ , X() @n be eXPfeSSP-o' aAS

X C’t) R‘l {/\ @S Cwo+ &) +)A Sn wajr—'ré)]

; = DOos (wed &)
W e Com OJSO k uan s arownol USin9g ‘he \Y\UPISG [LJE’Y

QG\(Y\LAQ a8 Showw W Y\os AT wwere
XQ) = (A 7CGS ConE -\—*8) '
el ~ %
=4 X&) r4 X O

Jloakagdl 1 (wot+e&)
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A A @s(wet+-6)

&
-
.
=g -
-

B b "'é,/ WL £ i K e

|

AT\ s ,f"r;t
T i
2 A \)> .

5 |
’F;‘a 1 T\t HJQ\JS oA redad N o PH:A s Signad b g Snu soicla)

513“0’] @)C)"\&m“ X&) Hom 3(@.) . (o) obtoun X(+) Prom
X () and X (4) -

On eeinalive repreSenyakion for AW) s 'PIOU]CJE‘O’ n -Pffzbu’— ‘
ne) domain  whete the amplitude ob Lhe Signad and s |
phaSe s studied wl), vespeck do dhe value of n[’fezqenq, -
Yo . | -
|

The Sreaueney olomain dakes Luo POT{hSUfPIO-)»g a3’ el

'\V\Q\(’)9_~ .
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a . j;ncale_,Sl'oleJ line spectra (Amplitude and fha&a)

\o-c)og}g\e ._S.'\o‘ec,_l_ line SPQQJ-]'G{ (QMP—U_IHJQ and PhGISQ)

Both the single - sicled and double - sided lne spectra
Cory d to fhe real 3}; ned XCH). AV

VoI Vet e, O Hhilgnd fo)
L-\ N Fig 2
() Singhe -sided line speckra = ((bb) Double -Sided Une Spechra

F)(O\M\‘ale l+ s - Cd;\:en Yhe Sicavwd
X (k) : L @s (20T 4 Jql;) 4 > Cos C{o Tk -_g:) + Sin(g’o'ﬂ"t.{—
_ \ _ 33

- Skekch Ws S'nahaﬂ _ ayded amplu'l-ucﬁ? anal P\’quE’ Slocd"m

b skerch s double -sided omplitude and Phast’ s pechfa
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AnS

@) XQ) = "-!'COSG_‘,T” -\-_E) + D (55 (6o Tl'l—" -Iji):—l—Gss('SO'lH-l—
- where  Sin (SO'IT"’-\-“) @§ (30 HI—-Ql .E)

2

> X)) =4 @ (20T 4—-\-.\__)4—9@‘3 (éo'ﬂ' _)_)—\- GSCSC)T{‘-

)
ﬁe Sw\%\e Slclec:’ QN'Q(,(J;QJQ ‘and P\’\GSE‘ SPGC:’-IOL
Ptm i} o[c 0y |
"f% P i A Plase
3 3--1 ey, %
I e ( 4
s T(‘.\ 3-0 Yo g e h; Z'c: .io 4§
; & e et
« 0 ‘_,‘,;_,,ﬂ
Fig 3 e

- ~'er o\ou\g\@ Sided amptirude and phase Specka
X = L+CoSC2°T|-+_J1J__) +3 Cos (6oTTt-TT )+®sCSon—JL)

= bk

2

L-JI
=k

0 o

—

4+ €
Gollt -1y - (gony .T)]

020k -1y ~J(zeT l'-\'% GLEN ~) (&t _,_11)
[e o 5 [@

+ ©C

9
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? .27?....&

f_..---.-- P TRRE (R e
2{ T =] 1) _>
"I’G ~3G 20 g 10 20 3o Go P
Amp litucte
A 3
Lo ke el
‘# T
(oI &
T _________ T
¢
v ] =T ! N 2 4’
Go! 13 g2l N gy 0 if . s
.oy
T3 _,,_-._-l%
v phase

‘s;(% C‘l );_ Dolubie - Sided

Exo{“\)\a By % G'\Ueh e S\%ml-

X = € Cos(2aTrt - )+ G-Sin= (2Tt -I1)
(a) S Y-s S\nca\e_ Sided amplitud e ansl phaSe Spedrq.

