A

BIRZEIT UNIVERSITY
Faculty of Engineering and Technology ,
Department of Electrical and Computer Engineering
Modern Communication Systems, ENEE3306

Dr. Mohammad Jubran

Lecture 1



Optimum Receiver - Introduction

BIRZEIT UNIVERSITY
ECE

> Bits b, (0 or 1) are represented by one of two electric waveforms s, (t) or S,(t),

representation is the function of modulator

» These waveforms are then transmitted through the channel and perturbed by

noise

> At the receiver, a decision must be made on the transmitted bit Bk based on

the received signal r(t)

» we will study the optimum receiver for binary data transmission

» The performance of the receiver will be measured in terms of Bit Error

Rate (BER)

m( f)

m(f)
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Optimum Receiver - Introduction

Few assumptions to design the optimal receiver

BIRZEIT UNIVERSITY
ECE

> Bit duration of b, is T, seconds, or the bit rate is r, =1/ T, (bits/second)

» Bits in two different time slots are statistically independent.

» A priori probabilities: P[b, = 0]=P1, P[b, = 1]=P2.

> Signals s,(t) and s,(t) have a duration of T, seconds and finite energies:

Tb Tb
E, = [s{(t)dt <o, E, = [s3(thit<oo
0 0

» The channel is sufficiently wideband =» s,(t) and s,(t) are transmitted without

distortion, no Intersymbol interference (ISI)

m(f) Source Codine b} Modulator M Channel
—— | Soure g > (Transmitter) |, =le ()
] Demaodulator [
- Rec fion [ ' )
e Reconstruction { f)k} {Receiver) r(f *
wi(t)
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Optimum Receiver - Introduction

BIRZEIT UNIVERSITY

ECE

Few assumptions to design the optimal receiver
> Noise W(t) is stationary Gaussian, zero-mean white noise with two-sided

power spectral density of NO/2 (watts/Hz):

Ew(t) = 0, Efw(tw(t+ )} =~ = 5(r)
» Received signal over [(k-1)T,, KT,] :

r(t)=s(t—(k-1)T,)+w(t),  (k-1)T, <t<KT,

f b b, =0« s5(0
L()I- Source Coding {—k}h ;fj oduiz}ﬁ)r ;I- Channel |
{Transmitter) b, =1 5,()

Demodulator

- N
<4—— Reconstruction |« : < -
(e | eon (5, L Receiven 0 \‘F
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BIRZEIT UNIVERSITY
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Optimum Receiver - Geomelric Representation of Signals

» Objective is to design a receiver (or demodulator) such that the probability of
making an error is minimized.

» Shall reduce the problem from the observation of a time waveform to that of
observing a set of numbers (which are random variables).

> Example: Let s,(t)=cost(wt) be the waveform (symbol) represent the binary bit
b, =0, and s,(t)= -cost(wt) be the waveform (symbol) represent the binary bit
b,=1. Now assume one of the waveforms is transmitted and the waveform

r(t)= 0.5e*%%7 i< raceived. Could you determine what was the transmitted
bit b, ?

45°
¥ xK—
- cos(wt) cos(wt)
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BIRZEIT UNIVERSITY

Optimum Receiver - Geomelric Representation of Signals

ECE

» Wish to represent two arbitrary signals s,(t) and s,(t) as linear combinations of
two orthonormal basis functions @, (t) and @,(t).
» @,(t) and @,(t) are orthonormal if:

Tb
— j@l(t)@z ('[)d'[ =0 => (orthogonality)
0

Tb Tb
— j@lz (t)dt = j@; (t)dt =1 => (normalized to have unity energy)
0 0 $,(0)
> The representations are &
—> Sl(t) =5, D, (t)+ Slzq)z(t) ;, 5 ()
—> S, (t) =8, D, (t)+ Szzq)z(t)
where
Ty 512 P 4 5, ()
o= [, e, ijet2y LT »
0 0 Sy S 1
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Optimum Receiver - Gram-Schmidt Procedure

—> s Jato 0ot s>

BIRZEIT UNIVERSITY
ECE
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Optimum Receiver - Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

D tet o, (1)=2

JE:
_>sll—js (t), (t )dt—Tj fdt_f JE,

s,(t)
E

— p:ifiiéij@l (t)dt=\/%1‘js1(t)sz(tht

2) Now, project s, (t)=

onto @,(t) to obtain the correlation coefficient (p)

sa(t)

¥ 5
P D (1)
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Optimum Receiver - Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

D tet o, (1)=2

E
s s [s(e, (t)dt:ijsl(t)j(Ei)dt:jEi:JE

5, (t)
JE:

—_> P:Tfi/zéiz)¢1( \/EiEzJ‘S t)S t)jt

' t
3) Next, Subtract p @,(t) from s}, (t) to obtain @, (t)= i/zé—) - p@,(t)
2

2) Now, project s, (t): onto @,(t) to obtain the correlation coefficient (p)

sa(t)
- P

50\ |0

> Dy(1)
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BIRZEIT UNIVERSITY

Optimum Receiver - Gram-Schmidt Procedure

ECE

1) Let @1 (t): i;(Ei) Sz(t)
' AD(1)
f Bos(t) . E
e S _(.)Asl(t)él (t)dt = !Sl(t)ﬁdt = \/E = \/E {Dj{t} Sl(t_),

s, (1)
JE,

—_—> P= JA\/i dt—\/%T_fSl(t)Sz(t)jt

2) Now, project s, (t)=

onto @,(t) to obtain the correlation coefficient (p)

