Problem Set 1

Signals and Systems

1. For the periodic signal,
a. show that

T 3
W= (?.J sinc(nfy 1)

b. Find the average power in the signal

Find the discrete power spectral density

d. Find the fraction of the total power contained in the first five harmonics
assuming t = T, /4.

e. Use matlab to plot both x, () and the first five harmonics assuming t = T, /4.

o

Xp(t)

L

-To T2 0 TR To f——>

2. A. Use the duality property, to find the Fourier transform of
Z(t)= Asinc2Wt

B. Find the total energy in z(t).

3. Make use of the result of Problem 2 to find the energy in the signal

x(t) = 2AWsinc (2Wt).

4. Evaluate the integrals:

4
(@ [t3(t-5)dt

-4

5.1
(b) [£s(t-5)dt

449



5. Find the Fourier transform of the uniform impulse train

Xp (1)

A (1)

-2To -To O To 2To f———

6. A. Find the frequency response H(f) and impulse response h(t) of the circuit:

R
O PN o
x(f) C yit)
. O

B. Find the 3-dB bandwidth of the circuit

7. The input x(t) and the impulse response h(t) of a LTI system are as shown in the
figure below, find the output y(t)

x(1)
1
2
g | —s
? (a)
h(t)
4
0 4 t —>
(b)

a. Find the Fourier transfor of x(t) and h(t)
b. Use the convolution intergral to find y(t)



c. Find the equivalent time duration of of x(t)
d. Find the equivalent rectangular bandwidth of x(t)
8. The input x(t) and the impulse response h(t) of a LTI system are

e  t=0
x(t) = _
0 , otherwise

- Bt
h(t) = e ™, Iz D
: 0 = ofherwise

P

a. Find X(f) and H(f)
b. Find the output energy spectral density
c. Use the convolution integral to find y(t)
9. The input x(t) and the impulse response h(t) of a LTI system are

sz{ 2, |t <2

0, outside
=
h(t) = 2e", t= l‘.}
0 , outside

find the output y(t)

10. Find the impulse response of the system:

+
x(f) —o
v i) E > A

—> delay, T sec Integrator

11. Fnd the period, and find the Fourier series representation of the following periodic
signals

a) x(t) = 2ecos (2000t) + 5sin (400w1)
b) x(t) = 2eos (200m1) + 5sin (300x1)

¢) w(t) = 2eos (150mt) + 5sin (250mt)

12. Consider the following signal



[H

)
)
)
)

d

x(t) cos (2w fit) + asin (27 fit)
Xala)eos(2mfit + Xp(a))

a) Find X4(a).
Find X,(a).

What is the power of =(t), Pp?

Is x(t) periodic? If so what is the period and the Fourier series representation of «(f)7?

13. The input-output characteristic of a channel is described by the differential

equation:

dy(t)/ dt + 2y(t) = 4x(t)

a.

Find the transfer function, H(f), of the channel.

b. Find the 3-dB bandwidth of the channel.

14. Let m(t) be a baseband signal with Fourier transform
—f <f<f
M (f) — {mo m m

0 otherwise

Let i(t) be the Hilbert transform of m(t), find the energy inM(t) .

15. The impulse response of a linear time-invariant system is given by:

h(t) = e 2™Bty(t)
a. s this system causal? Explain
b. Is this system stable? Explain

c. Find [’ h(£)6(t — 1)dt

16. The Fourier transform of a time signal m(t) is given by:

1
M = Sem

a. Find the 6-dB bandwidth of the message
b. Find M(f)é(f — B)

17. Consider the signal g(t) =e™".

®o0 oW

Explain why this signal is an energy signal.

Find and sketch the energy spectral density of g (t).

Find the total energy in g (t).

Find the 3-dB bandwidth of g (t).

Find the fraction of the signal energy contained in the bandwidth of Part d relative
to the total signal energy.

