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PREFACE

This manual contains solutions to all end-of-chapter problems and all computer exercises
contained in the Fourth Edition of Signals and Systems: Continuous and Discrete. The
manual is divided into two separate parts. Part I contains solutions to the end-of-chapter
problems and Part II contains solutions to the computer exercises.

All computer exercises are developed using MATLAB as are all end-of-chapter problems
specifying the use of MATLAB. In several parts of this manual, especially in Chapters 8
and 9, MathCAD is used for a little variety in a few problems.

Thanks go to Carol Baker for her expert typing skills and for her help in assembling the
final product.

While we have done our best to insure that the problem solutions contained herein are
correct, it is inevitable that manuals such as this are never perfect. We apologize in
advance for any frustration caused by such errors.

REZ.
W.H.T.
DRF.
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PART I

SOLUTIONS TO
END-OF-CHAPTER PROBLEMS



CHAPTER 1
Problem 1-1

(a) Write the acceleration as

af, t <t

a(t) =
0,1>1,

Thus the velocity and position are, respectively, given by

t 06t2/2, t < Z,
W) = fa(A)dA =
0 ary/2, 1> 1
and
t ot3/6, <,
x(t) = f v(A)dA = .
0 ato/6 + atg(t - 1)/2, t > 1,

For £, =72 s and o = 5/9 m/s?, we have x(f) = (5/54)F,t < 72's. Att= t, =72 s (burnout), we have
x(ty) = 35.56 km.
(b) See the figure below for the integrator.

\ / L\ /
Integrafor V\oltageﬁﬁiv_. /" Integtator




t

1
v = oo [ v,(A)dA

Assume that R, << R. The input impedance to the op-amp integrator is therefore much larger than
the output impedance of the previous stage, and

R,

vi(0) = vo(®)

1Py
From Example 1-2,
1| Be? t?
PRI N

RC\ 2 " 2RC

Therefore,

(__B )A?d/\

t
1 2
V() = —— -
0 Rchl+R2k 2RC
0

Integrating and setting ¢ = ¢, we obtain

2
V2(to) = R2 ( Bt() ]( ‘o ] =10V

R, +R,\ 2RC)\ 3RC

The second factor on the right is 10 V because of the maximum output limitation on the first
integrator. Thus, we require that

R2 tO -1
R, +R,\ 3RC

For example, from Example 1-2 we have RC = 0.36 s. With #,=72s and R, = 10 k ohms, we get
R, =152 ohms.




Problem 1-2

(a)Letn=0,1,2,3,...,N. Then

w(I) = v0) + Ta(T) (a)
v2T) = w(T) +Ta(2T) (b)
VINT) = v[(N - DT] + Ta(NT) (c)

Substitute (a) into (b) and so on until (c is reached. This gives

N
VINT) = v(0) + Ty a(nT)
n=1

(byLetn=0,1,2,3,..,N. Then

w(I) = v(0) + (172)[a(0) + a(D)] (a)
v2T) = w(T) + (T1)[a(T) + a2D)] (b)
VINT) = v[(N - DT] + (T12){al(N - DT] + a(NT)} (c)

Substitute (a) into (b) and so on until (¢ ) is reached. The result is as given in the problem statement.
Problem 1-3

(a) A maximum departure of the weight from equilibrium of 1 cm requires a spring constant of

Ma,,, _ (0.002)(20)
x 0.01

max

K - = 4 kg/s?

(b) For a minimum increment of 0.5 mm = 0.0005 m, we have

KAx_
Ag o KBt _ 40.0005) _

i 1 m/s?
M 0.002

(c ) The velocity is given by

' t

201, 0 < 50
v(®) = fa(l)d)» - f 20dA = {1006 t : go 2
0

0



Problem 1-4

K is the same as in Example 1-1 because M, x,,,, and a,,,, are the same. Also, Aa,;, is the same. The
velocity profile is

t

fzodx =201, 0 <t< 10
0

b = 200, 1? <t<?20

200 + f 20dA = 200 +20(z - 20), 20 < ¢ < 30

20
| 400, ¢ > 30

Problem 1-5

From (1-15) and using the x() given in the problem, we have

s(1)

1

cos(w ) + afcos[w,(t - 27)]

[1+ chos(Z(oot)]cos((oot) +af sin(2w,T) sin(w)¥)
A(T)cos[w,yt - O(1)]

= A(t)cos B(t)cos(w,t) + A(T)sin O(t) sin(w,f)

Set coefficients of like sin/cos terms equal on each side of the identity to obtain

A(T)cos (1)
A(T)sin (1)

1 + afcos(Rw,T)
«f sin(2w,T)

Square and add to obtain

A1) = ‘/1 + 2P cos(2w,7) + (af)?

Divide the second equation by the first to obtain

afsin(2w,T)

_Sin& = tane(T) =
cos 0(7) 1 + afcos(2w,T)



Problem 1-6

Sketches of the analog and sampled signals for both cases are shown below[(a) top and (b) bottom]:

15 I T T T | T I T T T
—— sampled signal
-------- cont. time signal
1k ...
¥

| Il
2 3 4 5 6 7 8 9 10
t
1.5 T T T T ' ! I l l I
——  sampled signal
) R cont. time signall
“;: .
0.5 -0y T T
0 , I I I I
0 . ] 5 3 4 5 6 7 8 9 10
t



Problem 1-7

(a) The impulse-sampled signal is

Ximp. samp(®) = €OS27) Y 8( - 0.1n)

o

)" cos(2nt)d(r - 0.1n)

n = -oco

oo

Y cos(0.2mn)d(t - 0.1n)

n = -oo

1l

where property (1-59) for the unit impulse has been used to get the last result.
(b) The unit-pulse train sampled signal is

Xunit pulse samp(t) = COS(ZTI:t) E 6[f - Oln]

oo

Y cos(2mt)d[z - 0.1n]

n = -oco

oo

= Y cos(0.27mn) [z - 0.1n]

n = —oco

where the fact that the unit pulse is 1 for its argument 0 and O otherwise has been used.
Problem 1-8

(a) The signal can be developed in terms of equations as follows:

{1, (0.1 < 172
H©.17) = {O, otherwise

_ 1, |f| <102 =5
0, otherwise

This is a rectangular pulse of amplitude 1 between -5 and 5 and O otherwise. A sketch will be given

at the end of the problem solution.

(b) Following a procedure similar to that of (a) one finds that this is a rectangular pulse of amplitude
1 between -0.05 and 0.05 and O otherwise. A sketch will be given at the end of the problem solution.
(c ) This is a rectangular pulse of amplitude 1 between 0 and 1 and O otherwise. A sketch will be

given at the end of the problem solution.

(d) This is a rectangular pulse of amplitude 1 between 0.5 and 4.5 and 0 otherwise. A sketch will

be given at the end of the problem solution.



(e) The first term of this signal is a rectangular pulse of amplitude 1 between 0 and 2 and 0
otherwise. The second term is a rectangular pulse of amplitude 1 between 0.5 and 1.5 and O
otherwise. Where both pulses are nonzero, the total amplitude is 2; where only one pulse is nonzero
the amplitude is 1. A sketch is provided below.

The MATLAB program below uses the special function given in Section 1-6 (page 32) of the text
to provide the plots.

% Sketches for Problem 1-8

%

t=-6:0.0015:6;

xa = pls_fn(0.1%*t);

xb = pls_fn(10*t);

xc = pls_fn(t - 0.5);

xd = pls_fn((t - 2)/5);

xe = pls_fn((t - 1)/2) + pls_fn(t - 1);

subplot(3,2,1),plot(t, xa,'-w"), axis([-6 6 0 1.5]),x]abel('t"),ylabel('xa(t)")
subplot(3,2,2),plot(t, xb,-w"), axis([-.1 .1 0 1.5]),xlabel('t"),ylabel('xb(t)")
subplot(3,2,3),plot(t, xc,'-w"), axis([-1 2 0 1.5]),xlabel('t"),ylabel('xc(t)")
subplot(3,2,4),plot(t, xd,-w"), axis([-1 5 0 1.5]),xlabel('t"),ylabel('xd(t)")
subplot(3,2,5),plot(t, xe,'-w"), axis([-1 3 0 2.5]),xlabel('t"),ylabel('xe(t)")

1.5 1.5
= 1 1 = 1
g =
0.5 1 =05
o) 0
-5 0 5 -0.1 -0.05 0 0.05 0.1
t t
1.5 1.5
= 1 — 1
T £S1
< 0.5} >o05
0 0
-1 0 1 2 0 2 4
t t
2 L
21
0
-1 0 1 2 3



Problem 1-9

(a) 27tfy = 507, so T = 1/f, = 1/25 = 0.04 s. (b) 27f, = 607, so T, = 1/f, = 1/30 = 0.0333 s.