’ t
3) Next, Subtract p @,(t) from s}, (t) to obtain @, (t)= i/zé?) — p@,(t)
4) Finally, normalize @2’(t) to obtain @,(t) 2

—> 0,()-—2 ) _ o (t)2: 1 Z{Sz(t)_psl(t)}
o v 7L
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Optimum Receiver - Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

—s o, (1)-2W

JE

o O @) 1 {sza)_psl(t)}

'[VE. VB

1< p=cos(a) <1
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Optimum Receiver - Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

—s o, (1)-2W

JE

o O @) 1 {sza)_psl(t)}

'[VE. VB

—> 5 = fsl(t)gpl (t)dt = \/E
(f) ° Ty

1< p=cos(a) <1
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BIRZEIT UNIVERSITY

Optimum Receiver - Gram-Schmidt Procedure

ECE

» Gram-schmidt procedure for more than two signals

> If the waveforms {si(t)}, i=1,2,...,M form a linearly independent set, then
N = M. Otherwise N < M.
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BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.1: Consider the signal set shown below, determine the orthonormal base

functions needed to represent these signals?

5(8) $,(6)
A A
1%
T
- 1 r >~
0 T, 0
-V
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Optimum Receiver — Gram-Schmidt Procedure

Example 5.1 (continue): 5()

— - NENVE,
o pszbe\"‘F(é)cbl (t)dtszsf/(Et) S\l/(é)dt j
)

—> 5,(t)=—

5,(0)

BIRZEIT UNIVERSITY
ECE

N
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

Example 5.1 (continue):

ECE

5 (2) 5, (@)
A
v
1
0 ?; i 0 = 1
-V
(1)
1;’;1-"'?;&
52 (f) 51 (f)
|
0 TL} d ® | : ¢ (D
—VE 0 vVE
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BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.2: Consider the signal set shown below, determine the orthonormal base
functions needed to represent these signals?

s,(1) 5, (1)
A £
| V
T
b s> f =
0 0 T,
-V
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.2 (continue):

s, (1) s,(f)
A A
|/ — V
T
d > 7 > 7
0 0 T,
_'L.J"'

Tp
—> E, = [s{(tht=V’T, =E,=E — @ (t)=
0

_Tbsz(t) Tbsz t Sl(t
,021—_(‘; \/E ! E \/E
' . Sz(t) n_ Sz(t)
—> D, (t)_ JE 0= JE Z(t)

© Or. Mohammad Jubran Modern Communication Systems, ENEFE3306 Lecture 1 - Slide 18



BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.2 (continue):

s, (1) s, (1)
1 A
|/ fe— %
T
’ - -
0 0 T
_V
@, (1) @, (1)
I A=
/T, /T,
T
d / i
0 0 T

T
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BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.3: Consider the signal set shown below, determine the orthonormal base
functions needed to represent these signals?

5D 5,(8)
. A
vV g —
¢ 7
4 4
0 T, 0
-V
@ (L)
A {IZE
2

— : >
2 A ' ' :
fa \ increasing &, o
Tl \VE
_ o=—
= |50
\f 0 |.Sl . ﬂ (r)
-VE.o) WE.0)
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BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.4: Consider the signal set shown below, determine the orthonormal base
functions needed to represent these signals?

5(0 50
.-"I\. )j\
V3V |
4 |
|
|
0 n, of 52 1 '
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

Example 5.4 (continue): S Ef)
V
0 T, f
Ty

Ty s, (t)=1

e e oot

0 Ty T, /2 b
2 3 Ty
_L2v (Tb) +12V° | (1—21t+12t2]dt
3T, 2 T,/2 b Ty

ECE

5,(1)
A
V3V
—_—
ol 52 1 f
23V, o<t< o
T, 2
2\/§V(1—it) %StSTW
b
0 o.wW
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY
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Example 5.4 (continue):

Ty, T t OS'[S7ID
—>E, = | s5(t)dt ;
’ j 2( )d sz(t)=<2\@v(1—itJ %StSTN
Ty /2 Ty, 2 0 ’ o.W
j (ZIV ] dt + j szv[l—ltjj dt
0 b T, /2 Tb s, ()
A
2 3 T, =
_1eV (Tbj +12V° | (1—21t+12t2jdt VY
3Tb 2 T, /2 b b
2 To _
b b T,/2
2 0 2 2
:V Ty +12V? (Tb—Tbj— L sz—Tb + 12 Tb3—T—b
I 2 T, 4 3T, 8
, _
:VTb+12V2 Tb_3T T, VT VT V2Tb:E
| 2 4 24 2 2
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.4 (continue): % Ef) Szf)
V3V
V
{ _
0 I, 0 L2

—V\Z/szz(t)dt: bxlebxﬁvzﬁ
— 01 (=200 (-2 T35
— 2,00=Z[s0-250
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.4 (continue):

—> S = jsl(t)djl (t)dt = \/El 6,35
; | s, (8
—> 5, = [ 5,(t), ()t =0 i W3E/2.VE]2)
TS J3 : 5 (1)
s [s e fn=2E el

