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Module 1

Signal Analysis
Model of a Communication System

e Communication is defined as “exchange of information®.

e Telecommunication refers to communication over a distance greater than would normally
be possible without artificial aids.

e Telephony is an example of point-to-point communication and normally involves a two —
way flow of information.

e Broadcast radio and television : Information is transmitted from one location but is
received at many locations using different receivers (point to multi-point communication)

e Model of a communication system :

X(t) y(®)
Information source Transmitter Communication
and input transducer > "
T Channel
Message y(t) + n(t)
Output transducer Receiver l
and destination - T '

Message estimate x(t) Noise n(t)

e The purpose of a communication system is to transmit information-bearing signals from a
source located at one point to a user located at another end.
e The input transducer is used to convert the physical message generated by the source into
a time-varying electrical signal called the message signal.
e The original message is recreated at the destination using an output transducer.
e The transmitter modifies the message signal into a form suitable for transmission over
the channel. Here modulation takes place.
e The channel is the medium over which signal is transmitted, (like free space, an optical
fiber, transmission lines, twisted pair of wires...). Here signal is distorted due to
A. Nonlinearities and/or imperfections in the frequency response of the channel.
B. Noise and interference are added to the signal during the course of transmission.
e The purpose of the receiver is to recreate the original signal x(t) from the degraded
version x(t) + n(t) of the transmitted signal after propagating through channel .
Here, demodulation takes place.
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Milestones in Communications

Smoke Signals: used to alert soldiers on an impending danger.
Pigeons: Used for long distance communication.
Pony Express: Relay messages and packages between stations.

1837: Samuel Morse developed the Morse code used in telegraph.

1843 — Samuel Morse builds the first long distance electric telegraph line.
Telegraph remained in service in the US until 2006.

1864: Maxwell formulated the electromagnetic (EM) theory1864

1875: Bell invented the telephone

1887: Hertz demonstrated physical evidence of EM waves, meaning that EM
waves can be transmitted and received.

1889 — Almon Strowger patents the direct dial telephone.
1890’s-1900’s: Marconi & Popov long-distance radio

1906: Radio broadcast began

1918: Armstrong invented superheterodyne radio receiver (and FM in 1933)
1925 — John Logie Baird transmits the first television signal.

1928: Nyquist proposed the sampling theorem.

1947: Microwave relay system.

1947 — Full-scale commercial television is first broadcast.

1948: Information theory formulated by Shannon.

1957: Era of satellite communication began.

1965 — First email sent (at MIT)

1966: Kuen Kao pioneered fiber-optical communications (Nobel Prize
Winner).

1970’s: Era of computer networks began.

1981: Analog cellular system (1-G AMPS System).

1988: Digital cellular system debuted in Europe.

1988: Digital cellular system debuted in Europe (2-G Mobile System)
2000: 3G Mobile network.

1990’s: Era of internet.
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Classification of Signals

Definition: A signal may be defined as a single valued function of time that conveys
information.

Depending on the feature of interest, we may distinguish four different classes of signals:
1. Periodic and Non-periodic Signals

A periodic signal g(t) is a function of time that satisfies the condition g(t) = g(t + T), Vt.
The smallest value of T, that satisfies this condition is called the period of g(t).

Example: A Periodic Signal

The saw-tooth function shown below is an example of a periodic signal.

(v
F

Y

F 3

0 Ta 2T,
Fig. 1.1: A periodic signal with period Tp
Example: A Non-periodic Signal

The signal

A 0<t<t
0, otherwise

g(@® ={

is non-periodic, since there does not exist a T, for which the condition g(t) = g(t + T,) is
satisfied.

2. Deterministic and Random Signals

A deterministic signal is one about which there is no uncertainty with respect to its value at any
time. It is a completely specified function of time.

Example: A Deterministic Signal

x(t) = Ae *u(t) ; A and a are constants.

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Signal Analysis ENEE 339
A random signal is one about which there is some degree of uncertainty before it actually occurs.
(It is a function of a random variable)

Example: A Random Signal

x(t) = Ae”%u(t); o is a constant and A is a random variable with the following probability
density function (pdf).

0<acx<l1
otherwise

fa@) ={

Example: A Random Signal

x(t) = cos(2rf.t + ©); f. is a constant and @ is a random variable uniformly distributed over
the interval (0, 2rr) with the following probability density function (pdf).

f@(e):{i 0<6<2m

0 otherwise

3. Energy and Power Signals
The instantaneous power in a signal g(t) is defined as that power dissipated in a 1-Q resistor, i.e.,
p(t) = lg@®I?
The average power is defined as:
Pu = Jim = [ 19 ()| dt
The total energy of a signal g(t) is
T
E=lim [ 1o dt
-T
A signal g(t) is classified as energy signal if it has a finite energy, i.e, 0 < E < oo,
A signal g(t) is classified as power signal if it has a finite power, i.e, 0 < P,,, < co.
The average power in a periodic signal g(t) is

P, = TlofOT" |g(®)|* dt ; T, is the period;

fo=1/T, is referred to as the fundamental frequency

Usually, periodic signals and random signals are power signals. Both deterministic and non-
periodic signals are energy signals (we will present a counterexample shortly).
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4. Analog and Digital Signals
An analog signal is a continuous time - continuous amplitude function of time.

Example: The sinusoidal signal x(t) = Acos 2nfyt, —o < t < oo, is an example of an analog
signal.

A discrete time- discrete amplitude (digital) signal is defined only at discrete times. Here, the
independent variable takes on only discrete values.

Example: The sequence x[n] shown below is an examples of a digital signal. The amplitudes are
drawn from the finite set {1, 0, 2}.

A4

Example: The Exponential Pulse

Find the energy in the signal g(t) = Ae™*tu(t)

o —e~2xt z . P . .
E= [ A?e?*dt=A? em Sl = %. Since E is finite, then g(t) is an energy signal.

Example: The Rectangular Pulse

Find the energy in the signal:

A, o<t<r
g(t)={0 o.w

E= fOTAZ dt = A%1. This is an energy signal since E is finite.
Example: The Periodic Sinusoidal Signal
Find the average power in the signal
g(t)=Acos(2rfyt) , —o<t<
Since g(t) is periodic, then

2 2
~fo A cos?wtdt =5 [[(F22 = () . () ==
0

2
P =
av_TO To 70 2
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Here, P, is finite and, therefore, g(t) is a power signal.
Example: The Periodic Saw-tooth Signal

Find the average power in the saw-tooth signal g(t) plotted in Fig.1.
g(t):Tit,OSt <T,
0

1 A% 3 1, _ A?Ty3 _ A?

ToTo? 3 '0 ~ 37,3 3°

1 Ty A?
Pav -2

X 24t =
= Jo ettt

Example: The Unit Step Function

Consider the signal g(t) = Au(t)

\ 4

-T 0 T
Fig. 1.2

This is a non-periodic signal. Let us first try to find its energy
E=["A"dt— oo

Sine E is not finite, then g(t) is not an energy signal. To find the average power, we employ the
definition

. 1 T
Py = }EEOEI_T |g(t)|2 dt,
where 2T is chosen to be a symmetrical interval about the origin, as in Fig. 1.2 above.
A2
2

.1 (T . AT
P, =lim=—[ A?dt =lim —=
T—00 2T “0 T—oo 2T

So, even-though g(t) is non-periodic, it turns out that it is a power signal.

Remark: This is an example where the general rule (periodic signals are power signals and non-
periodic signals are energy signals) fails to hold.
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Fourier Series

Let g(t) be a periodic signal with period T, = fisuch that it absolutely integrable over one
0

period, i.e.,

T,
Jy" 19(@®)] dt < co.

The signal g(t), satisfying the above integrability condition, may be expanded in one of three
possible Fourier series forms (we will not address the question of series convergence in this
discussion).

The complex Form:
gt) = Z:;_OO Cnejna)ot
where, C, = Tlo [;° g(t) e~Ineotdt.

Note that C,, is a complex valued quantity, which can be written as

Co = |Cale®
The plot of |C,, | versus frequency is called the Discrete Amplitude Spectrum.
The plot of 6,, versus frequency is called the Discrete Phase Spectrum.

The term at £, is referred to as the fundamental frequency. The term at 2f, is referred to as the
second order harmonic, the term at 3f, is referred to as the third order harmonic and so on.

The Trigonometric Form:

git) =ay+ Z(an cosnwyt + by, sinnwgt)

n=1

where,
ay, = TiofOTOg(t) dt ; (dc oraverage value)
To

2
a, =— | g(t)cosnwytdt
To
0

To
2
b, = —j g(t) sinnw,t dt
To
0
The Polar Form
gt) =co+ Z 2|C,| cos(nwyt +6,)

n=1

where C,, and 8,, are those terms defined in the complex form.
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Remark: The above three forms are equivalent and are representations of the same waveform. If
you know one representation, you can easily deduce the other.

Example: Find the trigonometric Fourier series of the periodic rectangular signal defined over
one period T, as:

_(+A, —To/4<t<Ty/4
9 _{ 0, otherwise
Solution:
_ 1 TO/Z _ 1 T0/4 _
ag= T—Of_TO/Zg(t) dt = T—Of_TO/4A dt=A/2

__ 2 Ty/2 . 27N _ 2 (To/4 . 27N _
b, = T_Of—To/Z g sm(T—0 t)dt = T_of—To/‘l-A sm(T—O t)dt=0

2 (Ty/2 2mn 2 (To/4 2mn
a, = T—of_;o/zg(t) cos(T—0 t)dt = T_of—;o/‘lA cos(T—0 t)dt

24 n=1509,..
an = —TZZ
|—, n=3,7,11,..
nm
0, n=246..

The first four terms in the expansion of g(t) are:

A 24 1 1
g = 5 + 7{cos(2nfot) - gcos(2n3f0t) + gcos(2n5fot)}

The function g(t) along with g(t) are plotted in the figure for —1 < ¢ <1 assuming A = 1 and
fo=1
Fourier series approximation to a square functions

14
0.8

Signal Amplitude

-1 -0.5 0 0.5 1
Time in Seconds
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Remark: As more terms are added to g(t), g(t) becomes closer to g(t) and in the limitas n —
o, §(t) becomes equal to g(t) at all points except at the points of discontinuity.
Parseval’s Power Theorem

The average power of a periodic signal g(t) is given by:
1 T o] oo
Po =7y 1@ dt= 37 |C.I* =1GoI7+2F 7 1G]

1 [ee)
= |aO|2 + > anl(lan |2 + |bn|2
Power Spectral Density

The plot of |C,,|? versus frequency is called the power spectral density (PSD). It displays the
power content of each frequency (spectral) component of a signal. For a periodic signal, the PSD
consists of discrete terms at multiples of the fundamental frequency.

Exercise: Consider again the saw-tooth function defined over one periodas g(t) =t,0 <t <1

a. Use matlab to find the dc terms and the first three harmonics(i.e., let n = 3) in the Fourier
series expansion

3
git) =ay+ Z(an cosnwyt + by, sinnwgt)
n=1
b. Plot g(t) and g(t) versus time for —1 < t < 1 on the same graph.

c. Find the fraction of the power contained in g(t) to that in g(t).
d. Sketch the power spectral density.

Example: Find the power spectral density of the periodic function g(t) shown in the figure.

Z0

i [ | -
" L] Ll

-A T 2T t

Solution: Here, we need to find the complex Fourier series expansion, where the period To = 2t

I0) . 1T »
g(t) = Zn:—oo Cne]nmot; Cn :T_o foog(t) e Jnwot 4t
A
- n=20
2’ 4
- n = 41,45 49 Q% n=0
= ’ I St mp 2 _
Cn = —lgller ICal® = 2, niodd
4 n= i31 i7; ill, nm
Inim 0, n: even
0, n = 412,44,
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S,(f) = Z IC, |2 8(f = nfy)

n=—oo

()’ ()

Ay (2)?

K T T 46’

-5ty -4fh -3fy -2fp -fo 0 fo 2ty e 4 51

As can be seen, the power spectral density of this periodic signal is a discrete function in
frequency.

Exercise: Verify Parseval’s power theorem for this signal, i.e., show that

T, o)
P =1 Jy la@Ide = 37 1Co]? = 2542
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Fourier Transform

Let g(t) be a non-periodic square integrable function of time. That is one for which

JZ 1g®)?dt < oo

The Fourier transform of g(t) exists and is defined as:

[oe]

G(f) = f g(De- 2t 4t

— 00

The time function g(t) can be recovered from G (f) using the inverse Fourier Transform:

oo

9(0) = ] G(F)e>™t df

— 00

Remarks:

e All energy signals for which E = ffooo |g(®)|? dt < o are Fourier transformable.
o G(f) is a complex function of frequency f, which can be expressed as:

G(f) = 1G(Hj°P
where, |G(f)] : is the continuous amplitude spectrum of g(t), (an even function of f).

0(f) : is the continuous phase spectrum of g(t), (an odd function of f).

Rayleigh Energy Theorem
The energy in a signal g(t) is given by:
E=[" lg1*dt=[" |6(\)df

The function |G (f)|? is called the energy spectral density. It illustrates the range of frequencies
over which the signal energy extends and the frequency bands which are significant in terms of
their energy contents. For a non-period signal energy signal, the energy spectral density is a
continuous function of f.

A General Form of the Rayleigh Energy Theorem

For two energy functions g(t) and v(t), the following result holds:
[ 9@u(®) de= [Z GHV () df

Dr. Wael Hashlamoun-Birzeit University
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Example: Energy Spectral Density of the Exponential Signal

—bt
0 t<o0

V() = J; v@e It dt = [ Ae~" e dt

_ A [P e-riznnt gp = 48w A
V() Afo € dt A—(b+j2n'f)|0 b+j2mrf

A A
VD = 5z VDI = G

.. A?
The energy spectral density is: S,(f) = |[V()|? = PEverrr
Remark: The signal v(t) is called a baseband signal since the signal occupies the low frequency
part of the spectrum. That is, the energy in the signal is found around the zero frequency. When
the signal is multiplied by a high frequency carrier, the spectrum becomes centered around the
carrier and the modulated signal is called a bandpass signal.

Exercise: For the exponential pulse, verify Rayleigh energy theorem, i.e., show that

co co A2
Iy w@1de =2 [ V(P)Pdf =2
Example: The Rectangular Pulse g(t) = Arect(%)

G(f) = f_TT/jZAe‘jZ”ftdt = 7;ifsinrrfT , AT

sinmfT , ,
ks AT sincfT

|G()| = AT |sincfT)|

sinx

The maximum of |G(f)| occurs at f = 0 since lim
X—

0 X

= 1. Also, G(f) = 0 when sin(nfT) =
0, which occurs at the points that satisfy nfT = nm, = fT = n,or f = %,n =+1,42,43, ...

&(t) 1G()]

r
A J

L |
Ll B

-3/T -2/T -1/T

1/T 2/T 3/
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Remark:_Time Duration and Bandwidth

Note that as the signal time duration T increases, the first zero crossing at f = % decreases,

implying that the bandwidth of the signal decreases. More on this will be said later when we
discuss the time bandwidth product.

Exercise: For the rectangular pulse g(t) = Arect(%), verify Rayleigh energy theorem, i.e., show

that

[21g®de = 2 [ |G()1Pdf = A°T.

Dr. Wael Hashlamoun-Birzeit University
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Properties of the Fourier Transform

e Linearity (superposition)
Let g1(t) © Gi(f)
and g, (t) & G,(f), then
c191(t)*+c29,(t) © c1G1(f)+c,G,L(f) ; ¢4, ¢, are constants

e Time Scaling

90 60 9(at) & 1= 6(f/a
e Duality
9®) = 6(P) 60 < 9N

e Time Shifting

9@ < G(f) g(t —tg) & G(f)e /2™t
Delay in time domain corresponds to a phase shift in frequency domain

e Frequency Shifting
gt) & G(H) gt)el?™et « G(f — £.) ; f- is constant

G(f) G(f-f.)

A swer | AN

0 U 0 fc
] ejZﬂ'fct

f

Frequency Shifting Property of the Fourier Transfer
e Modulation Property

g() o G(f) 2g(t)cosufot) « G(f —f)) + G(f + f,) ; f, is a constant

2G(f)
—> G(f"‘fo) G(f_fo)

Y

0 7 'fl fh} O ]} (IJ
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e Areaunder G(f)
g(t) & G(f) gt =0)= [ G(Hdf

The value g(t = 0) is equal to the area under its Fourier transform function

e Areaunder g(t)
g@) « G(f) G(0) =" g(®dt

The area under a function g(t) is equal to the value of its Fourier transform G(f) at f =
0, where G (0) implies the presence of a dc component.

e Differentiation in the Time Domain
If g(t) and its derivative g'(t) are Fourier transformable, then,

g'(®) « (2rnf)G(f)
i.e., differentiation in the time domain ==> multiplication by j2rf in the frequency domain.

(Differentiation in the time domain enhances high frequency components of a signal)

Also,  LIO o 2rf)G(f)

atmn
e Integration in the Time Domain
f_toog(r)dr o ﬁ(}(f); assuming G(0) = 0

i.e., integration in the time domain corresponds to division by (j2rtf) in the frequency
domain. This amounts to low pass filtering, where high frequency components are
attenuated due to filtering.

When G (0) # 0, the above result becomes:
t 1 1
J_ g(Mdr & 2 G +3 G(0)6(f).

e Conjugate Functions

For a complex — valued time signal g(t), we have:
g = 6(=f)
Also, g=t)e 6 (f) ;
Therefore, Re{g()} > {G(f) +G* (-}
Im{g®} < 3-{G(N-G" (N}
e Multiplication in the Time Domain
910 92(®) © [, 61D Go(f ~ DdA=G1(f) * G (f)
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Multiplication of two signals in the time domain is transformed into the convolution of their
Fourier transforms in the frequency domain.

e Convolution in the Time Domain

91 () * g2(t) & G1(f)G2(f)
Convolution of two signals in the time domain is transformed into a multiplication of their
Fourier transforms in the frequency domain.

