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PREFACE

In the years since the first edition of Electric Machinery Fundamentals was
published, there has been rapid advance in the development of larger and more
sophisticated solid-state motor drive packages. The first edition of this book stated
that dc motors were the method of choice for demanding variable-speed applica-
tions. That statement is no longer true today. Now, the system of choice for speed
control applications is most often an ac induction motor with a solid-state motor
drive. DC motors have been largely relegated to special-purpose applications
where a dc power source is readily available, such as in automotive electrical
systems.

The third edition of the book was extensively restructured to reflect these
changes. The material on ac motors and generators is now covered in Chapters 4
through 7, before the material on dc machines. In addition, the dc machinery cov-
erage was reduced compared to earlier editions. The fourth edition continues with
this same basic structure.

Chapter 1 provides an introduction to basic machinery concepts, and con-
cludes by applying those concepts to a lincar dc machine, which is the simplest
possible example of a machine. Chapter 2 covers transformers, and Chapter 3 is
an introduction to solid-state power electronic circuits. The material in Chapter 3
1s optional, but it supports ac and d¢ motor control discussions in Chapters 7, 9,
and 10.

After Chapter 3. an instructor may choose to teach either dc or ac machin-
ery first. Chapters 4 through 9 cover ac machinery, and Chapters 8 and 9 cover dc
machinery. These chapter sequences have been made completely independent of
each other, so that instructors can cover the material in the order that best suits
their needs. For example, a one-semester course with a primary concentration in
ac machinery might consist of parts of Chapters 1 to 7, with any remaining time
devoted to dc machinery. A one-semester course with a primary concentration in
dc machinery might consist of parts of Chapters 1, 3, 8, and 9, with any remain-
ing time devoted to ac machinery. Chapter 10 is devoted to single-phase and
special-purpose motors, such as universal motors, stepper motors, brushless dc
motors, and shaded-pole motors.

xxi



XXil PREFACE

The homework problems and the ends of chapters have been revised and
corrected, and more than 70 percent of the problems are either new or modified
since the last edition.

In recent years, there have been major changes in the methods used to teach
machinery to electrical engineering and electrical technology students. Excellent
analytical tools such as MATLAB have become widely available in university en-
gineering curricula. These tools make very complex calculations simple to per-
form, and allow students to explore the behavior of problems interactively. This
edition of Electric Machinery Fundamentals makes selected use of MATLAB to
enhance a student’s learning experience where appropriate. For example, students
use MATLAB in Chapter 7 to calculate the torque—speed characteristics of induc-
tion motors and to explore the properties of double-cage induction motors.

This text does not teach MATLAB; it assumes that the student is familiar
with it through previous work. Also, the book does not depend on a student hav-
ing MATLAB. MATLAB provides an enhancement to the learning experience if
it is available, but if it is not, the examples involving MATLAB can simply be
skipped, and the remainder of the text still makes sense.

Supplemental materials supporting the book are available from the book’s
website, at www.mhhe.com/engcs/electrical/chapman. The materials available at
that address include MATLAB source code, pointers to sites of interest to ma-
chinery students, a list of errata in the text, some supplemental topics that are not
covered in the main text, and supplemental MATLAB tools.

This book would never have been possible without the help of dozens of
people over the past 18 years. I am not able to acknowledge them all here, but [
would especially like to thank Charles P. LeMone, Teruo Nakawaga, and Tadeo
Mose of Toshiba International Corporation for their invaluable help with the
solid-state machinery control material in Chapter 3. I would also like to thank
Jeffrey Kostecki, Jim Wright, and others at Marathon Electric Company for sup-
plying measured data from some of the real generators that the company builds.
Their material has enhanced this revision.

Finally, I would like to thank my wife Rosa and our children Avi, David,
Rachel, Aaron, Sarah, Naomi, Shira, and Devorah for their forbearance during the
revision process. I couldn’t imagine a better incentive to write!

Stephen J. Chapman
Melbourne, Victoria, Australia



CHAPTER

INTRODUCTION
TO MACHINERY
PRINCIPLES

1.1 ELECTRICAL MACHINES,
TRANSFORMERS, AND DAILY LIFE

An electrical machine is a device that can convert either mechanical energy to
electrical energy or electrical energy to mechanical energy. When such a device is
used to convert mechanical energy to electrical energy, it is called a generator.
When it converts electrical energy to mechanical energy, it is called a motor. Since
any given electrical machine can convert power in either direction, any machine
can be used as either a generator or a motor. Almost all practical motors and gen-
erators convert energy from one form to another through the action of a magnetic
field, and only machines using magnetic fields to perform such conversions are
considered in this book.

The transformer 1s an electrical device that is closely related to electrical
machines. It converts ac electrical energy at one voltage level to ac electrical en-
ergy al another voltage level. Since transformers operate on the same principles as
generators and motors, depending on the action of a magnetic field to accomplish
the change in voltage level, they are usually studied together with generators and
motors.

These three types of electric devices are ubiquitous in modern daily life.
Electric motors in the home run refrigerators, freezers, vacuum cleaners, blenders,
air conditioners, fans, and many similar appliances. In the workplace, motors pro-
vide the motive power for almost all tools. Of course, generators are necessary (o
supply the power used by all these motors.



2 ELECTRIC MACHINERY FUNDAMENTALS

Why are electric motors and generators so common? The answer is very
simple: Electric power is a clean and efficient energy source that is easy o trans-
mit over long distances, and easy to control. An electric motor does not require
constant ventilation and fuel the way that an internal-combustion engine does, so
the motor is very well suited for use in environments where the pollutants associ-
ated with combustion are not desirable. Instead, heat or mechanical energy can be
converted to electrical form at a distant location, the energy can be transmitted
over long distances to the place where it is to be used, and it can be used cleanly
in any home, office, or factory. Transformers aid this process by reducing the en-
ergy loss between the point of electric power generation and the point of its use.

1.2 A NOTE ON UNITS AND NOTATION

The design and study of electric machines and power systems are among the old-
est areas of electrical engineering. Study began in the latter part of the nineteenth
century. At that time, electrical units were being standardized internationally, and
these units came to be universally used by engineers. Volts, amperes, ohms, watts,
and similar units, which are part of the metric system of units, have long been
used to describe electrical quantities in machines.

In English-speaking countries, though, mechanical quantities had long been
measured with the English system of units (inches, feet, pounds, etc.). This prac-
tice was followed in the study of machines. Therefore, for many years the electri-
cal and mechanical quantities of machines have been measured with different sys-
tems of units.

In 1954, a comprehensive system of units based on the metric system was
adopted as an international standard. This system of units became known as the
Systéme International (SI) and has been adopted throughout most of the world.
The United States 1s practically the sole holdout—even Britain and Canada have
switched over to SL.

The SI units will inevitably become standard in the United States as time
goes by, and professional societies such as the Institute of Electrical and Elec-
tronics Engineers (IEEE) have standardized on metric units for all work. How-
ever, many people have grown up using English units, and this system will remain
in daily use for a long time. Engineering students and working engineers in the
United States today must be familiar with both sets of units, since they will en-
counter both throughout their professional lives. Therefore, this book includes
problems and examples using both SI and English units. The emphasis in the ex-
amples is on SI units, but the older system is not entirely neglected.

Notation

In this book, vectors, electrical phasors, and other complex values are shown in
bold face (e.g., F), while scalars are shown in italic face (e.g., R). In addition, a
special font is used to represent magnetic quantities such as magnetomotive force

(e.g., P



INTRODUCTION TO MACHINERY PRINCIPLES 3

1.3 ROTATIONAL MOTION, NEWTON’S
LAW, AND POWER RELATIONSHIPS

Almost all electric machines rotate about an axis, called the shaft of the machine.
Because of the rotational nature of machinery, it is important to have a basic un-
derstanding of rotational motion. This section contains a briel review of the con-
cepts of distance, velocity, acceleration, Newton’s law, and power as they apply to
rotating machinery. For a more detailed discussion of the concepts of rotational
dynamics, see References 2, 4, and 5.

In general, a three-dimensional vector is required to completely describe the
rotation of an object in space. However, machines normally turn on a fixed shaft,
so their rotation is restricted to one angular dimension. Relative to a given end of
the machine’s shaft, the direction of rotation can be described as either clockwise
(CW) or counterclockwise (CCW). For the purpose of this volume, a counter-
clockwise angle of rotation is assumed to be positive, and a clockwise one is as-
sumed to be negative. For rotation about a fixed shaft, all the concepts in this sec-
tion reduce to scalars.

Each major concept of rotational motion is defined below and is related to
the corresponding idea from linear motion.

Angular Position 6

The angular position @ of an object is the angle at which it is oriented, measured
from some arbitrary reference point. Angular position is usually measured in
radians or degrees. It corresponds to the linear concept of distance along a line.

Angular Velocity w

Angular velocity (or speed) is the rate of change in angular position with respect
to time. It is assumed positive if the rotation is in a counterclockwise direction.
Angular velocity is the rotational analog of the concept of velocity on a line. One-
dimensional linear velocity along a line is defined as the rate of change of the dis-
placement along the line (r) with respect to time

_dr

V—E (1—])

Similarly, angular velocity  is defined as the rate of change of the angular dis-
placement 8 with respect to time.

_deo
w=2

ar (1-2)

I the units of angular position are radians, then angular velocity is measured in ra-
dians per second.

In dealing with ordinary electric machines, engineers often use units other
than radians per second to describe shaft speed. Frequently, the speed is given in
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revolutions per second or revolutions per minute. Because speed is such an im-
portant quantity in the study of machines, it is customary to use different symbols
for speed when it is expressed in ditferent units. By using these different symbols,
any possible confusion as to the units intended is minimized. The following sym-
bols are used in this book to describe angular velocity:

Wy, angular velocity expressed in radians per second
I angular velocity expressed in revolutions per second
n, angular velocity expressed in revolutions per minule

The subscript m on these symbols indicates a mechanical quantity, as opposed Lo
an electrical quantity. If there is no possibility of confusion between mechanical
and electrical quantities, the subscript is often left out.

These measures of shaft speed are related to each other by the following
equations:

n, = 60f, (1-3a)
.
fu=32 (1-3b)

Angular Acceleration a

Angular acceleration is the rate of change in angular velocity with respect Lo time.
It is assumed positive if the angular velocily is increasing in an algebraic sense.
Angular acceleration is the rotational analog of the concept of acceleration on a
line. Just as one-dimensional linear acceleration is defined by the equation

_dv

a= ar (1-4)
angular acceleration is defined by
— do -
a=-" (1-5)

If the units of angular velocity are radians per second, then angular acceleration is
measured in radians per second squared.

Torque 7

In linear motion, a force applied to an object causes its velocity to change. In the
absence of a net force on the object, its velocity is constant. The greater the force
applied to the object, the more rapidly its velocity changes.

There exists a similar concept for rotation. When an object is rotating, its
angular velocily is constant unless a forque is present on it. The greater the torque
on the object. the more rapidly the angular velocity of the object changes.

What is torque? It can loosely be called the “twisting force” on an object.
Intuitively, torque is fairly easy to understand. Imagine a cylinder that is free to
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T

T7=0 Torque is counterclockwise

Torque is zero

(a) (b)

FIGURE 1-1
(a) A force applied to a cylinder so that it passes through the axis of rotation. T = . (b) A force
applied to a cylinder so that its line of action misses the axis of rotation. Here 7 is counterclockwise.

rotate about its axis. If a force is applied to the cylinder in such a way that its line
of action passes through the axis (Figure 1-1a), then the cylinder will not rotate.
However, if the same force is placed so that its line of action passes to the right of
the axis (Figure 1-1b), then the cylinder will tend to rotate in a counterclockwise
direction. The torque or twisting action on the cylinder depends on (1) the magni-
tude of the applied force and (2) the distance between the axis of rotation and the
line of action of the force.

The torque on an object is defined as the product of the force applied to the
object and the smallest distance between the line of action of the force and the ob-
ject’s axis of rotation. If r 1s a vector pointing from the axis of rotation to the point
of application of the force, and if F is the applied force, then the torque can be de-
scribed as

7 = (force applied)} perpendicular distance)

= (F) (rsin 8
= rFsin 6 (1-6)

where 8 is the angle between the vector r and the vector F. The direction of the
torque is clockwise if it would tend to cause a clockwise rotation and counter-
clockwise if it would tend to cause a counterclockwise rotation (Figure 1-2).

The units of torque are newton-meters in SI units and pound-feet in the Eng-
lish system.
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rsin(180° — §) = r sing

= ndicular distance) (force
™ = (perpe ) tforce) | FIGURE 1-2

F Derivation of the equation for the torque

7 = (rsin @)F, counterclockwise .
on an object.

Newton’s Law of Rotation

Newton’s law for objects moving along a straight line describes the relationship
between the force applied to an object and its resulting acceleration. This rela-
tionship is given by the equation

F=ma (1-7

where
F = net force applied to an object
m = mass of the object
a = resulting acceleration

In ST units, force is measured in newtons, mass in kilograms, and acceleration in
meters per second squared. In the English system, force is measured in pounds,
mass in slugs, and acceleration in feet per second squared.

A similar equation describes the relationship between the torque applied to
an object and its resulting angular acceleration. This relationship. called Newton's
law of rotation, is given by the equation

7=Ja (1-8)

where 7is the net applied torque in newton-meters or pound-feet and «a 18 the re-
sulting angular acceleration in radians per second squared. The term J serves the
same purpose as an object’s mass in linear motion. It is called the moment of
inertia of the object and is measured in kilogram-melters squared or slug-feet
squared. Calculation of the moment of inertia of an object is beyond the scope of
this book. For information about it see Ref. 2.
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Work W

For linear motion, work is defined as the application of a force through a distance.
In equation form,

W=ij (1-9)

where it is assumed that the force is collinear with the direction of motion. For the
special case of a constant force applied collinearly with the direction of motion,
this equation becomes just

W= Fr (1-10)

The units of work are joules in SI and foot-pounds in the English system.
For rotational motion, work is the application of a forque through an angle.
Here the equation for work is

W=J7w (1-11)

and if the torque is constant,

W=10 (1-12)

Power P

Power is the rate of doing work, or the increase in work per unit time. The equa-
tion for power is

_dW

P=-ar

(1-13)
It is usually measured in joules per second (watts), but also can be measured in
foot-pounds per second or in horsepower.

By this definition, and assuming that force is constant and collinear with the
direction of motion, power is given by

=W _d o () =
P= a _dt(-Fr)—F(dt)_Fv (1-14)
Similarly, assuming constant torque, power in rotational motion is given by
=W _d o - .[99)
P==a™= T(dt) -
P=1w (1-15)

Equation (1-135) is very important in the study of electric machinery, because it
can describe the mechanical power on the shaft of a motor or generator.

Equation (1-15) is the correct relationship among power, torque, and speed if
power is measured in walts, torque in newton-melers, and speed in radians per sec-
ond. If other units are used to measure any of the above quantities, then a constant
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must be introduced into the equation for unit conversion factors. It is still common
in U.S. engineering practice to measure torque in pound-feet, speed in revolutions
per minute, and power in either watts or horsepower. If the appropriate conversion
factors are included in each term, then Equation (1-15) becomes

7 (Ib-ft) n (r/min)

P (watts) = 704 (1-16)
. _ 7 (Ib-ft) n (r/min)
P (horsepower) = 5252 (1-17)

where torque 1s measured in pound-feet and speed is measured in revolutions per
minute.

1.4 THE MAGNETIC FIELD

As previously stated, magnetic fields are the fundamental mechanism by which en-
ergy is converted from one form to another in motors, generators, and transform-
ers. Four basic principles describe how magnetic fields are used in these devices:

1. A current-carrying wire produces a magnetic field in the area around it.

2. Atime-changing magnetic field induces a voltage in a coil of wire if it passes
through that coil. (This is the basis of transformer action.)

3. A current-carrying wire in the presence of a magnetic field has a force in-
duced on it. (This is the basis of moror action.)

4. A moving wire in the presence of a magnelic field has a voliage induced in it.
(This is the basis of generator action.)

This section describes and elaborates on the production of a magnetic field by a
current-carrying wire, while later sections of this chapter explain the remaining
three principles.

Production of a Magnetic Field

The basic law governing the production of a magnetic field by a current is
Ampere’s law:

$H-a1=1,, (1-18)

where H is the magnetic field intensity produced by the current I, and d! is a dif-
ferential element of length along the path of integration. In SI units, /is measured
in amperes and H is measured in ampere-turns per meter. To better understand the
meaning of this equation, it is helpful to apply it to the simple example in Figure
1-3. Figure 1-3 shows a rectangular core with a winding of N turns of wire
wrapped about one leg of the core. If the core is composed of iron or certain other
similar metals (collectively called ferromagnetic materials), essentially all the
magneltic field produced by the current will remain inside the core, so the path of
integration in Ampere’s law is the mean path length of the core /.. The current
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FIGURE 1-3
A simple magnetic core.

passing within the path of integration I, is then Ni, since the coil of wire cuts the
path of integration N times while carrying current i. Ampere’s law thus becomes

HI_ = Ni (1-19)

Here H is the magnitude of the magnetic field intensity vector H. Therefore, the
magnitude of the magnetic field intensity in the core due to the applied current is

H= % (1-20)

The magnetic field intensity H is in a sense a measure of the “effort” that a
current is putting into the establishment of a magnetic field. The strength of the
magnetic field flux produced in the core also depends on the material of the core.
The relationship between the magnetic field intensity H and the resulting mag-
netic flux density B produced within a material is given by

B=uH (1-21)

where
H = magnetic field intensity
u = magnetic permeabiliry of material
B = resulting magnetic flux density produced

The actual magnetic flux density produced in a piece of material is thus
given by a product of two terms:

H, representing the effort exerted by the current to establish a magnetic
field

1. representing the relative ease of establishing a magnetic field in a given
material
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The units of magnetic field intensity are ampere-turns per meter, the units of per-
meability are henrys per meter, and the units of the resulting flux density are
webers per square meter, known as teslas (T).

The permeability of free space is called pg. and its value is

My = 49 X 1077 H/m (1-22)

The permeability of any other material compared to the permeability of free space
is called its relative permeability:

= (1-23)
Relative permeability is a convenient way to compare the magnetizability of
materials. For example, the steels used in modern machines have relative perme-
abilities of 2000 to 6000 or even more. This means that, for a given amount of
current, 2000 to 6000 times more flux is established in a piece of steel than in a
corresponding area of air. (The permeability of air is essentially the same as the
permeability of free space.) Obviously, the metals in a transformer or motor core
play an extremely important part in increasing and concentrating the magnetic
flux in the device.

Also, because the permeability of iron i1s so much higher than that of air, the
great majority of the flux in an iron core like that in Figure 1-3 remains inside the
core instead of traveling through the surrounding air, which has much lower per-
meability. The small leakage flux that does leave the iron core is very important
in determining the flux linkages between coils and the self-inductances of coils in
transformers and motors.

In a core such as the one shown in Figure 1-3, the magnitude of the flux
density is given by

B=pH= (1-24)
Now the total flux in a given area is given by
b= j B.dA (1-25a)
A

where dA is the differential unit of area. IT the flux density vector is perpendicu-
lar to a plane of area A, and if the flux density is constant throughout the area, then
this equation reduces to

é=BA (1-25b)

Thus, the total flux in the core in Figure 1-3 due to the current i in the wind-
ing is

iA
7 (1-26)

where A is the cross-sectional area of the core.
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FIGURE 1-4
(a) A simple electric circuit. (b) The magnetic circuit analog to a transformer core.

Magnetic Circuits

In Equation (1-26) we see that the current in a coil of wire wrapped around a core
produces a magnetic flux in the core. This is in some sense analogous to a voltage
in an electric circuit producing a current flow. It is possible to define a “magnetic
circuit” whose behavior s governed by equations analogous to those for an elec-
tric circuit. The magnetic circuit model of magnetic behavior is often used in the
design of electric machines and transformers to simplify the otherwise quite com-
plex design process.

In a simple electric circuit such as the one shown in Figure 1-4a, the volt-
age source V drives a current 7 around the circuit through a resistance R. The rela-
tionship between these quantities is given by Ohm’s law:

V=IR

In the electric circuit, it is the voltage or electromoltive force that drives the cur-
rent flow. By analogy, the corresponding quantity in the magnetic circuit is called
the magnetomotive force (mmf). The magnetomotive force of the magnetic circuit
is equal to the effective current flow applied to the core, or

F = Ni (1-27)

where ¥ is the symbol for magnetomotive force, measured in ampere-turns.

Like the voltage source in the electric circuit, the magnetomotive force in
the magnetic circuit has a polarity associated with it. The positive end of the mmf
source is the end from which the flux exits, and the negative end of the mmf
source is the end at which the flux reenters. The polarity of the mmf from a coil of
wire can be determined from a modification of the right-hand rule: If the fingers
of the right hand curl in the direction of the current flow in a coil of wire, then the
thumb will point in the direction of the positive mmf (see Figure 1-5).

In an electric circuit, the applied voltage causes a current 7 to flow. Simi-
larly, in a magnetic circuit, the applied magnetomotive force causes flux ¢ to be
produced. The relationship between veltage and current in an electric circuit is
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FIGURE 1-5
Determining the polarity of a magnetomotive force source in a magnetic circuit.

Ohm’s law (V = IR); similarly, the relationship between magnetomotive force and
flux is

F=¢R (1-28)

where
F = magnetomotive force of circuit
¢ = flux of circuit
R = reluctance of circuit

The reluctance of a magnetic circuit is the counterpart of electrical resistance, and
its units are ampere-turns per weber.

There is also a magnetic analog of conductance. Just as the conductance of
an electric circuit is the reciprocal of its resistance, the permeance P of a magnetic
circuit is the reciprocal of its reluctance:

= (1-29)

The relationship between magnetomotive force and flux can thus be expressed as
b =FP (1=30)

Under some circumstances, it is easier to work with the permeance of a magnetic
circuit than with its reluctance.
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What is the reluctance of the core in Figure 1-3? The resulting flux in this
core is given by Equation (1-26):

& = BA =”J;”A (1-26)
o
¢=<-3(‘3A) (1-31)

By comparing Equation (1-31) with Equation (1-28), we see that the reluctance
of the core is

I
1A

Reluctances in a magneltic circuit obey the same rules as resistances in an electric
circuit. The equivalent reluctance of a number of reluctances in series is just the
sum of the individual reluctances:

Cpeq=CQ|+CQ2+CQ3+"' (1—33)

R= (1-32)

Similarly, reluctances in parallel combine according to the equation

1 1 1 1 :
—_— = — =4 ... 1-34
CQeq CQ] sz CQS ( )

Permeances in series and parallel obey the same rules as electrical conductances.

Calculations of the flux in a core performed by using the magnetic circuit
concepts are always approximations—al best, they are accurate to within about
5 percent of the real answer. There are a number of reasons for this inherent
inaccuracy:

1. The magnetic circuit concept assumes that all flux is confined within a mag-
netic core. Unfortunately, this is not quite true. The permeability of a ferro-
magnetic core is 2000 to 6000 times that of air, but a small fraction of the flux
escapes from the core into the surrounding low-permeability air. This flux
outside the core is called leakage flux, and it plays a very important role in
electric machine design.

2. The calculation of reluctance assumes a certain mean path length and cross-
sectional area for the core. These assumptions are not really very good, espe-
cially at corners.

3. In ferromagnetic materials, the permeability varies with the amount of flux
already in the material. This nonlinear effect is described in detail. It adds yet
another source of error to magnetic circuit analysis, since the reluctances used
in magnetic circuit calculations depend on the permeability of the material.
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FIGURE 1-6

The fringing effect of a magnetic field at an air gap. Note
the increased cross-sectional area of the air gap compared
with the cross-sectional area of the metal.

4. If there are air gaps in the flux path in a core, the effective cross-sectional
area of the air gap will be larger than the cross-sectional area of the iron core
on either side. The extra etfective area is caused by the “fringing effect” of
the magnetic field at the air gap (Figure 1-6).

It is possible to partially offset these inherent sources of error by using a “cor-
rected” or “effective” mean path length and the cross-sectional area instead of the
actual physical length and area in the calculations.

There are many inherent limitations to the concept of a magnetic circuit, but
it is still the easiest design tool available for calculating fluxes in practical ma-
chinery design. Exact calculations using Maxwell’s equations are just too diffi-
cult, and they are not needed anyway, since satisfactory results may be achieved
with this approximate method.

The following examples illustrate basic magnetic circuit calculations. Note
that in these examples the answers are given to three significant digits.

Example 1-1. A ferromagnetic core is shown in Figure 1-7a. Three sides of this
core are of uniform width, while the fourth side is somewhat thinner. The depth of the core
(into the page) is 10 cm, and the other dimensions are shown in the figure. There is a 200-
turn coil wrapped around the left side of the core. Assuming relative permeability u, of
2500, how much flux will be produced by a 1-A input current?

Solution
We will solve this problem twice, once by hand and once by a MATLAB program, and
show that both approaches yield the same answer.

Three sides of the core have the same cross-sectional areas, while the fourth side has
a different area. Thus, the core can be divided into two regions: (1) the single thinner side
and (2) the other three sides taken together. The magnetic circuit corresponding to this core
is shown in Figure 1-7b.
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(a) The ferromagnetic core of Example 1-1. (b) The magnetic circuit corresponding to (a).
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The mean path length of region 1 is 45 c¢m, and the cross-sectional area is 10 X 10
cm = 100 cm?. Therefore, the reluctance in the first region is

L
MA| oA,

_ 045 m
(2500)47 X 1077)(0.01 m?)

= 14,300 A * wrns/Wb

The mean path length of region 2 is 130 cm, and the cross-sectional area is 15 X 10
cm = 150 cm?. Therefore, the reluctance in the second region is

) b
T uAr epods
_ 1.3m
(2500) 47 X 1077)(0.015 m?)
= 27,600 A * turns/Wb
Therefore, the total reluctance in the core is
Reg =R + R,

= 14,300 A * turns/Wb + 27,600 A  turns/Wb
= 41,900 A * turns/Wb

The total magnetomotive force is
F = Ni = (200 turns)(1.0 A) = 200 A » turns

R (1-32)

R, (1-32)

The total flux in the core is given by

b= F __ 200A-tums
@ 41900 A * turns/ Wb
= 0.0048 Wb

This calculation can be performed by using a MATLAB script file, if desired. A sim-
ple script to calculate the flux in the core is shown below.

% M-file: exl_1l.m
% M-file to calculate the flux in Example 1-1.

11 = 0.45; % Length of region 1

12 = 1.3; % Length of region 2

al = 0.01; % Area of region 1

a2 = 0.015; % Area of region 2

ur = 2500; % Relative permeability

u0 = 4*pi*lE-7; % Permeability of free space
n = 200; %2 Number of turns on core
i=1; % Current in amps

% Calculate the first reluctance
rl = 11 / (ur * u0 * al);
disp (['rl = ' num2str(rl)]);

% Calculate the second reluctance
r2 = 12 / (ur * u0 * a2);
disp (['r2 = ' num2str(r2)]);
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2 Calculate the total reluctance
rtot = rl + r2;

% Calculate the mmf
mmf = n * i;

% Finally, get the flux in the core
flux = mmf / rtot;

% Display result

disp (['Flux = ' num2str(flux)]);

When this program is executed, the results are:

» exl_1

rl = 14323.9449
r2 = 27586.8568
Flux = 0.004772

This program produces the same answer as our hand calculations to the number of signifi-
cant digits in the problem.

Example 1-2. Figure 1-8a shows a ferromagnetic core whose mean path length is
40 cm. There is a small gap of 0.05 cm in the structure of the otherwise whole core. The
cross-sectional area of the core is 12 cm?, the relative permeability of the core is 4000, and
the coil of wire on the core has 400 turns. Assume that fringing in the air gap increases the
effeclive cross-sectional area of the air gap by 5 percent. Given this information, find
(a) the total reluctance of the flux path (iron plus air gap) and (b) the current required to
produce a flux density of 0.5 T in the air gap.

Solution
The magnetic circuit corresponding to this core is shown in Figure 1-8b.

(a) The reluctance of the core is

I, I,
e = A mpoA (1-32)
_ 0.4 m
(4000)(47 X 10-7)(0.002 m?)
= 66,300 A * turns/Wb

The effective area of the air gap is 1.05 X 12 cm? = 12.6 cm?, so the reluctance of the air
gapis

Iy
= oA,
_ 0.0005 m
@ X 10-7)0.00126 m)

= 316,000 A * turns/Wb

(1-32)
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(a) The ferromagnetic core of Example 1-2. (b) The magnetic circuit corresponding to (a).

Therefore, the total reluctance of the flux path is

Ry = R+ R,
= 66,300 A * turns/Wb + 316,000 A * turns/Wb
= 382,300 A » turns/Wb

Note that the air gap contributes most of the reluctance even though it is 800 times shorter
than the core.

(b) Equation (1-28) states that
F =R (1-28)
Since the flux ¢ = BA and ¥ = Ni, this equation becomes
Ni = BAQ
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SO
; _ BAR
N
_ (0.5 T)(0.00126 m?2)(383,200 A « turns/ Wb)
400 turns
=0.602 A

Notice that, since the air-gap flux was required, the effective air-gap area was used in the
above equation.

Example 1-3. Figure 1-9a shows a simplified rotor and stator for a dc motor. The
mean path length of the stator is 50 cm, and its cross-sectional area is 12 cm?. The mean
path length of the rotor is 5 cm, and its cross-sectional area also may be assumed to be
12 em?. Each air gap between the rotor and the stator is 0.05 cm wide, and the cross-
sectional area of each air gap (including fringing) is 14 cm?. The iron of the core has a rel-
ative permeability of 2000, and there are 200 turns of wire on the core. If the current in the
wire is adjusted to be 1 A, what will the resulting flux density in the air gaps be?

Solution
To determine the flux density in the air gap, it is necessary to first calculate the magneto-
motive force applied to the core and the total reluctance of the flux path. With this infor-
mation, the total flux in the core can be found. Finally, knowing the cross-sectional area of
the air gaps enables the flux density to be calculated.

The reluctance of the stator is

ls
B oA,
_ 0.5m
(2000)(47 X 1077)(0.0012 m?)
= 166,000 A » turns/Wb
The reluctance of the rotor is
l,
® e oA,
_ 005 m
(2000} 47 X 1077)0.0012 m?)
= 16,600 A * turns/Wb
The reluctance of the air gaps is
— la
Rl
_ 0.0005 m
(D@7 X 1077)(0.0014 m?)
= 284,000 A » turns/Wb

The magnetic circuit corresponding to this machine is shown in Figure 1-9b. The total re-
luctance of the flux path is thus
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FIGURE 1-9
(a) A simplified diagram of a rotor and stator for a dc motor. (b) The magnetic circuit corresponding
to (a).

CQeq=CQ,+CQﬂ|+CQ,+CQ02
= 166,000 + 284,000 + 16,600 + 284,000 A * turns/Wb
= 751,000 A * turns/Wb

The net magnetomotive force applied to the core is
F = Ni = (200 turns)(1.0 A) = 200 A * turns

Therefore, the total flux in the core is
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o= T ___200A«ums
R~ 751,000 A * turns/ Wb
= 0.00266 Wb

Finally, the magnetic flux density in the motor’s air gap is

¢  0.000266 Wb

Magnetic Behavior of Ferromagnetic Materials
Earlier in this section, magnetic permeability was defined by the equation
B=uH (1-21)

It was explained that the permeability of ferromagnelic materials is very high, up
to 6000 times the permeability of free space. In that discussion and in the examples
that followed, the permeability was assumed (o be constant regardless of the mag-
netomotive force applied to the material. Although permeability is constant in free
space, this most certainly is not true for iron and other ferromagnetic materials.

To illustrate the behavior of magnetic permeability in a ferromagnetic ma-
terial, apply a direct current to the core shown in Figure 1-3, starting with 0 A and
slowly working up to the maximum permissible current. When the flux produced
in the core is plotted versus the magnetomotive force producing it, the resulting
plot looks like Figure 1-10a. This type of plot is called a saturation curve or a
magnetization curve. Al first, a small increase in the magnetomotive force pro-
duces a huge increase in the resulting flux. After a certain point, though, further
increases in the magnetomotive force produce relatively smaller increases in the
flux. Finally, an increase in the magnetomotive force produces almost no change
at all. The region of this figure in which the curve flattens out is called the saru-
ration region, and the core is said to be saturated. In contrast, the region where the
flux changes very rapidly is called the unsaturated region of the curve, and the
core 1s said to be unsaturated. The transition region between the unsaturated re-
gion and the saturated region is sometimes called the knee of the curve. Note that
the flux produced in the core is linearly related to the applied magnetomotive
force in the unsaturated region, and approaches a constant value regardless of
magnetomolive force in the saturated region.

Another closely related plot is shown in Figure 1-10b. Figure 1-10b is a
plot of magnetic flux density B versus magnetizing intensity H. From Equations
(1-20) and (1-25b),

p=M_2 1-20
T (1=20)
¢ =BA (1-25b)

it is easy lo see thalt magnetizing intensity is directly proportional to magnetomotive
Jorce and magnetic flux density is directly proportional to flux for any given core.
Therefore, the relationship between B and H has the same shape as the relationship
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FIGURE 1-10
(a) Sketch of a dc magnetization curve for a ferromagnetic core, (b) The magnetization curve
expressed in terms of flux density and magnetizing intensity. (c¢) A detailed magnetization curve for a

typical piece of steel. (d) A plot of relative permeability u, as a function of magnetizing intensity A
for a typical piece of steel.
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(continued)

between flux and magnetomotive force. The slope of the curve of flux density ver-
sus magnetizing intensity at any value of H in Figure 1-10b is by definition the per-
meability of the core at that magneltizing intensity. The curve shows that the perme-
ability is large and relatively constant in the unsaturated region and then gradually
drops to a very low value as the core becomes heavily saturated.

Figure 1-10c¢ is a magnetization curve for a typical piece of steel shown in
more detail and with the magnetizing intensity on a logarithmic scale. Only with
the magnetizing intensity shown logarithmically can the huge saturation region of
the curve fit onto the graph.

The advantage of using a ferromagnetic material for cores in electric ma-
chines and transformers is that one gets many times more flux for a given magne-
tomotive force with iron than with air. However, if the resulting flux has to be pro-
portional, or nearly so, to the applied magnetomotive force, then the core must be
operated in the unsaturated region of the magnetization curve.

Since real generators and motors depend on magnetic flux to produce volt-
age and torque, they are designed to produce as much flux as possible. As a resul,
mosl real machines operate near the knee of the magnetization curve, and the flux
in their cores is not linearly related to the magnetomotive force producing il. This
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nonlinearity accounts for many of the peculiar behaviors of machines that will be
explained in future chapters. We will use MATLAB to calculate solutions to prob-
lems involving the nonlinear behavior of real machines.

Example 1-4. Find the relative permeability of the typical ferromagnetic material
whose magnetization curve is shown in Figure 1-10c at (a) H = 50, (b) H = 100, (c) H =
500, and (d) H# = 1000 A * turns/m.

Solution
The permeability of a material is given by

—_ E
!L H

M=l (1-23)

Thus, it is easy to determine the permeability at any given magnetizing intensity.
{(a) AtH=50Ac¢turns/m, B =025T, so

B 025T
H-350Awmns/m 0.0050 H/'m
and
_n_ 00050H/m _
b= e = T X 10THm
(b) At H=100Aturns/m, B =0.72 T, so
B 072T
= H 100Asturns/m 0.0072 H/m
and
_ i __00072Hm __
M= e T 2w X 107 Hm 0
{(c) At H=500A¢+turns/m, B = 1.40T, so
_B_ 14T _
= H T 500A e« turns/m 0.0028 H/m
and
_ & _ _00028Hm _
M=o = 2w X 107 Him 2220
(d) At H=1000A turns/m, B =151T,s0
B 15T
*=H =000 A * turngm _ 0-00131 H/m
and
_ p _ 000151 Him _
M=~ 4w x 107 Hm 2%
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Notice that as the magnetizing intensity is increased, the relative perme-
ability first increases and then starts to drop off. The relative permeability of a typ-
ical ferromagnetic material as a function of the magnetizing intensity is shown in
Figure 1-10d. This shape is fairly typical of all ferromagnetic materials. It can
easily be seen from the curve for u, versus H that the assumption of constant rel-
ative permeability made in Examples 1-1 to 1-3 is valid only over a relatively
narrow range of magnetizing intensities (or magnetomotive forces).

In the following example, the relative permeability is not assumed constant.
Instead, the relationship between B and H is given by a graph.

Example 1-5. A square magnetic core has a mean path length of 55 cm and a cross-
sectional area of 150 cm?. A 200-turn coil of wire is wrapped around one leg of the core. The
core is made of a material having the magnetization curve shown in Figure 1-10c.

(a) How much current is required to produce 0.012 Wb of flux in the core?
(b) What is the core’s relative permeability at that current level?
(c) What is its reluctance?

Solution
{a) The required flux density in the core is

From Figure 1-10c, the required magnetizing intensity is
H =115 A+ turns/m

From Equation (1-20), the magnetomotive force needed to produce this magnetizing in-
tensity is
F=Ni=HI,
= (115 A+ turns/m)(0.55 m) = 63.25 A * turns

so the required current is

._F_ 6325 A turns _
i =5 = =500 s =0.316 A

(b) The core’s permeability at this current is

_B 08T
= HT115A « urns/m

= 0.00696 H/m

Therefore, the relative permeability is

_ & __0.00696 Him _
P dr x 107 Him o0

(¢) The reluctance of the core is

_F_ 6325 Aeturns _ .
R= b 0.012 Wb 5270 A « turns/Wb
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FIGURE 1-11
The hysteresis loop traced out by the flux in a core when the current i(t) is applied to it.

Energy Losses in a Ferromagnetic Core

Instead of applying a direct current to the windings on the core, let us now apply
an alternating current and observe what happens. The current to be applied is
shown in Figure 1-11a. Assume that the flux in the core is initially zero. As the
current increases for the first time, the flux in the core traces out path ab in Figure
I-11b. This is basically the saturation curve shown in Figure 1-10. However,
when the current falls again, the flux traces out a different path from the one it fol-
lowed when the current increased. As the current decreases, the flux in the core
traces out path bed, and later when the current increases again, the flux traces out
path deb. Notice that the amount of flux present in the core depends not only on
the amount of current applied to the windings of the core, but also on the previous
history of the flux in the core. This dependence on the preceding flux history and
the resulting failure to retrace flux paths is called hysteresis. Path bcdeb traced out
in Figure 1-11b as the applied current changes is called a hysteresis loop.
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(a) Magnetic domains oriented randomly. (b) Magnetic domains lined up in the presence of an
external magnetic field.

Notice that if a large magnetomotive force is first applied to the core and
then removed, the flux path in the core will be abc. When the magnetomotive
force is removed, the flux in the core does not go to zero. Instead, a magnetic field
is left in the core. This magnetic field is called the residual flux in the core. Itis in
precisely this manner that permanent magnets are produced. To force the flux to
zero, an amount of magnetomotive force known as the coercive magnetomotive
force F. must be applied to the core in the opposite direction.

Why does hysteresis occur? To understand the behavior of ferromagnetic
malerials, it is necessary to know something about their structure. The atoms of
iron and similar metals (cobalt, nickel, and some of their alloys) tend to have their
magnetic fields closely aligned with each other. Within the metal, there are many
small regions called domains. In each domain, all the atoms are aligned with their
magneltic fields pointing in the same direction, so each domain within the maternial
acts as a small permanent magnet. The reason that a whole block of iron can ap-
pear to have no flux is that these numerous tiny domains are oriented randomly
within the material. An example of the domain structure within a piece of iron is
shown in Figure 1-12.

When an external magnetic field is applied to this block of iron, it causes do-
mains that happen to point in the direction of the field to grow at the expense of
domains pointed in other directions. Domains pointing in the direction of the mag-
netic field grow because the atoms at their boundaries physically switch orientation
to align themselves with the applied magnetic field. The extra atoms aligned with
the field increase the magnetic flux in the iron, which in turn causes more atoms to
switch orientation, further increasing the strength of the magnetic field. It is this pos-
itive feedback effect that causes iron to have a permeability much higher than air.

As the strength of the external magnetic field continues to increase, whole
domains that are aligned in the wrong direction eventually reorient themselves as
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a unit to line up with the field. Finally, when nearly all the atoms and domains in
the iron are lined up with the external field, any further increase in the magneto-
motive force can cause only the same flux increase that it would in free space.
(Once everything is aligned, there can be no more feedback effect to strengthen
the field.) At this point, the iron is saturated with flux. This is the situation in the
saturated region of the magnetization curve in Figure 1-10.

The key to hysteresis 18 that when the external magnetic field is removed,
the domains do not completely randomize again. Why do the domains remain
lined up? Because turning the atoms in them requires energy. Originally, energy
was provided by the external magnetic field to accomplish the alignment; when
the field is removed, there 1s no source of energy to cause all the domains to rotate
back. The piece of iron is now a permanent magnet.

Once the domains are aligned, some of them will remain aligned until a
source of external energy is supplied to change them. Examples of sources of ex-
ternal energy that can change the boundaries between domains and/or the align-
ment of domains are magnetomotive force applied in another direction, a large
mechanical shock, and heating. Any of these events can impart energy to the do-
mains and enable them to change alignment. (It is for this reason that a permanent
magnet can lose its magnetism if it is dropped, hit with a hammer, or heated.)

The fact that turning domains in the iron requires energy leads to a common
type of energy loss in all machines and transformers. The hysteresis loss in an iron
core is the energy required o accomplish the reorientation of domains during each
cycle of the alternating current applied to the core. It can be shown that the area
enclosed in the hysteresis loop formed by applying an alternating current to the
core is directly proportional to the energy lost in a given ac cycle. The smaller the
applied magnetomotive force excursions on the core, the smaller the area of
the resulting hysteresis loop and so the smaller the resulting losses. Figure 1-13
illustrates this point.

Another type of loss should be mentioned at this point, since it is also
caused by varying magnetic fields in an iron core. This loss is the eddy current
loss. The mechanism of eddy current losses is explained later after Faraday’s law
has been introduced. Both hysteresis and eddy current losses cause heating in the
core material, and both losses must be considered in the design of any machine or
transformer. Since both losses occur within the metal of the core, they are usually
lumped together and called core losses.

1.5 FARADAY’S LAW—INDUCED VOLTAGE
FROM A TIME-CHANGING MAGNETIC
FIELD

So far, attention has been focused on the production of a magnetic field and on its
properties. It is now time to examine the various ways in which an existing mag-
netic field can aftect its surroundings.