(v Sk Uos doude - Sded amplitude and p hase spechia
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Ang @ # |
a)y A() =z 6 Gs ok -1 ) 4 «Sin" (BTt L)

Since

an 0l

’T\r\en
X (&) Can be wribten as

XCW) = & (os C‘Zc:}l-l— '\T)_\_ "’C"L"—LGSCK‘??“‘- —1—) )
5 665‘@0“-{' '1)+2 2 @3 C(oT'l- ’Ti)

*6@5(20T¥% o) +2 3 265 (6o ) - T)

¢
A &= 6Co$ (20Tfl’»§l)+2+2€05 (60T + 20
3 =)

§ 1 ol
el ﬁmpln}uaf z T iy ‘T Phase
) ‘?J\ ekt «‘ﬂg \ T ‘ , —%
g o ?':O T m ‘k fen aly g
E}

ﬁ'g(s)

o) X&) = 6Gs (20T -y s 24 2@s (6o x 2k )
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' v ~ . ‘
KLYy = & eJ(?ﬂﬂ /3) L) Genk -5 5 [[JC6oThy2ll
-) (64Th ~ L) o h
A A Phase
3 Amp Ukude " _ L W T TR
il b i, 1%
i N
| >
p > i 1 '|_ 4? 4
fi-;i ‘ \O - lo l 36 ¥ = W 1 lg ﬁ 20 3o ¥
; : : -'-*IL
i e o
S . e 2L
i 3

« ’ L“ 6\ Y\%u._la-h’\ \-‘j Cunckiors

6‘_\_nqu_3f\‘r~j funckions are disnhnuass Suncbons or Heir
deradives aR disGnkinuous the Gamonly used Singulanty

Qm’\ chons oye 5

% Step fanckion

* Ramp funckion .
- Tenpulse fonckion .
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7-‘1'.-7 Uot- Skp funchon . |
The unit step Sunckion 1s used wdely in metworlk theory
ond  Gnkol theory , the Unk step funchion "% defined
as

W@ - n@) =

o=

\ .9 L>c~
0._ 9 J’{O

Yrom Hhis defition , 6. G be poted thad bhe Uik Shep

(;\Ahc_\-'\oh MS. L d:\$Conl,:\hu'l\-j Od(' '(-:o o:n:) 15 @'\mou$
Sor all edher Vodiees 63 &

A

- 4—)

+ —>¢

| ?‘%‘ +oplek of Ut s ep Nunckion .
Refleckhon operokion on tae umk step funclion
T4 g easy Yo uisualize how Wl wowdd e , thig

funcdon  w(h s reflecked version of W) and s\own
™ Q'\Oﬁ ) w(-+)

Digdplor o W)

kg

4+
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Ahothey @amp\e UsSing Yhe Unik s‘rep X\mdi‘on s shown

W P\g\o) , +his funclion B Called ‘\'L\'Q 5‘?‘91'“\&““\ pund—io-

N ond U119 wnHen S Son (N .
. senChE T

?-\3&[0;)\0!( o Sig‘r\um Q\m ckion
Where Yhe Sgn (V) Gan be exp&’essecb oS

\ 5 *50
4 70, 9" bae
_ -\9 V o
The 8\%\r\um Q\mc}c\ov\ 15 oﬂen no} Used " Yhe nekwork

\-\meow:\; buk W15 Used M Grmum@dion and Gnlrol theary.
T¥e" e,xwessea n Yerns of Umb step funchions oS ndicak

eo\ __'_\?.Q\ou.i .
; S%nﬂ_\-) = = 1a 2uls)
G San () = wy - w(H
) ?'*w-.“Q\c‘\Y\a Operakion on He Unil Slep Canclion