Fourier Transform of Power Signals

For a non-periodic (energy) signal g(t), the Fourier transform exists when
E=[" 190" dt <o

so that G(H)= [ . ge/2™tqe.

For power signals, the integral [~ g(t)e /#™*dt does not exist.

However, one can still finds the Fourier transform of power signals by employing the delta
function. This function is defined next.

Dirac — Delta Function (Impulse Function)

This function is defined as

o t=0
8(t) = {O t+0
such that: [= 8®dt=1
and /2 g®s@®)dt = g(0)

(Here, g(t) is a continuous function of time. The second property shows that the delta function
samples the function g(t) at the time of its occurrence).

a(f) 2(0)

5(t)

Some Properties of the Delta Function
1. gt)é(t —ty) = g(ty)d(t — ty); (Multiplication)
2. ffooog(t)(S(t — to)dt = g(t,) ; (Sifting or sampling property)

Dr. Wael Hashlamoun-Birzeit University
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3. §(at) = lles(t)
4. 6()xg() =g(t)
5. 6() =22 su() = [ st
6. 6(t) = &6(—t); an even function of its argument.
7. Fourier transform: 3{6(t)} = 1
6(t) Fio(t)}
«—> 1

t

ENEE 339

(Note how the time-bandwidth relationship holds for this pair. A narrow pulse in time

extends over a large frequency spectrum)
8. I{6(t—ty)} =e /2t
Applications of the Delta Function

e DC or a Constant Signal
Since 3{6(t)} = 1, then by the duality property J3{1} = §(f)

A g A 6(f)

 J

F 3

-
-

0 t

r

=

(Again, note that the transform of a dc signal is an impulse at f =0)
e Complex Exponential Function
S{Ae/?et} = AS(f - f.)
e Sinusoidal Functions

S{cos 2nfyt} = < {8(f — fo) + 6(f + fo)}
Ssin2nfot} = 5 {6(f ~ fo) = 6(f + fo)}

Dr. Wael Hashlamoun-Birzeit University
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g(t) = cos(2nf,pt) G(f)
P
A 0 Jo 7
e Signum Function
1 t>0
sgn(t) = {0 t=0 S{sgn(t)} = P
-1 t<0
sgn(t)
] i
0 i
|
e Unit Step Function
1 t>0 sgn(t) = 2u(t) — 1
1
u(t) = 5 t= u(t) = 2 {sgn(t) + 1}
0 <0 Su®} = 5=+ ; ()
u(t)
1
0.5
2 15 -1 05 05 1 15 2

e Periodic Signals

A periodic signal g(t) is expanded in the complex form as:

9O = D Crelnon

n=-o

9O = ) Cu8(f ~nfy)

n=-o

Example: Consider the following train of impulses

g = > 8(t—mTy)

m=—oo

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Signal Analysis ENEE 339

The Fourier coefficients are obtained by integrating over one period of g(t).

Ty /2
1 . 1
Cn = f g(t)ye nwotdt,  —=fj
Ty 0
—To/2

Therefore, the complex Fourier series of g(t) is

o)

1 )
— Jnwot
g(®) T E e

n=—oo

Recognizing that
{e/meot}t = 6(f —nfy)

Combing the above results, we obtain

(00} 1 (00}
W)= ), st-mTy) =3 ) 8¢ ~nf)

g(t) G
—2T,—Ty 0 Ty 2T, t= —2fo—fo 0 fo 2f, f=

Note that the signal is periodic in the time domain and its Fourier transform is periodic in the
frequency domain.

Remark: This sequence will be found useful when the sampling theorem is considered later in
the course.

Dr. Wael Hashlamoun-Birzeit University
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Module 2
Transmission of Signals through Linear Systems

Definition: A system refers to any physical device that produces an output signal in
response to an input signal.

InpUL system | output
"excitation” | hit) Hif) | "response”

Definition: A system is linear if the principle of superposition applies.

If x1(t) produces output ya(t)

Xo(t) produces output y2(t)
then  aixai(t)+ axxo(t) produces an output ary1(t)+ azya(t)
Also, azero input should produce a zero output.

Example of linear systems include filters and communication channels.

Definition: A filter refers to a frequency selective device that is used to limit the
spectrum of a signal to some band of frequencies.

Definition: A channel refers to a transmission medium that connects the transmitter
and receivers of a communication system.

Time domain and frequency domain may be used to evaluate system performance.

Time response

InpuL system | outpLt

Definition: The impulse response h(t) is defined as the 5 (t) i)
response of a system to an impulse §(t) applied to the
input at t=0 .

hit)
Definition: A system is time-invariant when the shape of
the impulse response is the same no matter when the
impulse is applied to the system. /_\

t

6(t) —» h(t), then §(t—ty) —» h(t-tq)

hit-t )
When the input to a linear time-invariant system in a signal

X(t) , then the output is given by
V() = JZ, x(h(e = 2) dh /\
t

= f_wooh(X)x(t— ML) di; convolution integral t,

Dr. Wael Hashlamoun-Birzeit University
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Definition: A system is said to be causal if it does not respond before the excitation is
applied, i.e.,

h(t)=0 t<0
The causal system is physically realizable.

Definition: A system is said to be stable if the output signal is bounded for all
bounded input signals.

If [x®) | < M; M is the maximum value of the input
then |y®| < [7, Ih@ |Ix(t—1)|d
=M [ |h(@ | dv
—> A necessary and sufficient condition for stability (a bounded output) is
f_woo lh()|dt < o ; h(t) is absolutely integrable.
zero initial conditions assumed.

Frequency response

Definition: The transfer function of a linear time invariant system is defined as the
Fourier transform of the impulse response h(t)

H(f) = 3{h()}

Since y(t) = x(t) = h(t), then Y(f) = H(f)X(f). The system transfer function is
thus the ratio of the Fourier transform of the output to that of the input.

Y(f)
H(f) =X

The transfer function H(f) is a complex function of frequency, which can be
expressed as

H(f) = |H(f)|e/ °0)

where,
[H()]: Amplitude spectrum
o0(f): Phase spectrum.

System input—output energy spectral density
Let x(t) be applied to a LTI system, then the Fourier transform of the output is
related to the Fourier transform of the input through the relation

Y(f) = H(HX().

Taking the absolute value and squaring both sides, we get
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[Y(OI? = IHOPIX(HI?
Sy(f) = [H(O)I?Sx ()

Sy(f): Output Energy Spectral Density
Sx(f): Input Energy Spectral Density.

output energy spectral density = (|H(f|?) (input energy spectral density)

The total output energy is
Ey =[S (f)df
= [27 HOP Sx(Ndf.
The total input energy is
E, = |1 S(N)df.
Example: response of a filter to a sinusoidal input
The signal x(t) = cos(2mfyt),—o0 < t < oo, is applied to a filter described by the

1 . . . .
YT B is the 3-dB bandwidth. Find the filter output y(t)

using the frequency domain approach.

transfer function H(f) =

Solution: we will find the output using the frequency domain approach.
Y(f) = H(HX()
1f

H(f) = 1f e /%, 6 =tan""; 0, = tan~12
1+(5)?

Y(f) = HPGE( — fo) +58(f + fo)]
Y(f) = SHUDS(f = fo) + 5 H(=f)8(f + fi)

Y(f) = 5-——=e%08(f — fo) + 3 ——eI%6(f + fo)
1+(L0y2 1+(L0)2
Taking the inverse Fourier transform, we get
y(t) = 1 %[ej@”fot—eo) + e—j(Zﬂfot—Go)]

1+

1

y(t) = cos(2mfot — 6)

3]

1+()?
Note that in the last step we have made use of the Fourier transform pair
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et & 6(f - f)

Remark: Note that the amplitude of the output as well as its phase depend on the
frequency of the input, f,,, and the bandwidth of the filter, B.

Assume, for instance, that f, = B, then 8, = tan‘1% = tan~11 = 45°. The output
can be written as

1 o
y(t) = ﬁcos(anOt — 45°)
1 o
y(t) = Ecos(anot — 45°)
Exercise: The signal x(t) = cos wyt — %cos 3wyt is applied to a filter described by

1

the transfer function H(f) = YT

a. Use the result of the previous example to find the filter output y(t).
b. Is the transmission through this filter distortion-less?

Exercise: Consider the periodic rectangular signal g(t) defined over one period T, as

+A, —To/4<t<Ty/4
0, otherwise

g(®) ={

If g(t) is applied to a filter described by the transfer function H(f) = ﬁ use

the result of the previous example to find the filter output y(t).
Example: input and output energy spectral densities

1
1+jf/B

The signal g(t) = Arect(%) is applied to a filter with () = . Find the output

energy spectral density.

Solution: system input-output energy spectral densities are related by
Sy(f) = |H(f)|ZSX(f)
SY(f) =—

AT |sinc Tf])?
iz (AT Isinc T

Example: channel response due to two impulses

The signal g(t) = &6(t) — 6(t — 1) is applied to a channel described by the transfer

function H(f) = 1+j1f/B

. Use the convolution integral to find the channel output.

Solution:

The impulse response of the channel is obtained by taking the inverse Fourier
transform of H(f), which is
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h(t) = 2mBe™2™Bty(t)
Using the linearity and time invariance property, the output can be obtained as
y(@) = h(t) * [6(6) — 6(t — 1)]
y() = h(®u(t) —h(t—Du(t—1)
y(t) = 2nB[e~#™Blyu(t) — e 2By (t — 1)]
Exercise: channel response due to a pulse
The signal g(t) = u(t) — u(t — 1) is applied to a channel described by the transfer

function H(f) = 1+J_1f/B

. Find the channel output y(t).
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Signal Distortion in Transmission

As we have said before, the objective of a communication system is to deliver to the
receiver almost an exact copy of what the source generates. However, communication
channels are not perfect in the sense that impairments on the channel will cause the
received signal to differ from the transmitted one. During the course of transmission,
the signal undergoes attenuation, phase delay, interference from other transmissions,
Doppler shift in the carrier frequency, and many other effects. In this introductory
discussion we will explain some of the reasons that cause the received signal to be
distorted.

Linear distortion

A signal transmission is said to be distortion-less if the output signal y(t) is an exact
replica of the input signal x(t) , i.e., y(t) has the same shape as the input, except for a
constant amplification (or attenuation) and a constant time delay.

Condition for a distortion-less transmission in the time domain is:
y(t) = kx(t — ty); Condition for a distortion-less transmission

where  k: is a constant amplitude scaling
tq4: is a constant time delay

[H(f}]

—2nty

In the frequency domain, the condition for a distortion-less transmission becomes
Y(f) = k X(f) e~/2™/ta

= YO _ pmi2nfta — jo—if)
or H(f) X ke ke
That is, for a distortion-less transmission, the transfer function should satisfy two

conditions:

|[H(f)| = k ; The amplitude of the transfer function is constant (gain or attenuation)
over the frequency range of interest.

0(f) = —2mft; = —(2mt,)f ; The phase function is linear in frequency with a
negative slope that passes through the origin (or multiples of =).

When |H(f)| is not constant for all frequencies of interest, amplitude distortion results.
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When 8(f) # —2mft,; + 180°, then we have phase distortion (or delay distortion).
The following examples demonstrate the two types of distortion mentioned above.

Example: amplitude distortion
Consider the signal x(t) = cos wyt — § cos 3wyt. If this signal passes through a

channel with zero time delay (i.e., t¢= 0) and amplitude spectrum as shown in the

figure
a. Find y(t)
b. Isthis a distortion-less transmission?
H(f)
A
X(f)
1
05 | T
| . T
/ /
2fo 4fo 1 fo 3fo f

Solution:
X(t) consists of two frequency components, fo and 3fo . Upon passing through the

channel, each component will be scaled by a different factor.

1
y(t) = cos wyt — - 3 cos 3wyt

Since y(t) = (cos wot — % : % cos 3W0t) +k (cos wot —% cos 3W0t)

then this is not a distortion-less transmission.

Example: phase distortion

If x(t) in the previous example passes through a channel whose amplitude spectrum is

a constant k. Each component in x(t) suffers a —g phase shift.

a. Find y(t).
b. Is this a distortion-less transmission?

Solution:

1
x(t) = cosw,t — 3 €os 3w,t

“k T 1 I 3 T
y(t) = cos(wot—E) — 3 cos( Wot—E)
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T 1
y(t) =k cosw,(t — ) — = k cos <3W0(t -

2w, 3 2x3w0))

1
y(t) =Kk cosw,(t —tz1) — 3 k cos(3w,(t — tg,))

Since tgz; # tg,, We cannot write y(t) = kx(t — t;). Here, each component in x(t)
suffers from a different time delay. Hence, this transmission introduces phase (delay)

distortion.

Nonlinear distortion
When a system contains nonlinear elements, it is not described by a transfer function
H(f), but rather by a transfer characteristic of the form

y(t) = a1 X(t) +az x2(t) +as x3(t) + ... (time domain)
In the frequency domain,

Y (f) = a1 X(f) +a2 X(F)*X(f) +az X(f)*X(H)*X(f) + ...
Here, the output contains new frequencies not originally present in the original signal.
The nonlinearity produces undesirable frequency component for [fi< W, in which W is

the signal bandwidth.
y(x)

— X
Harmonic distortion in nonlinear systems
Let the input to a nonlinear system be the single tone signal

x(t) = cos(2mfyt)
This signal is applied to a channel with characteristic
y(t) = arx(t) + axx(t)? + asx(t)®

upon substituting x(t) and arranging terms, we get

y(t) = %az + (al + %ag,) cos2nfyt + % a,cos4nfyt + ia3cos6n fot

Note that the output contains a component proportional to x(t), which is
(a1 + %a3) cos2nfyt, in addition to a second and a third harmonic terms (terms at

twice and three times the frequency of the input). These new terms are the result of
the nonlinear characteristic and are, therefore, considered as harmonic distortion. The
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DC term does not constitute a distortion, for it can be removed using a blocking
capacitor.

Define second harmonic distortion

_ |amplitude of second harmonic |

2" |amplitude of fundamental term|

1
|§a2|
|(a1 +%a3)|

In a similar way, we can define the third harmonic distortion as:

D, = x 100%

|amplitude of third harmonic |

37 |amplitude of fundamental term|

Therefore,
1
| 743 |
3
| (a1 + Za3) |
Remark: In the solution above, we have made use of the following two identities

Cos2x = %{1 + cos2x}

Cos3x=i {3cosx + cos3x}.
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Filters and Filtering

A filter is a frequency selective device. It allows certain frequencies to pass almost
without attenuation while it suppresses other

frequencies H(f)
. Ideal filter k
Ideal low pass filter

—j2nft
Hy = ke T <8 B 0 B

' e(f)
h(t) = 2Bk sinc2B(t — tg)
Xxfia

!

h(t)

T T b, Y ot

since h(t) is the response to an impulse applied at t=0, and because h(t) has nonzero
values for t <0, the filter is non-causal (physically non realizable).

Band-pass filter

mﬂ=ﬁé“”“ fi <If1 < fo

0 0.wW

Filer bandwidth B = fy — fi; difference between upper and lower positive frequencies
fe = @; Center frequency of the filter
h(t) = 2Bk sincB(t — t )cos w.(t — t;); impulse response.

H(f)

T
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High-pass filter

H(f)
k

Band rejection or notch filter

k e~J2mfta 0.w

1D =1 f<IfI<f
H(f)

f2 f10f1 fQ f

Real filters
Here, we only consider a Butterworth low pass filter. The transfer function of a low
pass Butterworth filter is of the form.

1
H(f) = ——=
(%)
B is the 3-dB bandwidth of the filter and B, (%) is a complex polynomial of order n.

The family of Butterworth polynomials is defined by the property
i\ i\
(1 (5)1) =1+(5)
So that
H(f)| = —

2n
1+

—~
W~
~—

The first few polynomials are:
P(x)=1+x
P,(x) =14 V2x + x2
P(x)=(1+x)(1+x+x?)
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A first order LPF

1
H(f) = 2%

— = 1+j2nfRC R
Let B = —
2TTRC
HD = 175 = 5o = B¢ l
~1+jf/B P(f/B)  Pi(x) ' -~ C T
A second order LPF
_ 1
H(f) B 1+"WTL—(2m/Ef)2
H(P) = 1 L
 1+jV2f/B - (f/B)? B N N e NI
where R = \/% B = an/ﬁ
1 C 1
H = -
" 1+ jV2f/B — (f/B)? -
HOP) = *
~ P,(if/B)
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Hilbert Transform
The quadrature filter is an all pass filter that shifts the phase of positive frequency
by (-90°) and negative frequency by (+90°). The transfer function of such a filter is

(- f>0
nn={" 2,

Using the duality property of Fourier transform, the impulse response of the filter is

h(t) =—

1
t

The Hilbert transform is the output of the quadrature filter to the signal g(t)

A © A
g0 = o+ g0 = [1,555dh

—o(t— 1)

Note that the Hilbert transform of a signal is a function of time (not frequency as in
the case of the Fourier transform). The Fourier transform of g(t)

G(f) = —jsgn(f)G(f)
Hilbert transform can be found using either the time domain approach or the
frequency domain approach depending on the given problem. That is

e Time-domain: Perform the convolution % * g(t).

e Frequency-domain: Find the Fourier transform G (f), then find the inverse
Fourier transform

g = [~ G(f) e/t df

Some properties of the Hilbert transform
1. Asignal g(t) and its Hilbert transform g(t) have the same energy spectral
density

GPHI" = 1= sgn(DIGAII = | sgn(HPIG()I?
=GN
The consequences of this property are:

e If asignal g(t) is bandlimited, then §(t) is bandlimited to the same
bandwidth (note that |G(f)| = |G(f)I)

e g(t)and g(t) have the same total energy (or power).
e g(t)and g(t) have the same autocorrelation function.