The first major effect to be considered is called Faraday'’s law. It is the ba-
sis of transformer operation. Faraday’s law states that if a flux passes through a
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The effect of the size of magnetomotive force excursions on the magnitude of the hysteresis loss.

turn of a coil of wire, a voltage will be induced in the turn of wire that is directly
proportional to the rate of change in the flux with respect to time. In equation
form,

— _4¢

€ind = dar (1-35)

where e, is the voltage induced in the turn of the coil and ¢ is the flux passing
through the turn. If a coil has N turns and if the same flux passes through all of
them, then the voltage induced across the whole coil is given by

d
€ind = — d_(f (1-36)

where
€ing = Vvoltage induced in the coil
N = number of turns of wire in coil
¢ = flux passing through coil

The minus sign in the equations is an expression of Lenz’s law. Lenz’s law states
that the direction of the voltage buildup in the coil is such that if the coil ends
were short circuited, it would produce current that would cause a flux opposing
the original flux change. Since the induced voltage opposes the change that causes
it, a minus sign is included in Equation (1-36). To understand this concept clearly,
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The meaning of Lenz’s law: (a) A coil enclosing an increasing magnetic flux; (b) determining the
resulting voltage polarity.

examine Figure 1-14. If the flux shown in the figure is increasing in strength, then
the voltage built up in the coil will tend to establish a flux that will oppose the in-
crease. A current flowing as shown in Figure 1-14b would produce a flux oppos-
ing the increase, so the voltage on the coil must be built up with the polarity re-
quired to drive that current through the external circuit. Therefore, the voltage
must be built up with the polarity shown in the figure. Since the polarity of the re-
sulting voltage can be determined from physical considerations, the minus sign in
Equations (1-35) and (1-36) is often left out. It is left out of Faraday’s law in the
remainder of this book.

There is one major difficulty involved in using Equation (1-36) in practical
problems. That equation assumes that exactly the same flux is present in each turn
of the coil. Unfortunately, the flux leaking out of the core into the surrounding air
prevents this from being true. If the windings are tightly coupled, so that the vast
majority of the flux passing through one turn of the coil does indeed pass through
all of them, then Equation (1-36) will give valid answers. But if leakage is quite
high or if extreme accuracy is required, a different expression that does not make
that assumption will be needed. The magnitude of the voltage in the ith turn of the
coil is always given by

A b
€ind = % (1—37)

If there are N turns in the coil of wire, the total voltage on the coil is

Cind = 2 é; (1_38)
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-\ 4

= 21 5 (1-39)
d N

= : 1-40
g (; ¢.) (1-40)

The term in parentheses in Equation (1-40) is called the flux linkage A of the coil.
and Faraday’s law can be rewritten in terms of flux linkage as

€ind = % (1-41)
N

where A= (1-42)
i=1

The units of flux linkage are weber-turns.

Faraday’s law is the fundamental property of magnetic fields involved in
transformer operation. The effect of Lenz’s law in transformers is to predict the
polarity of the voltages induced in transformer windings.

Faraday’s law also explains the eddy current losses mentioned previously.
A time-changing flux induces voltage within a ferromagnetic core in just the same
manner as it would in a wire wrapped around that core. These voltages cause
swirls of current to flow within the core, much like the eddies seen at the edges of
ariver. It is the shape of these currents that gives rise to the name eddy currents.
These eddy currents are tlowing in a resistive material (the iron of the core), so
energy is dissipated by them. The lost energy goes into heating the iron core.

The amount of energy lost to eddy currents is proportional to the size of the
paths they follow within the core. For this reason, it is customary to break up any
ferromagnetic core that may be subject to alternating fluxes into many small
strips, or laminations, and to build the core up out of these strips. An insulating
oxide or resin is used between the strips, so that the current paths for eddy currents
are limited to very small areas. Because the insulating layers are extremely thin,
this action reduces eddy current losses with very little effect on the core’s mag-
netic properties. Actual eddy current losses are proportional to the square of the
lamination thickness, so there is a strong incentive to make the laminations as thin
as economically possible.

Example 1-6. Figure 1-15 shows a coil of wire wrapped around an iron core. If
the flux in the core is given by the equation

¢ = 0.05 sin 377t Wb

If there are 100 turns on the core, what voltage is produced at the terminals of the coil?
Of what polarity is the voltage during the time when flux is increasing in the reference
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The core of Example 1-6. Determination of the voltage polarity at the terminals is shown.

direction shown in the figure? Assume that all the magnetic flux stays within the core (i.e.,
assume that the flux leakage is zero).

Solution
By the same reasoning as in the discussion on pages 29-30, the direction of the voltage
while the flux is increasing in the reference direction must be positive to negative, as shown
in Figure 1-15. The magnitude of the voltage 1s given by

d
Cind = Nd_(f

= (100 turns) % (0.05 sin 3771)

= 1885 cos 377¢
or alternatively,
ena = 1885sin(377t + 90°) V

1.6 PRODUCTION OF INDUCED FORCE
ON A WIRE

A second major effect of a magnetic field on its surroundings is that it induces a
force on a current-carrying wire within the field. The basic concept involved is il-
lustrated in Figure 1-16. The figure shows a conductor present in a uniform mag-
netic field of flux density B, pointing into the page. The conductor itself is / me-
ters long and contains a current of i amperes. The force induced on the conductor
is given by

F =il XB) (1-43)
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where

i = magnitude of current in wire

| = length of wire, with direction of 1 defined to be in the direction of
current flow

B = magnetic flux density vector

The direction of the force is given by the right-hand rule: If the index finger of the
right hand points in the direction of the vector | and the middle finger points in the
direction of the flux density vector B, then the thumb points in the direction of
the resultant force on the wire. The magnitude of the force is given by the equation

F=ilBsin (1-44)

where @is the angle between the wire and the flux density vector.

Example 1-7. Figure 1-16 shows a wire carrying a current in the presence of a
magnetic field. The magnetic flux density is 0.25 T, directed into the page. If the wire is
1.0 m long and carries 0.5 A of current in the direction from the top of the page to the bot-
tom of the page, what are the magnitude and direction of the force induced on the wire?

Solution
The direction of the force is given by the right-hand rule as being to the right. The magni-
tude is given by
F=ilBsin @ (1-44)
= (0.5A)1.0m)0.25T)sin90° = 0.125 N

Therefore,
F = 0.125 N, directed to the right

The induction of a force in a wire by a current in the presence of a magnetic
field is the basis of motor action. Almost every type of motor depends on this
basic principle for the forces and torques which make it move.
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1.7 INDUCED VOLTAGE ON A CONDUCTOR
MOVING IN A MAGNETIC FIELD

There is a third major way in which a magnetic field interacts with its surround-
ings. If a wire with the proper orientation moves through a magnetic field, a volt-
age 1s induced in it. This idea is shown in Figure 1-17. The voltage induced in the
wire is given by

ey =(vXB)el (1-45)

where
v = velocily of the wire
B = magnetic flux density vector
1 = length of conductor in the magnetic field

Vector | points along the direction of the wire toward the end making the smallest
angle with respect to the vector v X B. The voltage in the wire will be built up so
that the positive end is in the direction of the vector v X B. The following exam-
ples illustrate this concept.

Example 1-8. Figure 1-17 shows a conductor moving with a velocity of 5.0 m/s
to the right in the presence of a magnetic field. The flux density is 0.5 T into the page, and
the wire is 1.0 m in length, oriented as shown. What are the magnitude and polarity of the
resulting induced voltage?

Solution
The direction of the quantity v X B in this example is up. Therefore, the voltage on the con-
ductor will be built up positive at the top with respect to the bottom of the wire. The direc-
tion of vector 1 is up, so that it makes the smallest angle with respect to the vector v X B,
Since v is perpendicular to B and since v X B is parallel to 1, the magnitude of the
induced voltage reduces to

€pd = (Vv XB)el (1-45)
= (vB sin 90°) { cos 0°
= vBI
= (5.0 m/s)(0.5 T)1.0 m)
=25V

Thus the induced voltage is 2.5 V, positive at the top of the wire.

Example 1-9. Figure 1-18 shows a conductor moving with a velocity of 10 m/s
to the right in a magnetic field. The flux density is 0.5 T, out of the page, and the wire is
1.0 m in length, oriented as shown. What are the magnitude and polarity of the resulting
induced voltage?

Solution
The direction of the quantity v X B is down. The wire is not oriented on an up-down line,
so choose the direction of 1 as shown to make the smallest possible angle with the direction
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The conductor of Example 1-9.

of v X B. The voliage is positive at the bottom of the wire with respect to the top of the
wire. The magnitude of the voltage is

g = (vXB)-1 (1-45)
= (vB sin 90°) ! cos 30°
= (10.0 m/s)(0.5 T)(1.0 m) cos 30°
=433V

The induction of voltages in a wire moving in a magnetic field is funda-
mental to the operation of all types of generators. For this reason, it is called gen-
erator action.
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A linear dc machine. The magnetic field points into the page.

1.8 THE LINEAR DC MACHINE—A SIMPLE
EXAMPLE

A linear dc machine is about the simplest and easiest-to-understand version of a
dc machine, yet it operates according to the same principles and exhibits the same
behavior as real generators and motors. It thus serves as a good starting point in
the study of machines.

A linear dc machine is shown in Figure 1-19. It consists of a battery and a
resistance connected through a switch to a pair of smooth, frictionless rails. Along
the bed of this “railroad track” is a constant, uniform-density magnetic field di-
rected into the page. A bar of conducting metal is lying across the tracks.

How does such a strange device behave? Its behavior can be determined
from an application of four basic equations to the machine. These equations are

1. The equation for the force on a wire in the presence of a magnetic field:

F =il X B) (1-43)

where F = force on wire
i = magnitude of current in wire

| = length of wire, with direction of 1 defined to be in the direction
of current flow

B = magnetic flux density vector
2. The equation for the voltage induced on a wire moving in a magnetic field:

€ing = (VX B) el (1-45)

where e,y = voltage induced in wire
v = velocity of the wire
B = magnetic flux density vector
I = length of conductor in the magnetic field
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3. Kirchhoff’s voltage law for this machine. From Figure 1-19 this law gives
VB_iR_e'md=0

Vo=eq+iR=0 (1-46)

4. Newton’s law for the bar across the tracks:

Foo=ma (1=7)

We will now explore the fundamental behavior of this simple dc machine
using these four equations as tools.

Starting the Linear DC Machine

Figure 1-20 shows the linear d¢ machine under starting conditions. To start this
machine, simply close the switch. Now a current flows in the bar, which is given
by Kirchhoff’s voltage law:

._ V=€ ,

i=—Fa (1-47)
Since the bar is initially at rest, e;,4 = 0, so i = Vg/R. The current flows down
through the bar across the tracks. But from Equation (1-43), a current flowing
through a wire in the presence of a magnetic field induces a force on the wire. Be-
cause of the geometry of the machine, this force is

F,4=ilB to the right (1-48)

Therefore, the bar will accelerate to the right (by Newton’s law). However,
when the velocity of the bar begins to increase, a voltage appears across the bar.
The voltage is given by Equation (1-45), which reduces for this geometry to

e, = VBl positive upward (1-49)

The voltage now reduces the current flowing in the bar, since by Kirch-
hoft’s voltage law
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. Vs — €l
il = — R (1-47)
As e, increases, the current i decreases.

The result of this action is that eventually the bar will reach a constant
steady-state speed where the net force on the bar is zero. This will occur when ;4
has risen all the way up to equal the voltage V. At that time, the bar will be mov-
ing at a speed given by

Vg = €q = VBl
Ve
v =

s E (]_50)

The bar will continue to coast along at this no-load speed forever unless some ex-
ternal force disturbs it. When the motor is started, the velocity v, induced voltage
€na> current i, and induced force F,,, are as sketched in Figure 1-21.

To summarize, at starting, the linear dc machine behaves as follows:

1. Closing the switch produces a current flow i = Vg/R.
2. The current flow produces a force on the bar given by F = ilB.
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FIGURE 1-22
The linear dc machine as a motor.

3. The bar accelerates to the right, producing an induced voltage e;,4 as it
speeds up.
4. This induced voltage reduces the current flow i = (Vp — €4 T/R.

5. The induced force is thus decreased (F = § »LIB) until eventually F = 0.
At that point, ¢;,y = Vj, i = 0, and the bar moves at a constant no-load speed
v, = Vy/BI.

This is precisely the behavior observed in real motors on starting.

The Linear DC Machine as a Motor

Assume that the linear machine is initially running at the no-load steady-state con-
ditions described above. What will happen to this machine if an external load is
applied o it? To find out, let’s examine Figure 1-22. Here, a force F,4 is applied
to the bar opposite the direction of motion. Since the bar was initially at steady
state, application of the force F\ 4 will result in a net force on the bar in the direc-
tion opposite the direction of motion (F,, = F\.q — Fi.g). The effect of this force
will be to slow the bar. Bul just as soon as the bar begins to slow down, the in-
duced voltage on the bar drops (e, = v{ BI). As the induced voltage decreases,
the current flow in the bar rises:

. Ve — €l

it =—F7" (1-47)
Therefore, the induced force rises oo (Fi,y = iTiB). The overall result of this
chain of events is that the induced force rises until it is equal and opposite to the
load force, and the bar again travels in steady state, but at a lower speed. When a
load is attached to the bar, the velocity v, induced voltage e;4, current i, and in-
duced force F g4 are as sketched in Figure 1-23.

There i1s now an induced force in the direction of motion of the bar, and

power is being converted from electrical form to mechanical form to keep the bar
moving. The power being converted is
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FIGURE 1-23
Fload [ The linear de¢ machine operating at no-load
conditions and then loaded as a motor.
0 . . ' (a) Velocity v(t) as a function of time;
! (b) induced voltage &,,4(f); (c) current i(#).
(d) (d) induced force Fi4(f).
Pconv = e'mdi = F'mdv (1—51)

An amount of electric power equal to e,y is consumed in the bar and is replaced
by mechanical power equal to F,4v. Since power is converted from electrical to
mechanical form, this bar is operating as a motor.

To summarize this behavior:

1. Aforce K, is applied opposite to the direction of motion, which causes a net
force F,., opposite to the direction of motion.

2. The resulting acceleration a = F,, /m is negative, so the bar slows down ().
3. The voltage €,y = vy Bl falls, and so i = (Vg — e-mdl«)lR increases.

. The induced force F; , = iTIB increases until IFMI = IF,OM,I at a lower
speed v.

5. An amount of electric power equal to &4 is now being converted to me-
chanical power equal to F4v, and the machine is acting as a molor.

P =N

A real dc motor behaves in a precisely analogous fashion when it is loaded:
As a load is added to its shaft, the motor begins to slow down, which reduces its in-
ternal voltage, increasing its current flow. The increased current flow increases its
induced torque, and the induced torque will equal the load torque of the motor at a
new, slower speed.
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FIGURE 1-24
The linear dc machine as a generator.

Note that the power converted from electrical form to mechanical form by
this linear motor was given by the equation P, = Fj4v. The power converted
from electrical form to mechanical form in a real rotating motor is given by the
equation

P

conv . Tind®@ (1_52)

where the induced torque 7, 18 the rotational analog of the induced force F,, and
the angular velocity e is the rotational analog of the linear velocity v.

The Linear DC Machine as a Generator

Suppose that the linear machine is again operating under no-load steady-state con-
ditions. This time, apply a force in the direction of motion and see what happens.
Figure 1-24 shows the linear machine with an applied force F,, in the di-
rection of motion. Now the applied force will cause the bar to accelerate in the
direction of motion, and the velocity v of the bar will increase. As the velocity
increases, €,y = vTBI will increase and will be larger than the battery voltage Vp.
With ;4 > Vp, the current reverses direction and is now given by the equation

_ €na— Vg

R (1-53)

Since this current now flows up through the bar. it induces a force in the bar
given by

Foo=ilB  lotheleft (1-54)

The direction of the induced force is given by the right-hand rule. This induced
force opposes the applied force on the bar.

Finally, the induced force will be equal and opposite to the applied force,
and the bar will be moving at a higher speed than before. Notice that now the bat-
tery is charging. The linear machine is now serving as a generator, converting me-
chanical power Fi4v into electric power é;,41.

To summarize this behavior:
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1. Aforce F,,, is applied in the direction of motion; F,, is in the direction of
motion.

Acceleration a = F/m is posilive, so the bar speeds up o).
The voltage e,y = vT Bl increases, and so i = (€na T—VB)/R increases.

The induced force F, , = iTIB increases until |F-md| = [F,mdl at a higher
speed v.

S. An amount of mechanical power equal to F4v is now being converted to
electric power e;,4i, and the machine is acting as a generalor.

ol

=

Again, a real dc generator behaves in precisely this manner: A torque is ap-
plied to the shaft in the direction of motion, the speed of the shaft increases, the in-
ternal voltage increases, and current flows out of the generator to the loads. The
amount of mechanical power converted to electrical form in the real rotating gen-
erator is again given by Equation (1-52):

Pconv = Tina® (1_52)

It is interesting that the same machine acts as both motor and generator. The
only difference between the two is whether the externally applied forces are in the
direction of motion (generator) or opposite to the direction of motion (motor).
Electrically, when e,y > Vp, the machine acts as a generator, and when e,y < Vp,
the machine acts as a motor. Whether the machine is a motor or a generator, both
induced force (motor action) and induced voltage (generator action) are present at
all times. This is generally true of all machines—both actions are present, and it is
only the relative directions of the external forces with respect Lo the direction of
motion that determine whether the overall machine behaves as a motor or as a
generator.

Another very interesting fact should be noted: This machine was a genera-
tor when it moved rapidly and a motor when it moved more slowly, but whether it
was a motor or a generator, it always moved in the same direction. Many begin-
ning machinery students expect a machine to turn one way as a generator and the
other way as a motor. This does not occur. Instead, there is merely a small change
in operating speed and a reversal of current flow.

Starting Problems with the Linear Machine

A linear machine is shown in Figure 1-25. This machine is supplied by a 250-V
dc source, and its internal resistance R is given as about 0.10 €). (The resistor R
models the internal resistance of a real dc machine, and this is a fairly reasonable
internal resistance for a medium-size dc motor.)

Providing actual numbers in this figure highlights a major problem with ma-
chines (and their simple linear model). At starting conditions, the speed of the bar
is zero, so e,y = 0. The current flow at starting is

Ve _250V _

Ismrt=F_m-2500A
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FIGURE 1-25
The linear dc machine with component values illustrating the problem of excessive starting current.
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FIGURE 1-26

A linear dc machine with an extra series resistor inserted to control the starting current.

Xl
X

This current is very high, often in excess of 10 times the rated current of the ma-
chine. Such currents can cause severe damage to a motor. Both real ac and real dc
machines suffer from similar high-current problems on starting.

How can such damage be prevented? The easiest method for this simple lin-
ear machine 1s to insert an extra resistance into the circuit during starting to limit
the current flow until e;,4 builds up enough to limit it. Figure 1-26 shows a start-
ing resistance inserted into the machine circuitry.

The same problem exists in real dc machines, and it is handled in precisely
the same fashion—a resistor is inserted into the motor armature circuit during
starting. The control of high starting current in real ac machines is handled in a
different fashion, which will be described in Chapter 8.

Example 1-10. The linear dc machine shown in Figure 1-27a has a battery volt-
age of 120V, an internal resistance of 0.3 (), and a magnetic flux density of 0.1 T.

(a) What is this machine’s maximum starting current? What is its steady-state
velocity at no load?

(b) Suppose that a 30-N force pointing to the right were applied to the bar. What
would the steady-state speed be? How much power would the bar be producing
or consuming? How much power would the battery be producing or consuming?
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FIGURE 1-27
The linear d¢ machine of Example 1-10. (a) Starting conditions: (b) operating as a generator:
(c) operating as a motor.

Explain the difference between these two figures. Is this machine acting as a
motor or as a generator?

(c¢) Now suppose a 30-N force pointing to the left were applied to the bar. What would
the new steady-state speed be? Is this machine a motor or a generator now?

(d) Assume that a force pointing to the left is applied to the bar. Calculate speed of
the bar as a function of the force for values from 0 N to 50 N in 10-N steps. Plot
the velocity of the bar versus the applied force.

(e) Assume that the bar is unloaded and that it suddenly runs into a region where the
magnetic field is weakened to 0.08 T. How fast will the bar go now?

Solution
(a) At starting conditions, the velocity of the bar is 0, so e,y = 0. Therefore,

Ve~ € 120V-0V

=R =" o3q =400 A




INTRODUCTION TO MACHINERY PRINCIPLES 45

When the machine reaches steady state, F, ; = 0 and i = O. Therefore,

VB = ¢inq = VBl
Vg = E
120V

= 01T I0m)_ 120ms

(b) Refer to Figure 1-27b. If a 30-N force to the right is applied to the bar, the final
steady state will occur when the induced force F;, is equal and opposite to the
applied force F_,, so that the net force on the bar is zero:

Fapp = Fioa = ilB

app>

Therefore,

;- Fia___ 30N
1B (10m}0.1T)

=30A flowing up through the bar

The induced voltage ;4 on the bar must be
€na = Vp T iR
=120V + (30AX0.3 Q) =129V
and the final steady-state speed must be
€ind

T

129V
= O1TYI0m) _ 12Pms

The bar is producing P = (129 V)30 A) = 3870 W of power, and the battery is
consuming P = (120 V)(30 A) = 3600 W. The difference between these two num-
bers is the 270 W of losses in the resistor. This machine is acting as a generator.

(¢) Refer to Figure 1-25¢. This time, the force is applied to the left, and the induced
force is to the right. At steady state,

=F,q=ilB
_Fm__ 30N
IB (10m)0.1T)
= 30A flowing down through the bar

™

{

The induced voltage €;,4 on the bar must be
Cind = VB — iR
=120V — (30AX03 ) =111V

and the final speed must be
€ind
Vs = E
1H1V

= O1TYiI0m) 11ms

This machine is now acting as a motor, converting electric energy from the bat-
tery into mechanical energy of motion on the bar.
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(d) This task is ideally suited for MATL.AB. We can take advantage of MATLAB’s
vectorized calculations to determine the velocity of the bar for each value of
force. The MATLAB code to perform this calculation is just a version of the
steps that were performed by hand in part ¢. The program shown below calcu-
lates the current, induced voltage, and velocity in that order, and then plots the
velocity versus the force on the bar.

¢ M-file: ex1_10.m
% M-file to calculate and plot the velocity of
% a linear motor as a function of load.

VB = 120; % Battery voltage (V)
r = 0.3; 2 Resistance (ohms)

1 =1; % Bar length (m)

B = 0.6; % Flux density (T)

% Select the forces to apply to the bar
F = 0:10:50; % Force (N)

% Calculate the currents flowing in the motor.
i=F ./ (1 * B); % Current (A)

% Calculate the induced voltages on the bar.
eind = VB - i .* r; % Induced voltage (V)

% Calculate the velocities of the bar.
v_bar = eind ./ (1 * B); % Velocity (m/s)

% Plot the velocity of the bar versus force.
plot (F,v_bar);

title ('Plot of Velocity versus Applied Force');
xlabel ('Force (M)');

ylabel ('Velocity (m/s)');

axis ([0 50 0 200]);

The resulting plot is shown in Figure 1-28. Note that the bar slows down more
and more as load increases.

(e) If the bar is initially unloaded, then e, = V3. If the bar suddenly hits a region
of weaker magnetic field, a transient will occur. Once the transient is over,
though, ¢,,4 will again equal V5.

This fact can be used to determine the final speed of the bar. The initial speed was
120 m/s. The final speed is

VB = €4 = vy, Bl
VB
Vs = 1
120V
= 008 Ty(10m) _ 1°0ms

Thus, when the flux in the linear motor weakens, the bar speeds up. The same behavior oc-
curs in real dc motors: When the field flux of a dc motor weakens, it turns faster. Here,
again, the linear machine behaves in much the same way as a real dc motor.
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FIGURE 1-28
Plot of velocity versus force for a linear dc machine.

1.9 REAL, REACTIVE, AND APPARENT
POWER IN AC CIRCUITS

In a dc circuit such as the one shown in Figure 1-29a, the power supplied to the
dc load is simply the product of the voltage across the load and the current flow-
ing through it.

P=VI (1-55)

Unfortunalely, the situation in sinusoidal ac circuits is more complex, be-
cause there can be a phase difference between the ac voltage and the ac current
supplied to the load. The instantaneous power supplied to an ac load will still be
the product of the instantaneous voltage and the instantaneous current, but the av-
erage power supplied to the load will be affected by the phase angle between the
voltage and the current. We will now explore the effects of this phase difference
on the average power supplied to an ac load.

Figure 1-29b shows a single-phase voltage source supplying power to a
single-phase load with impedance Z = Z/.6 (). If we assume that the load is in-
ductive, then the impedance angle @ of the load will be positive, and the current
will lag the voltage by @ degrees.

The voltage applied to this load is

w1) = \/2V cos wt (1-56)
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I=;2£-8°

V(1) V=vZO® 1 |1=Z20 FIGURE 1-29
(a) A dc voltage source supplying a
load with resistance R. (b) An ac

voltage source supplying a load with
(b) impedance Z =Z 2 6 Q.

where Vis the rms value of the voltage applied to the load, and the resulting cur-
rent flow is

i) = /2l cos(wt — ) (1-57)

where [ is the rms value of the current flowing through the load.
The instantaneous power supplied to this load at any time £ is

p(r) = w(i(t) = 2VI cos wt cos(wt — ) (1-58)

The angle @ in this equation is the impedance angle of the load. For inductive
loads, the impedance angle is positive, and the current waveform lags the voltage
waveform by @ degrees.

If we apply trigonometric identities to Equation (1-58), it can be manipu-
lated into an expression of the form

p(t)y = VIcos § (1 + cos 2wt) + VI sin @ sin 2wt (1-59)

The first term of this equation represents the power supplied to the load by the
component of current that is in phase with the voltage, while the second term rep-
resents the power supplied to the load by the component of current that is 90° out
of phase with the voltage. The components of this equation are plotied in Figure
1-30.

Note that the first term of the instantaneous power expression is always pos-
itive, but it produces pulses of power instead of a constant value. The average
value of this term is

P=VIcos @ (1-60)

which is the average or real power (P) supplied to the load by term 1 of the Equa-
tion (1-59). The units of real power are walts (W), where | W =1V X 1 A,
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FIGURE 1-30

The components of power supplied to a single-phase load versus time. The first component represents
the power supplied by the component of current irz phase with the voltage, while the second term
represents the power supplied by the component of current 90° out of phase with the voltage.

Note that the second term of the instantaneous power expression is positive
half of the time and negative half of the time, so that the average power supplied
by this term is zero. This term represents power that is first transferred from the
source to the load, and then returned from the load to the source. The power that
continually bounces back and forth between the source and the load is known as re-
active power (Q). Reactive power represents the energy that is first stored and then
released in the magnetic field of an inductor, or in the electric field of a capacitor.

The reactive power of a load is given by

Q= VIsin @ (1-61)

where @ is the impedance angle of the load. By convention, Q is positive for in-
ductive loads and negative for capacitive loads, because the impedance angle @ is
positive for inductive loads and negative for capacitive loads. The units of reac-
tive power are volt-amperes reactive (var), where 1 var = 1 V X | A, Even though
the dimensional units are the same as for watts, reactive power is traditionally
given a unique name to distinguish it from power actually supplied to a load.
The apparent power (§) supplied to a load is defined as the product of the
voltage across the load and the current through the load. This is the power that
“appears” to be supplied to the load if the phase angle differences between volt-
age and current are ignored. Therefore, the apparent power of a load is given by
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S=vi (1-62)

The units of apparent power are volt-amperes (VA), where 1 VA= 1V X 1 A As
with reactive power, apparent power is given a distinctive set of units to avoid
confusing it with real and reactive power.

Alternative Forms of the Power Equations

If aload has a constant impedance, then Ohm’s law can be used to derive alterna-
tive expressions for the real, reactive, and apparent powers supplied to the load.
Since the magnitude of the voltage across the load is given by

V=1Z (1-63)

substituting Equation (1-63) into Equations (1-60) to (1-62) produces equations
for real, reactive, and apparent power expressed in terms of current and impedance:

P=12Zcos @ (1-64)
0 = I*Zsin 6 (1-65)
s$=12Z (1-66)

where | Z| is the magnitude of the load impedance Z.
Since the impedance of the load Z can be expressed as

Z=R+jX=|Z|cos 8+ j|Z|sin 8

we see from this equation that R = |Z | cos §and X = |Z | sin @, so the real and
reactive powers of a load can also be expressed as

P=1IR (1-67)
Q=1%X (1-68)

where R is the resistance and X is the reactance of load Z.

Complex Power

For simplicity in computer calculations, real and reactive power are someltimes
represented together as a complex power S, where

S=P+jQ (1-69)
The complex power § supplied to a load can be calculated from the equation
S = VI* (1-70)

where the asterisk represents the complex conjugate operator.

To understand this equation, let’s suppose that the voltage applied to a load
is V=V Z a and the current through the load is I = 7 Z B8. Then the complex
power supplied to the load is
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FIGURE 1-31
An inductive load has a positive impedance angle @. This load produces a lagging current, and it
consumes both real power P and reactive power Q from the source.

S=VI*=(Vsa)}is—-B)= VI L(a — B)
= VI cos(a — B) + jVIsin(a — B)

The impedance angle @ is the difference between the angle of the voltage and the
angle of the current (§ = a — f), so this equation reduces to

S = Vicos @ + jVIsin §
=P+jQ

The Relationships between Impedance Angle,
Current Angle, and Power

As we know from basic circuit theory, an inductive load (Figure 1-31) has a pos-
itive impedance angle @, since the reactance of an inductor is positive. If the im-
pedance angle @ of a load is positive., the phase angle of the current flowing
through the load will lag the phase angle of the voltage across the load by 6.
V_Vz0°_V

I _—= —

Z"\z|ce  |z|

Also, if the impedance angle @ of a load is positive, the reactive power consumed

by the load will be positive (Equation 1-65), and the load is said to be consuming
both real and reactive power from the source.

In contrast, a capacitive load (Figure 1-32) has a negative impedance
angle 6, since the reactance of a capacitor is negative. If the impedance angle @ of
a load is negative, the phase angle of the current flowing through the load will
lead the phase angle of the voltage across the load by 6. Also. if the impedance an-
gle @ of a load is negative, the reactive power Q consumed by the load will be
negative (Equation 1-65). In this case, we say that the load is consuming real
power from the source and supplying reactive power (o the source.

L -0

The Power Triangle

The real, reactive, and apparent powers supplied to a load are related by the power
triangle. A power Iriangle is shown in Figure 1-33. The angle in the lower left
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FIGURE 1-32
A capacitive load has a negative impedance angle @. This load produces a leading current, and it
consumes real power P from the source and while supplying reactive power Q to the source.

P
. cos @ = 5
Q=Ssing sin @ = %
e tan @ = ¢ FIGURE 1-33
P=35cos@ P The power triangle.

corner is the impedance angle 6. The adjacent side of this triangle is the real
power P supplied to the load, the opposite side of the triangle is the reactive power
Q supplied to the load, and the hypotenuse of the triangle is the apparent power S
of the load.

The quantity cos 8 1s usually known as the power factor of a load. The
power factor is defined as the fraction of the apparent power § that is actually sup-
plying real power o a load. Thus,

PF=cos 8 (1-71)

where 8 is the impedance angle of the load.

Note that cos @ = cos (—0), so the power factor produced by an impedance
angle of +30° is exactly the same as the power factor produced by an impedance
angle of —30°. Because we can’t tell whether a load is inductive or capacitive
from the power factor alone, it is customary to state whether the current is leading
or lagging the voltage whenever a power factor is quoted.

The power triangle makes the relationships among real power, reaclive
power, apparent power, and the power factor clear, and provides a convenient way
to calculate various power-related quantities if some of them are known.

Example 1-11. Figure 1-34 shows an ac voltage source supplying power to a load
with impedance Z = 202 —30° ). Calculate the current I supplied to the load, the power
factor of the load, and the real, reactive, apparent, and complex power supplied to the load.
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V=120£0°V V4 Z=20Z-30°Q

FIGURE 1-34
The circuit of Example 1-11.

Solution
The current supplied to this load is

_¥V_ 120£0°V _ o
1=7=%7,-30°q - 04304
The power factor of the load is
PF = cos @ = cos (—30°) = 0.866 leading (1-71)

(Note that this is a capacitive load, so the impedance angle @ is negative, and the current
leads the voltage.)
The real power supplied to the load is

P=Vicos@ (1-60)
P = (120 V)6 A) cos (—30°) = 623.5W

The reactive power supplied to the load is

Q= Visin 0 (1-61)
@ = (120 V)(6 A) sin (—30°) = —360 VAR
The apparent power supplied to the load is
S=VI (1-62)
Q= (120 V)6 A) = 720 VA
The complex power supplied to the load is
S =VI* (1-70)
= (120£0° V)(6£ —30° A)*
= (120£0° V)(6£30° A) = 720.30° VA
= 623.5 — j360 VA

1.10 SUMMARY

This chapter has reviewed briefly the mechanics of systems rotating about a sin-
gle axis and introduced the sources and effects of magnetic fields important in the
understanding of transformers, motors, and generators.

Historically, the English system of units has been used to measure the
mechanical quantities associated with machines in English-speaking countries.
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Recently, the ST units have superseded the English system almost everywhere in
the world except in the United States, but rapid progress is being made even there.
Since SI is becoming almost universal, most (but not all) of the examples in this
book use this system of unils for mechanical measurements. Electrical quantities
are always measured in SI units.

In the section on mechanics, the concepts of angular position, angular veloc-
ity. angular acceleration, torque, Newton’s law, work, and power were explained
for the special case of rotation about a single axis. Some fundamental relationships
(such as the power and speed equations) were given in both SI and English units.

The production of a magnetic field by a current was explained, and the spe-
cial properties of ferromagnetic materials were explored in detail. The shape of the
magnetization curve and the concept of hysteresis were explained in terms of the
domain theory of ferromagneltic materials, and eddy current losses were discussed.

Faraday’s law stales that a voltage will be generated in a coil of wire that is
proportional to the time rate of change in the flux passing through it. Faraday’s
law is the basis of transformer action, which is explored in detail in Chapter 3.

A current-carrying wire present in a magnetic field, if it is oriented properly,
will have a force induced on it. This behavior is the basis of motor action in all
real machines.

A wire moving through a magnetic field with the proper orientation will
have a voltage induced in it. This behavior is the basis of generator action in all
real machines.

A simple lincar dc machine consisting of a bar moving in a magnetic field
illustrates many of the features of real motors and generators. When a load is at-
tached to it, it slows down and operates as a motor, converting electric energy into
mechanical energy. When a force pulls the bar faster than its no-load steady-state
speed, it acts as a generator, converting mechanical energy into electric energy.

In ac circuits, the real power P is the average power supplied by a source (o
a load. The reactive power Q is the component of power that is exchanged back
and forth between a source and a load. By convention, positive reactive power is
consumed by inductive loads (+6) and negative reactive power is consumed (or
positive reactive power is supplied) by capacitive loads (— ). The apparent power
S is the power that “appears” to be supplied to the load if only the magnitudes of
the voltages and currents are considered.

QUESTIONS

1-1. What is torque? What role does torque play in the rotational motion of machines?
1-2. What is Ampere’s law?
1-3. What is magnetizing intensity? What is magnetic flux density? How are they related?

1-4. How does the magnetic circuit concept aid in the design of transformer and machine
cores?

1-5. What is reluctance?

1-6. What is a ferromagnetic material? Why is the permeability of ferromagnetic mate-
rials so high?



1-7.

1-8.
1-9,

1-10.
1-11.
1-12.
1-13.
1-14.
1-15.

1-16.
1-17.

1-18.

1-19.
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How does the relative permeability of a ferromagnetic material vary with magneto-
motive force?

What is hysteresis? Explain hysteresis in terms of magnetic domain theory.

What are eddy current losses? What can be done to minimize eddy current losses in
a core?

Why are all cores exposed to ac flux variations laminated?

What is Faraday’s law?

What conditions are necessary for a magnetic field to produce a force on a wire?
What conditions are necessary for a magnetic field to produce a voltage in a wire?
Why is the linear machine a good example of the behavior observed in real dc
machines?

The linear machine in Figure 1-19 is running at steady state. What would happen to
the bar if the voltage in the battery were increased? Explain in detail.

Just how does a decrease in flux produce an increase in speed in a linear machine?
Will current be leading or lagging voltage in an inductive load? Will the reactive
power of the load be positive or negative?

What are real, reactive, and apparent power? What units are they measured in? How
are they related?

What is power factor?

PROBLEMS

1-1.

1-2.

A motor’s shaft is spinning at a speed of 3000 r/min. What is the shaft speed in
radians per second?

A flywheel with a moment of inertia of 2 kg * m? is initially at rest. If a torque of
5 N * m (counterclockwise) is suddenly applied to the flywheel, what will be the
speed of the flywheel after 5 s? Express that speed in both radians per second and
revolutions per minute.

. A force of 10N is applied to a cylinder, as shown in Figure P1-1. What are the mag-

nitude and direction of the torque produced on the cylinder? What is the angular ac-
celeration « of the cylinder?

r=025m
J=5kgem?

F=10N

FIGURE P1-1
The cylinder of Problem 1-3.
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1-4. Amotor is supplying 60 N « m of torque to its load. If the motor’s shaft is turning at

1-5.

1-8.

1800 r/min, what is the mechanical power supplied to the load in watts? In horse-
power?

A ferromagnetic core is shown in Figure P1-2. The depth of the core is 5 cm. The
other dimensions of the core are as shown in the figure. Find the value of the current
that will produce a flux of 0.005 Wb. With this current, what is the flux density at
the top of the core? What is the flux density at the right side of the core? Assume
that the relative permeability of the core is 1000.

l=—10Ccm —I 20cm IScm

15cm

—-————
—— - —

_______ P 400 turns 15¢cm

15¢cm

Core depth = 5 cm

FIGURE P1-2
The core of Problems 1-5 and 1-16.

A ferromagnetic core with a relative permeability of 1500 is shown in Figure P1-3.
The dimensions are as shown in the diagram, and the depth of the core is 7 cm. The
air gaps on the left and right sides of the core are 0.070 and 0.050 cm, respectively.
Because of fringing effects, the effective area of the air gaps is 5 percent larger than
their physical size. If there are 400 turns in the coil wrapped around the center leg
of the core and if the current in the coil is 1.0 A, what is the flux in each of the left,
center, and right legs of the core? What is the flux density in each air gap?

A two-legged core is shown in Figure P1-4. The winding on the left leg of the core
(N)) has 400 turns, and the winding on the right (N,) has 300 turns. The coils are
wound in the directions shown in the figure. If the dimensions are as shown, then
what flux would be produced by currents i{; = 0.5 Aand i, = 0.75 A? Assume u, =
1000 and constant.

A core with three legs is shown in Figure P1-5. Its depth is 5 cm, and there are 200
turns on the leftmost leg. The relative permeability of the core can be assumed to be
1500 and constant. What flux exists in each of the three legs of the core? What is the
flux density in each of the legs? Assume a 4 percent increase in the effective area of
the air gap due to fringing effects.
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FIGURE P1-3

The core of Problem 1-6.
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Core depth = 15 ¢m
FIGURE P1-4

The core of Problems 1-7 and 1-12.
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9°ml 25 cm I 15 cm I 25 cm Ig"m
9¢m
A,
2A
———= 200 turns  0.04cm 25cm
9]:m
Core depth = 5cm
FIGURE P1-5

The core of Problem 1-8.

1-9. The wire shown in Figure P1-6 is carrying 5.0 A in the presence of a magnetic field.
Calculate the magnitude and direction of the force induced on the wire.

I=1m

|

-

B=025T,

e

i=50A —

to the right

FIGURE P1-6
A current-carrying wire in a
magnetic field (Problem 1-9).

1-10. The wire shown in Figure P1-7 is moving in the presence of a magnetic field. With
the information given in the figure, determine the magnitude and direction of the in-

duced voltage

in the wire.

1-11. Repeat Problem 1-10 for the wire in Figure P1-8.
1-12. The core shown in Figure P14 is made of a steel whose magnetization curve is
shown in Figure P1-9. Repeat Problem 1-7, but this time do not assume a constant
value of .. How much flux is produced in the core by the currents specified? What
is the relative permeability of this core under these conditions? Was the assumption
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1-14,
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X X X
X X X
X X X
X X X
X X X

%  FIGURE P1-7
A wire moving in a
magnetic field (Problem

B =0.25T, into the page 1-10).
| v=1mis
> g [ <3
_— — B=05T
—— ——
I=05m
———— ——————-
—- —-
FIGURE P18
—_— A wire moving in a magnetic field
1 > (Problem 1-11).

in Problem 1-7 that the relative permeability was equal to 1000 a good assumption

for these conditions? Is it a good assumption in general?

A core with three legs is shown in Figure P1-10. Its depth is 8 cm, and there are 400

turns on the center leg. The remaining dimensions are shown in the figure. The core

is composed of a steel having the magnetization curve shown in Figure 1-10c. An-

swer the following questions about this core:

{a) What current is required to produce a flux density of 0.5 T in the central leg of
the core?

{b) What current is required to produce a flux density of 1.0 T in the central leg of
the core? Is it twice the current in part (a)?

{¢) What are the reluctances of the central and right legs of the core under the con-
ditions in part (a)?

{d) What are the reluctances of the central and right legs of the core under the con-
ditions in part (b)?

{¢) What conclusion can you make about reluctances in real magnetic cores?

A two-legged magnetic core with an air gap is shown in Figure P1-11. The depth of

the core is 5 cm, the length of the air gap in the core is 0.06 cm, and the number of

turns on the coil is 1000. The magnetization curve of the core material is shown in
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FIGURE P1-9
The magnetization curve for the core material of Problems 1-12 and 1-14.
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o— o= —_=p
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—8 cm-{-— 16cm I 8cm —I 16 cm -I 8cm—

Depth =8 cm

FIGURE P1-10
The core of Problem 1-13.

Figure P1-9. Assume a 5 percent increase in effective air-gap area to account for
fringing. How much current is required to produce an air-gap flux density of 0.5 T?
What are the flux densities of the four sides of the core at that current? What is the
total flux present in the air gap?
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1-16.

1-17.

1-18.
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| 5cm

Depth=5cm

FIGURE P1-11
The core of Problem 1-14.