—>d21{Tf[sz(t)—sl(t)rdt}z=J(z—ﬁ)E
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.4 (continue):

5 () s, (8)
b, A
J3v
V
0 7 f o L2 1 f
(3}
@ (1) &, (f)

_ 2
A
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BIRZEIT UNIVERSITY

Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.5: Consider the signal s,(t) and s,(t) given below, determine the
orthonormal base functions needed to represent these signals?

s, =+E Ti cos(27ft), s,=+E Ti cos(2f t +0)

b b

where f_ =k/2T,,k:integer
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.5 (continue):

—>s,=+E Ti cos(27ft), s,=+E 2 cos(2Af t+8),f, =k/2T,

b b

—>E, = J{f = cos(2f, t)} dt = i_E ]5’[1+c052(47zfct)}dt =

b 0

Tj{f\rcos 27zf t+9 } [HCOS(A? t+26’)}dt =E

—> @, ()= \/_T cos(2f )
b

 (t)dt ——_[cos (27f .t + 6)cos(2f t )dt

ﬁ

— =[50,

j "t [cos(47f t+6)+cos(6)]

dt = cos(&
> cos(6)
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.5 (continue):

—> @) (t)= Sf/‘(é) — 0@, (t)= \/z cos(27f t+6)— \/E cos(2f t)cos(6)
_ \/T?b[cos(ZﬂfCt)cos(H)—sin(27zfct)sin(6?)]— 2 cos(o t)cos(o)

= _\/T?bsin(ZﬂfCt)sin(Q)

—>E, :Tf[@; Wt :Tf{_ \/T? sin(ZﬁCt)Sin(H)}zdt

0

L2 Ty -2 Ty
_ 2sin (H)_[sinz(Zﬁfct)dt _ 2sin (H)j-l—cos(47zfct)dt _sin?(9)
0

b b 0 2

o m-_20 ﬁsm(mct) or @, (t)= \/zsin(Zﬂfct)

\/J @; (t)f ot

¥
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Optimum Receiver — Gram-Schmidt Procedure

BIRZEIT UNIVERSITY

ECE

Example 5.5 (continue):

b Tb
—>511:_[s ), (t)dt =VE —>512=js ,(t)dt =0

—>321_js (t)dt= | {f(cos 27zft+6’}{\/7008(27zf t)}dt
2

2+/E '} f [cos(4f t +0)+cos(0)]

f cos(27f t + 6)cos(2f t)dt = dt
b Tb 0 2
=E cos(é?)
Ty Ty
—>s,, = _[sz(t) j{f —cos(2f t+6’)}{—\/?sin(27zfct)}dt
0 0 b
2JE

= cos(2zf t + 6)sin(2f t )dt
b

0

ZJET [sin(47f t +6)—sin(-6)] dt =—/E sin(6)

2

0 Modern Communication Systems, ENEE3306 Lecture 1 - Slide 30
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Optimum Receiver — Gram-Schmidt Procedure

ECE

Example 5.5 (continue):

- ﬁﬁ c0s(27f 1) = 5, (t)+ 5, (t) = VED, (1)

b

—> 5, (t)=+E TE CoS(27f t + 8) = 5, @, (t)+ S, D, (t)

b
= JE cos(0)®, (t)—+/E sin(0)D, (t)
(1)
0 =37/2
p=0 Ty
5 (D)
92?,/ N, $.(0
o=-1 JVE locus of s, (£) as &
varies from O to 27.
s, (D)
\9::@’2
p£=0
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY
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» Representation of Noise with Walsh Functions

» Exact representation of noise with 4 Walsh functions is not possible.

5_

x, (9
POk MANANAA VAN A AN AP
-4
o[
X -
0NN A NN TS AN NN A AN N
-5
2_
b,
1
0
0,0
2 0k
-2
0,0 f
ol
-2
0,0
4 0k
_20 0.1 02 0= 0.4 0.5 0.& 0r 0.8 0.4 1

t
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY

ECE

» Representation of Noise with 16 Walsh Functions

» Exact representations might be possible with many more Walsh functions

|
|
—
| | | |
[ ] [ ] [ ] [
[ ]
[ | [ ] [ ] [ ] [
[ | 1] | | [
[ ] |
I [ I s O | [ ]
| | |
[N S [N (Y U N s N Y e PO
0 (.1 02 0.3 0.4 0.5 06 0.7 0.8 0.9 1
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY
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» The First 16 Sine and Cosine Functions

» Can also use sine and cosine functions (Fourier representation).

b— —_— [ —
—— ————
_
T

_ e T e e
— . T T~ T~ T~
T~  — . T T~ T T~ T~
T s s s e s s e
Tl e S i S ST S COR e
_}30 0.25 0.5 0.75 1
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY

ECE

» To represent the random noise signal, w(t), in the time interval [(k — 1)T,,

kT,], need to use a complete orthonormal set of known deterministic functions:
0 Tb

—> w(t)=> w,@ (t) where w, = .fw(t)d?i (t)dt
i=1 0

» The coefficients w;’s are random variables and understanding their statistical

properties is imperative in developing the optimum receiver.
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY

ECE

» When w(t) is zero-mean and white then

—> E{w {jwt)gb t)dt} j w(t)l. (t)dt=0

Noise is zero-mean

—> P = E{(Wi — )(W — U, )}: E{W,W } Correlation between the
T, T, coefficients of the
— E{J'W(;t)@i (g)d/ljw(f)@j (T)dT } orthonormal base functions
0 0