(¢)27f, =707, so T, = 1/f, = 1/35 = 0.0286 s. (d) We have 507 = 2nmf, and 607 = 27tnf,, where m
and n are integers and f; is the largest constant that satisfies these equations. The largest f; is 5 Hz
withm =5 and n = 6. (¢) We have 507 = 2nmf, and 70m = 27tnf,, where m and n are integers and
Jo1s the largest constant that satisfies these equations. The largest f,is 5 Hz withm =5 andn="7.

Problem 1-10

(a) |Al = 4.2426; angle(A) = 0.7854 radians; B = 5.0 + 8.6603, so Re(B) = 5 and Im(B) = 8.6603.
(b) A+B =8.0+,11.6603. (c)A - B=-2.0-;5.6603. (d) A*B =-10.9808 + j40.9808. (¢) A/B =
0.4098 - j0O.1098.

Problem 1-11

(@) 27tfy = 10w, so Ty = 1/f, = 1/5=0.2 5. (b) 2nfy = 177, so T, = 1/f, = 1/8.5=0.1176 s.

(¢)2nfy =197, s0 Ty = 1/f, = 1/9.5 = 0.1053 5. (d) We have 10w = 2nmf; and 177 = 27nf,, where
m and n are integers and f; is the largest constant that satisfies these equations. The largest f; is 0.5
Hz with m = 10 and n = 17. (¢) We have 107 = 2numf; and 197 = 27tnf,, where m and n are integers
and f, is the largest constant that satisfies these equations. The largest f; is 0.5 Hz with m = 10 and
n=19.(f) We have 177 = 2numf, and 197 = 2nnf;, where m and n are integers and f; is the largest
constant that satisfies these equations. The largest f, is 0.5 Hz with m = 17 and n = 19.

Problem 1-12

(a) Written as the real part of rotating phasors:

xa(t) - Re[zej(IO‘n:t + 11:/6)]; xb(t) — Re[sej(”m - Tt/4)]
X (t) - Re[3ej(10m -n/3 - Tt/Z)] _ Re[3ej(10m - 51:/6)]
¢
xd(t) - Re[2ef“°’” +Tl6) | §e/(Tmt - n/4)]; xe(t) - Re[zej(IOnt +7/6) 3 /(10ms - 51r/6)]
xf(t) — Re[sej(l7nt—n/4) + 3ej(10nt—511:/6)]

(b) In terms of counter rotating phasors, the signals are:

xa(t) - [ej(IOm+n/6) + e—j(lOnt+n/6)]; xb(t) — [2.5ej(l7m—n/4) + 2.Sej(17m~n/4)]
xc(t) - [l.sej(IOnt—Sn/6) +1.5¢ —j(lOm—Sn/6)]
x,(t) = [e/A0m +7/6) o ~(10RL + /) | 9 5, jTHE=T4) | o 5, (1T -]

xe(t) — [ej(IO‘nt+‘r|:/6) + e—j(lO‘n:t+n/6) + l.sej(IOnt—S‘n/6) +1.5¢ —j(IOm—Sn/G)]

xf(t)

[2 Sej(l7m‘ - /4) +2.5¢ -j(17mt ~ m/4) +1 5ej(10m - 5m/6) +1.5¢ -j(10met - 511:/6)]



(¢ ) Single-sided spectra are plotted below. Double-sided amplitude spectra are obtained by halving
the lines and taking mirror image; phase spectra are obtained by taking antisymmetric mirror image.

4 1 . 2
— = °
[N pad
- 0
%2 T =
Qo
2t
o
(0] 5 10 (6] 5 10
4 . 27
= i
o pag
- 0
52 < )
_2t
(0]
o 5 10 (o] 5 10
4 .2t
= K
[=% —
= 0
§2 <
[=%
—_2t
(0]
(o) 5 10 (o] 5 10
f, Hz f, Hz
4 2t
— g ®
o —
~ 0
52' T = &)
o
-2
0
0 5 10 0 5 10
4t
_ b= °
[N pd
2 T <
o
-2
o | [0}
0 5 10 (o} 5 10
4t .2t
5 B
[N fad
- 0
=P = b
-2
0
(o] 5 10 0 5 10
f, Hz f, Hz

10



Problem 1-13

(a) Written as the real part of rotating phasors:

x,(0)
x ()

Re[ej(SOTEt - Tl:/2)]; xb(t) _ Re[€j60m]; xc(t) _ Re[ej70m]
Re[ej(SO‘m - 1/2) + €j60m]; Xe(t) — Re[ej(SOm - m/2) + ej70‘n:t]

(b) In terms of counter rotating phasors, the signals are:

x,(1) = Re[0.5¢/0M ™2 +0.5¢ SOOI x (1) = Re[0.5¢/5™ +0.5¢ J50™]
x () = Re[0.5¢/79™ + 0.5¢ /70
xd(t) - Re[O.Sef(so’” - 1/2) +0.5¢ -j(507t - m/2) + 0~5€j60m + 0.56 —j60m]
X (t) _ RC[0.5€j(50m -n2) 4 0.5¢ ~j(50mt - m/2) O‘Seﬂom + +0.5¢ ~j70m]
e

(¢ ) The single-sided amplitude and phase spectra are shown below. See Prob. 1-12¢ for comments
on obtaining double-sided spectra from single-sided spectra.

1 ©
.17
A s
£0.5 S0
© =
o
-1t
0 ' &
0 10 20 30 40 0 10 20 30 40
1 q
oA
= ®
£0.5 S0 &
@ =
o
-1t
0
0 10 20 30 40 0 10 20 30 40
1 @
.17
= ®
£0.5 S0 o
© e
[oR
—1
O "
0 10 20 30 40 0 10 20 30 40
f, Hz f, Hz

11



5 E
£05 =0 =
© =
Q
-1}
0 : : —
0 10 20 30 40 0 10 20 30 40
1 Q O
.1y
3 g
£05 =0 S
« <
Q
-1}
O 2 " " L " n
0 10 20 30 40 0 10 20 30 40
Problem 1-14
(a) A sketch is given below:
From the figure, it is evident that x(£) = u(f) + u(t-3)- u(t-5)- u(t- 6).
3
2.5 .
2 -
=1.5F —
1l i
0.5 -
—1 [o] ‘; é Ctli 4‘1- é 6 7

(b) The derivative of x() is dx(£)/dt=0(t) + & (t-3)- 6 (t-5)- & (¢- 6)

12




Problem 1-15

Note that
. 1 g I i
Sln((;.)ot + e) = —761‘33/“’{)’ -—e jee Jwyt
2 2j
_ % /@ = T2) %! | l e 1O -2, T

Thus we conclude the following:
(1) The amplitude spectrum does not change;
(2) The phase spectrum has a -7t/2 radian phase shift with respect to the cosine-convention
phase spectrum. This destroys the odd symmetry present in the phase spectrum using the real
part convention.

Problem 1-16
A MATLAB script is provided below to show all the plots:

%0 Plots for Problem 1-16

%

t =-5:.001:5;

xa = stp_fn((t-2)/4);

xb = rmp_fn((t+1)/3);

xc = rmp_fn(-2*t+3);

xd = pls_fn(-3*t+1);

xe = pls_fn((t-3)/2);

subplot(3,2,1),plot(t,xa,-w'),xlabel('t'),ylabel(‘u((t-2)/4)"),...
axis([0501.5))

subplot(3,2,2),plot(t,xb,'-w"),xlabel('t"),ylabel('r((t+1)/3)")

subplot(3,2,3),plot(t,xc,'-w"),xlabel('t),ylabel('r(-2t+3)"),...
axis([-520 10}

subplot(3,2,4),plot(t,xd,'-w"),xlabel('t"),ylabel('PI(-3t+1)",...
axis([0 10 1.5])

subplot(3,2,5),plot(t,xe,-w"),xlabel('t"),ylabel('PI((t-3)/2)",...
axis([0501.5))

13



1.5 2

0.5

u((t-2)/4)

0 1 2 3 4 -5 0
t t
10 1.5
() :f 1
§ s 5
+ =0.5
0 - 0
-4 -2 0 2 0 0.5
t t
1.5
S
?
o5
o
0
0 1 2 3 4
t
Problem 1-17
From (1-37)
() - 172, r>0
-3 0, otherwise

Therefore, from (1-35a) with i = -3,

u_ (1) = f%kzu(k)d)» = {

In general,

“ () - {t”'ll(n “DL =0

0, otherwise

14

t3(2x3), t > 0
0, otherwise




Problem 1-18

A MATLARB script is given below for making the plots. Note that use was made of functions to plot
the repetitive signals in (c ) and (d).