SCZ)Y\ (;\') =

The ‘S\&\Q\‘\\«\Fj Cb.pefod—'\oh on the UMb 5'}ep ff\uhd_;oh s hown

W G N, and W Gan be evpressed oS
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(L ~T) = Vo 4>
69 }<T

u(#—'i‘)_ T \ U\(’C“-t)

p I _. _ z |

V\Ca il 3\\\\'\(&:) Un\%- S+€P ?““C}lol”

A\L.2 chmp 'Tk‘kv\_d-_\'on_
The vomp fundion shounm n %19 (1) Gan pe expressed o
|

) - b 9420

o |
) 9 l’<0 v(y) ’ X, slope {

e o Tt owm m wm a

L |
Yo (i@ Plet & ramp i |
& o P Runchion v

We (on define e Uni} steyp Cunclion , as ke oleriuql-iw_!

et e OmpP §unddon « ABemedively ) we Gan siale thal

'“\P Yo S on 1S Yo e ?)YQJ &y l"\q@ gl S%P
fundion , wheve |
|
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L . I
UQ) = vt o vay- 5u (t)olt.’-g\.d‘k : .JruCH

AL

Tn addikon , the Iof— oMo ~shifled romp ?uhd-:oh and e
(EQ— edc-eo‘ FOM|O ?th_,l—noh chle Ol!SP\q\jEd N F% \3) .

¥ (+-T) o Y r (T-¢)
N g T
) shilted fomp p-”ff.‘d"".*‘ b) shi tted and reCle ched fomp

Lo funchion
X:\-cb\?ﬁ' Op@.{o\,\-'\@h o ramp ?\.\ﬂd‘\oﬂ

e vomp Fundien i3 a Signal generaked oy Seme ele -
Avon € Circui s TR decknc Civewry™) 5 - s
95_554;’\15\&' Yo generale  Saw- testh wave forn. displayed n
F‘%.i"\--qi L Suck o Signad 1s used n-a Ca}hqc{e-(oud 0sCh -
Mesep CCRO) as the himing Signal  Such asignal is
Used, wi & TV algo for \oizonta and vertiCald SGannivf)

L) | ol
W | S.?-’;}a H;j ¢ Squdpx-OG’Ha(;b(_«'GiU‘-“porm ) used
—>t 54 sucep Sgned CROS

i
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BLE 3-2
Timary of Fourier Series Propertiesa
Series Coefficients®
rdgonometrc sine-cosine
@ ‘ 1
(2) = ag + ) (a, cos nagt + b, sin naygt) ay = ——f x(z) dt
n=1 i TO T,

omplex exponential

CEE

H=—m

*ven means that x(f) = x(—p); x(?) odd means that x(f) = —x(—1); x(£) odd half-

2
a, = —j x(t) cos neyt dr
Ty I,

2
b, == f x(f) sin et dt
Ty Jg,

1 .
Xo= | x(t)einuat gy
Ty g,
{ X, — jb,), n>0
X, = 1 -
sla_, +ib_), n<0

X, = X%, for x(1) real

) df means integration over any period Ty, of x().

. 3. Triangular wave

TABLE 3-1

Symmetry Properties

= Average value of x(f)
a, =0 forx(¥) odd,
b, =0 forx(d)even

@, b, =0, neven, forx()
odd, half-wave
Symmetrical

Xy = Average value of x{f)
X, real for x(r) even
X, imaginary for x(f) odd

X =0, n even, for x(¢)
odd half-wave
symmetrical

Wave symmetrical means that x(£) = —x(t * Ty2).