18. A periodic signal x(t) defined over one period is:



x(t) =
0 Ifl >Ww
Find the Fourier series coefficientan,n=1, 3, 5.

19. Consider the signal g(t) =e?™®'u(t) .
a. Find the autocorrelation function R (7).

b. Find the energy spectral density.
c. Find the energy in the signal.
d. Find the 3-dB bandwidth of the signal.
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Problem 1

Q: For the periodic signal,

Xqlf)

-To

a- Show that

using the identity:

Signals and Systems Problem Set Solution

sin(x) =

T2 0 T/2

To f—>

Xp = (Tio) -sinc(nfy1)

1 :
— . —j2nnfyt
Xn T() j . e otdt

1 e~ Jmnfot _ pinnfot

—j2ntfy

e Jmnfot _ ojmnfot
Xn =

—j2nnfeTo

nnfoTo

Page |1

sin(nmnf,7) t
xn e . —_

T
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_sin(mnfy1) T

x
" mfotr Ty

using the identity:

, sin(mx)
sinc(x) = —

T
Xn =7 sinc(nfy1)
0

b- Find the average power in the signal

T
p 1 2 zd
T—O-f_ﬁ|xp(t)| t
2
T
P [fa
T, _%
p T
— 3

c- Find the discrete power spectral density

(D= ) l8¢ — nf)

n=—oo

d- Find the fraction of the total power contained in the first five harmonics assuming
Ty

T
4

Ty
Assume T = Z
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5

Ps = (Tlo)z : z sinc?(nfy1)

n=-5

, 5
Ps=2- (l> : z sincz(ﬁ)
> 4 4
n=0
1
P = e [sinc?(0) + sinc?(0.25) + sinc?(0.5) + sinc?(0.75)

+ sinc?(1) + sinc?(1.25)]

P; =2.65697826401
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e- Use MATLAB to plot both x,,(t) and the first five harmonics assuming
T

L

% Add Symbolic Library 3
yms t x n c £f0;

Frequency (unspecified in the problem 1/T0) %
f0 = 0.25;

% Complex Fourier Series Constant %
c(n) = (1/4)*sinc(n/4);

% Building up the series (up to 5 terms) %
x(t) = 1/4
+ symsum(c(n) *exp(lj*2*pi*n*f0*t), n, -5, -1)
+ symsum(c(n) *exp (1j*2*pi*n*f0*t), n, 1, 5);

% Plotting the results %
fplot(t, x);

oo

1 - <
08 1
06 1
04r T
0.2 .

f
off [V VW §
\ 1 L 1 1 [l 1 1 1 1 )
-5 -4 -3 -2 -1 0 1 2 3 4 5
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Problem 2
Q:

a- Use the duality property, to find the Fourier transform of
z(t) = Asinc(2Wt)

from the Fourier Transform pairs we have:
Firect(t)} = sinc(f)

By frequency scaling property:
7—"{ t : }— 2Wsinc(2W
rec (ZW) = sinc(2Wf)

By amplitude scaling property:

. {% rect (ﬁ)} = Asinc(QWf)

By the duality property:

F{Asinc(2Wt)} = % - rect (%)

As the rectangular pulse is an even function:

F{Asinc(2Wt)} = % -rect (%)

b- Find the total energy in z(t).

Using Parsevla's Theorem:

E = j X2(F)] - df
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Problem 3
Q: Make use of the result of Problem 2 to find the energy in the signal

z(t) = 2AWsinc(2Wt)

Assume A = 2AW, From Problem 2:

AZ
E=-—
2W

We get:

E_(ZW)ZAZ_
===

2A%W

Signals and Systems Problem Set Solution Page |7 Communication Systems (ENEE339)



Problem 4

Q: Evaluate the integrals:

a- [* 3 8(t—5)dt
Using the sampling property 5 isn't in the interval [—4, 4] so:

