Part I: z-transform

= z-transform

= Properties of the ROC

m [nverse z-transform

= Properties of z-transform



Limitation of Fournier transform

= Fourier transform _ = -
X(e)= > xnf™™

r!-—'::‘

xn] =i rT X(e)e'"dow
2 "
« Condition for the convergence of the infinite sum
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= |f X[n] Is absolutely summable, its Fourier transform exists
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z-transform

Fourler transform

- N
X(®) = Tafn]e™

- i i
" S

Z-transform
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z-plane

» z-transform is a function of a complex
variable - using the complex z-plane

#m replane Z-transform on unit circle
Unit circle z=e" <-> Fourier transform

Linear frequency axis in
Fourier transform

i =Unit circle in z-transform
(penodicity in freq. of
Fourer transform)

| Figure 3.1 The unit circle in the
complex z-plane.



Regiﬂn of convergence — ROC

Fourier transform does not converge for all

seqguences | x .
q X(E_;lrﬂ}z El-[ﬂk_jm

Z-transform does not converge for all sequences or
for all values of z.

X(2)=X(re’®)= Yafn] =" = 3 (e
ROC - for any given seq., the set of values of z for
which the z-transform converges
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ROC

= Quter boundary is a circle (may extend to infinity)

= |Inner boundary is a circle (may extend to include the
origin)

» |f ROC includes unit circle, Fourier transform
converges
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— !- ! —_!——. Figure 3.2 The region of convergence
' L | ey (ROC) as a ring in the Z-plane. For
R - specific cases, the inner boundary can
\ 4 extend inward to the origin, and the ROG
it e becomes a disc. For other cases, the

b el outer boundary can extend outward to
infinity



Zeros and poles

The most important and useful z-transforms —
rational function:

~_ P(2)
X(z)="—"0
) o(z)
P(z)and Q(z) are polynomualsin =
Zeros: values of z for which X(z)=0.
Poles : values of z for which X(z) is infinite.
Close relation between poles and ROC



Right-sided exponential sequence

x[n]=a"u[n]

X(z)= > a"u[ln]z™"
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Left-sided exponential sequence

x[n]=—-a"u[-n-1]

X(2)=-> a"u[-n-1]z""
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Figure 3.4 Pole—rero phot and region of convergencs Tar Exampie A.2



Sum of two exponential sequence
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Sum of two e:{pﬂnemiﬂl sequence

Another way to calculate:

{n]= ()" uln]+(—)"uln]
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Two-sided exp onential sequence
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Finite-length sequence

a . 0=n=N-1
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TABLE3.1  SOME COMMON 7 TRANSFORM FAIRS

Sequence Transtorm ROC
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Part 11: Properties of the ROC

s Z-transform

= Properties of the ROC

= Inverse z-transform

m Properties of z-transform



PROPERTY |2 'The ROC is a ring or disk in the z-plane centered at the Origin; i.g.,
0=<rp<|z| <r; < oco.

PROPERTY 2 The Fourier transform of x[n] converges absolutely if and only if
the ROC of the z-transform of x[#] includes the unit circle.

PROPERTY 3:  The ROC cannot contain any poles.

PROPERTY 4:  If x[n]is a finite-duration sequence, ie.. a sequence thatis zero except
in a finite interval —oo < Ny < n < N2 < oo, then the ROC is the entire z-plane,
except possibly z =0 or 7 = oo,

PROPERTY 31 If x|n] is a right-sided sequence, i.e.. a sequence that is zero for

n < N < oo, the ROC extends outward from the outermost (1.e.. largest
magnitude) finite pole in X(z) to (and possibly including) z = oc.
PROPERTY 6: If x[n] is a lefi-sided sequence, i.e.. a sequence that is zero for n >

N3z = —o0, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X'(z) to (and possibly including) z = (.

PROPERTY Tt A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC will consist
of a ring in the z-plane, bounded on the interior and exterior by a pole and,
consistent with property 3, not containing any poles.

PROPERTY 8 The ROC must be a connected region.



Properties of the ROC

The algebraic expression

or pole-zero pattern does
not completely specify
the z-transform of a
sequence - the ROC
must be specified!

« Stability, causality and
the ROC



Part 111: Inverse z-transform

m Z-transform

= Properties of the ROC

= Inverse z-transform

m Properties of z-transform



Inverse z-transform

Needed for system analysis: 1) z-transform,
2) manipulation, 3) inverse z-transform.