Coefficients for the Complex Exponential Fourier Series of Several Signals

1. Half'rectified sine

wave
A
g
0 T2 T,
2. Full-rectified sine
wave* . A
! 1
R~ B
3. Pulse-train signal '_‘L 7 A,,{
A
T
!
Ty

4. Square wave

A
P a—— =0,*+2 +4
77{1 oy n2) 7 n b} 1
L=, noddand # +1
—i—jnfi, n=+1
24 )
% = ——‘W(l ) h even
0 n odd
X —?Trrsinc nfyr e 2, Fo= Tyt
0
2
24 , h=x1 +5
l.‘f’tl'jT
o= S £3, +7,
Il
0, n even
——4:42 , hodd

30 e
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Chapter 8: Discrete-Time Signals and Systems

8.1 Introduction to Discrete-Time Signals and Systems

Signals in life can be analog or digital. The analog signal can be converted into digital
signal by using analog-to-digital convertor (ADC) in which the stages of the-analog-to-digital
conversion could be summerized in Fig. 8.1

Analog input signal Sampler Quantizer Encoder
> > > >
continuous time discrete time discrete time Digital output signal
continuous amp. continuous amp. discrete amp.

Fig 8.1: Block Diagram of Analog-To-Digital Convertor (ADC)

8.1.1 Sampling

The sampled signal, X;(t) can be generated by applying a switch to the input signal x(t) as shown

in the figure:
x(t) _": — x(1)

Fig 8.2 : Switch closes at t=nT

From Fig 8.2, in ideal case it can be noted that the switch passes the input signal to the output
signa wheniit is closed whereas, nothing will pass to the output when the swich is opened. On
the other hand, mathematically, this swich could be modeled as multiplier where the input signal
is multiplying with another periodic signal, p(t) which can take only two values 0 or 1 as shown
in Fig 8.3.



p(t)

1 mhi) N
mﬁgﬂﬂj@ S

o

3T 4T
p(t)

(a) (b)
Fig 8.3 : The sampling operation, (a) Model of sampling device and (b) Sampling Function

In Fig. 8.3, itcanbenoted T = %, and t is the sampling duration which is theoretically zero. In

N

addition, the sampled frequency x(t) can be expressed as

X () =x(@O)p(t) oo (D
Since p(t) is periodic signal, then p(t) can be represented by exponent fourier series where
p(t) = X% _ C,el2™ist | i (2)
where C,, = = ["/2 p(t)e~J2mfst

TJ-1/2
and f; is the samling frequency or the frequency of the periodic signal of p(t).
by substituting (2) into (1), then x4(t) can be expressed as
xs(t)= X0, Cpx(t)e?™fst ... (3)

Now, by substituting (3) into(2) with interchanging the order of summation and integration, the
result can be put in the following form

x(t) = X0 Cox(t)el?™fst 4)

8.1.1.1 Spectrum of Sampled Signal

The Fourier transform of x4 (t) can be given by

Xs(f) =5 x(t) e/2tdt = [7 ¥ Cux(t)e/ste 2 gt ............. (5)
with interchanging summation and integration

Xs(t) = Lo Cn [ x(©)e 2RI gt . (6)

Hence, the fourier transform of the sampled signal, x,(t) as

Xo(f) = 5%y CoX(f = 1) eoreeereereri 7



where X(f —nf,) = [ x()e /2mUnf)qe.

From (7), it can be concluded that the spectrum of the sampled continuous-time signal x(t)
is composed of the spectrum of x(t) translated to each harmonic of the sampling frequency.
Moreover, from

X X0

0
y fi 2f, g ‘ ol og 28,

Fig 8.4 : Spectrum of Sampled Signal
Sampling Theorem :

From Fig. 8.4, it can be noted that

the original signal can be completely reconstructed by using low pass filter. Further, it can be
noted that the constant scaling factor C,, ¢an be easily accounted by using an amplifier with gain

1
equal to o

8.1.1.2 Ideal Sampling: Impulse-Train Sampling Model

Consider p(t) is composed of an infinite train of impulse function of period T. Thus,

p(t) =X 0(t—nT) ... (8)

which is'the sampling function illustrated in Fig. 8.5.