2. Asignal g(t) and g(t) are orthogonal, i.e.,
[7, 8 g)ydt =0

This property can be verified using the general formula of Rayleigh energy
theorem
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I2,8® §@®adt = [~ 6O G*(Hdf = [, 6O {~jsgn(f) G(NH} df
= 2 isgn(f) 1G(OI*df = 0.
The result above follows from the fact that |G (f)|? is an even function of f while

sgn(f) is an odd function of f. Their product is odd. The integration of an odd
function over a symmetrical interval is zero.

3. If g(t) is a Hilbert transform of g(t), then the Hilbert transform of g(t) is
—g(t) (each Hilbert transform introduces 90 degrees phase shift).

Hilbert Hilbert
git) | transform transform ~g(t)

o
—
T

Example on Hilbert transform
Find the Hilbert transform of the impulse function g(t) = §(t)

Solution: Here, we use the convolution in the time domain

g(t) === 5(t)

Tt

As we know, the convolution of the delta function with a continuous function is the
function itself. Therefore,

A~

g =—.
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Example on Hilbert transform
sint

Find the Hilbert transform of g(t) = —
Solution

Here, we will first find the Fourier transform of g(t), find G (f), and then find §(t).

t transform 1

Arect <;) — At sinc ft ; whent = -
t transform 1 sin 77.'f‘L' 1 sinf

A rect (— ) — — = =

1/m m mft T f

; ( t ) transform sinf

o —
T rec 1/n 7
So, by the duality property, we get the pair

transform sint

mrect (— ) — —

1/m t
ie., G(f)=m rect(l/Ln) , (See the figure below)
Aren _(—jm 0<f<1/2m
6() = ~jsgn(NG(H) ={ I

g = [ G(P) et df

1/2m

0 . i . i
= [y ppdm €PIEAf — [ jm et df

= ~(1—e) = ()t - 1)

1 1 (eft+e7It)
t ot 2
1—cost

t

(if)

Jm

Gif

kit

=y
|_

=T
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Correlation and Spectral Density

Here, we consider the relationship between the autocorrelation function and the power
spectral density. In this discussion, we restrict our attention to real signals. First, we
consider power signals and then energy signals.

Definition: The autocorrelation function of a signal g(t) is a measure of similarity
between g(t) and a delayed version of g(t).

a. Autocorrelation function of a power signal
The autocorrelation function of a power signal g(t) is defined as

Ry(7) = (g(®)g(t — 1)), Where (.) denotes time average.

Rg(@ = lim - [ g(Dg(t - D)t

Exercise: Show that for a periodic signal with period To, the above definition
becomes

Ry(@ = f,° 9(Dg(t —vdt

Remark: We can take this as a definition for the autocorrelation function of a
periodic signal.

Exercise: Show that if g(t) is periodic with period Ty, then R, (7) is also periodic
with the same period T,.

Hint: Expand g(t) in a complex Fourier series g(t) = Y5-_., C,e/™®0%. Form the
delayed signal g(t — 1), and then perform the integration over a complete period T,.
You should get the following result:

R, () = ¥p-_., Dpel™@o7; Fourier series expansion of R, (7).
D,, = |Cy|? are the Fourier series coefficients of R, (1)
C, are the Fourier series coefficients of g(t).

This formula bears two conclusions

a. Ry (1) is periodic with period Tj.
b. The Complex Fourier coefficients D,, of R, (7) are related to the complex
Fourier coefficients C,, of g(t) by the relation D,, = |C,,|?.

Properties of R(t)

e Ry(r=0)= TifoT"g(t)zdt; is the total average signal power.
0
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e R,(7)isaneven function of 7, i.e., Ry (1) = Ry(—1).

e R,(7) has a maximum (positive) magnitude at t =0, i.e. |[Ry(7)| < Ry (0).

o If g(t) is periodic with period To, then R, (7) is also periodic with the same
period To.

e The autocorrelation function of a periodic signal and its power spectral density
(represented by a discrete set of impulse functions) are Fourier transform pairs

S¢(f) = 3{Ry(0)}
Sg(f) = Y=l Cul?8(f — nfy); Discrete spectrum

Cross correlation function
The cross correlation function of two periodic signals g, (t) and g, (t) with the same
period T, is defined as

To

1
Ri,(7) = T_o g1(t) g (t — v)dt
0

b- Autocorrelation function of an energy signal

When g(t) is an energy signal, R, (t) is defined as

R, = [ g®g(t—1)dt
Properties of R(t)

e Ry(r=0)= f_oooog(t)zdt; is the total signal energy.
e Ry(7)isaneven function of 7, i.e., Ry (1) = Ry(—1).
e R, (7) has a maximum ( positive ) magnitude att =0, i.e. |[Ryz(7)| < R,4(0).

e The autocorrelation function of an energy signal and its energy spectral
density (a continuous function of frequency) are Fourier transform pairs,
ie.,

Sg(f) = 3{Ry(0)}
Sy(f) = |~ Ry (v)e /2™ *dr; Continuous spectrum.
Ry(1) = [7 Sg(f)er*™ df.

Proof:
The autocorrelation function is defined as:

Ry(@ = 2 gMgA—~1)d 2
In this integral we have replaced t by A (both are dummy variables of integration).
With this substitution, we can rewrite the integral as
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Ry(D) = [" g)g(—(z — D))d A
One can realize that R, (7) is nothing but the convolution of g(z) and —g(z). That is,

Ry(7) = g() * g(—7)
Taking the Fourier transform of both sides, we get

F{Ry(D)} = G()G*(f)

Therefore, Se(F) = 3{R,(M} = 1G(NI>

Cross correlation function

The cross correlation function of two energy signals g, (t) and g, (t) is defined as;

Ri2(D) = [~ g1(D)ga(t — 7)dt

Example: Autocorrelation of a periodic sinusoidal signal

Find the auto-correlation function of the sine signal g(t) = Acos(2rf,t + 8), where
A and 0 are constants.

Solution

As we know, g(t) is a periodic signal. Therefore, we find R, (7) using the definition
1 (T,
Ry() = - J;° 90 g(t — 1)dt

Ry(7) = TiofOT" Acos(2rfyt + 0)Acos(2mfyt — 2mfyT + 6)dt
R,(x) = § [} [cos(dmfot — 2mfyT + 26) + cos(2nfyr)]dt
0

Ry(7) = % [0 + cos(2mfyT) Ty ]

Ry(7) = 'le—zcos(anOT); Periodic with period Tj,.
Example: Autocorrelation of a non-periodic signal
Determine the autocorrelation function of the sinc pulse

g(t) = Asinc2Wt.

Solution:

Using the duality property of the Fourier transform, we can deduce that
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G(f) = 2-rect(L)

The energy spectral density of g(t) is
o) = 16(N)I? = (&)?rect(L)

Taking the inverse Fourier transform, we get the autocorrelation function
Ry(7) = %sincZWT

Exercise:

a. Find and plot the cross correlation function of the two signals

1 0<t<?2
0, otherwise

g1(t) = {

(1 o0<t<1
gZ(t)_{—1 1<t<?2

b. Are g,(t) and g,(t) orthogonal?
Exercise:

Find and plot the autocorrelation function for the periodic saw-tooth signal shown
below:

g®

\ 4

-To 0 To 2T,
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Example:
Find the autocorrelation function of the rectangular pulse

t—0.5T

g =rect( T ), T=1.

Solution:

As we saw earlier, this pulse is an energy signal and therefore, we can find its R, (1)
as:

Ry(?) = [ (A)(A)dt = A% (1-1) 5 0<7 <1

Using the even symmetry property of the autocorrelation function, we can find R, ()

for — ve values of 7 as:
Ry(r) == A2 (1+1) ; -1<1<0

This function is sketched below. Note that that the maximum value occurs at T =0 and
that g(t) and g(t-t) become uncorrelated for T =1 sec, which is the duration of the
pulse.

The energy spectral density is

Sy(f) = S{Rg (1)} = A%((sincf)?)

R
g(t) glt-x) 8(r)

A A(1+1) A(1-t)

=]
=
=
-
n‘r
|
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Bandwidth of Signals and Systems

Definition: The amount of positive frequency spectrum that a signal g(t) occupies is
called the bandwidth of the signal.

Definition: A signal g(t) is said to be (absolutely) band-limited to B Hz if
G =0 for |f| >B

Definition: A signal g(t) is said to be (absolutely) time-limited if
git)=0 for |t| >T

Theorem: An absolutely band-limited waveform cannot be absolutely time-limited
and vice versa, i.e., a signal g(t) cannot be both time-limited and bandlimited.

glt)
(f)

an |

B T

We have earlier seen examples that support this theorem. For example, the delta
function, which has an almost zero time duration, has a Fourier transform which
extends uniformly over all frequencies (infinite bandwidth). Also, a constant value in
the time domain (a dc) has a Fourier transform, which is an impulse in the frequency
domain. This is repeated here for convenience.

6 (t) F{6(D)}

< » 1

A AS(f)

> >
0 t 0 f

A

In general, there is an inverse relationship between the signal bandwidth and the time
duration. The bandwidth and the time duration are related through a relation, called
the time bandwidth product, of the form

(Bandwidth)(Time Duration) > Constant
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The value of the constant depends on the way we define the bandwidth and the time
duration. Two possible values of the constant, that we will encounter in this chapter,

are % (for the equivalent rectangular bandwidth) and ﬁ (for the root mean square
bandwidth).

Remarks:

1. The bandwidth of a signal provides a measure of the extent of significant
frequency content of the signal.

2. The bandwidth of a signal is taken to be the width of a positive frequency
band.

3. For baseband signals or networks, where the spectrum extends from —B to B,
the bandwidth is taken to be B Hz.

4. For bandpass signals or systems where the spectrum extends between (f1, f2)
and (-fy, -f2), the B.W = f, — f1.

Definition of a baseband signal: A baseband signal is one for which most of the
energy is contained within a band centered around the zero frequency and negligible
elsewhere. Another term synonymous with baseband is low-pass. In the
communication systems, the message to be transmitted is a baseband signal.

Definition of a band-pass signal: A band-pass signal is one for which the energy is
concentrated around some high frequency carrier f;, and negligible elsewhere. This
type of signal will arise in this course when the baseband message signal m(t)
modulates a high frequency carrier c(t) to produce the modulated signal s(t).

2G(f)
— G(f + fo) G(f — fo)

o 0 fo
Band-pass Signal

Y

0 .
Baseband Signa

=S,

Some definitions of bandwidth

1- Absolute bandwidth
Here, the Fourier transform of a signal is non-zero only within a certain
frequency band. If G(f) = 0 for |f| > B, then g(t) is absolutely band-limited to
BHz. When G(f) # 0 for f 1< |f |< f2, then the absolute bandwidth is f2 - f 1.

2- 3-dB (half power points) bandwidth
The range of frequencies from 0 to some frequency B at which |G(f)| drops to

% of its maximum value (for a low pass signal). As for a band pass signal,

the B.W =f; — fi.
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3-

The 95 % (energy or power) bandwidth.

Here, the B.W is defined as the band of frequencies where the area under the
energy spectral density (or power spectral density) is at least 95% (or 99%) of
the total area.

A
MGW(O) E |G(f)| g[f) _____ 90335_
: 1 1
: \/7 6 (0) m Gmax
1 : 1 > >
-B 0 B f 0 f fo f f

Total Signal Energy E = [ |G()I2df =2, |G()I*df
The 95% energy bandwidth B should satisfy the relationship

f_BBIG(f)Ide: 0.95 [~ |G()I|?df =0.95E

Equivalent rectangular bandwidth.

It is the width of a fictitious rectangular spectrum such that the power in that
rectangular band is equal to the energy associated with the actual spectrum
over positive frequency. Let B,, be the equivalent rectangular bandwidth. To

find B, we set
Area under fictitious rectangle = Total Signal Energy E

GO)P*2Beq =/ |G(F)I*df = E
IG(0)P*2Beq = 2, |G (f)|*df
Beq = gy Jo 16(NIPdf

Null — to — null bandwidth
For baseband signals, the null bandwidth is taken to be the band from zero to
the first null in the envelope of the magnitude spectrum.

glt)

gepl

A

l
i
< 1 >t
—7/2 0 /2 ,/"—"“\/

T
For example, consider the rectangular pulse g(t), for which the Fourier
transform is G(f). Note that

| =
~ |

sinnft

nft

t .
rect (—) — tsincft =1
T

Dr. Wael Hashlamoun-Birzeit University
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The zero crossings occur when sin(zft) =0
aft=nn — f= % ;n=1,2, ... The smallest value of n = 1, gives

Null Bandwidth = =.

T

For a band pass signal, B.W=f, —f;

6- Bounded spectrum bandwidth
Range of frequencies (0, B) such that outside the band, the power spectral
density must be down by say 50 dB below the maximum value.

16(B)|?
1G(0)[2

-50 dB =10 log

7- RMS bandwidth

B = (fi‘;f2|a<f)|2df)
rms [ 1G(P)I2df

The corresponding rms duration of g(t) is

T = (fi‘;t2|g(t)|2dt>
rms [ENPIGIET:

(here g(t) is assumed to be centered around the origin).

Remark: The time bandwidth product is (Tyms) (Brms) = ﬁ (the proof is beyond the
scope of this presentation).

Time — bandwidth product

To illustrate the time — bandwidth product, consider the equivalent rectangular
bandwidth defined earlier as

2 16() e
€ 2|6(0)|2

Analogous to this definition, we define an equivalent rectangular time duration as

IOATICIOS

Teq = I 1g(®)]2dt

The time bandwidth product is

BT _(ff;m(fnzaf) U 19®lat)’
eateqd =\ 2|6(0)2 JZ, 1g@®)2dt
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Note that J2 1g@®1?de=["_|G(f)|?df ; Rayleigh energy theorem.

Notealsothat  G(0) = [~ g(t)dt.
Using these two relations, we get

o) 2
_1(J_, lg®]at)
BeqTeq =3 |/~ g(t)dt|?

Case 1: When g(t) is positive for all time t, then [g(t)| = g(t) and B, T4 becomes

1

B Teq:E

eq

Case 2 : For a general g(t) that can take on positive as well as negative values, B, T,q
satisfies the inequality

BegTeq >

N | =

Note : For B,.,s and T,.,.s , the time — bandwidth product satisfies the inequality

1

B rms Trms = E

Example: bandwidth of a trapezoidal signal
Find the equivalent rectangular bandwidth, B,,, for the trapezoidal pulse shown.
Solution

U 19®la’

Teq = I lg(®)]2dt

]Ig(t)ldt = A(te+ty)

co 2A2 ) ]
[2g@®12dt === (2tq + ty) bt t &

3 (ta+tp)?

T. =
eq 2 (2tg+tp)

__ 05 2tgtty

B,, = =—.
eq Teq 3(ta+tb)2

Remark: Note that using this method we were able to determine the signal bandwidth
without the need to go through the Fourier transform.

Exercise: Use the above method to find the equivalent rectangular bandwidth for the
triangular signal g(t) = tri(%).
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Example: bandwidth of a periodic signal
Find the 93% power bandwidth for the periodic square function define over one
period as

— <t =
g(t)={2A’ s =SS

—A, o.w

Solution: The average power, computed using the time average, is

To
1 2
Py = T_flg(t)l dt
0
0

1 Ty Tyl 54°T, 5A2
= (442 2+ A2 2| = =~ =2542
TO[ 2 T4 2T, 2

Also, by using the Parseval’s theorem, the average power can be computed as:
Pav = |C0|2 + 22ﬁ=1|Cn|2

We recall that the Fourier coefficients for this signal were found in Chapter 1. Using
these values, we get

% w (34
Faw = (E) +22n=1 (nm)2

(3)2

(nm)?

A? 2 v
Pav = T+ 2A Zn=1
Let us take n = 1, then the power in the DC and the fundamental frequency is
PL_ 20734 oo
P, 254z 707

The fraction of power in these two terms relative to the total average power is only
82.95%. The 93% power limit is not yet reached. So, let us add one more term.

9
P, = A? {0.25 +2 (F)} = 2.0734% =

When n = 3, the power in the DC, the fundamental term, and the third harmonic is

= 91.05%.

Py = A? {0.25 +2 (z—z+ 3 )} = 227642 = 3 — 2.2764%

322 Pav 2.542
The fraction of power in these three terms relative to the total average power is now
91.05%. Still, the 93% power limit is not reached yet. So, let us add one more term.

For n =5, the power in the DC, the fundamental term, the third harmonic, and the
fifth harmonic is
2

p=a o252 ((2) + () +() )} = 2300

Ps 234947
Pgy  2.5A2

= 93.97%.

With n=5, the 93% power limit has been reached. Therefore, the 93% power
bandWldth iS ng% = 5f0

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Transmission of Signals through Linear Systems ENEE 339

Example: bandwidth of an energy signal
Find the 95% energy bandwidth for the exponential pulse g(t) = Ae %t u(t).

Solution: The Fourier transform of g(t) is

G(f) - a+;'427rf

The total energy in g(t) (calculated in the time domain) is

o]

o0 . AZ
E, = flg(t)l2 dt = fAZe 2at gt = %a
0 0
Let B be the 95% energy bandwidth, then the energy contained within B is

B B
Ba= [16Par= | A df
A A (a? + (21f)?)
242 2B
Eg = tan™?
2TmQ a

B should be chosen such that it satisfies the condition

EB = O-95Eg

242 2B A?