Approaches:

o Inspection method

o Partial fraction expansion
o Power series expansion



Inspection method

By inspection, e.q.

1 1
X(@)=(—F). z|>—
- 2
2
Make use of
. =z
MEHH—}{I —). |z~ a]
—az

n] = %}“ un]

1
if |z|< lf_} of course. x{n]= —(E}HH[—H —1]

2



Partial fraction E}{Pﬂﬂsiﬂﬂ

For rational function, get the format of a sum

of simpler terms, and then use the inspection
method.



Second-order z-transform
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1at abou =IN:
What about M>=INr?
14227+ 27 1+z71)?
X(2)= R z[>1 X(z)= i )
N _—_: ——.__1 —_F
=227+ A-5z7)-27)
4 4, 2
X(D)=B+— 1 +|:1___-1) T |
(1-=z7) - 2 2
2 A A
B, =2 Found by long division. 5.1

1 Lo o
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x[n]= Eé‘[ﬂ]—?{%}" uln]+8uln]



Power series E}Ipﬂﬂﬁiﬂﬂ

By long division
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Finite-length sequence

X(2)=z"(1 —%:'1)(1 +z7 1=z

a1 1
X(z)=z"——z—-1+—=
(2) ; ;
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Part IV: Properties of z-transform

m Z-transform

s Properties of the ROC

s Inverse z-transform

= Properties of z-transform




Line arit}-'

Fid
x,[n]< X,(z). ROC=R_

£
x[n]e X,(z). ROC=R_

Linearity

£

X(2)= _Z x[n] z7"

ax;[n]+bx,[n]<>aX,(z) +bX,(z). ROCcontains R, NR_

£ 1
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Time shifting

£
x[n—nylesz " X(2).

ROC = R_ (except for 0 or «0)

1

Example 1

z 1

X(z)= > xn] 7"

n=—x

X(z)=——. |z]>=




Multplication by exponential sequence

z [
ox[n]>X(z/z,). ROC=[zR, | x(2)= Y xn] 2

F n=—0
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Examples

|z|>a

x[n] = cos{@ymu[n] =%{e*’ﬂ']”u[n] +%{e'j'i”- )V u[n]
1 1
— — 1
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X(z)= + : = —. zl>1
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Dafferentiation of X(z)

£ dX(z)

HX|A|<>»— 2
[7] -
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Cnﬂjugﬂtiﬂn of a cnmple:{ sequence

&

X(z2)= D an] z”

n=—xn

£
x'[n]«<>X (z7). ROC=R,




Time reversal

X(2)= > an] 2"

Z
x[-n]«=X(1/z). ROC=1/R_

Example
x[n]=a"u[-n] x[n]=a"uln]
1 i _ 1
X(z)= Clzl<a™ X(2)= o | ZPlal

1—az l-az



Convolution of sequences

2 2
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Initial-value theorem

x[0]=1lm X(z)
T

lImX(z)=lim » x[n] ="
im (Z) -'-W,Z‘r[ |

F &
= > a[n]lim z7"
n=—wo P

=X[0]




TABLE 3.2  50ME z-TRANSFORM PROPERTIES

RO

Property Seclion
Mumber  Heference Sequence Transform
xln] X1(z)
1y [n] A{z)
63| e] Al =)
] 341 axy[n] + bz |x) a Xylzh+ bX:(z)
2 3472 [ = ry] ™ X{z)
3 343 rykln] X{z/1p)
4 3.4.4 nx|n) el
Fi s
5 343 x*[n] A*(z*)
1
A Relx|n]] E[JE.EJ'l‘ A2
|
7 Jerx[a]) E_jlfl:ﬂ - X *(z*)]
B LN x*[—n] A*(1/24)
“ 347 Xi [.n'ZI'I ¥ IEE”I fﬂ::, .!I."I:I:E'I
10 34.8 Imitial-value theorem:

xipj=0, n<=0

lorm .H{:]' o llﬂj
]

Hy
|q.'I
Ky
Contains Ry, 11 K.,

Ko except for the possible
addition or deletion of
the ongin or oo

|zl By
Ky, except for the possible

wddinion or deberion of
the origin or o

Hy

Contains &,

Contains B,
1/ R,

Contains B, © Ry,




Summary

z-transform

Properties of the ROC
Inverse z-transform
Properties of z-transform