% Plots for Problem 1-18 % Function to compute xa for problem 1-18

% %

clf function x = xa_fn(t)

t =-1:.005:20; x =rmp_fn(t). *stp_fn(2 - t);

xa = xa_fn(t); % Function to compute xb for problem 1-18

xb = xb_fn(t); %

XC = Xa; function x = xb_fn(t)

xd = xb; x = rmp_fn(t)-rmp_fn(t-1)-rmp_fn(t-2)+rmp_fn(t-3);
forn=1:10

xc = xc + xa_fn(t - 2*n);
xd = xd + xb_fn(t - 3*n);
end
subplot(2,2,1),plot(t,xa),xlabel('t"),ylabel('xa(t)"),...
axis([-12002))
subplot(2,2,2),plot(t,xb),xlabel('t"),ylabel("xb(t)"),...
axis([-1 20 0 2])
subplot(2,2,3),plot(t,xc),xlabel('t"),ylabel('xc(t)"),...
axis([-12002])
subplot(2,2,4),plot(t,xd),xlabel('t"),ylabel('’xd(t)"),...
axis([-1 200 2))

2 2
1.5} 1 1.5}
0.5} ] o5}
o o
o 5 10 15 20 o 5 10 15 20
t t
2 2
1.5} 4 1.5}
E)’ 1 § 1
0.5} 1 0.5
(o] (o]
(o] 5 10 15 20 (o} 5 10 15 20
t t

15



Problem 1-19

(a) Note that for n = 0 the summand can be written as II(#- 1/2). The MATLAB script below
provides the plots for parts (a) and (c ). The signal in part (a) is not periodic because it starts at ¢ =
0. The signal of part (c ) is periodic because it starts at ¢ = -o.

% Plots for Problem 1-19

%

clg

t =-20:.005:20;

ya = pls_fn(t - 0.5);

yb = pls_fn(t - 0.5);

forn=1:10
ya = ya + pls_fn(t-.5-2%n);
yb = yb + pls_fn(t-.5-2*n)+ pls_fn(t-.5+2%n);

end

subplot(2,1,1),plot(t, ya, -w'),xlabel('t"),ylabel('ya(t)"),...
axis([-20 20 0 2])

subplot(2,1,2),plot(t, yb, '-w'),xlabel('t"),ylabel('ya(t)"),...
axis([-20 20 0 2])

ya(t)

yo(t)
|
|
1
]
|
il
|
|
|

16



Problem 1-20

Representations for the signals are given below (others may be possible):

o0

x(1) = Z; r(t = 3n)u(2 - t - 3n)
x,(1) = io u(t - 4n)u(2 - t - 4n)
x() = i;) 28(t - 2.5n)

x () - .,00 -g-u(t “3m)r(3 - 1 - 3n)

Problem 1-21

One possible representation for each (these follow from the results of Prob. 1-17) is:
x, (1) = 2u@ - Du@ - 1) +u(t-2)u(4 -1 + 2u (5 -Du(t-4)
x,() = %u_4(t) u@ -1 + %u_3(5 - Hu(t - 2)

Problem 1-22

One possible representation for each is

x, () = u@® +rt-1)-2r(t-2) +r(t -3) -u(t - 4)
X0 = u(@®) - 2u(t - 1) +2u(t - 2) - u(t - 3)

X0 =r)-rt-1)-r@t-3)+r(t-4)

x,(0) = r(@® -2u(t-1) -r(t-2)

Problem 1-23

(a) First note that the integral of the function is 1, no matter what the value for €:

o0

:"" _ _l_—tle — _,te|® _
1 _fﬁs(t)dt [ee dt = -e €|, =1

Second, note that the pulse becomes infinitely narrow and infinitely high as € ~ .

17



(b) Use the integral

to show that the area under the given function is 1. Then note that as o - 0, the function becomes
infinitely narrow and infinitely high. Thus the properties of a delta function are satisfied.

Problem 1-24
A MATLAB script using symbolic operations is given below for plotting the desired functions:

% Plots for Problem 1-24

%
format short
sigma = 0.05;

y = 'exp(-t"2/(2*0.052))/sqrt(2*pi*0.0512)";
y_prime = diff(y)
y_dbl_prime = diff(y_prime)
subplot(2,1,1),ezplot(y_prime),...
title(['Plot of the derivative of a Gaussian pulse; sigma = ,num2str(sigma)])
subplot(2,1,2),ezplot(y_dbl_prime),...
title(['Plot of the 2nd derivative of a Gaussian pulse; sigma = ,num2str(sigma)])

Plot of the derivative of a Gaussian pulse; sigma = 0.05

100

Plot of the 2nd derivative of a Gaussian pulse; sigma = 0.05

1000

—1000

—2000

—-3000

18



Problem 1-25

Using the stated rules, the first derivative is

dh(t) _ o du(t)

o " oe “u(t) = 1x6(f) - ae “u(f)

The second derivative is

2
dh (t) — dé(t) + aZe —alu(t) - e Awdu(t) — da(t) + aZe —atu(t) _ aé(t)
dr? dt dt dt

Problem 1-26

(a) The integral is zero because the delta function is outside the range of integration.
(b) The integral evaluates as follows:

5
fcos(27tt)6(t -2)dt = cos(4m) =1
0

(c ) This integral can be evaluated as

5
fcos(2m)6(t -0.5)dt = cos(m) = -1
0

(d) The value of this integral is O:

f(t—2)26(t—2)dt =2-2?%=0

(e) This integral evaluates to

ftzé(t—Z)dt =22 =4

19



Problem 1-27

(a) Using (1-66), this integral becomes

oo

e 2
fe3’6(t—2)dt = (—1)21_«33’ = 9ef
—o0 dtz t=2
(b) Again applying (1-66), we have
10 d3
f cos(2mn) 6(t - 0.5)dt = (-1’ “—cos(2mr) = -@2m)’sin@nt)|, ,5 = 0
0 dt3 t=05 '

(c) Using (1-66) we get
[ e 3 + cos2mt)| 6 dr - (—1)%[e e cos@mn),_, = [-3e ¥ - 2msin@2ms), , - 3

-o0

Problem 1-28

Match coefficients of like derivatives of 8(7) on either side of the given equations:
(a) In this case, we obtain

10=3+CyorC,=7C =52+C,=60rC, -4

(b) The resulting equations are

3+Cl=00rC1=-3;C2=O;C3=0;C =0, C. =0

Problem 1-29

(a) €Y This plots to a triangle 2 units high, centered on ¢ = 0, and going from ¢ = -2 to 2.
(2) This is a rectangle of unit height starting at # = 0 and ending at ¢ = 10.
3) This is a step of height 2 starting at # = 0 with an impulse of unit area at ¢ = 2
superimposed.
(CY) This an impulse of area 2 at ¢t = 2.
(b) One possible representation is

x(@®) =r(t+4) -r(t+2) +u@®) -3r(t -4) +3r(t - 5)
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Problem 1-30

A possible representation is

x(H) = 2u(®) —u(t -2) +u(t -4) -r(t - 6) +r(t - 8)

Problem 1-31

(a) Using the sifting property of the delta function, we get

ft36(t—3)dt =1, _, =27

(b) Using (1-66), we get

f [3t + cos(2n)]6(¢ - 5)dt = (—1)%[3: +cos(2m)], s = -[3 - 2msin@2nn)],

(c ) From (1-66) we have
m(l +19)8(r - 1.5)dr = (—1)i(1 +12)] = -(21)] = -3
f . dt t=15 t=15
Problem 1-32
(a) A possible representation is

x,(8) = A[2u(t) - 2u(t - T) + u(t - 2T) - u(t - 37)]

(b) One representation of this signal is
x, (&) = r(@®) -2r(t - 1) +2r(t - 3) - r(z - 4)]

(¢ ) One way of writing this signal is
x, () = r@t-1)-2r(t -2) +r(t - 3) +0.5[u(t - 1.5) - u(t - 2.5)]
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Problem 1-33

(a) This is a decaying exponential starting at 7 = 0. Its energy is

® e—zot"’ 1
E=fe'20’dt= = —]
) -20 |, 20

(b) This is a rectangular pulse starting at # = 0 and ending at # = 15. Its energy is

P 15
E = _f[u(t) - u(t - 15)%dr = {1%& =15]J

(¢ ) This is a cosine burst starting at ¢ =0 and ending at r = 2. It contains 10 cycles. Its energy is
calculated as

o0 2 2
E = f cos’(10me) [u(®) u(2 - H)Pdt = fcosz(IO‘rtt)dt = { B +—;:cos(10m)

0

dt =11]

(d) This is a triangle going from #= 0 and ending at 7 =2 of unit height. For 0 < ¢ < lits equation is
just z. The integral of # from 0 to 1 can be doubled to yield the total energy with the result
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Problem 1-34
(a) Note that x,(¢) is symmetrical about ¢ = 2. Therefore

2 2 3
E, = Zflzdt+ft2dt = 2[r|§+%|i}= ?J
0 1

(b) Note that x,%(¢) = 1 for ¢ between 0 and 3, and is O otherwise. Therefore

3
E2=f12dt=31
0

(c ) Note that x,(#) is symmetrical about ¢ = 2 which allows the energy to be calculated as

' 8
“tj] = 3
) 3

1 2 3
E. = 2|(t2dr + [12af] = 2| =
o e [

(d) Note that x,*(#) is symmetrical about 7 = 1 which allows the energy of x,(¢) to be calculated as

1 1
) t? 2
E4:2ftdt=2— =21

) 3, 3
Problem 1-35
Only (a) and (b) are energy signals. For (a)

2 3 P

Ea = ftzdt = t_ = § J
) 3, 3

For (b), we note that it is symmetric about # = 1.5. It is a ramp from 0 to 1 and constant from 1 to
1.5, which yields

1 1.5 31
Ey, = 2f[rdi+ [Pt = 2| +e}° = 213+ 15-1) = 53 7
0 1 3o

The other functions are semi-infinite in extent, so their squares will integrate to infinity.
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Problem 1-36

The average powers of (a) - (c ) are ¥2 W; for (d) and (e), the powers are 1 W. These are obtained
by squaring the amplitudes of the separate frequency components, dividing by 2 to get power, and
adding. This is permissible since the sinusoids have frequencies that are integer multiples of a
fundamental frequency.