A transformer core with an effective mean path length of 10 in has a 300-turn coil

wrapped around one leg. Its cross-sectional area is 0.25 in?, and its magnetization

curve is shown in Figure 1-10c. If current of 0.25 A is flowing in the coil, what is
the total flux in the core? What is the flux density?

The core shown in Figure P1-2 has the flux ¢ shown in Figure P1-12. Sketch the

voltage present at the terminals of the coil.

Figure P1-13 shows the core of a simple dc motor. The magnetization curve for the

metal in this core is given by Figure 1-10c¢ and d. Assume that the cross-sectional

area of each air gap is 18 cm? and that the width of each air gap is 0.05 cm. The ef-
fective diameter of the rotor core is 4 cm.

{a) Itis desired to build a machine with as great a flux density as possible while
avoiding excessive saturation in the core. What would be a reasonable maxi-
mum flux density for this core?

() What would be the total flux in the core at the flux density of part (a)?

{¢) The maximum possible field current for this machine is 1 A. Select a reasonable
number of turns of wire to provide the desired flux density while not exceeding
the maximum available current.

Assume that the voltage applied to a load is V = 2082 —30° V and the current flow-

ing through the load is 1 = 52 15° A.

(a) Calculate the complex power S consumed by this load.

{b) Is this load inductive or capacitive?

(c) Calculate the power factor of this load.
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1-19.
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FIGURE P1-12
Plot of flux ¢ as a function of time for Problem 1-16.
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FIGURE P1-13
The core of Problem 1-17.

(d) Calculate the reactive power consumed or supplied by this load. Does the load
consume reactive power from the source or supply it to the source?

Figure P1-14 shows a simple single-phase ac power system with three loads. The

voltage source is V = 120£0° V, and the impedances of the three loads are

Z)=5430°Q Z,=5245°Q  Z,=5.-90°Q

Answer the following questions about this power system.

(a) Assume that the switch shown in the figure is open, and calculate the current I,
the power factor, and the real, reactive, and apparent power being supplied by
the load.
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{b) Assume that the switch shown in the figure is closed, and calculate the current
I, the power factor, and the real, reactive, and apparent power being supplied by
the load.

{¢) What happened to the current flowing from the source when the switch closed?
Why?

1. P

+
~N |V Z Z Z

FIGURE P1-14
The circuit of Problem 1-19.

Demonstrate that Equation (1-39) can be derived from Equation (1-58) using the
simple trigonometric identities:

p(t) = v(D)i(t) = 2VI cos wt cos(wt — ) (1-58)
p(t) = Vicos 0 (1 + cos 2et) + Vi sin 0 sin 2wt (1-59)

The linear machine shown in Figure P1-15 has a magnetic flux density of 0.5 T

directed into the page, a resistance of 0.25 (1, a bar length / = 1.0 m, and a battery

voltage of 100 V.

(@) What is the initial force on the bar at starting? What is the initial current flow?

(») What is the no-load steady-state speed of the bar?

(c) If the bar is loaded with a force of 25 N opposite to the direction of motion,
what is the new steady-state speed? What is the efficiency of the machine under
these circumstances?

B=05T

Vg =100V _—

1m

FIGURE P1-15
The linear machine in Problem 1-21.

A linear machine has the following characteristics:
B = 0.33 T into page R=0.500
{=05m Ve =120V
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(a) If this bar has a load of 10 N attached to it opposite to the direction of motion,
what is the steady-state speed of the bar?

(b) If the bar runs off into a region where the flux density falls to 0.30 T, what hap-
pens to the bar? What is its final steady-state speed?

(c) Suppose Vp is now decreased to 80 V with everything else remaining as in
part b. What is the new steady-state speed of the bar?

(d) From the results for parts & and ¢, what are two methods of controlling the
speed of a linear machine (or a real dc motor)?
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CHAPTER

TRANSFORMERS

A transformer is a device that changes ac electric power at one voltage level to ac
electric power at another voltage level through the action of a magnetic field. It
consists of two or more coils of wire wrapped around a common ferromagnetic
core. These coils are (usually) not directly connected. The only connection be-
tween the coils is the common magnetic flux present within the core.

FIGURE 2-1
The first practical modern transformer, built by William Stanley in 1885. Note that the core is made
up of individual sheets of metal (laminations). (Courtesy of General Electric Company.)

65
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One of the transformer windings is connected to a source of ac electric
power, and the second (and perhaps third) transformer winding supplies electric
power to loads. The transformer winding connected to the power source is called
the primary winding or input winding, and the winding connected Lo the loads is
called the secondary winding or output winding. If there is a third winding on the
transformer, it is called the rertiary winding.

2.1 WHY TRANSFORMERS ARE
IMPORTANT TO MODERN LIFE

The first power distribution system in the United States was a 120-V dc¢ system in-
vented by Thomas A. Edison to supply power for incandescent light bulbs. Edi-
son’s first central power station went into operation in New York City in Septem-
ber 1882. Unfortunately, his power system generated and transmitted power at
such low voltages that very large currents were necessary to supply significant
amounts of power. These high currents caused huge voltage drops and power
losses in the transmission lines, severely restricting the service area of a generat-
ing station. In the 1880s, central power stations were located every few city blocks
to overcome this problem. The fact that power could not be transmitted far with
low-voltage de power systems meant that generating stations had to be small and
localized and so were relatively inefficient.

The invention of the transformer and the concurrent development of ac
power sources eliminated forever these restrictions on the range and power level
of power systems. A transformer ideally changes one ac voltage level to another
voltage level without affecting the actual power supplied. If a transformer steps up
the voltage level of a circuit, it muslt decrease the current to keep the power into
the device equal to the power out of il. Therefore, ac electric power can be gener-
ated at one central location, its voltage stepped up for transmission over long dis-
tances at very low losses, and its voltage stepped down again for final use. Since
the transmission losses in the lines of a power system are proportional to the
square of the current in the lines, raising the transmission voltage and reducing the
resulting transmission currents by a factor of 10 with transformers reduces power
transmission losses by a factor of 100. Without the transformer, it would simply
not be possible to use electric power in many of the ways it is used today.

In a modern power system, electric power is generated at voltages of 12 to
25 kV. Transformers step up the voltage to between 110 KV and nearly 1000 kV for
transmission over long distances at very low losses. Transformers then step down
the voltage to the 12- to 34.5-kV range for local distribution and finally permit the
power to be used safely in homes, offices, and faclories at voltages as low as 120 V.

2.2 TYPES AND CONSTRUCTION
OF TRANSFORMERS

The principal purpose of a transformer is to convert ac power at one voltage level
to ac power of the same frequency at another voltage level. Transformers are also
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Core-form transformer construction.

used for a variety of other purposes (e.g., voltage sampling, current sampling, and
impedance transformation), but this chapter is primarily devoled to the power
transformer.

Power transformers are constructed on one of two types of cores. One type
of construction consists of a simple rectangular laminated piece of steel with the
transformer windings wrapped around two sides of the rectangle. This type of
construction is known as core form and is illustrated in Figure 2-2. The other type
consists of a three-legged laminated core with the windings wrapped around the
center leg. This type of construction is known as shell form and is illustrated in
Figure 2-3. In either case, the core is constructed of thin laminations electrically
isolated from each other in order to minimize eddy currents.

The primary and secondary windings in a physical transformer are wrapped
one on top of the other with the low-voltage winding innermost. Such an arrange-
ment serves (WO purposes:

1. It simplifies the problem of insulating the high-voltage winding from the core.

2. Ttresults in much less leakage flux than would be the case if the two windings
were separated by a distance on the core.

Power transformers are given a variety of different names, depending on
their use in power systems. A transformer connected (o the output of a generator
and used to step its voltage up to transmission levels (110+ kV) is sometimes
called a unit transformer. The transformer at the other end of the transmission line,
which steps the voltage down from transmission levels to distribution levels (from
2.3 to 34.5 kV), is called a substation transformer. Finally, the transformer that
takes the distribution voltage and steps it down to the final voltage at which the
power is actually used (110, 208, 220 V, elc.) is called a distribution transformer.
All these devices are essentially the same—the only difference among them is
their intended use.
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FIGURE 2-3
(a) Shell-form transformer construction. (b) A typical shell-form transformer. { Courtesy of General
Electric Company.)

In addition to the various power transformers, two special-purpose trans-
formers are used with electric machinery and power systems. The first of these
special transformers is a device specially designed to sample a high voltage and
produce a low secondary voltage directly proportional to it. Such a transformer is
called a potential transformer. A power transformer also produces a secondary
voltage directly proportional to its primary voltage; the difference between a po-
tential transformer and a power transformer is that the potential transformer is de-
signed to handle only a very small current. The second type of special transformer
is a device designed to provide a secondary current much smaller than but directly
proportional to its primary current. This device is called a current transformer.
Both special-purpose transformers are discussed in a later section of this chapter.

2.3 THE IDEAL TRANSFORMER

An ideal transformer is a lossless device with an input winding and an output
winding. The relationships between the input voltage and the output voltage, and
between the input current and the output current, are given by two simple equa-
tions. Figure 2—-4 shows an ideal transformer.

The transformer shown in Figure 2—4 has Np turns of wire on its primary
side and N turns of wire on its secondary side. The relationship between the volt-
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(a) Sketch of an ideal transformer. (b) Schematic symbols of a transformer.

age vp(t) applied to the primary side of the transformer and the voltage vg(t) pro-
duced on the secondary side is

where a is defined to be the turns ratio of the transformer:

vp(t)  Np
vlt) — Ng a

(2-1)

(2-2)

The relationship between the current ip(f) flowing into the primary side of the trans-
former and the current ig(f) flowing out of the secondary side of the transformer is

or

i) _ 1

ity a

(2-3a)

(2-3b)
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In terms of phasor quantities, these equations are

Vo _ ,
V.= (2-4)
I _1

and =g (2-5)

Notice that the phase angle of V; is the same as the angle of V; and the phase an-
gle of I, is the same as the phase angle of Is. The turns ratio of the ideal trans-
former affects the magnitudes of the voltages and currents, but not their angles.

Equations (2-1) to (2-5) describe the relationships between the magnitudes
and angles of the voltages and currents on the primary and secondary sides of the
ransformer, but they leave one question unanswered: Given that the primary cir-
cuit’s voltage is positive at a specific end of the coil, what would the polarity of
the secondary circuit’s voltage be? In real transformers, it would be possible to tell
the secondary’s polarity only if the transformer were opened and its windings ex-
amined. To avoid this necessity, transformers utilize the dor convention. The dots
appearing at one end of each winding in Figure 2—4 tell the polarity of the voltage
and current on the secondary side of the transformer. The relationship is as
follows:

1. If the primary voltage is positive at the dotted end of the winding with respect
to the undotted end, then the secondary voltage will be positive at the dotted
end also. Voltage polarities are the same with respect to the dots on each side
of the core.

2. If the primary current of the transformer flows into the dotted end of the pri-
mary winding, the secondary current will flow out of the dotted end of the
secondary winding.

The physical meaning of the dot convention and the reason polarities work out
this way will be explained in Section 2.4, which deals with the real transformer.

Power in an Ideal Transformer

The power supplied to the transformer by the primary circuit is given by the
equation

P, = Vplpcos 0p (2-6)

where 6p is the angle between the primary voltage and the primary current. The
power supplied by the transformer secondary circuit to its loads is given by the
equation

Py = Vsl cos b (2-7)
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where 6 is the angle between the secondary voltage and the secondary current.
Since voltage and current angles are unaffected by an ideal transformer, 6, — 65 = 6.
The primary and secondary windings of an ideal transformer have the same power
factor.

How does the power going into the primary circuit of the ideal transformer
compare to the power coming out of the other side? It is possible to find out
through a simple application of the voltage and current equations [Equations (2—-4)
and (2-5)]. The power out of a transformer is

P, = Vslgcos 6 (2-8)

Applying the turns-ratio equations gives Vg = Vp/a and I5 = alp, so

Ve
Poy = (alp)cos 8

P, = Vplpcos § = P (2-9)

Thus, the output power of an ideal transformer is equal to its input power.
The same relationship applies to reactive power Q and apparent power S:

Qin = Vplpsin 8 = VsIgsin 0 = Q,, (2-10)

and Sin = VPIP = VSIS = SOU( (2—1])

Impedance Transformation through a Transformer

The impedance of a device or an element is defined as the ratio of the phasor volt-
age across it to the phasor current flowing through it:

z, = == (2-12)

One of the interesting properties of a transformer is that, since it changes voltage
and current levels, it changes the ratio between voltage and current and hence the
apparent impedance of an element. To understand this idea, refer to Figure 2-5. It
the secondary current is called Ig and the secondary voltage Vg, then the imped-
ance of the load is given by

Vs
ZL = I_ (2—13)
S
The apparent impedance of the primary circuit of the transformer is
g =Y
[=1, (2-14)

Since the primary voltage can be expressed as

Vp = aVs
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(a) Definition of impedance. (b) Impedance scaling through a transformer.

and the primary current can be expressed as

Ly
Ip = o
the apparent impedance of the primary is
YV, aV
7! ==L =-S5 -
L1,  lj/a
Z,=ad’Z,

(2-15)

With a transformer, it is possible to match the magnitude of a load imped-

ance to a source impedance simply by picking the proper turns ratio.

Analysis of Circuits Containing Ideal Transformers

If a circuit contains an ideal transformer, then the easiest way to analyze the cir-
cuit for its voltages and currents is to replace the portion of the circuit on one side
of the transformer by an equivalent circuit with the same terminal characteristics.
After the equivalent circuit has been substituted for one side, then the new circuit
(without a transformer present) can be solved for its voltages and currents. In the
portion of the circuit that was not replaced, the solutions obtained will be the cor-
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The power system of Example 2—-1 (a) without and (b) with transformers at the ends of the
transmission line.

rect values of voltage and current for the original circuit. Then the turns ratio of
the transformer can be used to determine the voltages and currents on the other
side of the transformer. The process of replacing one side of a transformer by its
equivalent at the other side’s voltage level is known as referring the first side of
the transformer to the second side.

How is the equivalent circuit formed? Its shape is exactly the same as the
shape of the original circuit. The values of voltages on the side being replaced are
scaled by Equation (2—4), and the values of the impedances are scaled by Equa-
tion (2-15). The polarities of voltage sources in the equivalent circuit will be re-
versed from their direction in the original circuit if the dots on one side of the
transformer windings are reversed compared to the dots on the other side of the
transformer windings.

The solution for circuits containing ideal transformers is illustrated n the
following example.

Example 2-1. A single-phase power system consists of a 480-V 60-Hz gen-
erator supplying a load Z,,,g = 4 + j3 () through a transmission line of impedance
Ziine = 0.18 + j0.24 ). Answer the following questions about this system.

(a) If the power system is exactly as described above (Figure 2-6a), what will the
voltage at the load be? What will the transmission line losses be?
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(b) Suppose a 1:10 step-up transformer is placed at the generator end of the trans-
mission line and a 10:1 step-down transformer is placed at the load end of the
line (Figure 2-6b). What will the load voltage be now? What will the transmis-
sion line losses be now?

Solution
(a) Figure 2-6a shows the power system without transformers. Here 1, = 1, =
I,,.4- The line current in this system is given by

L =— Y
e ™ Ziine T Zioad

_ 480 £0° V
018Q +j024Q) + 4Q + j3Q)

__480./0° _ 480 £0°
418 + 324 ~ 5.202378°

=90082—-378°A

Therefore the load voltage is
Vioasd = LiineZioad

=(90.8 £-37.8°A)4 Q + 3 D)

= (90.8 £—37.8° A)(5 £36.9° )

=454 /—-09°V
and the line losses are

P loss (Ilima)2 Rline
= (90.8 AY (0.18 Q) = 1484 W

(b) Figure 2-6b shows the power system with the transformers. To analyze this sys-
tem, it is necessary to convert it to a common voltage level. This is done in two
steps:

1. Eliminate transformer 7, by referring the load over to the transmission line’s
voltage level.

2. Eliminate transformer T by referring the transmission line’s elements and
the equivalent load at the transmission line’s voltage over to the source side.

The value of the load’s impedance when reflected to the transmission system’s
voltage is

Zig = ¥y
= (1—10)2(4 Q+j30)
= 400 2 + f300 £}
The total impedance at the transmission line level is now
Zeq =Zype T Lo
= 400.18 + j300.24 ©) = 500.3 £36.88° {}
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FIGURE 2-7
(a) System with the load referred to the transmission system voltage level. (b) System with the load
and transmission line referred to the generator’s voltage level.

This equivalent circuit is shown in Figure 2-7a. The total impedance at the transmission
line level (Z;;,, + Z|,.q) is now reflected across 7 to the source’s voltage level:

z, = dz,
= d(Zyjpe + Zoa)
_ (%)2(0.18 Q +j0.24 O + 400 0 + j300 Q)
= (00018 Q) + j0.0024 © + 40 + j3 Q)

= 5.003 £36.88° (2

Notice that Z},4 = 4 + j3 Q) and Z;,, = 0.0018 + j0.0024 (). The resulting equivalent cir-
cuit is shown in Figure 2-7b. The generator’s current is

[.__ 480£0°V
G = 5.003 £36.88° O

=95.94 /-36.88° A

Knowing the current I; we can now work back and find I, and I, 4. Working back
through T, we get
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Nplg = Ngljipe

Np
L = N I
= %(95.94 £—36.88° A) = 9.594 £—36.88° A

Working back through 7, gives

Npslie = Nooligma
N
Iload = ﬁlﬁue

= %(9.594 £-36.88° A) = 95.94 /—36.88° A

It is now possible to answer the questions originally asked. The load voltage is given by

Vioad = Lioad Zioad
= (95.94 /—36.88° A)(5 £36.87° })

= 479.7£-0.01°V

and the line losses are given by

Pioss = (ind) Riine
= (9.594 A2 (0.180)) = 16.7W

Notice that raising the transmission voltage of the power system reduced
transmission losses by a factor of nearly 90! Also, the voltage at the load dropped
much less in the system with transformers compared to the system without trans-
formers. This simple example dramatically illustrates the advantages of using
higher-voltage transmission lines as well as the extreme importance of transform-
ers in modern power systems.

2.4 THEORY OF OPERATION OF REAL
SINGLE-PHASE TRANSFORMERS

The ideal transformers described in Section 2.3 can of course never actually be
made. What can be produced are real transformers—two or more coils of wire
physically wrapped around a ferromagnetic core. The characteristics of a real
transformer approximate the characteristics of an ideal transformer. but only to a
degree. This section deals with the behavior of real transformers.

To understand the operation of a real transformer, refer to Figure 2-8. Fig-
ure 2—-8 shows a transformer consisting of two coils of wire wrapped around a
transformer core. The primary of the transformer 1s connected to an ac power
source, and the secondary winding is open-circuited. The hysteresis curve of the
transformer is shown in Figure 2-9.
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FIGURE 2-8
Sketch of a real transformer with no load attached to its secondary.
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FIGURE 2-9
The hysteresis curve of the transformer.

The basis of transformer operation can be derived from Faraday’s law:

d
€ing = 7‘} (1-41)

where A is the flux linkage in the coil across which the voltage is being induced.
The flux linkage A is the sum of the flux passing through each turn in the coil
added over all the turns of the coil:

N
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The total flux linkage through a coil is not just N, where N is the number of turns
in the coil, because the flux passing through each turn of a coil is slightly differ-
ent from the flux in the other turns, depending on the position of the turn within
the coil.

However, it is possible to define an average flux per turn in a coil. If the
total flux linkage in all the turns of the coils is A and if there are N turns, then the
average flux per turn is given by

(2-16)

z|>

¢ =
and Faraday’s law can be written as

d_
eind = N% (2_17)

The Voltage Ratio across a Transformer

If the voltage of the source in Figure 2-8 is vp(t), then that voltage is placed di-
rectly across the coils of the primary winding of the transformer. How will the
transformer react to this applied voltage? Faraday’s law explains what will hap-
pen. When Equation (2-17) is solved for the average flux present in the primary
winding of the transformer, the result is

- 1
= FPIVP(I‘)dI (2-18)

This equation states that the average flux in the winding is proportional to the in-
tegral of the voltage applied to the winding, and the constant of proportionality is
the reciprocal of the number of turns in the primary winding 1/Np.

This flux is present in the primary coil of the transformer. What effect does
it have on the secondary coil of the transformer? The effect depends on how much
of the flux reaches the secondary coil. Not all the flux produced in the primary
coil also passes through the secondary coil—some of the flux lines leave the iron
core and pass through the air instead (see Figure 2—10). The portion of the flux
that goes through one of the transformer coils but not the other one is called leak-
age flux. The flux in the primary coil of the transformer can thus be divided into
two components: a mutual flux, which remains in the core and links both wind-
ings, and a small leakage flux, which passes through the primary winding but re-
turns through the air, bypassing the secondary winding:

bp = by + dip (2-19)
where  ¢p = total average primary flux
¢y = flux component linking both primary and secondary coils
¢p = primary leakage flux
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FIGURE 2-10
Mutual and leakage fluxes in a transformer core.

There is a similar division of flux in the secondary winding between mutual flux
and leakage flux which passes through the secondary winding but returns through
the air, bypassing the primary winding:

bs = by + dis
¢ = total average secondary flux

¢y = flux component linking both primary and secondary coils

¢rs = secondary leakage flux

With the division of the average primary flux into mutual and leakage com-
ponents, Faraday’s law for the primary circuil can be reexpressed as

(2-20)

where

dg
vp(t) = Np dtp
vy dde
=Ns + Np it (2-21)

The first term of this expression can be called ep(r), and the second term can be
called e p(#). If this is done, then Equation (2-21) can be rewritlen as

vp(r) = epl(t) + e;p(t) (2-22)
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The voltage on the secondary coil of the transformer can also be expressed
in terms of Faraday’s law as

| do
vy(f) = Nsd_rs

d d
= NS% + Ns%;ﬂs (2-23)

The primary voltage due to the mutual flux is given by

d
eplt) = NP% (2-25)

and the secondary voltage due to the mutual flux is given by
ddy

eg(H) = N dt (2-26)
Notice from these two relationships that
epll) _ ddy _ esl)
Np dt N
Therefore,
edt) _ Np _
edt) ~ Ny - a (2-27)

This equation means that the ratio of the primary voltage caused by the mutual
[flux to the secondary voltage caused by the mutual flux is equal to the turns ratio
of the transformer. Since in a well-designed transformer ¢y, >> ¢p and
du >> s, the ratio of the total voltage on the primary of a transformer to the to-
tal voltage on the secondary of a transformer is approximately

vpll)  Np

ve(t) = Ny ° (2-28)

The smaller the leakage fluxes of the transformer are, the closer the total trans-
former voltage ratio approximates that of the ideal transformer discussed in Sec-
tion 2.3.

The Magnetization Current in a Real Transformer

When an ac power source is connected Lo a transformer as shown in Figure 2-8, a
current flows in ils primary circuil, even when the secondary circuit is open-
circuited. 'This current is the current required to produce flux in a real ferromag-
netic core, as explained in Chapter 1. It consists of two components:
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1. The magnetization current iy, which is the current required to produce the
flux in the ransformer core

2. The core-loss current i,,,, which is the current required to make up for hys-
teresis and eddy current losses

Figure 2—-11 shows the magnetization curve of a typical transformer core. If
the flux in the transformer core is known, then the magnitude of the magnetization
current can be found directly from Figure 2—11.

Ignoring for the moment the effects of leakage flux, we see that the average
flux in the core 1s given by

_ 1 )
= N_P vp(t)dt (2-18)

If the primary voltage is given by the expression vp(f) = V), cos et V, then the re-
sulting flux must be

_LJ
b= N, Vy cos ot dt

/7

= oN, sinwt Wb (2-29)

If the values of current required to produce a given flux (Figure 2—-11a) are com-
pared to the flux in the core at different times, it is possible to construct a sketch
of the magnetization current in the winding on the core. Such a sketch is shown in
Figure 2-11b. Notice the following points about the magnetization current:

1. The magnetization current in the transformer is not sinusoidal. The higher-
frequency components in the magnetization current are due to magnetic sat-
uration in the transformer core.

2. Once the peak flux reaches the saturation point in the core, a small increase
in peak flux requires a very large increase in the peak magnetization current.

3. The fundamental component of the magnetization current lags the voltage ap-
plied to the core by 90°.

4. The higher-frequency components in the magnetization current can be quite
large compared to the fundamental component. In general, the further a trans-
former core is driven into saturation, the larger the harmonic components will
become.

The other component of the no-load current in the transformer is the current
required to supply power to make up the hysteresis and eddy current losses in the
core. This is the core-loss current. Assume that the flux in the core is sinusoidal.
Since the eddy currents in the core are proportional to d¢vdt, the eddy currents are
largest when the flux in the core is passing through O Wb. Therefore, the core-loss
current is greatest as the flux passes through zero. The total current required to
make up for core losses is shown in Figure 2-12.
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(a) The magnetization curve of the transformer core. (b) The magnetization current caused by the
flux in the transformer core.

82
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FIGURE 2-12
The core-loss current in a transformer.

FIGURE 2-13
The total excitation current in a transformer.

Notice the following points about the core-loss current:

1. The core-loss current is nonlinear because of the nonlinear effects of hysteresis.

2. The fundamental component of the core-loss current is in phase with the volt-
age applied to the core.

The total no-load current in the core is called the excitation current of the
transformer. It is just the sum of the magnetization current and the core-loss cur-
rent in the core:

iy = B+ iy, (2-30)

The total excitation current in a typical transformer core is shown in Figure 2-13.
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FIGURE 2-14
A real transformer with a load connected to its secondary.

The Current Ratio on a Transformer and the
Dot Convention

Now suppose that a load is connected to the secondary of the transformer. The re-
sulting circuit is shown in Figure 2—14. Notice the dots on the windings of the
transformer. As in the ideal transformer previously described, the dots help deter-
mine the polarity of the voltages and currents in the core without having physi-
cally to examine its windings. The physical significance of the dot convention is
that a current flowing into the dotted end of a winding produces a positive mag-
netomotive force %, while a current flowing into the undotted end of a winding
produces a negative magnetomotive force. Therefore, two currents flowing into
the dotted ends of their respective windings produce magnetomotive forces that
add. If one current flows into a dotted end of a winding and one flows out of a dot-
ted end, then the magnetomotive forces will subtract from each other.

In the situation shown in Figure 2-14, the primary current produces a posi-
tive magnetomotive force Fp = Npip, and the secondary current produces a neg-
ative magnetomotive force Fg = —Ngis. Therefore, the net magnetomotive force
on the core must be

Fret = Npip — Nsis (2-31)

This net magnetomotive force must produce the net flux in the core, so the net
magnetomotive force must be equal to

g;net = NPiP - NSiS = ¢ R (2-32)
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FIGURE 2-15
The magnetization curve of an ideal
transformer.

where R is the reluctance of the transformer core. Because the reluctance of a well-
designed transformer core is very small (nearly zero) until the core is saturated, the
relationship between the primary and secondary currents is approximately

@nel = Npip - Nsis == 0 (2—33)

as long as the core is unsaturated. Therefore,

Npip = Niig (2-34)
1 N,
ip s _1 ,
or is = NP a (2—35)

It is the fact that the magnetomotive force in the core is nearly zero which gives
the dot convention the meaning in Section 2.3. In order for the magnetomotive
force to be nearly zero, current must flow into one dotted end and out of the other
dotted end. The voltages must be built up in the same way with respect to the dots
on each winding in order to drive the currents in the direction required. (The po-
larity of the voltages can also be determined by Lenz’ law if the construction of
the transtformer coils is visible.)

What assumptions are required to convert a real transformer into the ideal
transformer described previously? They are as follows:

1. The core must have no hysteresis or eddy currents.

2. The magnetization curve must have the shape shown in Figure 2-15. Notice
that for an unsaturated core the net magnetomotive force %, = 0, implying
that Npip = Niis.

3. The leakage flux in the core must be zero, implying that all the flux in the
core couples both windings.

4. The resistance of the transformer windings must be zero.
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While these conditions are never exactly met, well-designed power transformers
can come quite close.

2.5 THE EQUIVALENT CIRCUIT OF
A TRANSFORMER

The losses that occur in real transformers have to be accounted for in any accurate
model of transformer behavior. The major items to be considered in the construc-
tion of such a model are

1. Copper (I°R) losses. Copper losses are the resistive heating losses in the pri-
mary and secondary windings of the transformer. They are proportional to the
square of the current in the windings.

2. Eddy current losses. Eddy current losses are resistive heating losses in the
core of the transformer. They are proportional to the square of the voltage ap-
plied to the transformer.

»

Hysteresis losses. Hysteresis losses are associated with the rearrangement of
the magnetic domains in the core during each half-cycle, as explained in
Chapter 1. They are a complex, nonlinear function of the voltage applied to
the transformer.

4. Leakage flux. The fluxes ¢ p and ¢ s which escape the core and pass through
only one of the transformer windings are leakage fluxes. These escaped
fluxes produce a self-inductance in the primary and secondary coils, and the
effects of this inductance must be accounted for.

The Exact Equivalent Circuit of a
Real Transformer

It is possible to construct an equivalent circuit that takes into account all the ma-
jor imperfections in real transformers. Each major imperfection is considered in
turn, and its effect is included in the transformer model.

The easiest effect to model is the copper losses. Copper losses are resistive
losses in the primary and secondary windings of the transformer core. They are
modeled by placing a resistor R, in the primary circuit of the transformer and a re-
sistor R in the secondary circuit.

As explained in Section 2.4, the leakage flux in the primary windings ¢,
produces a vollage ¢, , given by

d
ept) = Np—5 " (2-36a)

and the leakage flux in the secondary windings ¢, s produces a voltage e, 5 given by

ddy s

s = No— =

(2-36b)
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Since much of the leakage flux path is through air, and since air has a constant re-
luctance much higher than the core reluctance, the flux ¢, is directly proportional
to the primary circuit current i» and the flux ¢y is directly proportional to the sec-
ondary current ig:

dp = (@Np)ip (2-37a)

where @ = permeance of flux path
Np = number of turns on primary coil
Ng = number of turns on secondary coil

Substitute Equations (2-37) into Equations (2-36). The result is
dlp

e plt) = Pdt (Q?NP)JP = N297> (2-38a)
es(t) = Nsdt(@’NS)zS N? QP dt (2-38b)
The constants in these equations can be lumped together. Then
dip
dig

where L, = N2 is the self-inductance of the primary coil and Ly = N#® is the
self-inductance of the secondary coil. Therefore, the leakage flux will be modeled
by primary and secondary inductors.

How can the core excitation effects be modeled? The magnetization current
i, 1 a current proportional (in the unsaturated region) to the voltage applied to the
core and lagging the applied voliage by 90°, so it can be modeled by a reactance
Xy connected across the primary voltage source. The core-loss current 7., is a
current proportional to the voltage applied to the core that is in phase with the ap-
plied voltage, so it can be modeled by a resistance R connected across the pri-
mary voltage source. (Remember that both these currents are really nonlinear, so
the inductance X,, and the resistance R are, at best, approximations of the real ex-
citation effects.)

The resulting equivalent circuit is shown in Figure 2—16. Notice that the ele-
ments forming the excitation branch are placed inside the primary resistance Rp and
the primary inductance Lp. This is because the voltage actually applied to the core
is really equal to the input voltage less the internal voltage drops of the winding.

Although Figure 2-16 is an accurate model of a transformer, it is not a very
useful one. To analyze practical circuits containing transformers, it is normally
necessary to convert the entire circuit to an equivalent circuit at a single voltage
level. (Such a conversion was done in Example 2-1.) Therefore, the equivalent
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The model of a real transformer.
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(a) The transformer model referred to its primary voltage level, (b) The transformer model referred
to its secondary voltage level.

circuit must be referred either to its primary side or to its secondary side in
problem solutions. Figure 2—17a is the equivalent circuit of the transformer re-
ferred to its primary side, and Figure 2—17b is the equivalent circuit referred to its
secondary side.
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Approximate Equivalent Circuits of a Transformer

The transformer models shown before are often more complex than necessary in
order to get good results in practical engineering applications. One of the princi-
pal complaints about them is that the excitation branch of the model adds another
node to the circuit being analyzed, making the circuit solution more complex than
necessary. The excitation branch has a very small current compared to the load
current of the transformers. In fact, it is so small that under normal circumstances
it causes a completely negligible voltage drop in Rp and Xp. Because this is true, a
simplified equivalent circuit can be produced that works almost as well as the
original model. The excitation branch is simply moved to the front of the trans-
former, and the primary and secondary impedances are left in series with each
other. These impedances are just added, creating the approximate equivalent cir-
cuits in Figure 2—18a and b.

In some applications, the excitation branch may be neglected entirely with-
out causing serious error. In these cases, the equivalent circuit of the transformer
reduces to the simple circuits in Figure 2—18c and d.

I,
' 4 . I
i Reqp HKeqp A, LIP.. Reqs Kegs Lo
+0 AMN— N o+ +0 MAN—YYY— o+
. s § R X
v R X v P — — A
P § C IAm av, £ 2 J o .
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(@) Rep =R, +aR,  (b) Reqe=—5 + R,
Xeqp = X + X, X,
Xeq.\' = ? + X,
| L al 1
P . Reqp Jxeqp _,a _..P Reqs .’Xeq! —-—-1
+0 I\M rYYY 54 +0 IVW YYY g4
Vv, av, Y v,
a
-0 0 — -0 O —
() (d)
FIGURE 2-18

Approximate transformer models. (a) Referred to the primary side; (b) referred to the secondary
side: (¢) with no excitation branch, referred to the primary side: (d) with no excitation branch,
referred to the secondary side.
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FIGURE 2-19
Connection for transformer open-circuit test.

Determining the Values of Components in the
Transformer Model

It is possible to experimentally determine the values of the inductances and resis-
tances in the transformer model. An adequate approximation of these values can
be obtained with only two tests, the open-circuit test and the short-circuit test.

In the open-circuit test, a transformer’s secondary winding is open-
circuited, and its primary winding is connected to a full-rated line voltage. Look
at the equivalent circuit in Figure 2—17. Under the conditions described, all the in-
put current must be flowing through the excitation branch of the transformer. The
series elements Rp and Xp are too small in comparison to R and Xy, to cause a sig-
nificant voltage drop, so essentially all the input voltage is dropped across the ex-
citation branch.

The open-circuit test connections are shown in Figure 2—-19. Full line volt-
age is applied to the primary of the transformer, and the input voltage. input cur-
rent, and input power to the transformer are measured. From this information, it is
possible to determine the power factor of the input current and therefore both the
magnitude and the angle of the excitation impedance.

The easiest way to calculate the values of R and X, is to look first at the
admittance of the excitation branch. The conductance of the core-loss resistor is
given by

-1
G- = Re (2-40)
and the susceptance of the magnetizing inductor is given by
=L
By = X, (2-41)

Since these two elements are in parallel, their admittances add, and the total exci-
tation admittance is
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The magnitude of the excitation admittance (referred to the primary circuit)
can be found from the open-circuit test voltage and current:

IOC
Yel =5 2-44
l EI VOC ( )

The angle of the admittance can be found from a knowledge of the circuit power
factor. The open-circuit power factor (PF) is given by

P
PF = cos § = ——2€ (2-45)
VOCIOC

and the power-factor angle 8 is given by

P
8 = cos™! -2~ (2-46)
Vocloc
The power factor is always lagging for a real transformer, so the angle of the current
always lags the angle of the voltage by @ degrees. Therefore, the admittance Y is

IOC

= {,O—C Z—cos~! PF (2-47)
oc
By comparing Equations (2—43) and (2—47), it is possible to determine the values
of R and X, directly from the open-circuit test data.

In the short-circuit test, the secondary terminals of the transformer are short-
circuited, and the primary terminals are connected to a fairly low-voltage source, as
shown in Figure 2-20. The input voltage is adjusted until the current in the short-
circuited windings is equal to its rated value. (Be sure to keep the primary voltage
at a safe level. It would not be a good idea to burn out the transformer’s windings
while trying to test it.) The input voltage, current, and power are again measured.



92 ELECTRIC MACHINERY FUNDAMENTALS

Since the input voltage is so low during the short-circuit test, negligible cur-
rent flows through the excitation branch. If the excitation current is ignored, then
all the voltage drop in the transformer can be attributed to the series elements in
the circuil. The magnitude of the series impedances referred to the primary side of
the transformer is

V.
1Zsel = 7= (2-48)
SC
The power factor of the current is given by
Psc
PF = cos @ = 2-49
Vselse ( )

and is lagging. The current angle is thus negative, and the overall impedance an-
gle @ is positive:

6 = cos™! 2-50
Viclse =0
Therefore,
Vs £0° Ve

SE — [Scé_oo - ISC £0 (2—51)

The series impedance Zg is equal to

ZSE = Req + jXOCI

= (Rp + a’Ry) + j(Xp + a*Xy) (2-52)

It is possible to determine the total series impedance referred to the primary
side by using this technique, but there is no easy way to split the series impedance
into primary and secondary components. Fortunately, such separation is not nec-
essary to solve normal problems.

These same tests may also be performed on the secondary side of the trans-
former if it is more convenient to do so because of voltage levels or other reasons.
If the tests are performed on the secondary side, the results will naturally yield the
equivalent circuit impedances referred to the secondary side of the transformer in-
stead of to the primary side.

Example 2-2. The equivalent circuit impedances of a 20-kVA, 8000/240-V, 60-Hz
transformer are to be determined. The open-circuit test and the short-circuit test were
performed on the primary side of the transformer, and the following data were taken:

Open-circuit test Short-circuit test
(on primary) (on primary)
Voc = 8000V Vec =489V

Ioc = 0214A Ic =25A

Voo = 400 W Py = 240W
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Find the impedances of the approximate equivalent circuit referred to the primary side, and
sketch that circuit.

Solution

The power factor during the open-circuit test is

P
PF =cos @ = L

Voc loc
— cos § = 400 W
COS U= 8000 V)(0.214 A)
= 0.234 lagging

The excitation admittance is given by

Y= ﬁz_’—cos" PF

_0214A ,
= 3000V Z—cos 10.234

= 0.0000268 £ —76.5° )

= 0.0000063 — j0.0000261 = RL _ jXL
C M
Therefore,

__ 1 _
Rc = 50000063 = 139 k2

- _
Xu = booo0261 — 384 k2
The power factor during the short-circuit test is

_ 240 W _ .
cos 8 = @89 V)25 A) 0.196 lagging
The series impedance is given by

V.
Zsg = 1,—8(:.£—cos'1 PF
sC

_489V o
=35A Z18.7

= 195.6 £78.7° = 384 + j192 Q)
Therefore, the equivalent resistance and reactance are

R,=3840 X, =1920

The resulting simplified equivalent circuit is shown in Figure 2-21.

(2-45)

(2-47)

(2-49)
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. I
(4 Req .’Xeq Ts
+ 0 M rYY Y o4
3840 j19280
lh +e l llm
iX
Vv § R, Im aV
P . s
159 K O j384kQ
- © o —
FIGURE 2-21

The equivalent circuit of Example 2-2.

2.6 THE PER-UNIT SYSTEM OF MEASUREMENTS

As the relatively simple Example 2-1 showed, solving circuits containing trans-
formers can be quite a tedious operation because of the need to refer all the dif-
ferent voltage levels on different sides of the transformers in the system to a com-
mon level. Only after this step has been taken can the system be solved for its
voltages and currents.

There is another approach to solving circuits containing transformers which
eliminates the need for explicit voltage-le vel conversions at every transformer in
the system. Instead, the required conversions are handled automatically by the
method itself, without ever requiring the user to worry about impedance transfor-
mations. Because such impedance transformations can be avoided, circuits con-
taining many transformers can be solved easily with less chance of error. This
method of calculation is known as the per-unit (pu) system of measurements.

There is yet another advantage to the per-unit system that is quite significant
for electric machinery and transformers. As the size of a machine or transformer
varies, its internal impedances vary widely. Thus, a primary circuit reactance of
0.1 £ might be an atrociously high number for one transformer and a ridiculously
low number for another—it all depends on the device’s voltage and power ratings.
However, it turns out that in a per-unit system related to the device’s ratings, ma-
chine and transformer impedances fall within fairly narrow ranges for each type and
construction of device. This fact can serve as a useful check in problem solutions.

In the per-unit system, the voltages, currents, powers, impedances. and other
electrical quantities are not measured in their usual SI units (volts, amperes, walts,
ohms, etc.). Instead, each electrical quantity is measured as a decimal fraction of
some base level. Any quantity can be expressed on a per-unit basis by the equation

Actual value
base value of quantity

Quantity per unit = (2-53)

where “actual value” is a value in volts, amperes, ohms, elc.
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It is customary to select two base quantities to define a given per-unit sys-
tem. The ones usually selected are voltage and power (or apparent power). Once
these base quantities have been selected, all the other base values are related to
them by the usual electrical laws. In a single-phase system, these relationships are

R base* Qbase’ or Sbase baserase (2—54)
v,
Zbase - Ibase (2-55)
base
Yiase = oo (2-56)
Vbase
V. 2
and Zoe = 22 S‘:’*“) (2-57)

Once the base values of S (or P) and V have been selected, all other base values
can be computed easily from Equations (2-54) to (2-57).

In a power system, a base apparent power and voltage are selected ar a spe-
cific point in the system. A transformer has no effect on the base apparent power
of the system, since the apparent power into a transformer equals the apparent
power out of the transformer [Equation (2-11)]. On the other hand, voltage
changes when it goes through a transformer, so the value of V|, changes at every
transformer in the system according to its turns ratio. Because the base quantities
change in passing through a transformer, the process of referring quantities to a
common voltage level is automatically taken care of during per-unit conversion.

Example 2-3. A simple power system is shown in Figure 2-22. This system con-
tains a 480-V generator connected to an ideal 1:10 step-up transformer, a transmission line,
an ideal 20:1 step-down transformer, and a load. The impedance of the transmission line is
20 + j60 (2, and the impedance of the load is 10£30°(}. The base values for this system are
chosen to be 480 V and 10 kVA at the generator.

(a) Find the base voltage, current, impedance, and apparent power at every point in
the power system.

(b) Convert this system (o its per-unit equivalent circuit.

(¢) Find the power supplied to the load in this system.

(d) Find the power lost in the transmission line.