—tan '!—— =095 —
a 2a

The table below shows the ratio Eg /E,for various values of B.

B (Eg/E,) x 100%
a/4 63.9%
a/2 80.38%

a 89.95%

2a 94.94%

Thus, the 95% energy bandwidth is Bgsy, = 2
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Example: 3-dB bandwidth of a first order RC low pass filter

Consider the RC circuit shown in the figure

C -
The transfer function of the circuit is
1
_ j2mfC 1
H(f)_R+ 1 1+ j2nfRC
j2nfC
The magnitude of H(f) is

|H(f) =

J1+ (2rfRC)?

ENEE 339

The 3-dB bandwidth is some frequency f = B at which |H(f)| drops to 1/+/2 of its
maximum value. Note that the maximum value of |[H(f)]| is 1 and occurs at f = 0.

Therefore, B should satisfy

1 1
IH(B)] = J1+ (2rBRCE V2

From this relationship, we notice that B occurs when

2nBRC =1
Therefore,
1
B =2are
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Pulse Response and Rise-time

A rectangular pulse contains significant high frequency components. When that pulse
is passed through a LPF, the high frequency components will be attenuated resulting
in signal distortion.

We need to investigate the relationship that should exist between the pulse bandwidth
and the channel bandwidth. This subject is of particular importance, especially, when
we study the transmission of data over band-limited channels. In the simplest form, a
binary digit 1 may be represented by a pulse, 0 <t < T}, , while binary digit 0 may
be represented by the negative pulse —A4, 0 <t < T,. Therefore, in order to retrieve
the transmitted data, the channel bandwidth must be wide enough to accommodate the
transmitted data.

To convey this idea in a simple form, we first consider the response of a first order
low pass filter to a unit step function and then to a pulse.

Step response of a first order LPF (channel)

Let x(t) = u(t) be applied to a first order RC circuit. This first order filter is a fair
representation of a low-pass communication channel

E
SN ’- o
() l c &l

The system differential equation (D.E.) is
x(t) = Ri(t) + g(t) = RCL2 4 g(1)

where g(t) is the channel output. Now let x(t) = u(t). The system D.E. becomes x(t)

dg(®) _
RCT + g(t) = u(t)

The solution to this first order system is

g(®) = (1 — e Fu(t)

The 3- dB bandwidth of the channel (was derived in a previous example in this
chapter) is
B - 1
" 2mRC

The output g(t), expressed in terms of B,; becomes

g = (1 — e ?"Batyu(t)

Define the difference between the input and the output as
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e(t) = u(t) — g(t) = e 2™Bait

Note that e(t) decreases as B, increases. This means that as the channel bandwidth
increases, the output becomes closer and closer to the input. In the ideal case, when
the channel bandwidth becomes infinity, the output becomes a step function. In
essence, to reproduce a step function (or a rectangular pulse), a channel with infinite
bandwidth is needed.

0.1=1- g 2%

g(t)
a(t) 09=1- g~ 27502
1 -
09 F——=
o o0 : e(t)=u(t)-g(t)
1 |
| I
t, £ t

The rise-time

The rise-time is a measure of the speed of rise of the output of a system due to step
function applied at its input. One common measure is the 10-90 % rise-time, defined
as the time it takes for the output to rise between 10% to 90% of the final steady state
value when a unit step function is applied to the system input. The 10% - 90% rise-
time for the first order RC circuit considered above is

T,=t,—-t; = B,
C

From this result, we conclude that increasing the bandwidth of the channel will
decrease the rise-time, implying a faster response.

Exercise: For the system above, verify that the rise-time is given as T, = (;iS.
ch
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Pulse Response

It is the response of the circuit to a pulse of duration t. For the same RC circuit,
considered above, let us apply the pulse

x(t) =u(t) —u(t—1)

Using the linearity and time invariance properties, the output due to the pulse can be
obtained from the step response as

0 t<o0
y(t) ={1— e 2mBat 0<t<rt
(1 _ e—ZnBchr)e—ZnBch(t—r) t> 1

This response is sketched in the figure below.

x(t)

0 T Time t

From the equation above, we observe that the output y(t) approximates the input x(t)
provided that

BgTt=1or

B,y >

SN

Relationship to data transmission

In digital communication systems, data are transmitted at a rate of R, bits/sec. The
time allocated for each bitis t = Ri To enable the receiver to recognize the
b

transmitted bit within its allocated slot and to prevent cross talk between neighboring
time slots, we require that

B, =2—-=Ry

S

Result: the channel bandwidth in binary digital communication systems should be
larger than the rate of the data sent over the channel.
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Band-pass Signals and Systems
(Details are not required for ENEE 339)

A signal g(t) is called a band pass signal if its Fourier transform G(f) is non-
negligible only in a band of frequencies of total extent 2W centered about fc .

A signal is called narrowband if 2W is small compared with fc.
A band pass signal g(t) can be represented in the canonical form
g(t) = gi(t) cos wect - go(t) sinwct.
gi(t) is a low pass signal of B.W = W Hz called the in phase component of g(t).
go(t) is a low pass signal of B.W = W Hz called the quadrature component of g(t)

g(t) appears as a modulated signal in which gi(t) and go(t) are the low pass signals and
fc is the carrier frequency. Recall the modulation property of the Fourier transform

X(t) Cos wct — % (X(F- fo)+ X(F+ o))
X(t) sin wet —>ji2 (X(f- fc)- X(f+ fc))

Define the complex envelope of a signal g(t) as:
g ©) = ait) +j go(t)

g (t) is alow pass signal of B.W =W. The signals g(t) and g (t) are related by :
g(t) = Re{g (t) e/ }

How to get gi(t) and go(t) from g(t)

If we multiply g(t) by cos wct, we get

g(t) coswct = gi(t) cos? w,t - ga(t) Sin wdt cos w.t
= % ai(t) + % gi(t) cos 2wct- % go(t) sin 2wct .

The first term is the desired low pass signal. The second and third terms are high
frequency components centered about 2 f.

gi(t) =lowpass{2g(t) cosw.t}
Or, in the frequency domain

Gl(f):{GO(f—fC)+G(f+fC) —waSw}

otherwise
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Now if we multiply g(t) by sinw.t, we get
g(t) sinwct= gi(t) sin wct cos wct - go(t) sin? wct
=- lng(t) + % gi(t) sin 2w.t+ lzgq(t) COS 2wt

Again, the first term is a low pass signal, while the second and third are high
frequency terms centered about 2 fc.

ga(t) = - low pass{29(t) sinw t}In the frequency domain, this is equivalent to

GQ(f)z{j[%(f—fC)—G(f+fc) —WSfSW}

otherwise

g(t_)_®f LPF | 1/2g1(t}
!

COSWCL

Q) ®7 LPF _—I'Zgg;
T

sinwct

Band pass systems

The analysis of band pass systems can be simplified by using the complex envelope
concept. Here, results and techniques from low pass systems can be easily applied to
band pass systems.

The problem to be addressed is:

The input x(t) is a band pass signal
X(t)=x1(t)coswct - Xg(t)sinwct

X(t) is applied to a band pass filter with impulse response
h(t) = hi(t)coswct - ho(t)sinwct

The objective is to find the filter output y(t). The output is, of course, the convolution
of x(t) and h(t)

y(® = x(®)*h(1)),
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which can also be expressed as
y(t) = yi(t)coswct - yo(t)sinwct

Due to the band-pass nature of the problem, carrying out the direct convolution will
be a tedious task due to the presence of the sin and cos functions in all terms. The
complex envelope concept simplifies the problem to a very great extent. The
procedure is summarized as follows:

a. Form the complex envelope for both the input and the channel:
x(t)=xi(t) + jxo(t)

h(t)= () + jho(t)

Carry out the convolution between %(t) and A(t). Note that both signals are
low-pass signals and so is y(t).

=

2 §(t)= h(t) * %(t)

F(® = yi(®) + jya(t)
The band-pass filter output is obtained from the low pass signal ¥(t) through
the relation

y(t) =Re{F(t) e/}

or through the relation

o

y(t) = yi(t)coswct - yo(t)sinwct
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Example :
The rectangular radio frequency (RF) pulse

A cos2rf,.t 0<t< T}
0 otherwise

x(®) = {

is applied to a linear filter with impulse response (We will see later that this is a filter
matched to x(t), called the matched filter).

h(t) = x(T - t)
Assume that T=nTgc; nis an integer, T¢ = f—lc Determine the response of the filter and
sketch it.
Solution: We follow the three steps outlined above.
h(t) = A cos2nf.(T —t)
= A cos2nf.T cos2nf.t + A sin2nf . Tsin2nf, t

nT.

=A cosim (T—) cos2rnf.t + A sin2n (nT—TC) sin2nf.t
| ‘ | ‘
| |

cos2nm=1 sin2nm=0

A cos2rmf.t OStST}

Therefore, h(t) = {0 otherwise

The complex envelopes of x(t) and h(t) are (step a)

~ A 0<t<T
x(t):{O _t;.w}
~ A 0<t<T
Fo={y 75
X(t) h(2)
Q T ¢ Q T t

y(t) = %(t) * h(t) is the triangular signal shown in the Figure (step b).

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Transmission of Signals through Linear Systems

X" h
A%t
0 T o7t
<o | A%t 0<t<T
Zy(t)‘{ A2(2T — t) T<t< ZT}

The bandpass signal is obtained as (step c)

(A )

7tcoswct 0<t<T
y® =1 5 }

7(2T—t) coswet T<t<2T)

y(t) is sketched as in the figure below.

DhnﬂM HUTHIH :Mﬂnw

rl ’lv

Exercise

ENEE 339

The band-pass signal x(t) = e_i cos(2mf.t) u(t) is applied to a band-pass filter with

impulse response h(t) given as:

A cos2nf.t 0<t< T}
0 otherwise

h(t) = {

Find and sketch the filter output.
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Module 3
Normal Amplitude Modulation

Modulation: is the process by which some characteristic of a carrier C(t) is varied in
accordance with a message signal m(t).

Amplitude modulation is defined as the process in which the amplitude of the carrier c(t) is
varied linearly with m(t). Four types of amplitude modulation will be considered in this

chapter. These are normal amplitude modulation, double sideband suppressed carrier
modulation, single sideband modulation, and vestigial sideband modulation.

A common form of the carrier, in the case of continuous wave modulation, is a sinusoidal
signal of the form

c(t) = A.cos(2r f .t + @)

The baseband (message) signal m(t) is referred to as the modulating signal and the result of
the modulation process is referred to as the modulated signal S(t). The following block
diagram illustrates the modulation process.

m(7) 3 Modulator | s5(7)
Modulating Signal .
? Modulated Signal

c(1)

We should point out that modulation is performed at the transmitter and demodulation, which
is the process of extracting m(t) from s(t), is performed at the receiver.

ADD a section explaining why we need modulation

Normal Amplitude Modulation
A normal AM signal is defined as
s(t) = A.(1 + k,m(t)) cos(2rft)

where, k, is the sensitivity of the AM modulator (units in 1/volt). S(t) can be also be
written in the form:

s(t) = A(t) cos2af .t
where, A(t) = A. + A.k, m(t). In this representation, we observe that A(?) is related to
m(t) in a linear relationship of the form y =a + bx.

The envelope of S(t) is defined as

A®) = AL+ k,m(t)
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Notice that the envelope of S(t) has the same shape as m(t) provided that:

1. ‘1+ kam(t)‘ >0 or, equivalently, ‘kam(t)‘ <1. Over-modulation occurs when
‘kam(t)‘ >1, resulting in envelope distortion.

2. f.>>w, where W is bandwidth of m(t). f. has to be at least 10 w. This ensures
the formation of an envelope, whose shape resembles the message signal.

Matlab Demonstration

The figure below shows the normal AM signal s(t) = (1 + 0.5 cos 2mt) cos(2m(10t)
a.Make similar plots for the cases ( ¢ = 0.5, 1, and 1.5)

b.Show the effect of f. on the envelope. (Take f. =4 Hz, and f. = 25Hz)

normal AM signal

0.51

signal amplitude in volts
o

1 2 3 4 5
time in seconds

Spectrum of the Normal AM Signal
Let the Fourier transform of m(t) be as shown (The B.W of m(t) = w Hz).

M(f)

-w w /i Hz
s(t) = A. (L+ k,m(t)) cos2f .t (dc + message)*carrier
s(t) = A. cos2af.t + A.k,m(t)cos2f .t (carrier + message*carrier)
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Taking the Fourier transform, we get

S(f)=%5(f - fc)+%5(f + fC)+A°TkaM(f — )+ A\”«Zka M(f + f,)

The spectrum of S(t) is shown below

S(f) Carrier
A A
Carrier
Upper
Upper Sideband
Sideband \ Lower Sjdeband
\
\
- f ,Hz
—fe—w —f. —fetw  fo—w fe fotw 7’

Remarks
a. The baseband spectrum M (), of the message has been shifted to the bandpass

region centered around the carrier frequency f.
b. The spectrum S (f ) consists of two sidebands (upper sideband and lower sideband)

and a carrier.
c. The transmission bandwidth of S(t) is:

BW =(f. +w)—(f. —w)=2w
Which is twice the message bandwidth.

Power Efficiency

The power efficiency of a normal AM signal is defined as:

B power in the sidebands
7 power in the sidebands+ power in the carrier

Now, we find the power efficiency of the AM signal for the single tone modulating signal
m(t) = A cos(2rf,t). Let p = A k. ,then S(t) can be expressed as

S(t) = A. 1+ pcos2A4 t)cos2af .t
s(t) = A. cos2af .t + A, ucos2af .tcos2af t

s(t) = A. cos2af .t +%c0327z(fC + 1)t +%c0327z(fC —f )t
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Power in carrier =

2 2
Power in sidebands = %(Mj " 1 (Ac:uj

AS
2

2 2\ 2
1 2 92 1 2 2 1 2 2
= — + — - —
8Acﬂ 8Acﬂ 4Acﬂ
Therefore,

1 2 2
i _ M
A 24
2

n= ; 1> u>0

1 2 2
+7
4Acﬂ

The following figure shows the relationship between 77 and u

T T

0.3~ -

0.25] -

0.2 =

0.15] -

0.1 ,

0.05] -

0 — | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

y7]

The maximum efficiency occurs when 4 = 1, i.e. for a 100% modulation index. The
corresponding maximum efficiency is only 77 = 1/3. As a result, 2/3 of the transmitted power
is wasted in the carrier.

Remark: Normal AM is not an efficient modulation scheme in terms of the utilization of the
transmitted power.

Exercise
a. Show that for the general AM signal s(t) = A, 1+ k,m(t) cos(2mft), the power

1 ,45/,0 2
A I )
T T )

efficiency is given by n= where

2
(k,*m(t)*) is the average power in k,m(t)
b. Apply the above formula for the single tone modulated signal
S(t) = A. 1+ pcos2A4f t)cos2af .t

4
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AM Modulation Index

Consider the AM signal
s(t) = A. (L+k, m(t)) cos2f .t = A(t) cos27f .t

The envelope of S(t) is defined as:

|A®D)| = AL+ k,m(t)|

ENEE 339

The following block diagram illustrate the envelope detection process for a sinusoidal message

signal.

Ideal Envelope

s(2) Detector

To avoid distortion, the following condition must hold

L+k,mt)=0 o [k,m()|<1

The modulation index of an AM signal is defined as:

|A®)
[A(®)

t
t

max min

—|A
Modulation Index (M.I) = | ()
+A(t)

max min

Example (single tone modulation)

Let m(t) = A, cos2A4 t
then, s(t) = A. 1+ k, A, cos2xf _t)cos2xf.t
= A. (1+ pcos2f t)cos2af.t
To avoid distortion k, A, = <1
The envelope ‘A(t)‘ = A ‘(1+ 1LCOS 27ffmt) is plotted below

(o)
A1+ p)

" y(0) = AL+ pcos2af, i

where, 1=k, A,

4.0 p) \
t
‘A(t) max - Ac(l + /’L)7 ‘A(t) min - Ac(l o M)

5
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Therefore, the modulation index is 4.

Over-modulation
When the modulation index £z >1, an ideal envelope detector cannot be used to extract m(t)

from s(t) and distortion takes place.

Example: Let S(t) = A.(1+ pcos2Af t)cos2xf.t be applied to an ideal envelope
detector, sketch the demodulated signal for ¢z =0.25,1.0, and 1.25.

As was mentioned before, the output of the envelope detector is Y (t) = A. ‘1+ 1 COS27f mt‘
Casel : (1 =0.25)
y(t) = Ac[L+0.25c0s27f |

y()

1.25 \\ /,f\\ | /\\
I AR
\/ \ \

/ \

0.75 \\-,/ \_/ o

y(0)
Here, m(t) can be extracted without distortion.

Case2: ( 1 =1.0)
y(t) = Ac[L+ cos2Af ]
)

2 \\ /\\“ / m\‘\

/ \ / \
\ / / \
\\\ // \\\ / \

0 t
Here again, M(t) can be extracted without distortion.

\
\

Case3: (1 =1.25)
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y(t) = A.[1+1.25c0s2f
y(t)

2.25
/\ / N\
\ / \

/
\
\ / \ / \
il IRV \~/ \

Here, m(t) cannot be recovered without distortion.