Problem 1-37

(@P=22=2W;(b)P=52=12.5W,;(c) P=32=45W;(d) P=22+5/2=14 5 W; (e)
P=22+3"2=6.5W; (hP=52+3%2=17W.

Problem 1-38

(a) Power:
im 1] y ! lim 16(T - 2)
1m 2 2 2 -
P = —|[1°dt + [6°dt + [4°dt| = 0+ 0 —— = =8 W
47 e gp| [Vl [67dir | U T o7
0 1 2
(b) Energy:
1 2
E, - flzdt+f62dt =377
0 1
(c ) Energy:
* -10z
Ec-felo’dt— ¢ =lJ
) 10 |, 10
(d) Power:
lim 1 -5t 2 lim 1 ~10¢ -5¢
P, = — [le ™'+ 1[dt = — +2e ™ +1|dt
¢ T-e=3rT ) T-eor ]
0 0
T
. -10 -5
_  Mim e 27 01y
T->27] 10 5 2

(e) Power: similarly to (d), it can be shown that P, =12 W. (f) Neither: it can be shown that both the
power and energy are infinite. (g) Power: P, =% W. (h) Neither: E, =  and P, = 0.
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Problem 1-39

(a) Yes. The frequencies of its separate components are commensurable: f, = 3x1 Hz and f, = 5x1
Hz. Therefore, the fundamental frequency is 1 Hz and the period is 1 s.

(b) Its amplitude spectrum consists of a line of height 2 at 3 Hz and a line of height 4 at 5 Hz. Its
phase spectrum consists of a line of height -71/3 at 3 Hz and a line of height -7/2 at 5 Hz.

(c ) Written as the sum of counter-rotating phasors, the signal is

x(t) = e —jﬂ/3ejﬁﬂt + ejn/3e —jont e —jn/zejIOnt + 2ej1rlze -j10mt

(d) See (b): for the amplitude spectrum, halve the lines and take the mirror image about f = 0; for the
phase spectrum, take the antisymmetric image about f=0.

(e) It is clear that it is a power signal because it is the sum of sinusoids whose frequencies are
harmonics of a fundamental frequency. The total power is 2%/2 + 4%/2 = 10 W.

Problem 1-40

(a) through (c ) are energy signals; (d) and (e) are power signals. By applying the definitions of
energy and power, (1-75) and (1-76), respectively, the energies are E, = 1J, E, = 5/3 J, E.=1/32],
P,=2W,and P, =2/9 W. The MATLARB script given below plots these signals:

%o Plots for Problem 1-40

%

t=-1:.005:20;

xa = stp_fn(t) - stp_fn(t-1);

xb = rmp_fn(t) - rmp_fn(t-1) - rmp_fn(t-2) + rmp_fn(t-3);

Xc = t.*exp(-2*t). *stp_fn(t);

xd = rmp_fn(t) - rmp_fn(t-2);

xe = stp_fn(t) - (1/3)*stp_fn(t-10);

subplot(3,2,1),plot(t,xa,-w'),xlabel('t"),ylabel('xa(t)"),...
axis([-1 50 1.5])

subplot(3,2,2),plot(t,xb),xlabel('t"),ylabel('xb(t)"),...
axis([-1 50 1.5))

subplot(3,2,3),plot(t,xc),xlabel('t"),ylabel ('xc(t)"),...
axis([-150.2)]

subplot(3,2,4),plot(t,xd),xlabel('t"),ylabel('xd(t)"),...
axis([-1 20 0 2.5])

subplot(3,2,5),plot(t,xe),xlabel('t"),ylabel('xe(t)"),...
axis([-120 0 1.5])

25



15 - . . - - 15
1 1
g g
> >
0.5 0.5
0 0
=1 0 1 3 4 5 e 0 1 2 3 4 5
1 t
0.2 25
0.15} 2
= =15
S o1 g
% 4
0.05 osl
0 0
2 0 1 2 3 4 5 0 5 10 15 20
t t
15
1 L
T
>
0.5}
0
0 5 10 15 20
Problem 1-41

(@) Only (1) is periodic; f; = 2.5 Hz = 0.5m and f, = 3 Hz = 0.5n where the integers m and n are 5 and
6, respectively. The fundamental frequency is 0.5 Hz and the period is 2 s.

(b) Signals (1) and (2) are power signals. Their powers are both 1 W.

(c) Only signal (3) is an energy signal; its energy is 1/20 J. Signal (4) is neither energy nor power.
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Problem 1-42
By definition, the average power is

lim 1

P = 2dt
oo 37 f|x(t)| d

For a periodic signal x(f) = x(¢ + T,), and the integral can be broken into segments one period long
plus the end pieces that are less than a period. Because of periodicity, these integrals are equal with
the exception of the end pieces. Thus, we can write the integral as

T o+ Ty
flx(t)|2dt = 2N f |X(®)|*dt +€_y + €y

)

where the latter two terms represent the integrals over the end intervals. Also, 2T = 2NT, +At, +At,.
The latter two time segments are the lengths of the end intervals which are less than a period. Thus,
the power expression becomes

1 +tTy
2
lim 1 lim 1 W[ xOPdreyrey L
P = x(0)|2dt = —|—25 = — [ |x(@®)|%dt
T-wor fl ol T-w2T|  ONT,+Af +At, T, [ x|
Problem 1-43

Use the tngonometrlc identity for sin® (x) = ¥ - %4 cos(2x) to write the signal as

x(®

- cos(14nt 1/3) + cos(3nt - ©/3) = 5 + %cos(14m‘ /3 + ) + cos(3nt - ©/3)

NI'—‘NI'-a

cos(14mt + 21/3) + cos(37t - m/3)

NI'—‘NI

(a) Its single-sided amplitude spectrum consists of a line of height % at f = 0, a line of height 1 at f
= 1.5 Hz, and a line of height % at f =7 Hz. Its single-sided phase spectrum consists of no line at f
= 0, a line of height -n/3 at f = 1.5 Hz, and a line of height 2nt/3 at f = 7 Hz.

(b) To get the double-sided amplitude spectrum, halve the lines in the single-sided spectrum and take
its mirror image about f'= 0. To get the double-sided phase spectrum, take the antisymmetric image
of the single-sided spectrum about f = 0.
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Problem 1-44

The signal has frequency components at 0, 1.5, and 7 Hz of amplitudes !, 1, and ¥, respectively.
The power at dc is (/4)* = 0.25 W which is placed at the single frequency f = 0 Hz. The power at the
other frequencies is split between the positive and corresponding negative frequency. Thus, at f =
1.5 Hz we have (1)%4 = 0.25 W (one 2 in the denominator is from computing power in a sinusoid and
the other 2 is from splitting it between positive and negative frequencies) and similarly at f = -1.5
Hz. Atf=7 Hz, we have a power of (1/2)/4 = 0.0625 W with a similar power at f=-7 Hz. All
these are represented by impulses of the appropriate weights, so the plot is as shown below:

S()
0.25

+0.0625

8 6 -4 2 0 2 4 6 8 fHz

Problem 1-4

(a) Following the solution to Problem 1-44, we have spectral components at f = 10, 15, and 20 Hz
of amplitudes 16, 6, and 4, respectively. The power in these components gets split between positive
and negative frequencies. Thus, and f = 10 Hz we have a power of (16)%/4 = 64 W with a
corresponding power at f = -10 Hz. At f = 15 Hz we have a power of (6)*/4 = 9 W with a
corresponding power at f = -15 Hz. Finally, at f =20 Hz we have a power of (4)%4 =4 W witha
corresponding power at f = -20 Hz. Mathematically, this can be expressed as

SN = 64[8(f - 10) + d(f + 10)] + I[O(f - 15) + &(f + 15)] + 4[8(f - 20) + 8(f + 20)]

(b) The power contained between 12 and 22 Hz is

-12 22 22
P[12 < |f| < 22 Hz] = fo(f)df+fo(f)df = 2fo(f)df =26 W
-22 12 12
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CHAPTER 2

no| [2 —1} x,(0)
Ol 15 3 [x0

Problem 2-1

Problem 2-2

(a) First order; (b) first order (differentiate once to get rid of the integral on y); (c ) zero order; (d)
first order; (e) second order.