AWGN, w(t)
B N | I I [ I I
>

time (sec)

w(L)=..+w, O.(t)+.. W(T) =..+wW; O;(t)+..
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Optimum Receiver — Representation of Noise

BIRZEIT UNIVERSITY

ECE

» When w(t) is zero-mean and white, then

—> E{w {jwt)@ dt} jE =0

Noise is zero-mean

Ty Ty
—> E{w,w,}= E{ [w(2)o, (2)d2 [w(r)p; ()7 }
0 0
T, T,
= [@, (1) [Ew(Aw(z)@; (r)dwdA
0 0
Whit Nmseﬁ E{W(ﬂ,)w(r)}: I\;O 5(,1 —z')
—j@ j o 5(2-7)o, ( dzd/l—
o i » this means that{Wl, Wy, Wy ,... } are zero-
=3 2 =) mean and uncorrelated random variables.
0 | # |
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Optimum Receiver — Representation of Noise
| BIRZEIT UNIVERSITY

ECE

» If w(t) is not only zero-mean and white, but also Gaussian =» than {w,, W,, W,
,... }are Gaussian and statistically independent!!!

» The above properties do not depend on how the set that{®,, ®,, ®;, D, ... }

is chosen.
» Shall choose the first two functions ®,(t) and ®@,(t), they are used to represent

the two signals s,(t) and s,(t) exactly. The remaining functions, i.e., ©4(t) , D,(1) , .

.., are simply chosen to complete the set.
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Optimum Receiver — Derivation of Optimum Receiver

BIRZEIT UNIVERSITY

ECE

» Without any loss of generality, concentrate on the first bit interval.

» The received signal is
—> r(t)=s(t)+w(t) O0<t<T,
s,(t)+w(t),  if a"0"is transmitted
B {52 (t)+w(t), if a"1"is transmitted

f=s)ruy
= Si1®1(t)+ Sizq)z(t)+ qu)l(t)+ qu)z(t)+ W3®3(t)+ W4(D4(t)+ o

= (5, + W, JD, (t)+(s;, + W, ), (t)+w,d,(t)+w,d,(t)+---

— rlq)l(t)+ r2®2(t)+ I’3CD3(t)—I— I‘4(I)4('[)-|— l

where

Tb — —
r= jr(t)cbj(t)dt j B B
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Optimum Receiver — Derivation of Optimum Receiver

ECE

[ =S,+W, I,=S,+W, }_ [, forj = 1,2 can be used to estlmate/c.zletect
which signal (S,(t) or s,(t)) was transmitted.

I, forj=3,4,5, ..., does not depend on which

r:W’r :W,r :W, . :
3 3174 4175 > signal (S,(t) or S,(t)) was transmitted.

» The decision can now be based on the observations ry, I, , 3, Iy, I ,...

» The criterion is to minimize the bit error probability.

> In general: consider only the first n terms (n can be very very large), r = {r., I, ,
., I, } = Need to partition the n-dimensional observation space into decision

regions.

Decide a "1" was transmitted . — Observation space R

if r falls in this region.
Decide a "0" was transmitted
if ¥ falls in this region.
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Optimum Receiver — Derivation of Optimum Receiver

BIRZEIT UNIVERSITY
ECE

{("O"decided and "1"transmitted) or }
—> Plerror|=P

("1"decided and "0" transmitted)
- P[OD ’1T]+ P[lD ’OT]: P[OD /1T]P[1T]+ P[]'D /OT]P[OT]

[£(7r0.)dP =P, [f(7/1;)dF+P, [f(7/0.)dF
R

R, R-R,

=P, [f(F /1, )d7 +P,
Ry

=P, [ f(F/1;)dF —P, [ £(F /1, )dF +P, [£(7 /0, )dF

S o
R R 9 R ’ Decide a "1" was transmitted

if'¥ falls in this region.

=P, [ f(F/1.)dF + [[Pf(7 /0, )—P,f(F /1, )d7
R,

R

=P, + [[Pf(F/0;)—Pf(F/1, )l
R4 Y ' To minimize the probability of error

we need to make this term negative
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Optimum Receiver — Derivation of Optimum Receiver

ECE

» The minimum error probability decision rule is

—> P f(F/0;)-P,f(f/1;)>0 = decide"0"(0,)

Decide a "1" was transmitted

it ¥ falls in this region.

—>Pf(7/0;)-P,f(F/1,)<0 = decide"1"(1,)

. Decide a "0" was transmitted
if ¥ falls in this region.

> or it could be written as

—>Pf(F/0;)>P,f(F/1,) = decide"0"(0,) 1,
1 > 1
= < —
—>PH(F/0,)<Pf(F/L) = decide™"(,)  PI(F/00) & PA(F/)
» and so
0, 0y % %
) . f(F/0;) > P f(F/1,) > P
> ) > T2 T) 2 11
—> Pf(7/0;)2 sz(rllT)—>f(F/1T) <P Or f(7/0,) < P,
15 1p Op
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Optimum Receiver — Derivation of Optimum Receiver

BIRZEIT UNIVERSITY
ECE

f(F/1,)

f(F/0;)

» The decision rule was derived without specifying any statistical properties of

» The expression is called the likelihood ratio.

the noise process w(t).