Generation of Normal AM

Square Law Modulator (will not be covered for ENCS students)
Consider the following circuit

s(1)

o
+

BPF

3
=

For small variations of V, (t) around a suitable operating point, V, (t) can be expressed as:

2
V,=aV,+a,V, ; Where ¢; and «, are constants.

Let V, (t) =m(t) + A. cos2af_t
Substituting V;(¢) into the nonlinear characteristics and arranging terms, we get

v, (t) :alAC’{l+
al

=0+ +6)+¢)
The first term is the desired AM signal obtained by passing V, (t) through a bandpass filter.

s(t) :alAC[1+

2a,

12
m(t)}cosZ;zfct +a,m(t) + a,m(t)’ + a,A. cos’(2xf.t)

2a,

m(t)}cos 27f .t

a,
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o/ P
0

—Qw — W 0 1";3 21"1/’ fC — W fC fC‘ + w 2fC

Note: the numbers shown in above figure represent the number of term in V, ().
(1) = The desired normal AM signal
(2)= M(f)
(3)= M(f)*M(f)

(4) = The cosine square term amounts to a term at 2fc and a DC term.

Limitations of this technique:
a. Variations of V, (t) should be small to justify the second order approximation

of the nonlinear characteristic.
b. The bandwidth of the filter should be such that f. —w>2w=> f. >3w

When f. >>Ww, a bandpass filter with reasonable edge could be used.
When f. is of the order 3w, a filter with sharp edges should be used.

Generation of Normal AM
The Switching Modulator (will be covered)

Assume that the carrier C(t) is large in amplitude so that the diode —shown in the figure
below- acts like an ideal switch.

() >
c(t) + D +
40 Ré V,(2)
(D) m()

When m(t) is small compared to ‘C(t)‘,
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V() = m(t)+A; cosat ; c(t)>0
2()_{ 0 . c(t)<0

Here, the diode opens and closes at a rate equals to the carrier frequency f. . This switching
mechanism can be modeled as:

V, (t) = [Ac cosect + m(t)]g, (t)

where g, (t) is the periodic square function, expanded in a Fourier series as
1 2 1 1
g (t) ==+ —| cosaw .t —=cos3w.t + =CcosS5m.t +...
2 3 5

g»(0)

| _ T | f,sec
— TC TC 0 TC TC

V, (t) = [A; cosa.t + m(t)(%) + (E cos a)ct](AC cosmgt +m(t)) - (31 cos3a)ctj
T

7T
(m(t) + A. cosagt)+...

—>
Ac A

V,(t) = m(t) + icos Wt + 2 m(t) cosm .t + — + —Cos2m.t + 2 m(t) cos3am,t
2 2 T T T 3z

+£AC CoS2m. .t +...
3

—Jomw —fo —fotw —w 0 W femwo fe fetw 2fc
2f,
A bandpass filter with a bandwidth 2w, centered at f.., passes the second term (a carrier)
and the third term (a carrier multiplied by the message). The filtered signal is
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s(t) = %cos -t + 2 m(t) cosw,t
T

s(t) = i£1+ 4 m(t)j cosa.t ; Desired AM signal.
2 A

max

Modulation Index = M.l = i‘m(t)‘
A

Demodulation of AM Signal: The Ideal Envelope Detector

The ideal envelope detector responds to the envelope of the signal, but is insensitive to phase
variation. If
s(t) = A. (L+ k,m(t)) cos2f .t

then, the output of the ideal envelope detector is

y(©) = Ac[L+k,m(t)
A Simple Practical Envelope Detector

It consists of a diode followed by an RC circuit that forms a low pass filter.

[~] ~
LT

D

=R,

@) 5(r)

During the positive half cycle of the input, the diode is forward biased and C charges rapidly
to the peak value of the input. When S(t) falls below the maximum value, the diode becomes

reverse biased and C discharges slowly through R, . To follow the envelope of S(t), the
circuit time constant should be chosen such that :

1 1
—<<R C<<—
c w
Where W is the message B.W and f_ is the carrier frequency.

10
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MMUMV/\/\M
WU\/ vwv

s(2)

SRV,

RZ

s(1)

Half — Wave Rectifier

I "
1Al ﬂ | \

Output of half wave rectifier (without C)

When a capacitor C is added to a half wave rectifier circuit, the output follows the envelope
of s(t). The circuit output (with C connected) follows a curve that connects the tips of the

positive half cycles, which is the envelope of the AM signal.

11
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Example: Demodulation of AM Signal

Let s(t) = (1+k,m(t))cos .t be applied to the scheme shown below, find y (t).

_ ] v A1 v, 0
s(1) ( ) V(1) IPF a(t) \/7 | |

|
v(t) =s@®)?=(1+ kam(t))zcosz(anct)

v(t) = 0.5(1 + kgm(1))” + 0.5(1 + kom(1))” cos(4rf,t)
The filter suppresses the second term and passes only the first term. Hence,
w(®) = 0.5(1 + kgm(t))’
— 1
y(®) =V = % (1+kam(D)
The capacitor blocks the dc term (first term on the RHS) and the output becomes

1

y() = NG kom(t)

Concluding remarks about AM:

I.  Modulation is accomplished using a nonlinear device.
ii.  Demodulation is accomplished using a simple envelope detector.
iii.  AM is wasteful of power; most power resides in the carrier (not in the
sidebands).
Iv.  The transmission B.W = twice message B.W

12
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Module 3
Double Sideband, Single Sideband, and Vestigial Sideband Modulation

In this chapter, we will study in detail three other types of amplitude modulation
techniques, namely, Double Sideband Suppressed Carrier Modulation, Single Sideband
Suppressed Carrier Modulation, and Vestigial Sideband Modulation. For each type, we
will study the generation, demodulation, spectrum, transmission bandwidth, required
power, and other relevant aspects. First, we start with Double Sideband Suppressed
Carrier Modulation.

Double Sideband Suppressed Carrier Modulation (DSB-SC)
A DSB-SC signal is an amplitude-modulated signal that has the form
s(t) = Acom(t)cos(2mf .t), where
c(t) = A.cos(2mf.t): is the carrier signal
m(t): is the baseband message signal
fe >> W W isthe bandwidth of the baseband message signal m(t)
m(t) X A.m(t)cos(2mf.t)
A cos(2rf, t)

Generation of a DSB-SC Signal

The spectrum of s(t) is
S(f) = 3{Acm(t)cos(2nf.t)}

=2 [M(f — £) + M(f + £)]

M M(f+fc)) S(f)  M(ffc)
N N\
/ /
/N /N
/ \
/ [ 1\
W w £ - fo-w - £, fotw fe-w fe fow

Dr. Wael Hashlamoun-Birzeit University
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Remarks:
1. No impulses are present in the spectrum at + f¢, i.e., no carrier is transmitted.

2. The transmission B.W of s(t) = 2W, twice the message bandwidth (same as that of
normal AM).

power in the side bands

3. Power efficiency = = 100%. This is a power efficient

total transmitted power
modulation scheme.

4. Coherent detector is required to extract m(t) from s(t), as we shall demonstrate shortly.
5. Envelope detection cannot be used for this type of modulation.
Computer Simulation: The next figure shows a DSB-SC signal when m(t) = cos(2nt)

and c(t) = cos(2m(10)t).

Double sideband signal

= |

—_—
—_———

signal amplitude in volts
o

-1571 1

0 0.5 1 15 2 25 3
time in seconds

Dr. Wael Hashlamoun-Birzeit University
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Demodulation of a DSB-SC Signal

A DSB-SC signal is demodulated using what is known as coherent demodulation. This
means that the modulated signal s(t) is multiplied by a locally generated signal at the
receiver which has the same frequency and phase as that of the carrier c(t) at the
transmitting side.

y(t)
s(t) vo| LPF ——
A .'cos2af.t
a. Perfect Coherent Demodulation
Let c(t) = A.cos(2mf,t), c'(t) = A/ cos(2nf,t)

Mixing the received signal with the version of the carrier at the receiving side, we get

v(t) = s(t) A cos2afct = Ac A ¢' m(t) cos?2mfct

_AcAc\
2

m(t) [1+ cos 2 (2nfct)]

_AcAc\
2

m(t) + 2222 m(t) cos 2(2nfet)

The first term on the RHS is proportional to m(t), while the second term is a DSB signal
modulated on a carrier with frequency 2f,. The high frequency component can be
eliminated using a LPF with B.W = W. The output is

!
c°7c

y(t) = m(t)

Therefore, m(t) has been recovered from s(t) without distortion, i.e., the whole
modulation-demodulation process is distortion-less.

b. Effect of Carrier Non-Coherence on Demodulated Signal
Here we consider two cases.
Case 1. A constant phase difference between c(t) and c\(t)
Let c(t) = Accos2nfct , C\(t) = A ¢ cos(2nf:t+Q)
We use the demodulator considered above

Dr. Wael Hashlamoun-Birzeit University
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V(t) = Acm(t)cos2nfct . A ¢ cos(2nft+D)

AcAc\

m(t)[ cos (4nfct+d)+cos D]

AcAc\ AcAc\

m(t) cos (4nfct+@)+

m(t) cos @

The low pass filter suppresses the first high frequency term and admits only the second
low frequency term. The output is

!

“m(t)cos®

A
y(t) =

For 0<@ <§ , 0 <cos @ <1, y(t) suffers from an attenuation due to @.

However, for @= % cos @ =0and y(t) =0, i.e., receiver loses the signal.

The disappearance of a message component at the demodulator output is called
quadrature null effect. This highlights the importance of maintaining synchronism
between the transmitting and receiving carrier signals c\(t) and c(t).

Case 2: Constant Frequency Difference between c(t) and c\(t)
Let c(t) = Accos2afet , c\(t) = A ¢ cos2a(f+ADNt
In an analysis similar to that carried out in case 1, we get

v(t) = Acm(t)cos2afet . A ¢ cos2m(fetAft

AcAc\

m(t)[ cos (4nfct+2nAft)+cos 2mAft]

After low-pass filtering,

y(0) =

As you can see, y(t) # km(t) , but rather m(t) is multiplied by a time function. Hence,
the system is not distortion-less. In addition, y(t) appears as a double side band modulated
signal with a carrier with magnitude Af.

Example: Let m(t) = cos2n(1000)t and let Af =100 Hz

From the analysis in case 2 above,

y(t) = cos27t( 1000)t cos2m(100)t

Dr. Wael Hashlamoun-Birzeit University
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_AcAc\
4

[cos 2n(1100)t + cos 2m(900)t]
The original message was a signal with a single frequency of 1000 Hz while the output
consists of a signal with two frequencies at f; =1100 Hz and f. = 900 Hz (= Distortion)

Exercise: Use Matlab to plot both m(t) and y(t) and see the distortion caused by the lack
of synchronization between the transmitting and receiving oscillators in the previous
example.

Dr. Wael Hashlamoun-Birzeit University
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Generation of DSB-SC

a. Product Modulator: It multiplies the message signal m(t) with the carrier c(t).
This technique is usually applicable when low power levels are possible and over a
limited carrier frequency range.

m(t) ( )Acm(t)cos(ZEfct)
| A.cos(2mf,t)
Generation of a DSB-SC Signal

b . Ring Modulator
Consider the scheme shown in the figure.

Let c(t) >> m(t). Here the carrier c(t) controls the behavior of the diodes .

T4 T2 S
LI I S
miv" [T Qrgy{t} BPF S
S o|C —7{ Sl
_ FEJJ? 4’/ L@pz Pip—
Y
Cit)

3+ -

During the positive half cycle of c(t), c(t) > 0, and D1 and D2 are ON while D3 and D4
are OFF. Here, y(t) = m(t) and the circuit appears like this

e Y e
mmjgcf‘%

Dr. Wael Hashlamoun-Birzeit University
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During the negative half cycle of c(t), c(t) <0 and D3 and D4 are ON while and D1 and
D2 are OFF. Here, y(t) = -m(t) , and the circuit appears like this

TN T T Ty,
[ T

—

—_—
—

—

Pl T Sl Vel T ol

L A A AT

A A A S

|

So m(t) is multiplied by +1 during the +ve half cycle of c(t) and m(t) is multiplied by -1
during the -ve half cycle of c(t). Mathematically, y(t) behaves as if multiplied by the

switching function gp(t) where gp(t) is the square periodic function with period T¢ = f—lc

where fc the period of c(t). By expanding gp(t) in a Fourier series, we get

9 v(©) = m(®)

1.0 -

0.5

0.0

Timet
H5F |

-1.0

T.=1/f, Y{t)=-m(t)
4 4 4
y(t) = m(t)[; cos2nfct - 5. €os 3(2nfct) + - cos5(2nft)]
4 4 4
=m(t) - cos2nfct - m(t) 5. cos 3(2nfet) + m(t) - cos5(2nfct)

When y(t) passes through the BPF with center frequency f., and bandwidth = 2W, the
only component that appears at the output is the desired DSB-SC signal, which is

s(t) = %m(t)cosanct
C. Nonlinear Characteristic

Consider the scheme shown in the figure

Xt v(t) S(t)
Non linear BPE

device

Dr. Wael Hashlamoun-Birzeit University
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Let the non-linear characteristic be of the form
y(t) = aox(t) + arx’(t)
Let x(t) = Acos2nfct + m(t), (m(t) is the message signals)
Y = ao( Acos2mfct + m(t)) + a1 (Acos2zfet + m(t))®
= ap Acos2nfct + aom(t)+ a1 Acos®2nfet + a1 m(t)® + 3 a1A? m(t)cos?2nfet
+ 3A aicos2nfct

After some algebraic manipulations, a DSB-SC term appear in x(t) along with other
undesirable terms. The band pass filter will admit the desired signal, which is
s(t) = 222 m(t) cos(dnfet).

Note that the carrier frequency=2f. in this case.

Dr. Wael Hashlamoun-Birzeit University
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Carriers Recovery for Coherent Demodulation

We consider briefly two circuits, which are used to extract the carrier fc from the
incoming DSB-SC signal. We recall that demodulation of DSB-SC signal requires the
availability of a signal with the same frequency and phase as that of the carrier c(t) at the
transmitter side.

a. Squaring Loop

The basic elements of squaring loop are shown in the figure below. The incoming signal
is the DSB-SC signal s(t) = A,m(t)cos(2mf.t). In the figure, we mark seven points
that demonstrate the operation of the loop. In summary the signals at the points are:

Demodulation output

v

y(t) I

1 Sit= Am(t)cos2af.t

(}2 2 | Narrow 3 limiter 4 Frequency
* » band —_—
fy=2f. Divide +2

1- s(t) = A,m(t)cos(2nf,t); The incoming DSB-SC
2- s(t)? = (Acm(t)cos(2mf,t))?* = W(l + cos(4nf.t))

St = (Acmz(t))2 N (Acrr;(t))2

lowpass term + bandpass term around 2f,

cos(4nf.t)

3- Kcos(4nf,t) (The BPF suppresses the first term and admits the second term.
When the bandwidth of the filter is narrow, its output is a signal with
frequency 2f;)

4- Kcos(4nf,t) (The limiter removes any variation in the amplitude but keeps
the frequency unchanged).

Dr. Wael Hashlamoun-Birzeit University
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5- A,/ cos(2mf.t); The frequency divider produces a signal with frequency f,, as
required.
6- s(t)A. cos(2mf.t) = A A, m(t)cos(2nf,t)cos(2mf,t)
AAL

== m(t) + %m(t}cos(émfct); Product Demodulator

7- y(t) = %m(t); Demodulator output. The LPF suppresses the second term.
Even though the receiver did not have a copy of the carrier, yet it was able to

perform coherent demodulation by generating its own version of the carrier via
this loop.

Dr. Wael Hashlamoun-Birzeit University
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Costas Loop:

AA,

/;\ V() ¥(t) = mit)cosd

\*/ LPF1

Ap cos(2rf t)

Agm(t) cos(Zuf .t + 0) e(t)

0 —  VCO LPF 3 -Lm(x)

e(t) = —cpsin2d

g -
2 shift

/l\ V,(t) V4(t)
LPF 2

\J

AA
Va(f) = — ”T”m(n sin®

The VCO: is an oscillator that produces a signal whose frequency is proportional to the
voltage e(t). In this analysis, it is assumed that the instantaneous frequency of the VCO
isrelated to e(t) by f,.(t) = f. — k,e(t).

When e.(t) = 0, the frequency of the VCO f,.(t) = f. . This is called the free running
frequency. In the initialization stage, the frequency of the VCO is set to f,, which should
be the same as that used by the transmitter. During transmission, the frequency (or phase)
of the received signal may change. The objective of the loop is to keep track of this
change. Let the frequency of the received s(t) be f; = f. + Af

Initial Frequency Differenceis: f; — f, = (f. + Af) — f. = Af .
Initial phase shift A@ = 2nAf
Assume that the received DSB signal takes the form,
s(t) = Aom(t) cos(2nf,t + 2nAft) = A.m(t) cos(2nf,.t + @)
At the initial stage, the VCO produces the signal ¢’ (t) = Ay cos(2rf,t)
V, = A Aym(t) cos(2mf t) cos(2mf .t + @)

y(t) = Low pass {V,} = Low pass {A.Aom(t) cos(2nf.t) cos(2rf,t + @)}

Dr. Wael Hashlamoun-Birzeit University
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y(£) =22 m(t)cosd

V, = A Agm(t) sin(2nf,t) cos(2nf,t + 0)
V5(t) = Low pass {V,} = Low pass {A.Aym(t) sin(2rf,t) cos(2nf.t + @)}

Va(t) = — %m(t)smo

Va(t) = (<2 m(t)cos®) (— “2m(t)sing)
When the bandwidth of LPF 3 is very narrow, the output can be approximated as
e(t) = —cysin2@, c, is a constant.

