Problem 8.52 The oscillators used in communication systems are not ideal but often suffer from a
distortion known as phase noise. Such an oscillator may be modeled by the random process

Y (t) = Acos(2f t + 4(t))

where @(t) is a slowly varying random process. Describe and justify the conditions on the random process
@(t) such that Y(t) is wide-sense stationary.

Solution
The first condition for wide-sense stationary process is a constant mean. Consider t = to,
then

E]Y (to)] = E[Acos(27f.t, + ¢ (t,))]

In general, the function cos @ takes from values -1 to +1 when @ varies from 0 to 2x. In
this case & corresponds to 2xnfcty + #(to). If @(to) varies only by a small amount then &
will be biased toward the point 2rfcty + E[#(to)], and the mean value of E[Y(tp)] will
depend upon the choice of to. However, if ¢(t) is uniformly distributed over [0, 2] then
2nfcto + @(to) will be uniformly distributed over [0, 2] when considered modulo 2x, and
the mean E[Y(to)] will be zero and will not depend upon to.

Thus the first requirement is that ¢(t) must be uniformly distributed over [0,27] for all t.

The second condition for a wide-sense stationary Y(t) is that the autocorrelation depends
only upon the time difference

E[Y (t,)Y (t,)] = E[Acos(27f t, + ¢(t,))Acos(24f t, + ¢(t,))]
= A? Elcos(2f, (t, +1,) + ¢(t,) + #(t,)) + cos(2f, (t, — t,) + #(t,) — #(t,))]

where we have used the relation cos AcosB = % (cos(A+ B)+cos(A—B)). In general,

this correlation does not depend solely on the time difference t,-t;. However, if we
assume:

We first note that if ¢#(t;) and ¢(t,) are both uniformly distributed over [0,2x] then so is
v =¢(t,) + ¢(t,) (modulo 2r), and

Elcos(27, (¢, +1,) + )] Zizfcos(zyzfc (t, +1,) +p)dy "
T 0

=0

Continued on next slide
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Problem 8.52 continued

We consider next the term Ry(ty,t2)= E[cos(2f, (t, —t,) + ¢(t,) — #(t,))] and three special
cases:

(a) if At =t;-t, is small then ¢(t,) = #(t,) since (1) is a slowly varying process, and
A2
R, (t,t,) = > cos(24f, (t, —t,))

(b) if At is large then ¢(t;)) and ¢(t;) should be approximately independent and
#(t,) — 4(t,) would be approximately uniformly distributed over [0,2x]. In this case

Ry (t,,t,) =0
using the argument of Eq. (1).

(c) for intermediate values of At, we require that
P(t,) —o(t,) ~ gt —t,)
for some arbitrary function g(t).

Under these conditions the random process Y(t) will be wide-sense stationary.
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