0 1
f(F/0;) > P, f(F/1,) S P,
—> Nz 2 0o — L2 1L
) = h R0, P,

D D

» recall that using the chain rule, the conditional pdf could be written as
_j(F/OT): f(rl’ Py r3""/OT): f(rlloT)f(rZ/rl’OT)f(rS/rl’ rZ’OT )
» recall also that for an independent random variables ry, I, , 3, I, , It ,..., the

conditional pdsf could be rewritten as

_>f(rk/rl’rz””’OT):f(rk/OT)
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Optimum Receiver — Derivation of Optimum Receiver

BIRZEIT UNIVERSITY

ECE

> If the noise is zero-mean, white, and Gaussian (ry, I, , I3, 4, Is,... are

independent) = the conditional pd#f could be rewritten as

—> (710, )=F(r. 1,510, )= [ [F(r, /0;)
i=1

o0

—> f(FllT):f(rmrz’r31'”/1T):H (ri /1T)

i=1

» for r,=s;;+w; =» the mean of r,is S;; and the variance is N /2
= if 0 (I=1) then r;=s;;+w; =» the mean of ryis Sy; and the variance is N,/2
= if 1; (1=2) then r;=S,,+wW; =» the mean of ryis S,; and the variance is N /2

1 —(r.—s..}
_>f(r1/OT):\/27sz E exp (1N )
1 _(r—s..}
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Optimum Receiver — Derivation of Optimum Receiver

BIRZEIT UNIVERSITY

ECE

» for r,= s;,+W, =» the mean of r,is S;, and the variance is N/2
= if 07 (I=1) then r,= s;,+W, =» the mean of r,is S;, and the variance is N /2
= if 1; (1=2) then r,= S,,+W, =» the mean of r,is S,, and the variance is N /2

WS,

—> (r,/0;)= v

0]

\/27z><N /2

—>1f(r,/1,)= \/27z><1N 7 exp{_(er_SZZ)z}

»for ;= S;3+W; =2 the mean of r;is $;3=0 (only s,(t) S,(t) exist and so the

projections on @4 is zero) and the variance is N,/2
= if 07 (I=1) then r,= S;3+W,; =» the mean of ryis Zero and the variance is N /2
= if 1; (1=2) then r,= S,3+W,; =» the mean of ryis Zero and the variance is N /2

N

0]

—>f(r,/0;)=1(r,/1;)= \/27z><1N 7 exp{_(%)z}

© Or. Mohammad Jubran Modern Communication Systems, ENEFE3306 Lecture 1 - Slide 45



Optimum Receiver — Derivation of Optimum Receiver
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» Now the conditional pd# could be written as
—(r,—s, ) 1 —(r,—s, )
—>f(7/0;) f(r/0;) ex Ll ex 2_“12
H TNO p{ T T,
1 —(I‘3)2 1 —(I’4)2
xmexp{ N, }xmexp{ N, X
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Optimum Receiver — Derivation of Optimum Receiver
» Now the decision rule could be written as
2 2
1 exp _(r1 _321) x 1 exp —(I‘2 _322)
f(F T) \/ﬂNo I\Io | \/ﬂNo NO
1
V ﬂNO

/
— f(F/ exp _(rz_slz)z}

exp{ - (rl — S )2 x

B (rl —Sp )2 - (I‘2 — Sy )2
eXpP

—_ — NO
exp _(rl_sll)z_(r2_812)2
- NO
1
= exp (r1_511)2+(r2_512)2_(r1_521)2_(r2_522)2 2D i
|\Io < F)2
OD
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» Apply the natural logarithm for both parts (monotonically increasing function)

1
(=su ) +(p=s,) —(n=s,) —(,-s,) | > P
—> EXP 1 4 2 Y12 Nol 21 2 79 > P_z
Op
1,
— (r1_811)2 +(I’2 _512)2 _(r1_521)2 —(I’2 _322)2 % Noln{%}
0, 2

» For a special case that P,=P, =»In(1)=0

[HEN
O

—> (rl —Si )2 + (rz —S15 )2

AN\

(rl _521)2 + (I’2 —Sp )2

o
O
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» For a special case that P,=P, =»In(1)=0

1y
2 2
<
Op

4

—> (rl _511)2 + (I’2 _512)

(rl _521)2 + (I’2 _522)

A

2

@, (1)

s, (8)
/"‘n..

(5,1,5,,) B

Choose s,(7)
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Optimum Receiver — Correlation Receiver Implementation
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» Correlation receiver or Integrate-and-dump receiver

1p

P
— (rl—Sll)Z+(r2—312)2—(r1_321)2—(r2_522)2 % Noln{;}
0, 2
1D
— (r1—311)2+(r2—312)2—Noln[Pl] % (r1_321)2_(r2—522)2—N0|H[P2]
OD
=17,