Problem 2-3
(a), (b), (¢ ), and (e) are fixed; (d) is not because of the time-varying coefficient, .
Problem 2-4

Only (c ) and (d) are nonlinear. Superposition will not hold in (e) because of the term +10. As an
example to show linearity, consider (d):

t

w1y () = fxl(x)dx

—o0

d !
y2(t) 4 t2y2(t) _ fxz()»)d)»

—oo

dy, ()

Multiply the first equation by a constant, say a, and the second equation by another constant, say b;
add to obtain:

dlay,(?) + byy(1)]
dt

+12[ay (0 + by(1)] = f lax,(A) + bx,(A)]dA

This is of the same form as the original equation.
Problem 2-5

Noncausal. Consider ¢ = 0.25, which gives y(0.25) = x(0.5); i.e., the output depends on a future
value of the input.
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Problem 2-6

(a) Nonlinear. The proof is similar to Example 2-4 in the text. (b) Noncausal because of the +2 in
the argument of x. Consider ¢ = 0; the output at time 0 depends on the value of the input at time 2,
or a future value.

Problem 2-7

(a) Linear. Consider the responses to two arbitrary inputs:

y, @ = x,(t?
Y,(0) = x,(1?)

Multiply first by a and the second by b and add to get
ayl(t) + byz(t) = axl(tz) + bxz(tz)

That is, for the input ax,(#) + bx,(#), we replace ¢ by #* to get the new output which is the right-hand
side of the above equation.
(b) Time varying. Consider the response to the delayed input:

y () = x(t* - 1)

Now consider the delayed output due to the undelayed input:

¥t - 1) = x[(t - ©)]

Clearly the two are not the same.

(c) Noncausal. Consider ¢ =2 which gives y(2) = x(4); i.e., the output depends on a future value of
the input.

(d) Not zero memory. This follows from (c ) where it was found that the output does not depend
only on values of the input at the present time only.
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Problem 2-8

(a) Consider two inputs and the corresponding outputs:

yl(t) = x](t) + axl(t - to)
yz(t) xz(t) + (sz(t - To)

Multiply the top equation by a and the bottom by b (two constants); add to get
ay,(t) + by,(1) = ax,(t) + bx(t) + afax,(t - t,) + bx(t - T)]

This is of the same form as the original input/output relationship, so linarity is proved.

(b) The only way for the system to be zero memory is for 1, to be 0.

(c) Itis causal only if 75> O, for in that case the system doesn’t respond before the input is applied.
(d) See the MATLAB plots below (& = 0.5 and 1.5 in that order):

2 T T T T T

1.5 -

1+ -

y1(t)

0.5 —

1.5 -

y2(t)

0.5 —
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Problem 2-9

(a) Consider two different inputs:
1 1+T,

T fxl()t)a’)»

1 21,
14T,

— f x,(A)dA

17247

¥,

y,(0)

Multiply the first by a and the second by b (two arbitrary constants); add and rearrange to obtain

t+T,

— f [ax,(A) + bx,(A)]dA

72y

ay,(t) + by,(1) =

This is of the same form as the defining equation, so the system is linear.

(b) For causality, the output can’t depend on future values of the input. This requires that T, > 0, T,
<0,and T, > -T,.

Problem 2-10

Using Kirchoff’s voltage equation and Ohm’s law, the appropriate equations are

x(o) = .40 Ly

dt
y(®) = Ri(r)
di() _ 1dyQ®
dt R dt

Substitute the last equation in the first and rearrange to obtain

a0 R, _R
7 Ly(t) Lx(t)

(b) The proof is similar to those of Problems 2-8 and 2-9.
(c ) Consider

dy(t -1) _ dy(t)) dt’
dt dt! dt

where ¢t/ = t-1
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Thus

dyt-1 R

_R .
" Ly(t T) = LX(t )

which shows that the system is fixed.
(d) Note that the solution to the homogeneous equation is

yu) = Ae ® >0

Assume a complete solution of this form where A is time varying. Substitute into the differential
equation of part (a) to obtain

t
A@) = f %x(k)em‘md}u + A,
0

Since the inductor current is assumed 0 at ¢ = 0, this gives A,= 0, so the solution to the differential
equation is

1) = f %x(k)eXp[—%(t - k)}d?t

0

Problem 2-11

Property a b C d e f
Linear X X X
Causal X X X X
Fixed X X

Dynamic X X X X X X
Order 2 3 2 2 0 2
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Problem 2-12

(a) Linear; first order; causal; time invariant. (b) Linear; first order; causal; time varying.
(c) Nonlinear; second order; causal; time invariant. (d) Nonlinear; zero order; causal; time invariant.

Problem 2-13

(a) Write the system equations for two arbitrary inputs:

y,(® = x,(£)cos(100mr)
y,(8) = x,(f)cos(1007r)

Multiply the first equation by an arbitrary constant, a, and the second by another constant, b. Add
to obtain

ay, () + by, () = [ax (t) + bx,()] cos(100m?)

This is of the same form as the system equation, so the system is linear. (b) The system is time-
varying because of the cos(2n#) multiplying x(f). (c ) It is causal because the output does not depend
on the future input. (d) It is instantaneous because the output depends only on the input at the present
time.

Problem 2-14

(a) The system can’t be causal because the output exists before the input is applied.
(b) Since the system is linear and fixed, superposition can be applied to get

Yoew(® = 2(8 + Dexp[2(t + D]u(r + 1) +3(¢ - 1)exp[2(t - D]u(t - 1)

3r -
=2 1
=

1L _

92 —1 o 1 2 3 a4 5

t

1

o.8|- ]
— 0.6} .
>-o4_ _
o.2 | |

o A " A .

—2 —1 o 1 2 3 4 5
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Problem 2-15
Given that

xl(t) - yl(t) and xz(t) - yz(t)

where the arrow is read “produces the output”, then

alxl(t) + azxz(t) - alyl(t) + azyz(t)

Now let
X(8) = byxy (1) + byxyy(0)

By superposition, the response is

yz(t) = b1y21(t) + bzyzz(t)

where x,, produces the output y,,, etc. Thus

ay; +ay, = a)y, *a,byy, +b,y,)]

~ NN
=AY, T4y, T Ay

where

/._ b. /_ b. /_ . /_
Ay = Qb5 Az = 4055 Yy = Y15 Y3 = Yoy

Thus, superposition can be extended to three or more inputs superimposed. Induction can be used
to show it for the general case of N inputs.
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Problem 2-16

(a) To show that
h(@)*[x () + x,(D] = h(2)*x,(2) + h(t) *x,(r)

The left-hand side can be written as

LHS - f h(A) [x,(t = A) + x,(t - A)]dA

= f h(A)x,(t - A)dA + f h(A)x,(t - L) dA

h(t) <x, () + (1) =x,(8)

which proves the relationship.
(b) To show

h(@)*[x (D) *x)(O] = [A()*xx ()] *x,(t)

The left-hand side can be written as

oo

LHS = f h(A)y(t - A)d) where y(t) = f X (Mxy(t - m)dn

-0

Therefore

oo

y(t - A‘) = fxl(n)xz(t -A- T])dn

—00

and the left-hand side can be written as

oo

LHS = f h(A){ f x (M)x,(t - A - n)dn}d?» = f h(t - n){ f x, (M) x,(2 - r)dr}dn

-0 —o0

= f x,(t - T){f x,(MA(T - n)dn} = [A(®)*x, ()] *x,(0)

—o0 —o0
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which proves the relationship.
(¢ ) Simply note that a constant can be taken outside of an integral.
(d) Let

y1) = f h(t - T)x(t)dt

Look at the integrand components as functions of T; x(t) is 0 for T < c and t > d, and h(z - 7) is O for
t- 7T <aandforr-1t>b There will be no overlap of the two signals in the integrand of a
convolution if

t-a<cort<a-+c
and fort-b>dort>b+d

That is, the result of the convolution will be zero for either of these two conditons.
(e) Integrate the convolution over all time, interchange the area and convolution integrals, change
variables, and the result follows.