4
f t3-8(t—5)dt=0
—4

b- ff;; t3-8(t—5)dt

Using the sampling property 5 is in the interval [4.9,5.1] so:

5.1
j t3-85(t—5)dt =t3,_. =53 =125
4

9
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Problem 5
Q: Find the Fourier transform of the uniform impulse train

Xp (1)

—2T:| = TCI 0 TLI ETI.':I t »

Let's define x,(t) as:

xp(t) = Z 6(t —nTy)

n=-—oo

Flx,(©)} = Z F{5(t —nTy)}

n=—oo

(0]

Flx,(0)} = z e ~J2mnfTo

n=—0oo
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Problem 6
Q:

a- Find the frequency response H(f) and impulse response h(t) of the circuit:

R

O s
x{1) C T yit)
o : »)

Zo=—2_ z.=R

2nfC
using VDR:
V(D) =57 X

Y(f) =H({) - X(f)

—J
H(f) = _ anC
2nfC
1 .
RC
H(f) — — _
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from the Fourier Transform pairs:

T{ke‘“tu(t)} = W

FUH(P) = 7!

1 _t
h(t) =2re RC - u(t)

b- Find the 3-dB bandwidth of the circuit

IH(O)I\ _
2010g<|H(0)|) = —3dB

HOI= J1+ (2nfRC)?

|H(0)| =1

1
| = —3dB
20log <\/1 + (2nfRC)2>

—10log(1 + (2nfRC)?) = —3dB

1+ (2rfRC)? = 10°3
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Problem 7

Q: The input x(t) and the impulse response h(t) of a LTI system are as shown in the figure below, find
the output y(t)

I t—>
()

b | ==

h(f)

(b)

a- Find the Fourier transform of x(t) and h(t)

F{x(t)} = F {rect (t + %) — %rect (%)}

F{x(t)} = sinc(f) - e/™ — sinc(2f) - e /™
F{h(t)} = T{rect (%)}

F{h(t)} = 4sinc(4f) - e /™

b- Use the convolution integral to find y(t)

(0.0)

y(t) = j_ x(t) - h(t — 1)dt

Signals and Systems Problem Set Solution Page |12 Communication Systems (ENEE339)



y(1<t)=0

-t
y(0§t<1)=f dr=1-t
-1

0 17t t
y(—2§t<0)=jdr——j dt =1+ =
-1 2 )y

2

y(—3£t<—2)=jdr——jdr=1__.2=0
1 2 Jo 2

0 1

2
y(—4£t<—3)=j dT——jdr=t+3
—t—4 2 )y

(=6 <t<—4)= 112 dr=—_3
ATD= - 2).,., T2

yt<—-6)=0

(0, t<—6

_—t—3, —-6<t<—4

t+ 3, —4<t<-3
y(t) = 1 —3<t< -2

1+%, —2<t<0

-1 —t, 0<t<1

\0, 1<t
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[

%]
N
=
=

c- Find the equivalent time duration of x(t)

(2 Ix(@ldt)”
T Ix(p)2dt

2
Qo——n-unZ—m-Eﬂ) ,

Tpo = N =3=267s
((0——1)-1+(2—0)-Z> )

d- Find the equivalent rectangular bandwidth of x(t)

Usually we use the following formula:

121X ()2t

B.n =
FQ 21X(0)|2

But in that case the signal is not a baseband, hence we have to
define the equivalent band to be the band containing the peak energy,
and the equivalent rectangle has a height of that peak value and a
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width (bandwidth) which will result in having the same amount of
energy in both the rectangle and the original ESD (as the bandwidth is
defined as the width of the single sideband we will calculate for half the
energy). Hence the equivalent bandwidth is given by:

o LXK
0 20 Xpax?