The received frequency of s(t) is f;(t) = f. + Af. The frequency produced by the
VCO is f,.(t) = f. — kge(t). Note that if @ = 2mAf > 0, then e(t) < 0. Meaning that
fr(t) = fo+kycosin2@. That is f,.(t) increases trying to be the same as that of s(t).

When @ is small, then sin(2@) = 2@. Substituting into f,.(t), we get
fr(t) = fotkacoy(20) New frequency of the VCO

Also, f;(t) = f, +0/2m ; Received frequency of s(t)

One can chose the loop constants so that 2k,c, = 1/2m. In this case,
fr(t) = f;(t); Both frequencies become equal.

New Frequency Difference is: f; — f,, = 0 (practically, it is not zero but a small
difference)

New phase shift AQ = 0 (practically, it is not zero but a small difference)

Here, any change that takes in the frequency of the incoming signal s(t) is immediately
felt by the VCO, which changes its frequency accordingly keeping the difference
between the two frequencies very small. The loop output y(t) will always be
proportional to m(t).

Dr. Wael Hashlamoun-Birzeit University
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Single Sideband Modulation

In this type of modulation, only one of the two sidebands of DSB-SC is retained while
the other sideband is suppressed. This mean that B.W of the SSB signal is one half that of
DSB-SC. The saving in the bandwidth comes at the expense of increasing modulation
complexity.

The time-domain representation of a SSB signal is
s(t) = Acm(t)cosw .t + Acm(t)sinw, .t

m(t): Hilbert transform of m(t) obtained by passing m(t) through a 90-degree phase
shifter.

- sign: upper sideband is retained.

+ sign: lower sideband is retained.

Generation of SSB: Filtering Method

A DSB-SC signal x(t) = 2A.m(t)cosw,t is generated first. A band pass filter with
appropriate B.W and center frequency is used to pass the desired side band only and
suppress the other sideband.

m(t) DSB Band pass filter to passes
E\j_t) desired side band
2A cosluft
MIF)
) i f
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S(f)
Ideal BPF——80,
- fow - 1. frw fe-w fe fetw
2(f)
— Foeww - T fc o+

The band pass filter must satisfy two conditions:

a. The pass band of the filter must occupy the same frequency range as the desired
sideband.

b. The width of the transition band of the filter separating the pass band and the stop
band must be at least 1% of the center frequency of the filter. i.e., 0.01fo < Af.
This is sort of a rule of thumb for realizable filters on the relationship between the
transition band and the center frequency.

Dr. Wael Hashlamoun-Birzeit University
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Hif) practical filter
Pass band
Af = 0.01f,
Stop band
Af o ﬂ-.g

Two remarks should be considered when generating a SSB signal.

1. Ideal filter do not exist in practice meaning that a complete elimination of the
undesired side band is not possible. The consequence of this is that either part of the
undesired side band is passed or the desired one will be highly attenuated. SSB
modulation is suitable for signals with low frequency components that are not rich in
terms of their power content.

2. The width of the transition band of the filter should be at most twice the lowest
frequency components of the message signal so that a reasonable separation of the two
side band is possible. If the message significant frequency components extends between

(fi, fu), then 2f; = Af.
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X(f)
Double Sideband Signal
f
H{ﬂ' 'F: "Fu f:'fl 'F: 'F:+I f:"‘fu
Pass band
Stop band f
Af =2f,

Generation of SSB Signal: Phase Shift Method
The method is based on the time —domain representation of the SSB signal

s(t) = Acm(t)cosw .t + A.m(t)sinw,t

Dr. Wael Hashlamoun-Birzeit University
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A, w
m(t) Oscillator +
s(t)
>
-
v
90% phase shift
909 phase shift

niit}i

A sik\wct

{0

N/

Two- Stage Generation of SSB Signal

When the conditions on the filter cannot be met in a single-stage SSB system, a two-stage
scheme is used instead where less stringent conditions on the filters can be imposed. The
block diagram illustrates this procedure.

m,(t) DSB ¥y, () BPF s,(t) DSB
— Modulator 1 Modulator
i z
Cos Enflt cos Enfit

BPF

s.(t)

ma1(t) is the base band signal with a gap in its spectrum extending over (0, f)).
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ya(t): is a DSB-SC signal on a carrier frequency fi.

BPF1 selects the upper side band of yi(t). The parameters of the filter are fo1 (center
frequency) and the transition band length Afy.

We must maintain that
Af1>0.01 for and A1 <21

s1(t) is a single side band signal. The frequency gap of this signal extends over (0, fi+ fL).
The second modulator views this signal as the baseband signal to be modulated on a
carrier with frequency f».

The second modulator generates a DSB signal. The second BPF with center frequency fo2
and transition band Af> selects the upper side band. Again, we maintain that

Af2 >0.01 fo2 and Af; < 2 (f+f)
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Demodulation of SSB: Time-Domain Analysis

A SSB signal can be demodulated using coherent demodulation (oscillator at the receiver
should have the same frequency and phase as those of transmitter carrier ) as shown in

the figure:

s(t) s(t) vit) y(t)

no B.P.F. LPF. —5»

24ccosw t Ac coswt

Modulator Demodulator

Let the received signal be the upper single sideband
s(t) = Acm(t)cosw .t — Acm(t)sinw,t
At the receiver, s(t) is mixed with the carrier signal. The result is
v(t) = s(t)A; cosw .t
= A [Acm(t)cosw .t — Acm(t)sinw t]cosw,t

= AcAcm(t)cos2w .t — AcAcsM(t) sinw,t cosw,t

AcAc” AcAL AcAc”
= 62 ¢ m(t) + C2 ¢ m(t)cos2w .t — %r’r‘l(t) sin2w,t
The low pass filter admits only the first terms. The output is:

y(£) = 22 m(e)

The following steps demonstrate the demodulation process viewed in the frequency
domain .

V() = ZES(f = fo) + “ES(F + fe)

Y(f) = Low pass {ATdS(f —fo) + ATdS(f +fc)}

Dr. Wael Hashlamoun-Birzeit University
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Why One Side Band is Enough: A Frequency-Domain Perspective

v(t) y(t)
................................ LPF. %
v(7)
Al cosw, t
8(f)
@ ©
S(f-fe) fe fo+en
@ @
"« S(f+fe) 2f
@’f @’J
-2fc - 2fc V(f)
@ @ | @ a
- [
Y(f) (X M(f)
-t [
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Demodulation of SSB: Coherent Demodulation

a. Perfect Coherence

BPF. | —» O LRF

3

.
c(t) = Agcosw,t 6(” = A cosw t

when c(t) = A, cosw,t , ¢(t) = A cosw,t ,

we have perfect coherence and

y(©) = 2L m(e)

as was derived earlier.

b. Constant Phase Difference

The local oscillator takes the form

é(t) = A, cos(w,t + 0);
v(t) = [A;m(t) cos w.t — A M(t) sin w,t]A, cos(w,t + @)

= A A.m(t) cos w,t cos(w,t + O) — A A M(t) sin w,t cos(w,t + D)

ACAC

m(t) cosuw,.t + @) + %m(t) cos(@)

ACAC

ACAC .
m(t) cosuw.t + @) — 5 m(t) sin(Q)

> y(® =2 m(®) cos(®) - 2 m(t) sin(p)

Note that there is a distortion due to the appearance of the Hilbert transform of the
message signal at the output.

c. ¢é(t) = A cos 2n(f. + Af)t; Constant frequency shift
v(t) = [A;m(t) cos w .t — A.M(t) sin w,t]A, cos 2n(f. + Af)t
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= ACZA m(t)[cos(Qw, + Aw)t + cos 2mAft]

- %T’Fl(t) [sin(2w, + Aw)t — sin 2mAft]

> 4 y(t) = A”ZAC m(t) cos 2mAft + %ﬁt(t) sin 2mwAft

Once again we have distortion and m(t) appears as if single sideband modulated on a
carrier frequency = A f.

Example :

Let m(t) = cos2m(1000)t , Af = 100Hz and let s (t) be an upper sideband signal.
Then,

y(t) = %cosm(momt cos2m(100)t +%sin2n(1000)t sin2m(100)t
cos(a — b) = cosacosb + sinasinb
y(t) = cos 2m(900)t # cos 2m(1000)t

> Distortion

So, a message component with f = 1000Hz appears as a 900Hz component at the
demodulator output.

Again, distortion occurs because of failing to synchronize the transmitter and receiver
carrier frequencies.
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Vestigial Sideband (VSB) Modulation

This type of modulation finds applications in the transmission of video signal.
Unlike the audio signal, the video signal is rich in low frequency components
around the zero frequency.

The B.W of a video signal is about 5SMHz.

If a video signal is to be transmitted using DSB, it requires a 10 MHz B.W,
too large.

If a video signal is to be transmitted using SSB (B.W = 5MHz) distortion will
results due to the inability to suppress one of the sidebands completely using
practical filters.

A compromise between DSB and SSB was proposed called vestigial sideband
modulation.

Here, a DSB-SC signal is first generated The DSB is applied to a band pass
filter (called a vestigial filter) that has an asymmetrical frequency response
about (-+fc).

The filter allows one of the sidebands to pass almost without attenuation ,
while a trace or a vestige of the second sideband is allowed to pass (most of
the second sideband is attenuated )

A typical spectral density of an audio and a video signal is shown below.

audio
f
0.3 3.4k
video
\
\\
0 5M

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 DSB-SC, SSB-SC, Vestigial Sideband Modulation ENEE 339

Generation of a VSB: Filtering Method

m(t) DSB x(1) Vestigial s(t)
— P Sideband filter ——»
Modulator Hy{f) VSB
DSB

Let Hy(f) be the transfer function of the vestigial filter. We need to find a condition on the
characteristic of the filter such that the demodulated signal at the receiver is proportional
to the message signal. Now we proceed to find such a condition.

x(t) = A.m(t) cosw.t ; A DSB-SC signal

S(f) = X(HH,(f) The Fourier transform of the filter output.
=2 (M(f — £)+ M(f + £}, (F); VSBsignal
s(1) y(t) v, (t)

................................ LPF. —»

, Demaodulation
A-cosw t

The objective is to specify a condition on Hy(f) such that Vo(t) is an exact replica of m(t) .
y(6) = Acs(t) cos et
Y(f) = Z4S(F = ) + S + £2))
= 28 (M (f — 2£) + MO — f2)
+AL M F +2£) + MU (f + £2)

The LPF will eliminate the high frequency component and retains only the low frequency
terms.
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AcAc

Vo(f) = =~ {H,(f — fO) + H,(f + f)IM(f)

In order for Vo(f) to be proportional to M( ), we require that

H,(f — f.) + H,(f + f.) = constant = 2H,(f;)

When this condition is imposed on the filter, the output becomes

Vo(f) = 2L H, (fOM(f)
v, (8) = 22 H, (f)m(2)
HV(f )
_ H )
N

-fc h2 fc f\,r f
f\f
—-—-
h1+h2=2H(fc)
Hv{f-fc) H, (f+fc)
v B.W=f, +w
N4

Hy(f-fc) H,(+1C)

H,(f-Tc) +H, (T+fc) = 2H,(fc) 2H,(fc)

= constant
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Two remarks :

e BW=W+f,,; f,isthe size of the vestige.
e VSB can be demodulated using coherent demodulation.

Generation of VSB: Phase Discrimination Method
The time-domain representation of a VSB signal is
s(t) = Acm(t) cos w.t ¥ A.mg(t) sinw .t

Where ms(t) is the response of a vestigial filter (in the base band spectrum) to the message m(t).
Using the time-domain representation ,

the following scheme may be used m(t) Vestigial m (t)
—»|  Filter ——>
to generate a VVSB signal Hs(f)
mi(t)
"
Ap cosw t
Y
» N
Vegtlglal o phase s(t)
Filter <hift ]
Hs(f) +
h
m (1)
Ap sinwt

5

The — sign means that most of the upper sideband is admitted

+ sign means that most of the lower sideband is admitted
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The transfer function HS(f) of the low pass filter is related to the band pass characteristic

by:

H(f) = Low pass {H,(f + fo) — Hy(f — fo)}

Coherent Detection of VSB:_Time Domain Analysis

Let the received VSB signal be given as:

s(t)

s(t) = A;m(t) cosw.t — A.mg(t) sin w,t

This signal is mixed with a version of the

transmitted carrier of the same phase and frequency.

v(t) = s(t)A, cos 2mf.t

A cosw t

= A A.[m(t) cos w.t — m(t) sin w,t] cos w,t

= A A.m(t) cos? w .t — A A m4(t) sin w,t cos w,t

ACAC

2

ACAC
2

m(t) + m(t) cos 2wt —

Dr. Wael Hashlamoun-Birzeit University
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The low pass filter admits only the low pass component, which is nothing but a scaled
version of the message signal.

AA
C2 Cm(t)

y(t) =

Envelope Detection of VSB + Carrier
This type of modulation takes the form:
s(t) = carrier + VSB
s(t) = A;cosw .t + A.fm(t) cosw.t F A.fmg(t) sin w,t

p is a scaling factor chosen to minimize envelope distortion. The addition of the carrier is
meant to simplify the demodulation of the video signal in practical TV systems and
avoids the complexity of coherent demodulation. It is also less expensive since a simple
envelope detector, of the type described in demodulating a normal AM signal, can be
used.

s(t) = (Ac + ABm(b)) cos w .t F Afmg(t) sin w,t

s(t) = J(AC + AC,Bm(t))2 + A2 B m2(t) cos(wet + @)

If s(t) is applied to an envelope detector (which is insensitive to phase variations), the
output is

y(®) = J (Ac(1+ Bm(®)” + A*B2ms2(0)

If A. > Bm(t), then

BAC ms

y(©) = Ac(1+ pm(D)) > >
Ac B Ac m(t)

Hence , m(t) can be demodulated, almost without distortion, using simple envelope
detection techniques if the above condition is satisfied .
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Example: A VSB is generated from the DSB-SC signal 2m(t) cos w.t . M(f) and Hy(f)

are shown below . Find the spectrum of the transmitted signal s(t).

M(f)
1.0 10
0.65 0.8 0.8 0.65
04 03 0.3 04
-f5 -f4 3 2 -1 0 f f2 3 f4 b
H(1)
075 1.0
2//‘3/"’/
0‘,453,//
13~ i
Orzél’//’/l
0.0 A ‘ |
2 A fc -f1 2
S (f)
1.0
:n_axn_?fs 065
0% 031 ?E;;S 0.4
0|.2 0.1 - | |
1
2 f1 0 f1 fa2 f3 f4 5
m(t) s(1)
x—» H(f) |—>
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Baseband Signal
The input signal consists of five frequency components. It is represented as:
m(t) = 0.6cos2mfit + 1.6 cos 2mf,t

+2cos2nfs;t + 1.3 cos 2nfyt + 0.8 cos 2mfst

Transmitted Signal

The spectrum of the transmitted signal is:

S = Hy(HM(f — fo) + Hy(FHM(f + fo)

If we perform the multiplication in the frequency domain and take the inverse Fourier
transform, we get the time domain representation of the transmitted signal.

s(t) = 0.4cos2n(f, — fo)t + 0.2cos 2n(f. + fi)t
+0.4 cos 2n(f, + fi)t + 1.2 cos 2n(f, + f,)t + 2 cos 2m(f, + f3)t

+ 1.3 cos2n(f, + fa)t + 0.8 cos2m(f, + f5)t

Dr. Wael Hashlamoun-Birzeit University
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Module 5

Frequency and Phase Modulation

To generate an angle modulated signal, the amplitude of the modulated carrier is held
constant, while either the phase or the time derivative of the phase is varied linearly with
the message signal m(t).

The expression for an angle modulated signal is
s(t) = A; cos(2rf,t + 6(¢)) , f. is the carrier frequency in Hz.

The instantaneous frequency of s(t) is :

1 do(o)

fi) === (2nfit +6() = f, + =22

For phase modulation, the phase is directly proportional to the modulating signal
6(t) = k,m(t), Kp is the phase sensitivity measured in rad/volt.

The peak phase deviation is
ABpax = kp x max (m(¢)).

For frequency modulation, the frequency deviation of the carrier is proportional to the
modulating signal:

1d6
%% =krm(t) = fi(t) = fo + kym(2).

The frequency deviation from the un-modulated carrier is

1d9

fl (t) fc 211' dt

The peak frequency deviation is
Af = max {Z—E}

The time domain representation of a phase modulated signal is
s(t) = A, cos (27rfct + kpm(t)).

The time domain representation of a frequency modulated signal is

s(t) = A cos (27rfct + 2mky f_too m(a)da).

Dr. Wael Hashlamoun-Birzeit University
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where 0(t) = 2mky f_toom(a)da
The average power in s(t), for frequency modulation (FM) or phase modulation (PM) is:

@A
an - 2

= constant.

Example: Binary Frequency Shift Keying

The periodic square signal m(t), shown below, frequency modulates the carrier
c(t) = A, cos(2m100t)

to produce the FM signal

s(t) = Accos ((2m100t) + 2mk; [ m(a)da) where k; = 10Hz/V.
a. Find and plot the instantaneous frequency f;(t).
b. Find the time domain expression for s(t).