T -
— -“(')df _r_l-_,M’ Compute
0

(71‘_ 11)2 +(Ii - ﬂ)z

r(f)=s(H+w(i) — N, In( &) Decision
. —
¢ (D) f= T fori=1, 2
b
% < r, and choose
> @?f - _‘.(' £ O the smallest
T 0
#,(f)
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Optimum Receiver — Correlation Receiver Implementation
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1D
—_— (rl _311)2 +(r2 _312)2 o Noln[Pl] % (rl _521)2 —(I’2 _%2)2 o Noln[Pz]
Op
1D
—> (rl2 — 21, + sf1)+ (rz2 — 21,5, + sfz)— N, In[P,] % (rf —21,S,, + s§1)+ (r22 —21,5,, + s§2)
Op
~N,In[P,]
1D
—> (—2rlsll—2r2512+sf1+sfz)— N, In[P,] % (—2r1321—2r2322+s§1+s§2)— N, In[P, ]
Op
1D
— (‘[rl r2]'[sll 512]"' lj_ |\;0 In[Pl]% (_[rl rZ]'[521 Szz]"‘%)‘%ln[%]
Op
Op
—> [ ollsy sal-2e P2 [ plls sul-—2 e nlp]
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OD
—n s, 12] . L L LAY O o]z - In[P |
1D
=1,
% |
—-(— J'(-)df —oKir Form >
0
r(t) T the T Choose | Decision
— dot N E, the |——
é(2) - f=f_; product ?h(ﬁ)_? targest
—p?—b I(-)df |5\l TS -{F >
0
¢, (1) My _ 5B
3 In(£) 5
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> Recall: Convolution formula ;
0 b

—> y{t)=r(t)*h(t)= [r(@h(t-7)dz = [r(z)d(r)dz

°°/7 ’ ht-z)=d(r) at t=T,

We want to make the convolution to equal %
the right side, and this is possible if

o0

—> y(t)=r{t)*h(t)=rt)* (T, ~t)= [rO{-T,+7)dz
» Evaluate this at t=T, —o0

o0 o0

—5 ()= jr(r)@(Tb ~T, +7)dr= J.F(T)(D(T)df

—0o0 —Q0

=1,

r() Ti( " M 1‘_: 1
—Fxﬁ—h . — { | i
L <> " Lhomad o—8 N

a0
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Optimum Receiver — Receiver Implementation using Matched Filters
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=1
y r
.'h1(r):¢1(?;_r)_o 1
r(f) o Decision
fo j’; De.m 515311 >
Circuit
'y
11, (0= ¢,(T,~ 1) —oM

v I, Form

—| (0} =¢,(1, - ) ——0 e

r{1) Choose | Decision
—> t=T, dot | p7 - L e

r product| 2 79 fargest
——>{5, ()= 9,(1,- 1) - NI N
'\.TJ'
M, E
Mo niey— 2
) n(5) )
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Optimum Receiver — Receiver Implementation using Matched Filters

ECE

Example 5.6: Consider the signal set shown below,
1) determine the orthonormal base functions needed to represent these signals?
2) Draw the signal space diagram?
3) Find and draw the optimum decision region?

5 (9 5, (%)
1.5
0.5
, 05 1 -
0 05 1 0
-2
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Optimum Receiver — Receiver Implementation using Matched Filters

BIRZEIT UNIVERSITY

ECE

Example 5.6: Consider the signal set shown below,

1) determine the orthonormal base functions needed to represent these signals?
5 (1) §,(8)

1.5

0.5
0.5 1

0 0.5 1 0

-2

» The orthonormal base functions by inspection
—> S, =5,P, (t)+ $1,P, (t) =&, (t)"' 0.59, (t)
—>S, =5, (t)+322Q§2 (t) =D, (t)+ D, (t)

@ (9 @, (1)
A A
1 1
. 05 1
5 . - ¢ 5 7
-1

© Or. Mohammad Jubran Modern Communication Systems, ENEFE3306 Lecture 1 - Slide 56



Optimum Receiver — Receiver Implementation using Matched Filters
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Example 5.6: Consider the signal set shown below,
2) Draw the signal space diagram?

—> S, =5,P, (t)+ $1,D, (t) =, (t)"' 0.59, (t)

—>S, =5, D, (t)"' P (t) D, (t)+ D, (t)
P, (1)
5,(8) M
® 1
5()
0.5 ®
-1 —OI.S 0 U.IS 1 ~Ao
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Optimum Receiver — Receiver Implementation using Matched Filters
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Example 5.6: Consider the signal set shown below,
3) Find and draw the optimum decision region?

{u}

- o 50 /[ 50

| | \ | | @ | | | | A
s f 0 05 1% S —as o f 05 1%
#i0 8

58

i}

'

T— 05
#(0)
|

|
T T T T
1 f _05 ] 0.5 1 i

(a) Py =P, =05, (b) P, =025, P, =075 (c) Py =075, P, =0.25.
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Optimum Receiver — Implementation with One Correlator/Matched Filter
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» Can we implement the optimum receiver using one Correlator/match filter?

» Yes, possible by a judicious choice of the Orthonormal basis.