(0] (0] 3
| xprdc= | xorde=3

X maxl? = 1.264

0 = ——— = 0.59 Hz
¢ 2528
=
12— | T
[ .
g Fyl
BN I
1_ HRiIR i
A A
| M L
08 It | R i
\‘ | |>
1 -
06 S | i
| [ [ |
Codl
0.4 P AR U -
|
‘ ‘u
02 ‘ | =
(//V
" _Emeaeens s | N Il | | S e
5 4 3 2 4 0 1 2 3 4 5

Figure 1: ESD showing the equivalent band as red rectangles
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Problem 8
Q: The input x(t) and the impulse response h(t) of a LTl system are

et t=0
0 otherwise

—-Bt
h(t) — {e B t> O.
0 otherwise

ﬂ@:{

a- Find X(f) and H(f)

F{ke %u(t)} =

a+j2nf
= T
10 = fganp

b- Find the output energy spectral density

Sy(f) = YOI = [HI? - 1X (I

1
a? + (2nf)? B? + (2nf)?

SY(f) =

c- Use the convolution integral to find y(t)

(00}

y(t) = f e (1) - e POy (t — 1)dr

for t < 0,u(t) becomes 0

fort > t,u(t —t) becomes 0
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as aresult,fort < 0,71 <tsot < 0,u(r) becomes 0

t
y(t>0) = f e T . e Bty
0

t
y(t>0) = e‘ﬁtf eB-0)Tqr
0

—a)t 0
y(t20)=e‘ﬁte(ﬁ ot _ o

p—«
-at _ ,—Pt
y(t=0) = - B
e~ at _ -t
y(t) = 5 u(t)
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Problem 9
Q: The input x(t) and the impulse response h(t) of a LTI system are

(2, [t] < 2
x(t) = {0, otherwise
_(2e7¢ t=>0
h(t) = { 0, otherwise

Find the output y(t).

y(t) = 8-[ rect(41) - e~ Dy(t — 7)dr

for |t| > 2,rect(4t) becomes 0
fort > t,u(t — 1) becomes 0
as aresult, fort < =2, T <tsot1 < —2,rect(4t) becomes 0

and fort = 2,rect(4t) becomes 0 for t > 2

t
y(-2<t<2)= 8] e tdr
-2

y(=2<t<2)=8(elft —e27t)
y(—2<t<2)=8(1—-e"%7Y
yt<-2)=0

y(2<t)=8(1-e"*) =7.8535

0, t< -2
y(t) =<8(1—e~27Y), —2<t<?2
7.8535 2<t
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Problem 10

Q: Find the impulse response of the system:

x(f) —o

—% delay, T sec

x(t) = 8(t)

- v(f)

v(t)=6()—6(t—T)

h(t) = y(t) = Jv(t)dt = J(cﬁ(t) —

h(t) =u(t) —u(t—T)

Signals and Systems Problem Set Solution Page |19
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Integrator

§(t—T))dt
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Problem 11

Q: Find the period, and find the Fourier series representation of the following periodic signals:

a- x(t) =2 -cos200mt + 5 -sin400mnt
To = lcm(Tl, Tz)

- : (1 1)_1
o = lem =3

200400 00
0 = {2, x=1
n o, otherwise

b = {5, x =2
n 10, otherwise

b- x(t) =2:-cos200mt+ 5 -sin300mnt

1 (1 1)_1
cm =7

200300 00
0 = {2, X =2
n 0, otherwise
b — {5, x =3
m o0, otherwise
c- x(t) =2:-cos150mt+ 5 - sin250mt
1 1 1
RSEREER
“™\150’250) ~ 50
0 = {2, x =3
n o, otherwise
b — {5, x=5
n o, otherwise
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Problem 12

Q: Consider the following signal

x(t) = cos 2nf t + asin 2nf t = X, (a) cos(2nf1t + Xp(a))
a- Find Xa(t)
b- Find Xe(t)

using the identities:

el? + I8
cosfO = >
_ 0J0 _ o—Jb
sinf = 2
ej27tf1t + e—j27tf1t ej27tf1t _ e—j27tf1t
x(t) = > +a- 2

(1—ja)-e/?™t + (1 + ja) - e /2™t
2

x(t) =

—jtan"la . el2nfit 4 ejtan‘la . e—J2mfit

2

x(t)=\/1+a2-e

ej(21rf1t—tan‘1 a) + e—j(2ﬂf1t—tan_1 a)

2

x(t) =14+ a?-

x(t) =+/1+ a?-cos2rf;t —tan"1a)
X (a) =1+ a?, Xp(a) =tan"la
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c- What is the power of x(t), Px?