Problem 2-17

() There are three cases: (1) no overlap; (2) partial overlap; (3) full overlap. For case (1) the result
is zero, and this holds for 7 < -1. For partial overlap, we have

t+1

) = fze"“dx -1
0

5[1 —e“lo(“”], -1 <t <1

For full overlap, the convolution integral is

t+1

1) = [2e'1°)‘a’k _ l[e—IO(t—l) _e—10(1+1)l £> 1
5
r-1

A sketch of the integrand for these cases will help in establishing the limits of integration.
(b) The convolution integral for this case is

. : [
¥ = fﬂ[lgl}u(t—)»—m)dk = fu(t—x—lo)dx =1

- 0 fdA = 2, t> 12
0
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(c ) The convolution integral for this case is

y(@) = f2e 1 Ay ut - A -2)dA = 2fe 1Oyt - A -2)dA = %[1 ~ e 106 D]y(r - 2)
. 0

(d) The convolution integral for this case is
y@) = f[e e My A [ut - A) - ut - A - 2)]dA

= [5.5(1 —e™ ) - 0.1(1 - e " M]u@) - [0.5(1 - e 2¢D) ~ 0.1(1 - e D) (£ -2)

which follows by noting that A(¢) = u(?) - u(t - 2).
(e) In this case, the convolution integral becomes

YO = [2he 2 Puu@ - Vdh = [t -0.5(1 - e 2)|u@

Sketches for all three cases are shown below.

0.5 T T T T T T T T
T
>
0 | ) \ N 1 ] ! I 1 I
-2 0 2 4 6 8 10 12 14
3 1 1 ) 1 ¥ 1 | ]
=2r
= /
>~1} ]
o 1 1 1 ] L L 1
-2 0 2 4 6 8 10 12 14
0.5 T T T T T T T T
&
> f
o 1 1 | 1 1 L 1
-2 (o] 2 4 6 8 10 12 14
1 T T T T T T T T
Sosl i
>
(o) /_Kl | 1 1 1 1
-52 0 2 4 6 8 10 12 14

ye(t)
o
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Problem 2-18

The convolution is

y@® = II(t - 0.5) i: o(t-2n) = i: II(z - 0.5)*0(t - 2n) = i: II(t - 0.5 - 2n)

n=-w n=-w n=-e

This is a doubly infinite train of square pulses of unit width and height spaced by 2 units. The one
at ¢ = 0 starts at 0 and ends at 1.

Problem 2-19

(a) By KVL and Ohm’s law:
L dh(®)
=—=+h() =8
R dt + h(?) ®

where the forcing function being a delta function means that the response is the impulse response.
For ¢ < 0, the impulse response is zero because the input is 0 and the initial conditions are assumed
0. For ¢ > 0, we solve the homogeneous differential equation to get the solution

h(t) = Ae R ¢t >0

To find the initial condition required to fix A, integrate the differential equation (with impulse forcing
function) through ¢ = 0:

0+ 0+

0+
AM + = =
ofR " dt Oj:h(t)dt iﬁ(t)dt 1

From the form of A(f), we see that it has a step discontinuity at ¢ = 0 and therefore its derivative has
an impulse at ¢ = 0. Thus the second term on the left-hand side integrates to 0 (it only has a step
discontinuity). The first term on the left-hand side integrates to (L/R)[#(0+) - A(0-)]. Thus, the above
equation becomes 4(0+) = R/L = A, and the impulse response becomes

h(t) = %e RAL (p)

(b) Let the voltage across the resistor be vx(#) and the voltage across the inductor be v, (). Thus
V(@) +vp(t) = 8(2)
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But the voltage across the resistor cannot be proportional to an impulse because then the current
around the loop would be proportional to an impulse and this means the inductor voltage (L times
the derivative of the current) would be proportional to the derivative of an impulse. Since there is
no derivative of an impulse on the right-hand side to balance it, this cannot be the case. Therefore,
it must be true at time 0 that v;(#) = 8(¢) and the current possesses a step at time 0. In particular,

0+

] 1
i0+) = — 6[_6(t)a’t =7

For ¢ > 0, the current around the resistor-inductor loop must satisfy

Ld;(t) +Ri(f) = 0 or i(f) = Ae Pt > 0
t

The constant A can be fixed by setting i(0) = i(0+) = 1/L. Thus, the same result is obtained for the
impulse response as obtained in part (a).

Problem 2-2

Using voltage division with an impulse forcing function, the impulse response is

1
+1+1

- _1
h(t) = " 10)) 36(t)

Problem 2-21

(a) Use KCL at the junction of the three elements after expressing the currents in terms of input and
output voltages. The currents through the inductor, top resistor, and output resistor are, respectively,
given by

1 2

® = 7 [I50) - YW1k () = 2020, 5 - X0

Using KCL, we obtain

1o L X0 -y _ y0
7 { [x) - y(A)]dA R R,

When rearranged, this gives the result given in the statement of the problem.
(b) Let the input be a delta function. Then the output is the impulse response, and it obeys the
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differential equation

" ah(® = b " ad@®

where

R.R R
2 g 2

a = 5
(R, +R)L R +R

2

Try a solution of the form
h(®) = Ae “u(t) + B&(H)

The delta function is necessary so that there is a derivative of a delta function on the left-hand side
of the differential equation to match the one on the right-hand side. Substitute the assumed solution
into the differential equation and match coefficients of like derivatives of delta functions to obtain
2
R'R R
1™ . p_p- 2

A=a(1-b) = ———;
(Rl +R2)2L Rl +R2

Problem 2-22

Solution 1: Consider an impulse forcing function. KVL must be satisfied around the loop consisting
of the impulse source, resistor, and inductor. The inductor must have an impulse of voltage across
it since

3(1) = vi(®) +v, ()
Otherwise, if an impulse appears across the resistor, the current is an impulse, and the voltage across

the inductor, being proportional to the derivative of the current, would be the derivative of an impulse
which isn’t present on the forcing function side of the equation. Therefore, at ¢ =0,

di(?) 1% 1
D = L2Y which gives i(0+) = — [8()\dt = —
v, (9) ~, Which gives i(0+) 7 l ® 7

The system differential equation is

x(t) = Ri() + LED
dr
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With x(¢#) = 8(¢), we get for ¢ > 0
i) =Ae ™ >0

Using the initial condition for the current found above, we find that A = 1/L. Since the current is 0
for t <0, the current around the loop for all time is

i) = —e Rlyp

The impulse response is the voltage across the inductor (with impulse input). This can be found as

h@®) = L.j_t[%e—RtILu(t)] _ _%e—Rt/L +8()

Solution 2: By KVL
x(®) = Ri(®) +y(@)

But
i@ _
= = y(®) or i(f) = — f y(A)dA
Therefore
x(t) = = f YA)dA + () or dY() y() dx(t)
dt

With the input a unit impulse, we have

dh(t) h @ = dd()
dt dt

h(#) must have a unit impulse term because there is a derivative of a unit impulse on the right-hand
side. Taking the derivative of the impulse response, therefore, gives a term proportional to the
derivative of a unit impulse to match the right-hand side. Thus we assume that

h(t) = Ae Ry + BO(f)
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Substitute into the differential equation and match coefficients of like derivatives of impulses on both
sides to obtain B = 1 and A = -R/L.

Problem 2-23

By KVL around the loop,
t
. 1 ,. :
x(@®) = Ri(®) + Efz(l)dk +R,i(?)

—00

But i(f) = y()/R,. Substitute this into the integro-differential equation and differentiate once to get

Ri+Rydy) , yo _ dx(®)
R, dt RC at

One way to find the impulse response is to find the step response and differentiate it. The solution
to the homogeneous equation is

a@t) = Ae "®RC L5

With a step input, the right-hand side of the differential equation is an impulse. To get the required
initial condition, we integrate the differential equation through ¢ = 0:

0+
R, +R," da(r) di +
R, | a

1 0+ 0+
alhdt = [d(Hdt = 1
Refwou-

To match the right-hand side, the integrand of the first term on the left-hand side must contain a unit
impulse and, therefore, the second term on the left-hand side is proportional to a unit step. Hence
the integral on the second term through ¢ = 0 is 0 (a step discontinuity). The first term is a perfect
differential. Thus, we obtain a(0+) = R,/(R, + R,) as the required initial condition, and the step
response is

R, -+ R R
a(t) = —2—e Y and k() = LY - T2y LRy,
R, +R, dt R +R, (R, +R,)C
Problem 2-24

(a) From the analysis of this circuit in Example 1-2, we have
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o1
@O = °C fw x(A) dA

If the input is a unit impulse, we obtain

_ 1 _ 1
@) = RC £ O(A)dA RC u(?)

(b) See the first equation above, or evaluate the superposition integral with the impulse response:

YO = [t - D)) - f[—R—lcu(t-A)]x(x)dA - 'EIE [

Problem 2-25
(a) To obtain the step response, integrate the impulse response, which yields

a(® = -r@®/RC

(b) Use superposition to obtain
y@ = -[r(® +r(t-1) -2r(t - 2)/RC

The input and output are plotted below for RC = 1:

2.5

2 -

1.5 -
=

1| -

O.S |- -

il
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Problem 2-26

We use the impulse response found in Problem 2-19 to evaluate

- 0, t<0
y® = [T -05) Rere-Diye myap ={1-e®L,  0<r<1
e L [1 - e R RE-DL ;5 1

An alternative solution is to write the input as the difference between two steps and use superpositon
after finding the step response by integration of the impulse response. A sketch is provided below.