CACOTN I N A

=SAT —4AT -3AT -2AT -A

v

Fig 8.5 : Impulse train Function

Since p(t) is periodic signal, then the values of C,, can be expressed as



Co =7 p(O)e™Zm™itde ..., 9)

By using sifting property, C,, results

8.1.1.3 Ideal Sampling: Impulse —Train Sampling Model

By substituting (10) in (7), then the spectrum of sampled signal x,(t) can be given be

X(F) = fo X o X(F = 1La) oo (1)
X0 X.()
M
A . \ \
f C C.) e G
i ° % 28, g b ‘ W\ 2f, d

Fig 8.6 : Spectrum of Sampled Signal

8.1.2 Data Reconstruction

As shown in Fig 6.7, the original signal can be perfectly reconstructed using a low-pass filter
with cut-off frequency equals'to f;/, provided that the original signal was sampled at a frequency
above 2 f},. In other words, the original signal can be completely reconstructed by using low
pass filter. Further, it.can be noted that the constant scaling factor C,, can be easily accounted by

using an amplifier with gain equal to Ci
0

A

Y U §(0) ,| Sampler Filter |, f(®

2f, £, -t ‘ a o 2f,
fo-fu

Fig 8.7: Data Reconstruction



Aliasing
Whereas, if the original signal is sampled at a rate less than twice the highest frequency then the

translated spectrums will overlap and the original signal will not be reconstructed properly. This
effect is know aliasing and it is illustrated in Fig. 8.8,

Xi(f)

f-fh

Fig 8.8: Illustration of sampled signal for f; < 2 f},

8.2.1 Ideal Reconstruction Filter

An ideal low-pass filter can be used to reconstruct the data. It has the following transfer function

H ={T VI<054 e (12)

0 0.w

By using Inverse Fourier Transform, then h(t) can be expressed as

h(t) = “%” = SINEChL) oo (13)

From (13) it can be noted that the impulse response is not time limited and non-causal.

In addition, from Fig 8.8 it can be noted that the constructed signal could be obtained by using

the convolution theorem between x4(t) and h(t) where the final result can be given by

x(6) = Bieeo X(KT)SINCE = k) oo (14)

If a value is to be interpolated between nT and nT + T as shown in Fig. 8.9, and [ samples each



side of the value to be interpolated, then we have

Lt
x(t) = X s x(RT)Sinc (G — K)o, (15)
4 Reconstruction
VO, : .
Interpolation functions
SELECL S
., . ~".'.' ‘..
................ t
St nAT (n+1)AT (n+2)AT(n+3)AT ......

Fig 8.9: Time-domain equivalent

Example 8.1: The signal

x(t) = 6 cos (10mt)

sampled'at 7 Hz and 14 Hz. For each sampled frequency

A. Plot the spectrum of x(t).

B. Plot the spectrum of sampled signal

C. Plot the output of reconstruction filter.



Answer

In this example we are interest to see the effect of sampling a signal at both a frequency less and
greater than twice the highest frequency where the highest frequency (the only frequency in this

case)is 5 Hz.

A. By using Fourier Transform, X (f) can be expressed as

X(F) =36(f =5)+38(f +5) cevverreoeeeranenn, (16)

-5 0 5
Fig 8.10 : Spectrum of x(t)

B. The spectrum of the:sampled signal can be easily found by using (11) where

X () =363 o[8(f=5=1F)+6(F +5—=1F) ceevreereenennnn. (17)



For the case of f; = 7Hz

%(0)
3%7
! .l

———————

L

=

26 23 -19 16 -12 9 50202 5 9 12 16 19 23 26

Fig 8.11: Spectrum of sampled signal with f; = 7Hz

A low-pass filter with cut-off frequency %S = % = 3.5 Hz is used.The amplitude of the filter in

the low-pass region should be fl = %

S

C. The reconstructed spectrum is shown

)(recon(f)
13

f

-2 0 2

Fig 8.12: Output of reconstruction filter with f;, = 7 Hz.

This is equivalent in the time domain to

x(t) = 6 cos(4mt) = 6 cos 2m(2)t) covevinrnnnnn. (18)



Because the original signal was sampled below Nyquist rate it could not be reconstructed
properly. Note that the reconstructed signal is similar to the original one with lower frequency as

a result of aliasing.