&, (1)

A Sz(f) ~
| 4t (D)
AQ S = $
; 11~ 9
A b 5,(0)
§12 i i
0 | |
| | = ¢, (D)
Si2
@,(t)| [coso sing| @)
(,I\)z(t) o —Sine cosé (I)Z(t)
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Optimum Receiver — Implementation with One Correlator/Matched Filter
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» Now, we project the received r(t)=s;(t)+w(t) onto the new Orthonormal basis

functions. 1 ¢, (1)
() e L e
f(f/OT) gD PZ (Dz(r) §11=§21
1 isl(r)
—> f(fl’fz’f?”f“’ ) 5 P | ’ 40
f(rl’rZ’rB’r4’ ’/OT)g Pz
D
1
o FRAFERL)EIRRL) - 5 P
f(F/0;)f(F,/f,0,)f(F,/F,F,0; ) 3 P,
D

»Due to the independence condition discussed earlier
D

f(R /1 )F(F /1 )f (7 /1) > P
f(7/0;)f(F,/0;)f(/0;)-- S P,

D

o
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Optimum Receiver — Implementation with One Correlator/Matched Filter
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) ) ) 1
(/L )f(R/L)f(R/L) - 5 P
f(fl/OT)f(r2/OT)f(r3/OT)--- g Pz

D

» for £;=§;;+W; =» the mean of f is §;; and the variance is N,/2
= if 07 (I=1) then ;= §;;+W; =» the mean of f; is §;; and the variance is N,/2
= if 1; (1I=2) then ;= §,;+W,; =» the mean of 1 is §,; and the variance is N,/2
» for £,=§;,tW, =» the mean of f, is §;, and the variance is N,/2
= if 07 (I=1) then £,= §;,+W, =» the mean of t, is §;, and the variance is N /2
= if 1; (1I=2) then £,=§,,+W, =» the mean of 1, is §,, and the variance is N,/2

» for ;= W, = f3is zero mean with variance of N,/2 6.0

> Also notice that §;;=8,;=> f (fl /0; ): f (fl /1. ) ______::s_z(z)

. (1)
X0 '

~

51] = 521

» The decision rule will be reduced to
1D 4 E s(0)

f (fZ / 1'|' ) > ﬂ N ; i #.(0)
f(F,/0,) < P,

SN
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Optimum Receiver — Implementation with One Correlator/Matched Filter
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» From last slide: for f,= §;,+W, =» the mean of f, is §;, and the variance is N,/2

= if 07 (I=1) then £,= §;,+W, =» the mean of t, is §;, and the variance is N /2

= if 1; (1I=2) then £,= §,,+W, =» the mean of 1, is §,, and the variance is N,/2

1 exp _(f2_§22)2_ 1
A A A D
—_ f(rzllT): f(szz"‘Wz):‘\/ﬂNo N > P
f(F,/0,) f(§,+W,) T fF_s P1< P
2 1Y 12 2 1 ex (rz 12) 0 2
P D
JaNg | N
1o & 3 N% ()
0, 22~ °12 2 3.0 4 _1
A $(0)
5n p
' | é,(0)
Si2
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Optimum Receiver — Implementation with One Correlator/Matched Filter

ECE

> But how to find cf)(t)

—)@z(t): SZ(t)_Sl(t) _ Sz(t)_sl(t)

“S (t)Pdt [E,-2p\EE, + Ej;

t=1,
I(Fj Ty -7 - :F: > I = ID
. | ;
j(')d( —OMP Ccrmparatc}r —
0 T < T = 0,
é’g( 0 Threshold 7
t=1,

® ) n =T = 1,
r(t - \ Y
—»| h() =0, (1, — 1) —OMP Comparator

f

Threshold T
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» To detect by, compare f, to the threshold value T

N

T, . N/ 5
b= [rh,at TSt T2 In(lj

0 2 Sy — Sy
—> plerror]= P ("0"decided and "1"transmitted ) or
| (M"decided and "0"transmitted )

Decision boundary
4

flio,)

. /
g]ﬂ §32 )

choose 0, < | => choose 1,

T
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Optimum Receiver — Receiver Performance
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» To detect by, compare f, to the threshold value T

N

T, . N/ 5
b= [rh,at TSt T2 In(lj

0 2 Sy2 =51

—> plerror]= P{( 0"decided and "1 transmltted)or}

("1"decided and "0"transmitted )

£(z0,) £(5f1,)

I

e

— ////IW : . I
55 / H\gkzz ’
Area A - AreaB

choose 0, < | —» choose 1,

T
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Optimum Receiver — Receiver Performance
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("0"decided and "1" transmitted ) or }

plerror]= P
—> Plerror] {(‘T'decidedand"O"transmitted)

—_— = P[OT ’lD]+ P[lT’OD]: P[OT]P[]'D /OT]+ P[lT ]P[OD /1T]

N, /2

0 T ~ A~
=P, [ £(, /0 f, + P, [ £(F, /1, )i, = PlQ( T % j+P{1—Q{ L H

Ll y J \ J N0/2

Area B Area A
f(&)0,)

~

Area A " AreaB

choose 0, = | — choose 1,
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Optimum Receiver — Receiver Performance

] ECE
T T T T I

1] 1 2 3 4 i) fi
Area = %) *

» If P,=P,, receiver performance could be caulculated as

s e N/ L.
T _SntSy [ j S, +5,,
2

+
2
T-5, 1 T-5,,

1
—> Plerror[=—Q| ——== [+ -|1-Q| —=
| ]zQ N, /2| 2 0 N, /2
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e 0 )

0 distance between the signals
2xnoise RMS value

N—
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Optimum Receiver — Receiver Performance

ECE

—> Plerror]|= Q

dis tan ce between the signalsj

21/ ( 2 x noise RMS value

» Probability of error decreases as either the two signals become more dissimilar
(increasing the distances between them) or the noise power becomes less.