1.5 T T T T T T T T T T

x(t)

05 -

o
H
1

N,
7/
1

o
o N
T
<
\~
D N,
~
L\ E :
It 4
e
-t
B /
/
/
f
/
K
|
|
L
L
1

Problem 2-27

From Problem 2-22 and the given input, the superposition integral becomes

@) = fII(A -0.5) [G(t -A) - %e RE-DILyy(r - A)]d)t = II(t - 0.5) - II(z - 0.5) *[%e ‘R”Lu(z‘)l

The last term evaluates to the negative of the result given in the solution to Problem 2-26. A sketch
is obtained by taking the plot for Problem 2-26, inverting it, and adding square pulse starting at ¢ =
0 and ending at ¢ = 1.
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Problem 2-28

The derivative of the input is

EO 56 -8(t-1)
dt

The step response is found by integrating the impulse response found in Problem 2-19:

a() = f% KMy ()dh = [1 - exp(-R /)] u(®)

The output is

O8(®) - 8@t - D]*[1 - exp(-Rt/L)] u(?)

y@o = [
[1 -exp(-Rt/L)]u(®) - {[1 - exp[-R(¢t - 1)/L]}u(t - 1)

See the solution to Problem 2-26 for a plot.

Problem 2-29

(a) The step response is

a(n = f h(A)dA = exp(-Rt/L)u(r)

(b) The ramp response is

a0) = [aM)ah - %[1 - exp(-R1/L)] u(®)

-0
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Problem 2-30

Write the input as

x@®) =r@®-r¢-1) -ul-2)

Thus, by superposition, the output is
Y0 =a®-a@-1)-a-2)

R

Sketches of the input and output are given below:

L 11 - exp(-RHL) () - %{1 —exp[-R (t - DY/L)1u(z - 1) - exp[-R(t - 2)/L]u(t - 2)

1 -5 ) 1 1 1 T T I 1 1 )
1F i
5
0.5 -
1 [ 1 1L 1 1 1 1
-1 0 1 2 3 4 5 6 7 8 9
t
I 1 I I ) 1 T T T 1
4 5 6 7 8 9
t

47



Problem 2-31
(a) The impulse response is
h) = Te%exp(—t/RC) u()

and, by integration, the step and ramp responses are
a(®) = [1 -exp(-#/RC)]u(?) and a(f) = r(t) - RC[1 - exp(-t/RC)] u(t)

respectively. Using superposition, the output is

Y@ =a®-2at-1)+at-2)
= r(t) - RC[1 - exp(-t/RC)] u(t)
-2{r(t-1) -RC[1 - exp(-(¢ - 1)/RO)]u(t - 1)}
+r(t -2) - RC[1 - exp(-(t - 2)/RO)u(t - 2)
1.5
1L i
B 0.5} -
-1 o " 2 3 p) 5
t
1.5
1 -
§0.5 =
o

-1

(b) The response to dx(?)/dt is the derivative of the response given in (a), which is

YO =a(®)-2at-1)+aft-2) = [1-exp(-t/RC)]u(?)
= 2{[1 - exp(-(t - D/RC)]u(t - 1)} +[1 - exp(~(t - 2)/RC)] u(t - 2)
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Problem 2-32

(a) Use KCL at the output node to obtain

X0 -0 _ Y9, DO
R R, dt

1

When rearranged, this gives the answer given in the problem statement.
(b) The homogeneous equation for the impulse response is

dh(t)+ 1+£1- =
" ( Rz]y(t) 0

RC
d

Assume a solution of the form

h(® = Ae?', t >0

Substitute the assumed solution into the homogeneous differential equation to get the characteristic
equation
R.R,C

R
RCp+|1+-Ll =0orp = -
P ( R) P R, +R,

2

To get the required initial condition, integrate the differential equation, with impulse forcing function,
through ¢ = 0:

0+ 0+ 0+
an(®) Rl
RC|[|—=dt+|1+—]| [h(Odt = [0 =1
1(!: dt +( +R2)i ® (!:()

The second term on the left-hand side is discontinuous at # = 0, but contains no impulse function; the
first term on the left-hand side must contain an impulse function to balance the impulse function on
the right-hand side. The first integral has an integrand that is a perfect differential, so

1

R,C[h(0+) - h(0-)] = 1 or h(0+) = C
1

Substituting for 4(0+) = A and p, we obtain the result for the impulse response given in the problem
statement.
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(c ) Integrate the impulse response to obtain the given answer.
(d) Note that the input can be written as

x(@®) = u@® -ui-1)

and use superposition to obtain the given answer.
(¢) Duhamel’s integral simply tells us to integrate the step response. This gives

t

R
y,@® = f 2__[1 - exp(-A/c)]dA, t > 0
0

R1 +R2

Integrating and putting in the limits gives the result in the problem statement.
(f) Using superposition,

YO = y,0-2y¢-1)+y,(-2)

Problem 2-

(a) The frequency response function is given in terms of the impulse response by

H(jw) = f h(t)e 7' dt

From the impulse response given in Problem 2-29, this gives

oo

LN B 5 _ . _ jw
H(jw) f [6(0 Lexp( Rt/L) u(t)}exp( jwt)dt T o

-

(b) In terms of f = w/2m, the frequency response function is

1 R
H = h = —_
D= o, Mot

Taking the magnitude, the amplitude response function is
[14f;

{1+ (i)’

A() =
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(c) The phase response function is the argument of the frequency response function. It is given by

6¢) = 7 - tan”' (71,

Plots of the amplitude and phase response functions are given below:
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Problem 2-34

(a) The frequency response is

( ' R.R,C
H(jw) = fLe-a/t gy - L _ 1 _RR,

» T =
) R,C RC [T +jo R +R,

(b) Let f = w/(27) and f; = 1/(2nt). The amplitude response function is
1
R,C 1+(fif,)?
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and the phase response function is

6(f) = -tan'(flf,)

(c) The steadystate response is
¥(#) = A(l)cos[2mt + O6(1)] + AQ2.5)cos[5mt + 0(2.5)]

Using the given parameter values, we obtain t = 0.5, R,C = 1, and f; = 1/n. The amplitude and phase
responses are

A(l) = 05 . 0.1517; (1) = -tan’!(m) = -72.35°

V1 +m?

0.5

Y1 +(2.5m)?

Thus, the steadystate output is
¥(® = 0.1517cos[2wt - 72.35°] + 0.0632cos[57t - 87.7°]

AQ2.5) = = 0.0632; 6(2.5) = -tan”!(2.57) = -87.7°

Problem 2-35

From Problem 2-19 and the condition for BIBO stability, we obtain

ﬂmmm=f§(mm=1<m
e 0

so the system is BIBO stable.

Problem 2-36

From Problem 2-22 and the condition for BIBO stability, we have

oo o

flh(t)ldt = f

—oo —o0

oo

dt < f&(t)dt+%{e'R'/Ldt =1+l =2<w

&0—%e*“M0

Therefore, the system is BIBO stable.
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Problem 2-37

The condition for BIBO stability is

oo

/

-0

1
RC u(®)

1 w
dt = —r(®)|-, - =
RC Ol

so the system is not BIBO stable.

Problem 2-38
The condition for BIBO stability is
71 1
—d(dt = — < =
[ ool - 1

—o0

so the system is BIBO stable.

Problem 2-39
The impulse response, for time greater than 0, satisfies
2
ChD 4 w2 = 0
dr?

Assume a solution of the form A exp(pf), substitute, and solve the resulting characteristic equation
to get the roots

P, = jo, and p, = —jw,

Thus, for ¢ > (, the solution is

h@D) = Ae™ +A e

We can obtain the initial conditions by integrating the differential equation through 0. They are

0]

=1 and A(0+) = 0
dt

t=0+
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This gives the following impulse response:
h(®) = - sin(w,f) u(t)
@y

(b) Take the given equations and eliminate g,(f). Differentiate the first equation to get

d*q,(® _ dg,)®)
dr? dt

Substitue into the second equation to get

dg,(»)

—— - w3y, (1) + x(0)

Let q,(¢) = y(¢) and the original equation results.
(c ) A block diagram is given below:

—)l Integrator o Integrator |22

e 0 x(t)

(d) Possible values for the parameters given in the block diagram on the next page are

1 1

R. R
1 = 1 and 2mx10% < —3, —% < 27x10°*
RC, R, , R,
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Ry ” R, R, ,
= R, = c, “ =
_ Rg |
Inverter =
Problem 2-40

Differentiate the first equation to get

a1

_ Y, 1dx
dr? RC dt a Cdt

Substitute from the second equation to get

dq, 1 dg; 1 1 dx

_ql 4+ —
dt? RC dt LC C at

Replace g, with v and rearrange to get (2-123).
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Problem 2-41

(a) Consider the equation

™, - kt)ﬁg;—f) + (0 - K)h(t,T) = 8(¢ - 1)

where we will use initial conditions appropriate for the impulse response. To get the initial condition
at¢ =t we integrate the differential equation from ¢ =t to ¢ =t*. The first term on the left-hand
side must be proportional to an impulse at ¢ = T; the second term may have a jump discontinuity, but
its integral through ¢ =t is 0. Thus, we have