Now, let the sampling frequency be 14Hz which above Nyquist rate. The spectrum of the

sampled signal becomes

X(f)
[ 3%14

et
e s
B s

1
N
W

1
p—
\O
1

el

-5 5 9 7 19 23
Fig 8.13: Spectrum of sampled signal with f; = 14 Hz

Now, a low-pass filter with cut-off frequency =fs/2=7/2=7 Hz. The amplitude of the filter in the
low- pass region should be 1/fs=1/14. The reconstructed spectrum is exactly like the original

signal.

5 f

-5

Fig 8.13: Output of reconstruction filter with f; = 14 Hz



Example 8.2: Consider the following signal,

x(t) = 4 cos(8mt) + 6 cos (6TL) ..ceevevvnvinnnnn. (19)

A) What is the minimum required sampling frequency to avoid aliasing?

B) If the signal is sampled at a rate of 10 samples/second, What are the possible bandwidths of

the low-pass filter required to reconstruct x(t) from x,(t)?

C) sketch the spectrum of x(t) and the spectrum of x4 (t)?

Answer:

A) Greater than twice the highest frequency=2*4=8 Hz.

B) If we sketch the spectrum of the sampled signal. It is easy to see that the bandwidth should be

between 4 & 6 Hz.

C) This part is left for you © © ©

8.2.2 Practical reconstruction

There are other different methods to reconstruct the signals which are not exact:

* In the time-domain one may use linear interpolation between the points. Other

averaging techniques are also possible.

* In frequency-domain, RC circuit might be used to approximate low-pass filter.



Finally, as shown in the figure below the reconstructed spectrum may suffer from
variation in the amplitude in the pass-band region in addition to non-zero amplitude in the

stop-band region.

Fig 8.14 Simple first-order low pass reconstruction filter

8.2 The Z-Transform

The z-transform is the basic tool for the analysis and synthesis of discrete-time systems in which
it is defined as

X(z) =Yy x(NT)Z ™ i, (20)

where the coefficient x(nT) denote the sample value and Z~" denotes that the sample occurs n
sample periods after the t=0 reference.

8.2.1 Derivation of the Z-transform

The sampled signal may be written as

X () =Yoo x(®)6(t—nT) oo (21)

since §(t — nT) = 0 for all t except at t = nT, x(t) can be replaced by x(nT). Assuming
x(t) = 0 for t < 0. Then

Xs(1) = Yoo x(nT)S(t —nT) .oovvnennnenn. (22)



Taking Laplace transform yields
&@):szgmﬂnmsa—nﬂe*wt .................. (23)
By sifting property of the delta function

Xs(S) = X2 o x(mT)e T e (24)

Now, let us define the complex variable z as the laplace time-shift operator

By substituting (25) in (24), X(z) can be expressed as
X(2)=Yp0x(MT)z™™ e (26)

In additon to, from (25) it can be noted that the left-half plane correspond to o < 0 is
mapped to |z| < 1 in the z-plane which is the region inside the unit circle as shown in Fig
8.15.

jw Im[z]
S-plane 1
o ///F\\\\ RelZ]
Left-half /Z\
- Unit

circle

z-plane

Fig 8.15
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Summary 469

Summary

This chapter basically considered two topics: the implem

the pulse transfer function ), and the design of digital si
atations cONSIaeT

entation of digital signal processots from
ome perfornance

The design or synthesis problem usually involves the development of 2 digital signal processor that
meets some time-domain oF frequency‘domain specification. The impulse-invariant and step-invariant
digital filters are based on & time-domain specification, while the bilinear -transform digital filter is
based on a frequency-domain specification. All of these filters are infinite-duration impulse 1€sponse

al filters.

“may be difficult,

s available. Choosing the ap-

It should be clear that the designer of a digital filter often has many option
gital filter theory and the re-

propriate technique for an application requires a good understanding of di
quirements of the specific application of interest.
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