M(t)

+1

TbI I 2Th t

Solution:
a) The instantaneous frequency is

fi = fe + kg xm(t)
fi = 100+10 =110 Hz when m(t) = +1

fi = 100 -10 = 90Hz when m(t) = —1

For 0<t<T,, f;=110Hz
For T, <t < 2Ty, f; =90 Hz

The instantaneous frequency hops between the two values 110 Hz and 90 Hz as shown
below
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Fi(t
110

90

b 2Tb t

In digital transmission, we will see that a binary (1) may be represent by a signal of
frequency f1 for 0 < t < T, and a binary (0) by a signal of frequency f> for 0 <t <

T, .

b) Depending on the input binary digit, s(t) may take any one of the following
expressions

s(t) = 4cos(2m(110)t), when m(t) = +1
s(t) = 4cos(2m(90)t ), whenm(t) = —1

Exercise: Plot the transmitted signal s(t) for 0 < t < 4T}, assuming T, = 10T,. You
should obtain a figure similar to this figure

1

]IIP“H]IM A l'\ ’._ A A /\ f\”]l II”IHI ‘ll”l” ﬂ“{
!M?":,'yll" LA i

~ |\|
u!hl‘nlhliv VVV VY 1lhlhlhljn“|l’mh“llJ V ‘v \

\
\

|
| v

|1

\H \
Y\:"
l

l ‘ |

t t ts
Single Tone Frequency Modulation:
Assume that the message m(t) = A,, cos wyt. Fiy

Fc+AmKF

The instantaneous frequency is:

fi = fe + kem(t) = fo + Apks cos 2mfpt.

This frequency is plotted in the figure. Fe Amkr

The peak frequency deviation (from the un-modulated K
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carrier) is :

Af = kfA,,.
The FM signal is:

s(t) = A. cos (wst + B sin 2mfi,t).
Where S is the FM modulation index, defined as

_ keAy,  peak frequency deviation  Af

fm message bandwidth f;

In the figure below, we show a sinusoidal message signal m(t) and the resulting FM
signal s(t).

— - T — ¥ ) r T o 1 l T \
| III II |I I,' \ I| II il || r| |'i || | II ||I ,'I .II T | | 'i | I || I|I f || f
os | IR INAEE R [ { [ | | fr 0 [ | || (11| i
AR |||||||| |"""'| NN,
- o R L S A A WA R ANARA A
= T T VLT | [ [T (171
| UL v vt AR ERE R
-0.5 || [ 1] 1 Fobr [ || [ (] [ 1 || | [ || ||| ( |I | |
[ I (Wl L | | (| | | (1 | Il || | | | 1
» U\ W W WYy L .I Wy \J \ ' I
IJ 500 1500 2000
Time |r| Samples
' ™ - -, -~ ™
. Py . E .
os |- \"«.\_‘ o \'-.__7. ya ™, .
= o
- - - o ™, A ™, .
0.5 . . s ",
M - - e M
"o 500 1000 1500 2000
Time in Samples

Spectrum of a Single-Tone FM Signal

The objective is to find a meaningful definition of the bandwidth of an FM signal. To
accomplish that we need to find the spectrum (the Fourier expansion) of s(t).

Let m(t) = A, cos 2rf,,t be the message signal, then the FM signal is
s(t) = A. cos(2nf .t + [ sin2mfy,t)

s(t) can be rewritten as:
s(t) = Refe/@nfet+psinznfit}

— Re{e/@fet) x oi(Bsin2nfmt)y

Remember that: e/ = cos@ + jsin 6 and that cos® = Re{e’%}
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The sinusoidal waveform (B sin 2 f,,,t ) is periodic with period T,, = fi . The

exponential function e/ (8 sin2%fmt) js also periodic with the same period T,,, = fi (but is

not sinusoidal)

As we know, a periodic function g(t) can be expanded into a complex Fourier series as:
g(t) =3¥*,C, e/"omt

where,

1 (Tm )
C,=—1] g(t)e/omrtqt
T, J,

Now, let g(t) = e/(Bsin2nfmt)

then, C,=—J,™ e/Bsin2m/m®) (gJomnt) gt

'm >0
It turns out that the Fourier coefficients C.=7].B).
where J,,(B) is the Bessel function of the first kind of order n.
Hence,
g@t) = X2 Jn(B) e/momt
Substituting g(t) into s(t), we get
s(t) = A Re{e/C™D X 52, ], (B) e/"Om" )
= A Re{ TZJn(B) x eI2mUetn/m)t 3
= Ac XZ0Jn(B) X cos(2r(f; + nfin)t)
Finally, the FM signal can be represented as
s(t) = A XZoJu(B) cos2n(f + nfy)t)
Bessel Functions

The Bessel equation of order n is

dy2 dy
2 2 2 —
X _dx2+x_dx+(x —n°)y=0

This is a second order differential equation with variable coefficients. We can solve it
using the power series method. In this method, we let

Dr. Wael Hashlamoun-Birzeit University



Fall 2018-2019 Frequency and Phase Modulation ENEE 339

=yY>°_ C n d_Y_ 0 C n-1 d_yz_ 0 —1C n-—2

y_2n=0 nX dx_2n=1n n X ) dx2_2n=2n(n ) n X '
2

Substituting y,Z—i and % into the differential equation and equating terms of equal

power results in

% 1
(_1)m X (_x)n+2m
y() = () = ) z

m=0

m! (n+m)!

The solution for each value of n (see the D.E where n appears) is J,, (x), the Bessel
function of the first kind of order n. The figure, below, shows the first three Bessel
functions.

Bessel Functions of First Kind of Integrer Order
1 11 T 13 13 1 13 T 1 T

05 L L 14 L L L r L L
0

Some Properties of J,,(x):
1- Jn(0) = (=1)"-n ().
2- Jo(x) = (=1)"Jn(=2).
3- Recurrence formula

Jne1 GO + g1 () = 22, ().

xn

21 n!

4- For small values of x, J,(x) =
Therefore, Jo(x) = 1
Ji(x) = g
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Jn(x) =0 forn>1
5- For large value of x:

J.(x) = \/g cos(x — % — %) . J..(x) behaves like a sine function with

progressively decreasing amplitude.

6- For real x and fixed, J,,(x) — 0asn — .

7- Y2,.UJ. ()% =1, forallx.
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Table of Bessel Functions
B [Jo(B) [J1(B) [J(B) [Js(B) [Ja(B) [Js(B) |J6(B) |J7(B) |Js(B) [Jo(B) |J10(B)
0 1 0 0 0 0 0 0 0 0 0 0
0.1] 0.9975[ 0.0499] 0.0012f 0.0000] 0.0000f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.2 | 0.9900f 0.0995] 0.0050f 0.0002] 0.0000f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.3 ]| 0.9776/ 0.1483] 0.0112f 0.0006] 0.0000f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.4 | 0.9604| 0.1960] 0.0197f 0.0013] 0.0001f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.5 ]| 0.9385| 0.2423] 0.0306f 0.0026] 0.0002f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.6 | 0.9120| 0.2867| 0.0437[ 0.0044] 0.0003| 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.7 | 0.8812| 0.3290] 0.0588 0.0069] 0.0006f 0.0000] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.8 | 0.8463| 0.3688| 0.0758| 0.0102] 0.0010f 0.0001] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
0.9 ]| 0.8075/ 0.4059] 0.0946 0.0144] 0.0016/ 0.0001] 0.0000f 0.0000] 0.0000] 0.0000] 0.0000
1 0.7652] 0.4401| 0.1149] 0.0196] 0.0025| 0.0002| 0.0000] 0.0000] 0.0000f 0.0000] 0.0000
1.1| 0.7196] 0.4709| 0.1366] 0.0257| 0.0036] 0.0004] 0.0000] 0.0000] 0.0000f 0.0000] 0.0000
1.2| 0.6711] 0.4983| 0.1593] 0.0329] 0.0050] 0.0006/ 0.0001] 0.0000] 0.0000f 0.0000] 0.0000
1.3| 0.6201] 0.5220| 0.1830] 0.0411] 0.0068] 0.0009] 0.0001] 0.0000] 0.0000f 0.0000] 0.0000
1.4| 0.5669] 0.5419| 0.2074] 0.0505| 0.0091] 0.0013] 0.0002] 0.0000] 0.0000f 0.0000] 0.0000
1.5| 0.5118] 0.5579| 0.2321] 0.0610] 0.0118] 0.0018] 0.0002] 0.0000] 0.0000f 0.0000] 0.0000
1.6 | 0.4554] 0.5699| 0.2570] 0.0725| 0.0150] 0.0025] 0.0003] 0.0000] 0.0000f 0.0000] 0.0000
1.7 | 0.3980] 0.5778| 0.2817] 0.0851] 0.0188] 0.0033] 0.0005] 0.0001] 0.0000f 0.0000] 0.0000
1.8| 0.3400] 0.5815| 0.3061] 0.0988] 0.0232] 0.0043] 0.0007] 0.0001] 0.0000f 0.0000] 0.0000
1.9| 0.2818] 0.5812| 0.3299] 0.1134] 0.0283] 0.0055] 0.0009] 0.0001] 0.0000f 0.0000] 0.0000
2 0.2239] 0.5767| 0.3528] 0.1289] 0.0340] 0.0070| 0.0012] 0.0002| 0.0000f 0.0000] 0.0000
2.1| 0.1666] 0.5683| 0.3746] 0.1453 0.0405] 0.0088 0.0016] 0.0002f 0.0000] 0.0000{ 0.0000
2.2 | 0.1104] 0.5560] 0.3951] 0.1623 0.0476] 0.0109( 0.0021] 0.0003| 0.0000] 0.0000{ 0.0000
2.3 | 0.0555] 0.5399] 0.4139| 0.1800f 0.0556] 0.0134f 0.0027| 0.0004f 0.0001] 0.0000{ 0.0000
2.4 | 0.0025] 0.5202|] 0.4310| 0.1981f 0.0643] 0.0162f 0.0034| 0.0006f 0.0001] 0.0000{ 0.0000
2.5 -0.0484] 0.4971] 0.4461] 0.2166f 0.0738] 0.0195| 0.0042] 0.0008f 0.0001] 0.0000{ 0.0000
2.6 | -0.0968] 0.4708] 0.4590| 0.2353 0.0840] 0.0232f 0.0052] 0.0010f 0.0002] 0.0000{ 0.0000
2.7 | -0.1424] 0.4416] 0.4696] 0.2540[ 0.0950] 0.0274f 0.0065| 0.0013| 0.0002] 0.0000{ 0.0000
2.8 | -0.1850] 0.4097| 0.4777| 0.2727[ 0.1067| 0.0321f 0.0079] 0.0016{ 0.0003] 0.0000{ 0.0000
2.9 -0.2243] 0.3754] 0.4832| 0.2911f 0.1190] 0.0373| 0.0095] 0.0020[ 0.0004] 0.0001f 0.0000
3 | -0.2601] 0.3391| 0.4861] 0.3091] 0.1320] 0.0430] 0.0114] 0.0025] 0.0005| 0.0001] 0.0000
3.1| -0.2921] 0.3009] 0.4862| 0.3264f 0.1456] 0.0493| 0.0136] 0.0031f 0.0006] 0.0001f 0.0000
3.2 | -0.3202] 0.2613] 0.4835| 0.3431f 0.1597| 0.0562f 0.0160] 0.0038[ 0.0008] 0.0001f 0.0000
3.3 | -0.3443] 0.2207] 0.4780| 0.3588[ 0.1743| 0.0637[ 0.0188] 0.0047[ 0.0010] 0.0002f 0.0000
3.4 | -0.3643] 0.1792|] 0.4697| 0.3734f 0.1892] 0.0718| 0.0219] 0.0056f 0.0012] 0.0002f 0.0000
3.5| -0.3801] 0.1374] 0.4586] 0.3868[ 0.2044| 0.0804f 0.0254] 0.0067[ 0.0015] 0.0003| 0.0001
3.6 | -0.3918] 0.0955| 0.4448] 0.3988[ 0.2198| 0.0897[ 0.0293] 0.0080[ 0.0019] 0.0004f 0.0001
3.7 | -0.3992] 0.0538] 0.4283| 0.4092[ 0.2353] 0.0995| 0.0336] 0.0095[ 0.0023] 0.0005( 0.0001
3.8 | -0.4026] 0.0128] 0.4093| 0.4180[ 0.2507| 0.1098| 0.0383] 0.0112f 0.0028] 0.0006( 0.0001
3.9 | -0.4018] -0.0272] 0.3879] 0.4250[ 0.2661] 0.1207[ 0.0435] 0.0130[ 0.0034] 0.0008| 0.0002
4 | -0.3971] -0.0660] 0.3641] 0.4302f 0.2811] 0.1321f 0.0491] 0.0152[ 0.0040] 0.0009f 0.0002
4.1] -0.3887| -0.1033| 0.3383| 0.4333] 0.2958| 0.1439] 0.0552| 0.0176] 0.0048] 0.0011] 0.0002
4.2 | -0.3766| -0.1386] 0.3105[ 0.4344] 0.3100| 0.1561] 0.0617| 0.0202] 0.0057| 0.0014] 0.0003
4.3 ] -0.3610| -0.1719] 0.2811f 0.4333] 0.3236| 0.1687] 0.0688| 0.0232] 0.0067| 0.0017| 0.0004
4.4 -0.3423| -0.2028| 0.2501f 0.4301] 0.3365| 0.1816] 0.0763| 0.0264] 0.0078] 0.0020] 0.0005
4.5 ] -0.3205| -0.2311] 0.2178| 0.4247] 0.3484| 0.1947] 0.0843| 0.0300] 0.0091] 0.0024| 0.0006
4.6 | -0.2961| -0.2566| 0.1846 0.4171] 0.3594| 0.2080] 0.0927| 0.0340] 0.0106] 0.0029] 0.0007
4.7 | -0.2693| -0.2791] 0.1506f 0.4072] 0.3693| 0.2214] 0.1017| 0.0382] 0.0122| 0.0034| 0.0008
4.8 | -0.2404| -0.2985| 0.1161f 0.3952] 0.3780| 0.2347] 0.1111| 0.0429] 0.0141] 0.0040] 0.0010
4.9 | -0.2097| -0.3147] 0.0813| 0.3811] 0.3853| 0.2480] 0.1209| 0.0479] 0.0161] 0.0047] 0.0012
5 | -0.1776] -0.3276| 0.0466] 0.3648| 0.3912] 0.2611] 0.1310] 0.0534| 0.0184f 0.0055] 0.0015
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The Fourier Series Representation of the FM Signal

We saw earlier that a single tone FM signal can be represented in a Fourier series as

S© = Ac ) Ja(B) cosu(f. + nfp)t)

The first few terms in this expansion are:

s(t) = A. {Jo(B) cos@nft) + J1(B) cos 2m(fe + fr)t + J_1(B) cos 21 (f, — fr)t +
J2(B) cos 2m(f + 2fi)t +]_2(B) cos 2m(fy — 2fin)t + ..

The FM signal consists of an infinite number of spectral components concentrated around
fc. Therefore, the theoretical bandwidth of the signal is infinity. That is to say, if we need
to recover the FM signal without any distortion, all spectral components must be
accommodated. This means that a channel with infinite bandwidth is needed. This is, of
course, not practical since the frequency spectrum is shared by many users.

In the following discussion we need to truncate the series so that say 99% of the total
average power is contained within a certain bandwidth. But, first let us find the total
average power using the series approach.

Power in the Spectral Components of s(t)

Note that s(t) consists of an infinite number of Fourier terms, and the power in s(t) will be
equal the power in the respective Fourier components .

Any term in s (t) takes the form: A Jn(B) cos2r(f, + nfy)t)

(Ac)*Un(B)?

The average power in this term is: >

Hence the total power in s(t) is

A S B) | AEB) AT B) | ACRIB) AL

<S%(t) > = > 5 > : :
= 2 (Jo2(B) + 2 (B)H - 2BV (B)H a2 (B) + ..}
= AZLZ (T Jn2(B) Y, where Y-, J,*(B) =1, (A property of Bessel
Functions).
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The average power becomes

2
< S2(t) > = A%

Spectrum of an FM Signal

S(f)

(Ac*J1)/2 (Ac*J1)12

(Ac*Jo)/2

Ay g (AcJ2)/2 (Acru3y2

fc-3fm  fc_2fm fc-fm fc  fe+fm fo+2fm fo+3fm

Figure: Fourier transform of s(t) = A, cos (w.t + B sin 2w f,,t) (only + ve
frequencies are shown)

Note that in the figure above, as f,, decreases, the spectral lines become closely
clustered about f..

Example: 99% Power Bandwidth of an FM Signal

Find the 99% power bandwidth of an FM signal when 8 = 1 and when 8 = 0.2

Solution:

s(t) = Ac XZoJn(B) cos2n(f, + nfm)t)
Casea: B =1 (wideband FM)
The first five terms corresponding to 8 = 1 (obtained from the table) are

Jo(1) =0.7652, J,(1) = 0.4401, J,(1)=0.1149, J;(1) =0.01956, J,(1) = 0.002477

2
The power ins(t) is < S2(t) > = ATC

Let us try to find the average power in the terms at (f,), (fc + fim), (fe — fm), (fe + 2/fm),
(fe = 2fm)

2 2
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2 ffo EINT
3 £ fo 1)
4 f+2fn: A1)
5. £ 2f.: A2 B)

2

The average power in the five spectral components is the sum

Par = 2 [Jo2(1) + 23 2(1) + 21,2(1D)]

A?, A%,
Pay = == [(0.7652)% + 2 % (0.4401)* + (0.1149)°] = 0.9993 —=

Hence, these terms contain 99.9 % of the total power. Therefore, the 99.9 % power
bandwidth is

BW = (fc + me) - (fc - me) =4fm
Case b: B = 0.2 (Narrowband FM)
For B =0.2, J,(0.2) = 0.99, J;(0.2) = 0.0995, J,(0.2) = 0.00498335

The power in the carrier and the two sidebands at (.. , fz + fin, fc — fin) IS
2
P =2[),%(0.2) + 2/,°(0.2)]

A2
P =%¢[0.9999]

Therefore, 99.99% of the total power is found in the carrier and the two sidebands. The
99% bandwidth is

B.W = (fc+fm) - (fc_fm) = me
Remark:

We observe that the spectrum of an FM signal when 8 « 1 (called narrow band FM) is
“similar” to the spectrum of a normal AM signal, in the sense that it consists of a carrier
and two sidebands. The transmission bandwidth of both signals is 2.