Lie 200 j60 © Low  Zioaa = 10 £30°Q
Ig 1:10 Yy 20:1
[ [ ] ® M ® [ ]
Zhue
Vg 480 £0°V
Region 1 Region 2 Region 3
FIGURE 2-22

The power system of Example 2-3.
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Solution
(a) Inthe generator region, V,,, = 480V and §,,, = 10 kVA, so

Stase __ 10,000 VA

o1 = 7 = R0 = 20834
_ Vbase 1 _ 480V _
Zowe1 =7 20834 - 22040

The turns ratio of transformer 7; is @ = 1/10 = 0.1, so the base voltage in the
transmission line region is

W 480V
Vipwor = “‘Z‘"'= 0 = 4800V

The other base quantities are

Spase2 = 10 KVA
_ 10,000 VA _

base2 = ~g00y = 2083 A
_ 4800V _

Zome1 = 30834 — 2040

The turns ratio of transformer T, is a = 20/1 = 20, so the base voltage in the
load region is

Vowse 2 _ 4800 V

Vowses = @ 20 240V
The other base quantities are
Spaes = 10KVA
fhases = % = 4167 A
Zues = g = 5760

(b) To convert a power system to a per-unit system, each component must be di-
vided by its base value in its region of the system. The generator s per-unit volt-
age is its actual value divided by its base value:

_ 480£0°V

Vo = 430V - 1.0£0° pu

The transmission line s per-unit impedance is its actual value divided by its base
value:

20 +j609)

Zinen = —53p5q = 00087 + j0.0260 pu

The load s per-unit impedance is also given by actual value divided by base value:
10 £30° Q)
Ligodpn = 5760 - 1.736 £30° pu

The per-unit equivalent circuit of the power system is shown in Figure 2-23.
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line  0.0087 pu j0.0260 pu

I
I
I
I

I
I
16| |
I
+ I
Vg=12£0° C) | Zioad = 1,736 £ 30° per unit[ ]
- |
I
I
I
I
|

lG, m= ]line_. p= byoad. p= ]pu

FIGURE 2-23
The per-unit equivalent circuit for Example 2-3.

(¢) The current flowing in this per-unit power system is

I =_VW_

Z

tot.pu

_ 1£0°
(0.0087 + j0.0260) + (1.736 £30°)

B 1£0°
~ (0.0087 + j0.0260) + (1.503 + j0.868)

100 140
1512 + j0.8%4  1.757 £30.6°

= 0.569 £—30.6° pu
Therefore, the per-unit power of the load is
Proagpn = Ifml?l,,Jl = (0.569)2(1.503) = 0.487
and the actual power supplied to the load is
Posa = P puStase = (0487)(10,000 VA)
= 4870 W
(d) The per-unit power lost in the transmission line is

Pineps = PuRie pu = (0.569)2(0.0087) = 0.00282

and the actual power lost in the transmission line is
Fine = Bline.puSoase = (0.00282)(10,000 VA)
=282W

ine

When only one device (transformer or motor) is being analyzed, its own rat-
ings are usually used as the base for the per-unit system. If a per-unit system based
on the transformer’s own ratings is used, a power or distribution transformer’s
characteristics will not vary much over a wide range of voltage and power ratings.
For example, the series resistance of a transformer is usually about 0.01 per unit,
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FIGURE 2-24

(a) A typical 13.2-kV to 120/240-V distribution transformer. (Courtesy of General Electric
Company.) (b) A cutaway view of the distribution transformer showing the shell-form transformer
inside it. (Courtesy of General Electric Company.)

and the series reactance is usually between 0.02 and 0.10 per unit. In general, the
larger the transformer, the smaller the series impedances. The magnetizing reac-
tance is usually between about 10 and 40 per unit, while the core-loss resistance is
usually between about 50 and 200 per unit. Because per-unit values provide a con-
venient and meaningful way to compare transformer characteristics when they are
of different sizes, transformer impedances are normally given in per-unit or as a
percentage on the transformer’s nameplate (see Figure 2—46, later in this chapter).
The same idea applies to synchronous and induction machines as well: Their
per-unit impedances fall within relatively narrow ranges over quite large size ranges.
If more than one machine and one transformer are included in a single
power system, the system base voltage and power may be chosen arbitrarily, but
the entire system must have the same base. One common procedure is to choose
the system base quantities to be equal to the base of the largest component in the
system. Per-unit values given to another base can be converted to the new base by
converting them to their actual values (volts, amperes, ohms, elc.) as an in-
between step. Alternatively, they can be converted directly by the equations
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L. p Req Xy L
+ 0 M m—o +
0.012 j0.06
lh +e l l Im
R iX
V| 407 § 513 Ve
(o Q
FIGURE 2-25

The per-unit equivalent circuit of Example 2—4.

- Sbase 1
(P, Q: S)pu onbase 2 — (P, Q' S)pu on base lease 9 (2-58)
vV =V Vbase 1
puonbase2 = Ypuonbase | (2-59)
Vbase 2

(R, X, Z) =R X, 2) Ve P Cumed (g
y £hy pu on base 2 % Ay L )pn on base I(Vbase 2)2(Sbase l) (

Example 2-4. Sketch the approximate per-unit equivalent circuit for the trans-
former in Example 2-2. Use the transformer’s ratings as the system base.

Solution
The transformer in Example 2-2 is rated at 20 kVA, 8000/240 V. The approximate equiva-
lent circuit (Figure 2-21) developed in the example was referred to the high-voltage side of
the transformer, so to convert it to per-unit, the primary circuit base impedance must be
found. On the primary,

Viee | = 8000V
Spee) = 20,000 VA
(Voae )2 (8000 V)2

Zywe1 =75, _, ~ 20000 VA ~ 32000
Therefore,

Zsppn = 38";;)532 L 0.012 + j0.06 pu

Rep = :I;ggokg =49.7 pu

= 5400 - 2

The per-unit approximate equivalent circuit, expressed to the transformer’s own base, is
shown in Figure 2-25.
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2.7 TRANSFORMER VOLTAGE
REGULATION AND EFFICIENCY

Because a real transformer has series impedances within it, the output voltage of
a transformer varies with the load even if the input voltage remains constant. To
conveniently compare transformers in this respect, il is customary to define a
quantity called voltage regulation (VR). Full-load voltage regulation 1s a quantity
that compares the output voltage of the transformer at no load with the output
voltage at full load. It is defined by the equation

v
VR = M x 100% (2-61)
S

Since at no load, Vg = Vp/a, the vollage regulation can also be expressed as

_ Vp/a—‘/sﬂ

VR
Vs

x 100% (2-62)

If the transformer equivalent circuit is in the per-unit system, then voltage regula-
tion can be expressed as

Voo — V.
VR = 20 5 1009 (2-63)
3.fl,pu

Usually it is a good practice to have as small a voltage regulation as possible.
For an ideal transformer, VR = 0 percent. It is not always a good idea to have a
low-voltage regulation, though—sometimes high-impedance and high-voltage reg-
ulation transformers are deliberately used to reduce the fault currents in a circuit.
How can the voltage regulation of a transformer be determined?

The Transformer Phasor Diagram

To determine the voltage regulation of a transformer, it is necessary to understand
the voltage drops within it. Consider the simplified transformer equivalent circuit
in Figure 2-18b. The effects of the excitation branch on transformer voltage reg-
ulation can be ignored, so only the series impedances need be considered. The
voltage regulation of a transformer depends both on the magnitude of these series
impedances and on the phase angle of the current flowing through the transformer.
The easiest way to determine the effect of the impedances and the current phase
angles on the transformer voltage regulation is to examine a phasor diagram, a
sketch of the phasor voltages and currents in the transformer.

In all the following phasor diagrams, the phasor voltage V; is assumed to be
at an angle of 0°, and all other voltages and currents are compared to that refer-
ence. By applying Kirchhoff’s voltage law to the equivalent circuit in Figure
2-18b, the primary voltage can be found as
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v, .
7" = Vg + R I + jX I (2-64)

A transformer phasor diagram is just a visual representation of this equation.

Figure 2-26 shows a phasor diagram of a transformer operating at a lagging
power factor. It is easy to see that V, /a > V; for lagging loads, so the voltage reg-
ulation of a transformer with lagging loads must be greater than zero.

A phasor diagram at unity power factor is shown in Figure 2-27a. Here again,
the voltage at the secondary is lower than the voltage at the primary, so VR > 0.
However, this time the voltage regulation is a smaller number than it was with a lag-
ging current. If the secondary current is leading, the secondary voltage can actually
be higher than the referred primary voltage. If this happens, the transformer actually
has a negative voltage regulation (see Figure 2-27b).

Yo
a
: 2 e Vx iX eq].s
| " Req[s
FIGURE 2-26

Phasor diagram of a transformer operating at a lagging power factor,

(b)

FIGURE 2-27
Phasor diagram of a transformer operating at (a) unity and (b) leading power factor.
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1% | I

£~ Vi+ReqIgcos @ +X gL sinf

FIGURE 2-28
Derivation of the approximate equation for V; /a.

Transformer Efficiency

Transformers are also compared and judged on their efficiencies. The efficiency
of a device i1s defined by the equation

P
n = =2 x 100% (2-65)
R,
P
n = ﬁ x 100% (2-66)
out loss

These equations apply to motors and generators as well as to transformers.
The transformer equivalent circuits make efficiency calculations easy. There
are three types of losses present in transformers:

1. Copper (I’R) losses. These losses are accounted for by the series resistance in
the equivalent circuit.

2. Hysteresis losses. These losses were explained in Chapter 1 and are ac-
counted for by resistor Re.

3. Eddy current losses. These losses were explained in Chapter 1 and are ac-
counted for by resistor R..

To calculate the efficiency of a transformer at a given load, just add the losses
from each resistor and apply Equation (2—67). Since the output power is given by
P, = Vgigcos b5 (2-7)

the efficiency of the transformer can be expressed by

_ Vilg cos @
M= Py + P + Vilgcos 6

x 100% (2-67)
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Example 2-5. A 15-kVA, 2300/230-V transformer is to be tested to determine its
excitation branch components, its series impedances, and its voltage regulation. The fol-
lowing test data have been taken from the primary side of the transformer:

Open-circuit test Short-circuit test
Voc = 2300 V Voe =47V
Ioc=021A Iqc=60A

Poc =50W Pse= 160 W

The data have been taken by using the connections shown in Figures 2—19 and 2-20.

(a) Find the equivalent circuit of this transformer referred to the high-voltage side.

(b) Find the equivalent circuit of this transformer referred to the low-voltage side.

(c) Calculate the full-load voltage regulation at 0.8 lagging power factor, 1.0 power
factor, and at 0.8 leading power factor.

(d) Plot the voltage regulation as load is increased from no load to full load at power
factors of 0.8 lagging, 1.0, and 0.8 leading.

(e) What is the efficiency of the transformer at full load with a power factor of 0.8

lagging?

Solution
(@) The excitation branch values of the transformer equivalent circuit can be calcu-
lated from the open-circuit test data, and the series elements can be calculated
from the short-circuit test data. From the open-circuit test data, the open-circuit
impedance angle is
Poc
Vocloc
1 S0W
(2300 V)0.21 A)

= cos!
Ooc = cos

= 84°

= CO8~

The excitation admittance is thus

Yp = %4—8@
_021A
2300V

= 0.13 x 105 £—84°() = 0.0000095 — ;0.0000908 ()
The elements of the excitation branch referred to the primary are

=1
~ 0.0000095

S S
~ 0.0000908

£—84°

R, = 105 kQ

X, = 11kQ

From the short-circuit test data, the short-circuit impedance angle is
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PSC
VSCISC

1 160W
(47V)(6 A)

= cos—!
Ogc = cos

= cos~ = 55.4°

The equivalent series impedance is thus
Ve
Zge = A Osc

I, sC

=47V :
= %A £554°0Q

= 7.833 £55.4° = 445 + j6.45
The series elements referred to the primary are
Ry, =4450 X, =6450

This equivalent circuit is shown in Figure 2-29a.

(b) To find the equivalent circuit referred to the low-voltage side, it is simply neces-
sary to divide the impedance by &’. Since a = Np/Ns = 10, the resulting values are

, I
lp Reqp Jxeqp 7’
o ~YYY_ o,
I ! 4458 j6.4502
h+e l l m
vp R, JXm av‘1
105 k © +j11k
(a)
alp Req‘s jxeqs lj
o AN ~NYY o,
' 0.0445 Q1 j0.0645 Q)
aly e l lalm

v
Y, %:10500§ % AL

Xm _
a—é"-;llOQ

(b)

FIGURE 2-29
The transfer equivalent circuit for Example 2-5 referred to (a) its primary side and (b} its secondary
side.
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R-=1050€) R, =0.04450
Xy= 1100 X.q = 0.0645 ()

The resulting equivalent circuit is shown in Figure 2-29b.
(¢) The full-load current on the secondary side of this transformer is

_ Saed _ 15000 VA _
IS,rated - ‘{S,rated - 230V =65.2A

To calculate Vp/a, use Equation (2-64):

VP .
At PF = 0.8 lagging, current Iy = 65.2 £-36.9° A. Therefore,

Vv
FP = 230£0°V + (0.0445 Q)65.2 £ —36.9° A) + j(0.0645 (2)(65.2 £ —36.9° A)

=230£0°V +290£-369°V + 421 £53.1°V

=230 + 232 —j1.714 + 2.52 + j3.36

= 23484 + j1.62 = 23485 £040°V

The resulting voltage regulation is

W‘QT_VSIE x 100% (2-62)
A

_ 234.352;/0; 230V 1000 — 219

VR =

At PF = 1.0, current Iy = 65.2 £ 0° A. Therefore,

Vp )
—L =230 L0°V + (0.0445 Q)(65.2 £0° A) + j(0.0645 Q)65.2 £0° A)

=230Z0°V + 290£0°V + 421 £90°V
= 230 + 2.90 + j4.21

= 2329 + j4.21 = 23294 £1.04° V
The resulting voltage regulation is

23294V — 230V
230V

At PF = 0.8 leading, current Iy = 65.2 £36.9° A. Therefore,

VR = x 100% = 1.28%

Vv
TP = 230 £0°V + (0.0445 2)(65.2 £36.9° A) + j(0.0645 2)(65.2 £36.9° A)

=230£0°V + 290 £369°V + 421 £1269°V
=230 + 2.32 + j1.74 — 2.52 + j3.36

= 229.80 + j5.10 = 22985 £1.27°V

The resulting voltage regulation is
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\%

£=2349204°V

- o]
V,=230£0°V Xy =4.21 £53.1°V

R l;=292-369°V

eq' s
1,=6522-369°A
(a)
VP
2=1292104V
4212£90°V
1,=65220°A 2OLOOV ——
29 £0°V

(b)

VP
=2208 £ 127°V

a
*’.I Z£1269°V
" -/2/9 Z£36.9°V

230 £0°V

I, =652 2369°A

(<)

FIGURE 2-30
Transformer phasor diagrams for Example 2-5.

_ 22985V — 230V
230V
Each of these three phasor diagrams is shown in Figure 2-30.
(d) The best way to plot the voltage regulation as a function of load is to repeat the
calculations in part ¢ for many different loads using MATLAB. A program to do
this is shown below.

VR x 100% = —0.062%

% M-file: trans_vr.m

% M-file to calculate and plot the voltage regulation
% of a transformer as a function of load for power

% factors of 0.8 lagging, 1.0, and 0.8 leading.

Vs = 230; % Secondary voltage (V)
amps = 0:6.52:65.2; % Current values (A)
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Req = 0.0445; % Equivalent R {(ohms)
Xeq = 0.0645; % Equivalent X (ohms)
% Calculate the current values for the three

% power factors. The first row of I contains

% the lagging currentg, the second row contains

% the unity currents, and the third row contains

% the leading currents.

I(1,:) = amps .* ( 0.8 - j*0.6); % Lagging
I(2,:) = amps .* ( 1.0 ) % Unity
I(3,:) = amps .* ( 0.8 + j*0.6); % Leading

% Calculate VP/a.
VPa = VS + Req.*I + j.*Xeq.*I:

% Calculate voltage regulation
VR = (abs(VPa) - VS) ./ VS .* 100;

% Plot the voltage regulation

plot (amps,VR(1, :}, 'b-");

hold on;

plot (amps,VR(2, :),'k—");

plot (amps,VR(3,:),'r-.");

title ('Voltage Regulation Versus Load'):

xlabel ('Load (A)');

yvlabel ('Voltage Regulation (%)');

legend('0.8 PF lagging','1.0 PF','0.8 PF leading');
hold off:

The plot produced by this program is shown in Figure 2-31.

(e) To find the efficiency of the transformer, first calculate its losses. The copper
losses are

Pe, = (IR, = (65.2 AY(0.0445 ) = 189 W
The core losses are given by

_ (Vp/aP  (234.85V)?
oe = T Rc 10500

P =3525W

The output power of the transformer at this power factor is
P, = Vlscos 0
= (230 VX(65.2 A) cos 36.9° = 12,000 W

Therefore, the efficiency of the transformer at this condition is

= Vsl cos 6 100% 2-68
M= P, + P, + Vilgcos 0 ° ¢ (2-68)
- 12,000 W x 100%

189 W + 525 W + 12,000 W
= 08.03%
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Voltage regulation versus load

23 I
0.8 PF lagging
2 -———10PF o
—-—-—0.8 PF leading /
€ s <
g - .
-
?;J 1 / - -
2 -7
-
3 -
= 5 -
g /,/ -
- ”
ot
-0.5
0 10 20 30 40 50 60 70
Load (A)
FIGURE 2-31

Plot of voltage regulation versus load for the transformer of Example 2-5.

2.8 TRANSFORMER TAPS AND
VOLTAGE REGULATION

In previous sections of this chapter, transformers were described by their turns ra-
tios or by their primary-to-secondary-voltage ratios. Throughout those sections, the
turns ratio of a given transformer was treated as though it were completely fixed.
In almost all real distribution transformers, this is not quite true. Distribution trans-
formers have a series of faps in the windings to permit small changes in the turns
ratio of the transformer after it has left the factory. A typical installation might have
four taps in addition to the nominal setting with spacings of 2.5 percent of full-load
voltage between them. Such an arrangement provides for adjustments up to 5 per-
cent above or below the nominal voltage rating of the transformer.

Example 2-6. A 500-kVA, 13,200/480-V distribution transformer has four

2.5 percent taps on its primary winding. What are the voltage ratios of this transformer at
each tap setting?

Solution
The five possible voltage ratings of this transformer are

+35.0% tap 13,860/480 V
+2.5% tap 13,530/480 V
Nominal rating 13,200/480 V
—2.5% tap 12,870/480 V

—5.0% tap 12,540/480 V
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The taps on a transformer permit the transformer to be adjusted in the field
to accommodate variations in local voltages. However, these taps normally can-
not be changed while power is being applied to the transtormer. They must be set
once and left alone.

Sometimes a transformer is used on a power line whose voltage varies
widely with the load. Such voltage variations might be due to a high line imped-
ance between the generators on the power system and that particular load (perhaps
it is located far out in the country). Normal loads need to be supplied an essen-
tially constant voltage. How can a power company supply a controlled voltage
through high-impedance lines to loads which are constantly changing?

One solution to this problem is to use a special transformer called a tap
changing under load (TCUL) transformer or voltage regulator. Basically,a TCUL
transformer is a transformer with the ability to change taps while power is con-
nected Lo it. A voltage regulator is a TCUL transformer with built-in voltage sens-
ing circuitry that automatically changes taps to keep the system voltage constant.
Such special transformers are very common in modern power systems.

2.9 THE AUTOTRANSFORMER

On some occasions it 1s desirable to change voltage levels by only a small amount.
For example, it may be necessary to increase a voltage from 110 to 120 V or from
13.2 to 13.8 kV. These small rises may be made necessary by voltage drops that
occur in power systems a long way from the generators. In such circumstances, it
1s wasteful and excessively expensive to wind a transformer with two full wind-
ings, each rated at about the same voltage. A special-purpose transformer, called
an autotransformer, is used instead.

A diagram of a slep-up autotransformer is shown in Figure 2-32. In Figure
2-32a, the two coils of the transformer are shown in the conventional manner. In
Figure 2-32b, the first winding is shown connected in an additive manner to the
second winding. Now, the relationship between the voltage on the first winding
and the voltage on the second winding is given by the turns ratio of the trans-
former. However, the voltage at the output of the whole transformer is the sum of
the voltage on the first winding and the voltage on the second winding. The first
winding here is called the common winding, because its voltage appears on both
sides of the transformer. The smaller winding is called the series winding, because
it is connected in series with the common winding.

A diagram of a step-down autotransformer is shown in Figure 2-33. Here
the voltage at the input is the sum of the voltages on the series winding and the
common winding, while the voltage at the output is just the voltage on the com-
mon winding.

Because the transformer coils are physically connected, a different termi-
nology is used for the autotransformer than for other types of transformers. The
voltage on the common coil is called the common voltage V., and the current in
that coil is called the common current L. The voltage on the series coil is called
the series voltage Vg, and the current in that coil is called the series current Ig.
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FIGURE 2-32

A transformer with its windings (a) connected in the conventional manner and (b) reconnected as an
autotransformer.

Iy
o ly=Ig
i lL = ISE + ]C
Isg I Nsg
I
VH —bO
| ]
Ic l Ne Vi
o ' o
FIGURE 2-33

A step-down autotransformer connection.

The voltage and current on the low-voltage side of the transformer are called V,
and I, respectively, while the corresponding quantities on the high-voliage side
of the transformer are called Vy and I. The primary side of the autotransformer
(the side with power into it) can be either the high-voltage side or the low-voltage
side, depending on whether the autotransformer is acting as a step-down or a step-
up transformer. From Figure 2-32b the voltages and currents in the coils are re-
lated by the equations

Ve _ Ne
VSE NSE

Nele = Neglgg (2-69)

(2-68)
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The voltages in the coils are related to the voltages at the terminals by the equations

V, =V, (2-70)

Vy = Ve + Vg (2-71)

and the currents in the coils are related to the currents at the terminals by the
equations

I =1c+ I (2-72)

Iy = I (2-73)

Voltage and Current Relationships in
an Autotransformer

What is the voltage relationship between the two sides of an autotransformer? It
is quite easy to determine the relationship between V,, and V,. The voltage on the
high side of the autotransformer is given by

VH = VC + VSE (2_7])
But V./ V¢ = N/ Ngg, so
N,
Vy= Ve + 2V, (2-74)
c

Finally, noting that V, = V., we get

N
V,=V, + 3LV

Ne 'L
_ NSE + NC
== (2-75)
VL NC

The current relationship between the two sides of the transformer can be
found by noting that

IL = IC + ISE (2—72)
From Equation (2-69), I- = (Nsg /Nc)gE, S0
N,
IL = % ISE + ISE (2—77)
c
Finally, noting that I; = Ig, we find
N,
IL = —SE IH + IH

Nc
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= —SE ¢ 2-78)
N, H (
or L - Nsg + Nc (2-79)
Iy Ne¢

The Apparent Power Rating Advantage
of Autotransformers

It is interesting to note that not all the power traveling from the primary to the sec-
ondary in the autotransformer goes through the windings. As a result, if a con-
ventional transformer is reconnected as an autotransformer, it can handle much
more power than it was originally rated for.

To understand this idea, refer again to Figure 2-32b. Notice that the input
apparent power (o the autotransformer is given by

Sin = VLIL (2—80)
and the output apparent power is given by
Soul = VHIH (2—81)

It is easy to show, by using the voltage and current equations [ Equations (2-76) and
(2-79)], that the input apparent power is again equal to the output apparent power:

Sin = Sout = S0 (2-82)

where Sy, is defined to be the input and output apparent powers of the transformer.
However, the apparent power in the transformer windings is

Sw = Vel = Vselse (2-83)

The relationship between the power going into the primary (and out the sec-
ondary) of the transformer and the power in the transformer’s actual windings can
be found as follows:

Sw = Vclc
= VL(IL - IH)
=Vil, - Vily

Using Equation (2-79), we get
Sw= Vol — Vil 57—
w= YL L'LNge + N
(Nsg + Ne) — Ne

_ Nse
= Sio Ngg + N¢ (2-85)

=V (2-84)
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Therefore, the ratio of the apparent power in the primary and secondary of the
autotransformer to the apparent power actually traveling through its windings is

Sio _ Nsg + N
Sw Nse

(2-86)

Equation (2-86) describes the apparent power rating advantage of an auto-
transformer over a conventional transformer. Here S, is the apparent power enter-
ing the primary and leaving the secondary of the transformer, while Sy, is the ap-
parent power actually traveling through the transformer’s windings (the rest passes
from primary to secondary without being coupled through the transformer’s wind-
ings). Note that the smaller the series winding, the greater the advantage.

For example, a 5000-k VA autotransformer connecting a 110-kV system to a
138-kV system would have an N./Ng turns ratio of 110:28. Such an autotrans-
former would actually have windings rated at

Nse

= (5000 kVA)ﬁ = 1015 kVA

Sy=5 (2-85)

The autotranstormer would have windings rated at only about 1015 kVA, while a
conventional transformer doing the same job would need windings rated at 5000
kVA. The autotransformer could be 5 times smaller than the conventional trans-
former and also would be much less expensive. For this reason, it 1s very advanta-
geous to build transformers between two nearly equal voltages as autotransformers.

The following example illustrates autotransformer analysis and the rating
advantage of autotransformers.

Example 2-7. A 100-VA 120/12-V transformer is to be connected 5o as to form a
step-up autotransformer (see Figure 2-34). A primary voltage of 120 V is applied to the
transformer.

(a) What is the secondary voltage of the transformer?

(b) What is its maximum voltampere rating in this mode of operation?

(c) Calculate the rating advantage of this autotransformer connection over the trans-
former s rating in conventional 120/12-V operation.

Solution
To accomplish a step-up transformation with a 120-V primary, the ratio of the turns on the
common winding N to the turns on the series winding Ng in this transformer must be
120:12 (or 10:1).

(a) This transformer is being used as a step-up transformer. The secondary voltage
is Vy, and from Equation (2-75),
HE TN L

_ 12+ 120
120

(2-75)

120V =132V
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o+

Nge(-12)

+ O VH

V,=12020°V Ne( ~ 120)

FIGURE 2-}4
The autotransformer of Example 2-7.

(b) The maximum voltampere rating in either winding of this transformer is 100 VA.
How much input or cutput apparent power can this provide? To find out, examine
the series winding. The voltage Vsg on the winding is 12 V, and the voltampere rat-
ing of the winding is 100 VA, Therefore, the maximum series winding current is

S 100VA

Since I is equal to the secondary current I (or Iy) and since the secondary
voltage Vg = V; = 132V, the secondary apparent power is

Soul = ‘{S'IS = VHIH
= (132VX833A) = 1100 VA = §;,

(c) The rating advantage can be calculated from part (b) or separately from Equa-
tion (2—86). From part b,

Sio _ 1100 VA _
Sy _ 100VA —

From Equation (2-86),

Sw Nge

11

(2-86)

_l2+120 132 _ |,
12 12

By either equation, the apparent power rating is increased by a factor of 11.

It is not normally possible to just reconnect an ordinary transformer as an
autotransformer and use it in the manner of Example 2-7, because the insulation
on the low-voltage side of the ordinary transformer may not be strong enough to
withstand the full output voltage of the autotransformer connection. In transform-



TRANSFORMERS 115

(a) (b)

FIGURE 2-35
(a) A variable-voltage autotransformer. (b) Cutaway view of the autotransformer. (Courtesy of
Superior Electric Company.)

ers built specifically as autotransformers, the insulation on the smaller coil (the se-
ries winding) is made just as strong as the insulation on the larger coil.

It is common practice in power systems to use autotransformers whenever
two voltages fairly close to each other in level need to be transformed, because the
closer the two vollages are, the greater the autotransformer power advantage be-
comes. They are also used as variable transformers, where the low-voltage tap
moves up and down the winding. This is a very convenient way to get a variable
ac voltage. Such a variable autotransformer is shown in Figure 2-35.

The principal disadvantage of autotransformers is that, unlike ordinary
transformers, there is a direct physical connection between the primary and the
secondary circuits, so the electrical isolation of the two sides is lost. If a particu-
lar application does not require electrical isolation, then the autotransformer is a
convenient and inexpensive way to tie nearly equal voltages together.

The Internal Impedance of an Autotransformer

Autotranstormers have one additional disadvantage compared to conventional
transformers. It turns out that, compared to a given transformer connected in the
conventional manner, the effective per-unit impedance of an autotransformer is
smaller by a factor equal to the reciprocal of the power advantage of the auto-
transformer connection.

The proof of this statement is left as a problem at the end of the chapter.

The reduced internal impedance of an autotransformer compared (o a con-
ventional two-winding transformer can be a serious problem in some applications
where the series impedance is needed to limit current flows during power system
faults (short circuits). The effect of the smaller internal impedance provided by an
autotransformer must be taken into account in practical applications before auto-
transformers are selected.
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Example 2-8. A transformer is rated at 1000 kVA, 12/1.2kV, 60 Hz when it is op-
erated as a conventional two-winding transformer. Under these conditions, its series resis-
tance and reactance are given as 1 and 8 percent per unit, respectively. This transformer is
to be used as a 13.2/12-kV step-down autotransformer in a power distribution system. In
the autotransformer connection, (@) what is the transformer’s rating when used in this man-
ner and (b) what is the transformer s series impedance in per-unit?

Solution
(a) The N/Ngg turns ratio must be 12:1.2 or 10:1. The voltage rating of this trans-
former will be 13.2/12 kV, and the apparent power (voltampere) rating will be

S]O NSE SW
- ”"1—10 1000kVA = 11,000 kVA

(b) The wansformer’s impedance in a per-unit system when connected in the con-
ventional manner is

Z,, =001 + j0.08 pu separate windings

The apparent power advantage of this autotransformer is 11, so the per-unit im-
pedance of the autotransformer connected as described is

_ 001 +0.08
eq 11
= 0.00091 + j0.00727 pu  autotransformer

2.10 THREE-PHASE TRANSFORMERS

Almost all the major power generation and distribution systems in the world today
are three-phase ac systems. Since three-phase systems play such an important role
in modern life, it is necessary to understand how transformers are used in them.

Transformers for three-phase circuits can be constructed in one of two
ways. One approach is simply to take three single-phase transformers and connect
them in a three-phase bank. An alternative approach is to make a three-phase
transformer consisting of three sets of windings wrapped on a common core.
These two possible types of transformer construction are shown in Figures 2-36
and 2-37. The construction of a single three-phase transformer is the preferred
practice today, since it is lighter, smaller, cheaper, and slightly more efficient. The
older construction approach was to use three separale transformers. That approach
had the advantage that each unit in the bank could be replaced individually in the
event of trouble, but that does not outweigh the advantages of a combined three-
phase unit for most applications. However, there are still a great many installa-
tions consisting of three single-phase units in service.

A discussion of three-phase circuits is included in Appendix A. Some read-
ers may wish to refer to it before studying the following material.
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FIGURE 2-36

A three-phase transformer bank composed of independent transformers.
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FIGURE 2-37

A three-phase transformer wound on a single three-legged core.
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Three-Phase Transformer Connections

A three-phase transformer consists of three transformers, either separate or com-
bined on one core. The primaries and secondaries of any three-phase transformer
can be independently connected in either a wye (Y) or a delta (A). This gives a to-
tal of four possible connections for a three-phase transformer bank:

1. Wye-wye (Y-Y)
2. Wye—delta (Y-A)
3. Delta—wye (A-Y)
4. Delta—delta (A-A)

These connections are shown in Figure 2-38.

The key to analyzing any three-phase transformer bank is to look at a single
transformer in the bank. Any single transformer in the bank behaves exactly like
the single-phase transformers already studied. The impedance, voltage regula-
tion, efficiency, and similar calculations for three-phase transformers are done on
a per-phase basis, using exactly the same techniques already developed for
single-phase transformers.

The advantages and disadvantages of each type of three-phase transformer
connection are discussed below.

WYE-WYE CONNECTION. The Y-Y connection of three-phase transformers is
shown in Figure 2-38a. In a Y-Y connection, the primary voltage on each phase
of the transformer is given by Vyp = Vip/ V3. The primary-phase voltage is re-
lated to the secondary-phase voltage by the turns ratio of the transformer. The
phase voltage on the secondary is then related to the line voltage on the secondary
by Vi = V3 Vss- Therefore, overall the voltage ratio on the transformer is

e _ V3V

= = - 2-87
VLS \/§V¢S a Y-Y ( )

The Y-Y connection has two very serious problems:

1. If loads on the transformer circuit are unbalanced, then the voltages on the
phases of the transformer can become severely unbalanced.

2. Third-harmonic voltages can be large.

If a three-phase set of voltages is applied to a Y-Y transformer, the voltages
in any phase will be 120° apart from the voltages in any other phase. However, the
third-harmonic components of each of the three phases will be in phase with each
other, since there are three cycles in the third harmonic for each cycle of the fun-
damental frequency. There are always some third-harmonic components in a
transformer because of the nonlinearity of the core, and these components add up.
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FIGURE 2-38
Three-phase transformer connections and wiring diagrams: (a) Y-Y: (b) Y-A: (¢) A-Y; (d) A-A.

The result is a very large third-harmonic component of voltage on top of the 50-
or 60-Hz fundamental voltage. This third-harmonic voltage can be larger than the
fundamental voltage itself.

Both the unbalance problem and the third-harmonic problem can be solved
using one of two techniques:

1. Solidly ground the neutrals of the transformers, especially the primary wind-
ing’s neutral. This connection permits the additive third-harmonic components
to cause a current flow in the neutral instead of building up large voltages. The
neutral also provides a return path for any current imbalances in the load.

2. Add athird (tertiary) winding connected in A to the transformer bank. If a third
A-connected winding is added to the transformer, then the third-harmonic
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components of voltage in the A will add up, causing a circulating current flow
within the winding. This suppresses the third-harmonic components of voltage
in the same manner as grounding the transformer neutrals.

The A-connected tertiary windings need not even be brought out of the
transformer case, but they often are used to supply lights and auxiliary power
within the substation where it is located. The tertiary windings must be large
enough to handle the circulating currents, so they are usually made about
one-third the power rating of the two main windings.

One or the other of these correction techniques must be used any time aY-Y
transformer is installed. In practice, very few Y-Y transformers are used, since the
same jobs can be done by one of the other types of three-phase transformers.

WYE-DELTA CONNECTION. The Y-A connection of three-phase transformers
is shown in Figure 2-38b. In this connection, the primary line voltage is related to
the primary phase voltage by V;p = \/§V¢P, while the secondary line voltage is
equal to the secondary phase voltage V; s = Vys. The voltage ratio of each phase is

V.

T/@ =aq
®S

so the overall relationship between the line voltage on the primary side of the

bank and the line voltage on the secondary side of the bank is

Vie _ \/§V¢P

Vis Vis

vV

yo=Via  Y-A (2-88)
LS

The Y-A connection has no problem with third-harmonic components in its
voltages, since they are consumed in a circulating current on the A side. This con-
nection is also more stable with respect to unbalanced loads. since the A partially
redistributes any imbalance that occurs.

This arrangement does have one problem, though. Because of the connec-
tion, the secondary voltage is shifted 30° relative to the primary voltage of the
transformer. The fact that a phase shift has occurred can cause problems in paral-
leling the secondaries of two transformer banks together. The phase angles of
transformer secondaries must be equal if they are to be paralleled, which means
that attention must be paid to the direction of the 30° phase shift occurring in each
transformer bank to be paralleled together.

In the United States, it is customary to make the secondary voltage lag the
primary voltage by 30°. Although this is the standard, it has not always been ob-
served, and older installations must be checked very carefully before a new trans-
former is paralleled with them, to make sure that their phase angles match.
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FIGURE 2-38
(b) Y-A (continued)

The connection shown in Figure 2-38b will cause the secondary voltage to
be lagging if the system phase sequence is abc. If the system phase sequence is
ach, then the connection shown in Figure 2-38b will cause the secondary voltage
to be leading the primary voltage by 30°.

DELTA-WYE CONNECTION. A A-Y connection of three-phase transformers is
shown in Figure 2-38c. In a A-Y connection, the primary line voltage is equal to
the primary-phase voltage V| p = V,,p, while the secondary voltages are related by
Vis = V?VM. Therefore, the line-to-line voltage ratio of this transformer con-
nection is
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FIGURE 2-38
(¢) A-Y (continued)
Vir _ Vor
VLS \/.TV@S-
Vie _ V3
Vo =4 A-Y (2-89)

This connection has the same advantages and the same phase shift as the
Y-A transformer. The connection shown in Figure 2—38c makes the secondary
voltage lag the primary voltage by 30°, as before.
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(d) A-A (concluded)

DELTA-DELTA CONNECTION. The A-A connection is shown in Figure 2-38d.
In a A-A connection, Vip = Vyp and Vi 5 = Vg, so the relationship between pri-
mary and secondary line voltages is

Vv vV
V—”’ = T/M =a A-A (2-90)
LS @S

This transformer has no phase shift associated with it and no problems with
unbalanced loads or harmonics.

The Per-Unit System for Three-Phase Transformers

The per-unit system of measurements applies just as well to three-phase trans-
formers as to single-phase transformers. The single-phase base equations (2-53)
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to (2-56) apply to three-phase systems on a per-phase basis. If the total base
voltampere value of the transformer bank is called S,,.. then the base voltampere
value of one of the transformers Sy, pase 15

Sld:_.base =73 (2-91)

S
[¢.base = Jodase (2-92a)

(2-92b)

2
= —Sbme (2-93a)

3V, pace)?
AT (2-93b)

ase Sbase

Line quantities on three-phase transformer banks can also be represented in
the per-unit system. The relationship between the base line voltage and the base
phase voltage of the transformer depends on the connection of windings. If the
windings are connected in delta, V.. = Vg pase - While if the windings are con-
nected in wye, V; poo. = \/?qu,base. The base line current in a three-phase trans-
former bank is given by

_ Sbase :
IL.base B \/EVL,base (2_94)

The application of the per-unit system to three-phase transformer problems
is similar to its application in the single-phase examples already given.

Example 2-9. A 50-kVA 13,800/208-V A-Y distribution transformer has a resis-
tance of 1 percent and a reactance of 7 percent per unit.

{a) What is the transformer’s phase impedance referred to the high-voltage side?

(b) Calculate this transformer’s voltage regulation at full load and 0.8 PF lagging,
using the calculated high-side impedance.

(c) Calculate this transformer’s voltage regulation under the same conditions, using
the per-unit system.

Solution
(a) The high-voltage side of this transformer has a base line voltage of 13,800 V
and a base apparent power of 50 kVA. Since the primary is A-connected, its
phase voltage is equal to its line voltage. Therefore, its base impedance is
_ 3V basef

amse - Sbnse (2—93]))
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3313800V
= 50,000 VA 114260

The per-unit impedance of the transformer is
Zyq =001 + j0.07 pu

so the high-side impedance in ohms is

Zeq = eq_.puzbase
= (0.01 + jO.07 pu)(11,426 () = 114.2 + j800 (2

{b) To calculate the voltage regulation of a three-phase transformer bank, determine

the voltage regulation of any single transformer in the bank. The voltages on a
single transformer are phase voltages, so

V., — aV,
VR=—""°T@><100%
GVes

The rated transformer phase voltage on the primary is 13,800 V, so the rated
phase current on the primary is given by

S
I, ==~
$ =3V,

The rated apparent power § = 50 kVA, so

_ 50000 VA _
b =3013800v) = 12084

The rated phase voltage on the secondary of the transformer is 208 V/ v3 = 120 V. When
referred to the high-voltage side of the transformer, this voltage becomes Vs = aVyg
= 13,800 V. Assume that the transformer secondary is operating at the rated voltage and
current, and find the resulting primary phase voltage:

Vop = aVys + R 1y + X, I

= 13,800 £0°V+(114.2 (Q)(1.208 £ —36.87° A)+ (800 02)(1.208 £—36.87° A)
= 13,800 + 138 £ —36.87° + 966.4 £53.13°

= 13,800 + 1104 — j82.8 + 579.8 + j773.1

= 14,490 + j690.3 = 14,506 £2.73° V

Therefore,
VR =22 2%s o0
aVys

_ 14,50163;0103300 x 100% = 5.1%

(c) Inthe per-unit system, the output voltage is 1 £ 0°, and the current is 1 £ -36.87°.
Therefore, the input voltage is

Vp=1.2£0° + (0.01)(1 £ —36.87°) + (j0.07)1 £—36.87°)
=1 + 0.008 — j0.006 + 0.042 + j0.056
= 1.05 + j0.05 = 1.051 £2.73°
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The voltage regulation is

1.051 — 1.0

VR = 10 — x 100% = 5.1%

Of course, the voltage regulation of the transformer bank is the same
whether the calculations are done in actual ohms or in the per-unit system.

2.11 THREE-PHASE TRANSFORMATION
USING TWO TRANSFORMERS

In addition to the standard three-phase transformer connections, there are ways Lo
perform three-phase transformation with only two transformers. All techniques
that do so involve a reduction in the power-handling capability of the transform-
ers, but they may be justified by certain economic situations.

Some of the more important two-transformer connections are

1. The open-A (or V-V) connection
2. The open-Y—-open-A connection
3. The Scott-T connection

4. The three-phase T connection

Each of these transformer connections is described below.

The Open-A (or V-V) Connection

In some situations a full transformer bank may not be used to accomplish three-
phase transformation. For example, suppose that a A-A transformer bank com-
posed of separate transformers has a damaged phase that must be removed for re-
pair. The resulting situation is shown in Figure 2-39. If the two remaining
secondary voltages are V, = V £0° and V, = V £ 120° V, then the voltage across
the gap where the third transformer used to be is given by

Ve=—"Vi— ¥

=-VZ0° - VZL-120°

= -V — (—0.5V — j0.866V)

= =05V + jO.866V

=VZ120° V¥V
This is exactly the same voltage that would be present if the third transformer
were still there. Phase C is sometimes called a ghost phase. Thus, the open-delta
connection lets a transformer bank get by with only two transformers, allowing
some power flow to continue even with a damaged phase removed.

How much apparent power can the bank supply with one of its three trans-
formers removed? At first, it seems that it could supply two-thirds of its rated
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The open-A or V-V transformer connection.

apparent power, since (wo-thirds of the transformers are still present. Things are
not quite that simple, though. To understand what happens when a transformer is
removed, see Figure 2—40.