M, - kD) [A(t+,T) - h(t-,T)] +0 = 1

By definition of the impulse response for a time-varying system, A(t", ) = 0. Thus the initial
condition for the impulse response is

1
M, -kt

h(t=1+,1) =

Now set the right-hand side of the differential equation for the impulse response to 0, separate
variables, and integrate from A = t* to A = ¢ and on k from the above initial condition to A(z, t):

a-k
Mo—ktl

k
M, -kt

,t>1t>0

In[(M,, - kT) h(t, T)] = \n{

Exponentiating both sides and dividing through by M, - kt, we obtain

a-k

M, - k) *

h(t,T) = ,t>1>0

3
k

M, - kt)

(b) Since the step is applied at time zero, we evaluate the convolution integral from A = 0 to 7 to get
the step response. After substituting the given parameter values, the result is
t
10 -¢ 10-¢t|" ¢

t
at,0) = [h(t, A)dA = d\ = =L, 150
{ J10-2 10-2), 10
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CHAPTER 3
Problem 3-1

A MATLAB program for computing the partial sums is given below with plots of the partial sums
through harmonics 1, 3, and 5 following:

% Program to give partial Fourier sums of an
% even square wave of unit amplitude
%

n_max = input('Enter vector of highest harmonic values desired (odd) ');
N = length(n_max);
t=0:.002:1;
omega_0 = 2*pi;
fork = 1:N
n={];
nn = [];
n=[1:2:n_max(k)]
nn = [1:(n_max(k)+1)/2]
a_n = (-1).A(nn+1)*4./(pi*n); % Form vector of Fourier cosine-coefficients
X = a_n*cos(omega_0*n'*t); % Rows of cosine matrix are versus time; columns versus n
% so matrix multiply sums over n
subplot(N, 1,k),plot(t, x,-w"), xlabel('t"), ylabel(‘partial sum'),...
axis([0 1 -1.5 1.5]), text(.05,-.5, ['max. har. = ', num2str(n_max(k))])

ki

end

partial sum

partial sum

max. har. =5

partial sum
o

1 1 1 1 il 1 1 1 1

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Problem 3-2
To show that

TO

0,

I, = f cos(mwyt) cos(nw ) dt = {T /2, z : :
0

Use the trigonometric identity

cos(u)cos(v) = %cos(u +V) + %cos(u -v)

Then I, becomes
TO TO
I, = % .(/)‘ cos[(m - n)w,fldt + % { cos[(m + n)wyrldt

If m # n, I, = 0 because both integrals are over an integer number of cycles of cosine waveforms. If
m = n, the second integral is still 0, but the first integral evaluates to T, (the argument of the cosine
is 0 making the integrand 1). Thus the desired result follows.

For (3-13), use the identity sin(rmwyf) cos(nwyt) = ¥4 sin[(m + n)wt] + % sin[(m - n)w,t].
Now both integrals will be 0 no matter if m = n or if m = n because sin(0) = 0.

In deriving (3-16) the steps are identical to those used in deriving (3-15) except that the
identities (3-11) and (3-13) are used.

lem 3-
(a) Using a trigonometric identity (see Appendix F), this may be expanded as

1 1
x,@® = 5 + Ecos(Zth)

The right-hand side is the trigonometric Fourier series for this signal.
(b) Using Euler’s theorem, we have

x,(t) = cos(200ms) + jsin(2007s)

which is the trogonometric Fourier series for this signal.
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(c ) Using appropriate trigonometric identities

1

5 = sin(2nt)% + %cos(20nt)} = Zsin(2nt) + %sin(lSm) + %sin(22nt)

The right-hand side is the trigonometric Fourier series for this signal.
(d) Using appropriate trigonometric identities

x,(5) = cos(20m?)

1 L costoms)
22

%cos(20m‘)[1 +208(20m1) + c0s2(207)]

%cos(20nt) [l +2cos(20mt) + % + %cos(40m‘)

5 5 1
—cos(207tt) + —cos(60mt) + —cos(1007¢
8cos( 1t)+16 ( ﬂ)+16 (10075

The right-hand side is the trigonometric Fourier series for this signal.

Problem 3-4

This an even square wave with zero average value. Because of the zero average value, g, = 0.
Because of the eveness, b, = 0 for all n. To find q,, evaluate (3-15):

~Ty4 T4 Ty2
a, = 2 f ~Acos(nw,f) dt + f Acos(nwyf)dt + f ~Acos(nw,f) dt
T,
-T2 Ty Ty4
24 sm(n(oot)l'TO"‘ sin(ncoot)]Td“ sin(nw )2l 44 . ( nn ) 27
= =|- + -—— 1 = =5 T,usmgw(,:—f—
T, nw, |_T0/2 nw, |_T0l4 (U IR 0
0, n even
= (ne-02fA ) oad
nm
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Problem 3-5

(a) Because the string shape is assumed even (origin centered at the peak location), we can use a
cosine series. The dc level is 0; hence a, = 0. Since the string shape is even, only the g,’s are
nonzero. They are given by

T0/2 To/z )
W= T fx(A)cos(m(oOA)d)L = = fx()t)cos(mwol)dk W, = T"
'TOQ 0

where A is a spatial variable. The equation describing the string between 0 and T,/2 is
fA) = -4AMT, + A

so that the integral for the Fourier coefficients becomes

T4
a, = T f ( ——A +A) cos(2nmA/T,) dA

mn mn 0, m €ven
- 164 ucos(u)du + A cos(uydu = {_8A dd
2 2 2ntm » MmO
2nm)”, 0 (mm)?

For T, =9 inches and A = 0.5 inches as in Example 3-3, we obtain

4 T
a, = ,modd,ooO:—

(mn)2 18

The Fourier series for the triangular string shape is

4 cos| T~ +-lcos 3mx +—1-cos Smx)
18 9 18 25 18

ww) = —
Tl:

This differs from the result found in Example 3-3 in the following ways:

1. The new series has no dc term;

2. The fundamental frequency of the new series is half that of the old;

3. The amplitudes of the harmonics in the new seriew are half those of the old series.
(b) The error at the ends of the string (x = £T,/4) is 0 because the triangular-wave approximation
crosses the x-axis at these points.
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lem 3-

(a) For the half-rectified sine wave

A A
X = — [Asin(we ™dt + — [ (0)e "™ dt
n Tof (wph)e +T0f( )e
0 0
2 joy ey
-1 [aS—t— e a
T, A 2j
0, n odd
4 [ Qi1 - o [[72 Qi1+ oy 12 47’4—2)-, n even and # 1
= ‘ + = ={n(l-n
12T0[1(1 - W, J(1 + n)w, A
—, n = +1
|4

(b) For a full-rectified sine wave, the period is really 7/2. Furthermore, it is an even signal, so
Ty2

24 [ sin(@yf)cos(neoy) dr

T,

<
n

Ty2
A [ tsinl(1 - myf] + sinf(1 + n)wy]) di
T,

A | _cos[(1-mm]-1 cos[(l1+mnm]-1 n e 2l
w,T, l1-n l+n
0, n odd
= —ZA—, n odd
(1 -n?

The results for n = £1 have to be done by direct evaluation.
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(c ) For an even square wave

'1014 T2
X, = % f cos(nwyt) dt - f cos(nwyt) dt
0lo Ty2
_ % sin(n(oot) o/4 B sin(n(oot) To2 ) 2Asin(n‘rt/2)
T, nw, nw, » nm
24 ,nh ==%1,15, ..
7|n|
=124 ,n = 13,47,
id
0, n even
(d) For an even triangle signal,
T2
X, = 24 f(l = it-) cos(nw,f) dt
T
0| 0
[ . T2
sin(nw,t) T2
_24 —(-3- _4 f t cos(nw,?) dt
T, nw, T, A

The first term in the brackets is zero upon substitution of limits. The second term must be integrated

by parts or looked up in a tables. We get
‘- ZA( 4) tsin(nog) 2 Tf sinuogd)
T\ T, nw, L oy

The first term in the brackets again evaluates to 0. The remaining integral evaluates to

X -

n

4A

(nm)?
0’

, nodd

4A cos(ncoot)lTof2 )
ntl, nw, L )

n even
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Problem 3-7

Let
0 = E0, 30 = 3 7, and x) = Y X, ™

We calculate Y, in terms of X, as follows:

1 —jnwgt 1 ~dx(® —jnwqt
Y = —[y(@ dt = —[—=< dt
= [y@e T [— e

dt
0 T, 0 T,

Integrate the right-most integral by parts to obtain
T, Ty

Y, = Ti x®e % + jnw, [xe T ar| = Ti X(Ty) - x(0) + jnw, [x(e "Yat| = jnwX,
0 0 0 0

Note that exp(jnw,T,) = 1 by using <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>