Carson’s Rule
A 98% power B.W of an FM signal can be estimated using Carson’s rule
Br =2(B+ 1)fm
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Generation of an FM Signal

The Narrowband FM Signal
Consider an angle-modulated signal

s(t) = A, cos(2ruf.t + 0(t))
When s(t) is an FM signal,

0(t) = 2mk; [ m(t)dt
s(t) can be expanded as

s(t) = A; cos(2mf t) cos(@(t)) — A, sin(2rf,t) sin(@(t))

When |0(t)| « 1,cos 0 = 1,sin(0) = 0 and s(t) , termed narrowband, can be
approximated as

s(t) = A, cos(2mf.t) — A0 sin(2rf.t)

Using this expression, one can generate a narrowband FM or PM signals. This is
illustrated in the block diagram below:

m(t) Integrator e(t) - Sit)
\ 2k [ mit)de ‘ ?x 2,
by

A, sin(2nf,t) A, cos(2mf,t)

When m(t) = A, cos(2nf,,,t), 8(t) = Bsin(27rf,,t). The modulated signal takes the
form

s(t) = A, cos(2nf.t) — A.B sin(2rf,,t) sin(2nf,t) ; NBFM

To generate a narrow band PM signal, we can use the scheme:
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gt = kymit)
scaling - 3(t)
" €3 (=)
F N

A, sin(2nf.t) A, cos(2nf.t)

Spectrum of a Single-Tone NBFM

For an FM signal, 6(t) = Bsin(27rf;,t)

s(t) = A; cos(2mf.t) — A.B sin(2rf,,t) sin(2mf,t)

s(t) = A, cos2nfet) — 2L [cosu(f. — fu)t) — cos2r(f; + f)t)]
The spectrum of s(t) is shown below

S(f)

Ac/2
BA:M
fc fm
fc fc+fm
{BAcM

The spectrum consists of a component at the carrier frequency f. and two components at
(f; + fm) and f. — f,). Note the negative sign at the lower sideband.

The bandwidth of this NBFM signal is 2f,),.
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Frequency Multiplier

It is a device for which the frequency of the output signal is an integer multiple of the
frequency of the input signal. It is primarily a nonlinear characteristic followed by a band
pass filter. Now we illustrate the operation of this device.

The Square Law Device
Let the input be an FM signal of the form:
x(t) = Ag cos(2nf '+ B’sin2mfyt) = A, cos(¢)

The output of the square law characteristic is:

A? A?  A?
y(t) = x(t)? = AZcos?(p) = TC [1+ cos(2¢)] = 76 + 7CCOS(2¢))
A?  A?
= 70 + 76605[211(2]"6) + 2B'sin(2mft)]
x(t) )= 2 y(®)
—>
y'(t) BPF )

If y(t) is passed through a BPF of center frequency 2f, , then the DC term will be
suppressed and the filter output is

y'(t) = ATCZCOS[ZTE(ZfIC) + 2B'sin(2mf;t)]

y'(t) = A?Czcos[Zﬂ(fc) + Bsin(21f,t)]

As can be seen from this result, the output is a signal with twice the frequency of the
input signal and a modulation index twice that of the input.

fe=2f; B=2p

To get frequency multiplication higher than two, a cascade of units, similar to what was
described above, can be formed with the number of stages that achieve the desired
frequency.
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Indirect Method for Generating a Wideband FM

A wideband FM can be generated indirectly using the block diagram below (Armstrong
Method). First, a narrowband FM is generated. Then, the wideband FM is obtained by
using frequency multiplication. Next, we analyze the operation of this modulator.

" NBFM s1(1) Frequency .
m( )—P multiplier by n ——» s()

Let m(t) = A,,cos 2nf,,t be the baseband signal, then

’ ! r k Am
51(t) = A.cos(2nf.t + Bsin2nfy,t) ; B = ;—

is a narrowband FM with ' <« 1. The frequency of s, (t) is
f'.=fe + kpApcos 2mfint
Multiplying f; by n (through frequency multiplication), we get the frequency of s(t) as
fi = nf. + nkpApcos2mf,t
This result is
s(t) = A; cos[2n(nf)t + nf sin 2nf,, t]
= A, cos[2nf t + [ sin 2nfy,t]
Where = nf’ is the desired modulation index of WBFM
f. = nf, isthe desired carrier frequency of WBFM
Direct Method for Generating an FM Signal

In a direct FM system, the instantaneous frequency of the carrier is varied in accordance
with a message signal by means of a voltage-controlled oscillator (VCO). The voltage —
frequency characteristic of a VCO is given by

fi= fe+ kgm(t)

A schematic diagram of a VCO is shown in the figue

Voltage controlled s(t)
m(t) ——» oscillator
fi(®)
Dr. Wael Hashl




Fall 2018-2019 Frequency and Phase Modulation ENEE 339

A realization of the CVO may be obtained by considering an oscillator (like the Hartley
oscillator) shown below in which a varactor ((voltage variable capacitor) is used. The
capacitance of the varactor varies in response to variations in the message signal. The
variation is linear when the variation in the message is too small.

The frequency of the oscillator is
Q1 ‘

1
21/ (Ly + Ly)C(2) ~’

Let C(t) =Cy—km(t) (Adiode
operating in the reverse bias region can act like
a variable capacitor); k is a constant, L1 L2

fi(®) =

When m(t) =0, C(t) = C,, and the
unmodulated frequency of oscillation is ca)

1 _||_

ﬁ: - V(L1+L2)C

When m(t) has a finite value, the frequency of oscillation is

Hartley Oscillator

1

fi(®) =
27T\/(L1+ Lz)(CO—k m(t))
_ _km@)) /2
= fe (1 Co )

When *m®

« 1, we can make the approximation (using the formula [(1 + x)" = 1 +

0
nx] when x is small)

km(t)

fi© = £ (1+ 522) = o+ kym(0)

Here it is clear that the instantaneous frequency varies linearly with the message signal.
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Demodulation of the FM Signal
An FM signal may be demodulated by means of what is called a discriminator.

Let s(t) = A, cos(w.t + 6(t)) be an angle-modulated signal. The output of an ideal
discriminator is defined as

(t)_lde
Y T o2m P odt

When 6 = 2mks f_twm(a)da , then Z—f = 2mk; m(t) and y(t) becomes

y(t) = kpky m(t)

Hence, a discriminator can demodulate an FM signal. In this section, we will
consider three techniques through which an FM (or PM) signal can be demodulated.

Discriminator

s(t) ——» — y(®)

First Method: Differentiator Followed by an Envelope Detector

One practical realization of a discriminator is a differentiator followed by an envelope
detector, as illustrated in the figure. The operation of this discriminator can be explained
as follows

Differentiator Envelope
ds detector
dt

s(t) —»

Let s(t) =A, cos(wct + H(t))
O - —A, (a)c + %) sin(wct + 6(t))

dt

The output of the envelope detector is A.| (wc + Z—f) |

The capacitor blocks the DC term and so output is:
dé
Vo = ACE = 2mky A;m(t)

A typical FM signal and its derivative are shown in the figure below.
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We already know what an envelope detector is (recall the material on the demodulation
of the normal AM signal). Now we explain how differentiation is accomplished.

Realization of the Differentiator

From the properties of Fourier transform, we know that if

3{g(®)} = G(f), then

{9 = j2nfG (f)
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i o

v
—,

This means that multiplication by j2rzf in the frequency domain amounts to
differentiating the signal in the time-domain. Hence, we need a circuit whose frequency
response is linear in f to perform time differentiation. A circuit that performs this task is
a tuned circuit, provided that the signal frequency variation falls within the linear part of
the characteristic, i.e., either between (fy, f2) or (f3, f1).

The circuit below is a realization of an FM demodulator. The primary and secondary
tuned circuits perform the task of differentiation, while the envelope detector extracts the
envelope, which is supposed to be proportional to the message signal.

r-r-r—-——">"=>">"="=77=777 "

— : —
| |
| — — | ~

sty |, T ™ ED m(t)

I |

= { : l—u0
. ]

Primary circuit tuned to f, Secondary circuit tuned to f, > f.

Balanced Slope Detector

To extend the dynamic range of the differentiating
circuit, two tuned circuits with center frequencies
for and f,, are used as shown in the figure.

e This circuit has a wider range of linear frequency
response.

e No DC blocking is necessary.
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Tuned circuit 2 Tuned circuit 1

characteristic characteristic
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Method 2: Phase-Locked Loop
ADD A NEW SECTION on PLL
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Method 3: Phase Shift Discriminator

The Quadrature Detector: This demodulator converts frequency variations into phase
variation and detects the phase changes. The block diagram of the demodulator is shown

below

s )W L PF

P

Delay
At

Let s(t) = Ac.cos(2nft + (1)) ; @(t) = 2mks fotm(a) da
s(t — At) = A, cos[2nf.(t — At) + p(t — At)]
= A.cos[2nf,t — 2nf. At + @(t — At)]
The delay At is chosen such that 2nf At ="/,
Hence,
s(t — At) = A, cos [27cht - g + o(t — At)]
= A, sin[2nf.t + @(t — At)]
V(t) = s(t)s(t — At) = AZsin[2nf,t + @(t — At)] cos[2nf.t + @(t)]
= Az—gsin[Zrt(ch)t + ) + @t —At)] + A?gsin[q)(t) —@(t—At)]
The high frequency component is suppressed by the LPF. What remains is the second

term
2

A2 AZ
- sinfp(®) — ot - A0] = —-[p(®) — @t — A1)

where At is small to justify the approximation sin(x) = x. Hence,

y(©) =2 [p(t) - p(t - AD)]

_ A2 e®-e(t-At)
y() == At——pF —
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do(t
The second term is the derivative () . The output then becomes

_Acppde
y() = At—
But  @(t) = 2mk, fotm(a) da and %go(t) = Zﬂkfm(t)
AZ
y(t) = fAthkfm(t)

y(t) = K m(t)
Therefore, m(t) has been demodulated.
Transfer Function of the Delay
From the Fourier transform properties
g = G(f)
g(t — At) > G(f)e~/2mrhe
The transfer function of the time delay is

H(f) — e—janAt

ENEE 339

Therefore, a circuit whose phase characteristic is linear in f can provide time delay of the

type that we need.

A circuit with linear phase characteristic is the network shown

Vi(®)

__1 _ R
If fo = 2nVLC' fo T 2mL

then it can be shown that arg (H (f)) for this circuit is

Dr. Wael Hashlamoun-Birzeit University
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2

arg(H(N)) = -5 -2 ~f) . Q=7

() = a—bf
Remarks:

1. To perform time differentiation, we searched for a circuit whose amplitude
spectrum varies linearly with frequency
2. To perform time delay, we searched for a circuit with a linear phase spectrum.
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The Super Heterodyne Receiver

Practically, all radio and TV receivers are made of the super heterodyne type. The
receiver performs the following functions :

o Carrier frequency tuning: The purpose of which is to select the desired
signal.

o Filtering: the desired signal is to be separated from other modulated
signals.

o Amplification: to compensate for the loss of signal power incurred in the
course of transmission.

The description of the receiver is summarized as follows:

peramsnnas Load oscillator

Loudspeaker

RF Mixer IF Envelope Audio ab
—
section section detector amplifier f

First detector Second detector

o The incoming signal is picked up by the antenna and amplified in the RF
section that is tuned to the carrier frequency of the incoming signal.

o The incoming RF section is down converted to a fixed intermediate
frequency (IF). fir = fio — fzr

o The IF section provides most of the amplification and selectivity in the
receiver. The IF bandwidth corresponds to that required for the particular
type of modulation.

o The IF output is applied to a demodulator, the purpose of which is to
recover the baseband signal.

o The final operation in the receiver is the power amplification of the
recovered signal.

o The basic difference between AM and FM super heterodyne lies in the
use of an FM demodulator such as a discriminator (differentiator
followed envelope detector)
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Quadrature Carrier Multiplexing (QAM)
Modulation

This scheme enables two DSB-SC modulated signals to occupy the same transmission
B.W and yet allows for the separation of the message signals at the receiver.

my (t) and m,(t) are low pass signals each witha B.W =W Hz .
The composite signal is:

s(t) = Aomy(t)cos2nf,t + A.m,(t)sin2nf .t

s(t) = s1(t) + s,(t)

where s, (t) and s, (t) are both DSB-SC signals.

B.W of s,(t) =2W

B.W of s,(t) =2W

B.W of s(t) =2W

This method provides bandwidth conservation. That is, two DSB-SC signals are
transmitted within the bandwidth of one DSB-SC signal. Therefore, this multiplexing
technique provides bandwidth reduction by one half.

2cos2mf,t

m© 0 L)L

" A.m4(T
\T/ ——— 4m©
Accos2nf t
A sin2nf t s(t) 2sin2nft
Lff\ LPE Acmy ()

my@®) \_/

Modulation Demodulation

%, (t)

Demodulation

Given s(t), the objective is to recover m,(t) and m,(t) from s(t). Consider first the
in-phase channel

x1(t) = 2cos2nf,t s(t)
= 2 cos 2nf.t (Acmy(t)cos2nf.t + A.m,(t)sin2nf.t)
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= 2A.m,(t)cos?2nf.t + 2A,m,(t)sinw,t cosw,t

= 24,m, (£) (FEZ2E) + Acmy ()sin2owct

=Amy(t) + Acmy(t)cos2w .t + A.m,(t)sin2w,t
After low pass filtering, the output of the in-phase channel is

y1(6) = Acmy(¢).
Likewise, it can be shown that

y2(t) = Acmy () .

Note: Synchronization is a problem. That is to recover the message signals it is
important that the two carrier signals (the sine and the cosine functions) at the receiver
should have the same phase and frequency as the signals at the transmitting side. A phase
error or a frequency error will result is an interference type of distortion. That is, A
component of m,(t) will appear in the in-phase channel in addition to the desired signal
m, (t) and a component of m, (t) will appear at the quadrature output.
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Multiple-access
protocols

Random access Channelization

Controlled-access

protocols protocols protocols
— ALOHA —— Reservation —— FDMA
— CSMA L Polling ___ TDMA
— CSMA/CD — Token passing —— CDMA
— CSMA/CA

e A multiple access channel is one where a set of users at one end want
to communicate with another set of users at the other end.
e Channel Allocation: The coordination of the usage of a single
channel among multiple source — destination pairs.
e The algorithm which implements the channel allocation are called
medium access control (MAC) or multiple access protocols.
e MAC protocols can be classified into
o Conflict free protocols
o Random access protocols

e A Conflict free protocols: Collisions are completely avoided by
allocating the channel access to sources in a predetermined manner.
Examples are TDMA, FDMA and CDMA. This is equivalent to
circuit switching and is inefficient for bursty type of loads.

e Random access protocols: These are classified as contention systems
where the stations compete to access the channel. The contention
could be completely random or controlled.

e Collisions can occur between transmitted packets of different users
trying to access the channel.

e A collided packet has to be transmitted until it is received properly at
the destination.
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Frequency Division Multiplexing
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A number of independent signals can be combined into a composite signal suitable for
transmission over a common channel. The signals must be kept apart so that they do not
interfere with each other and thus they can be separated at the receiving end.

Transmitter:

VD

Baseband
analog signals

Receiver:

Modulator F'- -
Carrier f, \\,,
Modulator I ‘ ‘ ‘ ‘ ‘ \
Carrier f, ” ' ‘ /
Modulator

Carrier f3 1 ]r Pl’ ’Llilililil‘ ‘l< l

o MHH
11

Filter

(]
(]

Filter

Demodulator

AfA

Carrier f,

Demodulator

A

Carrierf,

Demodulator

S

Carrier f3

VD
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Example: Single Sideband Frequency Division Multiplexed Signals

Shift and combine

Modulator —.—

20 24 \

Modulator —.— _>® _m_

24 28 20 32
Modulator h/
28 32

Higher-bandwidth link

Bandpass _.
filter 20 24
A
Bandpass N | 2
20 32 filter 24 28 0 4 'f{@'
Bandpass m ﬁ /}§\
filter 28 32 0 4 '/\@”

Filter and shift
Example: Double Sideband Frequency Division Multiplexed Signals
Let m;, m, and ms be three baseband message signals each with a B.W = w.
The composite modulated signal s(t) is

s(t) = A, my(t)cos2rfit + A, my(t)cos2nfrt + A, ms(t)cos2nfst
= 51(t) + 52(8) + s5(8)

s1, S and s3 are DSB-SC signals with carrier frequencies f;, f; and f5 , respectively. If
the spectrum of m,(t), m,(t) and ms(t) are as shown, the spectrum of s(t) can be
found as shown below.
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M3 (f)
My (f) My (f)
—W W f —W w >f —W I w >f
s(f)
M;
¢-h) My (f = f2)
Guard band 02w M3 (f — f3)
1~ W fi f1+W L=-w fi fatw fs_ f3+W

To prevent interference we demand that
fo—w=fi+w or f,—fi=2w

fa—w = fo+w or f3—f,=2w

The structure of the receiver is as follows:

*A’ cos2mfit
BPF s (D) y LPF

center freq. f;
B.W=2w U

A cos2nfit s(t) BPF OV LPF
f2

ALcos2nfot

BPF S5(8) /7 0\ LPF
f3

A cos2nfot

Modulation Demodulation Accos2mfzt
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