P.=f- (cos(2mfit) + asin(2rfit))?dt

T
-1
2f1

57 2
= flf 1+ a?-cos(2mf;t —tan™ a)) dt

2f1
P=(1+4a®-f;- 1f cos?(2rfit —tan~! a) dt
2f1
(1+a®)-fi
X = 2

d- Is x(t) periodic? Define the Fourier Series representation.

x(t) is periodic for constant a, period is — and the fourier series:

1
0 = {1, x=1

n o, otherwise
a, x=1

by = {O, otherwise
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Problem 13

Q: The input-output characteristic of a channel is described by the differential equation:

dy 2 =4
E+ y(@®) = 4x(t)

a- Find the transfer function, H(f), of the channel.

d

F {d—f + 2y(t)} = F{4x(D)}

Y() - j2nf + 2Y(f) = 4X(f)
Y(f) - (2 +j2nf) = 4X(f)

Y(f)) 4
X(f) 2+ j2nf

H(f) =

b- Find the 3-dB bandwidth of the channel.

HOI_ 21
HO)|  J4+ @rf)?2 2

1
BW = f = —Hz
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Problem 14

Q: Let m(t) be a baseband signal with Fourier transform

_ my, _fmeSfm
M(f) _{ ((;, otherwise

Let mA(t) be the Hilbert transform of m(t), find the energy in mA(t).

Enm = Ea

using Rayleigh Rnergy Theorem:

E, = foo Im(t)|?dt = j

— 00 —

(0¢]

IM(H)I*df

fm
En= m(z)df = mem(z)
—fm
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Problem 15

Q: The impulse response of a linear time-invariant system is given by:
h(t) = e 2™Bty(t)

a- s this system causal? Explain
Yes, it doesn’t depend on future values.
b- Is this system stable? Explain
Yes, because if bounded input is applied we get a bounded output

foolh(t)|dt<oo

¢ Find fJ h(t)- 8(t — 1) dt
using sampling property:

5
j h(t) - 8(t —1)dt = h(1) = e~27B
0
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Problem 16

Q: The Fourier transform of a time signal m(t) is given by:

1
wifp

M(f) =

a- Find the 6-dB bandwidth of the message

2010g<|1‘4(f)|> _ ¢

|M(0)]

g =/1006 — 1

BW = f = 1.72658 B

b- Find M(f)S(f - B)
using sifting property:

M(f)-6(f —B) = M(f — B)

1
1+i(5-1)

Signals and Systems Problem Set Solution Page |26 Communication Systems (ENEE339)

M(f)-6(f —B) =



Problem 17

Q: Consider the signal g(t) = e~/

a- Explain why this signal is an energy signal.

E, = f 19 (O12dt

0 o)
E, =j e?at dt+j e 2 dt

s _eo—e°°+e_°°—e°
9 2a —2a
1-0 0-1
9 2a —2a
£ _1
9 a

It’s an Energy signal for finite a.
b- Find and sketch the energy spectral density of g (t).

Se(f) = 1G(P)I? = |Fle~altl}|’

2a 2
SG(f) = a2 + (an)z
4q?
Sc(f) =

a* + 16m*f* + 8m2a?f?
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0.04 T T T T rAl T T T T
/ \\

0.035 | |
0.03 \" l
0.025 [ .