Figure 2—40a shows the transformer bank in normal operation connected to
a resistive load. If the rated voltage of one transformer in the bank is V, and the
rated current is /4, then the maximum power that can be supplied to the load is

P= 3V¢I¢cos 7]

The angle between the voltage V,, and the current I in each phase is 0° so the to-
tal power supplied by the transformer is

P= 3V¢I¢,cos 6
=3V, 1, (2-95)

The open-delta transformer is shown in Figure 2—405. It is important to note
the angles on the voltages and currents in this transformer bank. Because one of
the transformer phases is missing, the transmission line current is now equal to the
phase current in each transformer, and the currents and voltages in the transformer
bank differ in angle by 30°. Since the current and voltage angles differ in each of
the two transformers, it is necessary lo examine each transformer individually to
determine the maximum power it can supply. For transformer 1, the voltage is at
an angle of 150° and the current is at an angle of 120°, so the expression for the
maximum power in transformer 1 is

Py = 3Vl cos (150° — 120°)
= 3V¢I¢ cos 30°

= ? Vylg (2-96)
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(a) Voltages and currents in a A—A transformer bank. (b) Voltages and currents in an open-A
transformer bank.

For transformer 2, the voltage is at an angle of 30° and the current is at an angle
of 60°, so its maximum power is

P2 = 3V¢I¢ COs (300 - 600)
= 3V¢,I¢ cos (—30°

4]
=5 AR (2-97)
Therefore, the total maximum power of the open-delta bank is given by

The rated current is the same in each transformer whether there are two or three of
them, and the voltage is the same on each transformer; so the ratio of the output
power available from the open-delta bank to the output power available from the
normal three-phase bank is
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P V3V, I
openA ¢7¢ _ 1 _ B
P?,p ] = 3%1,4’ =3 0.577 (2-99)

The available power out of the open-delta bank is only 57.7 percent of the origi-
nal bank’s rating.

A good question that could be asked is: What happens to the rest of the
open-delta bank’s rating? After all, the total power that the two transformers to-
gether can produce is two-thirds that of the original bank’s rating. To find out, ex-
amine the reactive power of the open-delta bank. The reactive power of trans-
former 1 is

Q) = 3V 1, sin (150° — 120°)
= 3V, 1, sin 30°
The reactive power of transformer 2 is
Q2 = 3V¢[¢ Sin (300 - 600)
= 3V, 1, sin (—30°)

Thus one transformer is producing reactive power which the other one is con-
suming. It is this exchange of energy between the two transformers that limits the
power output to 57.7 percent of the original bank’s rating instead of the otherwise
expected 66.7 percent.

An alternative way to look at the rating of the open-delta connection is that
86.6 percent of the rating of the two remaining transformers can be used.

Open-delta connections are used occasionally when it is desired to supply a
small amount of three-phase power to an otherwise single-phase load. In such a
case, the connection in Figure 2-41 can be used, where transtormer T, is much
larger than transformer 7.

Three-
r  phase
power

b

FIGURE 2-41
Using an open-4A transformer connection to supply a small amount of three-phase power along with a
lot of single-phase power. Transformer T; is much larger than transformer 7).
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The open-Y—open-A transformer connection and wiring diagram. Note that this connection is
identical to the Y-A connection in Figure 3-38b, except for the absence of the third transformer and
the presence of the neutral lead.

The Open-Wye-Open-Delta Connection

The open-wye—open-delta connection is very similar to the open-delta connection
except that the primary voltages are derived from two phases and the neutral. This
type of connection is shown in Figure 2-42. It is used to serve small commercial
customers needing three-phase service in rural areas where all three phases are not
yet present on the power poles. With this connection, a customer can get three-
phase service in a makeshift fashion until demand requires installation of the third
phase on the power poles.
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A major disadvantage of this connection is that a very large return current
musl flow in the neutral of the primary circuil.

The Scott-T Connection

The Scott-T connection is a way to derive two phases 90° apart from a three-phase
power supply. In the early history of ac power transmission, two-phase and three-
phase power systems were quite common. In those days, it was routinely neces-
sary (o interconnect two- and three-phase power systems, and the Scott-T trans-
former connection was developed for that purpose.

Today, two-phase power is primarily limited to certain control applications,
but the Scott T is still used to produce the power needed to operate them.

The Scott T consists of two single-phase transformers with identical ratings.
One has a tap on its primary winding at 86.6 percent of full-load voltage. They are
connected as shown in Figure 2—43a. The 86.6 percent tap of transformer T, is
connected to the center tap of transformer T,. The voltages applied to the primary
winding are shown in Figure 2-43b, and the resulling voltages applied to the pri-
maries of the two transformers are shown in Figure 2—43c¢. Since these voltages
are 90° apart, they result in a two-phase output.

It is also possible to convert two-phase power into three-phase power with
this connection, but since there are very few two-phase generators in use, this 1s
rarely done.

The Three-Phase T Connection

The Scott-T connection uses two transformers to convert three-phase power 0
two-phase power at a different voltage level. By a simple modification of that
connection, the same two transformers can also convert three-phase power o
three-phase power at a different voltage level. Such a connection is shown in Fig-
ure 2—-44. Here both the primary and the secondary windings of transformer T are
tapped at the 86.6 percent point, and the taps are connected Lo the center taps of
the corresponding windings on transformer 7. In this connection T, is called the
main transformer and T, is called the teaser transformer.

As in the Scott T, the three-phase input voltage produces two voltages 90°
apart on the primary windings of the transformers. These primary voltages pro-
duce secondary voltages which are also 90° apart. Unlike the Scott T, though, the
secondary voltages are recombined into a three-phase output.

One major advantage of the three-phase T connection over the other three-
phase two-transtormer connections (the open-delta and open-wye—open-delta) is
that a neutral can be connected to both the primary side and the secondary side of
the transformer bank. This connection is sometimes used in self-contained three-
phase distribution transformers, since its construction costs are lower than those
of a full three-phase transformer bank.

Since the bottom parts of the teaser transformer windings are not used on ei-
ther the primary or the secondary sides, they could be left off with no change in
performance. This is, in fact, typically done in distribution transformers.
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voltages on the transformer primary windings: (d) the two-phase secondary voltages.
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2.12 TRANSFORMER RATINGS AND
RELATED PROBLEMS

Transformers have four major ratings: apparent power, voltage, current, and fre-
quency. This section examines the ratings of a transformer and explains why they
are chosen the way they are. It also considers the related question of the current
inrush that occurs when a transformer is first connecled to the line.

The Voltage and Frequency Ratings
of a Transformer

The voltage rating of a transformer serves two functions. One is to protect the
winding insulation from breakdown due to an excessive voltage applied to it. This
is not the most serious limitation in practical transformers. The second function is
related to the magnetization curve and magnetization current of the transformer.
Figure 2-11 shows a magnetization curve for a transformer. If a steady-state
voltage

w(Ir) = V, sin wt A%

is applied to a transformer’s primary winding, the flux of the transformer is given by

&) = NLP Wt) dt

=L [y
=N, Wy Sin ot dt

= ——2 cos ot 2-100
&) = wNPCOS(o (2-100)

If the applied voltage v(f) is increased by 10 percent, the resulting maximum
flux in the core also increases by 10 percent. Above a certain point on the magne-
tization curve, though, a 10 percent increase in flux requires an increase in mag-
netization current much larger than 10 percent. This concept is illustrated in Fig-
ure 2—-45. As the voltage increases, the high-magnetization currents soon become
unacceptable. The maximum applied voltage (and therefore the rated voltage) is
set by the maximum acceptable magnetization current in the core.

Notice that voltage and frequency are related in a reciprocal fashion if the
maximum flux is to be held constant:

V |
b = ﬁ‘;}f (2-101)

Thus, if a 60-Hz transformer is to be operated on 50 Hz, its applied voltage must
also be reduced by one-sixth or the peak flux in the core will be too high. This re-
duction in applied voltage with frequency is called derating. Similarly, a 50-Hz
transformer may be operated at a 20 percent higher voltage on 60 Hz if this action
does not cause insulation problems.
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The effect of the peak flux in a transformer core upon the required magnetization current.

Example 2-10. A 1-kVA, 230/115-V, 60-Hz single-phase transformer has 850
turns on the primary winding and 425 turns on the secondary winding. The magnetization
curve for this transformer is shown in Figure 2-46.

(a) Calculate and plot the magnetization current of this transformer when it is run
at 230 V on a 60-Hz power source. What is the rms value of the magnetization
current?

{b) Calculate and plot the magnetization current of this transformer when it is run at
230V on a 50-Hz power source. What is the rms value of the magnetization cur-
rent? How does this current compare to the magnetization current at 60 Hz?

Solution
The best way to solve this problem is to calculate the flux as a function of time for this
core, and then use the magnetization curve to transform each flux value to a corresponding
magnetomotive force. The magnetizing current can then be determined from the equation
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14 Magnetization curve for 230/115-V transformer
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FIGURE 246
Magnetization curve for the 230/115-V transformer of Example 2-10.

= Z
i= N (2-102)

Assuming that the voltage applied to the core is v(f) = V), sin w? volts, the flux in
the core as a function of time is given by Equation (2-101):

__Vu
o = wN, cos wt (2-100)

The magnetization curve for this transformer is available electronically in a file called
mag_curve_1l.dat . This file can be used by MATLAB to translate these flux values
into corresponding mmf values, and Equation (2-102) can be used to find the required
magnetization current values. Finally, the rms value of the magnetization current can be

calculated from the equation
s = [T J1 P (2-103)

A MATLAB program to perform these calculations is shown below:

M-file: mag_current.m

M-file to calculate and plot the magnetization
current of a 230/115 transformer operating at
230 volts and 50/60 Hz. This program also
calculates the rms value of the mag. current.

0P 0P 90 9P 0P

% Load the magnetization curve. It is in two
% columns, with the first column being mmf and
% the second column being flux.

load mag_curve_1l.dat;

mmf_data = mag_curve_1(:,1);
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flux_data = mag_curve_1(:,2);
% Initialize values
VM = 325; % Maximum voltage (V)
NP = 850; % Primary turns
% Calculate angular velocity for 60 Hz
freq = 60; % Freq (Hz)
w=2*pi* freq;
% Calculate flux versus time
time = 0:1/3000:1/30; %2 0 to 1/30 sec

flux = -VM/(Ww*NP) * cos(w .* time);

% Calculate the mmf corresponding to a given flux
% using the flux's interpolation function.
mmf = interpl(flux_data,mmf_data, flux);

% Calculate the magnetization current
im = mmf / NP;

% Calculate the rms value of the current
irms = sqrt{sum(im.”2)/length(im));
disp(['The rms current at 60 Hz is ', num2str(irms)]);

% Plot the magnetization current.

figure(1)

subplot(2,1,1);

plot (time, im);

title ('\bfMagnetization Current at 60 Hz');
xlabel ('\bfTime (s)');

ylabel ("\bf\itI_{m} \rm(a)');

axis([0 0.04 -2 2]);

grid on;

% Calculate angular velocity for 50 Hz
freq = 50; % Freq (Hz)
w =2 *pi * freq;

% Calculate flux versus time
time = 0:1/2500:1/25; $ 0 to 1/25 sec
flux = -VM/(W*NP) * cos(w .* tCime);

% Calculate the mmf corresponding to a given flux
% using the flux's interpolation function.
mmf = interpl(flux_data,mmf_data, flux);

2 Calculate the magnetization current
im = mmf / NP;

%2 Calculate the rms value of the current
irms = sqgrt{sum(im.”~2)/length(im));

disp(['The rms current at 50 Hz is ', num2str(irms)]);

137
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(a) Magnetization current for the transformer operating at 60 Hz. (b) Magnetization current for the
transformer operating at 50 Hz.

% Plot the magnetization current.

subplot (2,1,2);

plot (time, im);

title ('\bfMagnetization Current at 50 Hz');
xlabel ('\bfTime (s)');

ylabel ("\bf\itI_{m} \rm(a)');

axis ([0 0.04 -2 21]);

grid on;

When this program executes, the results are

» mag_current
The rms current at 60 Hz is 0.4894
The rms current at 50 Hz is 0.79252

The resulting magnetization currents are shown in Figure 2-47. Note that the rms magne-
tization current increases by more than 60 percent when the frequency changes from 60 Hz
to 50 Hz.

The Apparent Power Rating of a Transformer

The principal purpose of the apparent power rating of a transformer is that, to-
gether with the voltage rating, it sets the current flow through the transtormer
windings. The current flow is important because it controls the iR losses in trans-
former, which in turn control the heating of the transformer coils. It is the heating
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that is critical, since overheating the coils of a transformer drastically shortens the
life of its insulation.

The actual voltampere rating of a transformer may be more than a single
value. In real transformers, there may be a voltampere rating for the transtormer
by itself, and another (higher) rating for the transformer with forced cooling. The
key idea behind the power rating is that the hot-spot temperature in the trans-
former windings must be limited to protect the life of the transformer.

If a transformer’s voltage is reduced for any reason (e.g., if it is operated at a
lower frequency than normal), then the transformer’s voltampere rating must be re-
duced by an equal amount. If this is not done, then the current in the transformer’s
windings will exceed the maximum permissible level and cause overheating.

The Problem of Current Inrush

A problem related to the voltage level in the transformer is the problem of current
inrush at starting. Suppose that the voltage

wt) =V, sin (ot + 6) Vv (2-104)

is applied at the moment the transformer is first connected to the power line. The
maximum flux height reached on the first half-cycle of the applied voltage depends
on the phase of the voltage at the time the voltage is applied. If the initial voltage is

W) = VY, sin (ot + 90°) = V,, cos wt A\ (2-105)

and if the initial flux in the core is zero, then the maximum flux during the first
half-cycle will just equal the maximum flux at steady state:

V,
Prax =

max
(UNP

This flux level is just the steady-state flux, so it causes no special problems. But

if the applied voltage happens to be

(2-101)
v(f)y = V), sin ot \"
the maximum flux during the first half-cycle is given by
_ 1 mw .
() = N, jo Vi sin wt dt

' w

g cos
= wNP 7 COS wl

Vi
—aN =D = ()]

2V

mEX

This maximum flux is twice as high as the normal steady-state flux. If the
magnetization curve in Figure 2—11 is examined, it is easy to see that doubling the
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FIGURE 248
The current inrush due to a transformer’s magnetization current on starting.

maximum flux in the core results in an enormous magnetization current. In fact,
for part of the cycle, the transformer looks like a short circuit, and a very large
current flows (see Figure 2-48).

For any other phase angle of the applied voltage between 90°, which is no
problem, and 0°, which is the worst case, there is some excess current flow. The
applied phase angle of the voltage is not normally controlled on starting, so there
can be huge inrush currents during the first several cycles after the transformer is
connected to the line. The transformer and the power system to which it is con-
nected must be able to withstand these currents.

The Transformer Nameplate

A typical nameplate from a distribution transformer is shown in Figure 2-49. The
information on such a nameplate includes rated voltage, rated kilovoltamperes, rated
frequency, and the transformer per-unit series impedance. It also shows the voltage
ratings for each tap on the transformer and the wiring schematic of the transformer.

Nameplates such as the one shown also typically include the transformer
type designation and references to its operating instructions.

2.13 INSTRUMENT TRANSFORMERS

Two special-purpose transformers are used with power systems for taking mea-
surements. One is the potential transformer, and the other is the current transformer.
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A sample distribution transformer nameplate. Note the ratings listed: voltage, frequency, apparent
power, and tap settings. (Courtesy of General Electric Company.)

A potential transformer is a specially wound transformer with a high-
voltage primary and a low-voltage secondary. It has a very low power rating, and
its sole purpose is to provide a sample of the power system’s voltage to the in-
struments monitoring it. Since the principal purpose of the transformer is voltage
sampling, it must be very accurate so as not to distort the true voltage values too
badly. Potential transformers of several accuracy classes may be purchased de-
pending on how accurate the readings must be for a given application.

Current transformers sample the current in a line and reduce it to a safe and
measurable level. A diagram of a typical current transformer is shown in Figure
2-50. The current transformer consists of a secondary winding wrapped around a
ferromagnetic ring, with the single primary line running through the center of the
ring. The ferromagnetic ring holds and concentrates a small sample of the flux
from the primary line. That flux then induces a voltage and current in the sec-
ondary winding.

A current transformer differs from the other transformers described in this
chapter in that its windings are loosely coupled. Unlike all the other transformers,
the mutual flux ¢, in the current transformer is smaller than the leakage flux ¢;.
Because of the loose coupling, the voltage and current ratios of Equations (2-1)
to (2-5) do not apply to a current transformer. Nevertheless, the secondary current
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e

Sketch of a current transformer.

in a current transformer is directly proportional to the much larger primary cur-
rent, and the device can provide an accurate sample of a line’s current for mea-
surement purposes.

Current transformer ratings are given as ratios of primary to secondary cur-
rent. A typical current transformer ratio might be 600:5,800:5, or 1000:5. A 5-A
rating is standard on the secondary of a current transformer.

It is important 1o keep a current transformer short-circuited at all times,
since extremely high voltages can appear across its open secondary terminals. In
fact, most relays and other devices using the current from a current transformer
have a shorting interlock which must be shut before the relay can be removed for
inspection or adjustment. Without this interlock, very dangerous high voltages
will appear at the secondary terminals as the relay is removed from its socket.

2.14 SUMMARY

A transformer is a device for converting electric energy at one voltage level to
electric energy at another voltage level through the action of a magnetic field. It
plays an extremely important role in modern life by making possible the econom-
ical long-distance transmission of electric power.

When a voltage is applied to the primary of a transformer, a flux is produced
in the core as given by Faraday’s law. The changing flux in the core then induces
a voltage in the secondary winding of the transformer. Because transformer cores
have very high permeability, the net magnetomotive force required in the core to
produce its flux is very small. Since the net magnetomotive force is very small,
the primary circuit’s magnetomolive force must be approximately equal and op-
posite to the secondary circuit’s magnetomotive force. This fact yields the trans-
former current ratio.

A real transformer has leakage fluxes that pass through either the primary or
the secondary winding, but not both. In addition there are hysteresis, eddy current,
and copper losses. These effects are accounted for in the equivalent circuit of the
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transformer. Transformer imperfections are measured in a real transformer by its
voltage regulation and its efficiency.

The per-unit system of measurement is a convenient way to study systems
containing transformers, because in this system the different system voltage lev-
els disappear. In addition, the per-unit impedances of a transformer expressed Lo
its own ratings base fall within a relatively narrow range, providing a convenient
check for reasonableness in problem solutions.

An autotransformer differs from a regular transtformer in that the two wind-
ings of the autotransformer are connected. The voltage on one side of the trans-
former is the voltage across a single winding, while the voltage on the other side
of the transformer is the sum of the voltages across borh windings. Because only
a portion of the power in an autotransformer actually passes through the windings,
an autotransformer has a power rating advantage compared (o a regular trans-
former of equal size. However, the connection destroys the electrical isolation be-
tween a transformer’s primary and secondary sides.

The voltage levels of three-phase circuits can be transformed by a proper
combination of two or three transformers. Potential transformers and current
transformers can sample the voltages and currents present in a circuit. Both de-
vices are very common in large power distribution systems.

QUESTIONS

2=1. Is the turns ratio of a transformer the same as the ratio of voltages across the trans-
former? Why or why not?

2-2. Why does the magnetization current impose an upper limit on the voltage applied to
a transformer core?

2-3. What components compose the excitation current of a transformer? How are they
modeled in the transformer’s equivalent circuit?

2—4. What is the leakage flux in a transformer? Why is it modeled in a transformer
equivalent circuit as an inductor?

2-5. List and describe the types of losses that occur in a transformer.

2-6. Why does the power factor of a load affect the voltage regulation of a transformer?

2-7. Why does the short-circuit test essentially show only iR losses and not excitation
losses in a transformer?

2-8. Why does the open-circuit test essentially show only excitation losses and not 2R
losses?

2-9, How does the per-unit system of measurement eliminate the problem of different
voltage levels in a power system?

2-10. Why can autotransformers handle more power than conventional transformers of
the same size?

2-11. What are transformer taps? Why are they used?
2-12. What are the problems associated with the Y-Y three-phase transformer connection?
2-13. What is a TCUL transformer?

2-14. How can three-phase transformation be accomplished using only two transformers?
What types of connections can be used? What are their advantages and disadvantages?
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2-15.
2-16.
2-17.
2-18.
2-19.
2-20,

2-21.
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Explain why the open-A transformer connection is limited to supplying 57.7 percent
of a normal A-A transformer bank’s load.

Can a 60-Hz wansformer be operated on a 50-Hz system? What actions are neces-
sary to enable this operation?

What happens to a transformer when it is first connected to a power line? Can any-
thing be done to mitigate this problem?

What is a potential transformer? How is it used?
What is a current transformer? How is it used?

A distribution transformer is rated at 18 kVA, 20,000/480 V, and 60 Hz. Can this
transformer safely supply 15 kVA to a 415-V load at 50 Hz? Why or why not?

Why does one hear a hum when standing near a large power transformer?

PROBLEMS

2-1.

2-2.

2-3.

The secondary winding of a transformer has a terminal voltage of v{(f) = 282.8 sin
377t V. The turns ratio of the transformer is 100:200 (a = 0.50). If the secondary
current of the transformer is ig(r) = 7.07 sin (377t - 36.87°) A, what is the primary
current of this transformer? What are its voltage regulation and efficiency? The im-
pedances of this transformer referred to the primary side are

R, =0200 Rc =300 ()
X =0.750Q Xy =800

A 20-kVA 8000/480-V distribution transformer has the following resistances and
reactances:

Ro=320 Ry = 0050
Xp =450 Ry = 0.06 0
Re= 250 kQ X, = 30kQ

The excitation branch impedances are given referred to the high-voltage side of the

transformer.

(a) Find the equivalent circuit of this transformer referred to the high-voltage side.

(b) Find the per-unit equivalent circuit of this transformer.

(c) Assume that this transformer is supplying rated load at 480 V and 0.8 PF lag-
ging. What is this transformer’s input voltage? What is its voltage regulation?

(d) What is the transformer’s efficiency under the conditions of part (¢)?

A 1000-VA 230/115-V transformer has been tested to determine its equivalent cir-

cuit. The results of the tests are shown below.

Open-circuit test Short-circuit test
V0C=23OV VSC= 191V

Ioc = 045 A Isc=8TA
Poc=30W Poe = 423W

All data given were taken from the primary side of the transformer.
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{a) Find the equivalent circuit of this transformer referred to the low-voltage side of
the transformer.
(b) Find the transformer’s voltage regulation at rated conditions and (1) 0.8 PF lag-
ging, (2) 1.0 PF, (3) 0.8 PF leading.
{¢) Determine the transformer’s efficiency at rated conditions and 0.8 PF lagging.
2-4, A single-phase power system is shown in Figure P2-1. The power source feeds a
100-kVA 14/2.4-kV transformer through a feeder impedance of 40.0 + j150 Q. The
transformer’s equivalent series impedance referred to its low-voltage side is 0.12 +
J0.5 Q2. The load on the transformer is 90 kW at 0.80 PF lagging and 2300 V.
{a) Whalt is the voltage at the power source of the system?
{b) What is the voltage regulation of the transformer?
{c¢) How efficient is the overall power system?

400 1500 0120y jOs5Q

A A
| | |

N | 3 T

90 kW
Vsomce @ l l l VS .
| | I 0.85 PF lagging
| | I
| | |
| | |
| | ]
e = v 4 ~ ’ P ——
Source Feeder Transformer Load

(transmission line)

FIGURE P2-1
The circuit of Problem 2-4.

2-5. When travelers from the United States and Canada visit Europe, they encounter a
different power distribution system. Wall voltages in North America are 120 V rms
at 60 Hz, while typical wall voltages in Europe are 220 to 240 V at 50 Hz. Many
travelers carry small step-up/step-down transformers so that they can use their ap-
pliances in the countries that they are visiting. A typical transformer might be rated
at 1 kVA and 120/240 V. It has 500 wrns of wire on the 120-V side and 1000 turns
of wire on the 240-V side. The magnetization curve for this transformer is shown in
Figure P2-2, and can be found in file p22 . mag at this book’s website.

{a) Suppose that this transformer is connected to a 120-V, 60-Hz power source with
no load connected to the 240-V side. Sketch the magnetization current that
would flow in the transformer. (Use MATLAB to plot the current accurately, if
it 1s available.) What is the rms amplitude of the magnetization current? What
percentage of full-load current is the magnetization current?

{b) Now suppose that this transformer is connected to a 240-V, 50-Hz power source
with no load connected to the 120-V side. Sketch the magnetization current that
would flow in the transformer. (Use MATLAB to plot the current accurately, if
it 1s available.) What is the rms amplitude of the magnetization current? What
percentage of full-load current is the magnetization current?

{c) In which case is the magnetization current a higher percentage of full-load cur-
rent? Why?
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FIGURE P2-2

Magnetization curve for the transformer of Problem 2-5.

2-6.

2-7.

A 15-kVA 8000/230-V distribution transformer has an impedance referred to the pri-
mary of 80 + j300 Q. The components of the excitation branch referred to the pri-
mary side are R¢c = 350 k{} and Xy, = 70 k().

(a) If the primary voltage is 7967 V and the load impedance is Z; = 3.0 + j1.5 QQ,
what is the secondary voltage of the transformer? What is the voltage regulation
of the transformer?

(b) If the load is disconnected and a capacitor of —j4.0 {} is connected in its place,
what is the secondary voltage of the transformer? What is its voltage regulation
under these conditions?

A 5000-kVA 230/13.8-kV single-phase power transformer has a per-unit resistance

of 1 percent and a per-unit reactance of 5 percent (data taken from the transformer’s

nameplate). The open-circuit test performed on the low-voltage side of the trans-
former yielded the following data:

VOC = 138 kV IOC = 151 A POC = 449 kW

(a) Find the equivalent circuit referred to the low-voltage side of this transformer.

(b) If the voltage on the secondary side is 13.8 kV and the power supplied is 4000
kW at 0.8 PF lagging, find the voltage regulation of the transformer. Find its
efficiency.

450
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A 200-MVA, 15/200-kV single-phase power transformer has a per-unit resistance of
1.2 percent and a per-unit reactance of 5 percent (data taken from the transformer’s
nameplate). The magnetizing impedance is 80 per unit.

{a) Find the equivalent circuit referred to the low-voltage side of this transformer.

{b) Calculate the voltage regulation of this transformer for a full-load current at
power factor of 0.8 lagging.

{c) Assume that the primary voltage of this transformer is a constant 15 kV, and
plot the secondary voltage as a function of load current for currents from no
load to full load. Repeat this process for power factors of 0.8 lagging, 1.0, and
0.8 leading.

A three-phase transformer bank is to handle 600 kVA and have a 34.5/13.8-kV volt-

age ratio. Find the rating of each individual transformer in the bank (high voltage,

low voltage, turns ratio, and apparent power) if the transformer bank is connected to

(@) Y-Y, (b) Y-A, (¢) A-Y, (d) A-A, (e) open A, (f) open Y-open A.

A 13,800/480-V three-phase Y-A-connected transformer bank consists of three

identical 100-kVA 7967/480-V transformers. It is supplied with power directly from

a large constant-voltage bus. In the short-circuit test, the recorded values on the

high-voltage side for one of these transformers are

Vsc =560V Isc =126 A Psc = 3300W

(a) If this bank delivers a rated load at 0.85 PF lagging and rated voltage, what is
the line-to-line voltage on the high-voltage side of the transformer bank?

{b) What is the voltage regulation under these conditions?

{c) Assume that the primary voltage of this transformer is a constant 13.8 kV, and
plot the secondary voltage as a function of load current for currents from no-
load to full-load. Repeat this process for power factors of 0.85 lagging, 1.0, and
0.85 leading.

(d) Plot the voltage regulation of this transformer as a function of load current for
currents from no-load to full-load. Repeat this process for power factors of 0.85
lagging, 1.0, and 0.85 leading.

A 100,000-kVA, 230/115-kV A-A three-phase power transformer has a resistance of

0.02 pu and a reactance of 0.055 pu. The excitation branch elements are R = 110 pu

and X;; = 20 pu.

{a) If this transformer supplies a load of 80 MVA at 0.85 PF lagging, draw the pha-
sor diagram of one phase of the transformer.

{b) What is the voltage regulation of the transformer bank under these conditions?

{c) Sketch the equivalent circuit referred to the low-voltage side of one phase of this
transformer. Calculate all the transformer impedances referred to the low-voltage
side.

An autotransformer is used to connect a 13.2-kV distribution line to a 13.8-kV dis-

tribution line. It must be capable of handling 2000 kVA. There are three phases, con-

nected Y-Y with their neutrals solidly grounded.

(a) What must the N¢/Ngg turns ratio be to accomplish this connection?

{b) How much apparent power must the windings of each autotransformer handle?

{c) If one of the autotransformers were reconnected as an ordinary transformer,
what would its ratings be?

Two phases of a 13.8-kV three-phase distribution line serve a remote rural road (the

neutral is also available). A farmer along the road has a 480-V feeder supplying
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120 kW at 0.8 PF lagging of three-phase loads, plus 50 kW at 0.9 PF lagging of
single-phase loads. The single-phase loads are distributed evenly among the three
phases. Assuming that the open-Y—open-A connection is used (o supply power to his
farm, find the voltages and currents in each of the two transformers. Also find the real
and reactive powers supplied by each transformer. Assume the transformers are ideal.
A 13.2-kV single-phase generator supplies power to a load through a transmission
line. The load’s impedance is Z,,, = 500 £ 36.87° (), and the transmission line’s
impedance is Z;,. = 60 £ 53.1° ).

60 £ 53.1°Q
L
+
) Ve=132L0°kV 5007 36.87°Q| Zou
(a)
60 £ 53.1°Q
1:10 10:1
GO SO 500/ 36.87°Q
V=132 0°kV I Zioad I
T, T
(b
FIGURE P2-3

Circuits for Problem 2-14: (a) without transformers and (b) with transformers.

(a) If the generator is directly connected to the load (Figure P2-3a), what is the ra-
tio of the load voltage to the generated voltage? What are the transmission
losses of the system?

(b) If a 1:10 step-up transformer is placed at the output of the generator and a 10:1
transformer is placed at the load end of the transmission line, what is the new
ratio of the load voltage to the generaled voltage? What are the transmission
losses of the system now? (Nofe: The transformers may be assumed to be ideal.)

A 5000-VA, 480/120-V conventional transformer is to be used to supply power from

a 600-V source to a 120-V load. Consider the transformer to be ideal, and assume

that all insulation can handle 600 V.

(a) Sketch the transformer connection that will do the required job.

(b) Find the kilovoltampere rating of the transformer in the configuration.

(¢) Find the maximum primary and secondary currents under these conditions.
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A 5000-VA, 480/120-V conventional transformer is to be used to supply power from
a 600-V source to a 480-V load. Consider the transformer to be ideal, and assume
that all insulation can handle 600 V. Answer the questions of Problem 2-15 for this
transformer.

Prove the following statement: If a transformer having a series impedance Z,, is con-
nected as an autotransformer, its per-unit series impedance Z;, as an autotransformer
will be

. _ _Neg 7
@ N + N =

Note that this expression is the reciprocal of the autotransformer power advanlage.

Three 25-kVA, 24,000/277-V distribution transformers are connected in A-Y. The

open-circuit test was performed on the low-voltage side of this transformer bank,
and the following data were recorded:

Vineoc =480V Kineoc = 4.10A Pygoc = 945 W

The short-circuit test was performed on the high-voltage side of this transformer
bank, and the following data were recorded:

Vieesc = 1600V fisc =200A  Pyysc=1150W

{a) Find the per-unit equivalent circuit of this transformer bank.

{b) Find the voltage regulation of this transformer bank at the rated load and
0.90 PF lagging.

{¢) What is the transformer bank’s efficiency under these conditions?

A 20-kVA, 20,000/480-V, 60-Hz distribution transformer is tested with the follow-
ing results:

Open-circuit test Short-circuit test

(measured from secondary side) {measured from primary side)
Voc = 480V Vee = 1130V

Ioc = 1.60 A Isc = 1.00 A

Poc = 305W Pse = 260W

{a) Find the per-unit equivalent circuit for this transformer at 60 Hz.

(b) What would the rating of this transformer be if it were operated on a 50-Hz
power system?

{c) Sketch the per-unit equivalent circuit of this transformer referred to the primary
side if it is operating at 50 Hz.

Prove that the three-phase system of voltages on the secondary of the Y-A trans-

former shown in Figure 2-38b lags the three-phase system of voltages on the pri-

mary of the transformer by 30°.

Prove that the three-phase system of voltages on the secondary of the A-Y trans-

former shown in Figure 2-38c lags the three-phase system of voltages on the pri-

mary of the transformer by 30°.

A single-phase 10-kVA, 480/120-V transformer is to be used as an autotransformer

tying a 600-V distribution line to a 480-V load. When it is tested as a conventional
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transformer, the following values are measured on the primary (480-V) side of the
transformer:

Open-circuit test Short-circuit test
Voc =480V Vse =100V

Ioc =0.41A Ic=106A
Poo = 38W Py =26W

(a) Find the per-unit equivalent circuit of this transformer when it is connected in the
conventional manner. What is the efficiency of the transformer at rated condi-
tions and unity power factor? What is the voltage regulation at those conditions?

(b) Sketch the transformer connections when it is used as a 600/480-V step-down
autotransformer.

(c) What is the kilovoltampere rating of this transformer when it is used in the au-
totransformer connection?

(d) Answer the questions in a for the autotransformer connection.

2-23. Figure P2-4 shows a power system consisting of a three-phase 480-V 60-Hz gener-
ator supplying two loads through a transmission line with a pair of transformers at
either end.

AT
3¢ /
3¢

O

¢
¢

AN

Generator T — . Ty

wov Line Load 1 Load 2
480/14400V Zy=15+j 10Q 14,400/480 V
1000 kVA 500 kVA
R=0.010pu R=0.020 pu ZLoad 1= Ziow2=
X =0.040 pu X=0085pu  0.45/36.87°Q -j0.83Q

Y—connected Y-—connected
FIGURE P24

A one-line diagram of the power system of Problem 2-23. Note that some impedance values are
given in the per-unit system, while others are given in ohms.

(a) Sketch the per-phase equivalent circuit of this power system.

(b) With the switch opened, find the real power P, reaclive power Q, and apparent
power S supplied by the generator. What is the power factor of the generator?

(c) With the switch closed, find the real power P, reactive power Q, and apparent
power § supplied by the generator. What is the power factor of the generator?

(d) What are the transmission losses (transformer plus transmission line losses) in
this system with the switch open? With the switch closed? What is the effect of
adding load 2 to the system?
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CHAPTER

3

INTRODUCTION TO
POWER ELECTRONICS

Over the last 40 years, a revolution has occurred in the application of electric
motors. The development of solid-state motor drive packages has progressed
to the point where practically any power control problem can be solved by using
them. With such solid-state drives, it is possible to run dc motors from ac power
supplies or ac motors from dc power supplies. It is even possible to change ac
power at one frequency to ac power at another frequency.

Furthermore, the costs of solid-state drive systems have decreased dramati-
cally, while their reliability has increased. The versatility and the relatively low
cost of solid-state controls and drives have resulted in many new applications for
ac motors in which they are doing jobs formerly done by de¢ machines. DC motors
have also gained flexibility from the application of solid-state drives.

This major change has resulted from the development and improvement of a
series of high-power solid-state devices. Although the detailed study of such power
electronic circuits and components would require a book in itself, some familiarity
with them is important to an understanding of modern motor applications.

This chapter is a brief introduction to high-power electronic components
and to the circuits in which they are employed. It is placed at this point in the book
because the material contained in it is used in the discussions of both ac motor
controllers and dc motor controllers.

3.1 POWER ELECTRONIC COMPONENTS

Several major types of semiconductor devices are used in motor-control circuits.
Among the more important are

152
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. The diode

The two-wire thyristor (or PNPN diode)

The three-wire thyristor [or silicon controlled rectifier (SCR)]
The gate turnoff (GTO) thyristor

The DIAC

The TRIAC

The power transistor (PTR)

The insulated-gate bipolar transistor (IGBT)

I B Y O T

.

Circuits containing these eight devices are studied in this chapter. Before the cir-
cuits are examined, though, it is necessary to understand what each device does.

The Diode

A diode is a semiconductor device designed to conduct current in one direction
only. The symbol for this device is shown in Figure 3-1. A diode is designed to
conduct current from its anode (o its cathode, but not in the opposile direction.

The voltage-current characteristic of a diode is shown in Figure 3—2. When
a vollage is applied to the diode in the forward direction, a large current flow re-
sults. When a voltage is applied to the diode in the reverse direction, the current
flow is limited to a very small value (on the order of microamperes or less). If a
large enough reverse voltage is applied to the diode, eventually the diode will
break down and allow current to flow in the reverse direction. These three regions
of diode operation are shown on the characteristic in Figure 3-2.

Diodes are rated by the amount of power they can safely dissipate and by the
maximum reverse voltage that they can take before breaking down. The power

ip [
Ve
Anode
ip I + PIV 'p
Vb
Cathode
FIGURE 3-1 FIGURE 3-2

The symbol of a diode. Voltage-current characteristic of a diode.
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I:: v

FIGURE 3-3
The symbol of a two-wire thyristor or PNPN diode.

dissipated by a diode during forward operation is equal to the forward voltage drop
across the diode times the current flowing through it. This power must be limited
to protect the diode from overheating. The maximum reverse voltage of a diode is
known as its peak inverse voltage (P1V). It must be high enough to ensure that the
diode does not break down in a circuit and conduct in the reverse direction.

Diodes are also rated by their switching time, that is, by the time it takes to
go from the off state to the on state, and vice versa. Because power diodes are
large, high-power devices with a lot of stored charge in their junctions, they
swilch states much more slowly than the diodes found in electronic circuils. Es-
sentially all power diodes can swilch states fast enough to be used as rectifiers in
50- or 60-Hz circuits. However, some applications such as pulse-width modu-
lation (PWM) can require power diodes to switch states at rates higher than
10,000 Hz. For these very fast switching applications, special diodes called fast-
recovery high-speed diodes are employed.

The Two-Wire Thyristor or PNPN Diode

Thyristor is the generic name given to a family of semiconductor devices which are
made up of four semiconductor layers. One member of this family is the two-wire
thyristor, also known as the PNPN diode or trigger diode. This device’s name in the
Institute of Electrical and Electronics Engineers (IEEE) standard for graphic sym-
bols is reverse-blocking diode-type thyristor. Its symbol is shown in Figure 3-3.

The PNPN diode is a rectifier or diode with an unusual voltage-current
characteristic in the forward-biased region. Its voltage-current characteristic is
shown in Figure 3—4. The characteristic curve consists of three regions:

1. The reverse-blocking region
2. The forward-blocking region
3. The conducting region

In the reverse-blocking region, the PNPN diode behaves as an ordinary
diode and blocks all current flow until the reverse breakdown voltage is reached.
In the conducting region, the PNPN diode again behaves as an ordinary diode, al-
lowing large amounts of current to flow with very little voltage drop. It is the
forward-blocking region that distinguishes a PNPN diode from an ordinary diode.
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ip

Vv,
! v
Veo 2
FIGURE 3-4
Voltage-current characteristic of
a PNPN diode.
ip | o Anode
+
iG ; VD
Gate
o FIGURE 3-5
Cathode The symbol of a three-wire thyristor or SCR.

When a PNPN diode is forward-biased, no current flows until the forward
voltage drop exceeds a certain value called the breakover voltage Vg, When the
forward voltage across the PNPN diode exceeds Vg, the PNPN diode turns on
and remains on until the current flowing through it falls below a certain minimum
value (typically a few milliamperes). If the current is reduced to a value below this
minimum value (called the holding current I,), the PNPN diode turns off and will
not conduct until the forward voltage drop again exceeds Vg,

In summary, a PNPN diode

1. Turns on when the applied voltage v, exceeds Vy,
2. Turns off when the current ij, drops below I,

3. Blocks all current flow in the reverse direction until the maximum reverse
voltage is exceeded

The Three-Wire Thyristor or SCR

The most important member of the thyristor family is the three-wire thyristor, also
known as the silicon controlled rectifier or SCR. This device was developed
and given the name SCR by the General Electric Company in 1938. The name
thyristor was adopted later by the International Electrotechnical Commission
(IEC). The symbol for a three-wire thyristor or SCR is shown in Figure 3-5.
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FIGURE 3-6
Voltage-current characteristics of an SCR.

As the name suggests, the SCR is a controlled rectifier or diode. Iis voltage-
current characteristic with the gate lead open is the same as that of a PNPN diode.

What makes an SCR especially useful in motor-control applications is that
the breakover or turn-on voltage of the device can be adjusted by a current flow-
ing into its gate lead. The larger the gate current, the lower Vg becomes (see Fig-
ure 3-6). If an SCR is chosen so that its breakover voltage with no gate signal is
larger than the highest voltage in the circuit, then it can only be turned on by the
application of a gate current. Once it is on, the device stays on until its current
falls below I. Therefore, once an SCR is triggered, ils gate current may be re-
moved without affecting the on state of the device. In the on state, the forward
voltage drop across the SCR is about 1.2 to 1.5 times larger than the voltage drop
across an ordinary forward-biased diode.

Three-wire thyristors or SCRs are by far the most common devices used in
power-control circuits. They are widely used for swilching or rectification appli-
cations and are currently available in ratings ranging from a few amperes up lo a
maximum of about 3000 A.

In summary, an SCR

1. Turns on when the voltage v, applied to it exceeds Vgo

2. Has a breakover voltage Vps whose level is controlled by the amount of gate
current ig present in the SCR
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Anode
Cathode

(a)
Several amperes to 2045 — 30us
several tens of o
amperes *+) 4

-)
20 Adus — 50 Adps — One-fourth to one-sixth of
the “on” current

(b)

FIGURE 3-7

(a) The symbol of a gate turn-off thyristor (GTO). (b) The gate current waveform required to turn a
GTO thyristor on and off.

3. Turns off when the current ip, flowing through it drops below [,

4. Blocks all current flow in the reverse direction until the maximum reverse
voltage is exceeded

The Gate Turnoff Thyristor

Among the recent improvements to the thyristor is the gate turnoff (GTO) thyris-
tor. A GTO thyristor is an SCR that can be turned off by a large enough negative
pulse at its gate lead even if the current ip exceeds Iy. Although GTO thyristors
have been around since the 1960s, they only became practical for motor-control
applications in the late 1970s. Such devices are becoming more and more com-
mon in motor-control packages, since they eliminate the need for external com-
ponents to turn off SCRs in dc circuits (see Section 3.5). The symbol for a GTO
thyristor is shown in Figure 3—7a.

