
Hilbert Transform

• The quadrature filter is an all pass filter 
that shifts the phase of positive 
frequency by (-90°) and negative 
frequency by (+90°).

• The transfer function of such a filter is

• 𝐻 𝑓 = ቊ
−𝑗 𝑓 > 0
𝑗 𝑓 < 0

= −𝒋𝒔𝒈𝒏 𝒇

• Note that 𝐻 𝑓 = 1 for all f.

• Using the duality property of Fourier 
transform, the impulse response of the 
filter is 𝒉 𝒕 =

𝟏

𝝅𝒕
(ℑ 𝑠𝑔𝑛 𝑡 =

1

𝑗𝜋𝑓
)

• The Hilbert transform is the output of 
the quadrature filter to the signal 𝑔 𝑡

• ෝ𝒈 𝒕 =
𝟏

𝝅𝒕
∗ 𝒈(𝒕) ∞−  =

∞ 𝑔( λ)

𝜋(𝑡− λ)
𝑑 λ

• Note that the Hilbert transform of a signal 
is a function of time (not frequency as in 
the case of the Fourier transform). The 
Fourier transform of ො𝑔(𝑡)

• 𝑮 𝒇 = −𝒋𝒔𝒈𝒏 𝒇 𝑮(𝒇)

• Hilbert transform can be found using 
either the time domain approach or the 
frequency domain approach depending on 
the given problem. That is

• Time-domain: Perform the convolution
1

𝜋𝑡
∗ 𝑔(𝑡).

• Frequency-domain: Find the Fourier 
transform 𝐺 𝑓 , then find the inverse 
Fourier transform

• ො𝑔 𝑡 = ∞−
∞ 𝐺 𝑓 𝑒𝑗2𝜋𝑓𝑡 𝑑𝑓
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Some properties of the Hilbert transform

• A signal 𝑔(𝑡) and its Hilbert transform ො𝑔(𝑡) have the same energy spectral 
density

• 𝐺 𝑓
2
= −𝑗 𝑠𝑔𝑛 𝑓 𝐺 𝑓 |2 = −𝑗 𝑠𝑔𝑛 𝑓 2 𝐺 𝑓 |2

• = |𝐺(𝑓)|2

The consequences of this property are:

• If a signal g(t) is bandlimited to a bandwidth W Hz, then  ො𝑔(𝑡) is bandlimited  
to the same bandwidth (note that  𝐺 𝑓 = |𝐺 𝑓 |)

• ො𝑔(𝑡) and 𝑔(𝑡) have the same total energy (or power). 𝐸 = ∞−
∞

|𝐺 𝑓 |2𝑑𝑓

• ො𝑔(𝑡) and 𝑔(𝑡) have the same autocorrelation function (in the next lecture, we 
will see that the autocorrelation function and the energy spectral density form 
a Fourier transform pair 𝑅𝑔(𝜏) ↔ |𝐺(𝑓)|2)
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Some properties of the Hilbert transform

• A signal g(t) and ො𝑔 𝑡 are orthogonal, i.e., −∞
∞

g t ො𝑔 𝑡 𝑑𝑡 = 0

• This property can be verified using the general formula of Rayleigh energy theorem

• ∞−
∞

g t ො𝑔 𝑡 𝑑𝑡 = ∞−
∞

G f 𝐺∗ 𝑓 𝑑𝑓 ∞−=
∞

G f {−𝑗𝑠𝑔𝑛 𝑓 𝐺 𝑓 }∗𝑑𝑓

= ∞−
∞

𝑗𝑠𝑔𝑛 𝑓 |𝐺 𝑓 |2𝑑𝑓 = 0.

• The result above follows from the fact that |𝐺 𝑓 |2 is an even function of 𝑓 while 𝑠𝑔𝑛 𝑓 is 
an odd function of 𝑓. Their product is odd. The integration of an odd function over a 
symmetrical interval is zero.

• If ො𝑔 𝑡 is a Hilbert transform of 𝑔(𝑡), then the Hilbert transform of ො𝑔 𝑡 is −𝑔(𝑡) (each 
Hilbert transform introduces 90 degrees phase shift).
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Example on Hilbert transform

Example: Find the Hilbert transform of the impulse function 𝑔 𝑡 = 𝛿(𝑡)

Solution: Here, we use the convolution in the time domain

• ො𝑔 𝑡 =
1

𝜋𝑡
∗ 𝛿(𝑡)

• As we know, the convolution of the delta function with a continuous function 
is the function itself. Therefore,

• ො𝑔 𝑡 =
1

𝜋𝑡
.
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Example on Hilbert transform

Example: Find the Hilbert transform of 𝑔 𝑡 = cos(2𝜋𝑓0𝑡)

Solution: Here, we use the frequency domain approach

• 𝐺 𝑓 = −𝑗𝑠𝑔𝑛 𝑓 𝐺 𝑓 = −
𝑗𝑠𝑔𝑛 𝑓 𝛿 𝑓−𝑓0 +𝛿 𝑓+𝑓0

2

• 𝐺 𝑓 = −𝑗𝑠𝑔𝑛 𝑓 𝐺 𝑓 =
𝑠𝑔𝑛 𝑓 𝛿 𝑓−𝑓0 +𝛿 𝑓+𝑓0

𝑗2
=

𝛿 𝑓−𝑓0 −𝛿 𝑓+𝑓0

𝑗2

• ො𝑔 𝑡 = sin(2𝜋𝑓0𝑡)
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Example on Hilbert transform

• Find the Hilbert transform of  𝑔 𝑡 =
sin 𝑡

𝑡

• Solution: Here, we will first find the Fourier 
transform of 𝑔 𝑡 , find 𝐺 𝑓 , and then find 
ො𝑔(𝑡): 

• 𝐴 𝑟𝑒𝑐𝑡
𝑡

𝜏
↔ 𝐴𝜏 𝑠𝑖𝑛𝑐 𝑓𝜏 ; 𝜏 =

1

𝜋

• 𝐴 rect
𝑡

1/𝜋
↔ 𝐴

1

𝜋

sin 𝜋𝑓𝜏

𝜋𝑓𝜏
=

1

𝜋

sin 𝑓

𝑓

• 𝜋 𝑟𝑒𝑐𝑡
𝑡

1/𝜋
↔

sin 𝑓

𝑓

• So, by the duality property, we get the pair

• 𝜋 𝑟𝑒𝑐𝑡
𝑓

1/𝜋
↔

sin 𝑡

𝑡

• i.e.  𝐺 𝑓 = 𝜋 𝑟𝑒𝑐𝑡(
𝑓

1/𝜋
) , (See figure next)

• 𝐺 𝑓 = −𝑗𝑠𝑔𝑛 𝑓 𝐺 𝑓 =

ቊ
−𝑗𝜋 0 < 𝑓 < 1/2𝜋
𝑗𝜋 − 1/2𝜋 < 𝑓 < 0

• ො𝑔(𝑡) ∞−  =
∞ 𝐺 𝑓 𝑒𝑗2𝜋𝑓𝑡 𝑑𝑓

• 1/2𝜋−  =
0

𝑗𝜋 𝑒𝑗2𝜋𝑓𝑡 𝑑𝑓 −

0
1/2𝜋

𝑗𝜋 𝑒𝑗2𝜋𝑓𝑡 𝑑𝑓

• =  
1

2𝑡
1 − 𝑒−𝑗𝑡 −

1

2𝑡
𝑒𝑗𝑡 − 1

• =  
1

𝑡
−

1

𝑡

𝑒𝑗𝑡+𝑒−𝑗𝑡

2
=  

1−cos 𝑡

𝑡
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