,"‘l '\I
0.02 1
l"‘ \II
0.015 [ / ]
/'/ \'\
0.01F //' '\.\ i
0.005 | // \ :
_ o
0 — . : . : . P
-5 -4 -3 -2 -1 0 1 2 3 4 5
c- Find the total energy in g (t).
Solved in part a.
d- Find the 3-dB bandwidth of g (t).
6(F) = ——n
a2 + (2nf)?
lcBW)| 1
GO V2
a? 1

aZ + 2nBW)Z 2

V2—-1-a
BW =
2T
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e- Find the fraction of the signal energy contained in the bandwidth of Part d relative to the total

signal energy.
JV2-1-a 5
2T 4a

Esw = ) aiaar 4 16m4f* 4+ 8m2a?f? af
27

VV2-1-a

T 1 . _1(271'f)+ 2f 21
BW ™ \ra an a a? + 4m2f2| JV2-1a
2n
E
961;BVV = _lzﬂi = 96635.3%3
Eg

This part has been calculated using the following MATLAB code:

% Add Symbolic Library 3%
syms £ a BW S E BW E T;
$ Define the Bandwidth (found in part d) $%
BW = sqgrt(sqrt(2) - 1l)*a/(2*pi);
Define the total Energy (found in part c) %
T =1/a;
Define the Energy Spectral Density function (found in part b) 3
(£) = (2*a/(a"2 + (2*pi*f)"2))"2;
Find the total energy in the bandwidth $
E BW = int(S, f, -1*BW, BW);
$ Evaluate the ratio E BW/E T %
fprintf ('Fraction of Energy contained in bandwidth = %%%0.2f\n’',
vpa(E_BW/E T)*100) ;

oo

oo U2 oo ™
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Problem 18

Q: A periodic signal x(t) defined over one period is:

t, -~ <<
ajt|, ———=st=
2

0, Ifl>w

0
x(t) = { 2

Find the Fourier series coefficientan,n=1, 3, 5.

Since it’s a definition of one period in a periodic signal, so the other periods are same but shifted in time
by a multiple of the period.

- t - nTo
x(t) = Z alt —nTy| - rect (T—>
n=—oo 0
T,
1 (2 ;
a, = T_o _Ex(t) cos(nwyt) dt
2

T
2a (2
a, = —f t cos(nwyt) dt
To Jo

—2a ,
_ > nisodd
an, = TTwon
0, nis even
—2a —2a —2a
Qg =——,03 = —,05 = ——
Twy Omw,’ 251w,

Signals and Systems Problem Set Solution Page |30 Communication Systems (ENEE339)



Problem 19
Q: Consider the signal g(t) = e 2™Btu(t)

a- Find the autocorrelation function R, (7)

R, (x) = j 9(0) - gt — ) dt

(00]

R,(7) = f e 2Bty (t) - e 2TBDy(t — 1) dt

fort <0,u(t) =0

fort< t,u(t—1t)=0

(0]

Rg (‘L’ < O) — f e —2mBt e—ZnB(t—r) dt
0
oo — 00 0
R (T < 0) — eZnBTf e ~4TMBt Jt = eZT[BTe — €
2TBT
R,(t<0) =
o0 <0 =75
Rg (T > 0) — j e —2mBt e—ZnB(t—‘r) dt
T
R (T > O) — eanTjooe_4ﬂBt dt = e?™B7 e " —e'
gy = . —4nB
e(ZnB+1)T
R,(t=20)=———
o020 ==
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2TTBT

4B

Ry(7) = : (1 + efu(r))

b- Find the energy spectral density.

$(N) = 60N = Grmsry amry?

c- Find the energy in the signal.

E. =f le 2Bty (1) dt

o0 1
E.=| e *Blqt=——
¢ fo 4TB

d- Find the 3-dB bandwidth of the signal.

GBW)| 1
IGO0 V2
2B 1

J@2nB)? + (2mBW)? T2

BW =B
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