Figure 3—7b shows a typical gate current waveform for a high-power GTO
thyristor. A GTO thyristor typically requires a larger gate current for turn-on than
an ordinary SCR. For large high-power devices, gate currents on the order of
10 A or more are necessary. To turn off the device, a large negative current pulse
of 20- to 30-p.s duration is required. The magnitude of the negative current pulse
must be one-fourth to one-sixth that of the current flowing through the device.
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FIGURE 3-8
The symbol of a DIAC.
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FIGURE 3-9

Voltage-current characteristic of a DIAC.

The DIAC

A DIAC is a device containing five semiconductor layers (PNPNP) that behaves
like two PNPN diodes connected back to back. It can conduct in either direction
once the breakover vollage is exceeded. The symbol for a DIAC is shown in Fig-
ure 3-8, and its current-voltage characteristic is shown in Figure 3-9. It turns on
when the applied voltage in either direction exceeds Vpg. Once it is turned on, a
DIAC remains on until its current falls below I,

The TRIAC

A TRIAC is a device that behaves like two SCRs connected back to back with
a common gate lead. It can conduct in either direction once its breakover voltage
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. K |w
¢ FIGURE 3-10
o~ The symbol of a TRIAC.
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FIGURE 3-11

Voltage-current characteristic of a TRIAC.

is exceeded. The symbol for a TRIAC is shown in Figure 3—10, and its current-
voltage characteristic is shown in Figure 3—11. The breakover voltage in a TRIAC
decreases with increasing gate current in just the same manner as it does in an
SCR, except that a TRIAC responds o either positive or negative pulses at its
gate. Once it is turned on, a TRIAC remains on until its current falls below I.
Because a single TRIAC can conduct in both directions, it can replace a
more complex pair of back-to-back SCRs in many ac control circuits. However,
TRIACs generally switch more slowly than SCRs, and are available only at lower
power ratings. As a result, their use 1s largely restricted to low- to medium-power
applications in 50- or 60-Hz circuits, such as simple lighting circuits.
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FIGURE 3-12

(a) The symbol of a power transistor. (b) The voltage-current characteristic of a power transistor.

The Power Transistor

The symbol for a transistor is shown in Figure 3-12a, and the collector-to-emitler
voltage versus collector current characteristic for the device is shown in Figure
3—-12b. As can be seen from the characteristic in Figure 3—12b, the transistor is a
device whose collector current ic is directly proportional to its base current iz over
a very wide range of collector-to-emilter voltages (Veg).

Power transistors (PTRs) are commonly used in machinery-control applica-
tions to switch a current on or off. A transistor with a resistive load is shown in
Figure 3—13a, and its i-—vcg characteristic is shown in Figure 3—13b with the load
line of the resistive load. Transistors are normally used in machinery-control ap-
plications as swilches; as such they should be either completely on or completely
off. As shown in Figure 3-13b, a base current of iz, would completely turn on this
transistor, and a base current of zero would completely turn off the transistor.

If the base current of this transistor were equal to ig;, then the transistor
would be neither fully on nor fully off. This is a very undesirable condition, since
a large collector current will flow across a large collector-to-emitter voltage veg,
dissipating a lot of power in the transistor. To ensure that the transistor conducts
without wasting a lot of power, it is necessary (o have a base current high enough
to completely saturate it.

Power transistors are most often used in inverter circuits. Their major draw-
back in switching applications is that large power transistors are relatively slow in
changing from the on to the off state and vice versa, since a relatively large base
current has to be applied or removed when they are turned on or off.
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(a) A transistor with a resistive load. (b) The voltage-current characteristic of this transistor and load.
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Emitter The symbol of an IGBT.

The Insulated-Gate Bipolar Transistor

The insulated-gate bipolar transistor (IGBT) is a relatively recent development. It
1 similar to the power transistor, except that it is controlled by the voltage applied
to a gate rather than the current flowing into the base as in the power transistor. The
impedance of the control gate is very high in an IGBT, so the amount of current
flowing in the gate is extremely small. The device is essentially equivalent to the
combination of a metal-oxide-semiconductor field-effect transistor (MOSFET) and
a power transistor, The symbol of an IGBT is shown in Figure 3-14.
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Since the IGBT is controlled by a gate voltage with very little current flow,
it can switch much more rapidly than a conventional power transistor can. IGBTs
are therefore being used in high-power high-frequency applications.

Power and Speed Comparison of Power Electronic
Components

Figure 3-15 shows a comparison of the relative speeds and power-handling capa-
bilities of SCRs, GTO thyristors, and power transistors. Clearly SCRs are capable
of higher-power operation than any of the other devices. GTO thyristors can op-
erate at almost as high a power and much faster than SCRs. Finally. power tran-
sistors can handle less power than either type of thyristor, but they can switch
more than 10 times faster.
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FIGURE 3-15

A comparison of the relative speeds and power-handling capabilities of SCRs, GTO thyristors, and
power transistors.
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3.2 BASIC RECTIFIER CIRCUITS

A rectifier circuit is a circuit that converts ac power to dc power. There are many
different rectifier circuits which produce varying degrees of smoothing in their dc
output. The four most common rectifier circuits are

1. The half-wave rectifier

2. The full-wave bridge rectifier

3. The three-phase half-wave rectifier
4. The three-phase full-wave rectifier

A good measure of the smoothness of the dc voltage out of a rectifier circuit
is the ripple factor of the dc output. The percentage of ripple in a dc power sup-
ply is defined as the ratio of the rms value of the ac components in the supply’s
voltage to the dc value of the voltage

V,
= % x 100% (3-1)
DC

where V... 1s the rms value of the ac components of the output voltage and Ve
1s the dc component of voltage in the output. The smaller the ripple factor in a
power supply, the smoother the resulting dc waveform.

The dec component of the output voltage Vi is quite easy o calculate, since
it is just the average of the output voltage of the rectifier:

Voe = =:vo(0) dt (3-2)

The rms value of the ac part of the output voltage is harder to calculate, though,
since the de component of the voltage must be subtracted first. However, the ripple
factor r can be calculated from a different but equivalent formula which does not
require the rms value of the ac component of the voltage. This formula for ripple is

2

|
r= {2 -1 x 100% (3-3)
Vo '

where V. is the rms value of the total output voltage from the rectifier and Vpc is
the dc or average output voltage from the rectifier.

In the following discussion of rectifier circuits, the input ac frequency is as-
sumed to be 60 Hz.

The Half-Wave Rectifier

A half-wave rectifier is shown in Figure 3—16a, and its output is shown in Figure
3-16b. The diode conducts on the positive half-cycle and blocks current flow on
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\n s \n v (a) A half-wave rectifier circuit.
= = (b) The output voltage of the
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the negative half-cycle. A simple half-wave rectifier of this sort is an extremely
poor approximation to a constant dc waveform—it contains ac frequency compo-
nents at 60 Hz and all its harmonics. A half-wave rectifier such as the one shown
has a ripple factor r = 121 percent, which means it has more ac voltage compo-
nents in its output than dc voltage components. Clearly, the half-wave rectifier is
a very poor way to produce a dc voltage from an ac source.

Example 3-1. Calculate the ripple factor for the half-wave rectifier shown in Fig-
ure 3-16, both analytically and using MATLAB.

Solution
In Figure 3-16, the ac source voltage is v{t) = V, sin w tvolts. The output voltage of the
rectifier is

¢ _[VMsinwt I<owt<mw
Viowd() = 0 T=ot <27

Both the average voltage and the rms voltage must be calculated in order to calculate the
ripple factor analytically. The average voltage out of the rectifier is

T
Voe = Ve = F Jo Viowd®

/ .
= %f: ”VM sin wt dt

=/

VY,
i(——“ cos wt)
27\

0
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vV,

= ——Mre_ 1y —
= —32(~1) ~ (1]

_VYu
T o

The rms value of the total voltage out of the rectifier is

fr
Vrms = ?jo Vlzond(t) dt

w/w
= \/ﬁ , Vi sin? ot dt

_ @ (71— cos 2t
B VM\/wao at

2

_ @ r/wl @ r/wl
B VM\/21J0 T 217J0 2 608 2wt di

1 . Tl
= VM\/(ﬁt ~ g S0 2wt)l0
- 1_1. — (o - L
= VM\/(4 g SiN 211') (0 gy SiN 0)
Vu
2

Therefore, the ripple factor of this rectifier circuit is

]
r= (VM/Z) — 1 x 100%
VM/'H'

The ripple factor can be calculated with MATLAB by implementing the average and
rms voltage calculations in a MATLAB function, and then calculating the ripple from
Equation (3-3). The first part of the function shown below calculates the average of an in-
put waveform, while the second part of the function calculates the rms value of the input
waveform. Finally, the ripple factor is calculated directly from Equation (3-3).

function r = ripple(waveform)
£ Function to calculate the ripple on an input waveform.

%2 Calculate the average value of the waveform
nvals = size(waveform,2);

temp = 0;
for ii = 1l:nvals

temp = temp + waveform(ii);
end

average = temp/nvals;

% Calculate rms value of waveform
temp = 0;
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for ii = l:nvals

temp = temp + waveform(ii)~"2;
end
rms = sqgrt (temp/nvals);

% Calculate ripple factor
r = sqrt{((rms / average)”"2 - 1) * 100;

Function ripple can be tested by writing an m-file to create a half-wave rectified wave-
form and supply that waveform to the function. The appropriate M-file is shown below:

% M-file: test_halfwave.m
% M-file to calculate the ripple on the output of a half-wave
% wave rectifier.

% First, generate the output of a half-wave rectifier
waveform = zeros(l,128);
for ii = 1:128
waveform(ii) = halfwave(ii*pi/64d);
end

% Now calculate the ripple factor
r = ripple(waveform);

% Print out the result
string = ['The ripple is ' num2str(r) '¢.']l;
disp(string);

The output of the half-wave rectifier is simulated by function hal fwave.

function volts = halfwave (wt)
% Function to simulate the output of a half-wave rectifier.
% Wt = Phase in radians (=omega X time)

% Convert input to the range 0 <= wt < 2*pi
while wt >= 2*pi
wt = wt - 2*pi;
end
while wt < 0
wt = wt + 2*pi;
end

% Simulate the output of the half-wave rectifier
if wt >= 0 & wt <= pi
volts = sin(wt):
else
volts = 0;
end

When test_hal fwave is executed, the results are:

» test_halfwave
The ripple is 121.1772%.

This answer agrees with the analytic solution calculated above.
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The Full-Wave Rectifier

A full-wave bridge rectifier circuit is shown in Figure 3-17a, and its output volt-
age is shown in Figure 3—17c. In this circuit, diodes D, and D, conduct on the
positive half-cycle of the ac input, and diodes D, and D, conduct on the negative
half-cycle. The output voltage from this circuit is smoother than the output volt-
age from the half-wave rectifier, but it still contains ac frequency components at
120 Hz and its harmonics. The ripple factor of a full-wave rectifier of this sort is
r = 48.2 percent—it is clearly much better than that of a half-wave circuit.

+
e

(a)

Vi)

(b)

Vioad

(c)

FIGURE 3-17
(a) A full-wave bridge rectifier circuit. (b) The output voltage of the rectifier circuit. (¢) An
alternative full-wave rectifier circuit using two diodes and a center-tapped transformer.
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(a) A three-phase half-wave rectifier circuit. (b) The three-phase input voltages to the rectifier circuit.
(c) The output voltage of the rectifier circuit.

Another possible full-wave rectifier circuit is shown in Figure 3—17b. In this
circuit, diode D, conducts on the positive half-cycle of the ac input with the cur-
rent returning through the center tap of the transformer, and diode D, conducts on
the negative half-cycle of the ac input with the current returning through the cen-
ter tap of the transformer. The output waveform is identical to the one shown in
Figure 3-17c.

The Three-Phase Half-Wave Rectifier

A three-phase half-wave rectifier is shown in Figure 3—18a. The effect of having
three diodes with their cathodes connected to a common point is that at any in-
stant the diode with the largest voltage applied to it will conduct, and the other
two diodes will be reverse-biased. The three phase voltages applied to the rectifier
circuit are shown in Figure 3—-18b, and the resulting output voltage is shown in
Figure 3—18c. Notice that the voltage at the output of the rectifier at any time is
just the highest of the three input voltages at that moment.
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(a) A three-phase full-wave rectifier circuit.
(b) This circuit places the lowest of its three
(b) input voltages at its output.

Vou = Lowest of vy, vp, or ve

This output voltage is even smoother than that of a full-wave bridge recti-
fier circuit. It contains ac voltage components at 180 Hz and its harmonics. The
ripple factor for a rectifier of this sort is 18.3 percent.

The Three-Phase Full-Wave Rectifier

A three-phase full-wave rectifier is shown in Figure 3—-19a. Basically, a circuit of
this sort can be divided into two component parts. One part of the circuit looks
just like the three-phase half-wave rectifier in Figure 3-18, and it serves to con-
nect the highest of the three phase voltages at any given instant to the load.

The other part of the circuit consists of three diodes oriented with their an-
odes connected to the load and their cathodes connected to the supply voltages
(Figure 3—-19b). This arrangement connects the lowest of the three supply voltages
to the load at any given time.

Therefore, the three-phase full-wave rectifier at all times connects the high-
est of the three voltages to one end of the load and always connects the lowest of
the three voltages to the other end of the load. The result of such a connection is
shown in Figure 3-20.
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w()

FIGURE 3-20
(a) The highest and lowest voltages in the three-phase full-wave rectifier. (b) The resulting output
voltage.

The output of a three-phase full-wave rectifier is even smoother than the
output of a three-phase half-wave rectifier. The lowest ac frequency component
present in it 1s 360 Hz, and the ripple factor is only 4.2 percent.

Filtering Rectifier Output

The output of any of these rectifier circuits may be further smoothed by the use of
low-pass filters to remove more of the ac frequency components from the output.
Two types of elements are commonly used to smooth the rectifier’s output:

1. Capacitors connected across the lines to smooth ac voltage changes
2. Inductors connected in series with the line to smooth ac current changes

A common filter in rectifier circuits used with machines is a single series induc-
tor, or choke. A three-phase full-wave rectifier with a choke filter is shown in Fig-
ure 3-21.
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FIGURE 3-21
A three-phase full-wave bridge circuit with an inductive filter for reducing output ripple.

3.3 PULSE CIRCUITS

The SCRs, GTO thyristors, and TRIACSs described in Section 3.1 are turned on by
the application of a pulse of current to their gating circuits. To build power con-
trollers, it is necessary to provide some method of producing and applying pulses
to the gates of these devices at the proper time to turn them on. (In addition, it is
necessary to provide some method of producing and applying negative pulses to
the gates of GTO thyristors at the proper time to turn them off.)

Many techniques are available to produce voltage and current pulses. They
may be divided into two broad categories: analog and digital. Analog pulse gen-
eration circuits have been used since the earliest days of solid-state machinery
controls. They typically rely on devices such as PNPN diodes that have voltage-
current characteristics with discrete nonconducting and conducting regions. The
transition from the nonconducting to the conducting region of the device (or vice
versa) is used to generate a voltage and current pulse. Some simple analog pulse
generation circuits are described in this section. These circuits are collectively
known as relaxation oscillators.

Digital pulse generation circuits are becoming very common in modern
solid-state motor drives. They typically contain a microcomputer that executes a
program stored in read-only memory (ROM). The computer program may consider
many different inputs in deciding the proper time to generalte firing pulses. For ex-
ample, it may consider the desired speed of the motor, the actual speed of the mo-
tor, the rate at which it is accelerating or decelerating, and any specified vollage or
current limits in determining the time to generate the firing pulses. The inputs that
it considers and the relative weighting applied to those inputs can usually be
changed by selting switches on the microcomputer’s circuit board, making solid-
state motor drives with digital pulse generation circuits very flexible. A typical dig-
ital pulse generation circuit board from a pulse-width-modulated induction motor
drive is shown in Figure 3-22. Examples of solid-state ac and d¢ motor drives con-
taining such digital firing circuits are described in Chapters 7 and 9, respectively.

The production of pulses for triggering SCRs, GTOs, and TRIACS is one of
the most complex aspects of solid-state power control. The simple analog circuits
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l. I:I.l!l’tt:!!l.:l.ﬂ. X : FIGURE 3-22

N At R A typical digital pulse generation circuit board from a pulse-width-
modulated (PWM) induction motor drive. (Courtesy of MagneTek
1 Drives and Systems.)
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FIGURE 3-23

A relaxation oscillator (or pulse generator) using a PNPN diode.

shown here are examples of only the most primitive types of pulse-producing cir-
cuits—more advanced ones are beyond the scope of this book.

A Relaxation Oscillator Using a PNPN Diode

Figure 3-23 shows a relaxation oscillator or pulse-generating circuit built with a
PNPN diode. In order for this circuit to work, the following conditions must be true:

1. The power supply voltage Vpe must exceed Vg for the PNPN diode.
2. Vpe/R, must be less than I; for the PNPN diode.
3. R, must be much larger than R,.

When the switch in the circuit is first closed, capacitor C will charge
through resistor R, with time constant 7= R,C. As the voltage on the capacitor
builds up, it will eventually exceed Vg and the PNPN diode will turn on. Once
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(a) The voltage across the capacitor in the relaxation oscillator. (b) The output voltage of the
relaxation oscillator. (c) The output voltage of the oscillator after R, is decreased.

the PNPN diode turns on, the capacitor will discharge through it. The discharge
will be very rapid because R, is very small compared to R,. Once the capacitor is
discharged, the PNPN diode will turn off, since the steady-state current coming
through R, is less than the current Iy of the PNPN diode.

The voltage across the capacitor and the resulting output voltage and current
are shown in Figure 3—24a and b, respectively.

The timing of these pulses can be changed by varying R,. Suppose that re-
sistor R is decreased. Then the capacitor will charge more quickly, and the PNPN
diode will be triggered sooner. The pulses will thus occur closer together (see
Figure 3-24c¢).
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FIGURE 3-25

(a) Using a pulse generator to directly trigger an SCR. (b) Coupling a pulse generator to an SCR
through a transformer. (¢) Connecting a pulse generator to an SCR through a transistor amplifier to
increase the strength of the pulse.

This circuit can be used to trigger an SCR directly by removing R, and con-
necting the SCR gate lead in its place (see Figure 3-25a). Allernatively, the pulse
circuit can be coupled to the SCR through a transformer, as shown in Figure
3-25b. If more gate current is needed to drive the SCR or TRIAC, then the pulse
can be amplified by an extra transistor stage, as shown in Figure 3-25c.

The same basic circuil can also be built by using a DIAC in place of the
PNPN diode (see Figure 3-26). It will function in exactly the same fashion as pre-
viously described.

In general, the quantitative analysis of pulse generation circuits is very com-
plex and beyond the scope of this book. However, one simple example using a re-
laxation oscillator follows. It may be skipped with no loss of continuity, if desired.
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FIGURE 3-26
A relaxation oscillator using a DIAC instead of a PNPN diode.
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FIGURE 3-27
The relaxation oscillator of Example 3-2.

Vpc=120V

Example 3-2. Figure 3-27 shows a simple relaxation oscillator using a PNPN
diode. In this circuit,

Voo = 120V R, = 100k

C=1uF Ry=1kQ
Vao =73V I, = 10mA

(a) Determine the firing frequency of this circuit.
(b) Determine the firing frequency of this circuit if R, is increased to 150 k).

Solution

(a) When the PNPN diode is turned off, capacitor C charges through resistor R,
with a time constant T = R|C, and when the PNPN diode turns on, capacitor C
discharges through resistor R, with time constant 1 = R,C. (Actually, the dis-
charge rate is controlled by the parallel combination of R, and R,, but since
R, >> R,, the parallel combination is essentially the same as R, itself.) From
elementary circuit theory, the equation for the voltage on the capacitor as a
function of time during the charging portion of the cycle is

ve(f) = A + Be™"RiC
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where A and B are constants depending on the initial conditions in the circuit.
Since v(0) = 0 V and v(e0) = Vp, it is possible to solve for A and B:

A=Vc(°°)=V[x:
A+B=v(0)=0=B= -V

Therefore,

The time at which the capacitor will reach the breakover voltage is found by
solving for time ¢ in Equation (3-4);

Voe = V,
f = —R,Cln—5—22 (3-5)
DC
In this case,
V-75V
f, = —(100 kX1 uP) 1n 120013

= 08 ms

Similarly, the equation for the voltage on the capacitor as a function of time dur-
ing the discharge portion of the cycle turns out to be

V() = Vage t/RC (3-6)
s0 the current flow through the PNPN diode becomes
V.
ity = %e"’&c (3-7
2

If we ignore the continued trickle of current through R, the time at which i(f)
reaches Iy and the PNPN diode turns off is

IyR
f=—RC Iy (3-8)
BO
. (10 mAX1kQ)
= —(1 kM)A uP In 75V =2 ms

Therefore, the total period of the relaxation oscillator is
T=1t 1+t =98ms +2ms = 100ms

and the frequency of the relaxation oscillator is

f= lT = 10Hz
(b) If R, is increased to 150 k{2, the capacitor charging time becomes
tp, =—RCln M
DC
= —(150 kX1 By In 25 Y

147 ms
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The capacitor discharging time remains unchanged at

1
t, = —chmﬁ =2ms

Veo
Therefore, the total period of the relaxation oscillator is
=t +t,=147Tms + 2ms = 149 ms
and the frequency of the relaxation oscillator is

_ 1
r= 0.149 s

= 6.71 Hz

Pulse Synchronization

In ac applications, it is important that the triggering pulse be applied to the con-
trolling SCRs at the same point in each ac cycle. The way this is normally done is
to synchronize the pulse circuit to the ac power line supplying power to the SCRs.
This can easily be accomplished by making the power supply to the triggering cir-
cuit the same as the power supply to the SCRs.

If the triggering circuit is supplied from a half-cycle of the ac power line, the
RC circuit will always begin to charge at exactly the beginning of the cycle, so the
pulse will always occur at a fixed time with respect to the beginning of the cycle.

Pulse synchronization in three-phase circuits and inverters is much more
complex and is beyond the scope of this book.

3.4 VOLTAGE VARIATION BY
AC PHASE CONTROL

The level of voltage applied to a motor is one of the most common variables in
motor-control applications. The SCR and the TRIAC provide a convenient tech-
nique for controlling the average voltage applied to a load by changing the phase
angle at which the source voltage is applied to it.

AC Phase Control for a DC Load Driven from an
AC Source

Figure 3-28 illustrates the concept of phase angle power control. The figure
shows a voltage-phase-control circuit with a resistive dc load supplied by an ac
source. The SCR in the circuit has a breakover voltage for iz = 0 A that is greater
than the highest voltage in the circuit, while the PNPN diode has a very low
breakover voltage, perhaps 10 V or so. The full-wave bridge circuit ensures that
the voltage applied to the SCR and the load will always be dc.

If the switch S, in the picture is open, then the voltage V), at the terminals of
the rectifier will just be a full-wave rectified version of the input voltage (see Fig-
ure 3-29).

If switch S| 1s shut but switch S, is left open, then the SCR will always be
off. This 1s true because the voltage out of the rectifier will never exceed Vi, for



178 ELECTRIC MACHINERY FUNDAMENTALS

]
i\ /% Ej)
(V;; T %,

\I _ Vell) T

FIGURE 3-28
A circuit controlling the voltage to a dc load by phase angle coatrol.

vi(h)

~!  FIGURE 3-29
The voltage at the output of the
bridge circuit with switch §, open.

the SCR. Since the SCR is always an open circuit, the current through it and the
load, and hence the voltage on the load, will still be zero.

Now suppose that swilch S, is closed. Then, at the beginning of the first half-
cycle after the switch is closed, a voltage builds up across the RC network, and the
capacitor begins to charge. During the time the capacitor is charging, the SCR is
off, since the voltage applied to it has not exceeded Viq. As time passes, the ca-
pacitor charges up to the breakover voltage of the PNPN diode, and the PNPN
diode conducts. The current flow from the capacitor and the PNPN diode flows
through the gate of the SCR, lowering Vg, for the SCR and turning it on. When the
SCR turns on, current flows through it and the load. This current flow continues for
the rest of the half-cycle, even after the capacitor has discharged, since the SCR
turns off only when its current falls below the holding current (since Iy is a few
milliamperes, this does not occur until the extreme end of the half-cycle).

Al the beginning of the next half-cycle, the SCR is again off. The RC circuit
again charges up over a finite period and triggers the PNPN diode. The PNPN
diode once more sends a current to the gate of the SCR, turning it on. Once on, the
SCR remains on for the rest of the cycle again. The voltage and current wave-
forms for this circuit are shown in Figure 3-30.

Now for the critical question: How can the power supplied to this load be
changed? Suppose the value of R is decreased. Then at the beginning of each half-
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cycle, the capacitor will charge more quickly, and the SCR will fire sooner. Since
the SCR will be on for longer in the half-cycle, more power will be supplied to the
load (see Figure 3-31). The resistor R in this circuit controls the power flow to the
load in the circuit.

The power supplied to the load is a function of the time that the SCR fires;
the earlier that it fires, the more power will be supplied. The firing time of the
SCR is customarily expressed as a firing angle, where the firing angle is the angle
of the applied sinusoidal voltage at the time of firing. The relationship between
the firing angle and the supplied power will be derived in Example 3-3.
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FIGURE 3-32
(a) A circuit controlling the voltage to an ac load by phase angle control. (b) Voltages on the source,
the load, and the SCR in this controller.

A C Phase Angle Control for an AC Load

It is possible to modify the circuit in Figure 3-28 to control an ac load simply by
moving the load from the dce side of the circuit to a point before the rectifiers. The
resulting circuit is shown in Figure 3-32a, and its voltage and circuit waveforms
are shown in Figure 3-32b.

However, there is a much easier way 1o make an ac power controller. If the
same basic circuit is used with a DIAC in place of the PNPN diode and a TRIAC
in place of the SCR, then the diode bridge circuit can be completely taken out of
the circuit. Because both the DIAC and the TRIAC are two-way devices, they op-
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erate equally well on either half-cycle of the ac source. An ac phase power con-
troller with a DIAC and a TRIAC is shown in Figure 3-33.

Example 3-3. Figure 3-34 shows an ac phase angle controller supplying power to
a resistive load. The circuit uses a TRIAC triggered by a digital pulse circuit that can pro-
vide firing pulses at any point in each half-cycle of the applied voltage vg(t). Assume that
the supply voltage is 120 V rms at 60 Hz.

(@) Determine the rms voltage applied to the load as a function of the firing angle of
the pulse circuit, and plot the relationship between firing angle and the supplied
voltage.

(b)) What firing angle would be required to supply a voltage of 75 V rms to the load?

Solution
(@) This problem is ideally suited to solution using MATLAB because it involves a
repetitive calculation of the rms voltage applied to the load at many different fir-
ing angles. We will solve the problem by calculating the waveform produced by
firing the TRIAC at each angle from 1° to 179°, and calculating the rms voltage
of the resulting waveform. (Note that only the positive half cycle is considered,
since the negative half cycle is symmetrical.)
The first step in the solution process is to produce a MATLAB function
that mimics the load voltage for any given wr and firing angle. Function
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ac

that time.

function volts = ac_phase_controller (wt,deg)

%
%
2
%
2

2

Function to simulate the output of the positive half

cycle of an ac phase angle controller with a peak
voltage of 120 * SQRT(2) = 170 V.

wt = Phase in radians (-omega x time)

deg = Firing angle in degrees

Degrees to radians conversion factor

deg2rad = pi / 180;

2

Simulate the output of the phase angle controller.

if wt > deg * deglrad;

volts = 170 * sin(wt);

else

volts = 0;

end

The next step is to write an m-file that creates the load waveform for each pos-
sible firing angle, and calculates and plots the resulting rms voltage. The m-file
shown below uses function ac_phase_controller to calculate the load
voltage waveform for each firing angle, and then calculates the rms voltage of

that waveform.

% M-file: volts_vs_phase_angle.m

% M-file to calculate the rms voltage applied to a load as

% a function of the phase angle firing circuit, and to
% plot the resulting relationship.

% Loop over all firing angles (1 to 179 degrees)
deg = zeros(1,179);

rms
for

end

= zeros(1,179);
ii = 1:179

% save firing angle
deg(ii) = ii;

% First, generate the waveform to analyze.
waveform = zeros(1,180);
for jj = 1:180

waveform(jj) = ac_phase_controller(jj*pi/180,1ii);
end

% Now calculate the rms voltage of the waveform
temp = sum(waveform.”2);
rms(ii) = sgrt(temp/180) ;

_ phase_controller does this. It accepts two input arguments, a nor-
malized time @t in radians and a firing angle in degrees. If the time wt is earlier
than the firing angle, the load voltage at that time will be O V. If the time wr is
after the firing angle, the load voltage will be the same as the source voltage for
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% Plot rms voltage of the load as a function of firing angle
plot (deg, rms) ;

title('Load Voltage vs. Firing Angle');

xlabel ('Firing angle (deg)');

ylabel ('RMS voltage (V)');

grid on;

Two examples of the waveform generated by this function are shown in
Figure 3-35.

Load voltage for a 45° firing angle
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FIGURE 3-35
Waveform produced by volts_vs_phase_angle for afiring angle of (a) 45°: (b) 90°.
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FIGURE 3-36
Plot of rms load voltage versus TRIAC firing angle.

When this m-file is executed, the plot shown in Figure 3-36 results. Note
that the earlier the firing angle, the greater the rms voltage supplied to the load.
However, the relationship between firing angle and the resulting voltage is not

linear, so it is not easy to predict the required firing angle to achieve a given load
voltage.

(b) The firing angle required to supply 75 V to the load can be found from Figure
3-36. It is about 99°.

The Effect of Inductive Loads on Phase
Angle Control

If the load attached to a phase angle controller is inductive (as real machines are),
then new complications are introduced to the operation of the controller. By the
nature of inductance, the current in an inductive load cannot change instanta-
neously. This means that the current to the load will not rise immediately on firing
the SCR (or TRIAC) and that the current will not stop flowing at exactly the end
of the half-cycle. At the end of the half-cycle, the inductive voltage on the load
will keep the device turned on for some time into the next half-cycle, until the cur-
rent flowing through the load and the SCR finally falls below Iy, Figure 3-37
shows the effect of this delay in the voltage and current waveforms for the circuit
in Figure 3-32.

A large inductance in the load can cause (wo potentially serious problems
with a phase controller:

1. The inductance can cause the current buildup to be so slow when the SCR is
swilched on that it does not exceed the holding current before the gate current

disappears. If this happens, the SCR will not remain on, because its current is
less than I,
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The effect of an inductive load on the current and voltage waveforms of the circuit shown in

Figure 3-32.

2. If the current continues long enough before decaying to [ after the end of a
given cycle, the applied voltage could build up high enough in the next cycle
to keep the current going, and the SCR will never switch off.

The normal solution to the first problem is to use a special circuit to provide
a longer gating current pulse to the SCR. This longer pulse allows plenty of time
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FIGURE 3-38
A phase angle controller illustrating the use of a free-wheeling diode with an inductive load.

for the current through the SCR to rise above I, permitting the device to remain
on for the rest of the halt-cycle.

A solution to the second problem is to add a free-wheeling diode. A free-
wheeling diode is a diode placed across a load and oriented so that it does not con-
duct during normal current flow. Such a diode is shown in Figure 3-38. At the end
of a half-cycle, the current in the inductive load will attempt to keep flowing in the
same direction as it was going. A voltage will be built up on the load with the po-
larity required to keep the current flowing. This voltage will forward-bias the free-
wheeling diode, and it will supply a path for the discharge current from the load.
In that manner, the SCR can turn off without requiring the current of the inductor
to instantly drop to zero.

3.5 DC-TO-DC POWER CONTROL—
CHOPPERS

Sometimes it is desirable to vary the voltage available from a dc source before ap-
plying it to a load. The circuits which vary the voltage of a dc source are called de-
to-dc converters or choppers. In a chopper circuit, the input voltage is a constant
dc voltage source, and the output voltage is varied by varying the fraction of the
time that the dc source is connected to its load. Figure 3—-39 shows the basic prin-
ciple of a chopper circuit. When the SCR is triggered, it turns on and power is sup-
plied to the load. When it turns off, the dc source is disconnected from the load.
In the circuit shown in Figure 3-39, the load 18 a resistor, and the voltage on
the load is either Ve or 0. Similarly, the current in the load 18 either Vpe/R or 0. It
is possible to smooth out the load voltage and current by adding a series inductor
to filter out some of the ac components in the waveform. Figure 3—40 shows a
chopper circuit with an inductive filter. The current through the inductor increases
exponentially when the SCR is on and decreases exponentially when the SCR is
off. If the inductor is large, the time constant of the current changes (v = L/R) will
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(a) The basic principle of a chopper circuit. (b) The input voltage to the circuit. (¢) The resulting
voltage on the load.

be long relative to the on/off cycle of the SCR and the load voltage and current
will be almost consltant at some average value.

In the case of ac phase controllers, the SCRs automatically turn off at the end
of each half-cycle when their currents go to zero. For dc circuits, there is no point
at which the current naturally falls below I, so once an SCR is turned on, it never
turns off. To turn the SCR off again at the end of a pulse, it is necessary to apply a
reverse voltage to it for a short time. This reverse voltage stops the current flow and
turns off the SCR. Once it is off, it will not turn on again until another pulse enters
the gate of the SCR. The process of forcing an SCR to turn oft at a desired time is
known as forced commutation.

GTO thyristors are ideally suited for use in chopper circuilts, since they are
self-commutating. In contrast to SCRs, GTOs can be turned off by a negative cur-
rent pulse applied to their gates. Therefore, the extra circuitry needed in an SCR
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A chopper circuit with an inductive filter to smooth out the load voltage and current.

chopper circuit to turn off the SCR can be eliminated from a GTO thyristor chop-
per circuit (Figure 3—41a). Power (ransistors are also self-commutating and are
used in chopper circuits that fall within their power limits (Figure 3—41b).

Chopper circuits are used with dc power systems to vary the speed of dc
motors. Their greatest advantage for dc speed control compared to conventional
methods is that they are more efficient than the systems (such as the Ward-
Leonard system described in Chapter 6) that they replace.

Forced Commutation in Chopper Circuits

When SCRs are used in choppers, a forced-commutation circuit must be included
to turn off the SCRs at the desired time. Most such forced-commutation circuits
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FIGURE 3-41
(a) A chopper circuit made with a GTO thyristor. (b) A chopper circuit made with a transistor.
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A series-capacitor forced-commutation chopper circuit.

depend for their turnoff voltage on a charged capacitor. Two basic versions of ca-
pacitor commutation are examined in this brief overview:

1. Series-capacitor commutation circuits
2. Parallel-capacitor commutation circuits

Series-Capacitor Commutation Circuits

Figure 3—42 shows a simple dc chopper circuit with series-capacitor commuta-
tion. It consists of an SCR, a capacitor, and a load, all in series with each other.
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FIGURE 343
The capacitor and load voltages in the series chopper circuit.

The capacitor has a shunt discharging resistor across it, and the load has a free-
wheeling diode across it.

The SCR is initially turned on by a pulse applied to its gate. When the SCR
turns on, a voltage is applied to the load and a current starts flowing through it.
But this current flows through the series capacitor on the way to the load, and the
capacitor gradually charges up. When the capacitor’s voltage nearly reaches Vi,
the current through the SCR drops below I; and the SCR turns off.

Once the capacitor has turned off the SCR, it gradually discharges through
resistor R. When it is totally discharged, the SCR is ready to be fired by another
pulse at its gate. The voltage and current waveforms for this circuit are shown in
Figure 3-43.

Unfortunately, this type of circuit is limited in terms of duty cycle, since the
SCR cannot be fired again until the capacitor has discharged. The discharge time
depends on the time constant T = RC, and C must be made large in order to let a
lot of current flow to the load before it turns off the SCR. But R must be large,
since the current leaking through the resistor has to be less than the holding cur-
rent of the SCR. These two facts taken together mean that the SCR cannot be re-
fired quickly after it turns off. It has a long recovery time.

An improved series-capacitor commutation circuit with a shortened recov-
ery time is shown in Figure 3—44. This circuit is similar to the previous one except
that the resistor has been replaced by an inductor and SCR in series. When SCR is
fired, current will flow to the load and the capacitor will charge up, cutting off
SCR;. Once it is cut off, SCR, can be fired, discharging the capacitor much more
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(a) A series-capacitor forced-commutation chopper circuit with improved capacitor recovery time.
(b) The resulting capacitor and load voltage waveforms. Note that the capacitor discharges much
more rapidly, so SCR, could be refired sooner than before.

quickly than the resistor would. The inductor in series with SCR, protects SCR,
from instantaneous current surges that exceed its ratings. Once the capacitor dis-
charges, SCR, turns off and SCR, is ready to fire again.

Parallel-Capacitor Commutation Circuits

The other common way to achieve forced commutation is via the parallel-
capacitor commutation scheme. A simple example of the parallel-capacitor
scheme is shown in Figure 3—45. In this scheme, SCR, is the main SCR, supply-
ing power to the load, and SCR, controls the operation of the commutating capac-
itor. To apply power to the load, SCR, is fired. When this occurs, a current flows
through the SCR to the load, supplying power to il. Also, capacitor C charges up
through resistor R to a voltage equal to the supply voltage Vpe.

When the time comes to turn off the power to the load, SCR;is fired. When
SCR, is fired, the voltage across it drops (o zero. Since the voltage across a
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A parallel-capacitor forced-commutation chopper circuit.
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A parallel-capacitor forced-commutation chopper circuit with improved capacitor charging time.
SCR; permits the load power to be turned off more quickly than it could be with the basic parallel-
capacitor circuit.

capacitor cannot change instantancously, the voltage on the left side of the capaci-
tor must instantly drop to —Vpe volts. This turns off SCR,, and the capacitor
charges through the load and SCR, to a voltage of Vpe volts positive on its left side.
Once capacitor C is charged, SCR; turns off, and the cycle is ready to begin again.

Again, resistor R) must be large in order for the current through it to be less
than the holding current of SCR,. But a large resistor R; means that the capacitor
will charge only slowly after SCR, fires. This limits how soon SCR, can be turned
off after it fires, setting a lower limit on the on time of the chopped waveform.

A circuit with a reduced capacitor charging time is shown in Figure 3-46. In
this circuit SCR; is triggered at the same time as SCR,; is, and the capacitor can
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charge much more rapidly. This allows the current to be turned off much more
rapidly if it is desired to do so.

In any circuit of this sort, the free-wheeling diode is extremely important.
When SCR, is forced off, the current through the inductive load must have an-
other path available to it, or it could possibly damage the SCR.

3.6 INVERTERS

Perhaps the most rapidly growing area in modern power electronics is static fre-
quency conversion, the conversion of ac power at one frequency to ac power at
another frequency by means of solid-state electronics. Traditionally there have
been two approaches to static ac frequency conversion: the cycloconverter and the
rectifier-inverter. The cycloconverter 1s a device for directly converting ac power
at one frequency to ac power at another frequency, while the rectifier-inverter first
converts ac power to dc power and then converts the dc power to ac power again
at a different frequency. This section deals with the operation of rectifier-inverter
circuits, and Section 3.7 deals with the cycloconverter.
A rectifier-inverter is divided into two parts:

1. A rectifier to produce dc power
2. An inverter to produce ac power from the dc power.

Each part is treated separaiely.

The Rectifier

The basic rectifier circuits for converting ac power to dc¢ power are described in
Section 3.2. These circuits have one problem from a motor-control point of
view—their output voltage is fixed for a given input voltage. This problem can be
overcome by replacing the diodes in these circuits with SCRs.

Figure 3—47 shows a three-phase full-wave rectifier circuit with the diodes
in the circuits replaced by SCRs. The average dc output voltage from this circuit
depends on when the SCRs are triggered during their positive half-cycles. If they
are triggered at the beginning of the half-cycle, this circuit will be the same as that
of a three-phase full-wave rectifier with diodes. If the SCRs are never triggered,
the output voltage will be O V. For any other firing angle between 0° and 180° on
the waveform, the dc output voltage will be somewhere between the maximum
value and O V.

When SCRs are used instead of diodes in the rectifier circuit to get control
of the dc voltage output. this output voltage will have more harmonic content than
a simple rectifier would, and some form of filter on its output is important. Figure
3—-47 shows an inductor and capacitor filter placed at the output of the rectifier to
help smooth the dc output.
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A three-phase rectifier circuit using SCRs to provide control of the dc output voltage level.
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An external commutation inverter.

Synchronous motor

External Commutation Inverters

Inverters are classified into two basic types by the commutation technique used:
external commutation and self-commutation. External commutation inverters are
inverters in which the energy required to turn off the SCRs is provided by an ex-
ternal motor or power supply. An example of an external commutation inverter is
shown in Figure 3—48. The inverter is connected to a three-phase synchronous
motor, which provides the countervoltage necessary to turn off one SCR when its
companion is fired.

The SCRs in this circuit are triggered in the following order: SCR,, SCRg,
SCR;, SCR,, SCR;, SCRs. When SCR, fires, the internal generated voltage in the
synchronous motor provides the voltage necessary to turn off SCR;. Note that if
the load were not connected to the inverter, the SCRs would never be turned off
and after  cycle a short circuit would develop through SCR, and SCR,.

This inverter is also called a load-commutated inverter.
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Self-Commutation Inverters

If it is not possible to guarantee that a load will always provide the proper coun-
tervoltage for commutation, then a self-commutation inverter must be used. A
self-commultation inverter is an inverter in which the active SCRs are turned off
by energy stored in a capacitor when another SCR is switched on. It 1s also possi-
ble to design self-commutation inverters using GTOs or power transistors, in
which case commutation capacitors are not required.

There are three major types of self-commutation inverters: current source in-
verters (CSIs), voltage source inverters (VSIs), and pulse-width modulation
(PWM) inverters. Current source inverters and voltage source inverters are simpler
than PWM inverters and have been used for a longer time. PWM inverters require
more complex control circuitry and faster switching components than CSIs and
VSIs. CSIs and VSIs are discussed first. Current source inverters and voltage
source inverters are compared in Figure 3-49.

In the current source inverter, a reclifier 1s connected to an inverter through
a large series inductor Lg. The inductance of Ly is sufficiently large that the direct
current is constrained to be almost constant. The SCR current output waveform
will be roughly a square wave, since the current flow I is constrained to be nearly
constant. The line-to-line voltage will be approximaltely triangular. It is easy to
limit overcurrent conditions in this design, but the output voltage can swing
widely in response to changes in load.

In the voltage source inverter, a rectifier is connecled to an inverter through
a series inductor Lg and a parallel capacitor C. The capacitance of C is sufficiently
large that the voltage is constrained to be almost constant. The SCR line-to-line
voltage output waveform will be roughly a square wave, since the voltage V is
constrained to be nearly constant. The output current flow will be approximately
triangular. Voltage variations are small in this circuit, but currents can vary wildly
with variations in load, and overcurrent protection is difficult to implement.