» To maximize the distance between the two signals one chooses them so that
they are placed 180° from each other =» s,(t) = -s,(t), i.e., antipodal signaling.

» The error probability does not depend on the signal shapes but only on the
distance between them.
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Optimum Receiver — Relationship Between Q(x) and erfc(x)

»The complementary error function is defined as:

—> erfc(x #dA=1—erf(x)

-7

» erfc-function and the Q-function are related by:
1 X
—> Q(X)=—erfc, —=
Q=g 7
—> erfc(x) = ZQ( 2x)

—> Q7 (x)=+/2erfc?(2x)

BIRZEIT UNIVERSITY
ECE
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Optimum Receiver — PSD of Digital Amplitude Modulation

ECE

» C, is drawn from a finite set of real numbers with a probability that is known.
»Example of C, :

» C,: {-1,1} antipodal signaling

= C,: {0,1} on-off keying

" C,:{-1,0,1} pseudoternary line coding

" C,: {#1, £3, 1£5,...} M-ary amplitude-shift keying
» p(t) is a pulse wave of duration T,

| p(t) |
| |
| |
| |
Information bits ‘ c, | |
| |
> Mapping to : ; > s(0)
real numbers | |
b, <{0.1} | | |
: Amplitude :
: modulation :
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Optimum Receiver — PSD of Digital Amplitude Modulation
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» You must study section 3.2.3 in text book
» The transmitted signal is

= ch p(t - ka)
P—

» To find PSD, truncate the random process to a time interval of =T = —NT,
to T =NT,:

N
—> ST(t): chp(t—ka)
——N
» Take the Fourier transform of the truncated process:

Zc F(p(t—KT,)) Zc g 12AKTs

p(0)

| |

| I

| |

| |

Information bits ) [ |
Mapping to | | $(1)

real numbers | |

|

|

|

|

|

b,e10,1
= { } Amplitude

modulation
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» Apply the basic definition of PSD (refer to section 3.2.3 in text book):

—> S(f): PLUO E{S;_f_flz}’ ST(f): P(f) ZN:Ckejzﬁfka

2\

;

.
= lim P(f) E<| D c e o™
N (2N DT, | &%

— lim P(F) E%r_ > c e D _ZN:C g 1A *
s N T, || & =
2 -
‘P(fx E- z
Noe (2N +1)T, [
i PP

(N N
— lim E c.ce i (k')Tb}
N> (2N +1)T, JZ‘N ,ZN <!

_lim ‘P(fxz Efi mi'\ékc*kmejzﬂf(m)ﬂ)}

N—>o0 (2N +1)Tb | K=—N m=k+N

M=

-N

CkC’I*e—jZﬂfkaejZ;zflTb }

N

N
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Optimum Receiver — PSD of Digital Amplitude Modulation
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k=—N m=k+
T[S e v
= | E j2AfmT,
o (2N +1)Tb _k—Z:N m;N {Ckck m}e
PN Ty mn . }
= lim Rc m)e J b
V> (N AT, kZN m;'\' m \ Discrete
— lim ‘P(f)‘z _(2|\|_|_]_)mZ:iOR (m)e‘jz”fme Autocorrelation
N—= (2N +1)T, | e
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» The output PSD is the input PSD multiplied by |P(f)|?, a transfer function.

T—ow

ES(F) ) IP( )I o,
—> S(f)= lim {ZT } ZR m)e

LTI System

T (c}) ht) = p(o) Transmitted signal s(¢)
k! "l - A ERGERGIL ]

|

Sm( f} Z }_\)c(ﬂl') — 2mmfT,

b M=—co
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Optimum Receiver — PSD Derivation of Arbitrary Binary Modulation
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» Applicable to any binary modulation with arbitrary a priori probabilities, but
restricted to statistically independent bits..
s7(D)

s

5(0) s,(t=31,)

& _ [s,(t=KT,), with probability p,
—>s;(t)= 2, 0t 0(t)= {sz(t— KT, ). with probability pz}
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Optimum Receiver — PSD Derivation of Arbitrary Binary Modulation
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» Decompose s+(t) into a sum of a DC and an AC components:

> 5,(0)= Elsy (0} 5,0 Els, (0} =v(0 a0
¢ A

o0

_>V(t) = E{ST (t)} = Z [plsl(t - ka )"’ pzsz(t - ka )]

K=—

2 1 n n
)=SDPsif-—~| D ==|pS|-*|+p.s,| -t
_>Sv( ) n_z_oo‘ n‘ 5[ Tbj n Tb |:p1 1(Tbj+p2 2(%}}

» where S,(f) and S,(f) are the FTs of s,(t) and s,(t).

—>5,(f)= Y. plSl(Tnbj : pZSZ[Tnbj Za(f - ”]

N=—o0 Tb

b
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» To calculate Sy(f), apply the basic definition of PSD:

—> S, (f)=1lim E{GTHZ}: p}pz S,(F)-S,(f)’

T—oow T b

» Finally,

—> S, (f)=S,(f)+S,(f)

PPz 5, (F)-s,(F ) + Y. pls{{]wzsz({j 5(f_1]

Tb N=-00 Tb Tb

» Notice: The output power spectral density depends on the Fourier Transform of
the signal used to represent “0” and “1”, and the a priori probabilities of the data
from the source.
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