The frequency of both current and vollage source inverters can be easily
changed by changing the firing pulses on the gates of the SCRs, so both inverters
can be used to drive ac motors at variable speeds (see Chapter 10).

A Single-Phase Current Source Inverter

A single-phase current source inverter circuit with capacitor commutation is
shown in Figure 3-50. It contains two SCRs, a capacitor, and an output trans-
former. To understand the operation of this circuil, assume initially that both SCRs
are off. If SCR, is now turned on by a gate current, voltage Vpe will be applied to
the upper half of the transformer in the circuit. This voltage induces a voltage Vpe
in the lower half of the transformer as well, causing a voltage of 2Vpc o be built
up across the capacitor. The voltages and currents in the circuit at this time are
shown in Figure 3-50b.

Now SCR,; is turned on. When SCR, is turned on, the voltage at the cathode
of the SCR will be Vpe. Since the voltage across a capacitor cannot change
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Comparison of current source inverters and voltage source inverters.

instantaneously, this forces the voltage at the top of the capacitor Lo instantly be-
come 3V, turning off SCR,. At this point, the voltage on the bottom half of the
transformer is built up positive at the bottom to negative at the top of the winding,
and its magnitude is V.. The voltage in the bottom half induces a voltage Vi in
the upper half of the transformer, charging the capacitor C up to a voltage of 2V,
oriented positive at the bottom with respect to the top of the capacitor. The condi-
tion of the circuit at this time is shown in Figure 3-50c.

When SCR, is fired again, the capacitor voltage cuts off SCR,, and this
process repeats indefinitely. The resulting voltage and current waveforms are
shown in Figure 3-51.
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(a) A simple single-phase inverter circuit. (b) The voltages and currents in the circuit when SCR is

triggered. (c) The voltages and currents in the circuit when SCR; is triggered.

A Three-Phase Current Source Inverter

Figure 3-52 shows a three-phase current source inverter. In this circuit, the six
SCRs fire in the order SCR,, SCR4, SCR,, SCR,, SCR;, SCRs. Capacitors C,

through C¢ provide the commutation required by the SCRs.
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Plots of the voltages and current in the inverter circuit: V| is the voltage at the cathode of SCR,, and
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exceeds Vpc, that SCR is turned off. iy, is the current supplied to the inverter’s load.
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A three-phase current source inverter.

To understand the operation of this circuit, examine Figure 3-53. Assume
that initially SCR, and SCR; are conducting, as shown in Figure 3-53a. Then a
voltage will build up across capacitors C,, C;, C,, and C; as shown on the dia-
gram. Now assume that SCRy is gated on. When SCR, is turned on, the voltage at
point 6 drops to Zero (see Figure 3-53b). Since the voltage across capacitor Cs
cannot change instantaneously. the anode of SCR,is biased negative, and SCR4is
turned off. Once SCRy 1s on, all the capacitors charge up as shown in Figure
3-53c, and the circuit is ready to turn off SCR, whenever SCR,, is turned on. This
same commulation process applies to the upper SCR bank as well.

The output phase and line current from this circuit are shown in Figure 3-53d.

A Three-Phase Voltage Source Inverter

Figure 3-54 shows a three-phase voltage source inverter using power transistors
as the active elements. Since power transistors are self-commutating, no special
commutation components are included in this circuit.
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voltage at the anode of SCR, falls almost instantaneously to zero. Since the voltage across capacitor Cs cannot change instantaneously, the voltage at the anode of SCR; will become
negative, and SCRs will tum off.
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FIGURE 3-54

(a) A three-phase voltage source inverter using power transistors.

In this circuit, the transistors are made to conduct in the order T\, T, 75, 7,
T,, Ts. The output phase and line voltage from this circuit are shown in Fig-
ure 3-54b.

Pulse-Width Modulation Inverters

Pulse-width modulation is the process of modifying the width of the pulses in a
pulse train in direct proportion to a small control signal; the greater the control
voltage, the wider the resulting pulses become. By using a sinusoid of the desired
frequency as the control voltage for a PWM circuit, it is possible to produce a
high-power waveform whose average vollage varies sinusoidally in a manner
suitable for driving ac motors.

The basic concepts of pulse-width modulation are illustrated in Figure 3-55.
Figure 3—55a shows a single-phase PWM inverter circuit using IGBTSs. The states
of IGBT, through IGBT, in this circuit are controlled by the two comparators
shown in Figure 3-55b.

A comparator is a device that compares the input voltage v;,(f) to a refer-
ence signal and turns transistors on or off depending on the results of the test.
Comparator A compares v;,(#) to the reference voltage v (f) and controls IGBTs T,
and 7, based on the results of the comparison. Comparator B compares vy, (1) to the
reference voltage v,(7) and controls IGBTs T; and T, based on the results of the
comparison. If v, (#) is greater than v(#) at any given time ¢, then comparator A
will turn on 7, and turn off 7,. Otherwise. it will turn off 7, and turn on 7,. Simi-
larly, if v, (1) is greater than v,(f) at any given time f, then comparator B will turn
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2vg L
(b)

FIGURE 3-54 (concluded)
(b) The output phase and line voltages from the inverter.




204 ELECTRIC MACHINERY FUNDAMENTALS

+°
vBl D_IKTI \;Bso_l KT3
Vload(‘r)
- ~ +
‘ Load p
VDC
+ +
: | &} vl | "B &
VB2 2 u v 4
T o
(a)
FIGURE 3-55

The basic concepts of pulse-width modulation. (a) A single-phase PWM circuit using IGBTs.

off T; and turn on T,. Otherwise, it will turn on 7, and turn oft 7,. The reference
voltages v,(f) and v(#) are shown in Figure 3-55c.

To understand the overall operation of this PWM inverter circuit, see what
happens when different control voltages are applied to it. First, assume that the
control voltage is O V. Then voltages v,(f) and v,(r) are identical, and the load volt-
age out of the circuit vy 4(f) is zero (see Figure 3-56).

Next, assume that a constant positive control voltage equal to one-half of
the peak reference voltage is applied to the circuit. The resulting output voltage is
a train of pulses with a 50 percent duty cycle, as shown in Figure 3-57.

Finally, assume that a sinusoidal control voltage is applied to the circuit as
shown in Figure 3-58. The width of the resulting pulse train varies sinusoidally
with the control voltage. The result is a high-power output waveform whose aver-
age voltage over any small region is directly proportional to the average voltage
of the control signal in that region. The fundamental frequency of the output
waveform is the same as the frequency of the input control voltage. Of course,
there are harmonic components in the output voltage, but they are not usually a
concern in motor-control applications. The harmonic components may cause ad-
ditional heating in the motor being driven by the inverter, but the extra heating can
be compensated for either by buying a specially designed motor or by derating an
ordinary motor (running it at less than its full rated power).

A complete three-phase PWM inverter would consist of three of the single-
phase inverters described above with control voltages consisting of sinusoids
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(b) The comparators used to control the on and off states of the transistors. (c) The reference voltages

used in the comparators.

shifted by 120° between phases. Frequency control in a PWM inverter of this sort

1s accomplished by changing the frequency of the input control voltage.

A PWM inverter swilches states many times during a single cycle of the re-
sulting output voltage. At the time of this writing, reference voltages with frequen-
cies as high as 12 kHz are used in PWM inverter designs, so the components in a
PWM inverter must change states up to 24,000 times per second. This rapid switch-
ing means that PWM inverters require faster components than CSIs or VSIs. PWM
inverters need high-power high-frequency components such as GTO thyristors,
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FIGURE 3-56
The output of the PWM circuit with an input voltage of 0 V. Note that v (f) = v (1), so v, 4() = 0.
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The output of the PWM circuit with an input voltage equal to one-half of the peak comparator
voltage.
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IGBTs, and/or power transistors for proper operation. (At the time of this writing,
IGBTs have the advantage for high-speed, high-power swilching, so they are the
preferred component for building PWM inverters.) The control voltage fed to the
comparator circuits is usually implemented digitally by means of a microcompuler
mounted on a circuit board within the PWM motor controller. The control voltage
(and therefore the output pulse width) can be controlled by the microcomputer in
a manner much more sophisticated than that described here. It is possible for the
microcomputer to vary the control voltage to achieve different frequencies and
voltage levels in any desired manner. For example, the microcomputer could im-
plement various acceleration and deceleration ramps, current limits, and voltage-
versus-frequency curves by simply changing options in software.

A real PWM-based induction motor drive circuit is described in Section 7.10.

3.7 CYCLOCONVERTERS

The cycloconverter is a device for directly converting ac power at one frequency
to ac power at another frequency. Compared to rectifier-inverter schemes, cyclo-
converters have many more SCRs and much more complex gating circuitry. De-
spite these disadvantages, cycloconverters can be less expensive than rectifier-
inverters at higher power ratings.

Cycloconverters are now available in constant-frequency and variable-
frequency versions. A constant-frequency cycloconverter is used to supply power
at one frequency from a source at another frequency (e.g., to supply 50-Hz loads
from a 60-Hz source). Variable-frequency cycloconverters are used to provide a
variable output voltage and frequency from a constant-voltage and constant-
frequency source. They are often used as ac induction motor drives.

Although the details of a cycloconverter can become very complex, the ba-
sic idea behind the device is simple. The input to a cycloconverter is a three-phase
source which consists of three voltages equal in magnitude and phase-shifted from
each other by 120°. The desired output voltage is some specified waveform, usu-
ally a sinusoid at a different frequency. The cycloconverter generates its desired
output waveform by selecting the combination of the three input phases which
most closely approximates the desired output voltage at each instant of time.

There are two major categories of cycloconverters, noncirculating current
cycloconverters and circulating current cycloconverters. These types are distin-
guished by whether or not a current circulates internally within the cyclocon-
verter; they have different characteristics. The two types of cycloconverters are
described following an introduction to basic cycloconverter conceplts.

Basic Concepts

A good way to begin the study of cycloconverters is to take a closer look at the
three-phase full-wave bridge rectifier circuit described in Section 3.2. This circuit
is shown in Figure 3-59 attached to a resistive load. In that figure, the diodes are
divided into two halves, a positive half and a negative half. In the positive half, the
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FIGURE 3-59
A three-phase full-wave diode bridge circuit connected to a resistive load.

diode with the highest voltage applied to it at any given time will conduct, and it
will reverse-bias the other two diodes in the section. In the negative half, the diode
with the lowest voltage applied to it at any given time will conduct, and it will
reverse-bias the other two diodes in the section. The resulting output voltage is
shown in Figure 3—60.

Now suppose that the six diodes in the bridge circuit are replaced by six
SCRs as shown in Figure 3-61. Assume that initially SCR, is conducting as shown
in Figure 3-61b. This SCR will continue to conduct until the current through it falls
below Iy. If no other SCR in the positive half is triggered, then SCR, will be turned
off when voltage v, goes to zero and reverses polarity at point 2. However, if SCR,
is triggered at any time after point 1, then SCR, will be instantly reverse-biased and
turned off. The process in which SCR; forces SCR to turn off is called forced com-
mutation; it can be seen that forced commutation is possible only for the phase an-
gles between points | and 2. The SCRs in the negative half behave in a similar
manner, as shown in Figure 3-61¢. Note that if each of the SCRs is fired as soon as
commutation is possible, then the output of this bridge circuit will be the same as
the output of the full-wave diode bridge rectifier shown in Figure 3-59.

Now suppose that it is desired to produce a linearly decreasing output volt-
age with this circuit, as shown in Figure 3—62. To produce such an output, the con-
ducting SCR in the positive half of the bridge circuit must be turned off whenever
its voltage falls too far below the desired value. This is done by triggering another
SCR voltage above the desired value. Similarly, the conducting SCR in the nega-
tive half of the bridge circuit must be turned off whenever its voltage rises too far
above the desired value. By triggering the SCRs in the positive and negative
halves at the right time, it is possible to produce an output voltage which de-
creases in a manner roughly corresponding to the desired waveform. It is obvious
from examining Figure 3-62 that many harmonic components are present in the
resulting output voltage.
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FIGURE 3-61

(a) A three-phase full-wave SCR bridge circuit connected to a resistive load. (b) The operation of the
positive half of the SCRs. Assume that initially SCR | is conducting. If SCR, is triggered at any time
after point 1, then SCR, will be reverse-biased and shut off. (¢) The operation of the negative half of
the SCRs. Assume that initially SCR, is conducting. If SCR, is triggered at any time after point 1,
then SCR will be reverse-biased and shut off.
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FIGURE 3-62
Approximating a linearly decreasing voltage with the three-phase full-wave SCR bridge circuit.
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FIGURE 3-63
One phase of a noncirculating current cycloconverter circuit.

If two of these SCR bridge circuits are connected in parallel with opposite
polarities, the result is a noncirculating current cycloconverter.

Noncirculating Current Cycloconverters

One phase of a typical noncirculating current cycloconverter is shown in Figure
3-63. A full three-phase cycloconverter consists of three identical units of this
type. Each unit consists of two three-phase full-wave SCR bridge circuits, one
conducting current in the positive direction (the positive group) and one conduct-
ing current in the negative direction (the negative group). The SCRs in these cir-
cuits are triggered so as to approximate a sinusoidal output voltage, with the SCRs
in the positive group being triggered when the current flow is in the positive di-
rection and the SCRs in the negative group being triggered when the current flow
is in the negative direction. The resulting output voltage is shown in Figure 3-64.

As can be seen from Figure 3-64, noncirculating current cycloconverters
produce an output voltage with a fairly large harmonic component. These high
harmonics limit the output frequency of the cycloconverter o a value less than
about one-third of the input frequency.

In addition, note that current flow must switch from the positive group (o
the negative group or vice versa as the load current reverses direction. The cyclo-
converter pulse-control circuits must detect this current transition with a current
polarity detector and switch from triggering one group of SCRs o triggering the
other group. There is generally a brief period during the transition in which nei-
ther the positive nor the negative group is conducting. This current pause causes
additional glitches in the output waveform.

The high harmonic content, low maximum frequency, and current glitches
associated with noncirculating current cycloconverters combine to limit their use.



-

\/

b
VA

INTRODUCTION TQO POWER ELECTRONICS 215

q

/

VYN
}ﬁ il
Y

12=0

WAL
\ VUV V'V

Negative Positive
group group
FIGURE 3-64

The output voltage and current from a noncirculating current cycloconverter connected to an
inductive load. Note the switch from the operation of the negative group to the operation of the
positive group at the time the current changes direction.

In any practical noncirculating current cycloconverter, a filter (usually a series in-
ductor or a transformer) is placed between the output of the cycloconverter and
the load, to suppress some of the output harmonics.

Circulating Current Cycloconverters

One phase of a typical circulating current cycloconverter is shown in Figure 3-65.
It differs from the noncirculating current cycloconverter in that the positive and
negative groups are connected through two large inductors, and the load is sup-
plied from center taps on the two inductors. Unlike the noncirculating current cy-
cloconverter, both the positive and the negative groups are conducting at the same
time, and a circulating current flows around the loop formed by the two groups
and the series inductors. The series inductors must be quite large in a circuit of this
sort to limit the circulating current to a safe value.

The output voltage from the circulating current cycloconverter has a smaller
harmonic content than the output voltage from the noncirculating current cyclo-
converter, and its maximum frequency can be much higher. It has a low power
factor due to the large series inductors, so a capacitor is often used for power-
factor compensation.

The reason that the circulating current cycloconverter has a lower harmonic
content is shown in Figure 3-66. Figure 3-66a shows the output voltage of the
positive group, and Figure 3—66b shows the output voltage of the negative group.
The output voltage v,,.4(f) across the center taps of the inductors is

Voos(T) = Vieo(D _
Vload(t) = 2 . (.3_9)
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One phase of a six-pulse type of circulating current cycloconverter.
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Many of the high-frequency harmonic components which appear when the posi-
tive and negalive groups are examined separately are common to both groups. As
such, they cancel during the subtraction and do not appear at the terminals of the
cycloconverter.

Some recirculating current cycloconverters are more complex than the one
shown in Figure 3-65. With more sophisticated designs, it is possible to make
cycloconverters whose maximum output frequency can be even higher than their
input frequency. These more complex devices are beyond the scope of this book.

Vgl

FIGURE 3-66
Voltages in the six-pulse circulating current cycloconverter. (a) The voltage out of the positive group:
(b) the voltage out of the negative group.
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FIGURE 3-66 (concluded)
(¢) the resulting load voltage.

3.8 HARMONIC PROBLEMS

Power electronic components and circuits are so flexible and useful that equip-
ment controlled by them now makes up 50 to 60 percent of the total load on most
power systems in the developed world. As a result, the behavior of these power
electronic circuits strongly influences the overall operation of the power systems
that they are connected to.

The principal problem associated with power electronics is the harmonic
components of voltage and current induced in the power system by the switching
transients in power electronic controllers. These harmonics increase the total cur-
rent flows in the lines (especially in the neutral of a three-phase power system).
The extra currents cause increased losses and increased heating in power system
components, requiring larger components to supply the same total load. In addi-
tion, the high neutral currents can trip protective relays, shutting down portions of
a power system.

As an example of this problem, consider a balanced three-phase motor with
a wye connection that draws 10 A at full load. When this motor is connecled to a
power system, the currents flowing in each phase will be equal in magnitude and
120° out of phase with each other, and the return current in the neutral will be O
(see Figure 3-67). Now consider the same motor supplied with the same total
power through a rectifier-inverter that produces pulses of current. The currents in
the power line now are shown in Figure 3—68. Note that the rms current of each
line is still 10 A, but the neutral also has an rms current of 15 A! The current in the
neutral consists entirely of harmonic components.
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Current flow for a balanced three-
phase, wye-connected motor
connected to the power line through
a power electronic controller that
produces current pulses: (a) phase a;
(b) phase b; (c) phase c; (d) neutral.
The rms current flow in phases a, b,
and c is 10 A, while the rms current
flow in the neutral is 15 A.
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The spectra of the currents in the three phases and in the neutral are shown
in Figure 3-69. For the motor connected directly to the line, only the fundamen-
tal frequency is present in the phases, and nothing at all is present in the neutral.
For the motor connecled through the power controller, the current in the phases in-
cludes both the fundamental frequency and all of the odd harmonics. The current
in the neutral consists principally of the third, ninth, and fifteenth harmonics.

Since power electronic circuits are such a large fraction of the total load on
a modern power system, their high harmonic content causes significant problems
for the power system as a whole. New standards* have been created to limit the
amount of harmonics produced by power electronic circuits, and new controllers
are designed to minimize the harmonics that they produce.

3.9 SUMMARY

Power electronic components and circuits have produced a major revolution in the
area of motor controls during the last 35 years or so. Power electronics provide a
convenient way to convert ac power to dc power, to change the average voltage
level of a dc power system, to convert dc power Lo ac power, and to change the
frequency of an ac power system.

The conversion of ac to de¢ power is accomplished by rectifier circuits, and
the resulting dc output voltage level can be controlled by changing the firing times
of the devices (SCRs, TRIACs, GTO thyristors, etc.) in the rectifier circuit.

Adjustment of the average dc voltage level on a load is accomplished by
chopper circuits, which control the fraction of time for which a fixed dc voltage is
applied to a load.

Static frequency conversion is accomplished by either rectifier-inverters or
cycloconverters. Inverters are of two basic types: externally commutated and self-
commutated. Externally commutated inverters rely on the attached load for com-
mutation voltages; self-commutated inverters either use capacitors to produce the
required commutation voltages or use self-commutating devices such as GTO
thyristors. Self-commutated inverters include current source inverters, voltage
source inverters, and pulse-width modulation inverters.

Cycloconverters are used to directly convert ac power at one frequency to
ac power at another frequency. There are two basic types of cycloconverters: non-
circulating current and circulating current. Noncirculating current cycloconverters
have large harmonic components and are restricted to relatively low frequencies.
In addition, they can suffer from glitches during current direction changes. Circu-
lating current cycloconverters have lower harmonic components and are capable
of operating at higher frequencies. They require large series inductors to limilt the
circulating current to a safe value, and so they are bulkier than noncirculating cur-
rent cycloconverters of the same rating.

*See IEC 1000-3-2. EMC: Part 3, Section 2, “Limits for harmonic current emission (equipment input
current =< 16 A per phase),” and ANSVIEEE Standard 519-1992, “IEEE recommended practices and
requirements for harmonic control in power systems.”
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FIGURE 3-69

(a) The spectrum of the phase current in the balanced three-phase,
wye-connected motor connected directly to the power line. Only the
fundamental frequency is present. (b) The spectrum of the phase
current in the balanced three-phase, wye-connected motor connected
through a power electronic controller that produces current pulses.
The fundamental frequency and all odd harmonics are present.

(c) The neutral current for the motor connected through a electronic
power controller. The third, ninth, and fifteenth harmonics are
present in the current.
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QUESTIONS
3-1. Explain the operation and sketch the output characteristic of a diode.
3-2. Explain the operation and sketch the output characteristic of a PNPN diode.
3-3. How does an SCR differ from a PNPN diode? When does an SCR conduct?
3—4. What is a GTO thyristor? How does it differ from an ordinary three-wire thyristor
(SCR)?
3-5. What is an IGBT? What are its advantages compared to other power electronic
devices?
3-6. What is a DIAC? ATRIAC?
3-7. Does a single-phase full-wave rectifier produce a better or worse dc output than a
three-phase half-wave rectifier? Why?
3-8. Why are pulse-generating circuits needed in motor controllers?
3-9, What are the advantages of digital pulse-generating circuits compared to analog
pulse-generating circuits?
3-10. What is the effect of changing resistor R in Figure 3-32? Explain why this effect
occurs.
3-11. What is forced commutation? Why is it necessary in dc-to-dc power-control
circuits?
3-12. What device(s) could be used to build dc-to-dc power-control circuits without
forced commutation?
3-13. Whatis the purpose of a free-wheeling diode in a control circuit with an inductive
load?
3-14. What is the effect of an inductive load on the operation of a phase angle controller?
3-15. Can the on time of a chopper with series-capacitor commutation be made arbitrarily
long? Why or why not?
3-16. Can the on time of a chopper with parallel-capacitor commutation be made arbitrar-
ily long? Why or why not?
3-17. What is a rectifier-inverter? What is it used for?
3-18. What is a current-source inverter?
3-19. What is a voltage-source inverter? Contrast the characteristics of a VSI with those
of a CSI.
3-20. What is pulse-width modulation? How do PWM inverters compare to CSI and VSI
inverters?
3-21. Are power transistors more likely to be used in PWM inverters or in CSI inverters?
Why?
PROBLEMS
3-1. Calculate the ripple factor of a three-phase half-wave rectifier circuit, both analyti-
cally and using MATLAB.
3-2. Calculate the ripple factor of a three-phase full-wave rectifier circuit, both analyti-
cally and using MATLAB.
3-3. Explain the operation of the circuit shown in Figure P3-1. What would happen in

this circuit if switch S, were closed?
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FIGURE P3-1
The circuit of Problems 3-3 through 3-6.

3—4. What would the rms voltage on the load in the circuit in Figure P3—1 be if the firing
angle of the SCR were (a) 0°, (b) 30°, (¢) 90°?

*3-5. For the circuit in Figure P3-1, assume that Vg, for the DIACis 30V, C,is | pF R
is adjustable in the range 1 to 20 k{}, and switch S, is open. What is the firing angle
of the circuit when R is 10 k{2? What is the rms voltage on the load under these con-
ditions? (Caution: This problem is hard to solve analytically because the voltage
charging the capacitor varies as a function of time.)

3-6. One problem with the circuit shown in Figure P3-1 is that it is very sensitive to vari-
ations in the input voltage v,(7). For example, suppose the peak value of the input
vollage were to decrease. Then the time that it takes capacitor C, to charge up to the
breakover voltage of the DIAC will increase, and the SCR will be triggered later in
each half-cycle. Therefore, the rms voltage supplied to the load will be reduced both
by the lower peak voltage and by the later firing. This same effect happens in the
opposite direction if v,(f) increases. How could this circuit be modified to reduce its
sensitivity to variations in input voltage?

3-7. Explain the operation of the circuit shown in Figure P3-2, and sketch the output
voltage from the circuit.

3-8, Figure P3-3 shows a relaxation oscillator with the following parameters:

R, = variable R, = 1500
C=1uF Vbe = 100V
Voo =30V Iy =05mA

(a) Sketch the voltages v (), vp(?), and vy(t) for this circuit.

(b) If R, is currently set to 500 k(}, calculate the period of this relaxation oscillator.
3-9, In the circuit in Figure P34, 7, is an autotransformer with the tap exactly in the

center of its winding. Explain the operation of this circuit. Assuming that the load is

inductive, sketch the voltage and current applied to the load. What is the purpose of

SCR,? What is the purpose of D,? (This chopper circuit arrangement is known as a

Jones circuit.)

*The asterisk in front of a problem number indicates that it is a more difficult problem.
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The inverter circuit of Problem 3-7.
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vp(?)

FIGURE P3-3
The relaxation oscillator circuit of Problem 3-8.
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FIGURE P34

o - The chopper circuit of Problem 3-9.
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3-10.

3-11.

3-12.
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A series-capacitor forced commutation chopper circuit supplying a purely resistive
load is shown in Figure P3-5.

Vpe = 120V R, = 20kQ
I;=8mA Ry = 2509
Vo = 200V C = 150 uF

(a) When SCR, is turned on, how long will it remain on? What causes it to turn off?

(b) When SCR, turns off, how long will it be until the SCR can be turned on again?
{Assume that 3 time constants must pass before the capacitor is discharged.)

(¢) What problem or problems do these calculations reveal about this simple series-
capacitor forced-commutation chopper circuit?

(d) How can the problem(s) described in part ¢ be eliminated?

+ O
i SCR
+
Rlé c=— ) v,
Vm +r ~
DX Vioad §RLOAD > Load
-\ W,
- O
FIGURE P3-5

The simple series-capacitor forced-commutation circuit of Problem 3-10.

A parallel-capacitor forced-commutation chopper circuit supplying a purely resis-
tive load is shown in Figure P3-6.

Voc = 120V R, =20kQ
I; = 5mA R =250Q
Voo = 250 V C =15 uF

(a) When SCR,; is turned on, how long will it remain on? What causes it to turn off?

(b) What is the earliest time that SCR, can be turned off after it is turned on?
(Assume that 3 time constants must pass before the capacitor is charged.)

(¢) When SCR, turns off, how long will it be until the SCR can be turned on again?

(d) What problem or problems do these calculations reveal about this simple parallel-
capacitor forced-commutation chopper circuit?

(e) How can the problem(s) described in part 4 be eliminated?

Figure P3-7 shows a single-phase rectifier-inverter circuil. Explain how this circuit

functions. What are the purposes of C; and C,? What controls the output frequency

of the inverter?
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FIGURE P3-6

The simple parallel-capacitor forced commutation circuit of Problem 3-11.

L
scr, c, SCR,
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—/ T ¢ 1l
3 SCR, G SCR,
FIGURE P3-7

The single-phase rectifier-inverter circuit of Problem 3-12.

*3-13. A simple full-wave ac phase angle voltage controller is shown in Figure P3-8. The
component values in this circuit are
R = 20 t0 300 k£, currently set to 80 k()
C =0.15pF
Vio = 40 V (for PNPN diode D))
Veo = 250V (for SCR,)
V(1) = V) sin wt V where Vy, = 169.7 V and w = 377 rad/s
{a) At what phase angle do the PNPN diode and the SCR turn on?
{b) What is the rms voltage supplied to the load under these circumstances?

*3-14. Figure P3-9 shows a three-phase full-wave rectifier circuit supplying power to a dc
load. The circuit uses SCRs instead of diodes as the rectifying elements.
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*3-15.
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FIGURE P3-8
The full-wave phase angle voltage controller of Problem 3-13.
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Vi) o +

vg(l) e I I
YD) » Load Vigad ()

For Kon s

SCR,4 SCR;

FIGURE P3-9
The three-phase full-wave rectifier circuit of Problem 3-14,

(a) What will the rms load voltage and ripple be if each SCR is triggered as soon as
it becomes forward-biased? At what phase angle should the SCRs be triggered
in order to operate this way? Sketch or plot the output voltage for this case.

(b) What will the rms load voltage and ripple be if each SCR is triggered at a phase
angle of 90° (that is, halfway through the half-cycle in which it is forward bi-
ased)? Sketch or plot the output voltage for this case.

Write a MATLAB program that imitates the operation of the pulse-width modula-

tion circuit shown in Figure 3-55, and answer the following questions.

(a) Assume that the comparison voltages v(#) and v,(f) have peak amplitudes of
10V and a frequency of 500 Hz. Plot the output voltage when the input voltage
isviy() = 10sin 2w ft V,and f = 60 Hz .

(b) What does the spectrum of the output voltage look like? What could be done to
reduce the harmonic content of the output voltage?

(c) Now assume that the frequency of the comparison voltages is increased to
1000 Hz. Plot the output voltage when the input voltage is v, (1) = 10sin 2w fi V
and f = 60 Hz.

(d) What does the spectrum of the output voltage in ¢ look like?

(e) What is the advantage of using a higher comparison frequency and more rapid
switching in a PWM modulator?
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CHAPTER

AC MACHINERY
FUNDAMENTALS

A machines are generators that convert mechanical energy to ac electrical

energy and motors that convert ac electrical energy to mechanical en-
ergy. The fundamental principles of ac machines are very simple, but unfortu-
nately, they are somewhat obscured by the complicated construction of real ma-
chines. This chapter will first explain the principles of ac machine operation using
simple examples, and then consider some of the complications that occur in real
ac machines.

There are two major classes of ac machines—synchronous machines and in-
duction machines. Synchronous machines are motors and generators whose mag-
netic field current is supplied by a separate dc power source, while induction ma-
chines are motors and generators whose field current is supplied by magnetic
induction (transformer action) into their field windings. The field circuits of most
synchronous and induction machines are located on their rotors. This chapter cov-
ers some of the fundamentals common to both types of three-phase ac machines.
Synchronous machines will be covered in detail in Chapters 5 and 6, and induc-
tion machines will be covered in Chapter 7.

4.1 ASIMPLE LOOPIN A UNIFORM
MAGNETIC FIELD

We will start our study of ac machines with a simple loop of wire rotating within
a uniform magnelic field. A loop of wire in a uniform magnetic field is the sim-
plest possible machine that produces a sinusoidal ac voltage. This case is not rep-
resentative of real ac machines, since the flux in real ac machines is not constant
in either magnitude or direction. However, the factors that control the voltage and
torque on the loop will be the same as the factors that control the voltage and
torque in real ac machines.

230



AC MACHINERY FUNDAMENTALS 231

0
O R ¢ | b
FERESN - |+
d
TN, |
Vcd \\ ?’ i
~ 4
N - -~ + | _
) T
B is a uniform magnetic |
field. aligned as shown. +o0-—
€tot
(a) (b)
FIGURE 4-1

A simple rotating loop in a uniform magnetic field. (a) Front view; (b) view of coil.

Figure 4—1 shows a simple machine consisting of a large stationary magnet
producing an essentially constant and uniform magnetic field and a rotating loop
of wire within that field. The rotating part of the machine is called the rotor, and
the stationary part of the machine is called the stator. We will now determine the
voltages present in the rotor as it rotates within the magnetic field.

The Voltage Induced in a Simple Rotating Loop

If the rotor of this machine is rotated, a voltage will be induced in the wire loop.
To determine the magnitude and shape of the voltage, examine Figure 4-2. The
loop of wire shown is rectangular, with sides ab and cd perpendicular to the plane
of the page and with sides be and da parallel to the plane of the page. The mag-
netic field is constant and uniform, pointing from left to right across the page.

To determine the total vollage e, on the loop, we will examine each seg-
ment of the loop separately and sum all the resulting voltages. The voltage on
each segment 1s given by Equation (1-45):

€ina = (V X B)-l (1-45)

1. Segment ab. In this segment, the velocity of the wire is tangential to the path
of rotation, while the magnetic field B points to the right, as shown in Figure
4-2b. The quantity v X B points into the page, which is the same direction as
segment ab. Therefore, the induced voltage on this segment of the wire is

€ = (v x B) el
= vBlsin 0, into the page (4-1)

2. Segment bc. In the first half of this segment, the quantity v x B points into the
page. and in the second half of this segment, the quantity v x B points out of
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FIGURE 4-2

(a) Velocities and orientations of the sides of the loop with respect to the magnetic field. (b) The
direction of motion with respect to the magnetic field for side ab. (¢) The direction of motion with
respect to the magnetic field for side cd.

the page. Since the length 1 is in the plane of the page, v x B is perpendicular
to 1 for both portions of the segment. Therefore the voltage in segment bc will
be zero:

e, =0 (4-2)

3. Segment cd. In this segment, the velocity of the wire is tangential to the path
of rotation, while the magnetic field B points to the right, as shown in Figure
4-2c. The quantity v x B points into the page, which is the same direction as
segment cd. Therefore, the induced voltage on this segment of the wire is

€; = (v x B)el
= vBl sin 0,4 out of the page (4-3)

4. Segment da. Just as in segment be, v x B is perpendicular to . Therefore the
voltage in this segment will be zero too:

=70 (4-4)
The total induced voltage on the loop e, is the sum of the voltages on each of its
sides:
€ind = €huy T €p T €4 T+ €4y
= vBlsin ,, + vBl sin 8, (4-5)

Note that 8, = 180° — 8, and recall the trigonometric identity sin @ = sin
(180° — @). Therefore, the induced voltage becomes

€na = 2vBL sin (4-6)

The resulting voltage e;,4 is shown as a function of time in Figure 4-3.

There is an alternative way to express Equation (4-6), which clearly relates
the behavior of the single loop to the behavior of larger, real ac machines. To de-
rive this alternative expression, examine Figure 4-2 again. If the loop is rotating
at a constant angular velocily w, then angle 6 of the loop will increase linearly
with time. In other words,
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FIGURE 4-3
Plot of e, 4 versus 9.
6 = wt

Also, the tangential velocity v of the edges of the loop can be expressed as
V=ro 4-7)

where r is the radius from axis of rotation out to the edge of the loop and w is the an-
gular velocity of the loop. Substituting these expressions into Equation (4-6) gives

€ina = 2rwBl sin wt (4-8)

Notice also from Figure 4-1b that the area A of the loop is just equal to 2r1.
Therefore,

€ina = ABw sin wf (4-9)

Finally, note that the maximum flux through the loop occurs when the loop is per-
pendicular to the magnetic flux density lines. This flux is just the product of the
loop’s surface area and the flux density through the loop.

bmax =AB 4-10)

Therefore, the final form of the voltage equation is

€ind = Pmax® SiN ©f (4-11)

Thus, the voltage generated in the loop is a sinusoid whose magnitude is
equal to the product of the flux inside the machine and the speed of rotation of the
machine. This is also true of real ac machines. In general, the voltage in any real
machine will depend on three factors:

1. The flux in the machine
2. The speed of rotation

3. A constant representing the construction of the machine (the number of loops,
etc.)
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FIGURE 44
A current-carrying loop in a uniform magnetic field. (a) Front view; (b) view of coil.
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(a) Derivation of force and torque on segment ab. (b) Derivation of force and torque on segment bc.
(¢) Derivation of force and torque on segment ¢d. (d) Derivation of force and torque on segment da.

The Torque Induced in a Current-Carrying Loop

Now assume that the rotor loop is at some arbitrary angle @ with respect to the
magnetic field, and that a current i is flowing in the loop, as shown in Figure 4-4.
If a current flows in the loop, then a torque will be induced on the wire loop. To
determine the magnitude and direction of the torque, examine Figure 4-5. The
force on each segment of the loop will be given by Equation (1-43),

F = il x B) (1-43)
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where i = magnitude of current in the segment

| = length of the segment, with direction of | defined to be in the
direction of current flow

B = magnetic flux density vector

The torque on that segment will then be given by

7 = (force applied)(perpendicular distance)
= (F) (rsin 8)
= rFsin 6 (1-6)

where @ is the angle between the vector r and the vector F. The direction of the
torque is clockwise if it would tend to cause a clockwise rotation and counter-
clockwise if it would tend to cause a counterclockwise rotation.

1. Segment ab. In this segment, the direction of the current is into the page, while

the magnetic field B points to the right, as shown in Figure 4-5a. The quantity
| x B points down. Therefore, the induced force on this segment of the wire is

F=ilxB)
= ilB down
The resulting torque is
Tab = (F) (rsin 6)
= rilB sin 8,, clockwise (4-12)
. Segment be. In this segment, the direction of the current is in the plane of the
page, while the magnetic field B points to the right, as shown in Figure 4-5b.

The quantity | x B points into the page. Therefore, the induced force on this
segment of the wire is

F=ilxB)
= ilB into the page

For this segment, the resulting torque is 0, since vectors r and | are parallel
{both point into the page), and the angle 8, is 0.

Toe = (F) (r sin 0,,)
=0 (4-13)

3. Segment cd. In this segment, the direction of the current is out of the page,

while the magnetic field B points to the right, as shown in Figure 4-5¢. The
quantity 1 x B points up. Therefore, the induced force on this segment of the
wire is
F=ilxB)
= ilB up
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The resulting torque 1s

Tea = (F) (7 510 6,4)
= rilBsin@,  clockwise (4-14)

4. Segment da. In this segment, the direction of the current is in the plane of the
page, while the magnetic field B points to the right, as shown in Figure 4-5d.
The quantity 1 X B points out of the page. Therefore, the induced force on
this segment of the wire is

F=ilxB)
= ilB out of the page

For this segment, the resulting torque is 0, since vectors r and | are parallel
(both point out of the page), and the angle 0,4, is 0.

T4e = (F) (rsin 8,)
=0 (4-15)

The total induced torque on the loop 7, is the sum of the torques on each of
its sides:

Tind = Tab t Toc + Tea + Taa
= rilB sin @, + rilB sin 0 (4-16)

Note that 8,, = ., so the induced torque becomes
Tina = 21IB 310 (4-17)

The resulting torque 7,4 1s shown as a function of angle in Figure 4-6. Note that
the torque is maximum when the plane of the loop is parallel to the magnetic field,
and the torque is zero when the plane of the loop is perpendicular to the mag-
netic field.

There is an allernative way to express Equation (4-17), which clearly re-
lates the behavior of the single loop to the behavior of larger, real ac machines. To
derive this alternative expression, examine Figure 4-7. If the current in the loop is
as shown in the figure, that current will generate a magnetic flux density By, with
the direction shown. The magnitude of B, will be

Bloop = %
where G is a factor that depends on the geometry of the loop.* Also, note that the

area of the loop A is just equal to 27/ Subslituting these two equations into Equa-
tion (4-17) yields the result

- ‘%B,msz sin (4-18)

Tind

*If the loop were a circle, then G = 2r, where r is the radius of the circle, so B,,,, = ui/2r. For a rec-
tangular loop, the value of G will vary depending on the exact length-to-width ratio of the loop.
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Derivation of the induced torque equation.
(a) The current in the loop produces a
magnetic flux density By, perpendicular to
the plane of the loop; (b) geometric

(a) (b) relationship between By, and Bs.

= kB, Bs sin (4-19)

where kK = AG/u is a factor depending on the construction of the machine, Bs is
used for the stator magnetic field to distinguish it from the magnetic field gener-
ated by the rotor, and @ is the angle between By, and Bs. The angle between By,
and B; can be seen by trigonometric identities to be the same as the angle @ in
Equation (4-17).

Both the magnitude and the direction of the induced torque can be deter-
mined by expressing Equation (4—19) as a cross product:

Tind = KBioop x Bg (4-20)

Applying this equation to the loop in Figure 47 produces a torque vector into the
page, indicating that the torque is clockwise, with the magnitude given by Equa-
tion (4-19).

Thus, the torque induced in the loop is proportional to the strength of the
loop's magnetic field, the strength of the external magnetic field, and the sine of
the angle between them. This is also true of real ac machines. In general, the
torque in any real machine will depend on four factors:
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1. The strength of the rotor magnetic field

2. The strength of the external magnetic field

3. The sine of the angle between them

4. A constant representing the construction of the machine (geometry, eic.)

4.2 THE ROTATING MAGNETICFIELD

In Section 4.1, we showed that if two magnetic fields are present in a machine,
then a torque will be created which will tend to line up the two magnetic fields. If
one magnetic field is produced by the stator of an ac machine and the other one is
produced by the rotor of the machine, then a torque will be induced in the rotor
which will cause the rotor to turn and align itself with the stator magnetic field.

If there were some way o make the stator magnetic field rotate, then the in-
duced torque in the rotor would cause it to constantly “chase” the stator magneltic
field around in a circle. This, in a nutshell, is the basic principle of all ac motor
operation.

How can the stator magnetic field be made to rotate? The fundamental prin-
ciple of ac machine operation is that if a three-phase set of currents, each of equal
magnitude and differing in phase by 120°, flows in a three-phase winding, then it
will produce a rotating magnetic field of constant magnitude. The three-phase
winding consists of three separate windings spaced 120 electrical degrees apart
around the surface of the machine.

The rotating magnetic field concept is illustrated in the simplest case by an
empty stator containing just three coils, each 120° apart (see Figure 4-8a). Since
such a winding produces only one north and one south magnelic pole, it is a (wo-
pole winding.

To understand the concept of the rotating magnetic field, we will apply a set
of currents to the stator of Figure 4-8 and see what happens at specific instants of
time. Assume that the currents in the three coils are given by the equations

i, (1) = I, sin wt A (4-21a)
iy (1) = Iy sin (wt — 120°) A (4-21b)
i (1) = Iy sin (wf — 240°) A (4-21¢)

The current in coil aa’ flows into the a end of the coil and out the a’ end of
the coil. It produces the magnetic field intensity

H,, (1) =Hysinwt £ 0° A< turns /m (4-22a)

where 0° is the spatial angle of the magnetic field intensity vector, as shown in
Figure 4-8b. The direction of the magnetic field intensity vector H_ (1) is given
by the right-hand rule: If the fingers of the right hand curl in the direction of the
current flow in the coil, then the resulting magnetic field is in the direction that the
thumb points. Notice that the magnitude of the magnetic field intensity vector
H, (1) varies sinusoidally in time, but the direction of H_ (1) is always constant.
Similarly, the magnetic field intensity vectors H,(7) and H_.(7) are
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FIGURE 4-8

(a) A simple three-phase stator. Currents in this stator are assumed positive if they flow into the
unprimed end and out the primed end of the coils. The magnetizing intensities produced by each coil
are also shown. (b) The magnetizing intensity vector H,, () produced by a current flowing in coil aa’.

H,, (1) = H),sin (@t — 120°) £120° Aseturns / m (4-22b)

H_ (D) = Hy sin (wf — 240°) £240° Aeturns / m (4-22¢)

The flux densities resulting from these magnetic field intensities are given
by Equation (1-21):

B=upH (1-21)
They are
B, (1) = By sin wt £ 0° T (4-23a)
B, (f) = By sin (wf — 120°) £ 120° T (4-23b)
B_.- (f) = B, sin (wf — 240°) £ 240° T (4-23¢)

where By, = uH,,. The currents and their corresponding flux densities can be ex-
amined at specific times to determine the resulting net magnetic field in the stator.
For example, at time wt = 0°, the magnetic field from coil aa” will be

B,=0 (4-24a)
The magnetic field from coil bb” will be
B,, = By, sin (-120°) £ 120° (4-24b)
and the magnetic field from coil c¢’ will be

B, = B,, sin (—240°) £ 240° (4-24c¢)
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(a) (b)

FIGURE 4-9
(a) The vector magnetic field in a stator at time w? = 0°. (b) The vector magnetic field in a stator at
time «¥ = 90°.

The total magnetic field from all three coils added together will be

Bnet = Baa' + Bbb' + Bcc'

=0+ (—?BM) £120° + (?BM) £240°
= 1.5B, £ —90°

The resulting net magnetic field is shown in Figure 4-9a.
As another example, look at the magnetic field at time @t = 90°. At that
time, the currents are
i, = Iysin 90° A
ibb’ = IM sin (—300) A
.= Iy sin (—=150°) A
and the magnetic fields are
B, =B,£0°
B, = -0.5 By, £ 120°
B.. = -0.5 By £ 240°
The resulting net magnetic field is
Bnet = Baa’ + Bbb' + Bcc'
=By £0° + (0.5By) £ 120° + (-0.5B,,) £ 240°
=15By20°
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The resulting magnetic field is shown in Figure 4-9b. Notice that although the di-
rection of the magnetic field has changed, the magnitude is constant. The mag-
netic field is maintaining a constant magnitude while rotating in a counterclock-
wise direction.

Proof of the Rotating Magnetic Field Concept

At any time ¢, the magnetic field will have the same magnitude 1.5B,,, and it will
continue o rotate at angular velocity w. A proof of this statement for all time  is
now given.

Refer again to the stator shown in Figure 4-8. In the coordinate system
shown in the figure, the x direction is to the right and the y direction is upward.
The vector & is the unit vector in the horizontal direction, and the vector ¥ is the
unit vector in the vertical direction. To find the total magnetic flux density in the
stator, simply add vectorially the three component magnetic fields and determine
their sum.

The net magnetic flux density in the stator is given by

Bnet(t) = Baa‘ (t) + Bbb'(r) + Bn:"(t)
= B, sinwt Z£0° + By, sin (wf — 120°) £ 120° + By, sin (af — 240°) £ 240° T

Each of the three component magnetic fields can now be broken down into its x
and y components.

B,.(f) = By sin wt X

— [0.5B,, sin (wf — 120°)]% + %BM sin (of — 1200)]y
: o V3, o
— [0.5By; sin (wf — 240°)|% — _TBM sin (wt — 240°)|¥

Combining x and y components yields
B, () = [B, sin @f — 0.5B,, sin (wf — 120°) — 0.5B,, sin (wf — 240°)] %

V3

2 By, sin (wt — 240")]?

+ [gBM sin (wt — 120°) —

By the angle-addition trigonometric identities,

B0 = [BM sin wt + %BM sin wt + ?BM cos ot + lBM Sin wf — ?BM cos w!

1 X
+ [—?BM sin wt — %BM cos w! + ?BM sin wf — %BM cos wi |y
B . (D) = (1.5B,; sin wnX — (1.5B,, cos wh)y (4-25)

Equation (4-25) is the final expression for the net magnetic flux density. Notice
that the magnitude of the field is a constant 1.5B,, and that the angle changes con-
tinually in a counterclockwise direction at angular velocity w. Notice also that at
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FIGURE 4-10

The rotating magnetic field in a stator
represented as moving north and south stator
poles.

wt = 0°, B, = 1.5B,, £ -90° and that at wt = 90°, B,.., = 1.5By, £ 0°. These re-
sults agree with the specific examples examined previously.

The Relationship between Electrical Frequency
and the Speed of Magnetic Field Rotation

Figure 4-10 shows that the rotating magnetic field in this stator can be represented
as a north pole (where the flux leaves the stator) and a south pole (where the flux
enters the stator). These magnetic poles complete one mechanical rotation around
the stator surface for each electrical cycle of the applied current. Therefore, the
mechanical speed of rotation of the magnetic field in revolutions per second is
equal to the electric frequency in hertz:

f. =t two poles (4-26)

w, =w, wopoles (4-27)
Here f,, and w,, are the mechanical speed in revolutions per second and radians per
second, while f, and w, are the electrical speed in hertz and radians per second.

Notice that the windings on the two-pole stator in Figure 4-10 occur in the
order (taken counterclockwise)

a-c’-b-a’-c-b’

What would happen in a stator if this pattern were repeated twice within it? Fig-
ure 4—11a shows such a stator. There, the pattern of windings (taken counter-
clockwise) is

a-c’-b-a’-c-b’-a-c’-b-a’-c-b’

which is just the pattern of the previous stator repeated twice. When a three-phase
set of currents is applied to this stator, two north poles and two south poles are pro-
duced in the stator winding, as shown in Figure 4-11b. In this winding, a pole
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FIGURE 4-11

(a) A simple four-pole stator winding. (b) The resulting stator magnetic poles. Notice that there are
moving poles of alternating polarity every 90° around the stator surface. (¢) A winding diagram of
the stator as seen from its inner surface, showing how the stator currents produce north and south
magnetic poles.

moves only halfway around the stator surface in one electrical cycle. Since one
electrical cycle is 360 electrical degrees, and since the mechanical motion is 180
mechanical degrees, the relationship between the electrical angle 6, and the me-
chanical angle 8, in this stator is

0, = 20, (4-28)

Thus for the four-pole winding, the electrical frequency of the current is twice the
mechanical frequency of rotation:
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f.=2f, [four poles (4-29)
w, = 2w, four poles (4-30)
In general, if the number of magnetic poles on an ac machine stator is P, then

there are P/2 repelitions of the winding sequence a-c-b-a"-c-b” around its inner
surface, and the electrical and mechanical quantities on the stator are related by

0, = 56, (4-31)
P |
Je=5fn (4-32)
w, = gwm (4-33)

Also, noting that f,, = n,/60, it 1s possible to relate the electrical frequency in
hertz to the resulting mechanical speed of the magnetic fields in revolutions per
minute. This relationship is

fe=70 (4-34)

Reversing the Direction of Magnetic
Field Rotation

Another interesting fact can be observed about the resulting magnetic field. If the
current in any two of the three coils is swapped, the direction of the magnetic
field’s rotation will be reversed. This means that it is possible to reverse the direc-
tion of rotation of an ac motor just by switching the connections on any two of the
three coils. This result is verified below.

To prove that the direction of rotation is reversed, phases b’ and cc’in Fig-
ure 4-8 are switched and the resulting flux density B, is calculated.

The net magnetic flux density in the stator is given by

B () =B_(+B,.®+B.@
=B, sin @f £0° + By, sin (wf — 240°) £ 120° + By, sin (wf — 120°) £240° T

Each of the three component magnetic fields can now be broken down into its x
and y components:

B (1) = B, sin wt &

— [0.5B,, sin (ot — 240°)]% + [?BM sin (wf — 240°)]y
— [0.5B,, sin (wt — 120°)]% — [?BM sin (wf — 1200)]y

Combining x and y components yields
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B, (1) = [By sin wf — 0.5B, sin (wf — 240°) — 0.5By, sin(wr — 120°]%

+ [?BM sin (wf — 240°) — ?

By the angle-addition trigonomeltric identities,

B, (= [BM sin wt + lBM sin wt — ?BMCOS ot + lBM sin wt +

4 4

V3 3

By sin (wr — 1200)]§r

3

By cos w

4

+ [— 4 Busin wf + %BM cos wt + ?BM sin wt + 4By cos ot

B () = (1.5B,; sin wNR + (1.5B), cos w)¥

y

(4-35)

This time the magnetic field has the same magnitude but rotates in a clock-
wise direction. Therefore, switching the currents in two stator phases reverses the

direction of magnetic field rotation in an ac machine.

Example 4-1. Create a MATLAB program that models the behavior of a rotating

magnetic field in the three-phase stator shown in Figure 4-9.

Solution

The geometry of the loops in this stator is fixed as shown in Figure 4-9. The currents in the

loops are

fpq' (1) = Iy sin wt A
Iy (1) = Iy sin (i — 120°) A
i) = Iy sin (et — 240°) A
and the resulting magnetic flux densities are

B, (t) = By sin wt £ 0° T

By, (t) = By sin (wf — 120°) £ 120° T

B..(f) = By sin (wf — 240°) £ 240° T

& = 2rlB = diB

(4-21a)
(4-21b)
(4-21c)

(4-23a)
(4-23b)
(4-23¢c)

A simple MATLAB program that plots B, B,;., B, and B, as a function of time is

shown below:

%2 M-file: mag_field.m
$ M-file to calculate the net magnetic field produced
% by a three-phase stator.

% Set up the basic conditions

bmax = 1; % Normalize bmax to 1
freq = 60; % 60 Hz

w = 2*pi*freq; % angular velocity (rad/s)

% First, generate the three component magnetic fields
t = 0:1/6000:1/60;
Baa = sin(w*t) .* (cos(0) + j*sin(0));

!

X
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Bbb
Bce

sin(w*t-2*pi/3) .* {cos(2*pi/3) + j*sin(2*pi/3)}:
sin(w*t+2*pi/3) .* (cos(-2*pi/3) + Jj*sin(-2*pi/3));

% Calculate Bnet
Bnet = Baa + Bbb + Bcc;

% Calculate a circle representing the expected maximum
% value of Bnet
circle = 1.5 * (cos(w*t) + j*sin(w*t));

% Plot the magnitude and direction of the resulting magnetic
% fields. Note that Baa is black, Bbb is blue, Bcc is

% magenta, and Bnet is red.

for ii = 1l:length(t)

% Plot the reference circle
plot (circle, 'k");
hold on;

% Plot the four magnetic fields

plot ([0 real(Baa(ii))], [0 imag(Baa(ii))],'k','Linewidth',2);
plot ([0 real (Bbb(ii))], [0 imag(Bbb(ii))],'b', 'Linewidth',2);
plot ([0 real(Bcc(ii))], [0 imag(Bee(ii)) ], 'm', 'LineWidth',2);
plot ([0 real (Bnet (ii)}], [0 imag(Bnet(ii))],'r','Linewidth',3);
axis square;

axis([-2 2 -2 2]);

drawnow;

hold off;

end

When this program is executed, it draws lines corresponding to the three component mag-
netic fields as well as a line corresponding to the net magnetic field. Execute this program
and observe the behavior of B,.

4.3 MAGNETOMOTIVE FORCE AND FLUX
DISTRIBUTION ON AC MACHINES

In Section 4.2, the flux produced inside an ac machine was treated as if it were in
free space. The direction of the flux density produced by a coil of wire was as-
sumed to be perpendicular to the plane of the coil, with the direction of the flux
given by the right-hand rule.

The flux in a real machine does not behave in the simple manner assumed
above, since there 1s a ferromagnetic rotor in the center of the machine, with a
small air gap between the rotor and the stator. The rotor can be cylindrical, like the
one shown in Figure 4-12a, or it can have pole faces projecting out from its
surface, as shown in Figure 4—12b. If the rotor is cylindrical, the machine is said
to have nonsalient poles; if the rotor has pole faces projecting out from it, the
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(@)

FIGURE 4-12
(a) An ac machine with a cylindrical or nonsalient-pole rotor. (b) An ac machine with a salient-pole
rotor.

machine is said to have salient poles. Cylindrical rotor or nonsalient-pole ma-
chines are easier to understand and analyze than salient-pole machines, and this
discussion will be restricted to machines with cylindrical rotors. Machines with
salient poles are discussed briefly in Appendix C and more extensively in Refer-
ences | and 2.

Refer to the cylindrical-rotor machine in Figure 4-12a. The reluctance of
the air gap in this machine is much higher than the reluctances of either the rotor
or the stator, so the flux density vector B takes the shortest possible path across
the air gap and jumps perpendicularly between the rotor and the stator.

To produce a sinusoidal voltage in a machine like this, the magnitude of the
Jflux density vector B must vary in a sinusoidal manner along the surface of the air
gap. The flux density will vary sinusoidally only if the magnetizing intensity H
(and magnetomotive force &) varies in a sinusoidal manner along the surface of
the air gap (see Figure 4-13).

The most straightforward way to achieve a sinusoidal variation of magneto-
motive force along the surface of the air gap is to distribute the turns of the wind-
ing that produces the magnetomotive force in closely spaced slots around the
surface of the machine and to vary the number of conductors in each slot in a
sinusoidal manner. Figure 4-14a shows such a winding, and Figure 4-14b shows
the magnetomotive force resulting from the winding. The number of conductors
in each slot is given by the equation

ne = Necos a (4-36)

where N, is the number of conductors at an angle of 0°. As Figure 4-14b shows,
this distribution of conductors produces a close approximation to a sinusoidal dis-
tribution of magnetomotive force. Furthermore, the more slots there are around
the surface of the machine and the more closely spaced the slots are, the better this
approximation becomes.
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FIGURE 4-13

(a) A cylindrical rotor with sinusoidally varying air-gap flux density. (b) The magnetomotive force or
magnetizing intensity as a function of angle o in the air gap. (¢) The flux density as a function of
angle o in the air gap.
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FIGURE 4-14

(a) An ac machine with a distributed stator winding designed to produce a sinusoidally varying air-
gap flux density. The number of conductors in each slot is indicated on the diagram. (b) The
magnetomotive force distribution resulting from the winding, compared to an ideal distribution.

In practice, it is not possible to distribute windings exactly in accordance
with Equation (4-36), since there are only a finite number of slots in a real ma-
chine and since only integral numbers of conductors can be included in each slot.
The resulting magnetomotive force distribution is only approximately sinusoidal,
and higher-order harmonic components will be present. Fractional-pitch windings
are used to suppress these unwanted harmonic components, as explained in Ap-
pendix B.1.
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Furthermore, it 1s often convenient for the machine designer to include
equal numbers of conductors in each slot instead of varying the number in accor-
dance with Equation (4-36). Windings of this type are described in Appendix B.2;
they have stronger high-order harmonic components than windings designed in
accordance with Equation (4-36). The harmonic-suppression techniques of Ap-
pendix B.1 are especially important for such windings.

4.4 INDUCED VOLTAGE IN AC MACHINES

Just as a three-phase set of currents in a stator can produce a rotating magnetic
field, a rotating magnetic field can produce a three-phase set of voltages in the
coils of a stator. The equations governing the induced voltage in a three-phase sta-
tor will be developed in this section. To make the development easier, we will be-
gin by looking at just one single-turn coil and then expand the results to a more
general three-phase stator.

The Induced Voltage in a Coil
on a Two-Pole Stator

Figure 4-15 shows a rotating rotor with a sinusoidally distributed magnetic field in
the center of a stationary coil. Notice that this is the reverse of the situation studied
in Section 4.1, which involved a stationary magnetic ficld and a rotating loop.

We will assume that the magnitude of the flux density vector B in the air
gap between the rotor and the stator varies sinusoidally with mechanical angle,
while the direction of B is always radially outward. This sort of flux distribution
is the ideal to which machine designers aspire. (What happens when they don’t
achieve it is described in Appendix B.2.) If a is the angle measured from the
direction of the peak rotor flux density, then the magnitude of the flux density
vector B at a point around the rofor is given by

B =B, cosa (4-37a)

Note that at some locations around the air gap, the flux density vector will really
point in toward the rotor; in those locations, the sign of Equation (4-37a) is nega-
tive. Since the rotor is itself rotating within the stator at an angular velocity w,,, the
magnitude of the flux density vector B at any angle a around the stator is given by

B = By, cos(wt — a) (4-37b)

The equation for the induced voltage in a wire is
e=(vxB)el (1-45)

where v = velocity of the wire relative to the magnetic field
B = magnetic flux density vector
I = length of conductor in the magnetic field
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FIGURE 4-15

(a) A rotating rotor magnetic field inside a stationary stator coil. Detail of coil. (b) The vector
magnetic flux densities and velocities on the sides of the coil. The velocities shown are from a frame
of reference in which the magnetic field is stationary. (c) The flux density distribution in the air gap.
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However, this equation was derived for the case of a moving wire in a stationary
magnetic field. In this case, the wire is stationary and the magnetic field is mov-
ing, so the equation does not directly apply. To use it. we must be in a frame of
reference where the magnetic field appears to be stationary. If we “sit on the mag-
netic field” so that the field appears to be stationary, the sides of the coil will ap-
pear to go by at an apparent velocity v, and the equation can be applied. Figure
4—15b shows the vector magnetic field and velocities from the point of view of a
stationary magnetic field and a moving wire.

The total voltage induced in the coil will be the sum of the voltages induced
in each of its four sides. These vollages are determined below:

1. Segment ab. For segment ab, o = 180°. Assuming that B is directed radially
outward from the rotor, the angle between v and B in segment ab is 90°,
while the quantity v X B is in the direction of |, so

€ba = (V X B) -1
= vBl directed out of the page
= —v[B,, cos (w,t — 180°)]!
= —vByd cos (w,,t — 180°) (4-38)

where the minus sign comes from the fact that the voltage is built up with a
polarity opposite to the assumed polarity.

2. Segment bc. The voltage on segment bc is zero, since the vector quantity
v x B is perpendicular to I, so

e, =(vxB)ysl=0 (4-39)

>

Segment cd. For segment cd, the angle & = 0°. Assuming that B is directed
radially outward from the rotor, the angle between v and B in segment cd is
90°, while the quantity v x B is in the direction of I, so

e, =(vxB)el
= vBIl directed out of the page
= ¥(B,, cos w,t)
= vByl cos w,t (4-40)

4. Segment da. The voltage on segment da is zero, since the vector quantity
v x B is perpendicular to I, so

e, =(VxB)el=0 (4-41)

Therefore, the total voltage on the coil will be

€ind = €pa + €4
= —vByl cos(w,f — 180°) + vB,d cos w,t (4-42)

Since cos @ = —cos (8 — 180°),
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€ina = VB cos w,t + vByd cos w,t
= 2vByd cos w,t (4-43)
Since the velocity of the end conductors is given by v = rw,,, Equation
(4—43) can be rewrillen as
Cind = 2(rw,,)Byd cos w,t
= 2riB,w,, cOs w,t
Finally, the flux passing through the coil can be expressed as ¢ = 2rIB,, (sce

Problem 4-7), while w,, = w, = w for a two-pole stator, so the induced voltage
can be expressed as

Cind = (bw Ccos wi (4—44)

Equation (4-44) describes the voltage induced in a single-turn coil. If the coil
in the stator has N turns of wire, then the total induced voltage of the coil will be

€ina = Ncdw cos wt (4-45)

Notice that the voltage produced in stator of this simple ac machine wind-
ing is sinusoidal with an amplitude which depends on the flux ¢ in the machine,
the angular velocily @ of the rotor, and a constant depending on the construction
of the machine (N in this simple case). This is the same as the result that we ob-
tained for the simple rotating loop in Section 4.1.

Note that Equation (4-45) contains the term cos wt instead of the sin wt
found in some of the other equations in this chapter. The cosine term has no spe-
cial significance compared to the sine—it resulted from our choice of reference
direction for a in this derivation. If the reference direction for a had been rotated
by 90° we would have had a sin wt term.

The Induced Voltage in a Three-Phase Set of Coils

If three coils, each of N turns, are placed around the rotor magnetic field as
shown in Figure 4-16, then the voltages induced in each of them will be the same
in magnitude but will differ in phase by 120°. The resulting voltages in each of the
three coils are

€,.(1) = N¢ ¢w sin wt A\ (4-46a)
ey () = N dw sin (wit — 120°) A" (4—46b)
e..(1) = N dw sin (wt — 240°) v (4-46¢)

Therefore, a three-phase set of currents can generate a uniform rotating
magnetic field in a machine stator, and a uniform rotating magnetic field can gen-
erate a three-phase set of voltages in such a stator.
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FIGURE 4-16
The production of three-phase voltages from
three coils spaced 120° apart.

The RMS Voltage in a Three-Phase Stator

The peak voltage in any phase of a three-phase stator of this sort is

Epux = Nedw (4-47)
Since w = 27, this equation can also be writlen as
E . =27N-df (4-48)
Therefore, the rms voltage of any phase of this three-phase stator is
E, = %ch;f (4-49)
E, = V2w Ncof (4-50)

The rms voltage at the terminals of the machine will depend on whether the stator
is Y- or A-connected. If the machine is Y-connected, then the terminal voltage will
be V3 times E,; if the machine is A-connected, then the terminal voltage will just
be equal to E,.

Example 4-2. The following information is known about the simple two-pole
generator in Figure 4—16. The peak flux density of the rotor magnetic field is 0.2 T, and the
mechanical rate of rotation of the shaft is 3600 r/min. The stator diameter of the machine is
0.5 m, its coil length is 0.3 m, and there are 15 turns per coil. The machine is Y-connected.

{a) What are the three phase voltages of the generator as a function of time?
{b) What is the rms phase voltage of this generator?
(c¢) What is the rms terminal voltage of this generator?

Solution
The flux in this machine is given by

¢ =2rB =dB
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where d is the diameter and / is the length of the coil. Therefore, the flux in the machine is
given by

¢ = (0.5 m}0.3 m)}0.2T) = 0.03 Wb
The speed of the rotor is given by

@ = (3600 ¢/min)27 rad)(1 min/60 s) = 377 rad/s
(a) The magnitudes of the peak phase voltages are thus

E,., = Ncdpw
= (15 trns)0.03 Wb)(377 rad/s) = 169.7V
and the three phase voltages are
e, = 169.7 sin 377¢ 14
e, () = 169.7 sin (377t — 120°) \Y
e.(t) = 169.7 sin (377t - 240°) \Y%
(b)  The rms phase voltage of this generator is

Emnx _ _

(c)  Since the generator is Y-connected,
Vy =V3E, = V3(120V) = 208 V

4.5 INDUCED TORQUE IN AN AC MACHINE

In ac machines under normal operating conditions, there are two magnetic fields
present—a magnetic field from the rotor circuit and another magnetic field from
the stator circuit. The interaction of these two magnetic fields produces the torque
in the machine, just as two permanent magnets near each other will experience a
torque which causes them to line up.

Figure 4-17 shows a simplified ac machine with a sinusoidal stator flux dis-
tribution that peaks in the upward direction and a single coil of wire mounted on
the rotor. The stator flux distribution in this machine is

By{a) = Bgsin a (4-51)

where Bg is the magnitude of the peak flux density; Bg(a) is positive when the flux

density vector points radially outward from the rotor surface to the stator surface.

How much torque is produced in the rotor of this simplified ac machine? To find

out, we will analyze the force and torque on each of the two conductors separately.
The induced force on conductor 1 18

F=ilxB) (1-43)
= ilBg sin « with direction as shown
The torque on the conductor is
Tindt = (F X F)
= rilBg sin « counterclockwise
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FIGURE 4-17
A simplified ac machine with a sinusoidal stator flux distribution and a single coil of wire mounted
in the rotor.

The induced force on conductor 2 is
F=i(lxB) (1-43)
= ilB; sin a with direction as shown
The torque on the conductor is
Tinat = (r X F)
= rilB; sin counterclockwise

Therefore, the torque on the rotor loop is

T = 2rilBgsina  counterclockwise (4-52)

Equation (4-52) can be expressed in a more convenient form by examining
Figure 4-18 and noting two facts:

1. The current i flowing in the rotor coil produces a magnetic field of its own.
The direction of the peak of this magnetic field is given by the right-hand
rule, and the magnitude of its magnetizing intensity Hp is directly propor-
tional to the current flowing in the rotor:
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FIGURE 4-18
The components magnetic flux density inside the machine of Figure 4-17.

Hy = Ci (4-53)

where C is a constant of proportionality.

2. The angle between the peak of the stator flux density Bg and the peak of the
rotor magnetizing intensity Hp is y. Furthermore,

vy=180° -« (4-54)
sin y = sin (180° - a) = sin « (4-55)

By combining these two observations, the torque on the loop can be expressed as
Tia = KHpB; sin a counterclockwise (4-56)

where K is a constant dependent on the construction of the machine. Note that both
the magnitude and the direction of the torque can be expressed by the equation

Tina = KHg x By (4-57)

Finally, since By = pH,, this equation can be reexpressed as

Tina = KB X By (4-58)

where k = K/u. Nole that in general k£ will not be constant, since the magnetic per-

meability g varies with the amount of magnetic saturation in the machine.
Equation (4-58) is just the same as Equation (4-20), which we derived for the

case of a single loop in a uniform magnetic field. It can apply to any ac machine, not
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just to the simple one-loop rotor just described. Only the constant £ will differ from
machine to machine. This equation will be used only for a qualitative study of
torque in ac machines, so the actual value of k is unimportant for our purposes.

The net magnetic field in this machine is the vector sum of the rotor and sta-
tor fields (assuming no saturation):

B..=Br+ B (4-59)

This fact can be used to produce an equivalent (and sometimes more useful) ex-
pression for the induced torque in the machine. From Equation (4-58)

Tins = kBg X Bg (4-58)
But from Equation (4-59), By = B, — B, so
Tina = kB X (B, —Bp)

=k(Bp x B_.,) —k(Bg x B}

Since the cross product of any vector with itself is zero, this reduces to

Tind = kBR X Buet (4—60)

so the induced torque can also be expressed as a cross product of B and B, with
the same constant k as before. The magnitude of this expression is

ey SiN 8 (4-61)

Tind = KBrB

where 8 is the angle between By and B,

Equations (4-58) to (4-61) will be used to help develop a qualitative un-
derstanding of the torque in ac machines. For example, look at the simple syn-
chronous machine in Figure 4-19. Its magnetic fields are rotating in a counter-
clockwise direction. What is the direction of the torque on the shaft of the
machine’s rotor? By applying the right-hand rule to Equation (4-58) or (4-60),
the induced torque 1s found to be clockwise, or opposite the direction of rotation
of the rotor. Therefore, this machine must be acting as a generator.

4.6 'WINDING INSULATION IN AN
AC MACHINE

One of the most critical parts of an ac machine design is the insulation of its wind-
ings. If the insulation of a motor or generator breaks down, the machine shorts
out. The repair of a machine with shorted insulation is quite expensive, if it is even
possible. To prevent the winding insulation from breaking down as a result of
overheating, it 1s necessary to limit the temperature of the windings. This can be
partially done by providing a cooling air circulation over them, but ultimately the
maximum winding temperature limits the maximum power that can be supplied
continuously by the machine.
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FIGURE 4-19
A simplified synchronous machine showing
its rotor and stator magnetic fields.

Insulation rarely fails from immediate breakdown at some critical tempera-
ture. Instead, the increase in temperature produces a gradual degradation of the in-
sulation, making it subject to failure from another cause such as shock, vibration,
or electrical stress. There was an old rule of thumb that said that the life ex-
pectancy of a motor with a given type of insulation is halved for each 10 percent
rise in temperature above the rated temperature of the winding. This rule still ap-
plies to some extent today.

To standardize the temperature limits of machine insulation, the National
Electrical Manufacturers Association (NEMA) in the United States has defined a
series of insulation system classes. Each insulation system class specifies the
maximum temperature rise permissible for that class of insulation. There are three
common NEMA insulation classes for integral-horsepower ac motors: B, F, and
H. Each class represents a higher permissible winding temperature than the one
before it. For example, the armature winding temperature rise above ambient tem-
perature in one type of continuously operating ac induction motor must be limited
to 80°C for class B, 105°C for class F, and 125°C for class H insulation.

The effect of operating temperature on insulation life for a typical machine
can be quite dramatic. A typical curve is shown in Figure 4-20. This curve shows
the mean life of a machine in thousands of hours versus the temperature of the
windings, for several different insulation classes.

The specific temperature specifications for each type of ac motor and gen-
erator are set out in great detail in NEMA Standard MG1-1993, Motors and Gen-
erators. Similar standards have been defined by the International Electrotechnical
Commission (IEC) and by various national standards organizations in other
countries.
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4.7 AC MACHINE POWER FLOWS
AND LOSSES

AC generators take in mechanical power and produce electric power, while ac
motors take in electric power and produce mechanical power. In either case, not
all the power input to the machine appears in useful form at the other end—there
is always some loss associated with the process.

The efficiency of an ac machine is defined by the equation

Bou

n =5 x 100% (4-62)
Pin

The difference between the input power and the output power of a machine is the
losses that occur inside it. Therefore,

P.

- P
nzmexloo% (4-63)
in

The Losses in AC Machines

The losses that occur in ac machines can be divided into four basic categories:

1. Electrical or copper losses (I*R losses)
2. Core losses

3. Mechanical losses

4. Stray load losses

ELECTRICAL OR COPPER LOSSES. Copper losses are the resistive heating losses
that occur in the stator (armature) and rotor (field) windings of the machine. The sta-
tor copper losses (SCL) in a three-phase ac machine are given by the equation

PsoL = 31% R, (4-64)

where I, 1s the current flowing in each armature phase and R, is the resistance of
each armature phase.

The rotor copper losses (RCL) of a synchronous ac machine (induction ma-
chines will be considered separately in Chapter 7) are given by

PRCL = II%RF (4—65)

where I s the current flowing in the field winding on the rotor and Rg is the re-
sistance of the field winding. The resistance used in these calculations is usually
the winding resistance at normal operating temperature.

CORE LOSSES. The core losses are the hysteresis losses and eddy current losses
occurring in the metal of the motor. These losses were described in Chapter 1.
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These losses vary as the square of the flux density (B?) and, for the stator, as the
1.5th power of the speed of rotation of the magnetic fields (n').

MECHANICAL LOSSES. The mechanical losses in an ac machine are the losses
associated with mechanical effects. There are two basic types of mechanical
losses: friction and windage. Friction losses are losses caused by the friction of the
bearings in the machine, while windage losses are caused by the friction between
the moving parts of the machine and the air inside the motor’s casing. These
losses vary as the cube of the speed of rotation of the machine.

The mechanical and core losses of a machine are often lumped together and
called the no-load rotational loss of the machine. Al no load, all the input power
must be used to overcome these losses. Therefore, measuring the input power to
the stator of an ac machine acting as a motor at no load will give an approximate
value for these losses.

STRAY LOSSES (OR MISCELLANEOUS LOSSES). Stray losses are losses that
cannot be placed in one of the previous categories. No matter how carefully losses
are accounted for, some always escape inclusion in one of the above calegories.
All such losses are lumped into stray losses. For most machines, stray losses are
taken by convention to be 1 percent of full load.

The Power-Flow Diagram

One of the most convenient techniques for accounting for power losses in a ma-
chine is the power-flow diagram. A power-flow diagram for an ac generator is
shown in Figure 4-21a. In this figure. mechanical power is input into the machine,
and then the stray losses, mechanical losses, and core loses are subtracted. After
they have been subtracted, the remaining power is ideally converted from me-
chanical to electrical form at the point labeled P,,. The mechanical power that is
converted is given by

R conv — Tind@m (4_66)

and the same amount of electrical power is produced. However, this is not the
power that appears at the machine’s terminals. Before the terminals are reached,
the electrical I°R losses must be subtracted.

In the case of ac motors, this power-flow diagram is simply reversed. The
power-flow diagram for a motor is shown in Figure 4-21b.

Example problems involving the calculation of ac motor and generator effi-
ciencies will be given in the next three chapters.

4.8 VOLTAGE REGULATION AND SPEED
REGULATION

Generaltors are often compared to each other using a figure of merit called volrage
regulation. Voltage regulation (VR) is a measure of the ability of a generator to
keep a constant voltage at its terminals as load varies. It is defined by the equation
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PCOI'IV
Pin = fappwm Tind @m
PR losses
. Core
Stray” Mechanical losses
losses losses @)
PCOIIV
Pin= 3V’IA cos @ rindwm
= \/§VLI [ COS 6
. Stra
Mechanical y
12 R losses E::;zs losses losses
(b)

FIGURE 4-21

Py =3Vl cos or
V3V,l; cos @

Pout= T joad @

(a) The power-flow diagram of a three-phase ac generator. (b) The power-flow diagram of a three-

phase ac motor.

Vi

VR=B—

fl
7 x 100%

(4-67)

where V is the no-load terminal voltage of the generator and Vj is the full-load
terminal voltage of the generator. It is a rough measure of the shape of the gener-
ator’s voltage-current characteristic—a positive voltage regulation means a
drooping characteristic, and a negative voltage regulation means a rising charac-
teristic. A small VR is “better” in the sense that the voltage at the terminals of the
generator is more constant with variations in load.

Similarly, motors are often compared to each other by using a figure of
merit called speed regulation. Speed regulation (SR) is a measure of the ability of
a motor to keep a constant shaft speed as load varies. It is defined by the equation

or

SR

nl

n ng
— x 100%
ng

SR =

Wp)

Lo = D0 000
Wy

(4-68)

(4-69)
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It 1s a rough measure of the shape of a motor’s torque—speed characteristic—a
positive speed regulation means that a motor’s speed drops with increasing load,
and a negative speed regulation means a motor’s speed increases with increasing
load. The magnitude of the speed regulation tells approximately how steep the
slope of the torque-speed curve 1s.

4.9 SUMMARY

There are two major types of ac machines: synchronous machines and induction
machines. The principal ditference between the two types is that synchronous ma-
chines require a dc field current to be supplied to their rotors. while induction ma-
chines have the field current induced in their rotors by transformer action. They
will be explored in detail in the next three chapters.

A three-phase system of currents supplied to a system of three coils spaced
120 electrical degrees apart on a stator will produce a uniform rotating magnetic
field within the stator. The direction of rotation of the magnetic field can be re-
versed by simply swapping the connections to any two of the three phases. Con-
versely, a rotating magnetic field will produce a three-phase set of voltages within
such a set of coils.

In stators of more than two poles, one complete mechanical rotation of the
magnetic fields produces more than one complete electrical cycle. For such a sta-
tor, one mechanical rotation produces P72 electrical cycles. Therefore, the electri-
cal angle of the voltages and currents in such a machine is related to the mechan-
ical angle of the magnetic fields by

P
0, = Eem

The relationship between the electrical frequency of the stator and the mechanical
rate of rotation of the magnetic fields is

1P
fe=T20

The types of losses that occur in ac machines are electrical or copper losses
(PR losses), core losses, mechanical losses, and stray losses. Each of these losses
was described in this chapter, along with the definition of overall machine effi-
ciency. Finally, voltage regulation was defined for generators as

Ya
VR = ——" x 100%
Vﬂ

and speed regulation was defined for motors as

n,—n
SR=°ln—ﬂx100%
fl
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QUESTIONS

4-1.

4-2.

4-3.

44,

What is the principal difference between a synchronous machine and an induction
machine?

Why does switching the current flows in any two phases reverse the direction of ro-
tation of a stator’s magnetic field?

What is the relationship between electrical frequency and magnetic field speed for
an ac machine?

What is the equation for the induced torque in an ac machine?

PROBLEMS

4-1.

4-2.

4-3.

4-5,

4-6.

4-7.

The simple loop rotating in a uniform magnetic field shown in Figure 4-1 has the
following characteristics:

B = 0.5 T to the right r=01m
I=05m @ = 103 rad/s

(a) Calculate the voltage e,,(f) induced in this rotating loop.

{b) Suppose that a 5-€} resistor is connected as a load across the terminals of the
loop. Calculate the current that would flow through the resistor.

{c¢) Calculate the magnitude and direction of the induced torque on the loop for
the conditions in b.

{d) Calculate the electric power being generated by the loop for the conditions in b.

{e) Calculate the mechanical power being consumed by the loop for the conditions
in &. How does this number compare to the amount of electric power being gen-
erated by the loop?

Develop a table showing the speed of magnetic field rotation in ac machines of 2, 4,

6, 8, 10, 12, and 14 poles operating at frequencies of 50, 60, and 400 Hz.

A three-phase, four-pole winding is installed in 12 slots on a stator. There are 40

turns of wire in each slot of the windings. All coils in each phase are connected in

series, and the three phases are connected in A. The flux per pole in the machine is

0.060 Wb, and the speed of rotation of the magnetic field is 1800 r/min.

{a) What is the frequency of the voltage produced in this winding?

{b) What are the resulting phase and terminal voltages of this stator?

A three-phase, Y-connected, 50-Hz, two-pole synchronous machine has a stator with

2000 wrns of wire per phase. What rotor flux would be required to produce a termi-

nal (line-to-line) voltage of 6 kV?

Modify the MATLAB problem in Example 41 by swapping the currents flowing in

any two phases. What happens to the resulting net magnetic field?

If an ac machine has the rotor and stator magnetic fields shown in Figure P41, what

is the direction of the induced torque in the machine? Is the machine acting as a mo-

tor or generator?

The flux density distribution over the surface of a two-pole stator of radius r and

length I is given by

B = By cos(w,f— a) (4-37b)
Prove that the total flux under each pole face is

& = 2rIBy
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BR Buet

FIGURE P4-1
The ac machine of Problem 4-6.

4-8. In the early days of ac motor development, machine designers had great difficulty

controlling the core losses (hysteresis and eddy currents) in machines. They had not

yet developed steels with low hysteresis, and were not making laminations as thin

as the ones used today. To help control these losses, early ac motors in the United

States were run from a 25-Hz ac power supply, while lighting systems were run

from a separate 60-Hz ac power supply.

(a) Develop a table showing the speed of magnetic field rotation in ac machines of
2,4,6,8,10, 12, and 14 poles operating at 25 Hz. What was the fastest rota-
tional speed available to these early motors?

(b) For a given motor operating at a constant flux density B, how would the core
losses of the motor running at 25 Hz compare to the core losses of the motor
running at 60 Hz?

(c) Why did the early engineers provide a separate 60-Hz power system for lighting?
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CHAPTER

SYNCHRONOUS
GENERATORS

Synchronous generators or alternators are synchronous machines used to con-
vert mechanical power to ac electric power. This chapter explores the opera-
tion of synchronous generators, both when operating alone and when operalting to-
gether with other generators.

5.1 SYNCHRONOUS GENERATOR
CONSTRUCTION

In a synchronous generator, a dc current is applied to the rotor winding, which
produces a rotor magnetic field. The rotor of the generator is then turned by a
prime mover, producing a rotating magnetic field within the machine. This rotat-
ing magnetic field induces a three-phase set of voltages within the stator windings
of the generator.

Two terms commonly used to describe the windings on a machine are field
windings and armature windings. In general, the term “field windings” applies lo
the windings that produce the main magnetic field in a machine, and the term
“armature windings” applies to the windings where the main voltage is induced.
For synchronous machines, the field windings are on the rotor, so the terms “rotor
windings” and *“field windings” are used interchangeably. Similarly, the terms
“stator windings” and “armature windings” are used interchangeably.

The rotor of a synchronous generator is essentially a large electromagnet.
The magnetic poles on the rotor can be of either salient or nonsalient construction.
The term salient means “protruding” or “sticking out,” and a salient pole is a mag-
netic pole that sticks out from the surface of the rotor. On the other hand, a

267
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End View Side View

FIGURE 5-1
A nonsalient two-pole rotor for a synchronous machine.

nonsalient pole is a magnetic pole constructed flush with the surface of the rotor.
A nonsalient-pole rotor is shown in Figure 5-1, while a salient-pole rotor is shown
in Figure 5-2. Nonsalient-pole rotors are normally used for two- and four-pole ro-
tors, while salient-pole rotors are normally used for rotors with four or more poles.
Because the rotor is subjected to changing magnetic fields. it is constructed of thin
laminations to reduce eddy current losses.

A dc current must be supplied to the field circuit on the rotor. Since the ro-
tor is rotlating, a special arrangement is required to get the de power to its field
windings. There are two common approaches to supplying this dc power:

1. Supply the dc power from an exlernal de source to the rotor by means of slip
rings and brushes.

2. Supply the dc power from a special dc power source mounted directly on the
shaft of the synchronous generator.

Slip rings are metal rings completely encircling the shaft of a machine but in-
sulated from it. One end of the de rotor winding is tied to each of the two slip rings
on the shaft of the synchronous machine, and a stationary brush rides on each slip
ring. A “brush” is a block of graphitelike carbon compound that conducts electric-
ity freely but has very low friction, so that it doesn’t wear down the slip ring. If the
positive end of a dc voltage source is connected to one brush and the negative end
is connected to the other, then the same de voltage will be applied to the field wind-
ing at all times regardless of the angular position or speed of the rotor.

Slip rings and brushes create a few problems when they are used to supply
dc power to the field windings of a synchronous machine. They increase the
amount of maintenance required on the machine, since the brushes must be
checked for wear regularly. In addition, brush voltage drop can be the cause of
significant power losses on machines with larger field currents. Despite these
problems, slip rings and brushes are used on all smaller synchronous machines,
because no other method of supplying the dc field current is cost-effective.

On larger generators and motors, brushless exciters are used to supply the
dc field current to the machine. A brushless exciter is a small ac generator with its
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FIGURE 5-2

(a) A salient six-pole rotor for a synchronous
machine. (b) Photograph of a salient eight-pole
synchronous machine rotor showing the windings
on the individual rotor poles. (Courtesy of
General Electric Company.) (c) Photograph of

a single salient pole from a rotor with the field
windings not yet in place. (Courtesy of General Electric Company.) (d) A single salient pole shown
after the field windings are installed but before it is mounted on the rotor. (Courtesy of Westinghouse
Electric Company.)

field circuit mounted on the stator and its armature circuit mounted on the rotor
shaft. The three-phase output of the exciler generator is rectified to direct current
by a three-phase rectifier circuit also mounted on the shaft of the generator, and is
then fed into the main dc field circuit. By controlling the small dc field current of
the exciter generator (located on the stator), it is possible to adjust the field current
on the main machine without slip rings and brushes. This arrangement is shown
schematically in Figure 5-3, and a synchronous machine rotor with a brushless
exciter mounted on the same shaft is shown in Figure 5-4. Since no mechanical
contacts ever occur between the rotor and the stator, a brus